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Introduction
THIS is the fourth of a sequence of five papers, the previous ones being
(2), in which I calculate certain homotopy groups of the Stiefel mani-
folds Vnrlll. The present paper contains the calculations of those groups
which are given in the following tables. There 7r£m denotes ^k+p(^k+m^n)>
Zq a cyclic group of order q, and + direct summation. Also » > 0.
A full table of results can be found in (2) (I) 249. For the notation used
throughout the body of this paper please see (2), especially §§1,2, and
3.1. Also please note that sections are numbered consecutively through-
out the whole sequence of papers, §§ 1-5 being contained in (I), §§ 6-7
in (II), § 8 in (HI), § 9 in (IV), and §§ 10-13 in (V).
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9. Calculation of TT{?>B

We consider the fibring

/ T \ \ . / rtt_i_j% " * .

9.1. i- = 3(mod8).

In this case there is a four-field on Sk+* (1, 4), and so the fibring
admits a cross-section p. Hence Theorem 1.1 gives that
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Using the values of 7TJ>4 as calculated in § 8.4, we obtain the values
shown in the table for wf.j when k = 3 (mod 8).

Note that, by Theorem 1.2 and Corollary 1.5, we have that

ftt+W} = ° forfcs 3 (mod 8).
9.2. jfe = 7 (mod 8).

(a) When p = 3, (D) gives

i.e. - • Z . -+ 2 , + Z , - • 77ii6 - • 0,

by § 8.4 (6). But i£+2*(0) ^ 0 since otherwise there would be a cross-
section in the above fibring by Theorem 1.2, and so a four-field on
Sk+l, which is impossible by Theorem 1.1 of (3). Also i£+8*(°) = A* Zm,
and so must be cyclic. Hence

*ds = zi-
Note that A+irk+t(S

k+*) is of order two, whence the image of pk+i+ is
the Zn subgroup generated by 2{At+4iJk+1}.

To determine the generator of 77^ we must evaluate {̂ +5̂ } which
generates ti"+s*(0). Consider the sequence associated with the fibring

j> which is of the form

Then, by § 2.3 (6), pk+Afi+{tk+Sfi} = frt+M}. ^^^ is z*™ by § 8.1. Hence,
by exactness,

3

and is non-zero by the previous paragraph. Hence, using the result of
§ 8.4 (6), we have that

and the generator of 77J s is tt+2^*a, where pk+ifl+a =

(6) When p = 4, (D) gives

i.e. -+Zt-+Z8^ n*ktb -+Zn-+Q,

by § 8.4 (d), and since the image of pk+it is a Zm subgroup by (a).

*t+4*(°) = *fc+5,6* 7Tk+t(sk+3)> which is generated by
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Hence ik+i*{0) = 0, whence

generated by it+4,i*a> w ^ e r e Pk+ij.*a =
Pt+5,i*^ = 2{fyt+4̂ +<}' Note that A^ is trivial, whence pk+i+ is onto,

(c) When j> = 5, (D) gives

i.e. - ^ Z j - ^ g j ^ B g

by § 8.4 (/), and since pk+bm is onto by (6). But, by Theorem 4.2 (6),

kS ^ 7rfc + l ,4

by § 8.1. Hence i^+B»(0) = 0, whence A* is trivial and pk+6^ onto, and

<B = zt+z,+zv
generated by *i+s,t*Pjr+s,i*{At+w+8}> *t+4,i*°. a1111 b>
where ^ i+4#1*o = {At+3>+5}, and

9.3. & = 1 (mod4) and > 5.
(o) When p = 3, (D) gives

i.e. ^ Z ^ ^
by § 8.3 (b). As in § 9.2 (a) above, tjt"+s*(°) ^ 0 since otherwise the
fibring Vk+bfif7k+^t -*• Sk+* would admit a cross-section by Theorem
1.2, which would imply a four-field on Sk+4, which is impossible by
Theorem 1.1 in (3). Also ik+t+(0) = A^Za, and so must be cyclic.
Hence . „

Note also that A^7rt+4(/S
t+4) is of order two, whence the image of

Pt+*+ i8 * n e Zw subgroup generated by 2{Afc+^fc+4).
To determine the generator of 7rJ8 we must evaluate {̂ .+5,5} which

generates ik+s*(0). Consider the sequence associated with the fibring
Vk+itJSk -y Vk+<3, which is of the form

Then, by § 2.3 (6),

Pk+w^k+t.b} — Ofc+6,*}

= {**+34 Vh+uc+s}, b y 8-2

Hence {tk+bfi} $ ik+ism7Tk+3(S"),
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whence, using the result of § 8.3 (b) we have that

0*+B,S} = {**+3,i PA*+sW+A{t fc+w
 hkM»)> wher6 A = 0 or 1.

