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Introduction

TH18 is the second of a sequence of five papers, the first being (4), in
which I calculate certain homotopy groups of the Stiefel manifolds ¥, ,,,.
The present paper contains the calculations of those ,(V;.4,) which are
given in the following table. There =f,, denotes ., (Viimm), Z, & cyclic
group of order ¢, and + direct summation. Alsos > 1.1 Inthe Appendix
I examine the homotopy type of certain reduced projective spaces P}
which are required in this and the subsequent papers. Please note that
paragraphs are numbered consecutively throughout the whole sequence
of papers, §§ 1-5 being contained in (I), §§ 6-7 in (IT), § 8 in (I1X),§ 9 in
(IV), and §& 10-13 in (V).

TABLE FOR 74}

k p=]l pw=2 pm=3 p=4 p=35 p=06 p=1T
1 0 Z 42, Z,+2, Zy+2, Zs3+2,, Zy+Zy 24+ Z,
3 0 Z+2Z. Z, Zo+2, Zy+Z,,
4 2,42, Z3+2y ZotZnwt+2 24+ 24+ 24+ 2y 2yt 24+ 24+2,
5 Z,  Zi4Ze ZatZitZy ZatZy+Z, Z,,
6 z z, Z,+2, z, Zo+7Z,
d4e—1 O Z4Z, 2,42, z, 2z,
4s+1 2, Z,+2, Zy+Z:+2Z, Zy+2, Zy
4 Zy+Z, Z24+2, Zy,tZ, Zy+2, Z,
Gie z,  Z, Z+2, z, z,

6. The construction ‘¢~

In§ 7.1, Ishall for the first time make use of the following construction,
which is isolated here for easier subsequent reference.§

Let r > 1 and r = 1 (mod 2). Let S} and 8} be given in R™+1 by the
respective equations

Atadtotat=1 aitait.fl=1

Let S7-I=S;.DS;1 Q’=SIUS;'
For i =1 or 2 let E7, and E7_ be the hemispheres of S} for which
respectively z, >> 0 and z, < 0, oriented in accordance with S] and in

t For a full table of results and for references see (4) 249.

1 Since nlm = 7lH1 by Theorem 4.2 (a), the values of 7{; are obtained with

those of #f{! in the third paper.
§ This is essentially the construction on p. 270 of (7).

Quart. J. Math. Oxford (2), 9 (1958), 8-27.
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such a way that E7, and K}, induce opposite orientations of §7-1. Thus
the radial projection 8] — S is of degree —1, and (E7, U E7,) and
(£7_ VE}_) are both oriented r-spheres.

Clearly =,(¢) = 0 if 8 < r. Hence by a theorem due to Hurewicz
[(3) Theorem 1] there is an isomorphism = /(@) ~ H,(¢). Thus, if
ay, ag, By, By, € m (@),

are classes of the identical maps of
SI’ S;: (EI+ U EE-{-), (E;— U Eg-)’
then we have that ay+og = By +B,.

Now let f;: 8+ X (1 = 1, 2; X r-simple) be symmetric maps which
agree on 871, Let :

hy: (E74 U Ej,)— X be defined by A, = f; on E[,,
hy: (E7_ U Ef_ )+ X be defined by &, = f; on E]_.

Let H: @ > X be defined by k, on (E], U E], )and hyon (E]_U Ej_).
Then H induces & homomorphism H,: 7(Q") - n(X), and H,«; = {f,},
H,B; = {h;}. But{h} = {hy} = {h}, say, since the f; are symmetric maps
and r = 1 (mod 2). Hence we have

{f3+{fa} = 2{4}-
Together with this construction we need the following theorem on

symmetric maps of spheres. Let S7, P™-!, and u,_, be defined as in
§ 2.3 (c), u;-4,(Pr1) being the equator of S*. Then we have

THEOREM 6.1. No symmetric map f: S*— S'-1 i essential unless
r = 3 (mod4). If r = 3 (mod 4) and fu;},: Pr-1 > 81 15 essential, then
[ 18 essential.

For the proof see J. H. C. Whitehead (7) Theorem 7.

7. Calculation of =% .}
We congider the fibring V; ,53/V; 1 s = S*+%, and examine the sequence

(B) > mappualSFH1) > mpy H2y g, T (SE47)
7.1. k = 1(mod 4). In this case there is a two-field on S**% (2, 5) and
so the fibring admits a cross-section p. Hence Theorem 1.1 gives
s = tx "f,2+Pt7’k+p(Sk+2)-
Using the values of #f, as calculated in § 5.2, we obtain the values shown
in the table for 7f, when k¥ = 1 (mod 4).

t For the notation used see (4), especially §§ 2 and 3.1.
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Note that, by Theorem 1.2 and Corollary 1.5, we have
{tisss} = 0 for k =1 (mod 4).

