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Introduction

THis is the last of a sequence of five papers, the previous ones being
(2), in which I calculate certain homotopy groups of the Stiefel mani-
folds ¥,,,. A full table of these results can be found in (2) (I) 249.
The present paper contains the calculations of those groups which are
given in the tables (a)—(c) below. In these tables =f,, denotes
Tiap(Vermm)s Zq & cyclic group of order ¢, and + direct summation.
Also 8 > 0. For the notation used throughout the body of this paper
please see (2), especially § 1, 2, and 3.1. Also please note that the
sections are numbered consecutively throughout the whole sequence of
papers, § 1-56 being contained in (I), § 6-7 in (II), § 8 in (ITI), § 9 in
(IV), and § 10-13 in (V).

(a) TABLE FOR 74 (k> 3)

k=3 4 5 8 —1 8s+3 48+5 4(s+1) Bs—2 8542
Z 420 Zy+Zy+Zy Zy, Zy  Zy 0 2z, 0 z,

(b) TABLE FOR 7}, (k= 3)

k=3 4 6
Zo+Zl+Zn
m=6 Z,4+2,+Z, Z,+2,+2Z,+2Z, or
Zl+zn+zu
Zo+2,
m=1 Zy+Z, Zy+Z,+ 2, or
Z¢+Zn

k=4s+3 B8s+1 8s—3 4(a+1) 8s+6 B8a+2
m=6 Z+Z, 2y Z Zo  ZytZo EytZo
m=71 z, z, 0 0 Z, Z,,

(c) TABLE FOR 7Y, = nfm_1

m=2=6 m=17 m=8 m>9
p=45 0 0 0 0
P == 6 Za Ze+Zm ZQ ZQ
p=1 Zy+2, Zy+ 24+ 2,4 Zy+2, Z,
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2 G. F. PAECHTER

10. Calculation of =,
We consider the fibring ¥, .4 4/V; 155 = S*+5, and examine the sequence

Ae o ripe *
(E) - 1Tk+p+1(Sk+5) —> 7l ltl—» 7§ —ﬂ—p ﬂkﬂ,(SkH) ->.
10.1. k = 2 (mod 8).

In this case there is a five-field on S*+5 (1), and so the fibring admits
a cross-gsection p. Hence Theorem 1.1 gives that

he = i*"’f,b"_' PaTiap(S*H9).
Using the values of nf, as calculated in § 9.5, we obtain the values
shown in the tables for nf, when % (> 2) = 2 (mod 8).
Note that, by Theorem 1.2 and Corollary 1.5, we have

{tesse} = 0 for k = 2 (mod 8).
10.2. & = 6 (mod 8).
(@) When p = 4, (E) gives
A. 7 -
R Teas(S¥) —> 7k g e, The > "kH(Sk+5)_’
ie. > Zy—> Zy—> ko> 0,

by § 9.5 (b). But {;}..(0) 7~ 0, for otherwise there would be a cross-
section in the above fibring by Theorem 1.2, and so & five-field on Sk+5,
which is impossible by Theorem 1.1. of (3). Thus 1;},,(0) = =4,
whence mho =0,

Further, we have from Corollary 1.5 that {f,,,¢} generates 15.},4(0).

Hence {trroel = (xsns Phrssped
Note that A,m,.(S¥+5) is of order two, whence it' follows that the
image of py,54 i8 the Z,, subgroup generated by 2{hy.s ',,+5}
(b) When p = 5, (E) gives
Lty ”kw(Sk“)-ﬁ" Ty ——> Bare —> 7k, R T 45(SF+8) >,
i.e. > Zy >l > mhe> Lo 0,
sinee pg.g4 18 onto & Z, subgroup by (a). Also
15254(0) = tiraon Teas(SF) = Sere s Puhessiran Tias(S*HY)
€ txin5e PaTras(SEH).
Thus 1x3:4(0) = O (since k > 6).
Hence e = 7k s+ 2o
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But we have fromr § 9.5 (c) that, when & > 6, =} ; = Z;, whence
mhe = Zg+Zo (k> 6),

generated by 1,548, Where pe,g140 = {Ariixss), and b such that

Disaand = ki g5} When k = 6, we have from § 9.5 (d) that =§ is
either Z,+ Z; or Z,+ Z,, whence