Thus the generator of 7?|6 is {tt+1)4 hkJc+a}.

(b) When p = 4, (D) gives

i.e. -*- Za -> Z2 - • Trt-.g -> Z^ -> 0 (jfc > 5)

and -+Z1-*Zi+Za-+irls-+Za)-+0 (k = 5)

by § 8.3 (c), and since the image of pk+i+ is a Z a subgroup by (a).
Further, »£•+«(()) = ft+5>B*wjfc+4(S

t+3), which is generated by

Thus TTJ#S = Zm when k ^ 9,

generated by o such that pk+6±+a = 2{At+4>t+J;

and TTJJ = Z a + 2 ^ ,

generated by {*S>4A6»}, and a such that plo^a = 2{AB>9}. Note that in
either case A^a(0) = 0, whence pk+s+ is trivial.

(c) When p = 5, (D) gives

i.e. ->- Z a - • Z2 -*• 77£iB -»• 0 ,

Jby §§ 8.3 (d) and (e), and sinoe pk+B+ is trivial by (b). Also

which is generated by

* 12{hk+2jc+b}>

since irfc+6(S*) = 0 (Jfc > 6), and tMl>7710(S
8) = 0 ( i = 5) by § 8.3 (e),

= 0, since TT£>4 is of order two.

Thus t^B*(O) = O.and TT£I5 = Z2,

generated by {it+3>2 pfik+itk+5}. Note that A^ is trivial, whence pk+t+ is
onto.
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9.4. k=l.

(a) When p = 3, (D) gives

i . e . -»• Z,,, -> Z , -> TTJiB -»• 0 ,

by § 8.5 (6). Again ^ ( O ) =£ 0 since otherwise the fibring VifiJV^ -*• S*
would admit a cross-section by Theorem 1.2, which would imply a
four-field on Sb, which is impossible by Theorem 1.1 in (3). Hence

TT?>6 = 0 and TTJJ4 = 0,

the latter by virtue of Theorem 4.2 (o). But, by Corollary 1.5, {^J
generates i^{0), = 7rf>4. Thus from § 8.5 (6) we have that

Note that the image of A,, is of order two, whence the image of pb+ is
the Zm subgroup generated by 2{h6fi}.

(6) When p = 4, (D) gives

«• 7 7 6 ( 5 S ) • 7r}>4 • 77}>s • 7 7 8 ( 5 8 ) - > ,

i.e. ->- Z , -> Z , - • 77}^ - • Z,,, ^ 0,

by § 8.5 (c), and since the image of pb+ is a Zm subgroup by (a). Also

which is generated by

KAUfiS = **,j»4A*1'*{A8.J = *4a*P*{A3,s}> the generator of <<.

Thus »5?(0) = i ^ ,

whence TTJJ = Z^,

generated by Pt,i*2{hifi}. Theorem 4.2(a) then gives that

^ , 1 = "Zoo,

generated by Pi,i*H^i^}- Note that Ai'1(0) = 0, whence ptt is trivial,

(c) When p = 5, (D) gives

i.e. - ^ Z, -> 0 ^- TT\fi -> 0,

by § 8.5 (d), and since pt+ is trivial by (6). Thus

7rf>5 = 0 ond v\ti = 0,

the latter by virtue of Theorem 4.2 (a). Note that, since A* is trivial,
is onto.
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(d) When p = 6 (D) gives

by § 8.5 (e), and since p7+ is onto 7r7(5
6) by (c). Further, ij*-(Q) = 0,

since it is impossible to map a finite group essentially into an infinite
cyclic one. Thus 77jB is an extension of Zx by Zt, as, by Theorem 4.2(a),
is 7r|)4. Note that A^ is trivial, whence pB+ is onto.

