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Abstract. In the first part of this paper, a geometric definition of the K-theory equivariant nilpotent
groups is given. For a finite group G, the Nil-groups are defined as functors from the category of G-spaces
and G-homotopy classes of G-maps to Abelian groups. In the nonequivariant case, these groups are
isomorphic to the classical algebraic Nil-groups.

In the second part, the Bass—Heller—Swan formula is proved for the equivariant topological Whitehead
group. The main result of this work is that if X is a compact G-ANR and G acts trivially on S', then

WhiP(X x §1) ~ WhEP(X) ® R (X) ® Nilg(X) @ Nilg(X).
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0. Introduction

In this paper, the Bass—Heller—Swan formula is proved for the equivariant topologi-
cal Whitehead group.

The Bass-Heller—Swan formula, in the classical algebraic K-theory is a formula
that calculates the K-theory of the polynomial extension of a ring in terms of the
K-theory of the ring. More specifically, if R is a ring with unit, then

K (R[t,t']) ~ K;(R)® Ko(R) ® Nil(R) @ Nil(R).

([4], Chapter XII, §7). This formula sometimes is called ‘The fundamental theorem
of algebraic K-theory’, and it has been used as a tool of calculation in algebraic
K-theory.

Many important applications of algebraic K-theory in topology are given through
the Whitehead group, which is a quotient of the K, group (for example, see [29]).
The Whitehead group can be considered as a functor from the category of groups
to the category of Abelian groups. It associates to a group =, a quotient of K(Z=).
The Bass—Heller-Swan formula for the Whitehead group can be stated as

Wh(r x Z) ~ Wh(r) ® K (Zn) ® Nil(Zz) ® Nil(Zn). )

There are geometric interpretations of the above formula in the fibering theorem of
F. T. Farrell [17], and its interpretation by L. Sieoenmann [44], as well as the splitting
theorems of F. T. Farrell and W. C. Hsiang [18, 20], and F. Waldhausen [53].
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S. Himan and H. Hauschild extended the definition of the Whitehead group to
CW-complexes with group actions [27,24]. We restrict our attention to finite
groups, but most of the constructions can be done in compact Lie group actions. For
any finite group G and any finite G-CW complex X, S. Illman and H. Hauschild
defined the group WhE(X) (in their notation Whg(X)) using the geometric defini-
tion of the classical Whitehead group. Also, in [1-3, 31-34], there are extensions of
the definition of the K,-term and of the theory of finiteness obstruction in the
equivariant case.

The important difference between the equivariant and nonequivariant category is
the s-cobordism theorem. The Whitehead group in the nonequivariant case classifies
differential, piecewise linear, and topological h-cobordisms. But there are differentiably
nontrivial G-h-cobordisms over G-smooth manifolds which are trivial topo-
logically (see [7]). In order to classify G-h-cobordisms over topological locally linear
G-manifolds, M. Steinberger, and J. West introduced the equivariant topological
Whitehead group, defined for any locally compact G-ANR (see [46, 47]). The methods
of T. A. Chapman [10] were used in the definition of this group. The connection of the
two different Whitehead groups is given by an exact sequence [46, 47]:

WheH(X). > WhH(X) > Whg™(X) - KEe(X). —» REa(X), )

where WhEN(X), and K§%(X), are the equivariant analogues of the controlled
K-groups defined by T. A. Chapman [11].

Also, M. Steinberger [46] gave a Bass—Heller-Swan splitting for the controlled
equivariant Whitehead groups generalizing the results of T. A. Chapman [11]:

WhiH(X x §*). & WhEH(X), ® K Ee(X).. ©)

In the first part of this paper, a geometric definition of the Nil-groups is given. This
is done by generalizing the ideas of F. T. Farrell [17], F. T. Farrell and W. C. Hsiang
[18], and A. Ranicki [37-39]. We first define a category which is the geometric
analogue of the categories used in the above references and the Nil-groups are
defined as the Grothendieck groups of these categories. The Nil-groups, then,
become functors from the category of G-spaces and G-homotopy classes of G-maps
to Abelian groups. In the nonequivariant case, G = 1, the Nil-groups defined geo-
metrically are isomorphic to the classical algebraic Nil-groups. This provides a new
more geometric definition of the classical algebraic Nil-groups.

In the second part of this work, the Bass—Heller—Swan formula for the equivariant
topological Whitehead group is given.

MAIN THEOREM. If X is a compact G-ANR and G acts trivially on S*, then
WhP(X x S1) & WhP(X) @ KP(X) @ Nilg(X) @ Nilg(X).

Notice that the Nil-groups are the equivariant analogues of the Nil-groups appearing in
(I). The summand R3¥P(X) is, by definition, the subgroup of Wh™(X x S*) consisting
of the elements which are invariant under the double covering map of S*.



THE BASS-HELLER-SWAN FORMULA 397

It was remarked by the referee that the above formula should be called, using A.
Ranicki’s terminology, the geometrically significant splitting in contrast to the
algebraically significant splitting which corresponds to the classical Bass-Heller—
Swan formula. Since the methods of this paper are geometric, we are not going to
prove an analogue of the algebraically significant splitting. The right terminology for
the above formula seems to be ‘geometric Bass—Heller—Swan formula’.

The proof of the main theorem is given by combining the exact sequences (2), (3),
and the Bass—Heller-Swan formula for WhiH(X x S') (see [27, 34, 52]), after ident-
ifying KoeP(X) with Whe®(X x R).

In the appendix, we describe a geometric construction of the split mono-
morphism from WhgP(X x R) to Whg®(X x S'). The construction of this
monomorphism is given using an equivariant version of ‘wrapping up’ for Hilbert
cube manifolds described by T. A. Chapman in [14] and its interpretation by L.
Siebenmann [44].

1. Preliminaries

In this section, we establish the notation and some of the basic properties of the
objects we are going to use in this work.

Space always means a topological Hausdorff space which is compactly generated
in the sense of [56], p. 17. A map between spaces will always mean a continuous
map.

DEFINITION 1.1. Let f:Y— Z be a map. The mapping cylinder of f, denoted
M(), is defined to be the quotient space of the disjoint union:

M(f)=Yx[0,1]LZ/~,

where ~ is the equivalence relation generated by the rule: (y,1) ~ f(y), forall ye Y.
Also, if A is a closed subset of Y, define the reduced mapping cylinder of f, M 4(f), to
be M(f)/~, where ~ is the equivalence relation generated by the rule: (a,t) ~ f(a)
forall ae A and t € [0, 1].

DEFINITION 1.2. Let f:Y — Y be a map. Define the mapping torus of f, denoted
T(f), to be the space formed by identifying the top of M(f) with the base by the
identity map. The mapping torus can be represented as the space

T(f)=Yx[0,1]/~,

where ~ is the equivalence relation generated by the rule: (f(),0) ~ (¥, 1). As
before, if 4 is a closed subset of Y and f|, = id, define the reduced mapping torus of
£, T4(f), to be T(f)/ ~, where ~ is the equivalence relation generated by (a,t) ~ a
forall ae A and t [0, 1].

There is a natural map =: T(f) - S* given by the projection, n(y,t) = ¢, for all
yeY, tel (here we identify S' =[0,1]/~, where ~ is the equivalence relation
generated by O ~ 1). The universal covering map of S',e:R— S, is given by
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e(x) = x — [x], where [ —] is the greatest integer function. Pull back e using 7, and
get a commutative diagram:

D(f)—’lR
el le

T(f) 2> 8!

DEFINITION 1.3. Define the mapping telescope of f, denoted D(f), to be the
infinite cyclic cover of T(f). D(f) is a countable union of copies of the mapping
cylinder of f sewn together by identifying the base of one with the top of the next.
D(f) can be written also as Y x [0,1] x Z/~, where ~ is the equivalence relation
generated by the rule: (f(y),0,n+ 1) ~ (y,1,n) for ye Y, n e Z. Each point of D(f)
can be written in the form [y, ¢, m] where (y,t,m)e Y x [0,1] x Z. This expression
is unique if 0 < ¢ < 1. If 4 is a closed subset of Y and f|, = id, define the reduced
mapping telescope of f to be D 4(f) = D(f)/ ~, where ~ is the equivalence relation
generated by [a,t,n] = [a,0,0] forae 4, te[0,1], neZ.
If we use the above notation for D(f), the map 7: D(f)— R is given by

aly,t,n] =t +n for [y, t,n]eD(f)
Notice, also, that Z acts on D(f) on the right by translations:
[y.t,mln=[y,t,n+m] forneZ, (y,t,m)eD(f).

Set D(f)x =7~ Y(K) for any subset K of R. By composing mapping cylinder
collapses, we get a map C,: D(f) = D(f)n, +y for each neZ. More precisely, if
(y,t,mye Y x [0,1] x Z represents an element of D(f), then

[fn_m(y)509n]5 lf n_mZO,
[y, t,m], if n—m<0.

Cily.t,m] = {

Notice that C, restricts to a G-map c,: D(f)- ., = Y for every ne Z (Y is identified
with the subset Y x 0 x {n} of the mapping telescope). We can make the same
constructions in the reduced mapping telescope of f. As before, Z acts on D4 f).
Define D (f - w.m1 = D{f )= w,m/~, where ~ is the equivalence relation generated
by (a,t,m) = (a,0,0) for ac 4, te[0,1], me Z, m < n. The maps C, and ¢, above
induce the maps

Co:DAS) > DAS I, + s
C DA(f)(—oo,n] -Y

for each ne Z.
Let G be a finite group. A G-space, in general, is a space on which G acts on the left
by homeomorphisms [6].

DEFINITION 1.4. Let X, Y be G-spaces.
(i) Let H be a subgroup of G. Set

XH = {xeX/hx = x, for all he H},
X" ={xe X¥/G, # H},
X® = {x e X/ a conjugate of H is a subgroup of G,}.
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Notice that if N(H) is the normalizer of H, then the group WH = N(H)/H acts freely
on X# — X>H,

(i) Amap f: X - Y between G-spaces is called G-equivariant map if f(gy)=gf(y),
for all ye Yand ge G. From now on, by a G-map between G-spaces, we will mean a
G-equivariant map.

The mapping cylinder of a G-map is a G-space. Similarly, the mapping torus and
the mapping telescope of a self G-map is a G-space. The same is true for the reduced
analogues of the above constructions.

DEFINITION 1.5. A G-space X is called a G-ANR if for any closed G-embedding,
i: X -Y, in a metric G-space Y, i(X) is a G-retract of some open G-neighborhood of
Y. (By 2 G-ANR in this paper we will mean a metric G-ANR)

Note: Any G-ANR has the G-homotopy type of a G-CW complex [32].

DEFINITION 1.6. (a) Let (X, 4) be a pair of G-spaces such that:

(1) (X, A)is a relative CW-complex in the sense of [56], p. 48.
(2) G permutes the cells of X-A.

Then we say that (X, A4) is a relative G-complex. If X—A4 has only finitely many cells,
we call (X, A) a finite relative G-complex.

(b) Let X be a G-space. The equivariant Whitehead group of X, WhiH(X) is
defined as the group of equivalence classes of pairs (Y, X), where

(@) (Y, X) is a finite relative G-complex and there is a strong G-deformation
retraction of Y to X.

(ii) Two such pairs (Y, X) and (Y’, X) are called equivalent if there is a sequence of
G-formal deformations from Y to Y’ relX [27].

(c) A G-map f: X — Y between G-spaces is called a G-cell like map (denoted G-CE
map) if it is a proper G-map, and for each y € Yand each open G,-neighborhood U of
f7(), the inclusion of f~*(y) into U is G,-nullhomotopic.

Note. Notice that a G-CE map between G-spaces is a G-homotopy equivalence

(L4610

DEFINITION 1.7. (a) Let X, Y, and Y’ be G-spaces such that Y'Y > X. Then Y
and Y’ are called G-CE equivalent relX, if there are a G-space Z containing Y and Y,
and G-CE maps rZ—->Y, ¥:Z—-Y such that, if i:Y—>Z, i Y > Z are the
inclusion maps, ri = id|y, i’ = id|y, ir ~gid|; relX, i'r ~gid|; relX.

(b) Let X be a G-ANR. If Y and Y’ are the union of X and a finite number of
G-cells, then Y and Y’ are called simple G-homotopy equivalent relX, if there is a
sequence of formal G-deformations, relX, from Y to Y.

We summarize the basic properties of the mapping cylinder and mapping torus
construction. The proofs are essentially in [23], Lemmas 2.2, 2.3; [16], 5.5, 5.6, in the
nonequivariant case, G = {e}, and in the case where G is a finite group in [27], §3,
under the assumption that all the spaces are G-CW complexes. The general case
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follows as a simple generalization of arguments in [23]. Let X be a G-space. Let Y,
Y’, Y” be G-spaces containing X as a closed subspace.

LEMMA 18. Let f,:Y->Y0<t<1, be a G-homotopy such that f,|x=
folx. Then M(f,) and M(f,) are G-CE equivalent rel(M({(fo)lx)v YU Y') and
My(fo) and Mx(f,) are G-CE equivalent rel(X U YU Y'). If (Y, X) and (Y', X) are
finite relative G-complexes, then the above equivalences are simple G-equivalences.

LEMMA 19. Let f;: Y - Y0 <t < 1, be a G-homotopy such that f,|x = idy. Then,
T(fo) and T(f) are G-CE equivalent rel(X x S* UY x {0}) and Tx(fo) and Tx(f1)
are G-CE equivalent rel(X (Y x {0}). If (Y,X) and (Y',X) are finite relative
G-complexes, then the above equivalences are simple G-equivalences. (This property
Sollows from the fact that all the maps and the homotopies of 1.8 fix the ends of the
mapping cylinders.)

