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Introduction
THIS is the second of a sequence of five papers, the first being (4), in
which I calculate certain homotopy groups of the Stiefel manifolds Vn^.
The present paper contains the calculations of those iTT(Vk+3^) which are
given in the following table. There vk\m denotes irk+p(yk+mtfll), ̂ q a cyolic
group of order q, and + direct summation. Alsoa > l.f In the Appendix
I examine the homotopy type of certain reduced projective spaces PJ
which are required in this and the subsequent papers. Please note that
paragraphs are numbered consecutively throughout the whole sequence
of papers, §§ 1-5 being contained in (I), §§ 6-7 in (II), § 8 in (HI), § 9 in
(IV), and §§ 10-13 in (V).

TABLE FOB V^A%
k j) «- 1 p — 2 p — 3 j> =» 4 p -» 5 p o 6 p = - 7

3 0 Zt+Zm Zt Zw+Zt Zt+ZM
4 Zt+Z, Zx+Zt Za+Zlt+Zt Z,+Zt+Zt+Zt Zt+Zt+Zt+Zt
5 Zt ZA-\-Zm Zt+Zx-\-Zt Zt+Z%-\-Z% ZH
6 Z^ Zt Z^+Zt Zt Zm-\-Zt

is— 1 0 Zt+Zm Zt+Zt Z, Zu

4» Zt+Zt Zx+Z% Zu+Zt Zt+Z, Zt

6. The construction 'ty'
In § 7.1,1 shall for the first time make use of the following construction,

which is isolated here for easier subsequent reference^
Let r > 1 and r = 1 (mod 2). Let S{ and SJ be given in R^1 by the

respective equations

Let S1-1 = 5 i n ^ , & = 8[u 8^.
For » = 1 or 2 let E\+ and E\_ be the hemispheres of S\ for which
respectively xr ̂  0 and xT ^ 0, oriented in accordance with SI and in

t For a full table of results and for references see (4) 249.
J Since 7T£,B si TT^^+I by Theorem 4.2 (a), the values of 7r£i are obtained with

those of •nf.J * in the third paper.
J This is essentially the construction on p. 270 of (7).

Quart. J. Math. Oxford (2), 9 (1958), 8-27.
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such a way that E[+ and E^+ induce opposite orientations of Sr~1. Thus
the radial projection 81 -*• 8[ is of degree —1, and (E\+ U E\+) and
(E{_ UE\_) are both oriented r-spheres.

Clearly Trt(Q?) = 0 if s < r. Hence by a theorem due to Hurewicz
[(3) Theorem 1] there is an isomorphism TTT(Q') ?S Hr(Q

r). Thus, if

«i> <*»> Pi. P*> e ^r(Qr),

are classes of the identical maps of

Si, SI, (Ei+ u EZ+), (B\_ u El.),

then we have that 0^+a, = Pi+Pz-

Now let/4: 8%-*- X (i = 1, 2; X r-simple) be symmetric maps which
agree on ST~1. Let

V (El+ U ^J + ) -> X be defined by h1=fi on £^+,
A,: (.#£_ U ^;_) -> Z be defined by ht = /4 on B\_.

Let if: ^ ^ X be defined by ^ on ( ^ + U ^J + ) and h2 on (^J_ U Wt_).
Then 5 induces a homomorphism H+: irT{Qr) -*• "p

r(-̂ )> a n ( i -^* *i = {/<}>
27*^ = {AJ. But {AJ = {AJ = {A}, say, since the/4 are symmetric maps
and r = 1 (mod 2). Hence we have

{/i}+{/J = 2{A}.
Together with this construction we need the following theorem on

symmetric maps of spheres. Let iS*, Pr~1, and ur_x be defined as in
§ 2.3 (c), V-1i(-pr~1) being the equator of Sr. Then we have

THEOREM 6.1. ^ 0 symmetric map f: 8* -*• fS""1 is essential unless
r = 3 (mod4). / / r = 3 (mod4) andfu^^: P"'1 -> -S'"1 is essential, then
f is essential.

For the proof see J. H. C. Whitehead (7) Theorem 7.

