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Introduction

Ta1s is the third of a sequence of five papers, the previous ones being
(8) and (9), in which I calculate certain homotopy groups of the Stiefel
manifolds ¥, ,,. The present paper contains the calculations of those
groups which are given in the following tables. There #f,, denotes
Tirp(Vesmm)s Zq & cyclic group of order g, and +- direct summation.
Also 8 > 1. A full table of results can be found in (8) 249. Some
of these, namely the values of nf,, for 2 < p < 5 and k > p+2, have
also been obtained, independently and by different methods, by
Yoshihiro Saito (10).

For the notation used throughout the body of this paper please 1)
(8), especially § 1, 2, and 3.1. Also please note that sections are
numbered consecutively throughout the whole sequence of papers,
§§ 1-5 being contained in (I), § 6-7 in (IT), § 8 in (III), § 9 in (IV), and
§§ 10-13 in (V).

TABLE FoR 7§,

k pm=2 p=3 p=+4¢ p=25 p=6 pm=7
1 Z, z, Z, 0 Ze 0
3z, Z, Z,+2, Z,+ 2,12,
4 Zy+Z, Zot+2,+ Zy+ 2+ 24+ Zy+ 24+ 24+
+24+2. +2,+2, +2,4+2,
5 z, Z,+ 2, Z2,+2Z, Z,
6 0 zn+zo Zl zo'*'zl
4s—1 2, Z,+Z, Z, Zy+ 2,
1s+1 2, Z,+ 2, z, s
ts Z, +2, Zy+Z,+Z, Z4+-2,+ 2, Zy+ 2,
442 0 Zyut+Z, z, Z,

TABLE FOR 7§,
p=1 p=2 p=3 p=4 p=25 p=26
z, z, 2, 0 z, 0

8. Calculation of nf,
We consider the fibring ¥; . ( (/Vi+a3 = S*+® and examine the sequence

A,

Stipe Prips
(C) -> 7"):+p+1(‘5’”3) > "f.s > 7h > "m(st“) >
Quart. J. Math, Oxford (2) 10 (1959) 17-37
£695.2.10 0
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8.1. k = 0 (mod 4).

In this case there is a three-field on S*+* (5, 12), and so the fibring
admits a cross-section p. Hence Theorem 1.1 gives

e = $amEat Pamep(SH9).
Using the values of #f; as calculated in § 7.31, we obtain the values

shown in the table for »f, when k = 0 (mod 4).
Note that, by Theorem 1.2 and Corollary 1.5, we have that

{tisedd = 0 for k = 0 (mod 4).
8.2. k=2 (mod4) and > 6.
(a) When p = 2, (C) gives

e, Te4a(S*+2) A‘; mha e, ‘”i.cim;' ey 5(S*+) >
ie. >25>2Zy>1},—>0,
by § 7.32 (b). But 15 }44(0) 7~ 0 since otherwise there would be a cross-
section in the above fibring, by Theorem 1.2, and so a three-field on
8%+, which is impossible (5, 12). Henoe iz };4(0) = 7}, Whence we
have that (=0.

Note that A, is onto, whenoe the image of p,,,, is the Z, subgroup
generated by 2{A..s;.s}. Further we have from Corollary 1.6 that
{ti+e4} generates ;15,(0). Hence, by § 7.32 (b),

{trad = Frira PPrsraeal-
(b) When p = 3, (C) gives

P A, ; Priae .
Ty (449) > g ) T o (§599)
ie. >Zy> 2y +Zy>1hy > 2,0,
by § 7.32 (c) and since the image of p;,, i8 & Z, subgroup by (a). Also

tiran(0) = by on Taia(S*H),
which is generated by
B vraralterad = Aioanss{inran Pherisia} = Brvna Phrriival

Hence $;!54(0) is the Z, summand of =} ,, whence

‘ni,l. = Z 1!+Zc)
generated by {3,455} and a such that

Pir153 = 2{hk+w}-

Note that A;1(0) = 0, and so that p, ., is trivial.
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(¢) When p = 4, (C) gives

A s P
ettty o (SF9) Sy S o TE o (SE49) >,
i.e. o Za -> Z’ —-> WL‘ -> 0,

by § 7.32(d) and since p, . is trivial by (b). Also
35 10a(0) = Ly uu Tra(SFHT),
which is generated by
Y o kraliirnn Phesrrsn} = Snran Pl 2{heiined
€ itﬂ‘ 2p‘ ﬂkH(Sk+1) = 0, by 7.32 (d)-
Hence 13} ,4(0) = 0, and so we have that
. ‘"'1.4 = Zs

generated by {i;,42Phs,1444). Note that thus A, is trivial, whence
Prss i8 ODto.

(d) When p = 5 and k > 10, (C) gives

ren, el SEH) N s —s T o (8549) >,
ie. >Zy—>Zy>my > 2y~ 0,
by § 7.32 (¢) and since p, 4, i8 onto by (c). Also
tts(0) = tkuc; ”tw(sk ) = {ik+l,1 Phk+u+l} « Tess(SFHT)
Corraae Pamris(84) = 0.
Hence 7} , has four elements. But, by Theorem 4.2 (b),
Tea = s = Z,
by § 7.2 (e). Thus mpy = Z, whenk > 10

and is generated by an element a such that p,, ;.8 = {Agisss}- Note
that A, is trivial, whence p, ., is onto.