As before, let Y, Y', Y" be G-spaces containing X as a closed subspace. Let
[: YoV, f1. Y — Y" be G-maps which are the identity on X. Define M(f, f') to be
the space obtained from M(f)IL M(f") by identifying the base Y' of the mapping
cylinder M(f) with the top Y' x {0} of the mapping cylinder M(f') by the identity
map. Define Mx(f, f') to be the space obtained by the above procedure applied
to the relative mapping cylinders My(f) and Mx(f'). So, Mx(f, f) = Mx(f)1
My(f")/~, where ~ is the equivalence relation generated by y' ~ (y',0) for y'e Y".

LEMMA 1.10. M(f, f') and M(f'f) are G-CE equivalent rel(X x YoYU Y")
and My(f, f") and Mx(f'f) are G-CE equivalent el X U YU Y"). If (Y,X) and
(Y, X) are finite relative G-complexes, then the above equivalences are simple G-
equivalences.

(Strictly speaking, M(f, f') contains (X x I L X x I)/~, where ~ is the equivalence
relation generated by (x, 1) ~ (x,0). By abuse of language, we consider this space as
X x 1)

We will give the mapping torus version of this property. Define T(f, f')=(Y x
[0, 3D UL (Y’ x [3,1])/~, where ~ is the equivalence relation generated by

13~y foryeY,
(f'(¥),0) ~(y,1) foryeY.

Define Ty(f, f)) = T(f, f')/~, where ~ is the relation generated by (x,t) ~ x for all
xe X. We construct also D(f, f') from T(f, f) as we constructed D(f) from T(f).
More precisely, D(f, f') is defined as the countable union of copies of M(f, f') sewn
together by identifying the base of one with the top of the next. This comes with a
natural right Z action. There is also a collapse map defined for D(f, f'). Also, we can
get the relative version of D(f, f'), Dx(f, ).

LEMMA 1.11. T(f, ') and T(f'f) are G-CE equivalent rel(X x S*' U Y x{0}), and
Tyl f, ) and Ty f'f) are G-CE equivalent rel(X u (Y x {0}). If (Y, X) and (Y’, X) are
finite relative G-complexes, then the above equivalences are simple G-equivalences.
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2. The Geometric Definition of the Equivariant Nil Groups

In this section, a geometric construction of a functor is given, from the category of
topological spaces with a group action, and equivariant homotopy classes of
equivariant maps to the category of Abelian groups. This construction is the
geometric analogue of the construction of the nilpotent K-theory groups of a ring.

Let G be a finite discrete group. For each G-space X a category is constructed.
Then the equivariant Nil-group of X is defined as the ‘Grothendieck” group of this
category.

We start with the definition of the basic category which will be used in the
construction of the geometric Nil-groups.

DEFINITION 2.1. Let X be a G-space. Define ng(X) to be the category whose
objects are pairs (Y, f), where (Y, X) is a relative G-complex, and f: Y — Y is a map
such that

() flx = idx
(i) The inclusion of X x S' into the mapping torus of f is a G-homotopy
equivalence.

A morphism F: (Y, f) - (Y, f) in ng(X) is a G-map F: Y — Y', F|x = idy, making
the following diagram commutative
vy Ly
S *)
vy Ly

Remark. Since (Y, X) is a relative G-complex, the inclusion map X x S* — T(f)is
a G-cofibration. So, it can be assumed that X x S! is a strong G-deformation
retraction of T(f) ([45], p. 31).

DEFINITION 2.2. Let (Y;, f3),i =0, 1,2 and (Y, f) be objects of ng(X). Assume that
(Y1, Yo) and (Y3, Yo) are relative G-CW pairs, and that the restriction of f; to Y is f,
i=1,2. Leti". Yo — Y, and i: Y, — Y, be the inclusion maps. The diagram

(Yo. fo) = (Y, f)
| ]
(Y2, f2) 1> (Y, f)
is called a push-out diagram if

Given any commutative diagram of objects and morphisms in ng(X):

(Yor fo) ~= (Y1, f1)
i gol

(Yz, £2) 25 (Y7, f7)
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there is a unique morphism h:(Y, f)— (Y’, f'} such that

hj = o, hj’ = ¢’ as morphisms in ng(X).
Note. The diagram of G-spaces and G-maps

Yo -5 v,
|

Y,y
is a push-out diagram of spaces and f is the push-out of the maps f;,i =0, 1, 2.

LEMMA 2.3. Push-out diagrams exist in ng(X) and they are unique up to isomorphism
in ng(X).

Proof. Let (Y, f), i=0, 1, 2, 3 be as in Definition 2.1. Define Y=Y, L Y,/~,
where ~ 1is the relation generated by y ~ y for ye Y,. Then, (Y, X) is a relative
G-CW pair. Also, define f= f, U f,: Y— Y. Then (Y, f) is an object in ng(X) and it
is the push-out of (Y, f;). The uniqueness of the push-out is obvious from the
definition.

Let (Y, f) be an object in ng(X). Then f induces a map Tor(f): Tx(f) = Tx(f).
Tor( f)(y,t) = (f(»),1). But, Tor(f) is G-homotopic relX to the identity. The
homotopy is given by kg: Ty(f)}— Tx(f)

(y,s+1) s+i<1

kS(y’t)={(f(y),s+t—1), s+i>1

([36]). From now on, we will refer to this homotopy as Mather’s trick. Hence,
T(Tor( f)) and T(idr,s) are G-homotopic equivalent relX x S* (by 1.11). Since X is
a strong G-deformation retract of Tx(f), it follows that X x S! is a strong G-
deformation retract of T(idr,n) and of T(Tor(f)). Also (Tx(f), X) is a relative
G-CW pair. Therefore, (Tx( f), Tor(f)) is an object in ng(X).

DEFINITIONS 2.4. (a) Let (Y, f) be an object in ng(X). The torus of (Y, f) is the
object (Tx( f), Tor( f)) of ng(X).

(b) Let Y =(Y", f)and Y = (Y, f) be two objects in ng(X) such that (Y, Y)is a
relative G-CW complex, and f'|y = f. Define the quotient Y'/Y to be the pair (C, F)
where C is given as the push-out:

(¥, /) ——(Y".f)
| el
(Tx(f), Tor(f)) <> (C, F)

where i: Y — Y’ is the inclusion map, 1:Y — Tyx(f) is the map given by 1(y) = (»,0)
for yeY.
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Let (Y, X) be a pair of G-spaces. We call (Y, X) a relative finitely dominated G-pair
if there is a pair of G-spaces (K, X) such that

(i) (K, X) is a finite relative G-complex.
(i) There are G-maps ¥ %> K -%> Y such that, uly = d|x = id|y, du ~¢ idy relX.

If d:(Y,X)— (K, X) is a G-homotopy equivalence relX, we say (Y,X) has the
G-homotopy type of a finite relative G-complex.

DEFINITIONS 2.5. (a) Write nilg(X) for the full subcategory of ng(X) consist-
ing of those objects (Y, f} of ng(X) such that (Y, X) is relative finitely dominated
G-pair.

(b) Write nilg(X) for the full subcategory of milg(X) consisting of those objects
(Y, f) of nil4(X), with the property that (Y, X) has the G-homotopy type of a finite
relative G-complex.

(c) Write Ko(X) for the full subcategory of nilg(X) consisting of objects (Y, f) of
nilg(X), where f is a G-retraction of Y into X.

Remark. Let K34(Y) be the subgroup of the equivariant Whitehead group
WhEL(Y x S?), consisting of all those elements which are invariant under the transfer
induced by the covers of S* ([46, 49]). If (Y, f) is an object of nil4(X), then there is an
obstruction o4(Y, X) e K55(Y) [21, 54, 55] for G = 1; [33, 34, 2, 31, 40] for finite G.
The element o4(Y, X) = 0 if and only if (Y, X} has the G-homotopy type of a finite
relative G-CW pair. In particular, og(Y, X) = 0 if and only if (Y, /) is an object of
nil¢(X).

The next proposition is another characterization of objects in nilg(X) sometimes
more useful for the applications. Also, this proposition shows that the category
nilg(X) is an analogue of the categories used in [17, 19, 39] in the construction of the
algebraic Nil-groups.

PROPOSITION 2.6. Let (Y, X) be a G-complex, and f: Y —Y be a G-map such that

() the pair (Y, X) is a relative finitely dominated G-pair
(i) f1x = idy.

Then, (Y, f) is an object in nilo(X) if and only if there is an integer n € N such that " is
G-homotopic relX to a G-retraction of Y to X.
Proof. Suppose first that (Y, f) is an object in nilg(X). So, there are

(i) A strong G-deformation retraction f;: T(f)— T(f), tel, of T(f) to X x S!
which induces a strong G-deformation retraction, f;: D(f) - D(f), of D(f) to
X x R.

(ii) there is a pair of G-spaces (K, X) such that
(a) (K, X) is a finite relative G-complex.
(b) There are G-maps ¥ —» K — Y such that ir ~;idy relX.
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Define f': K - K as the composition rfi. There is a G-homotopy equivalence,
q:D(f")— D(f) rel(X x R) ([23], p. 106). Therefore, there is a strong G-deforma-
tion retraction f}:D(f")—> D(f’) of D(f") to X x R. The maps ¢, f,, f; are
Z-equivariant. Identify K with K x 0 x 0 in D(f’). Let M’ be the mapping
cylinder M(f') in D(f') with top K x {0} x {0} and M = M(f) with top Yx 0 x 0
in D(f). Then, M’ is the union of X x [0, 1] with a finite number of G-cells. Let C
be the union of the G-cells. By the compactness of C, there is a number m > 0
such that

FiM) < D(f-wom (X xR), foralltel.

Then, since g maps M’ to M and the homotopies preserve M’ and M, there is a
number n > 0 such that f,(M) is contained in D(f)- . (X x R). The G-homo-
topy f, induces a G-homotopy ¢,: Dx(f)— Dx(f) from the identity map to a
retraction to X, relX. Notice that the map

Cpi DX(f)(—oo,n+1] -Y

is the identity on Y. The homotopy

()@ yxoyx0)): Yx {0} x {0} > Y

is a G-homotopy from f"** to a map ¢, sending Yinto X, relX. This completes the
first part of the proof.

Assume that there is n € N such that f* is G-homotopic rel X to a G-retraction of Y
to X, ie. f"~gjr, where j: X —» Y is the inclusion map and r: Y- X is a G-
retraction. Let e": S* — S* be the cover of ! corresponding to the subgroup nZ.
Consider the pull back diagram

T(f) 2> S
[
T(f) > §!
The space T"(f) is given as M(f) x {1,2,...,n}/~, where ~ is the equivalence

relation generated by

@ (y,m)~(y,0,m+1) for (y,m)e Y x {m} = M(f) x {m} and (»,0,m + )&
Yx {0} x{m+ 1} cM(f)x {m+ 1} for m <n.

(i) (y,n) ~(»,0,0) for (y,meY x {n} =« M(f) x {n} and (y,0,0)e Y x {0} x
{0} = M(f) x {0}.

By successive applications of 1.10, T"(f) is G-homotopy equivalent, relX x S%, to
T(f™). Using the properties 1.9 and 1.11, there is a sequence of G-homotopy
equivalences relX x S*:

T(f") ~6 T(jr) ~g T(rf) = T(idy) = X x S*.

Therefore, T"(f) strong G-deformation retracts to X x S*.
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Also, consider the pull-back diagram

X x St -5 1)

idy x " l le"‘

X x S*-5 1)
For each subgroup H of G, this induces a pull-back diagram
XH X Sl LH) Tn(f)H

I

X" x st 32 T f)E

Since the map i’ is a homotopy equivalence, and the above diagram is a pull-back
diagram of a fibration, the map i induces an isomorphism on the homotopy groups.
Therefore m(T(f)®, X# x §*)=0 for i > 0. Since (T(f)%, XH¥ x §') is a relative
CW-pair, i is a homotopy equivalence for all finite subgroups H of G. Therefore, i is
a G-homotopy equivalence. So X x S is a strong G-deformation retraction of T(f).
This completes the proof of the proposition.

We define an equivalence relation on the set of isomorphism classes of objects
of nilg(X), similar to the homotopy relation in [39], §9. Let (Y, f) and (Y, ")
are two objects in nilg(X). Define (Y, f) ~(Y', f’) if and only if there is a
G-homotopy equivalence F:Y — Y'relX such that Ff is G-homotopic relX, to
f'F.

Denote by [Y, f] the equivalence class of the object (Y, f).

From the definition of the equivalence relation, it is obvious that:

LEMMA 2.7. Let (Y, f) and (Y', f') be two equivalent objects of nilg(X). Then, if
(Y, f) is an object in milg(X) so is (Y', f').

PROPOSITION 2.8. Push-out diagrams exist in nilg(X) (nilg(X) or Kog(X)).
Proof. Let

(Yo, fo) — (Yy, f1)
I
(Y, f2) 5 (Y, /)
be a push-out diagram in ng(X).

(1) Let (Y3, fi),i =0,1,2 be objects in nilg(X). Then, since (Y;, X) is relatively
G-finitely dominated, i =0, 1, 2, and Y is the push-out of Y;, (Y, X) is relatively
G-finitely dominated. So, (Y, f) is an object of nilg(X).

(i) Let (Y;, £i),i =0, 1, 2, 3 be objects in nilg(X). Then,

06(Y, X) = jy06(Y1, X) + j406(Y2, X) — (j'1),06(Yo, X) = 0,
since 0e(Y;, X) =0 for i = 0,1,2. So, (Y, f) is an object of nilg(X).
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(i) Let (Y3, f;), i =0,1,2 be objects in Kyg(X), then f:Y— Y is given as the
union of two retractions. Therefore, f is a G-retraction, and the push-out is an object
in Kog(X).