To calculate the extension we operate with h*T+1 on the section of
the sequence associated with the fibring V^JS* -*• V^ for which r = 5
and 6, to obtain the diagram

A7m
T,

P . * o A«*

which is commutative by Lemma 3.1 (6). Using the results of §§ 7.2 (d),
(/), and (c) above, the diagram becomes

t t t t
-»• Z l t -»- 0 -• Z2 ->- Zz ->.

Now let o be the generator of IT%A and a' a generator of order four in
TT\A. Then from the exactness of the lower line it follows that

Hence A_A*o = h*A+a = A
Thus h*a ^ 0, whence it follows that

h*a = 2a', .
the only element of order two in TTJ ,̂ and that

Again, »„ 77,(5*) == »„ A*776(5») = h*iM TT6(5«) = 0,
whence p7+ is an isomorphism into. Hence, if 77̂ 4 were Zm-\-Zt, 2a'
would be in j>7^w|>4 since 2a' is the only element of order two in 77$>8

and so must be the image of the element of order two in TT|>4. Thus
A+ 2a' would have to be zero, and we have just proved the contrary.
H e D C e 77*>4 = Zm

generated by a such that pitl+ a = {A5>7}, and

"•J.5 =

generated by a such that pt^^a = {h6?}.
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(e) When p = 7, (D) gives

i.e. - • Z2 -> 0 -+ 7rJi6 - • Z M ->- 0,

by § 8.5 ( / ) , and since p8t is onto 7r8(£
s) by (i) . Thus

generated by ^ ^ { A j 8}. Hence, by Theorem 4.2 (a), we have that

generated by J i i ^ y } . Note tha t since A* is trivial, pt+ is onto.

9.5. i = 2 (mod 4) and 5* 6.

We first calculate {tk+bfi} e ir^. We have from § 2.3 (6) that

Using the result of § 8.2 (b) we thus have tha t {tk+i^ generates a cyclic
infinite summand of TTJ^ = Z

(a) When p = 3, (D) gives

i.e. - • Z.0 - • Zu+Zn -> TT2IB -> 0,

by § 8.2 (6). Also t ^ w ( 0 ) is generated by {tk+6fi}, i.e. »fc^a*(0) is a cyclio
infinite summand of 7rJ>4. Hence

generated by {iic+n^kjc+a}- Note that A^1(0) = 0, whence pk+t+ is
trivial.

(b) When j> = 4, (D) gives

i.e. -> Z , - • Zt - • 77{,6 -»- 0,

by § 8.2 (c), and since pk+itL is trivial by (a). Further,

which is generated by hk+3Je+l{tk+Sri}. To determine this we consider
the section of the sequence associated with the fibring Vk+ttJSk -*
which is of the form

We have from § 2.3 (6) that
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=^= 0 by 8.4 (6).

Thus, since irk+^(8k) = 0 (i > 6),

Hence »£+«*(()) = 0, and so

generated by {t't+a^ P^i+i^+J- Note that A* is trivial, whence pk+i+ is
onto.

(c) Whenp = 5, and k ^ 10, (D) gives

) • "U »• W f e

i.e. -> Z, -> Z4 -> TT Ĵ -»- Z, -»- 0,
by § 8.2 (d), and since pk+i+ is onto 7'i+5('S*+4) by (6). But we have
from Theorem 4.2 (6) that

= Z8

by § 8.4 (d). Hence »J+M(0) = 0, whence A* is trivial and so PJC+Q+

onto, and s 7
nk,6 = •"S-

generated by a such that j>i+5>1* a =

(d) When p = 5, and i = 6, (D) gives

i.e. - • Z, -> ^ ,0+Z 4 -> 7rS>B -> Z s -> 0,
by § 8.2 (e), and since pum is onto -n^S10) by (6). Further,

which is generated by

*MIOIM} = A?o.uA?.io{^} = 0
by (6) above. Thus fQj(O) = 0, whence

•n\fi is an extension of Zw-\-Zt by Z%.

Note that A+ is trivial, whence plt+ is onto.
To determine the extension we consider first the section of the

sequence associated with the fibring Vu^/S9 -*• VU>1, which is of the form
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which becomes, with the result of § 8.4 (d),

-+Zm-+ 7rg5 -• Z8 -> 0.