7. Calculation of 7r£8f
We consider the fibring Vk+3iJVk+t<i -*• Sk+2, and examine the sequence

(B) -

7.1. i = 1 (mod 4). In this case there is a two-field on Sk+i (2, 5) and
so the fibring admits a cross-section p. Hence Theorem 1.1 gives

Using the values of 7r£t as calculated in § 5.2, we obtain the values shown
in the table for TT£_, when k = 1 (mod 4).

t For the notation used see (4), especially §§ 2 and 3.1.
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Note that, by Theorem 1.2 and Corollary 1.5, we have

0t+3,3} = 0 fork=l (mod4).
7.2. k = 3 (mod 4)
(a) Whenp = 1, (B) gives

i.e. ->- Z«, -+ Zt ->• TTJJ -> 0,

by § 5.2 (6). But *^+1*(0) ^ 0, for otherwise we should have a cross-
section in the fibring by Theorem 1.2, and so a two-field on Sk+S which
is impossible (2, 5). Hence *£+i*(0) = vt\t' &n<^

Note that A^ is onto, whence the image of pk+i+ is the Z& subgroup
generated by 2{At+SJfc+2}. We also have from Corollary 1.5 that {tt+3f3}
generates »£+!*(0).

Hence {tfc+8>8} = {tfc+lpl A t i i+J.

(6) When p = 2, (B) gives

i.e. -^ Zx ^- Z4 -v rrj^ -»- Z,, -• 0,

by § 5.2 (c) and since the image of pk+t+ is £„ by (a). Also

which is generated by

ht+lJc+ztyk+Sj} =

which is non-zero and of order two by § 5.2 (c). Thus

and is generated by »fc+24*a of order two, where

and 6, of infinite order, which is such that p t + 3 4 * b = 2{AJt+1Jt+I}. Note
also that the image of A* = *jT+»(O) i8 ŝ> a n d thus that the image of

is zero,
(c) When p = 3 and A; > 7, (B) gives

^ - l a
i.e. -j-Zj-vZj
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by § 5.2 (d) and since pk+3t is trivial by (b). Also

•which is generated by

* * + i W W } = A*+IA+3{**+U ; IM+I} = {**+M( 1 2V+B)} = O,by5.2(d).
Hence **+3*(°) = 0.
and TTJJ = Zt+Zx,

being generated by {ik+1<ihkjc+t} and **+2,i*<*, where

Note also that since A* is trivial, pk+A+ is onto.
(d) When p = 3 and jfc = 3, (B) gives

A * J *«» 3 P«*

i.e. - • Z , - • Z , -»• 7ii,j - • 0,

by § 5.2 (e) and since ptif is trivial by (6). Also ^ ( O ) =
which is generated by

K&e*} = K&vhA = {Vx(6A3,8)} = 0,
by § 5.2 (e). Hence ^ ( O ) = 0,

and 175,3 = z*>
being generated by »w*a, where p^+a = {h^t}. Note also that since
A^ is trivial, p7+ is onto TT7(S

S).

(e) When p = 4 and k ^ 7, (B) gives

^ 4 Pk+l*

i . e . -> Z M ->- Z t -»• Tr̂ a -> ^ 2 -*• 0,

by § 5.2 (/) and since pk+i+ is onto Tk+i,(8k+t) by (c). Also

which is generated by

Hence

and w^j Acts /our elements.

Note also that A,,, is trivial and that thiis pk+i+ is onto.
To determine the structure of TTĴ , consider the sequence associated

with the fibring
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which, starting at the term T^^S***1), is, for s ^ 2, of the form

-• 0-* " L - w -> Zu+Zt - ^ Z M ^ Z2+Z t-> Zt+Z2 - ^ Z2 + ,
by virtue of the results of§ 5.1 and (c). But, since 77{,_lfj has four elements,
we have, by working along the sequence from the left, that

(i) A , < , =

(ii) A , ^ =

We now operate with h* = {hu+ittt+s, &4»+i,4g+j}* on the portion

of the above sequence to obtain the commutative diagram (Lemma 3.1)

By virtue of the above relations this takes the form

0 -* wj,-i s -»• Zu+Z* — ^ ^M -• Z2 c ^ » + 2 , -> 0

—^-Z2->0.