COROLLARY 29. Let Y =(Y', f')and Y = (Y, f) be two objects in nilg(X) (milg(X))
or Kog(X) such that (Y', Y} is a relative G-CW pair, and f’|y = f. Then, the quotient
Y'/Y is an object in nilg(X) (ilg(X) or Kog(X)).

We can give now the definition of the geometric Nil-groups.

DEFINITIONS 2.10. (A) Define Nil*(X) to be the group F/N where
(i) F is the free Abelian group generated by equivalences classes of objects in
nil(X).
(i) N is the subgroup of F generated by clements of the form:
(@ [Y, f1+ Yo, fol — [Y1, f1] — [Ya, f2], if there is a push-out diagram

(Yo, fo) == (Y1, f1)
|
(Y2, f2) -5 (¥, f)

(b) [Y, f], where (Y, X) is relative G-homotopy equivalent to a relative finite
G-CW pair, and f is G-homotopic relX to a G-retraction.

(B) Define Nilg(X) to be the group constructed F'/N ~[F/, where F’ is the free
Abelian group generated by the equivalence classes of objects in nilg(X).

(C) Define K§%(X) to be the group constructed F”/N”, where F” is the free
Abelian group generated by the equivalence classes of objects in Kog(X) and N” is
the subgroup of F generated by elements of the form:

(1) [Y,r]+[Yo,70] —[Y1,r1] — [Y2, 7], if there is a push-out diagram
(Yo, 70) ‘Z—’(Yu”x)

I
(Y,15) > (¥, 7)

(2) [Y,r], where (Y, X) is relative G-homotopy equivalent to a relative finite
G-CW pair.

Remarks. (1) Notice that in (B) above the groups Nilg(X) are not specified as
PL-groups. The reason is that these groups will be the same in the PL and the
topological case. This is due to the fact that the difference between the PL and the
Top groups is measured by controlled groups and the Nil-elements are not
controlled.

(2) Part (C) is another interpretation of the group defined in {33, 34].

LEMMA 2.11. (i) Let (Y, f) be an object in nilg(X). Then the torus object (Tx(f),
Tor(f)) determined by (Y, f) is such that [ Tx(f), Tor(f)] = 0 in Nilg-(X).
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(i) Let Y =(Y', f’) be an object nilg(X) and Y < Y’ be a closed G-space such that
(YY) is a relative G-CW pair, and Y = (Y, f'|y) is an object in nilg(X). Let
Y'/Y = (C, F) be the quotient. Then,
[C.F1+LY,f1=L[Y.f] in Nilg-(X).
(i) If (Y, f) and (Y', f') are two objects of nilg(X) then,
(YL f1+[Y, f1=[Yux Y, fuf]in NilgHX).
(iv) Let (Y, f) and (Y, f') be two objects of nilg(X) such that f =~ f’, relX. Then,
LY. f1=LY, f'] in Nilg(X).

(v) Let (Y, f) be an object in nilg(X). Then the inverse of [Y, f] in Nilg:(X) is given
by the class of the quotient of (Tx(f), Tor(f)) by (Y, f).

Proof. (i) Tx(f)strong G-deformation retracts to X, and by Mather’s trick, Tor{f)
is G-homotopic to the identity on Tx(f), relX. Therefore, Tor(f} is G-homotopic
to a retraction relX. By (iib) Definition 2.10, [Tx(f), Tor(f)] = 0 in NilZM(X).

(ii) (C, F)is given as the push-out diagram of Definition 2.4(b), then

[C,F1+ LY, f1=[Tx(f), Tor(f)] + [Y’, /'] in Nilg"(X)
By (i)
[C.F]1+[Y, f1=L[Yf]Nilg(X).
(iii) It is obvious that (Yuy Y’, fu f’) is an object in nil;(X). Also, there is a
push-out diagram in nil;(X):
(X, idy) —— (¥, f)
| g
Y, ) Loy, fur).
By (iia) Definition 2.10, [Y, f1+ [Y', f'1=[Yux Y, f U f'] in Nilg(X).
(iv) The identity map id: Y — Y induces an equivalence between (Y, f) and (Y, /).

Therefore, [Y, f] =LY, f'] in Nil§(X).
(v) Obvious from (i) and (ii).

Remark. Lemma 2.11 actually proves that any element of NilZ“(X) can be
represented as [Y, f] for some object (Y, f) of the category nil;(X). The same is true for
the subgroups Nilg(X) and K5%(X) of Nil%(X), and the categories nils(X), Kog(X).

The following Lemma characterizes equality in the group Nil§-(X).
LEMMA 2.12. Let (Y, f) and (Y', f') be two objects in nilg(X) such that

(i) (Y, Y) is a finite relative G-CW pair.
@ fly =/
(i) f'(Y') is contained in Y.
Then, [Y, f1=L[Y", '] in Nilg*(X).
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Proof. Notice that, since Y’ is formed by adding finitely many G-cells to
Y, i (06(Y, X)) = 0g(Y', X) in Koe(Y') by the additive property of the finiteness
obstruction. Let (C, F) be the quotient. Then, (C, F) is given by the push-out diagram

(Y, ) —— (Y. )
| -
(Tx(f), Tor(f)) < (C, F)
Notice that
06(C, X) = j406(Tx( /), X) + jo06(Y', X) — (ji)xoa(Y, X).
But,
Juix(06(Y, X)) = julo6(Y', X)) and  og(Tx(f), X) =0.

Therefore, 04(C, X) = 0, and (C, X) is relatively G-homotopy equivalent to a relative
finite G-CW pair. The map F maps C to Ty(f). The restriction of F to Tx(f) is just
Tor(f). But, Tor(f) is G-homotopic, relX, to a retraction r: Tx(f) > X. If k: X —
Tx(f) is the inclusion map:

F(j'k) = Tor(f)k ~grk = idy.

But, the inclusion map X — C is a G-cofibration. So F is G-homotopic, relX, to a
retraction ([45], p. 29). Therefore [C, F] = 0 in Nil5*(X). So [Y, f1=[Y’, f'].

The next lemma shows that the class of an element (Y,r) of K5%(X) does not
depend on the retraction r.

LEMMA 2.13. Let (Y,X) be a relative G-complex such that (Y, X) is relatively
G-finitely dominated and r,v':Y — X be two retractions. Then [Y,r] =[Y,7'] in
KB6(X).

Proof. By Lemma 2.11 (v), there is an object (Y, 5} in Ky¢(X) such that

[Y,r]+[Y.s]1=0

in K%(X). In particular, the relative finiteness obstruction gg(Y UxY’, X) = 0.
Therefore (Y Uy Y, X) has the G-homotopy type of a finite relative G-complex. But
[,r1+[Y,s]=[YuyY,rusland (Yux Y, r us)eN". So,

(Y, ']+ [Y,s]=0=[Y,r]=—[Y,s]=[Y,r]

in KE%(X).
The next proposition is the geometric analogue of the formula Nil(R) =~
Nil(R) @ Ko(R) for any ring R ([17], Lemma 1.4; [19], Proposition 6; [39], §97).

PROPOSITION 2.14. For a G-space X, Nilf (X)) ~ Nilg(X) ® K5s(X).

Proof. The inclusion induced map ¢: KF%(X) — NilJH(X) is well-defined group
homomorphism. We will prove that ¢ is a split monomorphism. We construct a left
inverse for ¢, p: NilfH(X) —» K34(X):
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Let (Y, f) represent an element of Nilg“(X). Then by Proposition 2.6, there is a
number n e N, such that f" is G-homotopic relX to a G-retraction r: Y - X. Let
i X - Y be the inclusion map. Define p{ Y, f]1 =Y, ir].

CLAIM. The map p is a well-defined group homomorphism.

Proof. (i) Notice that the map f"*! is also G-homotopic to a retraction r': Y — X.
But ir’ ~g ["*1 = ff" ~g fir = ir. So, [Y,ir'] = [Y,ir] in K}%(X) and p[Y, f] does
not depend on the number .

(i) If (Y, f) ~ (Y’, ') in nilg(X), there is a G-homotopy equivalence F: Y — Y/,
relX such that Ff ~g f'FrelX. Then, Ff" ~; f™F relX, where n is a number for
which /" and /" are G-homotopic relX to G-retractions r: Y —» X and r: Y' - X,
respectively. So, [Y,ir]=[Y",i'r'], where i:X - Y is the inclusion. Hence,
pLY, f1=p[Y' f]. '

(iii) If (Y, X) is G-homotopy equivalent to a relative finite G-complex (K, X) and
f: Y > Yis G-homotopic relX to a G-retraction, then p[Y, f] =0.

(iv) Let

(Yo, fo) ~> (Y1, f1)
AR
(Ya, f2) 25 (Y, f)

be a push-out diagram in nilg(X). Choose an integer n > 0 such that f} and f” are
G-homotopic, relX, to G-retractions r;: Y; - X,r: Y - X, respectively (i =0, 1, 2).
Write 1;: X - Y;,i=0,1,2,1: X — Y for the inclusion maps, and rj: Y; - X for the
restriction of 7 to Y;. By Lemma 2.13, [Y;, 1,7;] = [Y;, ;7] in K5g(X).
Also, the following is a push-out diagram in Kjx(X):

(Yo, ) - (Y1, 79)
1 g

(Ya,73) -5 (%)
Putting these observations together, we get:

p(LY, f1+ [Yo, fol) = p([Y ux Yo, f U fol) = [Y ux Yo, r U ro]

=[Y,r]+ [Yo,r0]l =[Y,r] + [Yo, 701

Similarly, p([ Y1, fi]+ [Ya, f21) =[Y1, 71} + [Y,,r%]. But from the above push-
out diagram (1), we get

LY.r]+ [Yo.r0l = [Y1,71 ]+ [Y2,75]=p(LY, f 1+ [Yo. fo])

= p([Yy, f11+ [Y2, f2]).

This completes the proof that p is a well-defined map.
It is obvious that p is a group homomorphism. It is a group epimorphism since

pelY, f1=plY, f1=[Y. f].
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There is also an inclusion-induced group homomorphism
j: Nilg(X) - NilBH(X).

j is obviously a group monomorphism.
We complete the proof of the proposition by proving that the sequence

0 - Nilg(X) L Nil?L(X) 25 REL(X) = 0

is split exact. The only thing that remains to be proved is that Ker p = Im j.

Kerp o Im j: Let [, f]e Nil(X). So (Y, X) is G-homotopy relative finite G-CW
pair. Also, pj[Y, f1=1[Y, f"], which belongs to N and so it represents the zero
element of K§%(X). Therefore pj = 0.

Im j> Kerp:Let [Y, f]eKerp. Then, r[Y,f] = [¥,f*]=0 in Kh(X). So
(Y, X) is homotopy relative finite G-CW pair. This means that [Y, f] =j[V, /],
where [Y, f]e Nilg(X). So [Y, f]eIm j.

We give a geometric description of the projection p: Nil¥(X) - Nilg(X):

Let (Y, f) be an object in nilg(X). Since (Y, X) is relatively G-finitely dominated,
there is a finite relative G-complex (K,X) and G-maps Y - K — Y which
are the identity on X, such that ir ~;idy relX. Let f’: K — K as the composition
rfi. The pair (K,f’) is an object in nilg(X). Define p':F— Nilg(X) by
Py, f) =K, f'].

CLAIM: p' is a well-defined group homomorphism.
Proof. First we prove that p is independent of the choice of the domination:
(a) Assume that Y *» K’ -'5 Y is another domination of (Y, X) such that

K'<cK,r=r1, and i =i|g.

Set f'=rfi and f” =r'fi’. Then, f'(K) = K’, and the objects (K, f) and (K', ")
satisfy the hypothesis of Lemma 2. 12, so [K, '] =[K’, "] in Nilg(X).

(b) Assume that Y K’ 5 Y is another domination of (Y, X). Define M =
My (r'i), and i": M — Y to be i'c, where ¢ is the collapse map to K'. Also, define
r":Y - M to be ji', where j: K' > M is the inclusion map. Then

it =jri'e ~g jr ~¢idy relX.

By (a), [M,m] = [K', f"], where m = r"fi". Let j': K - M be the map j'(k) = (k, 0).
Then, j'i" = i'r ~gi,relX, and [K, ifr] = [K, j'i"fr].
Similarly,

¢j'r =1'ir ~gr' = jr ~¢ jejr ~¢ j¥' = r"relX.
Hence,
[M,r"fi"] = [M,r"fj'i] and [M,r"fji]=[K, j7rfil=[M,m]=[K, ]

Now, we prove that p’ does not depend on the equivalence class of (Y, f):
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If (Y,f) and (Y, f') are equivalent, then there is a G-homotopy equivalence
F:Y > Y',relX such that Ff ~¢ f'FrelX. Let Y - K —1> Y be a domination for
Y. Then

vy FlLy gk Ly By

is a domination for Y’, where F~! is a G-homotopy inverse of F. Then
p'(Y, f)=[K,rfil and p(Y',f")=[K,rF~'f'Fi].

But, rF~1f'Fi ~grfirelX. So,
P(Yf)=p(",f) ,

It is obvious that p’ is a group homomorphism.

CLAIM. p'(N) =0.
Proof. (a) Let (Y, f) be such that (Y, X) has the G-homotopy type of a finite
relative G-complex and f is G-homotopic relX to a retraction. Then p'(Y, f) =

(v, f1=0
(b) Consider the push-out diagram in nilg(X):

(Yo, fo) ~> (Y1, f1)
I 0
(Y2, f2) -5 (Y, f)

We are going to show that

(Y, ) + (Yo, fo)) = p'((Yy1, f1) + (Yz’fz))-
Let L; dominates Y;, j=0,1,2 and Y; 2, L; =, Y; be dominations. Define:
Ky =Ly, Ky = My(ryiio), K, = Mx(r,iip).
Define the dominations:
i;: K;— Y is the composition of the collapse and i},
;1 Y — K; is the composition of r; and the inclusion map (j = 1, 2).