7.2. k = 3 (mod 4)
(a) When p = 1, (B) gives

A .
t: ”l” ik+1-¢ ng,s_’"k+1(sk+2)’

ie. > 2> Zy >y >0,

by § 5.2 (b). But i5};4(0) # 0, for otherwise we should have a cross-
section in the fibring by Theorem 1.2, and so a two-field on S*+* which
is impossible (2, 5). Hence 1;},4(0) = 7} ,, and
7T1k'3 == ..

Note that A, is onto, whence the image of p, 44 i8 the Z, subgroup
generated by 2{h;.s;+s). We also have from Corollary 1.5 that {t;.ss}
generates i;1;4(0).

Henoe {tesast = {rvrn Besrad

(b) When p = 2, (B) gives

DPr 3w ’ A ’1;.;. Priae
— s (S =, T > 111 4a(S¥+E) >,

i.e. +>Zy, > Zy>myg3> 2y 0,

by § 5.2 (c) and since the image of p, ,,, i8 Z, by (a). Also

ik-i}2‘(0) = tk+3,3* 7"E+2(Sk+1)r
which is generated by

AR+ 1x+altersst = Brevessllerna Bersdd = {enaBeasnds
which is non-zero and of order two by § 5.2 (¢). Thus
71'1'3 = Z2+Z00’
and is generated by ;.,,,a of order two, where
Pis2140 = {Frsrxrads

and b, of infinite order, which is such that p, 5,40 = 2{hz,s3.s}. Note
also that the image of A, = #;}p(0) is Z,, and thus that the image of

Pr+se 18 ZETO.
(c) When p = 3 and k > 7, (B) gives

Prian A Skiae Physe
5 d(S¥3) > g — 0 md g — o (SFHY)

i.e. ~>2Zy > 23+ Z, > 1y >0
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by § 5.2 (d) and since py. 44 is trivial by (b). Also

Viton(0) = Lpipgu mies(SEHY),

which is generated by

By rarallinns) = Bhrkssliinns bgsn) = Graa(12hgres)} = 0,5y 5.2(d).
Hence teiae(0) = O,

and s = Zy+ 2,

being generated by {i,,; ¢ ks x.s} and $y.5,,a, Where

Prioax0 = {Rpsrpes}
Note also that since A, is trivial, p, ., i8 onto.
(d) When p = 3 and k = 3, (B) gives

A, tee .
. ‘&.” 9(S%) — Wg.n “.1" "g.s &’ me(S%) =,

ie. +Zy, > Zy>7n33>0,
by § 5.2 (¢) and since p,, is trivial by (b). Also 151(0) = £, 54 me(S4),
which is generated by
heeltes) = h:.o{iu hu} = {i¢1(6ha,e)} =0,
by § 5.2 (¢). Hence 12(0) = 0,
and e = 2y,

being generated by f5,,a, where py,,a = {h.,}. Note also that since
A, is trivial, p,, i8 onto m,(S5).
(¢) When p = 4 and k > 7, (B) gives

Prioe As Thian D 4»
———> myyp(SFFY) —> "l‘:.x - 7")‘:.3 —> T g(S*?) >,

i.e. > Zy>Zy>mhg> 23>0,
by § 5.2 (f) and since p; . i8 onto m, . ((S**%) by (c). Also
teran(0) = terpse mraa(SFY),
which is generated by
A riasdltessst = Plovks dberra Prasa) € Yesraw Tira(SF) = 0.
Hence it ta(0) =0,
and m§ 3 has four elements.

Note also that A, is trivial and that thus p;,, is onto.
To determine the structure of =} 5, consider the sequence associated

with the fibring Fuen 591 P e

. A,
Le. . > mg,(841) > motY s > mhy —> Tagip-1(S41) =,



12 G. F. PAECHTER
which, starting at the term =, 4(8%-1), is, for 8 > 2, of the form

> 0> 7y 15> Dok By 2> oy > Tyt Zy> Bk Ty —> 2>,
by virtue of the results of§ 5.1 and (¢). But, since 7§, ; 3 hasfour elements,
we have, by working along the sequence from the left, that
() Apmries = 2my.(S41),
({) Aymhys = Meer(897).
We now operate with 2* = {h.5 4543 Bas+1,00+2}* OD the portion

> Thas — 'n'“ﬂ(:g‘"l) -

of the above sequence to obtain the commutative diagram (Lemma 3.1)
A,
0> ndy 13> Theg —> Taaig(847Y) > 7y 10>
T,,. T,,.
> s — T (S#1) >

- By virtue of the above relations this takes the form

Ay
0> nd 13> 2yt 2y —> Zoy > ZyC Zy+ 23— 0
L
A,
> 242y —> Zy—~> 0.
Using the result of § 5.1, now choose generators of n},s, = Z;+Z,, a8
8 = iufhyuset 20d b= pfhyir gl
and of 3,5, = Zy+2Z,, 88
¢ = tufbipiess} 80d @ = Dy{Piprs iura}-
Then we have, by Lemma 3.1, that
h*a = % (P gesa} = SuPlsrrasts{Piierd = 14{12hy 4043} = 120,
h*b = h*pufhoyiranie} = PatrrwsslPuirered = Palburiuis} = @
But either Aya or Ayb = {hyyygyia}, Or both.
Henece
esther h*A,a or h*Ayb = 12{hy,_; ty4s}, OF both,
ie. esther A, 12c or A,d = 12{h,,_, 4.s} # O, or both.