Using the result of § 5.1, now choose generators of wjjj, = Zt-\-Za, as

and of rrjgg, = Z^+Z^ as

c = t*{^ t e+3} and d =

Then we have, by Lemma 3.1, that

h*a = h*i *{A4,to+I} = ••fci+t.«.+8{*«M«+«} = »*{12V*»+s} = 12c,

But either A^o or A* 6 = {A4,_1)4j+1}, or

Hence
ettAcr A*A^a or h*A.+b = 12{fti(,_1>4,+1}, or

i.e. etfA«r A^ 12c or A+d = 12{A4l_1>ta+t} ^ 0, or

But, if TTU-I#
 w e r e ^2+^2, *te (isomorphic) image in Zu+Zt would be

generated by 12c and d. Then both A+ 12c and Amd would be zero by
exactness, which we have just seen to be impossible.
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Hence

7rJ(, = Z4 when k = 3 (mod 4) and when k ^ 7,

and is generated by an element o such that i>t+84* o = {At+2>Jt+4}- Note
that it is A^d which equals I2{hta_uis+^ ^ 0.

(/) When p = 4 and k = 3, (B) gives

, i •+ <» -> 2 , ^ 0,

by § 5.2 (̂ ) and since p 7 # is onto by (d). Also

= 0, by 5.2 to).
Hence jr|>s w an extension of Za>-\-Zt by Z t .

Note that A^ is trivial, whence ^ 8 # is onto TTB(SS).

There are now three possibilities for the structure of TT}^ : Za>
Jf-Zt,

t, Zn+Zt. I shall prove that it is the last by pilimi
the other two. As in (e) we consider the sequence associated with the

^ , i.e.

which, starting at the term n^S3), is of the form

-> Z% -• -n\fi -• Zv+Zu+Zt —U Zu^Zt-+ Zs+Z2 -X Zt

by virtue of the results of § 5.1 and (d). Thus, working from the right,
we have by exactness, that

(i) A ^ , = w,(5»),
(ii) •4>,»»r,(5») = 0,

(ffi) A^TTJ,, =

We now operate with A£7 on the portion

of the above sequence to obtain the commutative diagram (Lemma 3.1)

Thus »«,„ ir,(5») = »w» A%(5») = h*iw ire(5«) = 0,
by (ii) above. Hence i ^ * : irtj -*• '"i.t is a monomorphism.
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Next we operate with A* = {A,̂ , A^e}* o n ^ e portion

of the sequence to obtain the commutative diagram

By virtue of the above relations this takes the form

-»- za+zt • z , -> o.
Using the result of § 5.1, now choose generators of TT£,, = Zt+Z%, as

a = i+{h<s} and 6.= p * ^ } ;

and of the finite summand of TT^,, = Z^+Z-^+Z^, as

. c = *̂  ©{ft̂ a} and d = p^A,, 7}.

Then, as in (e), we have by Lemma 3.1 that

h*a = hKJlhtJ = »*A£7{A<6} = u O C ^ * ^ = 6c,

and A*6 = **p«{*M> = P * * * ^ = P * ( M = &

But either A+ o or A# 6 = {Aĵ }, or oofA.

Henoe eitAer h*A.+a or A*A*6 = ^A^g}, or 6ofA,

i.e. either A^6cor A^d = SfA^J # 0, or feotA. ,
But, if TTĴ  were Zw-\~Z%+Zt, the (isomorphic) image of its finite sub-
group in Za)+Zlt+Zt would be generated by 6c and d. Then both
A* 6c and A# d would be zero by exactness, which we have just seen to
be impossible. So wj^ cannot be Zm-\-Zt-\-Za.

Now consider the diagram, commutative by § 2.1,

where the upper sequence is that of the previous paragraph and the lower
that associated with the fibring V^JS3 -*• 8*. Then, in the notation of
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the previous paragraph, we have that
A, 6c = A ^ ^ V = iwA»68{y = i

by § 5.2 (e), = 0. Assume now that wĵ  = Z^+Z,, and let

We know that 0 is of order 12. For this to be so the image under p±t+
of the infinite summand of irj^ must be an infinite summand of TTJ .̂
However, d is of order 2, and we have just seen that A* 6c = 0. Thus
0 can have no element of order 12. Since we know that in fact 0 = Z u ,
we have arrived at a contradiction. Thus wj^ cannot be Zm-\-Zt.