Let K be the push-out of K;, j = 0,1,2. Then K dominates Y.
Summarizing, there is a push-out diagram
(Ko, f0) =5 (K1, £4)
dl 9| v)
(K2> fIZ) i’ (Ka f,)
So,

(Y, f) + (Yo, fo)) = (K, f) + (Ko, f0) = (K1, 1) + (K2, f2)
=p' (Y1, f1) + (Y2, f2).

So, p’ induces a map:
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p: Nil%(X) - Nilg(X).

It is obvious that pj = id, and ip =0
This completes the proof of Proposition 2.14.

The next proposition is about the naturality properties of the above construction.

PROPOSITION 2.15. Let k: X - X' be a G-map between G-spaces. Then, k induces
a group homomorphism

ey NilBL(X) - NilZH(X ")

such that k, maps Nilg(X) into Nilg(X') and K¥%(X) into K¥%(X").

Proof. Define k. [Y,f] to be [Y',f'], where Y=Y, X'=YuUX'/~ with
x ~k(x) for x in X and f:Y' - Y’ is just fuid. First of all (Y’, f’) is indeed an
object in nilg(X’), because [ =f"uid, the G-homotopy of f" to a retraction
of Y to X extends by the identity to a G-homotopy of f'* to a retraction of
Y to X', and (Y, X’') is an G-NDR pair. It is obvious that the map k, is a
well-defined group homomorphism and that it maps Nilg(X) to Nilg(X’) and
RGe(X) to REe(X").

PROPOSITION 2.16 Let X, X', X" are G-spaces. If k: X —» X" and k': X' — X" are
G-maps, then (k'k), = kiyk,.
Proof. Let [Y, f]e Nilg4X). Then,

Koo LY, f1=[(Y G X) O X7, 7] = [Y G X7, [ = (K'R)LY, /]

PROPOSITION 2.17. Let X, X' be G-spaces. If k, k': X — X' are two G-homotopic
maps, then k, = k/,: Nilg«(X) - NilgH(X").

Proof. Let [Y, f] represent an element in Nil5*(X). By the proof of the adjunction
lemma of L. Siebenmann [44], p. 21, construct a G-homotopy equivalence rel X’ of
Y U, X’ to Y up X'. This homotopy equivalence induces an isomorphism in nilg(X")
of (Yu, X', fuid) and (Y up X', f vid). So k, = k.

COROLLARY 2.18. If k: X - X' is a G-homotopy equivalence between G-spaces,
then k. is an isomorphism.

So, we have defined three functors from the category of G-spaces, and G-homo-
topy classes of G-maps, to the category of Abelian groups and group homomor-
phisms.

3. Nil-Groups as Summands of the Whitehead Group

In this chapter, we show that Nilf%(X) is a direct summand of WhgHX x S%).
The methods are similar to the ones used in the nonequivariant case [4, 5, 17,
19, 39].

Let X be a G-space. We first define two injections, j(+): Nilg(X) - WhE{X x S1).
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LEMMA 3.1. Let (Y, f), (Y',f') be two equivalent objects of nilg(X), such that
(Y,X) and (Y', X) are finite relative G-complexes. Then T(f) and T(f') are G-
simply equivalent tel(X x ). Also, Tx(f) and Tx(f') are G-simply equivalent
rel X.

Proof. Tt follows from 1.9 and 1.11.

CONSTRUCTION 3.1.1. We construct a map: j(+): Nilg(X) - Whi*(X x S?).

Let (Y, f) be an object of milg(X) representing an element in Nilg(X). Then (Y, X)
has the G-homotopy type of a finite relative G-complex (K, X). Let a: Y — K be the
G-homotopy equivalence, and b: K —» Y is a G-homotopy inverse (relX). Then,
T(afb) ~¢ T(baf ) ~c T(f), rel(X x S§!). Since the T(f) strong, G-deformation
retracts to X x S!, the object (Y, f) determines an element [T{(afb), X x S'] of
WhEH(X x §1). Define j, (Y, f) = [T(afb), X x S'].

PROPOSITION 3.2. The map j, induces a split injection j(+): Nilg(X)—

WhEHX x SY).
Proof. Lemma 3.1 shows that j, extends to a well-defined homomorphism

i F > WhEKX x SY).

To complete the proof that j, induces a homomorphism as stated, we have to prove
that j, respects the relations in Nilg(X).

(i) If fis G-homotopic relX to a retraction r from Yinto X, then [Y, f] = [, ir],
where i is the inclusion map. We can assume that (Y, X) is a finite relative G-complex.
Then, by 1.11:

[TGr), X x S'1=[T(ri), X x S1]=[X x SLX x S1T=0 in WhEXX x SY).

Therefore, j.[Y, f]=0.
(iiy Consider the push-out diagram in nilg(X):
(Yo, fo) == (Y1, /1)
1 (1
(Y2, f2) 5> (Y, f)
We are going to show that j,([Y, f ]+ [¥o, fol) = ji([ Y1, f1] + [Y2, f21).

ASSERTION. We can replace the above push-out diagram with a push-out diagram of
finite relative G-complexes:

(Ko, fo) 25 (K1, f1)
(I @
(Ka, f2) 2> (K, )

where (K, 1) is equivalent to (Y, f}), i =0, 1, 2, and (K, ") is equivalent to (Y, f).
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Proof. Diagram (1) provides a diagram
(Lo, 6) 25 (Ly, 4 |
| dl
(Lo 15 55 (L, 1)
commutative up to G-homotopy relX, such that where (L, f7) is equivalent to
(Y, f1,i=0,1,2 and (L, f") is equivalent to (¥, f) and (L;, X),i=0, 1, 2, (L, X) are
finite relative G-complexes. Notice that «, «’, ¥, Y’ are morphisms in milg(X) ‘up to

homotopy’ in the sense that the corresponding diagrams commute up to homotopy.
Define:

(Ko, f0) = (Lo, f o) (K1, 1) = (Mx(xc), k).

To define the map k, we use the G-homotopy, relX, H: Ly, x I — L, between xf s and
S5k, Define k: Mx(x) - Mx(x) by

(fo(yh20, 0<t<3%
k(y,t) = .
Hy 1(y), z<t<1
k(y)=fi(y), foryel,
(K, f5) = (Mx(x'), k") and if H':Ly, x I - L, between x'fy and fix’, the map
k' My(x) - Mx(x) is given by
(fo(»),28), 0<t<3
k(=1 .
Hy1(y), z<t<1
k'(y)=fiy), foryelL,.
Then, (K1, f4) and (K, f%) are objects in nilg(X) equivalent to (L, f7) and (L, /5

(The inclusion map j: L; — K; induces the equivalence.) Also, the push-out of (K, f3),
i=0,1,2,is equivalent to (L, f").

Then

J+(LY, f1+ [Yo, fol)
=j:[Yx Yo, fU fol =, [Kux Ko, 'V fo]
=[T(f" U fo) X x 8'1=[T(f) Uxxs: T(f0), X x S']
= [T(f), X x ']+ [T(fo), X x §'].

Similarly,

J([Yy, f1] + [Ya, f2) = [T(f1), X x S'1+ [T(f3), X x §'].

But, the following diagram is a push-out diagram

T(fo) — T(fD)

l

T(f2) — T(S")

3)

(yyt)EKO X I)

(y: t)EKO X I’
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So, by the additivity property of the Whitehead torsion

[T(f), X x S'T+ [T(fo), X x $'1=[T(f1), X x $'1+ [T(f%), X x §1].
Therefore,

JHl(Y, ) + (Yo, fo)) = je((Yr, f1) + (Y2, f2)).
So j, induces a homomorphism j(+): Nilg(X) - WhE-(X x S').

In order to prove that j(+) is a split monomorphism, we define its left inverse.
First, define a map o(+): WhE(X x S!) - Nil¥(X) as follows: Let (Y, X x S*) be
a finite relative G-complex. Let f:Y— X x S' be a strong G-deformation retrac-
tion from Y to X x S!. Actually, f is a proper strong G-deformation retraction.
Lift f to a proper strong G-deformation retraction on the infinite cyclic covers [2],
Lemma 4.2:

YLX x R
pl l(id X e)

L x x st

Notice that cl(Y — (X x R)) has two ends e(+) and e(—) corresponding to the two
ends of R. Let L be a G-subset of Y such that

@) (L,L n(X x R)) is a relative G-complex.
(i) cl(L — (X x R))is a neighborhood of e(—) in cl(¥ — (X x R)).
(i) cl((Y — L) — (X x R)) is a neighborhood of e(+) in cl(Y — (X x R).
(iv) There is a covering transformation, z: ¥ - Y which generates the group of
covering transformations, such that L = z(L).

Define Y(+)= L/~ where (x,t) ~{x,0) for all (x,1)e(X x R)n L, and a map
S(+): ¥Y(+) = Y(+), by f(+) = z|: Y(+) > Y(+).

CLAIM. (Y(+), f(+)) is an object in nilg(X).

Proof. Notice that (Y(+), X) is relative G-complex. Also, (L,L n(X x R)) is
relatively G-finitely dominated pair ([23, 44, 4.4, 2]). This implies that (Y(+), X) is
relatively G-finitely dominated. To complete the proof of the claim, it remains to be
proved that some power of f(+) is G-homotopic relX to a G-retraction. The pair
(L, X) is G-finitely dominated, and there is a G-homotopy k,: L — L,relX, of the
identity on L, and a compact subset K of L such that k;|;_x, = f|r—x) Choose
nelN so big that L —K = z"(L). Then, k,z": Y(+)— Y(+) is a G-homotopy, relX,
from f(+)" to a G-retraction into X. This completes the proof of the claim.

Define w(+)(Y, X x SY) =[Y(+), f(+)].

(i) w(+)Y,X x 8') does not depend on the choice of L:

Repeat the above construction starting with another closed G-subset M satisfying
(i)—(iv) above. Using this data, we construct (Y'(+), /'{+)) an object of nilg(X). It is
enough to prove that [Y(+), f(+)] = [Y'(+), f/(+)] in Nilj%X) in the case that
Mo L.
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Case 1: Suppose that L > z(M). Then by Lemma 2.12, [Y(+), f(-+)] = [Y'(+),
S+ '
Case 2: Suppose that M > L. Let (Y,(+), fu(+)) be constructed using z™(L). Then,
by Case 1, [Y(+), f(+)] = [Yul(+), fu(+)], for all meN. Choose neN so big
that L > z"(M). By Case 1, [Y,_y(+), fu-1i(+)]=[Y'(+), f'(+)]. Therefore,
LY(+), f(H)] =[Y'(+), f(+)].

() If[Y,X x §'] =(Y', X x S']in WhE*(X x S'). Then, Y and Y’ are connected
by a sequence of equivariant formal deformations. Then it is obvious that

o(+)[Y, X x $*] = w(+)[Y, X x §']

So, w(+) is a group homomorphism. Define g(+): WhE(X x S!) - Nilg(X) as the
composition of w(+) and the projection p: Nilf-(X) — Nilg(X).

ASSERTION. The map q(+)j(+): Nilg(X) - Nilg(X) is the identity. So j(+) is a
split injection.

Proof. Let (Y, f) be an object of nilg(X) with (Y, X) a finite relative G-complex.
Then, j(+)[Y, f]1=[T(f), X x S']. The infinite cyclic cover of T(f) is D(f). L
can be chosen to be D(f)—w,0 S0, Y(+)= Dx(f)(-w,0;- But the collapse map
co: Dx(f)-w,01—> Y x {0}, is a G-homotopy equivalence relX with inverse the
inclusion map i:Y x {0} - Dx(f)—w,0p- Then [Y(+), f(+)]=[Y,cof(+)i] in
Nilg(X). Notice that ¢, f(+)i = f. So q(+)j(+)Y, f1=[Y.f].

The second injection is constructed similarly. Define j(—): Nilg(X) — WhE{(X x
S1) as the composition

J(=) = (dx X pyj(+),
where u: S — S' is the orientation reversing homeomorphism given u(s) = 1 — s.

We give the definition of the left inverse of j(—): Define w(—): WhEH(X x §%)—
NilgH(X) as the composition: o(—) = o(+)(idy x p),.

PROPOSITION 3.3. ¢(—)j(+) =q(+)j(—) =0.

Proof. We will give the proof of g(—)j(+) = 0, the other part follows similar-
ly. Let [Y, f] represent an element of Nilg(X) with Y a finite G-complex. Then,
J(HLY, f1=[T(f), X x S']. The infinite cyclic cover of T(f) is D(f).

a(=)j(+H)LY, f1 = q(+)(dx x u[T(f), X x §'].

Notice that the map idy x u reverses the orientation on X x S*. So, it reverses the
ends of cl(D(f) — (X x R)). So,

q(+)(idx x W [T(f), X x $'1=[Dx(f 0,0, f'];

where f7: Dy( f )0, ) = Px{f )0, ) is induced by the translation.
But f" is G-homotopic, rel X, to a G-retraction of r: Y - X. Then,

Dx(f)[o,oo) 2G]—)X(J”')[o,oo) =6 DX(T)[o,oo) ~g X,
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and all the G-homotopy equivalences are relX. [Dy(f)i0,.), f'1 = 0 in Nilg(X), and
therefoe g(—)j(+) = 0.

Proposition 3.3 states that there are two orthogonal disjoint summands of
WhEHX x S!) each isomorphic to Nilg(X).

4. Nonequivariant Nil-Groups

In this section we compare the geometric Nil-groups constructed in Section 2 with
the algebraic Nil-groups of a ring defined in [4, 17, 19, 39]. In the nonequivariant
case, it turns out that the geometric Nil-groups of a reasonable space X are iso-
morphic to the algebraic Nil-groups of the group ring Z=,(X). This result provides a
new, more geometric description of the Nil-groups.

