THE ANALYTIC GENERALIZED HOPF INVARIANT.
MANY-VALUED FUNCTIONALS

S. P. NOVIKOV

§ 1. FORMULATION OF THE PROBLEM. MINIMAL MODEL

We consider a simply-connected manifold M™ (possibly not closed) and its ho-
motopy groups mg+1(M™).

Problem. ! Given a homotopy type, what are the universal expressions in terms of
differential forms on the manifolds M™ and S9*! depending on a map F: S9! —
M™ that give rise to (¢ + 1)-forms on S9! whose integrals over S7*! are homo-
topically invariant? To classify such expressions and to specify those that have the
“rigidity” property, if the integrals over tlie sphere are integers up to a universal set
of normalization constants depending only on the homotopy type of the manifold.

The simplest example is the Whitehead realization of the Hopf invariant for
F: S%=1 8§27 where

(1) H(F):/SWIMF*(LU), dv = F*(w).

(An integral [wvcurlv d3v of this kind occurs in hydrodynamics.)

Homotopy invariant integrals that cannot be reduced to the Hurewicz homomor-
phism, that is, to integrals over spherical cycles of closed forms in M", are called
“analytic generalized Hopf invariants”. The “rigid formulae” are of particular in-
terest (see below).

We assume further that the rational homotopy type of M™ is different from S™
(where the problem in question is solved by (1)).

It is well known that the rational homotopy type (or Q-type) of simply-connected
objects can be conveniently described by Sullivan’s so-called minimal model. To
each complex K with 7 (K) = 0 there corresponds a minimal model of its Q-type,
a free graded skew-commutative differential algebra over Q denoted by A = A(K),
which has free multiplicative generators x . of dimensions j > 2 such that

(2) 0Tjo = Pja (..., 2¢8,...), q<j,
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that is, the polynomials P;, depend on the generators of dimension less than j,
although dim 0z, = j + 1.

If the homotopy type of K is realized as a smooth (possibly open) manifold M™,
then by a standard induction on tlie dimension we can construct a realization, that
is, a homomorphism v of A = A(K) into the algebra A*(M™) of infinitely smooth
real forms (see the end of §3):

(3) Y A— A(M"),
which induces the cohomology isomorphism
H*(A)=H"(M").

We require that ¢(x) = ¢(Jy) in the construction of ¢ for any z of dimension n,
dimzx = n.

§ 2. ALGEBRAIC CONSTRUCTIONS

We consider an arbitrary skew-commutative graded algebra

T=> T, T°=k
720
over the field k = Q, or R, or C with a differential 9: T — T7*!. Let H(T) = 0.

We introduce the minimal free extension C9)(T') O T such that H’(C(9(T)) = 0,
j < g. This can be constructed as follows. We consider a sequence of extensions

To=T—T — Ty —...— COT),

where the embedding H?(T}) — H?(Ty41) is zero for j =1,2,...,q. We construct
Tr+1 by adding new free generators whose O-operator lies in T, which yields a
minimal set of multiplicative generators of H*(T}) in the dimensions < gq.

Definition. The homotopy group of the algebra myy1(T) is
Hom(H**(C9)(T), k) = Hy31 (CO(T)) = 7y (T).

If T = A*(M™) is an algebra of forms, a minimal model, or its image in A*(M™),
then
Tg41(T) = mga (M") ® k.

This construction is sufficient for all purposes except the variational calculus.
Having in mind subsequent applications, we perform (for ¢ + 1 > n) a two-stage
construction to single out in the finite algebra cl? = oW (T), T = ¥(A) an
important part. The result Cy(bq) of the first stage is essentially independent of q.
For ¢ + 1 < n nothing more is needed than the construction above.

As will be clear from § 3, this construction can be realized easily in the algebra
of forms A*(S97! x R) for a map S9T1 x R — M™.

We fix a minimal model A, which is a ring with a boundary operator of the
form (2), and numbers n and ¢, ¢ +1 > n. We denote by A, C A the subring
generated by the symbols z;, for j <n — 1.

We denote by 7, C A the ideal generated by the elements of dimension n that
are basis elements of A/ImJ and by all € A of dimension j > n + 1.