() When p = 5 and k = 8, (C) gives

i”""n(S')—i‘:’""?s.s'i‘u—"’7"‘:,4.ﬂ."’7'11(‘5m)—’.

i.e. > 2oy > 2+ 2y > 15> Zy; >0,
by § 7.32(f) and since p,,, is onto by (c). Also

1134(0) = 1040 T12(8%) = {8519 g}a 712(S?) C 8516 Pamna(S7) = 0.
Hence w3 . i8 an extension of Z+ Z, by Z,. '
Note that thus A, is trivial, whence p,,, is onto.
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In determining the structure of =4, we first consider the sequence
associated with the fibring ¥, /8® - ¥4 3, which is of the form
= m13(8°) > 78 > 7] 3 > m(8°) >,
ie. —>zw->"g,‘;>z‘_>o,
by § 7.2 (¢). Bearing in mind the result of the last paragraph, we see
that =g, is also an extension of Z,, by Z,. Hence
4, 8 either Z o+ Zy or 2o+ Z,.

To determine which, we consider =,,(P3), = =f by Theorem 2.3 (g).
When k > 3, let C*+* be the space described in § 7.32(f), and let
D+3 be the space consisting of C*+? to which a (lc+3)-ce]l has been
atta.ched by a map ¢, such that

¢ | Bx+2 5 Sk Sk+1 ¢ Ck+3,

{882 = Julbrrrneat+ o d{hrsial-
It was shown in § (E) of the Appendix to (9) that, when k = 2 (mod 4)
and > 6, (P}*3, P;t}) is of the same homotopy type as (D%+3, C*+3)
for some particular A = 0 or 1. So consider the commutative diagram

> 13y (C%) 5y (D8) 225 (D8, 09) 225 () >

L fe

> mio(C7) 255 1 (D3) 22 (D4, €7) 25 () >
We know from § 7.32 (f) that =,(C®) is Z,+ Z,, and from above that
m(DY) i8 either Z,+Z, or Z,+Z,. We first prove that ;;1(0) = 0.
Then we shall show that m,,(Dj) is finite, and that it contains an
element a such that j,,,€, a is non-zero. Thus G, a is an element of
m,(D}) which is non-zero, of finité order, and non-trivial under j,,,.
Hence my,(D3) must be Z,4Z,.
The first assertion follows from the fact that

116(0) = ;llt{h7.s+M6.8}t"11(Ss )
by Theorems 1 and 2 of (14) (where 3 denotes the identical injection
of 8%v 87 into C%), which is of finite order and yet a subgroup of
%114 711(S7 Vv S8) which equals Z, by § 7.32(f). Hence $534(0) = 0.
Secondly, by § 7.32 (f), 7,(C") has eight elements and, by Theorem

1 of (14), ‘"‘10(Ds' 07) = my(S7) = Zy.
Thus mo(D4) is of finite order. Further, by Theorems 1 and 2 of (14),
8'1017"’10(D8r ) = ru{hsﬁ""\hu}t o(S7),
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which is generated by
ou BT ofhert Mgz} = Ba(12{he o} + 12V pufliye}) = Tou 12{he e} = O,
by the argument in § 7.32(f). Thus 8,,(D%, C7) = 0, which implies
that j1o« i8 onto. But G, is an isomorphism by Theorem 3.2 (B). Thus
710(D3) contains an element a of finite order guch that
Jus©o = Gyjjua # 0.
This completes the proof, and so we have that
‘”g,; = Zw+Z‘.r
generated by {i,,h,,,} and a such that p,,;,a = {hy,,} and 43 = 0.
8.3. k=1 (mod4) and > 5.
We first calculate
{ral e = 2+ 2o
by § 7.1 and 5.2 (c). We have that
tkmlsk“ = tr21lkiza .
by§ 2.3 (b), and that {t; .43} = 0 by § 7.1. Thus we can extend #;,9; %133
over the hemisphere EX*? of S*+2, and, since f;,,, is 8 symmetric map
(2.3a), we can extend it symmetrically over E*+* Denote this exten-

sion by g: 85 > 4101 Vesns C Vivas

Now we use construction ¢ of § 6, with
r=k+2, X=Vs fi=bwe Hi=y
Then wohave  2(k} = {f}+{fi} = {frrad+@)-
Hence Prrs1n2{h} = Prrsaa{leradd+Pria1sis}
. = 2{Prsnptahs
by § 2.3 (b) and since {g} € 4,7} Thus
Prrsas{P} = {hrssirads

and {8} = {Phriaxsal+iaw,
where w € 7} ;.

Further py,q,g:8%+* > S+ is a symmetric map and such that
Pri21TU 1 = PrrasberasYiir: PE > Skl
which is essential by § 2.3 (c); whence p;,,, ¢ is essential by Theorem
6.1. Thus {g} generates the Z, summand of n}, (§§ 7.1 and 5.2¢).