We recall the definition of the algebraic Nil-groups (see [4]). Let R be a ring with
identity. By an R-module we mean a left R-module. Nil(R) = F/N, where F is the free
Abelian group generated by isomorphism classes of pair (P, f), where P is a finitely
generated projective R-module, and f: P — P is a nilpotent R-map, and N is the
subgroup generated by the elements:

G O (P, f)=> (P, f)Y—(P", ")~ 0 is an exact sequence of pairs (i.e. exact
sequence of modules with the corresponding diagrams commutative), then

P, f)=@, f)—=P" f").
(ii) (F,0), where F is a finitely generated free R-module.

In [39], §9, there is an alternative definition of Nil(R). Ni}(R) = F'/N’ where F’ is
the free Abelian group generated by chain homotopy classes of pairs (C, f), where C
is a finite, finitely generated, projective R-chain complex, and f: C —» C is a chain
homotopy nilpotent chain map (i.e. there is an integer n > 0 such that f* is chain
homotopic to the zero map), and N’ is the subgroup generated by

i HO0-(C, f)—=(C, f)—>(C", f")—> 0 is an exact sequence of pairs, as before,
then

(C, 1) = (C. 1)+ (T, f).

(i) (C, f) =0, where C is a finitely generated free R-chain complex and f is chain
homotopic to the zero map.

In [39], Proposition 9.3, it is proved that both definitions produce the same group.
In comparing the algebraic with the geometric Nil-group, we use both definitions.
For X a path-connected space a map a: Nil(X)— Nil(Zn,(X)) is defined. An
element of Nil(X) is represented by an object (Y, f) of nil(X). Then, there is an integer
n >0 such that f" is homotopic to a retraction r: Y- X, relX. Let X be the
universal cover of X. Let Y be the pull back of X under the retraction r. Then the
relative chain complex C(Y, X) is a finitely dominated chain complex over Zm(X).
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Since Y is finitely dominated relX, there is a finitely generated projective Zm,(X)
chain complex P, chain homotopy equivalent to C,(Y, X). Let g: P, — C (Y, X) be
the chain homotopy equivalence. Define

alY, f1=1[Ps,q " feql.

(here g~ ! denotes any homotopy inverse of g). Notice that since f” is homotopic
relX to a retraction, (¢ 'f,q)" is chain homotopic to the zere map. So [P,, ¢~ f.q]
represents an element in Nil{Zn (X)) ([38]).

PROPOSITION 4.1. If X is a path-connected space, then a: Nil(X) — Nil(Zz,(X)) is
a group epimorphism.

Proof. It is obvious that a does not depend on the choices of n, P, and g above.
Also, a[ Y, '] depends only on the equivalence class of the object (Y, f) in nil(X). Let
(Y, f) be an object in nil(X), such that (Y, X) is homotopy equivalent, relX, to a finite
relative CW-pair and f is homotopic relX to a retraction of Y into X. Notice that
C,(Y,X) is chain homotopy equivalent to a finitely generated free Zm,(X) chain
complex, C,, and f, is chain homotopic to the zero map. Then the pair (C,, f,)
represents the zero element in Nil(Zn) and a[ Y, f] = 0 in Nil(Zx).

Consider the push-out diagram in nil(X):

(Yo, fo) = (Y4, f1)
|
(Y2, f2) -5 (¥, )

The relative Mayer—Vietoris sequence gives an exact sequence of chain complexes,
and homotopy nilpotent maps

0 - (C*(YO> X)s fO*) i (C*(Yb X): fl*) @ (C*(Yz, X)s fZ*) g (C*(Ya X): f*) - 0

The chain complexes are considered with Zn,(X') coefficients. This implies

(Co(Y, X), fi) + (Ca(Yo, X), fox = (Co(Y1, X), f14) + (Cu(Y2, X)), [24)

in Nil(Zn(X)). So a([Y, f1+ [Yo, fol) = a(lYy, f1]1 + [Ys, f]). Therefore, a is a
well-defined group homomorphism.

Now we prove that a is onto. For this we use the original definition of Nil(Z= (X))
given in [4] and [17]. Given a pair (P, k), where P is a left finitely generated
projective Zz;(X)-module and k a nilpotent endomorphism, we construct an object
(Y, /) of nil(X) such that [P, k] = alY, f] in Nil(Zx,;(X)). P can be represented as
a pair (F,p) where F is a finitely generated free Zm;(X)-module and p: F - F
is a projection (p? = p). Then (P, k) can be represented by triples (F, p, n), where
n: F — F is a nilpotent endomorphism and pn = np, Imp = P. Suppose that F is
generated by m elements. Define Y’ to be X v (m(S?)), the wedge of X with the
wedge of m copies of §2. Notice that n,(Y', X) and F are isomorphic as Zn(X)-
modules, and n,(Y’, X) is generated by the classes of the wedged spheres. Then the
maps p,n: F— F induce maps p, n: n,(Y’, X} —» n,(Y’', X) and so maps p,n: Y’ ' — Y’
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extending the identity on X. Notice also that g,: p? ~ p, pn =~ np, and n* is homo-
topic relX to a retraction of Y’ to X. Define Y = D(p)o, +w)/ ~, Where (x,t) ~ x
for xe X and te[0, ). Then (Y, X) is relatively dominated by (Y’,X). The
map d:Y—Y' is defined as d(y,t,m)=gq,(y’), and i:Y' > Y is defined as
i(y)=(y,0,0) [35]. We define f: Y— Y by f =ind. Then f* is homotopic, relX,
to a retraction of Y to X. So (Y, f) is an object in nil(X). We want to compute
a(Y, f). Notice that m;(X) =~ n;(Y). Also, C.(Y, X) as Zn,;(X)-chain complex is
consentrated in dimensions 2 and 3, and C,(Y, X) =~ C3(Y,X)=~ F,, where F
means the direct sum of infinite copies of F. The boundary map J: C5(Y, X)—
C,(Y, X)) is given by the matrix

There are chain maps
de: Co(V, X) > C (Y, X) and i Cu (Y, X)— Cu (Y, X),

induced by the maps d and i, respectively. Then d,i, = p, and i.d, ~id, by
construction. The maps are nonzero only at dimension 2 because C,(Y', X) =
C,(Y',X)=F. The map i,: F — F is given by the matrix

and the map d,: F,, — F is given by (ppp...). So, iyd,: F, = F,, is given by the
matrix

O
O

We show that C (Y, X) is chain homotopy equivalent to a chain complex P, which
is O for = # 2 and P, = P. The maps d and i actually induce maps d,: C,(Y, X) - P,
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and i,: P, — C.(Y, X). Then i,d, ~id as before and di,: P, — P, is given by an
element of P has the form p(x) for some x in F then

dyiy(p(x)) = p(p(x)) = p*(x) = p(x),

and d,i, is the identity on P,. Therefore C (Y, X)is a chain homotopy equivalent to
P.. By definition, a[Y, f] = (P, d,i.n.d,i,) = (P4, n,) where n: P — P is just the
map k. This shows that a[Y, f] = (P, k). So a is an epimorphism.

COROLLARY 4.2. If X is a path-connected space, then a induces epimorphisms:
a: Nil(X) - Nil(Zzn (X)) and ag: Ko(X) = Ko(Zm (X))

PROPOSITION 4.3. If X is path-connected. Then d: Nil(X) - Nil(Zz,(X)) is an
isomorphism.

Proof. 1t remains to be proved that 4 is a monomorphism. To accomplish this, we
compare the image of Nil(X) into Wh(X x §1'), with the image of a monomorphism
of Nil(Zm(X)) into Wh(z(X x §1)). The map j'(+): Nil(Zz (X)) - Wh(z,(X) x Z)
is given by j'(+)(C, f) = (C[t,t 71,1 — tf) ([37], §9), where C is a finite, finitely
generated free Zmn;(X)-chain complex and f: C — C is a chain homotopy nilpotent
chain map.

CLAIM. The following diagram commutes:

Nil(X) —& S Nil(Zm, (X))

J(+) l lj’(+)

Wh(X x §!) -5 Wh(zn,(X) x Z)
where ¢ is the isomorphism e given in [51].

Proof. Let [Y, f] represent an element of Nil(X), with (Y, X) a relative finite
CW-complex

J(#)aLY, f1=J(+#)NCT X), ) = (CoT, D)5, 1711, 1= 1f,),

where Y is the pull-back of the universal cover of X induced by the retraction
determined by f and f is the lift of f to Y, and

G(+)Y, f1=e(T(f), X x §') = (CT(), X x §1)).
By [38], the chain complex of the mapping torus of f: Y —Y is given by
C(l — tf [t,t™]), where C(1 — tf,[t,t"']) is the modified mapping cone of
1—tf [t,t7!]. Then

e(T(f), X x §*) = (C(1 — tf,[1,t~*])).
But

(€A = tfult,t7 1) = (C(1 = tf[t.171]) = (Cu(Y, X), 1 — 1))

=j' (+)NC(Y, X), 1.
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Since j'(+), j(+) are monomorphisms and e is an isomorphism, we conclude that
d is a monomorphism and, therefore, an isomorphism.

In [39] one more injection, j'(—): Nil(Zn(X)) -» Wh(n(X) x Z), is defined by
J(=)C, Y=(C[t,t"*],1 —t~*f), where C is a finite, finitely generated free
Z7,(X)-chain complex and f: C — C is a chain homotopy nilpotent chain map. We
compare j'(—) with the geometrically defined injection j(—): Nil(X) - Wh(X x S').
COROLLARY 4.4. The following diagram commutes:

Nil(x) —2 5 Nil(Zx, (X))

j(_)l lj'(—)
Wh(X x $') -5 Whin (X) x Z)
(The notation is the same as in the proof of Proposition 4.1
Proof. Let [Y, f] represent an element of Nil(X), and h: T(f)—> X x S! is a
strong deformation retract. Then ej(—)[Y, /1= [idy x wh], where u:S* - S is
given by u(s) = 1 — s. By the sum formula for the Whitehead torsion, we get

[Gdx x p)h] = (dx x p)4[h] + [(idx x p)].
But [(idy x )] is a homeomorphism, so [(idy x #)] = 0in Wh(X x S*). Therefore,

e (—)LY, f1=(idx x )y [h] = (idy x p),[1 —tf,],
where f,: C(Y,X)— C.(¥, X) is as in proof of Proposition 4.1. But x induces the
map py: Z=<{t)>Z=_t), uy(t)=1t"1. Therefore (idy x W), [1 —tf,]=[1—t"'f.1,
where

L=t e CUT Xt ] = Co(V, X)L 171,
On the other hand,

J()aLY, f1=j(-)CAY, X), F3) = (Co(T, X)[1,£ 7], 1 — of,.
Therefore, ej(—) = j'(—)ad.

COROLLARY 4.5. Assume that X is a path connected such that n(X) is finitely
presented. Then the map aq: Ko(X) = Ko(Zn,(X)) is an isomorphism.

Proof. We must prove that a, is a monomorphism. Let [ Y, r] represent an element
of Ko(X). Since X is path connected and (Y, X) is relatively finitely dominated Y has
finitely many path components. By adding finite many 1-cells to Y, we obtain a space
Y’ which is connected and a retraction 'Y’ — X. By Lemma 2.12, [ Y,r] = [Y',# ] in
Ko(X). So we can assume that an element of Ko(X) can be represented by a pair
[Y,r], were Y is path connected. The next step is to improve the connectivity of the
map r without changing the class of [Y, 7] in Ko(X).

CLAIM. There is an object (Y',r') of Ko(X) such that

@) [Y.r]=L[Y,r]in Ko(X),
(i) 7' induces an isomorphism on the fundamental groups.
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Proof. Since r is a retraction, it induces an epimorphism on the fundamental groups.
Let r,: 7;(Y) — n1(X) be the map induced by r on the fundamental groups. Since 7;(X)
is finitely presented and (Y, X) is relatively finitely dominated, 7,(Y) is finitely
presented. Then Ker(r, ) is finitely generated as a normal subgroup of n;(Y) [34],
Lemma 14.8, [43]. By attaching finitely many cells on Y, we replace (Y, #) by an object
(Y’, ') such that [Y,7] = [Y’,#'] in Ko(X) and r’ induces a monomorphism on the
fundamental groups. So r’ induces an isomorphism on the fundamental groups.

Let [Y,7] is an element in the kernel of a,. By the claim, we can assume that r
induces an isomorphism on the fundamental groups. Then the fact ao[Y,r] =0
means that (Y, X) is homotopy equivalent to a relative finite complex (K, X). In
particular, [ Y, f1=0in Ko(X). Therefore, a, is a monomorphism.

So we have proved

PROPOSITION 4.6. If X is path connected and n,(X) is finitely presented, then
a: Nil(X'} = Nil{Z= (X)) is an isomorphism.

Assume that X is a space with finitely many path components {X;};.;, where I

is a finite index set. We define a map
d: Nil(X) —» @ Nil(X;).
iel

Let [ Y, /] represent an element in Nil(X). Since T(f) strong deformation retracts to
X x 8%, T(f) has the same number of path components with X x S*. Also, any
component of T(f) has the form T(f’) where f’ is the restriction of f to a subset Y”
of Y. Let T(f,), fi: Y; = Y;, be the component of T(f) corresponding to X; x §?, for
each i e I. Define

dLY, 1= (LY fiier-

This is obviously a well-defined group homomorphism.
We construct the inverse of d. Denote by ¢;: X; —» X the inclusion map. Define

d': @ Nil(X;) - Nil(X)

by
d'([Y; fiDier = Y (@4 [ Vs fi].

iel
So, we have proved the following.