w3 18 esther Zo+Zy+Zg, of Zy+ 2o+ 2,
generated respectively by {¢; kg ,,}, #1114 Where 8¢ = 0 and
. Pr1100 = {Pronb

and b such that pi,;,b = 2{h);1;}; OF 359043, Where 4a = 0 and
D101 % = {Py11}, $1114 0, Where py; 14 b = {hyq,}, and c such that
Prz1a¢ = 2{hy 1}
Note that in all cases A, is trivial, whence p,_,, is onto.
10.3. k= 0 (mod 4).
(a) When p = 4, (E) gives

- A‘ ;
PE,s aa(S549) > kg st s (S%49),
i.e. > 2> Zy+Zy—> mhe—>0 when k > 4,
and > 2> 2y 2o+ Zy+ 2y > g >0 When k = 4,

by & 9.61 (b), 9.62 (b), and 9.63 (b). Also again i52,4(0) 5 0, since other-
wise there would be a cross-section in the fibring ; ./%;+55 = S**¢ by
Theorem 1.2, and so a five-field on %+, which is impossible by Theorem
1.1 of (3). But, by exactness, t;},,(0) must be a cyclic subgroup.
Hence we have that :
mhe =2y (k> 4), mhe = Zat+ZytZ,

Note that the image of A, is of order two, whence it follows that the
image of py 54 i8 the Z,, subgroup generated by 2{h; 5, .s}-

To determine the generator(s) of #f, we have to evaluate {t;,qe}
which generates 1;!,.(0). Consider the section of the sequence asso-
ciated with the fibring ¥, ,54/Vi103 = V155 Which is of the form

i P
E+tae o Pragss
—’”Lg—'—>‘"k,5——*‘”k+z,s_’-

Then we have by § 2.3 (b) that
Prrsanltires) = {teredd = {ler1 PPasansd)s DY § 8.2(a),
£ 0.

Thus {tk+6,ﬁ} # teogn e
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If we now look at the results and relations in § 9.61 (), 9.62 (b),'&nd
9.63 (b), we see that

{trrae) = {lra Phrisi+dd w0, Where we iy a5,k
Thus, when k > 4, n{, is generated by {i,,s,Phii1r4a), and 7ig is
generated by {i55Chy;}, {15, Dh; e}, and {ig, phyg).

(b) When p = 5, (E) gives

A .
Dt a(SHHE) s b T e s o (S%45) >,
ie. +2y>Zy > 7> Zp—>0 whenk >4
and
> Zy > 2o+ 24+ 2y Zy > 1§ s> 2L, >0 when k = 4,
by § 9.61(c), 9.62(c), and 9.63 (c), and since p, s, i8 onto a Z, sub-
group by (a). Further,
tito(0) = g0 Trs(SEH),
which is generated by
ARt a g+ s0nra1n PalPrsairdd +90) = thigra Pelbroserst H A+ ekrs -
Now, when k > 4, we have that 1, ;. Pu{hriax+s} generates =} 5, whilst
h:+‘.k+5w € ’-k+2,3*‘”£,2 == O by § 5.1. ThUB
‘;4}5#(0) = 772.5’
and mhe = Z, whenk > 4,
generated by a such that py.4146 = 2{hs 545}

When k = 4, we have that i4,, p.{h;,} generates one summand Z,
which is not in $g5, 75, However, A gw € 143,75 2. Thus 151(0) £ 0,
and by exactness it must also be cyclic. Hence it is Z, and thus

772,0 = Zs+2Zy+Zy+ 2o,
generated by _{"u Chg g}, {856 Phag}s {864 Phsse} and a such that
Pro1x@ = 2{h9,9}~

Note that in both cases A;1(0) = 0, whence p; 4, i8 trivial.

10.4. k = 1 (mod4)and > 5.