We now define I, as I, = J, N A,. Clearly,
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We consider a differential extension of A,, that is, a free skew-commutative
algebra D,, D C,, D A,,, where the embedding A,, — C,, is zero in the cohomology
of dimensions j < n. If y;, is a minimal multiplicative basis of H*(M™) and §;a
are their representatives in A,, 99;, = 0, then we introduce new symbols (which
also yields C,, and D,,)

0 0 0) ~ 0 0
(5) { J<)17’ bg'jlw’ § 2,7’ 8” 1y = Yivs 8c§- )2w_b§ )177
0 0 0
Cp = Aulo. 0] n:Cn[...7b§ RPN §

Iterating the construction we construct new embeddings

n,oo?

C,—CY 09 W

(p)
-1

1 are zero in the homology

where Cn p+1 1s obtained from C’flqz, by the adjunction of new generators v;

with 5'1)](17 )1 ~ € C( and the embeddings C,(qu), — C’éq; "

of dimensions j < n, Cy 0 = C,,.
(»)

The algebras DT(ng, are constructed similarly, by adding to Cn .p symbols bj 17

P ()  _ 1)
G2,y acj*&"/ - bjflﬁ

All the algebras D,(lqz, and C’( are free. By construction, H* (C(q)) H*(D,(lq)).

We consider the free skew-commutative algebras C’ff) and DSZ) with the following
generators:

© {C’,(ﬂ) = Ayl 0P

D =CW[L..p¥ P ] p>o.

195 -1,9 G2,y

It is obvious that H *(C,(f)) =H *(DT(Lq)). We also introduce the differential
quotient algebras (no longer free):

- { O = C/1,e0, D) = D@ /1,0,

H*(C%) = H' (D)%), 1 C Ay,
We consider the following differential g-extension of C_'(q) and D(q). Let w(© be
a minimal multiplicative basis of H *(C( )) H* (D,(%) in dimensions k£ < ¢ and

w,iﬂ) representatives of it, 8wl(€oﬂ) = 0. We introduce the symbols

0 0 0 © 0) 0
(8) mg—l,ﬁ? dl(cjl.ﬁ7 eEC )2 B 8$§cj1,ﬁ = k[3)7 361& 2.8 = dl(ch,B'

Next, we set

= =~ 1
9 = Crol... ,xgzm, l
= = 0 0 0
9) DY) = Dol ey 5 d ) et g,
H*(CY) = H*(D'Y)



4 S. P. NOVIKOV

Iterating the construction (9) we introduce a minimal multiplicative basis w](cﬁ) €

H *(C’( )) in dimensions k£ < ¢, new symbols and rings

1 1 1 1 (1 1 1
xlg)lﬁ’ dlg)lﬁ’ ()257 Ox ( Z18= kﬁ) GC , Oe I(c—)Q,ﬂ:dl(c—)l,ﬁ7

(10) O =COl 2y ),
— — 1 1
Déq%:Déq%[ d/(f)16761(c)1,87"']7

Thus we obtain a sequence of extensions (10)
CW cCWc...ccw,
D c DY c...c DY,
By the construction,
(11) H* (D) = B*(C{).
Definition. We define a A-deformation of the natural embedding P: C’,sq) — Déq)
as an automorphism that is the identy on the image of A, and is of the form

ngp)l B B xfcp)1 st )‘dip)1 B
(12) ® £ (p) (p)
it = Vs AR s
for all 7, 8, and all dimensions < g — 1.
We now construct the required differential extension of A, to A. We consider
the homomorphic embedding (6)

@: A, — C@

and choose a minimal multiplicative basis in Ker ¢* in dimensions j > n + 1,
( ) € Ker p*. Let z( ) be representatives of them in A,,, 62 O) =

0 0
Letmg)laqu) g)laeA,
0 ~(0
8m§ )1 o= z](-a),
0) ~(0
(’“)n§ la = ](a).

The first extension A, 1 D A, consists of A, with all the elements n( )

We construct the map 3 by the formula
P10 Apg — C’r(zq)7
pi: H(Ann) — H*(C)),

., adjoined.

P Ny oM

By going over to the kernel Ker @7 and bearing in mind that H7(A) = 0 for j > n,
we iterate the construction and obtain a sequence of homomorphisms (13) and
embeddings, introducing the elements

(13) m\? e, ¥ €A, cAa,
AannocAnl C...CA, CA,
R j C(q P00t Anjco — CT(Lq)
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We denote the composition A, oo — 9 — O by s, that is,
w: Apoo — C_’T(lq), i H(Apeo) — H*(C‘r(Lq))-
By going over to the kernel Ker »*, we construct by analogy to (13) differential

extensions of the ring A,, o = Br(g()) and homomorphisms

14) {ij’% = Apo C B C...c BYW C 4,

=1y, x#s: B —CWD s . B@O ¢,

n,s

Lemma 1. The ring B,([f?,o contains all the elements of Ag41.