LEMMA 4.7. Let X be as above. The map d: Nil(X) —» @,.; Nil(X;) defined above is
an isomorphism.

COROLLARY 4.8. Let X be as before. Then, the restriction of d induces isomorphisms
d4:Nil(X) - @ Nil(X;)

iel
do: KO(X) - @ KO(Xi)'

iel
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By combining Proposition 4.6 and Lemma 4.7, we get the following proposition.

PROPOSITION 4.9. Let X be a space with finitely many path components {X};cr,
where I is a finite index set. Furthermore, assume that n,(X;) is a finitely presented
group for each i € I. Then, there is an isomorphism

iel
Similarly, there are isomorphisms

f: 1\Tﬂ(X) e ('B 1\Tﬂ(Z7f1(Xi)),

iel

flo: KO(X) - (‘B IZO(an(Xi))-

iel

5. Equivariant Nil-Groups

In the equivariant case, the geometric Nil-groups split as a direct sum with one
summand for each conjugacy class of subgroups of G and each component of the
fixed-point set. This decomposition is consistent with the decomposition of Wh-(X)
given in [34] and [27].

Let X be a G-space. For any group H, let EH denote a contractible free H-
complex (EH is unique up to H-homotopy equivalence). For each subgroup H of G,
WH acts on EWH x X# diagonally. Let EWH xwy X¥ be the orbit space of this
action. We want to compare the groups Nilf{X) and @Dy Nil(EWH xywy X¥),
where H ranges over the conjugacy classes of subgroups of G.

Notation. Let Q be a collection of subgroups of G. Q is called a family if He Q,
then all the conjugates of H belong to Q. If H is a subgroup of G, write [H] for the
family consisting of all the conjugates of H.

Let Q be a family of subgroups of G. Write NilZ*[Q](X) for the subgroup of
Nilg(X) consisting of pairs [Y, f], where Y is obtained by attaching cells of types
{H;};c1, where H;e Q for each ie [ (I is an index set).

Let Con(G) denote the set of conjugacy classes of subgroups of G. Then Con(G) is
a partially ordered set: (H) < (K) if there is g € G such that gHg~ ! < K.

The argument will follow the lines of the argument given in [24].

STEP 1. The map
Z: @ NilZ[H]X) - NilZ{X)

HeCon(G)

defined by
Z([Y(H), fH)]gcconw) = 2, [Y(H), f(H)]

HeCon(G)

is an isomorphism.
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Proof. Tt is obvious that Z is a group homomorphism.

(i) Z is injective: Assume that ([ Y(H), f(H)]gecons)) belongs to the kernel to Z. So,
LY, f1=Zrccon@l Y(H), f(H)] =0 in Nilf%(X). Let H; be maximal in Con(G) so
that [Y(H;), f(H;)]#0 in Nil§*[H;](X). Then [Y®), fH] =0 in NilgF[H,](XH)),
Also, if j: X" 5 X is the inclusion map, [Y(H,), f(H)]=j*[Y¥), fHE] =0,
Therefore ker(Z) = 0 and Z is an injection.

(i) Z is surjective: Let [Y, f] =y represent an element in Nil§(X) and let H;
be maximal in Con(G) such that Y — X contains type H;-cells. Then, with the
above notation, a(i) = j, [Y¥), f®)]e Nil§*[H;](X). Then the element y — a(i)
can be represented by an element [Y’, f"] so that Y’ is obtained from X by attach-
ing cells of a type smaller than H; or which are not compatible with H;.
Repeating this process, we get that the sum of the elements is of the form a(k). So
Z is surjective.

STEP 2. The map
BH: Nil®'[H ](X) - Nil®%, [e](XH)

given by BH[Y, {1 = [ Y, f¥] is an isomorphism.

Proof. We define the inverse of BH, B'H:Nilih[e](XH) - Nill[H](X).
Notice that the inclusion j:X#¥ - X induces a map j=:Nilk[e]}(X?) -
Nil¥u[HJ(X). Let [Y, f] represent an element of Nilju[e](X*H). Set [Y/, f'] =
J*[Y, f1. Y’ is obtained from X by attaching NH-cells of type H. The attach-
ing maps of these cells induce attaching maps for G-cells of type H. Let Y” be
the space obtained from X by attaching these cells. In a similar way, f” extends to
a G-map f”:Y" - Y”. Notice that T(f”) is G-homotopy equivalent to X x S§*
since T( f) is ([24], Satz II1.3). So, [Y”, /"] represents an element in Nil§[H(X).
Define BH[Y, f1=1[Y", f"]. B'H is the inverse of BH.

STEP 3. We construct a map FG: NilgF[¢](X) —» NilZHEG x X). Let [Y, f ] represent
an element in NilE*[H](X). Then (Y, X) is a relative G-complex which is relative
free. In [26], a construction is given of a relative G-complex (Y', EG x X) so that Y’
is G-homotopy equivalent rel(EG x X) to EG x Y and the number of equivariant
n-cells of (Y, X) (this number can be o0) is equal to the number of equivariant n-cells of
(Y, EG x X). Let f': Y — Y’ be the map given by the composition:

Y-S EGx Y YL ke x YDy,

where a and b are G-homotopy inverses. Then [Y', f'] represents an element in
Nil{*(EG x X). The map FG defined above is an isomorphism whose inverse is induced
by the projection p: EG x X — X.

STEP 4. Let X be a free G-space, then the map c: Nilg(X) — Nil(X/G) by c[Y, ] =
LY/G, f/G] is an isomorphism.
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Proof. The inverse of ¢ is given by pull back. Let [Z, k] represent an element of
Nil(X/G). Then some power of k is homotopic relX to a retraction r: Z — X/G.
Define Y by the pull-back

Y 5 X
Z L X/G
Also k can be lifted to a G-map f: Y. Then (Y, f) is an object of nilg(X). Define

¢’: Nil(X/G) - NilgH(X) by ¢'[Z, k] = [Y, f]. This is a well-defined group homomor-
phism which is a two-sided inverse of ¢. So ¢ is an isomorphism.
PROPOSITION 5.1. There is an isomorphism

NilFH(X) — D Nil(EWH xyy XH)

)

and it restricts to isomorphisms

Nil(X) > @ Nil(EWH xwy XF), EEIG(X) - @ KO(EWH xwn X ),

:)) 7))
where (H) ranges over the conjugacy classes of subgroups of G.
Combining Propositions 4.9 and 5.1 we get

PROPOSITION 5.2. Let X be a G-space so that ny(C) is finitely presented for each
path component of X and for each subgroup H of G. Then, there are isomorphisms
@) e:Nilg(X)» @ @  Nil(Zay,(EWH(C) Xwnie O));

(H) Ceno(XH/WH)

(i) &NilgX)> @ @  NilZn,(EWH(C) xwnec C))s

(H) Ceno(XH/WH)

(i) ¢ RE0 > D @  RolZm(EWHC) xwie O
(H) Ceno(XH/WH)

where (H) ranges over the conjugacy classes of subgroups of G and WH(C) is the
subgroup of WH which fixes the component C of X2

Proof. In [1], it is shown that 7,(E WH(C) xwg(, C) is a finite extension of 7, (C).
So 7(EWH(C) xwc C) is finitely presented and we can apply Propositions 4.9 and
5.1. Notice that the hypothesis of Proposition 5.2 is satisfied when X is a compact
G-ANR.

There is a similar isomorphism given in [24, 27, 34] for any G-space X:

a:Wh(X x ) > @ @  Wh(ny(EWH(C) xwic) C) x Z).
(H) Ceno(XH/WH)
In [37], for any group =, a split injection j': Ko(Zn) - Wh(n x Z) is defined called
the geometric injection. By combining the map j’ with the isomorphisms given
above, we obtain a split injection (X is as in Proposition 5.2):

j: KEe(X) > WhEH(X x SY).
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Geometrically, the injection j is given in [21, 12, 30, 2, 31, 33, 34, 40]. We repeat it
here for the reader’s convenience.

CONSTRUCTION 5.3.1. Let (Y,r) be an object of Kys(X). Then, Y is G-
finitely dominated relX. So there is a G-pair (K, X) and G-maps YL KLY
such that

(i) (K, X) is a finite relative G-complex,
(i) td ~gidy, relX.

Then, the map dt: K — K satisfies T(dt) ~; Y x S* rel(X x S') (by 1.9, 1.11, and
[34], §7, [31, 2, 40]). Define a G-homotopy equivalence w: T(df) - T(dt) as the
composition v(idy x pu, where u: T(e) > Y x S is a G-homotopy equivalence v
is a G-homotopy inverse, and u: S' — S! is given by u(s) = 1 — 5. Define j(Y,7r) =
(r x id),u,t(w), where r is a retraction such that f is G-homotopic to 1w, 1
the inclusion of X into Y. Notice that us=t(w) is just the relative finiteness obstruc-
tion of (Y, X), ie. j(Y,r) = (r x id), 04(Y, X). The proof that the map j corresponds to
the algebraically defined map is given in [37, 38]. This map is a group monomor-
phism onto the elements of WhE(X x S!) invariant under the transfer induced by
double cover of §t. ([12], §7 in the nonequivariant case, [34], Proposition 10.52 in
the equivariant case).

The splitting of j geometrically can be described as follows: Define a map
s: WhEH(X x S') - KE%(X) as the composition pa(+). In [2], the proof is given that
this corresponds to the algebraically defined splitting of j. Therefore Kbg(X) is a
direct summand of WhiH(X x S1).

LEMMA 5.3. R¥%(X) is isomorphic to a summand of WhEH(X x S') which is ortho-
gonal to the two summands isomorphic to Nilg(X).
Proof. Lemma 5.3 follows from the fact that the splitting of Nilg(X) and
WhEHX x S 1) is natural with respect to the injections j(+) and the projections g(+).
In summary, we state the following theorem.

THEOREM 1. Let X be a G-space so that n((C) is finitely presented for each path
component of X and for each subgroup H of G. Then there are isomorphisms

@) &Nlg(X)» @D @ Nil(Zn(EWH(C) Xwrc O)):

(H) Ceno(XH/WH)

i) e KeX)»@® D  KoZni(EWH(C) xwuc O)),

(H) Cemno(XH/WH)

such that

W(j(=)Pj(+) @) =EDeDe)

x [@ D  ((-)H O j(+)H,C)Dj(H, C))}

(H) Ceng(XH/WH)
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where o is the inverse of the isomorphism given in [34], and

J(£)H, C): Nil(Zn,(EWH(C) Xwc) C)) = Wh(r;(EWH(C) xwre)C) X Z),
J(H, C): Ko(Zm(EWH(C) xwio C)) > Wh(n (EWH(C) xwnc) C) * Z),

are the injections defined in [39] for the geometric splitting of Wh(— x Z).

6. The Bass—Heller—Swan Formula for Wh§*

In this section we compare the equivariant K-groups defined in the previous two
sections and the maps between them with the classical equivariant K-groups and the
maps which prove the Bass—Heller—Swan formula for the PL-equivariant Whitehead
group. We do not use the equivariant analogues of the maps given by Bass [4] but
rather the equivariant analogues of Ranicki [39], §10. In this section, X will always
be a compact G-ANR. The formula we want to prove is:

THEOREM 2. If X is a compact G-ANR, and G acts trivially on S*, then the map
(i Jo J(+), J(—)): WhiH(X) ® KE5(X) @ Nilg(X) @ Nilg(X) - WhgH(X x S*)
is an isomorphism, where i, is the map induced by the inclusion i: X - X x S*.

In Section 3, the proof that K5%(X) and Nilg(X)® Nilg(X) inject to direct
summands of Wh¥(X x S!) is given. It remains to be studied how WhE“(X) injects
as a direct summand of WhEH(X x S!) whose intersection with the other summands
is {0}.

There is a natural map i,: Whi«(X) > WhgH(X x S?), induced by the inclusion
it X > X xS, i(x) = (x,0).

LEMMA 6.1. The map q(—)i,: WhE-(X) -» WhE{X x §') - Nilg(X) is the zero map.

Proof. Let (K, X) be a finite relative G-complex and f: K — X be a strong G-
deformation retraction from K to X, representing an element of WhE“(X). Then
i(K, X) is given by

fuid:K'= Kuy(X x §) - X x St

The infinite cyclic cover of K Uy (X x S')is K" = (K x Z)Ux,z(X x R),and f uid
lifts to a proper G-deformation retraction, f' ={(fx idz)uUidy.r: K" = X x R.
A neighborhood of the negative end of K” is L = (K X Z7 ) Uy, z-(X X (—o0,0]),
where Z " is the set of nonpositive integers. Then, K'(—) = L/~ where (x, n) = (x, 0)
for each (x,n) € X x Z~, and the map f x idz-: K'(—) — X, is a strong G-deforma-
tion retraction. Notice that g(—)i (K, X) = p([K'(—), f'(—)]), where f’'(—) is in-
duced by the translation and so [K'(—), f/(—)] =0 in Nilg(X) since K'(—) is
G-homotopy equivalent to a finite G-complex, namely X, and f'(—) is G-homotopic
to a retraction to X, since K'(—) strong G-deformation retracts to X. So g(—)i, = 0.

Similarly, there is the following result.
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COROLLARY 6.2. The maps q(+)i,: WhE(X)— WhiH(X x §1) - Nilg(X) and
si,: WhiEH(X) - WhE(X x §1) - K5%(X) are the zero maps.

We must prove that i,: WhE(X) > WhEX(X x §?) is a split monomorphism so
that Wh¥“(X) is a direct summand of Wh¥(X x S1).

LEMMA 6.3. i,: Whi(X) - WhE(X x S')is a split monomorphism and WhE-(X) is
isomorphic to a direct summand of WhE“(X x S') whose intersection with the
summand isomorphic to K3%(X) @ Nilg(X) @ Nilg(X) is {0}.