Prom this we see, bearing in mind the result of the last paragraph, that
v\ti is also an extension of Zm by Ze. Thus we have two possibilities
for v\tb: Z^+Zg or ZA+Zn. But the method used in §§ 7.32 (/) and
8.2 (e) does not yield a result in this case, and so all we can say is that

< 6 is either Zn+Zs or Zt+Zm,
generated respectively by {i-j^h^^}, and a of order eight such that
PUA*

 a = {*io4i};or *i04* a> where o is of order four and p10^ a = {h9M},
and 6 such that pir;1+b = {Aiô o}.

9.6. * = 0(mod4).

Our first task is to calculate {tk+6fi} in TTJ .̂ We have that

by § 2.3 (6), and that

by § 8.1. Thus we can extend ^+84^+4,4 over the hemisphere Ek
J^

i of
Sk+t, and, since tk+4A is a symmetric map (2.3 a), we can extend it
symmetrically over j?!+ s . Denote this extension by

?:£*+»-t t+s>1(F i+s>3)cF i+M .

Now we use construction 'Qr> of § 6, with r = ifc+3, X =
/ i = tk+6fi, and / a = g as defined above. Then we have that

Hence

by § 2.3 (6) and since {g} e t t+S4* ui\s. Thus

and {A} =

Further, if we consider {g} for the moment as in v%A, we see that
Pk+3^ 9 '• 8k+3 -*• ^*+1 i8 a symmetric map such that, in the notation of
§

which is essential by § 2.3 (c); whence pk+Stlg is essential by Theorem
6.1. We thus have, using the results of § 7.31 (c), that, in n-j^,

where x e irk+i(8k), and 2 generates a Z4 summand with
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Thus

Hence {Cfc+6>6} = ik

where x e Tric+s(^k) an<^ 2 generates a ZA summand of •n%t3 with
2 2 = {*t+M P**+i>+8}-'

What remains to be done is to determine x (mod 2) in 7rt+s(iS
fc). We

shall see that there is a distinction between the cases k = 0 and 4 (mod 8),
quite apart from the special case k = 4.

9.61. k = 0 (mod 8).

First let us pick generators in TT^, TTJ ,̂ 7r{_1>4, TTJ_1S. By §7.31 (c),
77̂ 3 = Z M + Z 4 . Pick generators

a, of order twenty-four, as ik+i*i,{hkjnz}'
b, of order four, as the z defined in § 9.6 above.

By §§ 8.1 and 7.31 (c), TTJI4 = Zu+Zt+Zaa. Pick generators

a, of order twenty-four, as **+»,!* o; •
b, of order four, as ik+3iu,b;
c, of infinite order, as V+{hk+ijc+^.

By§8.4(d), 7T%_1<t = Z8. Let

£ be any particular generator.

By § 9.2 (6), 7rJ_1>5 = Zg+Z*,. Pick generators
v, of order eight, as t i+3tl* €;
w, of infinite order, as {<i+Bj6}.

This latter choice is possible since

by § 2.3 (6).
Now consider the diagram:

/ P

where the horizontal sequence is associated with the fibring

and the triangle is commutative since Pt+^Pic+z^ = .Pi+aa- Further,
since Trl+S(5r*-1) = 0, pk + 3 i J* is a monomorphism. Thus
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where t = 1 (mod 2), and p. unknown. But

by § 8.4 (d) and

by § 7.31 (c). Hence we have by commutabi l i ty t h a t /i is odd, i.e.

Pk+tfl+Q = 3€O=F6, wAere e = 1 (mod2) .

Now consider the commutative diagram

7rJ »- *%

I »*,0» |*i+»4* |*t+»4* I**.

**.«• 4 Pt+4,4* 3 " * / CTi-l\

in which the horizontal sequences are associated with the fibrings
Vt+a.JS*-1 -> Vk+S3 and ^+4i8y(S*-1 -> ^ f ^ 4 . Substitution for the groups
changes the diagram into

->0->- Z8 -> 2

Thus

= 3o=F6.