Remark. Since the ring C'? is not free, it can happen that s(z) = 0. For example,
this is so for all x € A,, with dimz > n.

In this case, if s,_1(z) = 0 and =z is a multiplicative generator in cohomology,
one has to start in the extension of s, to A from the rule s,(071z) = 0 and also
in the construction of all the s;.

Generally speaking, there arises a homomorphism that is only partially deter-
mined and is not unique (the “higher Hurewicz homomorphism”)

(15) H'D: g1 (M") — Hypa(CF9),

where H; (C’flq)) = 0 for j < g by the construction and H, are the linear forms
on H*.

We recall that 7,41 (M™) is represented as linear forms on A that are non-trivial
only in the dimension ¢ + 1 and vanish on all elements that can be factored as
products of elements of positive dimensions. The construction of H,(LQ) is as follows.
We consider the set of (¢ + 1)-dimensional elements u € A such that

(16) 050 (u) =0, oo € CLD,
This set forms a subgroup fmq and generates a subgroup of classes modulo Im 0
(17) t: Tpg— Tpy C HTHCW).
There are two homomorphisms:
s: Mg (M") — f’:,q = Hom(fn,q, Q),
t*: Hyp (CW) =T .

We set
(18) HD = (t*)os.
We can also define the dual homomorphism
(19) s*ot™t: HITY(CW) - my41 = Hom(mgq1,Q),

s*ot™! = H@*,
Lemma 2. The homomorphism Hr(f)* is uniquely determined and is an isomor-

phism.

Each element z € H q+1(C_'7(Lq)) can be represented by a cocycle z € C_’y(bq), 0z =0,
of the form

(20) =R, o0 2l ).
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Lemma 3. Suppose that the embedding C‘r(f) — Déq) is subjected to a A-deforma-

tion (12), that Z is a cocycle of C,(Lq) of dimension q + 1, and Zy its image under
the A-deformation. Then

Zy—Z=0wy € DY,
Example. For the homotopy type of the bouquet M™ ~ S? vV S2 we can take any
n > 3.

For n = 3 the manifold M? is obtained by deleting two distinct points from R3.
We have the homomorphisms:
(21) { H?s mo(M?) — Hy(C7),
H?()g): ma(M") — H4(C_'§3)).
In the minimal model the generators are

Toq = (2,Y), Z3a = (z,w,t), z4q = (a,b),
0z =22, dw=uwxy, Ot=uy>
da = zy —wzx, 0b=wy—tz,
Let n = 3. Then Az = Qlz,y],
C’é‘n = Aslvg,vy), vy =2z, OJv,=y.
We now construct Az ; and the homomorphism ¢1: 2 — 2v,, w — vy, t — Yoy,

where the images ¢1(z), p1(w), p2(t) are cocycles in C_'?Eq).

Next, we construct As s, wa(a) = xv,vy, p2(b) = yvv,. Clearly, po(a) and
2(b) are cocycles in C‘§3). We obtain homomorphisms of H§2) and Hés) onto the
groups 73 ® @ and 74 ® @, using the homomorphisms m; and ¢s. The formulae
(20) in CS? for (z,w,t,a,b) € As, assume the form:

sy (u) = pa(u), n=3,
(22) R, =xv;, Ry=yvs,, Ri=yv, (¢g+1=3),
R, = zvzvy, Rp=yvvy (¢+1=4; n=3).

§ 3. GEOMETRIC REALIZATION. THE ANALYTIC GENERALIZED HOPF INVARIANT.
THE RIGIDITY PROPERTY

We use the geometric realization of the minimal model A indicated in §1,
v A— AT (M™).

This geometric realization can also be subjected to a deformation ¢ — 1, where
tlie images of all the generators ¢(z,o) = Z;q are enlarged by following additional
terms (by induction on the dimension): to tlie closed generators and, consequently,
to the generators of lowest dimension exact forms are added

Qja — J_Jj7a(>\) = fjoz + >\d0j_17a, dffja = O,
Suppose tliat tlie construction is completed for j7 < m. Then dZ,,o = Ppna,

AZma(X) = Pral. .., Tqg(A), .. 0), q < m.
Starting from the condition

dp =0
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we find a universal polynomial Qua(...,Z¢3, A0g—13,...) in all the symbols Z4g,
Mg_1,a, ¢ < m such that dQma = Prna(A) — Pra(0).