Hence {teraa} = 2{A}—{g} = 2{Phk+u+x} +2i,w—{g},
ie. {trredd = ‘2p#{hk+l.k+l}+ik+3.1* a,
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. where a is a generator of n{,, i.e.
Prra100 = {Apiinia}
Thus we have the following:
(@) When p = 2, (C) gives

['¢
Pl (S99 St a5 >,
i.e. >Zp> 2+ 2> mh >0,

by §§ 7.1 and 5.2 (c), where $;}4,(0) is generated by {f;,,,}. Using the
above result we have that
' nhe = Zg,

éenera.ted by {1422 PPriassa). Note that thus Ag(0) = 0, whence py 5,
is trivial.
(b) When p = 3, (C) gives

RN —) B s TN e Priae Teea(8EH) >, -

i.e. > 2y > Zy+ 2+ Zg >t >0,
by §& 7.1 and 5.2 (d), and since p, 4, is trivial by (a). Also
$iten(0) = tp g mria( D),
which is generated by
BErasralteredd = Plianss(Pernin 6+ 2P a{hringsa})
= I yantstiin1n 0 20u{Priansa) = frin1n Blianta s
Prir1x h:+u+s“ = h:+u+st+ut“» by Lemma 3.1 (b),
= RliansalPriszeal = (Brsrnsal
Hence, by § 7.1 and 5.2 (d), $;}34(0) is & Z, summand of n},. Thus
e = Zy+2Z,,
generated by {84,135 1a) 804 {$4,07 Phrianse). Note that thus
AZY(0) =0,

But

whence p, ., i8 trivial.
(c) When p = 4, (C) gives
A ,
s s (SEH3) — ad LN b s e ra(SEH) >,
ie. - +Zy>nhy>+7t,>0,
8ince p,.y is trivial by (b). Also

i{}“(O) = lrreun ”H(Sk +1),
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which is generated by
B sonsafternd = Blioaa($a 0+ 2Pu{brianial)
= B} apraba 0+ 2Pu{Prsanid = txPlirnr
Prisinhtianied® = BliarraPrin1nd  (3.10)
= B} iapralPrrinstl = 12(Peinide

Hence, by § 7.1 and 5.2 (f) and (h), t52e(0) i8 & Z, summand of =%,.
Thus we have that

‘”L‘ = Z' f01‘ k 9 17“ = Z’+Z’,

generated respectively by {451 Phrssesalr 804 {Sg3550} and {3y, th,s}
Note that again p; 4, is trivial.

(d) When p=25 and k> 9, we use Theorem 4.2(b) by which
172.‘ ~ ﬂ:_'_l'a = Z’ by§ 7.32 (d). Thus
ﬂi‘ = Z’ When k > 9
and is easily seen to be generated by {i;,s; Phriarss)

(¢) When p = 5 and k = 5, we consider the sequence associated
with the fibring ¥, /8% -V, 4, i.e.

But

- myo(8%) —> “” Tha Doy, 78,3 > (%) "ii",

le. Zy> iy > 2y > 2y > 23+ Z,
by § 7.32(d) and (c) above. But

(1) Sesx = trzatens BDA $43,m(S) =0
by § 5.2 (k), whence $, g my(8%) = 0; and

(i) %434 79(S®) i8 non-trivial by (c) above.
Hence mhe = Zy,
generated by {ig; phy 10}

8.4. k = 3 (mod 4).

We have from § 2.3 (b) that

Prraraltired = 2{Prianiah

and so from § 7.2 (b) we have that {t,,, } generates an infinite summand
of m 3 = Z,+Z,. Thus we have the following:

(a) When p = 2, (C) gives
A, 1
_pﬁ’ o B¥H) —> i s ke, ‘”2,4 - mp3(S%H),
.e. > 20> 2yt 2y > mh >0,
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by § 7.2(b), where i;}5(0) is generated by {t;,,,). Using the above
" result we have that —
7'{,‘ - Z?J
generated by 'k+u-“ where Prinind = {Prs1 s} Note that since
AFTH0) = 0, pyysy is trivial.
(b) When p = 3 and k > 7, (C) gives

Prt A, e Phise
= "kH(S“a) -— ""'i,s — "7'2.4 _— “"k+s(8b+3) —>,
ie. > 2y>Z;+Z;—> 172" >0,

by § 7.2(c), and since p,;, is trivial by (a). Also

. i oa(0) = tryqon Tesa(SH42),
which is generated by Af,s;.e{tiiqd)- Any of the methods used
previously in determining 1.1(0) will be seen to break down in this
case. All we can say at the moment is that «} , is either Z, or Z,+-Z,.
I shall prove that it is the latter.

To determine hk+u+8{tb+4.l} we consider first the sequence associated
with the fibring ¥;,55/8* > ¥;,44, and operate with A}, ;.3 on the
section

> Ty > Thi1a >

giving the commutative diagram (3.15),

Prisae
> iy Mhi1s >

T;.- Th‘
Prisse
- ""'La — n}i1a >
Then we have that

Pirasn Pl = A*Priaanltired
= h:+8.k+l{tk+¢,a}’ by § 23 (b):
=0, by§7.31().
Hence B*{tr 104} € Picta,24(0)-
Together with the above, consider now the commutative diagram
(2.1),

Prisas
> Ty > 77}:+1.i ->

Tim,l. Ts‘w.