Proof. Define a map

k= pu(1 —js — j(—)a(—)—j(+)a(+)): Wh"(X x §*) > Whg"(X),

where p,.: WhiH(X x S') > WhE(X) is the natural map induced by the projection p:
X x S' — X. Then k is the left inverse of i,.

If  is a group, iy,: Wh(n) > Wh(n x Z) is the map induced by the natural group
inclusion i": mw — 7 x Z.

LEMMA 6.4. The following diagram commutes:

WhEX) —2 @ @ Whm(EWH(C) XwieoC))

(H) Ceno(XH/WH)

i ® @D iHCo).

(H) Ceno(XH/WH)

WhEX x SH) -5 @ @D | Whim(EWHC) xwueC) x Z),

(H) Ceno(XH/WH)

where ¢’ and o' are the isomorphisms given in [34].
Now we have all the machinery to prove Theorem 2.
Proof of Theorem 2. The homomorphism
i, ®j® j(—)® j(+): WhE(X) ® RE:(X) ® Nilg(X) @ Nilg(X)
- Whi(X x §?)
is such that

o«(i, @@ j(—) D j(+))
(H) Ceno(XH/WH)

=(s’®e(—)@e(+)@e’)[@ ® (i H C)Dj'(H,C)D

J(=)H,C)® j'(+)(H, C)):'-

But the fundamental theorem of algebraic K-theory ([5]) asserts that for each H and
for each C,iL(H,C)® j'(H,C)® j(—)H,C)® j(+)(H, C)) is an isomorphism. By
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Theorem 1 and [34], the maps o', &' D e(—) D e(+) D ¢’ are isomorphisms. So the
map i, @ j®@ j(—) ® j(+) is an isomorphism, with inverse given by

(k, s, q(—), q(+)): WhEHX x S1) » WhH(X) ® KEs(X) @ Nilg(X) @ Nilg(X).

In [8,46,41] a Whitehead group is defined for a compact G-ANR X using
isovariance whenever equivariance occurs (a G-map between G-spaces is called
isovariant if it preserves the isotropy groups). The resulting Whitehead group is
denoted by Wh¥15°(X). Then, the splitting of Wh¥-5°(X) is given by

y: WhE-o(X) - @ ® Wh(n (EWH(C) Xwuc; C)),
(H) Ceno(XH/WH)
where H varies over the conjugacy classes of the isotropy subgroups of G.

The same observations apply for Nil§(X). By replacing the equivariant maps in
the definition of Nilf(X) by isovariant and we get NilZ="°(X). The isomorphisms
@), (i), (iii) in Theorem 1 remain valid for the ISO-groups if H ranges over the
conjugacy classes of the isotropy subgroups of G. In particular, we get:

LEMMA 6.5. If X is a compact G-ANR, and G acts trivially on S*, then
Wh-SO(X x §') & WhE-50(X) @ KEE"°(X) © Nil§O(X) © Nil§(X).

In what follows, by a G-manifold we mean a locally linear G-manifold, except if
otherwise stated. Let M be a G-manifold. A G-h-cobordism, (W; M, M’), is a
G-manifold, W with boundary 6W = M IL M’, the disjoint union of M and M’, such
that the inclusion maps i: M — W, and i': M — W are proper equivariant homotopy
equivalences.

DEFINITION 6.6. A G-manifolds has codimension >3 gaps if each inclusion
M§ — MY, of components of fixed-point sets of M under G > K = H is either the
identity or has codimension at least 3.

For a finite G-complex X define Wh~?(X) to be the subgroup of Whi(X)
generated by pairs (Y, X) such that Y — Y # = @, whenever X2 — X728 = . It
turns out [46] that Wh¥“?(M) is a summand of Whi(M). Also, if M is a compact
G-manifold with codimension >3 gaps, Whi?(M) is isomorphic to WhE50(a1).

COROLLARY 6.7. If M is a compact G-manifold with codimension =3 gaps and G
acts trivially on S, then

WhE(M x §') ~ Whi?(M) @ K Ex?(M) ® Nilg(M) @ Nilg(M).

7. The Bass—Heller—Swan Formula for Wh™®

In this section, we complete the proof of the Bass—Heller—Swan formula for the
equivariant topological Whitehead group.

If X is a locally compact G-ANR, the topological equivariant Whitehead group,
WhEP(X), of X was defined by M. Steinberger and J. West [47, 46] as follows:
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Let D(X) be the set of all pairs (Y, X) where Y is a locally compact G-ANR and X is
a proper strong G-deformation retract of Y. An equivalence relation is defined on
D(X): (Y,X)~ (Y, X) if there is a locally compact G-ANR, Z, and G-CE maps
rnZ—Y, r:Z—Y such that fr ~; f'r'relX where f:Y—> X and f": Y — X are
strong G-deformation retractions. The elements of WhX°P(X) are equivalence classes
of objects of D(X). The operation on Wh{*?(X) is induced by push-outs.

In [46], the connection is given of the topological and the PL Whitehead group of
a locally compact G-ANR X which is G-dominated by a finite-dimensional G-
complex in a 5-term exact sequence

WhEE(X), -L> WhiEH(x) - WhiPP(xX) -5 RES(X), L RES(X). )

The group WhEF(X), is the controlled Whitehead group [497]. The group K5&(X), is
the subgroup of Whi(X x §1), consisting of elements which are invariant under the
transfer map induced by the finite covers of S*. The maps f and y are ‘forget control’
maps, the map ¢ is forget cell-structure’. If (Y, X) represents an element of Wh*?(X),
then v(Y, X)) is defined to be the controlled relative propriety obstruction of the pair
(Y, X), i.e. the obstruction that (Y, X) is a properly controlled G-homotopy equival-
ent relX to a relative G-CW pair [46].

In [46], Chapter 10, Bass—Heller—Swan formulas are given for the controlled
groups: If X is a finite G-complex and G acts trivially on S* then

WhE (X x §*). » Wh§(X). ® Kge(X)., @
RG6(X x $1). ~ KGe(X). ® K™6(X)., 3)
where K% 6(X), is the subgroup of the transfer invariant elements of K55(X x S1),.
It is observed in [46] that the above isomorphisms are natural with respect to ‘forget

control’. This observation together with the equivariant version of the work of L. C.
Siebenmann [42] gives an exact sequence for any compact G-ANR X:

RIL(x), L5 REL(X) &5 WhiIP(X x R) 5> K™ 6(X), 5 KPL6(X). (4)

From now on, X will denote a compact G-ANR. Using the information provid-
ed by the above exact sequences, we study the direct sum decomposition of
WhiP(X x S1). First of all, notice that there is an exact sequence

WhEEX x S1). L5 WhEHX x §1) —25, whie(x x S1)
2 REE(X x §1), L5 RES(X x S1), 5)
We start with the summands corresponding to the Nil-groups. Let

j(£): Nilg(X) - WhEH(X x S?) be the injections constructed in Section 2.

LEMMA 7.1. Im(j(+)) nIm(f") = {0}.
Proof. We prove the lemma for j(+). The proof for j(—) is similar. From (2),
Im(f") = WhEH(X) @ KEs(X). Alsp Im(j(+)) n (Whe(X) ® KFe(X)) = {0}.
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COROLLARY 7.2. The restriction of ¢” to Im(j(+)) ® Im(j(—)) is a monomor-
phism.
Proof. This follows from Lemma 7.1 and the exact sequence (5).

Corollary 7.2 states that the map ¢”(j(+)®j(—)): Nilg(X) ® Nilg(X) - WhEFP(X x
S1) is injective.

Notice that there is a natural map 1: Wh{?(X) - Wh?(X x S!) induced by the
inclusion i: X — X x S'. This map is injective (the projection X x S' — X induces a
left inverse for 1).

Let tr(n): WhiF(X x S') > WhEX(X x §?) be the transfer map induced by the nth
cover of S* (the cover corresponding to the subgroup nZ of Z).

LEMMA 7.3. If x e Wh-(X), then tr(n)i,(x) = ni (x).

Proof. We will prove the lemma for n = 2. The general case follows similarly. Let
x be represented by a strong G-deformation retraction k: K — X where K is a finite
G-complex. Then i,(x) is represented by the strong G-deformation retraction
k' =kuid: K’ = Kux(X x $1)— X x S'. The double transfer of k' is k”": K" —
X x S* where K” = (K Ux(X x S1!)) UuxK and identify x with (x, 0) in the first union
and x with (x, %) in the second union for all x e X. The map k" = kuid Uk. It is
obvious that

(K", X x S =(K', X x 1)+ (K', X x §%) = 2i(»).

LEMMA 74. Let xeNilg(X). Then, there is a positive integer n such that
tr(n)(j(+)(x)) = O. Similarly, there is a negative integer n' such that tr(n’)(j(—)(x)) =
0.

Proof. Let (Y, f) represent the element x of Nilg(X) so that Y is a finite G-
complex. The j(+)(x) = (T(f), X x S*'). For each positive number, k tr(k)(j(+)(x)) =
(T(f%),X x S*) (For the proof of this fact for k = 2, see [12], Lemma 8.1. The
general case follows similarly). But there is a positive number n so that f" is G-
homotopic relX to a retraction of Y into X. For this number #n, tr(n)(j(+)(x)) =
(T(f™,X x SH=0.

For j(—), notice that for each integer k, tr{k)(j(—)(x)) = tr(—k)(j(+)(x)). So, this
case follows from the previous observations.

There is also transfer maps on Wh{**(X x S!). We denote these maps by t(n).

COROLLARY 7.5. (a) If x € Wh{PP(X), then t(n)i(x) = nix).
(b) If x e Nilg(X), then there is a positive integer n such that t(n)(¢"j(+)(x)) = 0.
(©) If x € Nilg(X), then there is a negative integer n' such that t(n’)(¢"j(—)(x)) = 0.
Proof. The proof is exactly as in the PL case. Alternatively, the result is obvious
from the fact that the maps in the exact sequence (5) commute with the transfer
maps.
Let e:R — S* be the universal cover of S*. This defines a map tr: WhP(X x
S > WhEP(X x R). More precisely, let x e Whi*®(X x S') be represented be a



432 STRATOS PRASSIDIS

strong G-deformation retraction f: Y — X x S!, where Y is a compact G-ANR.
Form the pull back

Y—fy X xR

ool

YL x x st
Then f is a proper strong G-deformation retraction. Define tr(x) = (¥, X x R). This

is a well-defined homomorphism.
There is a commutative diagram

0 0 0 0 0

I I | l !

WhE(X). L WhiH0) @ N L2 whiron @ N 220 ReLx), - RE(X)

| 1 | o

WhEE(X x §1), L5 WhEL(X x §1) 25 WhIPP(X x §1) 5 REL(X x §1), 25 REL(X x SY)

4 y o

REE(X), ——— RBE(X) —2 WhEP(X x R) = KP4 (X)L K™ 4(X)
0 0 0 0 0
Here

N = Nilg(X) @ Nilg(X),
i=i, ®j(+)® j(—): WhE(X)® N - WhE (X x S
and
1=1®¢"j(+)® ¢"j(—): WheP(X) ® N > Wh®(X x S1).

In the above diagram, the first and the fourth columns are split short exact sequences
given by the isomorphisms (2) and (3), and the second column is the split exact
sequence which proves the Bass-Heller-Swan formula for WhE. The fifth column is
such that i, is a split monomorphism, s, is a split epimorphism, syi, = 0. The maps ig
and s, are defined similarly to i, and s. In the third column, we know that y is a
monomorphism. To complete the proof of the Bass—Heller-Swan formula for the
equivariant topological Whitehead group, we have to prove that the third column is
a split short exact sequence. We have already proved that y is a monomorphism.

CLAIM. Ker(tr) = Im(y).
Proof. Let

x € Ker(tr) = tr(x) = 0= v/(tr(x)} = 0 = 5,(v"(x)) = 0 = v"(x) € Ker(s.) = Im(,),
so there is a € K§%(X), such that v'(x) = i(a).

0 = y"(v"(x)) = ¥"(ic(a)) = io(P(a)).
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Since iy is a monomorphism, () = 0. This means a € Ker(y) = Im(v © 0) and there
is b e Whg"(X) such that v(b) = a.

v (b)) = i (v(b)) = ifa) = v'(x), ie. x — 1(b) € Ker(v"") = Im(¢").
Therefore, there is a’ € Wh§(X x S') such that x — 1(b) = ¢"(a’).
¢'(s(a")) = tr(¢"(a')) = tr(x) — tr(1(x)) = 0 = s(a’) € Ker(¢) = Im(f")

and there is b’ € K55(X). such that s(a’) = f'(b’). Since s, is an epimorphism, there is
a” € WhEH(X x §1), such that

s(@’) = f'(s1(a”)) = s(f"(@"))=a’ — f"(a") € Ker(s) = Im(j)
and there is c e WhE(X) @© N such that a’ — f”(a”) = i(c).
We now compute x(b + (¢ @ id)(c):
2(b + (¢ D id)(c)) = x(b) + x(¢ Did)(c) =1(b) + ¢"(i(c))
=x—¢"(d)+ ¢"a' - f"(a")) = x.
This means that x € Im(y).

CLAIM 2. Im(y) = Ker(tr).
Proof. We will show that try = 0. Let x e Wh™®(X) @ N. Then

vitry(x) = s v(x) = 0=try(x) e Kerv' = Im ¢’

and there is a € Kb5(X) such that try(x) = ¢'(a). Notice that s is an isomorphism
from the transfer invariant elements of WhEHX x S*) to K5%(X). Therefore, there is
a transfer invariant element b € Whi-(X x S!) so that a = s(b). Then

try(x) = ¢'s(b) = tr¢"(b) = x(x) — ¢"(b) € Ker(tr) = Im(x)
and there is
ye Whe™(X)® N such that  x(x) — ¢"(b) = y(3) = x(x — y) = ¢"(B).

