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SYNCHRONISM OF AN INCOMPRESSIBLE NON-FREE
SEIFERT SURFACE FOR A KNOT AND

AN ALGEBRAICALLY SPLIT CLOSED INCOMPRESSIBLE
SURFACE IN THE KNOT COMPLEMENT

MAKOTO OZAWA

(Communicated by Ronald A. Fintushel)

Abstract. We give a necessary and sufficient condition for knots to bound
incompressible non-free Seifert surfaces.

1. Introduction

A Seifert surface for a knot in the 3-sphere is said to be free (unknotted) if the
fundamental group of its complement is free, otherwise non-free (knotted). We note
that any knot bounds both free and non-free Seifert surfaces if one admits Seifert
surfaces to be compressible. For this reason, hereafter we consider only incompress-
ible Seifert surfaces. Hatcher and Thurston classified incompressible surfaces in
2-bridge knot complements [3]. This result implies that any incompressible Seifert
surface for 2-bridge knots is free. However, there exist knots which bound both
free and non-free incompressible Seifert surfaces ([13], [10]). Moreover, there exist
knots which bound only non-free incompressible Seifert surfaces ([9], [7]). In [6], C.
H. Giffen and L. C. Siebenmann raised the following problem.

Problem 1.1 ([6, Problem 1.20 (B)]). Which knots bound an incompressible free
Seifert surface?

In this paper, we give a necessary and sufficient condition for knots to bound in-
compressible non-free Seifert surfaces. As its corollary, we get a necessary condition
for knots to bound incompressible free Seifert surfaces.

Let K be a knot in the 3-sphere S3. For a closed surface S in S3 −K, we define
the order o(S; K) of S for K as follows. Let i : S → S3 − K be the inclusion
map and let i∗ : H1(S) → H1(S3 − K) be the induced homomorphism. Since
Im(i∗) is a subgroup of H1(S3−K) = Z〈meridian〉, there is an integer m such that
Im(i∗) = mZ. Then we define o(S; K) = m.

Theorem 1.2. Let K be a knot in S3. Then the following conditions are equiva-
lent.

(1) There exists an incompressible non-free Seifert surface F for K.
(2) There exists a closed incompressible surface S in S3 −K with o(S; K) = 0.

Received by the editors June 18, 1997 and, in revised form, May 4, 1998.
1991 Mathematics Subject Classification. Primary 57M25.
Key words and phrases. Seifert surface, closed incompressible surface.

c©1999 American Mathematical Society

919



920 MAKOTO OZAWA

Moreover, if these conditions hold, then we can take F and S so that they are
disjoint.

For knots in S3 whose complements contain no incompressible and meridionally
incompressible closed surfaces, any closed incompressible surface in exteriors of
those knots has a compressing disk in S3 which intersects the knots in one point.
Hence the closed incompressible surface has the order ±1.

Corollary 1.3 ([1],[8]). Let K be a toroidally alternating knot or closed 3-braid
knot in S3. Then any incompressible Seifert surface for K is free.

Remark 1.4. Toroidally alternating knots ([1]) include alternating knots ([11]), al-
most alternating knots ([2]) and Montesinos knots ([12]).

2. Proof

All manifolds are assumed to be compact and orientable.

Lemma 2.1 ([5, IV.5, IV.10]). Let M be a 3-manifold and F an incompressible
surface properly embedded in M . Put M ′ = cl(M −N(F )). Then:

(1) M is irreducible if and only if M ′ is irreducible.
(2) Any closed incompressible surface embedded in intM ′ is incompressible in M .

Proof. (1) Suppose that M is irreducible and M ′ is reducible. Let S be a reducing
2-sphere for M ′. Then S bounds a 3-ball B in M and F is contained in B. Hence F
is a closed orientable surface, and hence π1-injective in B. Therefore F is a 2-sphere
and bounds a 3-ball in B, hence in M . This contradicts the incompressibility of F
in M .

Suppose that M is reducible and M ′ is irreducible. Let S be a reducing 2-sphere
for M . We may assume that S ∩ F consists of loops. Let D be an innermost disk
in S. Since F is incompressible in M , ∂D bounds a disk D′ in F . Since M ′ is
irreducible, the 2-sphere D ∪ D′ bounds a 3-ball B in M ′. By using the 3-ball B,
we can reduce |S ∩F |. Hence we may assume that S ∩F = ∅. Thus S is contained
in M ′ and bounds a 3-ball in M ′, hence in M . This contradicts the supposition.