Prisas |
> nEy—> Tra( SEHL) >
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We have from § 7.2(b) that, if a’ is the generator of finite order in
hs = Z3+Z,, thena' = 1, . ,,a, where a generates n} 3 = Z,. Further

Prrssx® = {Ari1pia}
by § 5.2(c). Thus e e

Prssaah*a’ = L*Pk+a,2* @' = h*Dpiasatiisin®
= h‘ik+a,1-tpk+a,2ta
= ik+£,1¢ h:+u+s{hk+u+£}
= tpra1aiPrsriss}
#0,
gince ¥, 4q/8%+! > S¥+? admits a cross-section (5.1). Hence
h*a’ 3 0; and further, h*a’ 7 A*{t, (-
We now turn our attention to P+}. By Theorem 2.3 (g),
Yeraan: Teas(PEED) > ks
is an isomorphism for & > 2, and
Prraan Treas( PEED) > ks,
is an isomorphism for k¥ > 3. Further, it was shown in (B) of the
Appendix to (9) that, for k = 3 (mod 4), P¥+3 is of the same homotopy
type a8 Bi+%, the space defined in Corollary 3.2 (C). Hence we have
& homotopy equivalence i: Pf*} —» Bt+® when k¥ = 3 (mod 4). Thus,
dropping unambiguous subscripts, we have
h*ualnly = B*ymea(PEEY)
= h*me4a( BEH?)
= h*E*-3xg(B), by Corollary 3.2 (C),
— ©-h¢,ny(BY), by Lemma 3.1(b),
c E*-3Q,
where Q is the subgroup of 74( Bj) generated by the elements of order two.

Now it will be shown in the Appendix that =4(B3) = Z,+ Z,, generated
by % and Z of orders 4 and 2 respectively, and further that

€2(25) = 0. Hence, since k = 7, there can be only one non-zero element
in h*i, 51l 5, and that 18 ©*-3(2).

But B*igdhatnly = tohiW¥ls,
and i, and ;! are both isomorphisms. Hence there can be only one
non-zero element in A*nf ;. But we have from above that A*a’ 3 0,
and that h*a’ 3= h*{t, ).
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Thus R vapialtirad = 0.
From this it follows that 7§, = =}, since we saw that

7},4 < m},3/(the subgroup generated by Ag.q x+a{tiradd)-

Thus Toa = ZytZy,

generated by {i;,12hz+a} 80d $5,954 3, Where
Prrran® = {hryrpial

Note that, since A, is trivial, 9, ,, is onto.

(c) When p = 3 and k = 3, (C) gives

ﬂ’ ""7(80) "A_" ""g,a "2’ 3.4 ‘i.“" 7’0(8‘) -,

ie. > 24> Zy—> 13,0,

by § 7.2(d) and since pq, is trivial by (a). Hence =}, is at most Z,.
I now show that it is at least Z,. Consider the sequence associated
with the fibring ¥; /8% — V; 5, which, starting with the term =3, is of

the form .
> 734 > mhg > m(SP) > mh (> ey > 7 (SP) >,

ie. >130> 2yt 2y > Zy > 2y > Ly 2y > 2y~
by the results of (a) above and of § 7.31 (a) and (b). From the exactness
of this sequence we have that =3 is at least Z;. Hence
7’3,4 = Z,,
and is generated by t;,, psi{he}. Note that, since A, is trivial, p,,

is onto.
Further, since $5,1(0) = t;.4% ¢(S?) and sinoe it also is zero from above,

we have that h;g{ty"} = 0.
(d) When p = 4 and k > 17, (C) gives
— (5% ) A‘; i ‘M.: M Loy T (S*H),
ie. +2Zy > Zy>mhe > Zy—> 0,

by § 7.2 (¢) and since g, is trivial by (b). Also

8t a(0) = g a maa(S*HE),

which is generated by
by (6) B aaraltieand = Bloapra Blrsnisltined = 0
y (b).
Hence w3 18 an extension of Z, by Z,. -

Note that, since A, is trivial, p,, s, i8 onto.
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To determine the extension consider the commutative diagram

’ friiae Priias A,
= 1, 4(SF) > h, > h 1.3 — Teea(S%) >
T‘mo‘ T"k-m- T‘w- T‘Hx.o-
Seirae Prisze A,
— . 4(SF) > mha > R 41,0 —> Tita(S%) =,

in which the horizontal sequences are associated with the fibrings
Vordd 8% > Verga Vera s/ S* > Visass
and the t;,, o, are isomorphisms. Also, by § 7.31 (c) and by (d) above,
the 4,,; 34 &re isomorphisms into. Then, when we use the results of
§§ 7.2 (e), 5.1, and 7.31 (¢), the diagram becomes
' > 0> mh > Zoy+ 2y Zyy >

u ¢ 0 u
>0> 2, > 24 Zg> 24 —~.

Let a = po{Bs 2444} the generator of & Z, summand of n} ; 3 = Zy,+Z,,
and b the generator of & Z, summand of n},, 3 = Zg+ Z, a8 defined
in § 7.31(c). Then ¢, 4,46 = 2b. Now from the exactness of the lower
sequence, or alternatively from § 7.2 (e), it follows that

Bya = 12{hy ).
Hence

Ay2b = A, Y3148 = iinon Da 8 = tppa 00 12{Peaa}-
Thus Ay2b = 12{hy .4} # 0.