Hence -n|8 =

and is generated by

where A is odd, and o, of order four, such that p^^a = {As,7}. Note
that 2a = i^p^+efyh^}.

{g) When p = 5, and ifc > 7, (B) gives

i.e. -> 0 ->- 0 -̂ - TTĴ  ^- ZM -> 0,

by § 5.2 (t) and since pk+6m is onto by (e).

Thus ir£, = Zu for i = 3 (mod 4) on^ /or i > 7,

and is generated by #k+8.i*{A*+M+6}-
(A) When JJ = 5 and k = 3, (B) gives

i.e. -+ Z% -+ Zt -> TTJJ -+ ZU->-0,

by § 5.2 (j) and since J J 8 , is onto by (/). Also

)' which is zero by 5.2 (j).
Hence n^ is an extension of Zt by ZM.

Note that A* is trivial, whence p9m is onto 7r8(S
8).

To calculate the extension we consider the sequence associated with
the fibring P^j/53 -*• V^, which contains the portion

By virtue of the results in § 5.1 this is of the form

^ -^U Z% -> .
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Since w^ is of order 48, we see that p+ is a monomorphism, whilst A+

is onto. But it is impossible to map Z^ isomorphically into Zt+Zt-\-Zu.

Hence 7^3 = Z . + Z ^

and is generated by \i+pr,i+ ^{^3,7}. and ° such that j>a,i*a = {h^.
7.3. k == 0 (mod 2) and > 4. Our first task is to calculate

by § 5.1. We have by (iii) of § 2.4 (b) that tk+tii \ 8
k = ik+v.tk+2wl; and

by § 5.1 that {*t+1>j} = 0. Thus we can extend » t + u tk+xt over the
hemisphere E'p1 of 8*+*, and, since ffc+tl is a symmetric map [§ 2.4 (o)],
we can extend it symmetrically over EkJ~x. Denote this extension by

We now use the construction 'Qr> of § 6 with
r = i + ! » X = Vk+%i, /x = tk+SA, / , = g

as defined above. Then we have that

Hence

= 2{fc*+ijfc+i}. by 2.3 (6) and since {g} e i
Thus

and {A} = {phk+1Je+1}+i^w, where to G nk+1{8k).

Thus 2{A} = 2{pAfc+1Jfc+J,

whence {ft+Sr3} = 2{pAt+1Jfc+1}—{^}.

7.31. Jfc == 0 (mod 4). We have from § 7.3 that

But gr: 5*+1 -*• Sk is a symmetric map by construction, and so is in-
essential by Theorem 6.1. Thus

We are now ready to examine the sequence (B).
(a) When p = 1, (B) gives

i.e. -+Zn-y
by § 5.1. Also ik^(0) is generated by {tt+3(S}, i.e. by 2{pAfc+Ufc+1}, which
is twice the generator of the infinite summand.
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Hence 77J3 = Zt+Zz,

and is generated by {ti+1>,A^+J and {ik+t,iVK+Ue+i}- Note that thus
Ai"1(0) = 0, whence pk+t+ is trivial.

(6) When p — 2, (B) gives

i.e. -+Zt^-Zl+Za-+irltS-*-0,

by 5.1 and since |> t+ l* is trivial by (a). Also

which is generated by

Thus
and it is generated by {»t+M htJc+t} and {i i+t(1 P^+ufc+j}. Note that A*
is trivial, whence jJk+3+ is onto.

(c) When p = 3, (B) gives

i . e . - > Z% -*• rrj^j -> TT ŝ -*• Zt -»• 0,

since j>t+3* is onto by (6). Also

which is generated by

Hence »fc+s*(0) = 0i and so 7rJ>8 is an extension of v^ by Z t. Thus,
using the results of § 5.1, we have that

TTk\t is an extension of Z1A-\-Z% by Ztfor k ^ 8;

and 7rJp3 W an extension of Z^-^Z-^+Z^ by Z%.

Note that A+ is trivial, whence pk+i^ is onto.
This time we make use of Theorem 2.3 (g) to caloulate the extension.