(@) When p = 4, (E) gives

Prisx : A, L7 TS
> T (SFHE) —> wh g > wh g > 7 (SFHY),

ie. +Zp>Zy—>7hg—>0 whenk > 5,
and > Zg> 23+ 2Z,>1hg—>0 whenk =25,
by § 9.3(b). Also +;},4(0) is generated by {;,¢¢}, and we have from

§2.3(b) that Prssaslteses) = 2beraand-
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Hence {t, .4 ¢} generates en infinite summand of =} ,, whence
mie =10 (k> 5), e = L

generated by {ishs0}. Note that thus A7(0) = 0, whence py 4, is
trivial.
() When p = 5, (E) gives

A .
ﬂ’ T16(S*+?) — TEs e, The Proe, T45(S5+8) >,
Le. > Zy > Zy—> i >0,
by § 9.3 (c), and since p, .4, is trivial by (a). Also
Vit 5a(0) = Ly ox Ty s(S*H),
which is generated by Af, .. s{tx+ss)- To evaluate this consider the

portion of the sequence associated with the fibring V.55V = Vivss
which is of the form

> e > 7hs Pror, Thiag >
From § 5.2(¢) and (k) we have that #}, = 0, and, from § 2.3 (b), that
Prsssailesss) = {tkiad). Hence
Pr+s3% hz+4,k+5{‘k+e.e} = h:+4,k+5pk+5.3*{tk+s,6}

= h;+ 4,k+5{tk+ﬁ,l}

=0, by§ 8.4(b).
Thus h:+4,k+5{tk+e,e} =0,
&nd ﬂi.e = Zz,

generated by {t; .93 Phripsss). Note that, since A, is trivial, py.q¢4 i8
onto.

10.5. k= 1.

() When p = 4, (E) gives

Des A, tie
——> mg(88) —> -n'{,5 —_ ”{,e — mg(S°),

i.e. > 2> 2> ntg>0,
by § 9.4 (b). Also 15,'(0) is generated by {t,,}. But
Peasitze} = 2{he s}
by § 2.3 (b), whence we see that {f,,} generates = ,. Hence
17{'6 = 0, my =0,
the latter by virtue of Theorem 4.2 (a). Note that pg, is trivial.
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(b) When p = 5, (E) gives

T A‘ .lt (L]
o (88 =2 by st PO 2 (89) >,

ie. > 2Z3>0>7f4>0,
by § 9.4 (c), and since p,, is trivial by (a). Hence
77115,3 =0, 77%.6 =0,
the latter by virtue of Theorem 4.2 (a). Note that, since A,, is trivial, p,,
is onto. \
(¢) When p = 6, (E) gives

2 1+ P
Ity 7g(S®) — s L e =, 74(S%) —,

ie. > 2y > 2>l > 23>0,
by § 9.4 (d), and since p,, is8 onto 7,(S¢) by (b). Further, since it is
impossible to map a finite group essentially into an infinite cyclic one,
17:2(0) = 0. Thus 7§ 4 s an extension of Z,, by Z,, as, by Theorem 4.2 (a),
18 73 5. Note that A, is trivial, whence pg, is onto.

In order to determine the extension we consider the diagram

13,08 Pran A,
- my(8%) ———> 73 > 75,4 —> my(S?) >

B i Taw  [om

- m,(S%) l., ﬂ'g.‘ Poss 77'§'3 —2 7e(S%) -,
where the horizontal sequences are associated with the fibrings
Vs/S* >V, and V;,/S* >V, By §2.1 the diagram is commutative
and the t3,, are isomorphisms. Also, by the last paragraph and by
§ 8.4 (e), the t,,, are monomorphisms. Further, we have from § 9.4 (d)
that 154, 7,(S%) = 0, whence also i;,, 7,(8%) = 0. Thus, with the re-
sults of §§ 7.2 (f), 8.4 (e), and 9.4(d), the diagram becomes
0> mdy > 24+ 20> 213~
) t t
0> 20> 2+ 20> Zyg—+.
Now let a’ be a generator of order four in 7§ 3, and a be 14,,a’. Then
we have from § 9.4 (d) that A, 2a’ = 6{h,¢}. Hence
Bu2a = Dyig;1420" = 1504 Ay20 = 1504 G{hr,e}-
Thus Ay 2a = 6{hy g} # 0.
Now, if #§; were Z,+Z,, 2a would be in p, ,, 73 since 2a is the only
element of order two in =$, and so must be the image of the element of
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order two in n§ 5. Thus A, 2a would have to be zero, and we have just
proved the contrary. Hence