Bat, if nt, were Z,+Z,, 2b would be in p;, s, 7}, since 2b is of
order two and there are just three elements of order two in each of
Zy+ Z, and the isomorphic image of Z,+ Z;. Hence A, 2b would have
to be zero, and we have just proved the contrary. Thus

mhe=2y fork>1,
generated by a such that ;146 = {Briax+d-
(e) When p = 4 and k = 3, (C) gives

A :
2o mo(8%) —> mhy —> md 2% (%) -,

ie. > 2y > 2+ 2> by > 230,
by § 7.2 (f) and since p,, is onto by (¢). Further,

L "7—#1(0) = t7,“177(35),
which is generated by

h:.'l{t?A} = h:,'l h;,e{tv,t} =0,
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by (c). Hence
w4 4 18 an extension of Z+Z, by Z,.
Note that A, is trivial, whence pg, is onto.
We determine the extension as in (d) above by considering the com-
mutative diagram

s, A
— 7(83) =5 ”g.c ‘P.’_‘" 7"34,3 —> me(S?) -

T"w- T"ut T‘-.ﬁ T‘c.oa
- m,(8%) 2’ 3,8 Forg Tes —> mo(8%) >,
where the horizontal sequences are associated with the fibrings
Voul S >V Vosl S > Ve

and the #,,, are isomorphisms. Also, by §7.31(c) and by (e) above,
the ¢,,, are isomorphisms into. We have further from § 7.2 (f) that
$.5% m1(S?) = 0, whence it also follows that i, 4, 7;(S®) = 0. Then, by
using the resulta of §§ 7.2 (f), 5.1, and 7.31 (¢), the diagram becomes

0> 78y > Zut+ 2+ 2y~ Zyy—~

) ) Ui
0>Zp+2Z,> 2V 21 g+ 2y Zyy—>.

Let a = p,{hs,}, the generator of a Z; summand in »},, and b the
generator of a Z, summand of =} ; as defined in § 7.31 (c). Then

15120 = 2b.
Further, we have from § 7.2 (f) that A,a = 6{R;,}. Hence
Ay2b = Ayig140 = 1104808 = 1404 6By} .
Thus Ay 2b = 6{hy 4} 7~ 0.

Now we had that «f , is an extension of Z .4 Z, by Z,; i.e. it is either
Zo+ 22y, Zoo+2Zg, Or Zy+Z, But, if 7§, were Z,+Z,+Z,, 2b
would be in p, 4,3, since 2b is of order two and there are just three
elements of order two in each of Z_--2Z,,4Z, and the isomorphio
image of Z,+Z,+ Z,. Thus A, 2b would have to be zero, and we have
just proved the contrary. Thus =}, # Z.+Z,+ Z,. Neither is it
Z,+2Z, since it is impossible to map Z,-}Z, isomorphically into
Zot 2+ 2, .
Hence 40 = 24+ 2o,

generated by 4,,,a, where a is of order four and pg,,a = {k;,}, and
b, where p,,,b = {hy}, of infinite order.
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(f) When p = 5 and k > 7, (C) gives

Pries . A, Thise Priss
———> Ty o(SEHE) —> ‘"’i.a —> ‘”2,4 > Ters(SE+3) >,
i.e. > 2y > Zgy > mhy > 23— 0,

by § 7.2 (g) and since p;_,, is onto by (d). Now we know from Theorem

nhe = Zy+Z, when k > 7,
and is generated by ;. .4 Piis1a{Pri2s+s; a0d a such that
Peraas 0 = {Priapis)-
Note that p; 4, is thus onto the Z; subgroup of m,,¢(S*+3).
(g) When p = 5 and k = 3, (C) gives

2% rg(80) s g 5 B P (59) >,

ie. > Zyy > 2yt Zigy > 134> 2y > 0,
by § 7.2 (h) and since p,, is onto by (¢). Further
‘.3—4-1(0) = t7,4¢77's(85),
which is generated by Aj4t; }. But, by Lemma 3.1 (b), we have that
DPe1» h:.s{t‘l.c} = h:,spg* {tn} = h:.a 2‘["&,5}: by § 2.3 (b),
= 2{"5,3}-
Hence hte{td =22+ (A=0orl),

where a generates a Z,, summand of =} ,, and b & Z, summand.
To determine A we consider the sequence associated with the fibring
Ves/S® = ¥V, 4, which is of the form

-> ‘”g.sﬂ ”&.i ﬁ* (S?) -,

i.e. > 2+ Zyy > 2y 2y Zyy > Zy >,
by § 5.1, together with the sequence of § 5.1

0 > my(84) > 7k g~ 7(85) > 0,

Pe
ie. 0> Zy+ 2y Zg+- 24+ Zogy «—— Zyy - 0.
Thus Pe12Pssx® = Dg 18 & = {hs,a}°
Hence Doz = Pt{hs,a}'I‘W,

where w is of order two. So
Poza 28 = 2p4{hg,}.
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Further, by § 2.4 (b), we have that