Next we put
Definition. We say that (23) defines a deformation v of the geometric realiza-
tion .

We fix a realization ¢ and consider an arbitrary C°°-map

F: ST xR — M™,
which induces a homomorphism of the minimal model
F*p: A — A*(STT! x R).
Lemma 4. a) There is a homomorphism of the “geometric realization” of the
differential algebras
Yp: CW — A*(STTL X R).
b) For two distinct geometric realizations
P8 0@ A% (99T < R)
there is a homomorphism of differential algebras
p: DD — A* (ST X R)
such that -
Op/C =y,
op/PCW =y (A=1),
that is, 1/)1([,1) is obtained from 1/);9) by a A-deformation for A = 1.

The construction of ¢r and ®r makes use of the exactness of all closed forms
of dimension not exceeding ¢ in the sphere S?t! x R and begins naturally with
the realization of CT(LQ). We note that ¢p: C,@ — A*(S9H1 x R) annihilates all the
elements of InCE(lq), since ¥ r(I,) = 0, etc.

We denote the images of all the x4, :ngg, and v
v? € A*(S9%1 x R).

(p)
ly

under g also by Zja, x,(fg),

Theorem 1. For any z € H‘ZH(C’,([I)) the formulae (20) determine the “analytic
generalized Hopf invariant” H2* means of the integral

(24) HenAl pY = /SW Ro(... xjo ) o)),
The formula (24) is homotopy-invariant and determines a linear form
Hanal, Tgr1(M™) ® Q — R.
Then
M () = cff JHW* (2, @),

n,qg'tn

x €y (M), ze HIYH(CW).

Definition. If the constants cﬁ’q remain unchanged under a deformation of the

geometric realization ¢ of the minimal model A = A(M™) in A*(M™), then the
element is said to be “rigid”, z € HI(C\).
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Example. For M3 ~ S?VvS? the R, are given by (22). In the geometric realization
we have two closed forms x,y € A(M?3) representing x,y € H?(M?3), x,y € As.
Next, we have the forms

Z=F*"(z), g=F"(y), dvy=2, dv,=7.
According to (22) we obtain the densities of the “generalized analytic Hopf in-
variants” for
M3 =R\ (PiUP,), q+1=34,
(25) R. =2v,, Ry =yv., Ri=7yvy,

Ry = Tvgvy, Ry = Jugvy.

Proposition. The cocycles R, foru = (z,w,t,a,b) are rigid, that is, their integrals
over a sphere of dimension STt do not change under deformations of the minimal
model in M?3.

Let us prove this by way of illustration. Let 7, and 75 be 1-forms in M3 that
specify a deformation of the minimal model * — x + dm, y — y + drs. Then
Vy — Vg +T1, T1 = F*(Tl), To = F*(TQ).

a) Let ¢ + 1 = 3. After the deformation we have

R, = (vy +71) AT+ dT1) = v, + v, dTy + 11T + 71 dTy.
All these forms are closed in A*(S® x R), where F: $3 x R — M?3. Any 3-form in

M3 is closed and exact, therefore 7% and 7; d7; are exact in S3 x R.
We integrate v, d7; by parts:

vy d7 = —d(vm) + T71.

The second term on the right lies in Im F* and is thus exact in S3 x R.
The proof for w and ¢ is quite similar.
b) Let ¢ + 1 = 4. After the deformation we have

R, = (z +d71)(ve + 71)(vy + T2) = Ra + dT1v0y + . ...

All the omitted terms have the form v, F*(w) or v, F*(w), where w is a 3-form in
M3. Since dw = 0 and w = dh in M3, integration by parts yields

v, F*(w) = —d(vyh) + Th,

where zh = 0, since dim M3 < 4. Forms like v, F*(w) and v, F*(w) are exact in
54 x R. Next we consider the term d7iv,vy and integrate by parts:
dT1vgvy = d(T1vvy) — TIZVy — T1VT,
both additions have the form v, F*(w) or v, F*(w) and are thus exact, as above.
This completes the proof.
If we do not insist on rigidity, then our constructions can be extended in a natural
way. Let T' C A*(M™) be a subalgebra that is closed under d. We construct its min-

imal differential extension 7" C A*(M™) such that the embedding homomorphism
has kernel zero (is a monomorphism):