ﬂg,s = Za:n "g,s = Zcoy
each generated by an element a such that p;,,a = {hy}.
(d) When p = 17, (E) gives

P A, Tee P
=2 me(S°) = T —> Mg = mg(8%) -,

ie. > Zoy > Zyy > 1] g > Zy—> 0,
by § 9.4 (¢}, and since py, is onto =y(S%) by (¢). Further,
tax'(0) = 5,4 6(S°),
which is generated by Ay {t; ¢}. ~But
Pe,1% h:,s{tm} = hgsPe1ultre} = hes {5z}, by (a).

Hence 13,1(0) = 2n] 5, whence =] 4 18 an extension of Z, by Z,. Note that,
gince A, Z,, = 2(Z,,), the image of p,, is the Z, subgroup generated
by 12{hy}.

To determine the extension, consider the portion of the sequence
associated with the fibring V, 4/V;, - V;, which is of the form

P1,40
> 7] g ———> > T >,

i.e. > mlg—> Lot Zy+Zy > Zy—,
by § 8.4 (g) and 5.3 (b). But we have just seen that =] has four elements,
whence p, ,, 18 & monomorphism. Hence
e = Zy+Zs,
generated by g, Dsiu{hss} and a such that p,;,a = {kee}. Thus, by
Theorem 4.2 (a) we also have that
‘”g,a = Zy+Z,,
generated by 1., , 05 i{hss} and a such that p,,,a = {hyg}.
10.6. k = 7 (mod 8).
(a) When p = 4, (E) gives

Priss A, Yhpan
———> Ty y5(SEHE) —> "’t 5§ > "Tk 6 > T4a(S*P),

ie. > Zy—> Ze—l- Zo—>mhe—>0,
by § 9.2 (b). Also 17}44(0) is generated by {t, .s,}. But, by § 2.3 (b),
Prrsaalberss) = 2Prsapsad

whence it follows that {t; .} generates an infinite summand of =f;.

Hence
"’z,e = Zar
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generated by ¢, .34 @, Where p; 4146 = {hp,55.4}. Notethat AF1(0) =0,
whence p;,;, i8 trivial.

(b) When p = 5, (E) gives

A TP
DI raa(SEH8) 0 R op  Phee o s(SFH8) >,
i.e. -> Zg - Z3+Z2+Zz -> 77'1,6 -0,

by § 9.2 (c), and since p,,, 18 trivial by (a). We know from Theorem
4.2 (b) that 7} ¢ = 7,y 5 = Z3;+ Z,, but to determine the generators we
have to evaluate A%, ;. s{tse} Which generates §;!4(0). To do this
consider the commutative diagram

Piysan
= Te4s(S%) > mh s ——— "i+1,4 = T pa(SF) >

T Yha1e T ‘k+4,1¢

Priaas
= 7y y5(8%) > 1Ry > Thi13 > Tra(S%) >

Pk—{-u-\ //Pw.lt

"Tk+5(Sk+3)

in which the horizontal sequences are associated with the fibrings
Vevs,6/ S% > Viysa a0d Vi o/ S* - Viya- By §89.2(c) and 8.1 the 4y, (14
are monomorphisms. With the results of § 9.2(c), 8.4(f), 8.1, and
7.31 (d), the diagram becomes

0> Zy+Zy+2Zy—> Zyg+Zy+ 2, > 0

) )
0> 2¢4+2y> Zy+2,—>0
N
Z,

Now we have from § 9.61 (b) that
B+ ax+s{teres) = treraand’,
where Prraand = {hriapich
Choose b € 7} ( such that p, . 340 = b". Then
Prra1ad = DPrig 14 Prieard = Priaan b = {hrisrssh
and
Dr+sanAbs titsiteres) —tk+a1%0) = Bhisk+sPr+sanibiras) — Skt 1 Prrasnd

= h:+4,k+5{‘k+s,5}""k+4,1t b’
=0.
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Thus

h:+u+5{‘k+o,e} = £k+(,1-|- b, where Pk-H.l*b = {hk+3,k+6}'
Hence ‘"’i.e = Zyt+ 2y,
generated by i4,554 Pi s 1alhrreksc) 80 5515143, Where

DPr+5150 = {th,k+5}'
Note that Ag?(0) = 0, whence p;. ¢ 18 trivial.