But, if 7¢,_, 3 were Z,+ Z,, its (isomorphic) image in Zy,+Z, would be
generated by 12¢ and d. Then both A, 12¢ and A, d would be zero by
exactness, which we have just seen to be impossible.
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Hence
nhs = Z, when k = 3 (mod 4) and when k > 1,
and is generated by an element a such that py.3;,48 = {A;.54+q}- Note
that it is A, d which equals 12{h_, (.2} # 0.
(f) When p = 4 and k = 3, (B) givea

P A “ Pq
= y(S5) — 71';", L -n-g,s = my(88) >,

i.e. > Ly > L+ Zy > 7wy > 23~ 0,
by § 5.2 (g) and since p,, is onto by (d). Also
$561(0) = ly g4y (S4) = {"uha,t}t"ﬁ(‘s") = 174{ls,du 72(8)
C iy (8%) = 0, by 5.2 (g).
Hence nh s 18 an extension of Zo+Z, by Z,.
Note that A, is trivial, whence pg, is onto mg(S®).

There are now three possibilities for the structure of =n§s: Z,4 Z,,
Zo+ 2442y, Z,+Z,. 1 shall prove that it is the last by eliminating
the other two. As in (e) we consider the sequence associated with the
fibring V; 3/8% - Vy,, i.e.

> 7l iS3) S appr 2o e B, Ty ea(S) >,

which, starting at the term =,(S8%), is of the form

> Zy >y > 2o+ 213+ 27, —&; Zyg—> Zy > Zy+ 2, —é; Zy —,
by virtue of the results of § 5.1 and (d). Thus, working from the right,
we have by exactness, that
(i) At‘"“}.: = 775(83),
(i) “4,21776(33) =0,
(ii) A#‘”ﬁ,l = ”o(‘sm)-
We now operate with Ag , on the portion

-+ m4(S?) lo, mhs >
of the above sequence to obtain the commutative diagram (Lemma 3.1)

' s, Paz»
- my(8?) 2 77{3 — 172’3 -

T;.- Th‘
Yoze Po,z»
e o 7T°(Sz) —_— 3.3 — .
Thus V24 M S?) = 3090 hPmg(S?) = A¥ig 0, mg(S?) = 0,
by (ii) above. Hence pg,,: 783 - 7} 5 is & monomorphism.
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Next we operate with A* = {h, ;, b5 ¢}* on the portion

T _A_‘* (%) >
of the sequence to obtain the commutative diagram

- ﬂh& Tha —A-‘—> me(8?)

P P
-y —> my(SB) >
By virtue of the above relations this takes the form
0> mbs > 2o+ 2+ 2y > Z,,>0
Th‘ Th‘
-+ Zy+Zy—— Zy > 0.
Using the result of § 5.1, now choose generators of 1{,, = Zy+2Z,, a8
’ a=1,dh} and b= p,fhe};
" and of the finite summand of n},, = Z,+ 2,3+ Z;, a8
ce=1,Che} and d= phsaq}
Then, as in (e), we have by Lemma 3.1 that
B0 = h¥iy{he o} = Sy B o{hael = i 6C{hyel = 6c,

and h*b = B*pufbye} = Pubtrfbsel = Pulbss} =d.
But esther Aya or Ayb = {hy,}, or both.
Henoe esther h*A,a or h*A,b = 6{h, ,}, or both,
i.e. either A, 8¢ or Ay d = 8{hy o} % 0, or both. ,

But, if #§; were Z,+ Z;+ Z,, the (isomorphic) image of its finite sub-
group in Z.+ Z,4+2, would be generated by 6¢c and d. Then both
A, 6¢c and A, d would be zero by exactness, which we have just seen to
be impossible. So =}y cannot be Z,+Z,+ Z,.

Now consider the diagram, commutative by § 2.1,

R S e T I

[ VPR
> 73, Peay y(84) —> m4(S%) >,

where the upper sequenceis that of the previous paragraph and the lower
that associated with the fibring ¥; ,/8® » 8¢. Then, in the notation of
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the previous paragraph, we have that

Bybe=A,00,, G{h:,e} = 100 B4 6C{hy ¢} = teon 12{Ry 4},

by § 5.2 (¢), = 0. Assume now that nf; = Z_+Z,, and let

G = 742/PoseThs .
We know that G is of order 12. For this to be so the image under p,,,
of the infinite summand of »§, must be an infinite summand of =3,.
However, d is of order 2, and we have just seen that A, 8¢ = 0. Thus
G can have no element of order 12. Since we know that in fact @ = Z,,,
we have arrived at a contradiction. Thus =, cannot be Z,+ Z,.