This gives that 7r}>8 « wt+8(PJiJ) sine© Jb > 4. I t will be shown in the
Appendix that Pf if is of the same homotopy type as Sk V PJ+ a when
k = 0 (mod 4), where V denotes attachment at a point. Thus, by
Theorem 3 of (9), we have that

MS5.I.8
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by Theorem 2.3 (g). But w|+1#2 = Zt by § 5.2 (c). Hence

"Is = Zu+Z* for k==0 (mod4) and ^ 8,

and is generated by {iic+^z^kje+a} and a such that

2>*+3.i*° = {h+z,k+s}> 2° = {
Also < 3 = Zv+Zu+Z*

generated by {»B,2pA7i7}, {i5>1 OE^}, and o such that

(d) When j> = 4, (B) gives

(5*+2) ^ {

i.e. -*• ZM -
since ^>t+«* is onto by (c). Also

which is generated by

Hence

Using the results of § 5.1 we thus have that

wj^ is an extension of Z2 by Zt when k ^ 8, and TT^ is an extension

To determine the extensions we operate with h*+ajt+i on the section
of the sequence (B) given in (c)f to obtain the diagram, commutative
by Lemma 3.1,

_3 tt-tj«^ 3

Let o e ir|>s and o' e TTĴ  be such that

Then

Hence A*a = a ' + i t + 1 , 6 , where b e 7^ ,̂.
Accordingly 2a' = 2A*a—2ifc+4l)[6 = 0
since 2A*a = a # 2(^+3^+4} = 0, and since we have just seen that

t I do not use Theorem 2.3 (0) again since it no longer holds for p = k = 4.
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*t+4* ̂ t.a n a s o n l y elements of order two. Thus t he extension is t r ivial ,
811(1 «£, = Zt+Zt when k ^ 8,

generated by {t4+2a pAfc+1Jl:+4} and a' such tha t p t + 3 j l * a' = {hk+Ve+^ and

generated by {i6SpA^}, {i^&hj}, {i^vKsi and a> ^ ^ t n a t

Note that in either case

whence we have by exactness that the image of pk+s+ is the Z2 subgroup
generated by 12{hk+Vc+&}.

(e) When p = 5, (B) gives

i.e. -»• 0 -v TTJ s - • 7T^8 -> Z 2 -> 0

since pk+hif is onto the Zt subgroup of Tis+biS^1) by (d). Further, by
§ 5.1, 77̂ 2 = 0 when k > 8. Hence

TT|_3 = Z2 w;A«» i ^ 8,

and is generated by pk^Stl^ ^2{hk+Ve+i}.
When k = 4, we have from § 5.1 that ii\tt = Zt-\-Z2-\-Zv whence

TT\Z is an extension of Zi-\-Zi-\-Zi by Z2. We determine this extension
as in (d) by operating, this time with A* B, on the section of the sequence
(B) for k = 4 given in (c). This gives the commutative diagram

Let a e i\A and o G TTJ 3 be such that J>7J1* a = {̂ 7̂} andp7 ^ o = 12{Afl 9}.
Then

P1.1* h*a =

Hence h*a = o+t9*6, where 6 e

and 2a = 2h*a—2i9^6 = 0

since 2h*a = a+ 2{h^ 9} = 0 and since 7 ^ has only elements of order two.
Thus the extension is trivial, and
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generated by {t^pA,,,}, {tw(EA^s), { t u p i M } , and o such that

7.32. A = 2 (mod 4) and k > 6. We first obtain the value of
From § 7.3 we have that

where g: Sk+1 -*• iic+u.(8k) is a symmetric map, »'fc+w being a homeo-
morphism into. Further, using the notation of §§ 2.3 (c) and (d), we have
from the definition of g that

which is of degree one (mod 2) and therefore essential. Thus g is essen-
tial by Theorem 6.1, i.e. {g} = {*i+1>1 hkJc+1}.

Hence {tk+Sfi} = 2{pA4+1Jfc+1}+{»t+lflAWfc+1}.

We are now ready to examine the sequence (B).
(a) When p = 1, (B) gives

i.e. -».if(,)-».

by § 5.1. Also *jf+i*(O) is generated by {^+8ia}: that is, by

Hence TTĴ J = Zt,

and is generated by {*t+i,i P^fc+î +i}. Note that Ai'1(0) = 0, whence
Pk+2* i8 trivial.