Posnltnd = {tra)-
Hence Dess B s{tsdd = Bioltra} = 2p4{hss)s
by §7.31(d). Thus  pg44(2a6+Ab) = Py sy 2a.
But p4 24 :73 5 i8 an isomorphism into by exactness. Thus A = 0, and
Maltn = 20

Hence $3}(0) is the subgroup generated by 2a, whence

w34 V8 an extension of Zy+-Zg by Z,.
Note that A, 7y (8% = 2Z,,, whenoe the image of p,, is the Z, sub-

group generated by 12{h,,}.
To determine the extension, consider the sequence associated with
the fibring ¥, ,/8* - ¥, 5, which is of the form:

A
> 8 T2ty 0 (87) >,

i.e. > a0 > 2y 23+ 23+ 2y > Zy >
by § 7.31(d). But #3, has eight elements, whenoe by exactness p;,,
is an isomorphism into. Since 7¢, has no elementa of order greater than
two, this impliea that
T = Z3+Z:+Zp

and is generated by i5s, D51y €{hy s}, ta148, Where pg14a = {hy,}, and
b, where p; 145 = {hqg}.

8.65. k=1.

Again we first caloulate

{tsd €nds = Zo+Z,, by § 7.1
To do this we define a projection p’: ¥,y - V5 which maps p;i(s)
homeomorphically onto ¥, 4 for each s € §* (which in R¢ has equation
z3+a3+z3+a3 = 1). Let v € V5 be represented by
V == -vu vn vm vl‘ .
Vg1 VUpp Vs Uy
Us1 Usy Uss O

. T

Now form V* = [—v, vy —v, v4]
—01y Uy Ui P
L Uiy —Un Yy 9V

Then V; = V X V* is easily seen to represent a point v, e V5. So we
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define p': V3 > V35 by p'v = v;. Note that p'sy; = 1: V33 >V, and
further, that, if the cross-section p: 8% —» ¥, , is chosen to be given by

P(Tr Ty, Ty, Z3) = Ty T B ’
T T Ty —y
Ty T3 —Ty —

then p'p(S®) = v,, the base point in V5. Thus an element in =,(V,,)
is uniquely determined by its projection under p} and p, ;.
Now we have from § 2.2 that ¢ ((z,, 7,, 2,, 7,) i8 represented by
207y 2237, 25,7, 22317
20,2y 2737,  2r3—1 22,2,
22,7z, 2zi—1 222, 277
Thus py 3 p'ts(To, 21, T, %3) i8 seen to be
{2222 t2321), 2222, — 23 %o)s (@} +2i—21—2()},
whence, by (7) 654, we see that py,p't;,:S® - S* is a map of Hopf
invariant one. So DaraBaltsd = (haa)-
But we have from § 2.3 (b) that p,;4{tsJ = 2{hs5}. Thus

{ts.4} = 314 Paie{Bas}+2pa{hay}.
(a) When p = 2, (C) gives

Lo, m¢(84) ﬁ’ mis 'l* 71,4 > ma(S4),
ie. > 2> ZytZy 134> 0,
by § 7.1. Also i5(0) is generated by {t;}. Using the above result, we
have that . =7
1,4 — @
generated by {i,; phy,}. Hence, by Theorem 4.2 (a), we also have that
s = Zo,

generated by {i,; phy,}. Note that AZ1(0) = 0, whence p,, is trivial.
(b) When p = 3, (C) gives

A‘ J (L]
Rt mg(84) —> 7, e, T Lo, mg(84) >,
ie. >Zy > Zy+ 2y >3~ 0,

by § 7.1 and since p,, is trivial by (a). Also

1 (0) = tu:"ﬁ(sa)’
which is generated by

h:,A{‘u} = h;,«("a,u Pa—,}t{hu}'*' 2P-{ha.a}) = "a,u Pa_,11¢{hu}+ 2p m{ha.t}
= t 10 Piisthad-
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Thus 15}(0) is a Z, summand of =} ;, whence
. =2y,

generated by {1, phy}. Note that py, again is trivial. From Theorem
4.2 (a) we also have that .

. 23 = Lo
generated by {i,, phy ).

(c) When p = 4, (C) gives

P A I ’
o mg(84) =2 mty > b T (84 >,

ie. > 24> 24+ Zg > nh (>0,
by § 7.1 and since py, is trivial by (b). Also
o TRH(0) = ty 40 (S,
which is generated by
h3s{ts 3 = h35(ba1a P ie{has}+ 204ty s})
="t3 14 PiiulPa s} + 2P u{Pas} = t514 Prielhas)
Thus $51(0) is a Z, summand of =} ;, whence we have that
"Ti,c = 2,
generated by {i ; phys}. Note that p,, again is trivial. From Theorem
4.2 (a) we also have that A= Z
. 23 = Zp
generated by {i,, phy;}.
(d) When p = 5, (C) gives