H*(T) Cc H*(M™).
This can be done by induction on the dimension, choosing in T" a basis a; of the
kernel of the embedding of the cohomology of least dimension and adding to it a
set of forms d~!(a;) in A*(M™), etc. If we choose the initial 7' by taking a set of
closed forms in “general position” for a minimal multiplicative basis of H*(M™),
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then the algebra T is identical with the image 1)(A), where A is Sullivan’s minimal
model (see §1). However, in a number of important special cases we can select
subalgebras T that are not in general position. For example, we can take the
algebra of two-sided invariant forms for symmetric spaces or of harmonic forms for
Kéhler manifolds (as in research on the Q-type by Sullivan, Deligne, Griffiths, and
Morgan) or subalgebras of them and a number of others. As before, we construct
C9(T) by means of a sequence of differential extensions
O =T -0 - 050 — ... - C9O(T),

where all the embeddings are zero in the cohomology in dimensions not exceeding ¢
(see §2).

Next, for smooth maps S9! x R — M™ we construct a geometric realization of
the algebra C(9(T) C A*(S9+! xR), realizing all C'Z(,Q) (T), starting from F* (C'(SQ)) =

F*(T) rather than from the minimal model.

Proposition. Each element z € HITY(CD(T)) generates a linear form on the
homotopy groups
H g (M) — R.

In this construction we can talk of rigidity relative to deformations of a subalge-
bra T C A(M™) or a homomorphism of some algebra T' — A*(M™). The standard
Hurewicz homomorphism becomes a special case of this construction (it is a rigid
case; here T is the minimal model or the algebra of all forms). Another simple case
is the subalgebra T consisting of the two forms € and €, dQ)x = d€; = 0, where
Qi A Q; = 0. The formula

/ Vg—1 /\F*(Ql), dvg_1 = F*(Qk)
Sk+1+1
is homotopy-invariant and non-trivial on the Whitehead products (it is non-rigid).

§ 4. MANY-VALUED FUNCTIONALS

We consider the space £ of smooth maps f: S¢ — M™ that are null-homotopic,
f ~ 0. The group m (L) is the same as w41 (M™).

Problem. To construct many-valued functionals S{f} on £, that is, closed 1-forms
0S on L by a natural analytic method. To classify all such many-valued S for which
45 is a local form depending on f and finitely many derivatives of it (that is, the
Euler-Lagrange equation is a differential equation).

A natural analytic construction of many-valued functional follows from out pre-
vious results.

Theorem 2. A many-valued functional on L is well-defined by (26):
(26) sdn= [ m
Da+1

for any u € Hq+1(C',(1Q)) and a geometric realization v of the minimal model A in
A*(M™). Here f: DI — M™ is a functional depending only on f on the boundary
oDt = 84, If H,(Iq)*(u) = 0, then (26) is single-valued. For rigid elements, this
condition is also necessary. In the subgroup of rigid elements

H4™ c HHCW)
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there is an integral lattice Z™ C HgtH independent of ¥ such that the amplitude
exp{iSy(j)} for u € Z™ is a single-valued functional (“quantization condition”).

Remark 1. We always assume in what follows that all the operations d~!(w) in the
construction of Sy (f) are uniquely determined, where dv = w, dv = *d* (v) = 0 for
all exact forms w that occur in the constructions.

Remark 2. The simplest example ¢ = 2, M? = S? is the density of the standard
Hopf invariant. This many-valued functional S, {f} was mentioned to the author
by Polyakov and Wigman who have shown that §.5,, is local.

An important problem is to clarify when the variational derivative 4.5, is local.
“Local” many-valued functionals such that S{f} depends on f and finitely many
derivatives of it were determined by the author in 1981 (see [1]), and were then
fully classified in §4 of the survey [2]. They have the form

(27) st =i+ [ ato,
(N4,f)

where f: N9 — M"™, N7 is closed, and 2 is an arbitrary closed (¢ + 1)-form in
M™ (more generally, there is a fibration E — N? with base N? and fibre M™); the
form  is taken in E, dQ2 = 0, and we consider the space of sections f: N7 — FE.
Here, Sy is an arbitrary single-valued local functional. This situation, however, can
occur for ¢ < n— 1. Suppose that N9 = S? and that the Q-type of M™ is different
from S™.

Conjecture. For n < q + 1 there are no other many-valued functionals with a
single-valued local 6S than those described by (26).
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