(6) When p = 2, (B) gives

• 7 7 ^ - • 0 ,

by § 5.1, and since j>fc+2* is trivial by (a). Also

which is generated by

Thus 77j,8 = Z8,

generated by {tfc+ĵ  P^t+ut+j}. Note that pk+3+ is trivial.
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When p = 3, (B) gives

+ )) * ^ 2 »" Tils »" "k+zib + ) "*.

i.e. -> Z2 -* Z2 4+Z, -». «£,-». 0

by § 5.1, and since pk+3+ is trivial by (b). Also

which is generated by

Hence i£+3«,(0) is the Zt subgroup generated by

Thus 7r|,3 = Zlt+Zt,

generated by {ik+lit hkJc+3} and {ti+2jl pAfc+ut+j}- Note that again
is trivial.

(d) When p = 4, (B) gives

Pk+i* . nt+o\ " • A
*• "kb(S + 2 ) " WM

i .e . ->• Z M -> Z M -»• 77^8 -»• 0

by § 5.1, and since pk+i+ is trivial by (c). Also

which is generated by

Thus »i+4*(0) = 2p*,r i+4(S*+i)

and 77^3 = Zj,

generated by {ti+2>1 P^i+jjn^}. Note that, since

the image of #fc+6# is the Z% subgroup of
(e) When p = 5 and A > 10, (B) gives

i.e. -> 0 -»• 0 -> TT^J -> Z , -+- 0

by § 5.1, and since the image of pk+i+ is Z2 by (d).

Hence 7r^3 = Z2 u'Aen k ^ 10,

and is generated by Pt+sa
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(/) When p = 5 and k = 6, (B) gives

i.e. -*• 0 - • £„-»-77^3->- Zt-+ 0

by § 5.1, and since the image of pn+ is Z2 by (d).

Hence 77§8 w an extension of Zm by Zt.

To calculate the extension we consider wn(Pf), « 7rf8 by Theorem
2.3 (p). Let C*+s (k > 3) be the space consisting of an i* and an 5*+1

having just one point in common, to which a k-\-2 cell e*+s has been
attached by a map <f> such that

is essential over Sk and of degree two over Sk+1. I t will be shown in
the Appendix that, when 4 = 2 (mod 4) and k > 6, (PJ±J, P j i i ) is of
the same homotopy type as (Ck+i, Sk+1 V Sk). So consider the commu-
tative diagram

v 8*) - ^ 7ru(C78) ̂ ^ Wll(CB, S7 v 5«) - H TT10(^ v S«) ^

We know that 7r11(C
B) is an extension of £«, by Z,. I shall show that

TT-iO(CP) is of finite order and that it contains an element o such that
i n * ®i a i8 non-zero. Thus G^a is a non-zero element of finite order in
TT11(C78), which must then be Zn+Z%.

We have by Theorem 3 of (9) that

by Theorem 1 of (9) that

*1O(C

and by Theorem 2 of (6) that

T T 1 0 ( 5 « V ^ ) « T r ^ ^ J +

Thus the lower sequence of the diagram is of the form

•* Zt+Zv - H n^V) ^,ZU^U Z»+Zi - .

Now we have by Theorem 1 of (1) that i^(0) is the union of
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which, since TT10(<S6) = 0, is generated by

Thus ho*7rio(lS6 v ^6) = Zi> whence 7rlo(C
7) is of finite order.

Further, we have by Theorems 1 and 2 of (9) that

which is generated by

since

Thus the image of 8'10+ = 2ZU, whence j'10+ •nw(C1) is the Z2 subgroup of

This implies that TTW(CP) has eight elements and contains an element a,
of finite order, such that j'10+a ^ 0. But (Ej is an isomorphism by
Theorem 3.2 (B). Hence

Jii*®i° = ®jiio*° ^ °> whence CE^ ^ 0.
This is what we set out to prove.

Thus < 8 = Zm+Zs,

and is generated by {tvjAg^J and a such that ^8>1*a = ^{Ag^J and
2a = 0.