Hence nhs = Zy+2Z,,

and is generated by ) .
85,10 Pr.16( 2D 8{h7 23— A5 g}),
where A is odd, and a, of order four, such that p,,,a = {hy;}. Note

that 2a = iu‘p;.]]_'. 66{"3,6}.
(9) When p = 5, and k > 7, (B) givea

> my g (SH48) > mh g > mh g T L (844)
i.e. +>0>0>7fy> Z,, >0,
by § 5.2 (¢) and sinoce p;,;, i8 onto by (e).
Thus iy = Zy, for k= 3 (mod4)and fork > 1,
and is generated by pilsis{hriax s}
(b) When p = 5 and k = 3, (B) gives

o (%) 2 B, 2 np L P (),

i.e. > 23> Zy>1iy> Zyy >0,
by § 5.2 (§) and since pg, is onto by (f). Also
i;.,l(O) = ta,u ‘”'s(S‘) = {id,l hu}-t ‘”B(S‘) = ia#{hx.t}t ‘”s(‘su)
C 354 mg(8?), which is zero by 5.2 (j).

Hence mas 8 an extension of Z, by Zg,.
Note that A, is trivial, whence p,,, is onto m,(S5).

To calculate the extension we consider the sequence associated with
the fibring ¥, ,/S® - ¥, ,, which contains the portion

P
_’”68.8_"7’:.:_"7"1(83)—’-

By virtue of the results in § 5.1 this is of the form

- A‘
>y e Dot Byt Ty —> Zy >
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Since =3 4 is of order 48, we see that p, is a monomorphism, whilst A,
isonto. Butitis 1mp0881ble to map Z,;isomorphically into Z,+ Z;+ Z,,.

Hence i = Zy+Zy,,
and is generated by iy, , ps s €y 4}, and a such that pg,ea = {hyg}.

7.3. k = 0 (mod 2) and > 4. Our first task is to calculate

{tesast € mha = Zy+ 2
by § 5.1. We have by (iii) of § 2.4 (b) that t;,, 5| 8% = $44; ;1 t44e,; and
by § 5.1 that {t,,,;} = 0. Thus we can extend f,,;,%;,,s Over the
hemisphere EX*! of S¥+1, and, since #, ,4418 & symmetric map [§ 2.4 (a)],
we can extend it symmetrically over E*+1. Denote this extension by
g: S5 > 44 11(8%) € Verap:
We now use the construction ‘@’ of § 6 with
r=k+1, X=Vse Sri=thas =9

a8 defined above. Then we have that

2{h} = {f3+{fa} = (e} +0}-

. Hence

Prizix 2{h} Pk+z.u{‘k+a,s}+1’k+z.u{9}
= 2{hk+1,k+l}’ by 2.3 (b) and sinoe {g} € ’.t 7Tk+1(lgk)-

Thus
Prszanlt} = {hrsrpsa}
and {h} = {Phasrr+)+9a0, Where w € mp,,(S5).
Thus 2{h} = 2{phesrk)s
whence ) {tk+a,a} = 2{phk+1,k+1} —{g}-

7.31. k = 0 (mod4). We have from § 7.3 that
{tesaal = 2{Phk+l.k+1} ~{g}-

But g: S¥+1 -» S* is a symmetric map by construction, and so is in-
essential by Theorem 6.1. Thus :

{tesssl = HPhasyest)
We are now ready to examine the sequence (B).
(a) When p = 1, (B) gives

A, - - ‘
P (854 > kg I ey (SE49),
ie. +2> 24+ 2> 1y >0,

by § 5.1. Also s5},4(0) is generated by {t; 34}, i-e. by 2{phsy 4.+1}, Which
is twice the generator of the infinite summand.
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Hence ﬂi,a = Z!+Z21

and is generated by {i;.) 45141} a0d {i319; PArirasa} Note that thus
A71(0) = 0, whence p, 4, is trivial.
() When p = 2, (B) gives

i.e. > 2y > 24+ 2y > k3> 0,
by 5.1 and since p; .,, is trivial by (a). Also
Vit an(0) = tisze Tisa(S*Y),
which is generated by
hrsvksaltenss) = Phiraee 2Phesren} = 2RE i esa{Phrsrns)
‘ = {Phrire+1te 2{hk+1,k+n} =0.
Thus mha = Zyt+2Z,

and it is generated by {5, ., 4h 1o} A0d {83153 Phyirs+a)- Note that A,
is trivial, whence p, 3, is onto.

(¢) When p = 3, (B) gives

A .
—> M4 (S*HY) — Tha Shey Tes P, Tea(S¥+2) >,
ie. > Zy>nhe>nis > Z, >0,

8iNCe Py .4 i8 onto by (b). Also

$itea(0) = iz an mras(SFHY),
which is generated by

h:+1.k+8{tk+a,3} = M1k 2{Phk+u:+1} = 2h;+1.k+3{phk+1,k+1}

={Pheriesste 2Prsrnsa} = 0.
Hence 13 !44(0) = 0, and 8o 7}, is an extension of n} 4 by Z,. Thus,
using the results of § 5.1, we have that
mh,5 88 an extension of Zy+Z; by Z, for k > 8;

and 3 18 an extension of Z,+ 2,y + Z, by Z,.
Note that A, is trivial, whence p,,,, is onto.