10.7. k = 3 (mod 8).
Our first task is to calculate {¢; 44} € 7t 5. We have that

tk%,G'SkH = "k-H.,l Teiss

by § 2.3 (b), and that {tessst = 0
by § 9.1. Thus we can extend s, fx.s5s OVer the hemisphere E%+* of
Sk+4, and, since #,,,; is & symmetric map (2.3a), we can extend it
symmetrically over E**+4. Denote this extension by
g: S+ it—H,l(Kﬂl) C Versos-

Now we use construction ‘Q"’ of §6, with r = k44, X =V, 4,

J1 = tii4¢, and f, = g as defined above. Then we have that
2{h} = {f+1{fa} = {txsaet g}

Hence
Picrsan 2{h} = Pk+5,1t{tk+6,6} +pk+6,1t{g} = 2‘{hk+4,k+(}
by § 2.3 (b) and since {g} € t; (147t Thus
Prrsanth} = (Prsersd
and (B} = {Phisaprd+orraietw (wemt,).
Further, if we consider {g} for the moment as in =},, we see that
Dia9: S+ —> Sk+3 ig 4 symmetric map such that, in the notation of
§ 2’3 (C),
Pira1 J%ids = PrsanbusssYiis: DX > SK3,

which is essential by § 2.3 (c): whence p,.,,g is essential by Theorem
6.1.

Thus, when k > 11, {g} generates 1., .7}, [see § 8.4(d) and 9.1],

d
an {terss} = 2{R}—{g}
= 2{phk+4,k+4}+2ik+(,1#w_{g};
Le. {tesnel = tera1a 8+ 20u{hri when k2> 11,

where a generates nf ,.
When k = 3, we have from § 8.4 (¢) that »} , = Z,+ Z,. If agenerates



10 G. F. PAECHTER

the Z, summand and b an infinite cyclic one, then it follows from the
fact that p,, g is essential that {g} is of the form

{g} = ir14lca+(28+1)0].
{ts.e} = 2{h}—{g}
= 2pu{hy 7} +4124[20'a+28'0—aa—(28+1)b]
= 2p4{hy 7} Hi714l08—(2p4-1)b]
= 2Pt{h7,7}—i7.1t(2P+1)(b:F°ﬂ)‘
Hence {tos} = 1714(2p+1)c+2p Ry 3},

where c generates an infinite summand of =4 ,.
(a) When p = 4 and k > 11, (E) gives

Thus

Prion - ipan
> T g (8FHE) —>mt g ——— 7L o > Tea(S*+9),

ie. >Zp—> Zg+Zy—> mhe >0,

by § 9.1 and 8.4(d). But #;},4(0) is generated by {;.4¢}: that is, by
tkr015 0+ 2P u{Prsex 4o i the above notation. Thus

"’i.s = Zys (k>=11),

generated by {f;.,51 Phriersa}. Note that py.g, is trivial.
(b) When p = 4 and k = 3, (E) gives

p 7Y - tre
— my(S?) — 7"3,5 - 773.3 — my(858),

ie. > 2> Z2A 20+ 2 > mh g > 0,
by & 9.1 and 8.4 (¢). But 17,(0) is generated by {t,,}, i.e. by
[£7.12(2p+1)c+2p4fh, 53]
in the above notation. Thus
Toe = 24+ 2o,

generated by tg34a, where a is of order four and py;4a = {hy,}, and
[{ta1 Ph7 7} +pro e ], where ¢ generates an infinite summand of =4, i.e.
P714¢ = {hgq}. Note that pg, is trivial.