0 (80 By e P (54 s,

i.e. > Zot 24y > Zyy+ Zyg > 7E > 0,
by § 7.1 and since pq, is trivial by (c). )
Unfortunately in this case we cannot make use of Theorem 1.3 since
my(8%) # Emg(8%). On the other hand, Theorem 1.4 gives us that
A, Cry(S?) = t5 44 7(:S?) Which is generated by
h3oltsad = B3 e(i5.10 Do delPas} +2Pu{has})
= R t314 P3ia{Pas} 1230 DufPias}
[h% ¢ being & homomorphism since there is a
multiplication on §%: see (4) Theorem IV]
= 1334 P5.ie{Pre} 1+ 2Pu{hs,}-
Using the results of § 5.3 (b) and 7.1, we see that A, Gmg(S?) is the
subgroup =}, generated by a4-2b, where a and b are generators of

complementary Z,; summands. The order of -n{‘ thus depends on
A, Dy{h;,}. 1 have not been able to evaluate this directly. However,
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A. Borel and J.-P. Serre showed in (2) Proposition 19.3 that =%, = 0.
From this it follows that A, f,{k,;} is an element which with a+2b
generates =% 3, and so is of order twelve. Hence the image of p,, is
the Z subgroup of =} ; generated by 125,{k,}.

The method used by A. Borel and J.-P. Serre is as follows. It is well
known that ¥, ,,_; is homeomorphic to R, the rotation group of S*-1,
and that the universal covering group of R; is the second symplectic
group S8p,. Thus =}, = 7¢(Sp,). Now Sp, fibres over §7 with fibre
Sp, [see (11) 25.5], and the sequence associated with this fibring is of
the form A, g
= 117(87) — mg(S?) —> mq(Spg) > me(S7)
since Sp; = 5. Now ig!(0) is generated by the characteristic map of
the above fibring, and A. Borel and J.-P. Serre show in Proposition
19.1 of (2) that this characteristic map is a generator of m4(S?). Thus
74(8p,) = 0, whenoe it follows that

m,.=0 and 7i;=0,
the latter by virtue of Theorem 4.2 (a).
(¢) When p = 8, (C) gives

LT L

ie. > 2+ Zy > Zy+ Zy > 13 g > Zoy > 0,
by § 7.1 and since the image of p,, is a Z,, subgroup by (d). Again we
cannot make use of Theorem 1.3. But, using the results of & 5.3 (b)
and 7.1, we see that n}, is generated by 1,,, D5 lihaq} and pu{ks;}.
Now
s ta1e Paisihas} = t7u 514 Pain ho,o{Bae}
= hg1tea 214 Pris{Pre}, by Lemma 3.1(d),
=0
since tg, i8 trivial by (d). Similarly
S0 Palhas} = tru Pl {Bae}
= B3 96x Pulhag), by Lemma 3.1(b),
=0
Bince igy is trivial. Thus  nf, = Z,,
generated by pgl, 125,{h,,}. Again, from Theorem 4.2 (a) we have
s = Zay

generated by pg 1, 125,{h,,}. Note that, since i,, is trivial, A, is onto
2805 2.10 ' D

+ P
hd 4 =5 7, (84 >,
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73, whence it follows, since mg(S*) is abstractly isomorphic to =% ,,
that A;1(0) = 0. Hence pg, is trivial.

(f) When p = 7, (C) gives

RiiS my(iS4) —> s s L Loy mg(S4) -,
ie. > Zg+Zy > Zg+- 2y > 7] >0,

by § 7.1 and since p,, is trivial by (¢). As above, instead of using
Theorem 1.3, we note that, by §§ 5.3(b) and 7.1, =] 4 is generated by
ta1x D5 islPzs} 80d p{hye}. Again
touta1x D5ia{Pas} = o a0 D5 in B3 a{Bae}
= hggteuta1n Poinihee}, by Lemma 3.1(b),
=0
since 14, is trivial by (d).- Similarly
Vg Pal{Bag} = S54 Pu Ao s{hae}
= he.stex Paihae}
= 0.
Thus 4, is trivial, whence it follows that
‘IT;" =0 and 11':'3 =0,

the latter by virtue of Theorem 4.2 (a). Note that, by an argument
similar to that at the end of (e), we have that p,, i8 trivial.

Appendix
(A) The group me(P})

We have from § 2 that ¥;; fibres over S with fibre §. It is thus
a seven-dimensional space, and the cellular decomposition.of J. H. C.
Whitehead’s in (13) shows that in fact, besides the P} embedded in it,
V;s contains just one other cell, an E7. Thus the pair (V;;, P$) is of
the type considered in (14), and its double sequence is of the form

—> my(E7, 8°) — mg(8°) > mg(E7) - me( £7, S%) -
lﬂv l"‘ lgo
= mp (V2 P}) > mo(P}) > me(Vsa) > 7e(V2s F}) >.

Now m,(E7, 8% = Z, and mg(E7?, 8%) = 0, and by Theorem I in (14) g,
and g, are both isomorphisms. Also, by § 5.2 (e), m¢(V;2) = Z,. Hence

we(P3) 18 an extension of Z, by Z,.
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Consider next the commutative d.m.gra.m

- o P3, %) ’—* q(S?) _’ mo(P3) ELN wo( P, §°) _’ mg(S?) —

lP:#'e,p l‘f’ut l'ﬁe,a— lP’.lf'u— l‘ﬁuﬁ
= m(8Y) — mg(S?) s 7g(Ve,2) 2, m4(S*) —> mg(S5%) >
where the sequences are those of the pair (P, §%) and the fibring
Vse/S® > 84, and ¢ and p, as defined in & 2.3(d) and 1. From this
follows first of all that 8, mg(P§, S?) = 0, since i, i8 an isomorphism
and A, 7y(S*) = 0 by § 5.2 (c).