This time we make use of Theorem 2.3 (g) to calculate the extension.
This gives that n} 3 = 7, (PE*}) since k > 4. It will be shown in the
Appendix that PE*} is of the same homotopy type as S*v P§+* when

k = 0 (mod 4), where v denotes attachment at a point. Thus, by
Theorem 3 of (9), we have that

R = Mya( %)+ i ea(PET?Y) = 7y ua(S%)+7d 10

3695.2.9 c
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by Theorem 2.3 (g). But n},,, = Z, by § 5.2 (c). Hence
ms = Lo+ 2, fork=0 (mod4) and > 8,
and is generated by {1;., 2, 4,5} and a such that
Prs31%% = {(Prsopia)s 2 = {Sesa1 Phrsrpsa)
Also ""2,3 = Zot+21s+2,
generated by {issPh;s}, {i52@hye}, and a such that p,ea = {hys},

2a = {"0.1 phbﬁ}'
(d) When p = 4, (B) gives

D ss . ¢ ks 4« Pris
—_— ‘"k+5(Sk+2) TR g T Mg > "kH(SHz) -,
i.e- - Zz‘ - 77:,2 -> 77:'3 - Zz - 0

since p; 44 i8 onto by (c). Also
3t an(0) = Lys a Teaa(S5HY),
which is generated by
h:+1,k+4{tk+8,3} = h;+1,k+d 2{Phk+1,k+1} = 2h:+1,k+4{phk+1,t+1} '
= 2{phk+1,k+1}*{hk+l,k+4} = 2P*{hk+1,k+(}'
Hence teFon(0) = 2p o 7y o(S*Y).
Using the results of § 5.1 we thus have that
ks 18 an extension of Z, by Z, when k > 8, and i3 18 an extension
of Zg+Zy+ 2, by Z,.
To determine the extensions we operate with A%, ;,,, on the section
of the sequence (B) given in (c)t to obtain the diagram, commutative

by Lemma 3.1,

: » .
> by LN mha Lhisas o SF+2) >

o e

Tkize

> Tia > s > Teaa(S5H3) >
Let a € 7} 4 and a’ € 7} 5 be such that

Pri312C = {hk+u+a}» Dr+3120 = {hk+u+4}-

Then

Prea1ah*a = B*Driazad = B iopy dPrsania) = Prrsied = Prasand’s
Hence h*a = a' 443, 44b, wherebenf,.

Accordingly 22" = 2h*a—2i;,,,b=0

gince 2h*a = a,2{h. g2+ = 0, and since we have just seen that
1 I do not use Theorem 2.3 (g) again since it no longer holds for p = k = 4.
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x+e% Tho has only elements of order two. Thus the extension is trivial,
and by = Zot-Z, when k=8,
generated by {i,,,, Phy 5.4} 80d @’ such that pyp, 0" = {Ay,e5.4) and

77:,3 = Zy+ 2o+ 2o+ 2y,
generated by {i;, A, g}, {#52 Chy 4}, {te1 Phs g} and a’ such that

Pr1a0 = {heg}
Note that in either case
Ay i s(S5H2) = 2p gy, (SFH),

whence we have by exactness that the image of p; ., is the Z, subgroup
generated by 12{k, ..}
(e) When p = 5, (B) gives

> (S e g I g PE o gun)
ie. > 0> mig >nhg—>Zyg—>0
8ince p;,g4 is onto the Z, subgroup of =, (S*+%) by (d). Further, by
§ 5.1, mi; = 0 when & > 8. Hence
iy = Z, whenk > 8,
and is generated by prlsi« 12{hssax+s)-

When k = 4, we have from § 5.1 that »}, = Z,+ Z,+ Z,, whence
e 3 18 an extension of Z,+ Z,+-Z, by Z,. We determine this extension
as in (d) by operating, this time with A7 ;, on the section of the sequence
(B) for k = 4 given in {c). This gives the commutative diagram

% Py
-> "72.2 > ‘”2,3 =3 mg(8%) -
Th‘ Th‘ Th‘
© P,
- 772,, LN 11'2'3 8 m,(8%) —.

Leta € 73 ;and G € n} ; be such that p;,,a = {hq;} and p,,, @ = 12{he,}.
Then

Praxh*a = h*}’zna == h;.o{heﬂ} = 12{h3_,} = D714 8-
Hence h*a = @+1,,b, where ben},,
and 23 = 2h*a—2ig, b =0

gince 2h*a = a, 2{h,,} = 0 and since n}, has only elements of order two.
Thus the extension is trivial, and

‘”2,3 = Zz+ Zz+ Zz'f‘ Zz,
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generated by {i5s Phys}, {53 Ghag}, {#a1 Phso}, and @ such that
Prax® = 12{hq,}.
7.32. k = 2 (mod 4) and k > 6. We first obtain the value of {t;..53}.
From § 7.3 we have that
{te+ast = 2{Phsria}—{g}
where g: §¥+1 » 4, ,,,(8¥) is a symmetric map, 4,,,, being a homeo-

morphism into. Further, using the notation of §§ 2.3 (c} and (d), we have
from the definition of g that

guit = drinp’ P> 4(8%),

which is of degree one (mod 2) and therefore essential. Thus g is essen-
tial by Theorem 6.1, i.e. {g} = {$3411 Bra+1}-