(¢) When k = 5 and k£ > 11, (E) gives

Prien * 5 P Dryion
- ""k+e(Sk+5) — > Tk 772,8 . 7"'k+5(Sk+5) -,
ie. > 2y > Zy+Zy+Zy > 7wy 0,

by § 9.1 and 8.4(f), and since P, is trivial by (a). Further

i pse(0) = tiigon Tras(SFH),
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which is generated by

Bt ekt slinia1n 0T 2P u{Piransa}] = SkrannPrsanssa

But
pkﬂ.lth:+4,k+5a = h:+4,k+'5pk+4,lta = h:+4,k+5{hk+3,k+(}
= {hk+a,k+6}'
Thus we see from § 8.4 (f) that 55 };4(0) is & Z, summand, and that

7"'2,0 = Zz‘l‘Zz’

generated by ti.554 Pils1s{Prsonss) a0d {8151 Phrigrys). Note that
AgY(0) = 0, whence p,,, i8 trivial.
(d) When p = 5 and k = 3, (E) gives

[ 1] A : [}
? - 79(S8) > ”g,s B ”ga _ﬁ_, mg(S8) —,

ie. > 2y > 2y 2o+ Zy+ 2y > 7l g > 0,
by & 9.1 and 8.4 (g), and since pg, is trivial by (b). Further
ié-*l(o) = to,e*‘"'e(S7)»

which is generated by
R gli7,14 6+ 2(pt7 10 C+Pulby )] = 1710 T g 0
But Pr1whisC = AlaDr1a = hTafhe s} = {hog}-
Thus we see from § 8.4 (g) that $51(0) is & Z, summand, and that
""’g,e = Zy+Zy+ 2y,
generated by 15 .x D5 7s E{hg 1}, 1,54 @ Where pg 140 = {hg g}, and {ig, Pk, g}
Note that py, is again trivial.

11. Calculation of =f,
We consider the fibring ¥, ,, ;/V s = S**¢, and examine the sequence

A‘ J = *
() > Trap 4 (S*+8) —> 7l g Lot f, Prioe, 1-rk+p(Sk+0) -,
11.1. k = 1 (mod 8).

In this case there is a six-field on S*+% (1), and so the fibring admits
a cross-section p. Hence Theorem 1.1 gives that

1 = taThe T Pu Trap(SEHE).
Using the values of #f ¢ as calculated in § 10.4 and 10.5, we obtain the
values shown in the tables for »f; when k = 1 (mod 8). Those of =},
are then obtained by Theorem 4.2 (a).
Note that, by Theorem 1.2 and Corollary 1.5, we have that

{ty422) = 0 for k =1 (mod 8).
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11.2. ¥ = 5 (mod 8).
When p = 5, (F) gives

A .
et oS98 > g L b s (S549),
i.e. > 2o+ Zy—> 7> 0,

by § 10.4 (b). Also 13 }!s(0) 5~ 0, for otherwise there would be a cross-
section in the above fibring by Theorem 1.2, and so a six-field on S*+8,
which is impossible by Theorem 1.1 of (3). Thus $;},(0) = 7} ¢, and
g, = 0.
Note that the image of A, is of order two, whence it follows that the
image of py .44 i8 the Z, subgroup generated by 2{h; .4;.¢}. Further,
gince {t;,,,} generates t; ! (0), we have that
{tk+7,7} = {ik+3.s phk+2,k+5} .
11.3. k = 7 (mod 8).
When p = 5, (F) gives

Lheee, Tr4a(SF9) i’ mhe e, mh 7 > Meas(S5H9),
i.e. > 2> 24+ 2y 1}, 0,
by§10.6(b). Also tz!s4(0) = Osince otherwise this again would implyasix-
field on S*+8, which is impossible by Theorem 1.1in (3). But by exactness
5z +54(0) i8 cyclic, whence mha = Zs.
Note that the image of p, ¢, is again the Z, subgroup generated by

2{Pso ko)
In order to determine the generator of #§, we evaluate {f; ¢} Which

generates t;!;,(0). For this we consider the section of the sequence
associated with the fibring V4 /Vi 133 = Vi+es Which is of the form

i
k4333 Prsas o
g ”Jlsc.s - 7"2.0 —> Tk+s3 >

Then we have by § 2.3 (b) that
Prreanilisnt = {feandd = {Seasn Prurasss}
by § 8.2(a). Thus {t;,7,} ¢ 1334 7,3 Whence
{tk+7,7} = t44512 0, where DPr+51x0 = {hk+4,k+5}‘
Thus =}, is generated by 1;,544 Pils1elPeraxss}
11.4. k= 3 (mod 8).
When p = 5, (F) gives
W = . )
i.e. > 2> 2+ 2y +>m} ;>0 when k£ > 11,
and > 2> 2y+23+2Z3>73, >0 whenk =3,
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by § 10.7(c) and (d). Again 15};4(0) # 0, since otherwise we should
again have an impossible six-field on S*+%, and again it is cyclic.
Henoce ny, = Zy, whenk >1l,and 73, = Z;+Z,.