Further, since by § 2.3 (6) 2J4+M*{<*+M} = {<t+5,6}. w e have from § 9.6
t h f t t p«'

X is to be determined.
Now the next stage of the lower sequence is

which becomes, with the results of §§ 9.2 (a) and 8.1 and 7.31 (b),

-+Zu-+Zt-> Zt+Z%-+ Z%-•,

whence we have by exactness that Atir%A = ^k+t^'1)-
To recapitulate, the position now is this:

generated by v, w, o, b, c, {A

"ft+M* « = 3«J=F& (e = 1 (mod 2)),

pt+titw = Xct-\-b-\-2c (X to be determined).
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Hence the factor group "J,«/p*+4,4*'T*-i^ ̂  generated by a, b, c with the
relations:

24a = 0, 46 = 0, Zca^b = 0, Xa+b+2c = 0.

Hence 4(3«aq=&) = 0;

whence 12o = 0.

Further 2(3«J=F&) = 0;

whence 6a+26 = 0.

But 6(Aa+6+2c) = 0;

whence 6A'a+26+12c = 0,

where

A' = 1 if A = 1 (mod2) and A' = Oif A = 0 (mod2).

But, if A' = 1, we have, since 6a+2b = 0, that 12c = 0, i.e.

12a = 126 = 12c = 0,

and the factor group cannot possibly be cyclio of order 24. Hence

A' = 0,' and thus A = 0 (mod 2),

i.e. A = 2<7.

Thus {<t+w} = 6+2((ra+c).

(a) When p = 3, (D) gives

i.e. -^ Zx -+ Zu+Zt+Zn -• n%i -+ 0,

by §§ 8.1 and 7.31 (c). But i^+a* is generated by {*t+6tfi}, that is by
6+2(oa+c) in the notation of the last paragraph. Hence

generated by { t i + u f t M + ! } and {» t+44pA t+J t+3}. Note that, since
A* 1(0) = 0, pk+4+ is trivial.

(6) When p = 4, (D) gives

•"li

i.e. ->£2->Z,-|-Z,-
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by §§ 8.1 and 7.31 (d), and since pk+t+ is trivial by (a). Also

which is generated by

by Lemma 3.1 (6). But

Thus we see, by looking at the results of §§ 8.1 and 7.31 (d), that ik+i
is a Z% subgroup of TT-Ĵ , and that

generated by {ifc+2f3 vK+uc+ti &n^L {*t+i,i P̂ *+3jfc+4}- N o t e t n a t again
A^1(0) = 0, whence pk+i+ is trivial,

(c) When p = 5, (D) gives

i.e. -> Z 2 ^-
by § 8.1 and § 7.31 (e), and since pk+6+ is trivial by (6). Further

»*+5*(0) =

which is generated by

But

Thus we see, by looking at the results of §§ 8.1 and 7.31 (e), that tJ"̂
is a Z2 subgroup of TT^, and that

generated by {»fc+i>i V^k+sjc+i}- Note that again pk+s+ is trivial.

9.62. i = 4 (mod 8) and ^ 12.

We have from § 9.1 that ir*_15 si •ni-i^+Z^, where the infinite
summandisgeneratedby p+{Ai+3>i+3}, and from § 8.4 (d) that 77j_14 = Zs.
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I shall show in § 10.7 that

where v generates the finite summand. Thus we can pick generators
in ^ t - w a8

v, of order eight, as defined above by {<i+6i»};
w, of infinite order, as P*{At+3Ft+3}.

By §§ 8.1 and 7.31 (c), 7rJf4 = Zu+Zi+Za>. Pick generators

a, of order twenty-four, as ik+u+fikjc+a}'
b, of order four, as t't+s^z, where z is as defined in 9.6;
c, of infinite order, as V+fik+sjc+s}-

Consider now the Bection of the sequence associated with the fibring
Vk+lwb/S

k-1 ->• Tt+M) which is of the form

i.e. -+0^>-

generated by v, w, a, b, c.

Thus we have, since v is of order eight,
Pk+i,** v = Sea+frf), where e = 1 (mod 2),

and, since w is of infinite' order,

Pk+t,t*w = °ta-Jrfib-irYc> where y # 0.
But, by § 2.3 (6),

= Pk-n,tm{tk+&,e}

But we have from § 9.6 that

Hence
A = l(mod2), i.e. A = 2 a + l , /x+2/3 = 1 (mod 4), y = 1.