Hence {tessst = 2{phpsyar) {0k Brs)-

We are now ready to examine the sequence (B).
(a) When p = 1, (B) gives

Prian A, ik+1¢
~= Ty43(S%+E) > Tha > kg > T41(S¥E),

ie. . > 2> 23+ 2y, > 1Ly >0,
by § 5.1. Also #;},4(0) is generated by {t,;,}: that is, by
2{phisrp+ ) +0ken Bea)-
Hence mha = Z,

and is generated by {i.s; Phrs1x+1}. Note that AF1(0) = 0, whence
Dr+ga 18 trivial.
(b) When p = 2, (B) gives

ﬂ, 11",_,_3(3“'2) A‘: “"'i,g ik+n> 7"'2,3 Pk+n¢ Wk+2(Sk+2) >,
i.e. - Za-) Z2+Z3_)1T’k,3_> 0’ -
by § 5.1, and since p, ., is trivial by (a). Also
titeu(0) = tpiggu Trsa(S5F),

which is generated by

Bt s1,649(2{(Phesr g} H{ikrr1 Argan})

= {phk+1,k+1} * 2{hk+1,k+1} +{£k+1.1 hk,k+1 hk+1,k+z} = {ik+1,1 hk,h-a} .

Thuﬂ ﬂ’z'a = Zzy

generated by {i; .., Phyi1x+a)- Note that p,,s, is trivial.
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When p = 3, (B) gives

Ty (84 sy S  TE gy (844) >,
i.e. > Zy> 2o+ 2y > 7 >0
by § 5.1, and since py.,, i8 trivial by (b). Also
’.k_-i!s#(o) = {tk+3,3}v'”k+s(Sk+l):
which is generated by
Be+1a+8(C2{Phesy pa}+Hikana Brn)) = 120413 Aegra)-
Henoce i;:}5,(0) is the Z, subgroup generated by 12{¢; ,; ; Ay x5}
‘Thus Tis = Z1pt 2y,

generated by {$;,12hesa} and {4457 Phys1x+s}. Note that again p,
is trivial.
(d) When p = 4, (B) gives

Prysn A, LTSN Prias
= 5 (S*F) —> g > i Ti+a(S¥HE) >,

ie. > 2y > Zyy>mhsg—>0
by § 5.1, and since P, ,, is trivial by (c). Also

1 t06(0) = {trsas}e Terd(S¥HY),
which is generated by

h:-{-l,k+4(2{phk+1,k+1}+{ik+1,1 hk,k+1}
= 2Pl prd Hkera Bgrs Prrrasdd = 2{Pherinedd-

Thus 1 tan(0) = 2p e ((SFH),
and 'n't_a = Z,,
generated by {¢,.,5; Phiqx+e)- Note that, since

By yp(S¥F2) = 2p 7y, (S*HY),

the image of p, s, is the Z, subgroup of w4 (S%+%).
(e) When p = 5 and k > 10, (B) gives

= T4(S¥H2) _A—.’ Tha LN Ly Prose, Ti45(S*¥2) -,
ie. +>0>0->73>Z,>0
by § 5.1, and since the image of p;.;. i8 Z; by (d).
Hence wha = Z, whenk > 10,
and is generated by pils e 12{hiipss}-
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(f) When p = 5 and k = 6, (B) gives

A, e Pus
- 15(88) —> 7755,: jl_’ 6,8 > 712(S%) -,

ie. +>0>2Z,>mag> 23>0
by § 5.1, and since the image of p,,, is Z; by (d).
Hence 73 3 38 an extension of Z,, by Z,.

To calculate the extension we consider =,,(P§), =~ =35 by Theorem
2.3 (g). Let C*+3 (k > 3) be the space consisting of an S* and an S¥+
having just one point in common, to which a ¥+2 cell e¥+2 has been
attached by a map ¢ such that

$] B+ gey g

is essential over S* and of degree two over S*+l. It will be shown in
the Appendix that, when k = 2 (mod 4) and k > 6, (P:*}, PE*}) is of
the same homotopy type as (C*+2, Sk+1v S¥). So consider the commu-
tative diagram :

o a(57V 88 2% (00 28 (0, 57 99 2 57y 80 >

Je Je [e fe
# o% ‘,“ 8; L]
> S8V 8%) 2% 7 (C7) 2% 7o (C7, S8V S5) =25 7y(88V 85)

We know that =;,(C®) is an extension of Z, by Z,. I shall show that
m0(C7) i8 of finite order and that it contains an element a such that
Jus € a is non-zero. Thus &, a is a non-zero element of finite order in
7,.(C®), which must then be Z_,+ Z,.