Note that the image of p, 4, i8 again the Z, subgroup generated by
2{hx sk 10)-

To determine the generators of 7} ; we evaluate {t, ., ,} by examining
the sequence _

> Tis Jharie, The Pra, Tetsa >
which is associated with the fibring ¥ .qe/Vi+ss = Veres- From § 2.3 ()
we have that
Pisosaltesra} = rsned
= {tg151 Phrsasss), DY §8.2(a).
Thus {te77) € YrsasaTh
whenoe
{12} = {Sersa Phesapsst+w, where we ity gaumis.

Thus €,y .0 Pitors{Prsaxis) generates nf, when k& > 11; and =f, is
generated by sy, D5 tuC{hy;} and 14,, 6, Where Py 40 = {hs4).

11.5. k = 0 (mod 4).

When p = 5, (F) gives

A .
Trte, Te1a(S*+) — ke ke, 8,7 = meys(SE42),
i.e. > 25> 2>y, >0 when k > 4,

and > 2> 2+ Zy+2g+ 2y > 75, >0 when k =4,
by § 10.3 (b). Also sz }54(0) is generated by {t;,,,} and, by § 2.3 (b),
pkﬂ,lt{tk+7.7} = 2{hk+5,k+5} .
Thus i;}5.(0) is a Z,, summand of =} ¢, whence
mhe =0 whenk >4, and o, = Zy+Zy+Z,,

generated by {i; o €hy g}, {354 Dhy e} and {is5 Phy,}. Note that in both cases
Ay}(0) = 0, whence g, i8 trivial.

11.6. k = 6 (mod 8).

When p = 5, (F) gives

Prise A, it
- "Tk+e(Sk+6) — ﬂ'i,u _ 7"'1.1 - ’"k+5(Sk+°);

i.e. > Zy> i+ Zy >y >0,

by § 10.2(b). But 1;}44(0) is generated by {t, ., .}, and, by § 2.3 (b), we

h that
ave tha Pk+e,u{‘k+7,7} = 2{hk+5.1'+5}’
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whence it follows that {t,.,,} generates the Z, summand displayed
above. Thus =}, = n};, i.e.
nhy = Zg when k > 6,
generated by ;.54 3, Where py c140 = {hy 4145} and
nl, 18 etther Zo+Zg or Zy+ 2,
generated by {i;4h4,,} and 5, 5 4 @, Where 8a = 0 and Pr11x8 = {hyoi};

or by $,,3.,4, wWhere 4a = 0 and p,q,,a = {hg;,}, and ¢;,,,b where

Pivawd = {F1o11}-
Note that in all cases p; 4, is trivial.

11.7. &k = 2 (mod 8) and > 10.
Our first task is to calculate {t,,.} in 7} ¢ = Zg+Z,, by § 10.1 and
9.5 (c). We have from § 2.3(b) that
tk+7,7 | Skt = ik+5.1 tl:+s,e,

and from § 10.1 that {f;,,¢} = 0. Thus we can extend % 5,4 OVeEr
the hemisphere EX*® of S¥+%, and, since f;.,44is & symmetric map (2.3 a),
we can extend it symmetrically over E*¥+%. Denote this extension by

. QRA5 5 g
g:8%+% > 14 15 Veans C Viwaor

Now we use construction ‘Q” of §6, with r = k+4, X = V4,

fi = tiys, and f; = ¢ as defined above. Then we have that
2(h} = {f}-+{fe} = ftrsrs}+ig}-
Hence, Pp;a.lt 2h} = pk%,l*{tk,-f-e,ﬁ}_’_pkﬂ.l* {9}
= 2‘{hk+5,k+5}
by § 2.3 (b) and since {9} € 'Ek+5,11- 7. Thus
Prsors{h} = {h:l;+5,k+6}

and {h} = {Phrsspss}tinssaatw, where w e mhg.
Further, if we consider {g} for the moment as in #f;, we see that
Dr1519:S¥+® —> S¥+4 is a symmetric map such that, in the notation of
§2.3(), Pic+s1 Thete = Pi+sa birge Viga: P > SFH,
which is essential by § 2.3 (c): whence p,,,g is essential by Theorem
6.1. Thus {g} generates t,.5,, 7} s (30e § 9.5(c) and 10.1). But