Thus {tk^ = (a+b)+2(aa+c).
(a) When p = 3, (D) gives

i.e. • + Z c o - ^ Z M 4 0 i t 5

by §§ 8.1 and 7.31 (c). Also *t+s*(°) i8 generated by {<t+5r4}: that is, in
the notation of the last paragraph, by (o+6)4-2(oa-f-c). Hence
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generated by it+s>1* a, where

{**+4,i

Note that, since Ai'1(0) = 0, pk+l* is trivial

(b) When p = 4, (D) gives

i.e. -»• Z , -»• Z , + Z 2 + Z t -> 7rJ>5 -> 0,

by §§ 8.1 and 7.31 (d), and since f»i+4^ is trivial by (a). Also

which is generated by

But

hk + 3Jc+la — ^t + Sjt+t*k+M*^*Jfc+3} = *k+lJ+hk + 9tk+l{hkik+3) — 0.

Also, if b = t'k+34^5, we have that

by Lemma 3.16,

Thus we see, by looking at the results of §§ 8.1 and 7.31 (d), that t£"+4*(0)
is a Z2 subgroup of TTJ>4, and that

"is = 2,+Z,,
generated by {»A+W pAi+1>A+4} and {tt+4#1 pAt+3ri+4}. Note that again
Ai"1(0) = 0, whence pk+i+ is trivial,

(c) When p = 5, (D) gives

i.e. -• Zt -+ Zt+Zt -+ TJ^J ^- 0,
by §§ 8.1 and 7.31 (e), and since j>t+5+ is trivial by (6). Also

whioh is generated by

r*
— / l i+
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since K+ajt+sa = A ^ + j A J ^ ^ ^ o = 0,

by (b). Further, if b — »jfc+3ji*6, we have

Thus we see, by looking at the results of §§ 8.1 and 7.31 (e), that t ^
is a Zr summand of w£i4, and that

generated by {^+44 P^t+s^+s}- Note that again 2>*+g+ is trivial.

9.63. k = 4.

We first consider the diagram

-*• "I.* *• ̂ 3,6 r-»- W7(O7) ->•

|P7J» | P M » | P B ^ »

where the horizontal sequences are those associated with the fibrings
8̂.5/̂ 7,4 "*" S7 a n < l ŝ 4/̂ 7^ ~*"J^7- By §2.1 the diagram is commutative

and J58J1* an isomorphism. By §§ 8.1, 9.1 the »71* are monomorphisms
and the j jg^ are onto. Hence, with the results of §§ 8.1 and 9.1, together
with those of §§ 7.31 (c) and 8.4 (e), the diagram becomes

u € u v w

a b c a b c d 1*7,7}

the summands being generated by the elements displayed below them.
These generators are chosen as follows.

In § 10.7 it will be shown that {t9e} e TT\^ is of the form

where € generates an infinite summand of 77*̂ . Thus we can choose
generators as follows. In n\%i == Zt-\-Zx, choose

u, of order four (any such);
9, of infinite order, as defined above by {f9-6}.
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In nit = Zt+Zn+Zn, choose

u, of order four, as »7>1,tt;
v, of infinite order, as i7>1*0;
to, of infinite order, as p^A^J+pv.

In TTĴ  = Zto+Z^+^4, choose

5, of infinite order, as *S,S*P*{^7.T} (P i8 H°pf I04?)".
6, of order twelve, as tSjl+ GKA Ĵ;
c, of order four, as the z defined in § 9.6.

In trj^ = Z^+Zu+Zt+Z*, choose

o, of infinite order, as t'7rl*o;
6, of order twelve, as »71# b;
c, of order four, as t'7>1^£;
d, of infinite order, as p*{k,>7}.

Now consider the sequence associated with the fibring V^^JS3 -*• Vlfi,
which is of the form

From the second paragraph of § 8.4(e) we have that piam is an iso-
morphism into. Further, since irj^ = Z, by § 8.4 (c), tr}^ = Zt-\-Z%by
| 7.31 (6), and 7T6(£*) = Zt, it follows by exactness that A* is onto
ire(S

3). Now both TJ-Ĵ  and IT^ project onto w7(5*), so that we have the
diagram

which is commutative. Now from § 7.31 (c) we have that

Pii*b = 0, pn^£ =t 0, p7At 2c = 0.