(2) Suppose that there exists a closed incompressible surface S properly embed-
ded in M ′ which is compressible in M . Let D be a compressing disk for S in M .
We may assume that D ∩ F consists of loops. Let d be an innermost disk in D.
Since F is incompressible in M , ∂d bounds a disk d′ in F . Let d′′ be an innermost
disk in d′. By cutting and pasting D along d′′, we get a compressing disk for S in
M with fewer intersections with F than D and a 2-sphere. By induction on |D∩F |,
we may assume that D ∩ F = ∅. Thus D is contained in M ′. This contradicts the
supposition.

Lemma 2.2 ([4, 5.2], [5, IV.15]). Let M be an irreducible 3-manifold with con-
nected boundary. Then the following conditions are mutually equivalent.

(1) π1(M) is free.
(2) M is a handlebody.
(3) M does not contain any closed incompressible surface.

Proof. (1)→(3). Suppose that M contains a closed incompressible surface S. Since
S is 2-sided in M , S is π1-injective in M . Therefore π1(S) is isomorphic to a
subgroup of π1(M). Since any subgroup of a free group is free, π1(S) is free. Hence
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S is a 2-sphere. By the irreducibility of M , S bounds a 3-ball in M . This contradicts
the supposition.

(3)→(2). We will show this by induction on g(∂M). If g(∂M) = 0, M is a 3-ball
because M is irreducible. Suppose that (3)→(2) of Lemma 2.2 holds if g(∂M) < g,
and suppose that g(∂M) = g. Since M does not contain any closed incompressible
surface, ∂M is compressible in M . Let D be a compressing disk for ∂M in M .
Put M ′ = cl(M − N(D)). Then by Lemma 2.1, M ′ is irreducible and does not
contain any closed incompressible surface. By the supposition of induction, each
component of M ′ is a handlebody. Hence M is a handlebody.

(2)→(1). By the definition of a handlebody.

Proof of Theorem 1.2 (1) → (2). Suppose (1) of Theorem 1.2. Let F be an incom-
pressible non-free Seifert surface for K. Put M = cl(S3 − N(K)) and isotop F so
that F ∩ N(K) is an annulus. We also denote F ∩ M by F . Since π1(S3 − F ) ∼=
π1(cl(M − N(F ))) is not free, by Lemma 2.2, it contains a closed incompressible
surface S. By Lemma 2.1 (2), S is also incompressible in M , hence in S3 −K. We
take 2g(S) simple loops l1, . . . , l2g(S) on S so that H1(S) = Z〈l1〉 ⊕ · · · ⊕ Z〈l2g(S)〉.
Since S ∩ F = ∅, lk(li, K) = 0 (i = 1, . . . , 2g(S)), thus i∗(〈li〉) = 0, where i∗
denotes the induced homology homomorphism as in the definition of order. Hence
i∗(H1(S)) = 0 and we have condition (2).

Proof of Theorem 1.2 (2) → (1). Suppose (2) of Theorem 1.2.

Claim 2.3. There exists a Seifert surface F for K such that F ∩ S = ∅.
Proof. Let F be any Seifert surface for K. Let G be a graph with one vertex v and
2g(S) edges e1, . . . , e2g(S) embedded in S such that S−G is an open disk. We may
assume that F intersects S and G transversely and does not intersect v. Give an
orientation to F and the edges of G arbitrarily. Suppose that F ∩G 6= ∅. Then there
exists a pair of points p1 and p2 of F ∩G such that p1 and p2 are adjacent in an edge
ei and have intersection numbers +1 and −1 respectively. Indeed, lk(ei, K) = 0
since o(S; K) = 0. Let a be a subarc of ei bounded by p1 and p2. By tubing F
along a, we get a Seifert surface for K with fewer intersections with G than F . By
induction on |F ∩G|, we may assume that F ∩G = ∅. Since S−G is an open disk,
by an innermost loop, and cut and paste argument, we can get a Seifert surface F
for K with F ∩ S = ∅.
Claim 2.4. There exists an incompressible Seifert surface F for K such that F∩S =
∅.
Proof. By Claim 2.3, there exists a Seifert surface F for K such that F ∩ S = ∅.
Suppose that F is compressible. Let D be a compressing disk for F in S3 − K.
By the argument which is similar to the proof of Lemma 2.1 (2), we may assume
that D ∩ S = ∅. Now we compress F along such D. Then by ignoring a closed
component, we get a Seifert surface for K such that it does not intersect S and has
fewer genus than F . By an induction on g(F ), we can get an incompressible Seifert
surface F for K such that F ∩ S = ∅.

By Claim 2.4, there exists an incompressible Seifert surface F for K such that
F ∩ S = ∅. Then S is a closed incompressible surface in cl(S3 − N(F )). Hence by
Lemma 2.2, π1(cl(S3 − N(F ))) is not free. Thus F is an incompressible non-free
Seifert surface for K.
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