Appendix. The homotopy type of certain P j i l - t
(A) The homotopy type of JPJ±J. Let ^n+1>BI+1: Pjz} -»• Fnm be the map

defined in § 2.3 (d). Then <pk+ttt: Pi-i -*• Sk is a homeomorphism. We
also have from § 2.3 (d) that

9 = ^ M 4 + M : (^fc+1, i?t+1) ^ (PS±i, -PJ-i)
is a characteristic map for the (i+l)-cell in PjiJ, and, further, that

We thus have, by § 2.3 (6) (ii), that

ffi , f <l>k+i,t* tyhkjc) (* odd).
10 (k even).

Now let 7J + 1 be the space consisting of an Sk to which one (Jfc+ l)-cell
e*+1 has been attached by a map <f> such that

t Pf i ' is the projective i+» space P*44 in which a P*"1 has been shrunk to
a point.

t If/: (E\ E») -> (X, L), then 8/: i « -* L is defined by / | En.
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is of degree two, i.e.

when k is odd. Thus, by Lemma 3. in (8), </r4+2>8 can be extended to a
homotopy equivalence

fk+u- (Pkk±l Pt-J -* (Yk+\ 5*)/or atf odd k.
Note also that (7J+8, Sk+1) is of the same homotopy type as <£(Yk+1, 5fc).

On the other hand, if X V T denotes the union of two spaces X and
T having just one point in common, then, by the same lemma, we can
extend <pk+iii to a homotopy equivalence

A+w: (PZ-h P*-i) -* (S"+1 v S"> W « " oB even k.
Note again that (Sk+2\/ Sk+1,Sk+1) is of the same homotopy type aa
<£(Sk+1 V Sk, Sk). Also, by Theorem 3 of (9), we have that

where t# and j # are the monomorphisms induced by the identical
injections of Sk and Sk+1. Thus, when k is even, TTJ,, and wi+1(jSt+1 V 5 l)
are abstractly isomorphic (see § 5.1), this isomorphism being realized by

/*+w*&+>u»: ^ 2 • • »*+i('8*+1 V Sk).

Therefore /fc+2>tl(, «AF+3>s*{»t+ia * * W = »*{Atjk+1}.

A+2,2* ^+s.3*{PA*+ut+i} = J*{At+ut+i}+A»*{Afc>A+1} (A = 0 or 1)
provided tha t the Sk+1 are suitably oriented.

(B) The homotopy type of Pk±{ when k = 3 (mod 4). We have from
§ 2.3 (<f) that

is a characteristic map for the i + 2 cell in -PJJI*, and that

But, when k = 3 (mod 4), {ft+83} = {t t + i aAw + 1} by § 7.2 (o),
is an isomorphism in this dimension by Theorem 2.3 (g). So

= **
where t'J, is induced by the identical injection of P*_x

Now let B\+> be the space consisting of 7J+ S to which one Jfc-f-2 cell
has been attached by a map <j> such that

^ | £ t +2. f̂c+a ^ S * c yt+i

and is essential: that is

'k t

where » is the identical injection and /t+2>j the homotopy equivalence
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defined in (A). Hence, by Lemma 3 of (8), we can extend fk+iti to a
homotopy equivalence

/*+..«•• (Pt±l Pl±l) - (B$+t, n+1)> fork^Z (mod 4).
Note also that (Bk+S, J|+*) is of the same homotopy type as (£(£*+*, r*+1)
when k ^ 2. (When k = 2, the attaching map of the 4-cell is to be of
Hopf invariant unity.)

(C) The homotopy type of P*if when k = 0 (mod 4). We have again
from § 2.3 (d) that

9 = 0rfM4+8.8= (Ek+S> # i+2) - (Pt±l Pi±l)
is a characteristic map for the k-\-2 cell in P*±*, and that

But, when*: = 0(mod4), {tk+sj = 2{pAt+1>fc+1}by§7.31. Thus, if/fc+2i2*
and j # are as defined in (A), we have that

Hence /t+2>2 can be extended to a homotopy equivalence

fk+i,% • (Pk±l Pi±l) -> (Yk+i V 5*, 5fc+J V 8k) for k = 0 (mod 4).
But we have from (A) that FJ + 1 is of the same homotopy type as P%+%.
Thus P*i* is of the same homotopy type as PJ+* V Sk when

£ = 0(mod4).