We have by Theorem 3 of (9) that

(S8 V 83) = my(88)+my(8°) = Zy+Z,,

by Theorem 1 of (9) that
m10(C7, 88V §3) = my(8%) = Zy,,
and by Theorem 2 of (6) that
T10(S®V 8%) =2 71o(88) +7119(8%) +[76(8%), m5(S3)] = Zg+ Zoo.
Thus the lower sequence of the diagram is of the form
> Z,+2Z, k m10(C7) L;“-» Zy, &-» 2o+ 7, —>.

Now we have by Theorem 1 of (1) that 1#;3}(0) is the union of

{2ha.u+hs,a}m 7”10(80) and [{zha.e‘*‘hs.e}t ""e(‘go): ﬂs(Sb)],
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which, since m;4(8%) = 0, is generated by
[{2kest s elulbos) {(hss}] = 2{{Boel: (Post]+[{hse}s {Rss)]
= 2[{he.6} (Ps,}]+{hs10}-
Thus $;0, m14(S® Vv 8%) = Z,, whence 7,,(C7) is of finite order.
Further, we have by Theorems 1 and 2 of (9) that
808 2o = {2hs,e+hs,s}* mo(S8),
which is generated by
. he o{2he g t+hy e} = 2{"«,9}‘1"‘:.9{}‘5.0} = 2{hq}
gince
h:.O{hB,S} = {(fzhs.t (E"I-’hu} = (Ez{ha,v} = {Gzhx,e (Ezha.v}
= 27‘5,3:{"&9} = hggn 2{"3.9} = 0.
Thus the image of 8,9, = 2Z,,, whence j; 4 7,0(C7) is the Z, subgroup of
m(C7, S8V 85).
This implies that m,4(C7) has eight elements and contains an element a,
of finite order, such that jj,,a 7 0. But &, is an isomorphism by
Theorem 3.2 (B). Hence
JusCia = Gyj1oed # 0, whence €, a # 0.
This is what we set out to prove.
Thus s = Zpt+Zy,
and- is generated by {i;,h¢,,} and a such that py;,a = 12{hy,,} and
2a = 0.

Appendix. The homotopy type of certain PE+i.f
(A) The homotopy type of Pi*}. Let o, 4y i1 P22 -V, m be the map
defined in § 2.3 (d). Then yy,,,: Pf_, - S* is & homeomorphism. We
also have from § 2.3 (d) that
g = ditasliaa: (E¥Y, B¥+1) > (PEH, PE_))
is a characteristic map for the (k+-1)-cell in P¥*1 and, further, that
89 = Yilsatissy B¥H1 > S
We thus have, by § 2.3 (b) (ii), that
(59} = {ﬁf—&ut 2k} (K odd),
(k even).
Now let Y+ be the space consisting of an S* to which one (k+-1)-cell
ek+1 has been attached by a map ¢ such that
é| Ex+1 5 Sk
t+ P! is the projective k+s space P+ in which a P*~! has been shrunk to

a point. . . .
t If f: (E®, E®) -+ (K, L), then 8f: E* - L is defined by f | E™.



24 G. F. PAECHTER
is of degree two, i.e.

{84’} = O{hk,l:}r = ‘/’k+2.2*{89}
when k is odd. Thus, by Lemma 3 in (8), §,,,, can be extended to a
homotopy equivalence '
Seroa (PEL, PE_y) > (Y§+1, S¥) for all odd k.
Note also that (Y¥+2, §%+1) is of the same homotopy type as E(Y%+2, S¥).
On the other hand, if X v Y denotes the union of two spaces X and
Y having just one point in common, then, by the same lemma, we can
extend .5, to & homotopy equivalence
Seszat (PEY, PE_ ) — (Sk+1v 8%, S} for all even k.
Note again that (S*+2v S¥+1 Sk+1) jg of the same homotopy type as
E(8%+1y Sk S*), Also, by Theorem 3 of (9), wé have that
1 (S¥1V 85) = &y 1(8F) +ju a2 (85H1),
where 1, and j, are the monomorphisms induced by the identical
injections of S* and 8%+!. Thus, when k is even, 7} , and m, ,,(S*+! v 8k)
are abstractly isomorphic (see § 5.1), this isomorphism being realized by
Se+22% ‘/’ﬁ&gﬁ Tk = T (S V SF).
Therefore Srreabiitaaalicna Aeer) = talPrrsahs
Jerzza¥etam{Phrir i} = Julbrirzsd 0 {Peps A =00r1)
provided that the S*+! are suitably oriented.
(B) The homotopy type of Pt*? when k = 3 (mod4). We have from
§ 2.3 (d) that
9 = Yitealesss: (B¥S, Ex+2) > (PE13, PEtY)
is a characteristic map for the k-2 cell in Pf+2, and that
8 = Yitsatisast B4 > PiEL
But, when k = 3 (mod 4), {133} = {$r+11hxx+1} by § 7.2 (@), and i 45 34
is an isomorphism in this dimension by Theorem 2.3 (g). So
{89} = dicdamliea bepss) = ta¥ideaniPrsa)s
whaere 1, is induced by the identical injection of P¥_, — Pk*}].
Now let BX+? be the space consisting of Y5+ to which one k2 cell
has been attached by a map ¢ such that

¢ | B¥+2; Eri3 5 Gk c YR+
and is essential: that is

{86} = tu{Prrs1} = frrozuteVitaselPbinsr} = Sera24{09}

where 1 is the identical injection and f;,,, the homotopy equivalence
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defined in (A). Hence, by Lemma 3 of (8), we can extend fi,., to &
homotopy equivalence

Sivnat (PEY, PERY) - (BEF2, Y54, for k= 3 (mod 4).