Next we calculate w4(P§, S®). Let Y%+ be the space consisting of an
S* to which one (k- 1)-cell e¥+! has been attached by a map ¢ such
that ¢|E*+1 » S* is of degree two. Then (¥4, 8®) is of the same homo-
topy type as (P§, S%) [see (9) Appendix (A)]. Let §** be the closure of
the space obtained from Y$ by removing a 4-cell E4 from the interior
of the 4-cell of Y4 Then (Y%, S%*) is of the same homotopy type as
(Y4, S®). Consider thus the section of the upper sequence of the triad
(F4; B*, %) . ,
> g (B4, B) s (T, 59%) D% (T8 BA, §9%) s (B, B
Since 3,, is homotopically equivalent to g,:m (E4, E4) - = (Y4, S*), the
homomorphism induced by the attaching map ¢, we have from Theorem
1.2 in (6) that both i, and i,, are isomorphisms into, and moreover
from Theorem 1.7 of the same paper that i, ms(E*, E¢) is a direct
summand of my (Y4, S*). Further, since (S3*, E*) is 2-connected and
(E*, E%) is 3-connected, we have from Theorem 1 of (1) that

mo(Y4; B4 S3*) == 7y(S%*, BY) ® =, (E*, EY).
But =,(E4 EY) = Z,, and we have from the lower sequence of the
above triad that my(S3*, %) =~ my(¥Y4, E), and from the homntopy
sequence of the pair (Y$, E*) that ny(Y$, E4) = my(Y4). Finally
my(Y3) = m(P}),

which by Theorem 2.3 (g) is isomorphic to my(V;,) = Z; by §5.2(a).
Thus mo(Th B 8% = Z, @ Z,, = Z,,

whence mo( P, S3) = mg(Y4, 8B) = Zy+ Z,.

Finally consider the relative homotopy sequence of the triple
(W52, P4, 8?), which is of the form

(P, 8 TR sy P by (P SY) >,
ie. > (P, ) > 2o+ Zy >+ 2y > Zy+Zy >,
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From this it follows by exactness that

Patbossmi(Ph §) = Crmg(S°) € my(S4).
Hence, since i3, is an isomorphism, we have that
8y (PR 82)= YL, Erg(S?) = 2mg(S?)

by § 5.2(e). Thus 1.7m(8%) = Z,

From the above it follows that 74(P$) is an extension of Z; by Z,4-Z,.
But we saw that it was an extension of Z, by Z;. Hence

we(P}) = Z+ 2y

We need to know something about the suspension properties of one

of the elements in mg(P}) = 7¢(Y}). So consider the diagram

> g B) 25 mg(FE) >

o e

> mg(S%) > 7q(TH) >
and let w and z generate respectively the Z, and Z, summands of
ﬂ‘(yﬁ) Then w = ‘e*{ha.e}.

Hence € 2w = CMqulhae} = fou C{hae} = Sau 2hsa} = O,
by (14) 4.5, since the attaching map is of degree two.

Thus G 2w = 0.

(B) The group me(B3)

Let Bk+3 be the space consisting of Y£+! to which one’ (k4-2)-cell
has been attached by a map ¢ such that ¢|E*+3: E*+2 5 Sk c Y%+ and
is essential. Then it was shown in the appendix (B) of (9) that
(B**, Y5+1) is of the same homotopy type as (P}, Pi*]) whenk = 3
(mod 4). Let q:(BS, ¥4) > (P3, P)
be a homotopy eqmva.le.nce Then we have the commutative d.m.g'ra.m

- my(TY) S, mmo(BY) ELN mo( B, T4) >

l»bwq.. 1#:,..9. 1?’.#1.4-9.

—> 7g(P,0) 2, 7g(Va,3) RS mg(S%) .
We have that
(@) q0n:me( P}, P§) > 7g(Ve 5, Vs 2) i8 an isomorphism by Lemma 2.3 (f),
and so are p, and ¢,. But p,, i8 trivial by § 7.2 (b).

Thus Jus 18 trivial.
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(b) By Theorem 1 in (3), t,31(0) is the union of ¢,m¢(S*) and
[dame(S%), m4(Y3)], where ¢ is the attaching map of the 5-cell in B.
Thus Bua(S4) = Ty By gy m(89) = 3, bmg(S?) = O
by (A) above. Also mg(Y8) = 1, 75(8S?)
gince y(Y§, S®) = 73(S%) = 0. Thus
[‘#*"&(S‘):Ws(Yg)] = [it ha,u: ”A(S‘)»i* "3(83)]
= ;t[""c(‘s’): "7’3(83)]

=0
since all Whitehead products vanish on S2.
Thus tea 1(0) = 0.

Now let % = 14, w, of order four, and Z = g, z, of order two. Then

2CND = E%g, 2w = 150 220 =0
by (A) above.

Hence my(BE) = Z 4 Z,, generated by @ and Z, where €220 = 0.
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