Thus, since, by § 8.4 (e), ^7ri*fi = 0 and since u is of order four,

Pij+H = 3eb+2fjLC, where e = ^ 1 and /x = 0 or 1.

Again, by § 7.31 (c), p u * o = 0. Thus, since £>7fl*0 # 0 and € is of
infinite order,

plfi+v = oa+j36+(2y+l)e, «?A«re a ^ 0 and y = 0 or 1.

Now change the basis of w}^ to {5, ftj, 6J, where

6X = 6+2^-, ^ = [2(y-j8/*)+l]e.
MtlSJ.lO S
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Then the position becomes

0 -+ Zl+Za} *"*>. Zm+Zu+ZA-+Zlt->0
generated by fi € a 5X ^

with Pifi+& = 3^11 where e = ^ 1 ,

#7,3*0 = «o+£*i+2i> u>A«re a ^ 0.
Thus the factor group, TTIJ/PWwji, is generated by o, &"lf Cj with the
relations

12?! = 0, 4 ^ = 0, 36X = 0, a o + ^ + C j = 0.
There are now two cases

(a) 0 = O(mod3), {b) j j H f J m o d S ) , tcA«re fx = =F1-
In the case (a) we see that the factor group becomes Z j + Z ^ . But the
factor group is in fact Z^ = Za+Z4. Henoe

« = 1.
In case (6), we first change the basis to {a, F,, c j , where

68 == e1

and then to {5,5g, £ j , where

The factor group will then be generated by o, b%, c2, with the relations

126, = 0, 4St = 0, c, = 0, aa+6a = 0.

Thus in this case the factor group becomes Z1Sa. But it is Zlt. So again

« = 1.
Thus we have that

Hence

= o+)36+(2y+l)c.

Also, since p^ w = {h,.,}, JJ8>1»PM*U7 = iKi}- Hence

Pnu"! = oc'a+P'b+y'c+d.
But, by § 2.3 (6),

Thus {<„} = (2a'+l)a+(2^+j3)6+[2(/+y)+l]c+2i.

But we have from § 9.6 that

{te>5} = Xa+nb+c+2d,
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whence, by comparing coefficients, we see that

A = 2 a ' + l , 2 ( / + y ) = 0(mod4),

( W = a+nb+c+2(<ja+d) {a = <x').

(a) When p = 3, (D) gives

i.e. •+Z*^Z

by §§ 8.1 and 7.31 (c). But »TV(°) ^ generated by {«„}: that is, in the
notation of the previous paragraph, by [(a+^6+c)+2(oo+d)]. Thus

"1.5 = •ZlS+^4 + ^00.

generated by f*M CEA3 ,}, t7>8+ a, wherep7pl* o = {h^} and 2a = {itl phb ,},
a n ( i { V I P M + ^ ' M P M - Note that A^1(0) = 0, whence p8 + is trivial.

(b) When p = 4, (D) gives

i.e. -+Zt-+Zt+Zt+Z1+Zt+Z1^-nl6-+0,

by §§ 8.1 and 7.31 (d), and since p 8 + is trivial by (a). Further

which is generated by

But

Further A?>8 c = A?,8174 ̂  5 = t7>1 * Â g c,

Thus, using the results of §§ 8.1 and 7.31 (i), we see that igV(O) ^ 0,
and, since it must be cyclic, that it is a Zt summand, and that

generated by { i^p^g} , {t6^P\s}. {*5.4 ̂ , 7 } . a n d {^P^.s}- x » t e that
A* x(0) = 0, whence JJ9+ is trivial.

(c) When p = 5, (D) gives

J > 1 °* / O8\ ^ * 5 ' •* 5 Pt* I CRN

i.e. ->Z,-»-Z2+Z,+Zt+ZI+Z,-».<8-».0,
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by §§ 8.1 and 7.31 (c), and since p9+ is trivial by (6). Further,

which is generated by

But

Further A?>8 c = A?,B »74* e = t7jll> A?,, c,

Thus, by looking at the results of §§ 8.1 and 7.31 (e), we see that
*M>a(0) 7^ 0, whence it must be a Z2 summand since it is cyclic, and
farther that % v , 7 , 7 , 7

generated by {i6i3v\9}, {»8APA7>B}. { » M W ^ d {*5.«^}- Note that
again A^1(0) = 0, whence plo+ is trivial.
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