(D) The homotopy type of P j i f when k = 2 (mod 4), and k > 6. When
& ^t 3, let C*+* be the space consisting of Sk+1 V Sk to which one i + 2
cell has been attached by a map <f> such that

<f> | ̂ ?fc+*: ^*+2 ->- (S
i+1 v <Sk

is essential over Sk and of degree two over Sk+1: that is,

where t+ and j * are as denned in (A). If g is the characteristic map for
the 4+2 cell in PJ±J, we have, by § 2.3 (d) as above, that

But, when k = 2 (mod4),

by § 7.32. Thus, if / t + 2 t 2 is the homotopy equivalence denned in (A), we
have that

fc 3,3*(2{pAfc+U+i} + {tfc
, by (A),
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Hence, by Lemma 3 in (8), we can extend / t + 1 ; j to a homotopy equiva-
lence

fk+i.%- (-F*±i, -Pfcil) -> (Ck+2, S^1 V Sk) when ifc = 2 (mod4) and k > 6.
Note also that (Ck+3,Sk+tv Sk+1) is of the same homotopy type as
(E(C*+i!

> £*+1 v £*) when k > 3.

(E) TAe homotopy type of Pjj+J icAen ifc = 2 (mod 4) and k ^ 6. When
fc > 3, let -D$+s be the space consisting of Ck+i to which one k+3 cell
has been attached by a map fa such that

fa | # i + 8 : ^ t + s -> S"*1 vSkc C*+2,

and such that {S^A} = J*{AJk+ltt+2}+A»4Atifc+J.

Again we have from § 2.3 (d) that, if (7 is a characteristic map for the

k+3 cell in P£+f, then

But I shall show in § 8.2 of the third paper that, when k = 2 (mod 4)
and k ^ 6, f . •. f . 7 ^

1 ^ 4 4 / — l * t + 2 , l P A ' |
Also, by Theorem 2.3 (g), 4>k+i,i* *& a n isomorphism in this dimension
if k > 2. Thus we see that

6

where t^ is induced, by the identical injection of Pkt{ into Pjif. If we
now consider {8g} in i>+t(P{:ii) and if ft+i.t a n < i / t + 1 j are the homotopy
equivalences defined in (D) and (A), we have that

= K+lJc+tf+lJc+tfk+t,l* l

Thus, by Lemma 3of (8), we can extend /^ + 1 ( 1 to a homotopy equivalence

fk+t,t-(Pi±l -Pfcli) -*• (^x+'< C*+«) fork = 2 (mod 4) orui i ^ 6,
where the A is that determined by / i + t i j * t̂+a,s*{P^*+ijfc+i}- Note also
that (i>$+4, Ct+3) is of the same homotopy type as C(Z>$+8, Cfc+I) when
k> 2.

REFERENCES
1. S. C. Chang, 'Some suspension theorems', Quart. J. of Math. (Oxford) (2) 1

(1950) 310-17.
2. B. Eckmann,' Systeme von Richtungafeldem in Sph&ren und stetige Ldsungen

komplexer linearer Gleichungen', Comm. Math. Helvetic*, 15 (1942) 1-26.



THE GBOUPS 7rr(F,,») 27

3. W. Hurewicz, 'Beitrage zur Topologie der Deformationen II ' , Proc. Acad.
Amsterdam, 38 (1935) 521-8.

4. G. F. Paechter, "The groups TTAV*^) (I)', Quart. J. of Math. (Oxford) (2) 4
(1956) 249-68.

5. G. W. Whitehead, 'Homotopy properties of the real orthogonal groups',
Annals of Math. 43 (1942) 132-46.

6. J. H. C. Whitehead, 'On adding relations to homotopy groups', ibid. 42
(1941) 409-28.

7. 'On the groups irT(Vnim) and sphere bundles', Proc. London Math. Soc. (2)
48 (1944) 243-91.

8. 'Combinatorial homotopy', Bull. American Math. Soc. 55 (1949) 213-45.
9. 'Note on suspension', Quart. J. of Math. (Oxford) (2) 1 (1950) 9-22.