Note also that (BX+2, Y% +2)is of the same homotopy type as G(B*+2, Y*+1)
when k > 2. (When k = 2, the attaching map of the 4-cell is to be of
Hopf invariant unity.)

(C) The homotopy type of PE*% when k = 0 (mod 4). We have again
from § 2.3 (d) that

g = ¥iteatisss: (B2 ER42) o (PhHE, PR
is a characteristic map for the k-2 cell in P}*?, and that
89 = Yitsstisss: L** > PEL
But, whenk = 0(mod 4), {t,.s5} = 2{Phss1x+1) by §7.31. Thus, if f; 1504
and j, are as defined in (A), we have that
Seve24(®0} = frsoontbits,on 2€{Phrsrpn} = Lalhesrenlt
Hencs f} ;55 can be extended to a homotopy equivalence
Sir2g: (PEX3, PEt1) > (YE+3 v Sk, Sk+1y S¥) for k = 0 (mod 4).
But we have from (A) that Y%+2 is of the same homotopy type as P53,
Thus P} is of the same homotopy type as Pit3v S* when
k = 0 (mod 4).

(D) The homotopy type of P2 when k = 2 (mod 4), and k = 6. When
k > 3, let C*+2 be the space consisting of S*+1v S* to which one £+ 2
cell has been attached by a map ¢ such that

é| Ek+t. pei2 . Qk+ly Gk
is essential over S* and of degree two over S¥+1: that is,
{84’} = i#{hk,k+1}+2j*{hk+1,k+l}»
where 1, and j, are as defined in (A). If g is the characteristic map for
the k42 cell in P§*$, we have, by § 2.3 (d) as above, that
{89} = {lﬁ{_&s'a tk+3,3} € '”L-+1(P'§t%)-
But, when &k = 2 (mod 4),
{tesssl = 2{PPesrgrd F{lksns Prsa)

by § 7.32. Thus, if f; 4, is the homotopy equivalence defined in (A), we
have that

Sir230{00) = frroon i taan(2(Phisynss)+{Fkrr1 Prssr})
= 2jt{hk+u+1}+(n+ l)it{hk,ku}» by (A),
= {34}.



26 G. F. PAECHTER
Hence, by Lemma 3 in (8), we can extend f,,, to a homotopy equiva-
lence
fipaa: (PEED, PE+1) 5 (k42 Sk+1y SK) when k = 2 (mod 4)and k >
Note also that (C*+3, Sk+2y Sk+1) jg of the same homotopy type a8
E(Ck+2 Sk+ly S%) when k > 3.

(E) The homotopy type of P;*3 when k = 2 (mod 4) and k > 6. When
k > 3, let DX*2 be the space consisting of C*+2 to which one k-3 cell
has been attached by a map ¢, such that

&) | B*+3; BE+3 5 Qk+1y Sk ¢ Ck+2,

and such that {3} = Jalbrsrre} +A0 (e k1a)-
Again we have from § 2.3 (d) that, if g is a characteristic map for the
k43 cell in P£*2, then
{39} = {‘l’k—-&c.t tk+u} € meaa( PELD)
But I shall show in § 8.2 of the third paper that, when k = 2 (mod 4)

dk>6 .
aeE =% {tered = {(Frraa PhisLiea)
~ Also, by Theorem 2.3 (g), Y44 i8 a0 momorphlsm in this dimension
if ¥ > 2. Thus we see that

{89} = ditoestirardPhuiiee} = SuitaondPPrirnse) € Vumeso(PE k—1)»
where 1, is induced by the identical injection of Pk*! into Pi+:. If we
now consider {8g} in m,.,,(P§*}) and if f} ;5 o a0d f3 ., , are the homotopy
equivalences defined in (D) and (A), we have that

Se+2,98189} = frroan it selPhesrpse}
= B i1 k2 fireen Pesasal Pl paa}
= B i1xsa(FalPrsresd +A0{Prisa})
=J t{hk+1,k+z}+m' t{hk,k+i}
= {3¢-
Thus, by Lemma 3 of (8), we can extend f , , , to a homotopy equivalence
Tereg:(PEXD, PELY) > (DX3, C%+?) for k = 2 (mod 4) and k > 6,
where the A is that determined by fi.s s ¥l se{Phrs1r+1}. Note also
that (D54, C*+?) is of the same homotopy type as §(D%+2, C*+?) when
k> 2.
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