{tesas} = 2{h}—{g} .
= zfphk+5,k+5}+ 2£k+5,1# “’-{9}1
ie. {tksn2} = tss10 9T 2PulPrisuss), where a generates m} .
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When p = 5, (F) gives

A‘ . *
T o (S5) U g S nf >y (SEH),
i.e. > 2> 2yt 2> 7y >0,
by & 10.1 and 9.5(c). Since 4;}4(0) is generated by {t, ..} evaluated
above, o=
k7 — Zlo’

generated by {3;.41 Phrisxss). Note that Py, is trivial.

12. Calculation of ={,
We consider the fibring ¥, 4/Vy ; - S® and examine the sequence

G) > el >y T, o (59)

Our first task is to calculate {ty,} in 78, = Zo+ %, by § 11.1 and
10 5(c). Since {t5,} = 0 by §11.1, the method used is word for word
that used in § 11.7 above and yields the result that

{tog} = i7.1,,(2)\+1)a+2p*{h7’7}, where a generates 3 q.

(¢) When p = 6, (G) gives

Pax A, e
— 7g(88) —> wgﬂ — 7":,3 - m,(8S8),

ie. > 2> Lyt Zey > g~ 0,

by & 11.1 and 10.5(c). Also i;}(0) is generated by {t,5} evaluated
above. Thus '

e = Zg,

generated by ({81 Pha,2} 247 2u ],

where p,;4,a = {he,}. Note that AF'(0) = 0, whence p, is trivial.
We also have, by Theorem 4.2 (a), that

”g,'l = Ze,

generated by ({851 PAa 7} +A5 20 0,
where p, ;4,0 = {he,v} .
" (b) When p = 17, (Q) gives

A 3
__)p.. g(S%) — "7'1,,7 —> 77;.8 _’Pu g(S8) >,
i.e. > 2y Zy+Zy+2Zy > 7] g0,

by & 11.1 and 10.5.(d), and since pg, is trivial by (a). Also 15'(0) is
generated by ' '
- Ri{tos} = hTaltr100+2(t7 10 A0+ Pu{le1})]
= 4714 W56

But Prax higa = h';,sputa = hg {ha,v} = {hgg}-
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Hence 13,1(0) is a Z, summand, whenoce we have that
mis = ZytZs,

generated by %, 5, Do iul{hs s} and {t5; ph,¢}. Note that p,, again is trivial.
As before, we have by Theorem 4.2 (a) that

”gﬂ = Zy+Z,,
generated by 14, Do tsihse} and {ig,Ph; 4}

13. Calculation of =7,
We consider the fibring ¥, /¥, s = S°, and examine

&"9(89)—*W13—>"19*”3(S°)

ie. > Zg—> Zy+Zy > 7]~ 0,
by § 12 (b). To find i51(0) we have to evaluate its generator {¢,,,}. To
do this consider the sequence

‘o 7 Do o
'_)"15__’771,8_—_) 83 >

which is associated with the fibring ¥, 3/Vs s > ¥,5. Then we have from
§ 2.3 (b) that
Posaltios} = {hoa} = {5s1Ph1s}, by §8.2(a).
Hence {ti0,0} ¢ to3% 71,50
i.e. {ti00} = {1g1 Phyg}+w, where weisgym]g.
Thus $5,1(0) i8 a Z, subgroup, and so
‘";,9 = Zﬁ:
generated by tq (4 Ps ia{hss}. Note that, since the image of A, is of

order two, it follows that the image of p,, is the Z, subgroup generated
by 2{he,}. Again Theorem 4.2 (a) gives

‘”na = Za,

generated by i (4 Dgiuihs s}
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