In other words, ¢"(b) is a transfer invariant element of Whg™(X x S') and belongs
to Im(y). By 7.5, ¢”(b) = 0. Therefore, try(x) = 0.
If x € N there is an easy geometric way of showing that try(x) = 0.

(i) Let x € Nilg(X) be represented by a pair (Y, f) where Y is a finite G-complex
and f: Y > Y is a map which is the identity on X and there is ne N such that
S ~gir, where it X — Y is the inclusion map and r: Y— X is a retraction. Then

A1) = j(+)x) = (T(f), X x §*) and tr(x(x)) = (D(f), X x R).
There is a sequence of G-CE equivalences rel(X x R):
D(f) ~ D(f™ ~ D(ir) ~ D(ri) = X x R,

These G-CE equivalences are the infinite cyclic covers of the G-CE equivalences
constructed in 1.9 and 1.11. This shows that tr(y(x)) = 0.
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(i) If x, (Y, f) are as before and y(x) = j(—)(x), then tr(y(x)) is represented by the
telescope of f with the ends réversed. So, the argument in (ii) applies and we have

tr(x(x)) = 0.
CLAIM 3. The map tr: Whg™(X x S') - Wh(X x R) is a split epimorphism.
Before we give the proof of Claim 3, we need the following

ASSERTION. Let ye Whe™(X x SY). Assume that v'(y) is a transfer invariant
element of KE5(X x S1).. Then, there is an element z e Whi®(X x S1) such that y' is
invariant under t(2) the double transfer map and v"(z) = v"( y).

Proof of the Assertion. We assume that y is not invariant under ¢(2). Write
¥ =tQ2)y). Then, since v”(y) is transfer invariant, v'(y)=v(y)=y—)'e
Ker(v”) = Im(¢”) and there is a € WhEH(X x S!) such that y — y’ = ¢"(a). Notice
that

tr(y) =tr(y') =y — y' € Ker(tr) = Im(y) =
there is ' € Whe™(X) @ N such that y — y' = (@)

0 =v"(y) —v"(y) =V'(x(@)) = i((v ® 0)(a"))
and i, is a monomorphism. So

(v®0)a') =0=0a"eKer(v®0) = Im(¢ ®id) =

there is b € WhEX(X) © N such that (¢ D id)(b) = a".

Also, ¢"(i(b)) = x((¢ @ id)}(b)) = x(@’) = y — y'. The element b has three com-
ponents b = (k,n.,n_). Then from 7.5, tr(m)(i(h)) = mi(k) + tr(m)(j(+)(n)) for
some negative integer m. So we can assume that the element y we started with has
the property that y — y' = ¢"(i(h)) and b = (k, n.., 0). This can be done by replacing
y with t(m)(y). Under these assumptions set

2=y + 2¢"i (k) — t2)P"j(+)n+)) — LM j(+)n+)) — -
— t(2°)(@"j(+)m+)),
where p is a positive number such that (22 **)(j(+)(n+)) = 0. Then
t(2)(z) = t2)(y') + 49" i, (k) — t(A)(P"j(+)n+)) — tB)Pj(+)n ) — -
—t(2P)@"j(+)n ).
But
y—y =@ (k) + ¢"(j(+)n+)) = t2)(y) = t2)(y) — 20" (i, (k) —
— t@J(+)m))

From this it follows that £(2)(z) = z. Notice that v'(z) = v"(y’) = v"(y). This com-
pletes the proof of the assertion.
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Proof of Claim 3. Let il: KP4 4(X), = K5%(X x S1), be the right inverse of 5, and if:
K™ o(X) = K¥5(X x S!) be the right inverse of so. The images of these maps are the
transfer invariant elements of the corresponding groups and the maps are natural
with respect to ‘forget control’ (see the appendix and [46], §10). Let x € Whg*(X x
R). Then,

YV (x) =0=igh'v(x) = 0=y"iv'(x) = 0 =iv'(x) e Ker(y”) = Im(v") =

there is ye WhiP(X x §') such that v'(y)=i,v'(x). Since iv'(x) is transfer
invariant, we can choose y to be variant under double transfers using the
assertion. Choose ye WhFP(X x S') invariant under double transfers such that
v'(y) = iv'(x). Notice

Vr(y) = sv"(y) = sdpv'(x) = vi(x) = tr(y) — x e Ker(v') = Im(¢') =

there is be K5x(X) such that tr(y) — x = ¢'(h). Define a map j': Whi®(X x R) —
WhIP(X x S by j(x)=y— ¢"j(b) with y and b as above and j: K}s(X)—
WhEH(X x §?) is the right inverse of s discussed in Section 2.

(i) j' is well defined. Let y' be another invariant under double transfers element
of WhE®(X x S') such that v'(y) = v'(y') = iv'(x) and b’ € K}%(X) be such that
tr(y') — x = ¢/(b'). Then,

V(y) =V'(y)=y — ¥y eKer(v") = Im(¢")
and there is a e WhiH(X x S') such that y — y' = ¢ (a).

x = tr(y) — ¢'(b) = tr(y') — $'(t') = tr(y — y') = ¢'(b" — b).
But, tr(y — y') = tr¢"(a) = ¢'s(a). ¢'s(a) = ¢'(b’ — b) and there is ae K55(X), such
that f'(a) + s(a) = b’ — b. Then,

y—¢"j(b) — y' + ¢"j(b)) = ¢"(a) + ¢"jf (@) + ¢"js(a).
But, jf'(®) = ¢"j\s\do2(1)(®), where j;: KG&(X), > Whi«(X x S'), is the right inverse
of the projection s, and

y—¢"jb) — ¥ + ¢"j(b') = ¢"(a) + ¢"js(a).
Case 1. If a is a transfer invariant element of Whi(X x S'), then there is a’ € K5x(X)
such that a = j(a'), and js(a) = jsj(a’) = j(a’) = a. In this case

y—¢"j(b) =y + ¢"j(b’) = 0.
Case 2. If a is not transfer invariant, then there is a”’ € WhH(X) @ N such that
a=i(a"). Then ¢"(b)= ¢"i(a")=x(¢p Pid)}a”")=y — y. But, y — y' is invariant

under double transfers. By 7.5, the only invariant under double transfer element in
Im(y) is 0. So,

2P Did)(a”) = 0=(¢ ®id)(a") = 0=
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there is o’ € Whi(X), such that f(a) = a”. Then,

¢"(a) = ¢"i(a") = x(¢ D id)a") = x(¢ Did)f(e) = 0.
Also,
¢"js(a) = ¢"jsi(@") =0 and y—¢"j(b) —y' + ¢"j(b)) = 0.
This proves that j'(x) is independent of the choices of y and b.
(i1) j' is a group homomorphism: This is obvious from (i).

(iii) j/ is a right inverse of tr: If xe Wh§E*®(X x R), then j'(x) = y — ¢”j(b), where
ye Whi®(X x S1!)is a double transfer invariant element such that v"( y) = i’v'(x) and
b e KE%(X) such that tr(y) — x = ¢'(b). Then

trj’(x) = tr(y) — trg”"j(b) = x + ¢'(b) — ¢'sj(b) = x.

(iv) j' is an isomorphism onto the group of the transfer invariant elements of
Whi*P(X x S1): If ye WhI®®(X x S') is transfer invariant, then we compute j'tr(y).
Notice that

Vitr(y) = sv"(y) = iv'te(y) = icsoy”(y) = v'(y) and  tr(y) = tr(y) + 0.

We can choose b =0 in the definition of j'tr(y). This proves that j'tr(y) = y.
Therefore, the map j' from the transfer invariant elements of Whi*(X x S') to
Whi*P(X x R) is an isomorphism.

This completes the proof of the assertion that the third column in the above
commutative diagram is split short exact. By (iv) above, we can identify WheP(X x
R) with the transfer invariant elements of Wh*P(X x S'). This completes the proof
of the main theorem.

For a locally compact G-ANR X, define Wh{*®#(X) to be the subgroup of
WhEP(X) generated by pairs (Y, X) such that Y¥ — Y;# = @) whenever X¥ —
X% = . It turns out (see [46]) that WhE°P*(X) is a summand of WhE~(X). Then,
using the main theorem, we get

COROLLARY 7.6. If X is a compact G-ANR and G acts trivially on S*, then
WhEP2(X x S1) & WhEP?(X) @ K§P*(X) @ Nilg(X) @ Nil%(X).

In what follows, by a G-manifold we mean a locally linear G-manifold. Let M be a
G-manifold. A G-h-cobordism, (W; M, M’), is a G-manifold W with boundary
OW = M u M’, the disjoint union of M and M’, such that the inclusion maps i: M —
W, and i": M” — W are proper equivariant homotopy equivalences.

The connection of Whi°P?(M), for a G-manifold M, with the geometry is given by
the equivariant G-h-cobordism theorem. We call two G-h-cobordisms, (W; M, N) and
(W’; M, N') equivalent if there is a G-homeomorphism F: W — W’ which is the
identity on M.
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EQUIVARIANT G-h-COBORDISM THEOREM [46]. Let M be a compact
smooth G-manifold and M has codimension >3 gaps, and such that all the fixed
points of M have dimensions >5. Then, there is a bijection set of the equivalence
classes of G-h-cobordisms over M and elements of Wh{FP?(M) in such a way that
the trivial G-h-cobordism (M x I; M, M) corresponds to the zero element of
Whiee-?(M).

In [46], WhP™O(X) is defined for any locally compact G-ANR X, The definition
of this group is given by using isovariance whenever equivariance occurs. Then
WherS0(X) &~ Whi*™*(X). So

COROLLARY 7.7. If X is a compact G-ANR, and G acts trivially on S* then
WhEPO(X x S1) &~ WhirrS0(X) @ Kotk *°(X) @ Nil§O(X) © Nilgo(X).

Appendix: Equivariant Wrapping-up

We give an equivariant version of ‘wrapping up’ over S* for Hilbert cube manifolds.
This construction can be used as an alternative definition of the split monomorphism
7' WhiP(X x R) - WhiP(X x §1).

In the nonequivariant case, this method was developed in [44], Chapter 5, and in
[137], Chapter 4, for topological finite-dimensional manifolds, and in [15], §4, for
Hilbert cube manifolds. The input for this process is a proper homotopy equivalence,
f:M — X xR, from a finite-dimensional manifold (or Hilbert cube manifold) M to
X x R, where X is a finite CW-complex (or a compact ANR) and the output is a
homotopy equivalence f’: M’ - X x S* whose infinite cyclic cover is f. It turns out
that the element of Wh(n,(X) x Z) determined by f’ is invariant under the transfer
maps induced by the double covers of S'.

In [50], there is an extension of the methods in [14] in the equivariant case.
We use this work to extend the ‘wrapping up’ in [15], §4, to the equivariant
case. We start with a proper G-homotopy equivalence f: M - X x R, from an
equivariant Hilbert cube manifold M to X x R, where X is a compact G-ANR,
and we produce a G-homotopy equivalence f': M’ — X x S! whose infinite cyclic
cover is f.

The main reason that we use infinite-dimensional manifolds is the engulfing
arguments. Engulfing arguments are simpler in the infinite-dimensional case because
we do not really need any codimension conditions. Engulfing arguments in the
finite-dimensional case have been developed by Steinberger and West [48] and most
probably a variation of these arguments will be enough for the case under con-
sideration. Once the engulfing arguments have been established, the rest of the
construction works in the finite-dimensional case.

We start with the definitions needed in this chapter. Let {G] =n and let I" =
{(x1, X2, ..., X,) e R*/—1 < x; < 1} be the unit hypercube of the regular real represen-
tation of G.
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DEFINITION A.l. (1) A G-map f: A — B between G-spaces is called a near
homeomorphism if for each open G-cover o of A there is a G-homeomorphism
f': B— A which is a-close to f.

(2) The G-Hilbert cube Qg is the countable product of I",

QG = H If:
i=0

where each I = I™.

(3) A Qg-manifold M is a separable metric G-space, all of whose orbits have
neighborhoods which are G-homeomorphic to open subspaces of Qg.

In [50], it is observed that the results for Hilbert cube manifolds in [14], which do
not use the topological invariance of the Whitehead torsion, can be generalized in
the equivariant case.

(A.2) (Equivariant Edwards’ Theorem). A G-space X is a G-ANR if and only if
X x Qg is a Qg-manifold.

(A.3) (a-Approximation Theorem for Qs-manifolds). Let o be an open cover of the
Qg-manifold M. Then, there is an open G-cover B such that if f: N ->M is a G-f-
homotopy equivalence from a Qg-manifold N, then f is a-close to a G-homeomorphism.

Notes: (i) In particular, if the map f in (A.3) is a G-CE map, then f is a near
G-homeomorphism ([46], Proposition 4.5).

(ii) In [48], the a-approximation theorem is proved for finite-dimensional locally
linear G-manifolds.

(Ad) If M is a Qg-manifold, then M x Qg ~g M. Moreover, the projection map
p: M x Qg — M is a near G-homeomorphism.

Note: In particular, M x I" ~; M and the projection map is a near G-homeomor-
phism.

DEFINITION A.5. (1) Let X be a G-space. A closed G-subset A of X is called a
G-Z-set if for any open G-cover o of X, there is a G-map of X into X — A which is
a-close to the identity ([14] §3, for the nonequivariant analogue).

(2) A G-Z-embedding f: A — X is a proper G-embedding such that f(A4) is a
G-Z-set in X.

The basic properties of Z-sets in Hilbert cube manifolds can be generalized in the
equivariant case [50].

(A.6) (G-Z-embedding Approximation Theorem). Let (4, A") be a pair so that Ais a
locally compact G-space and A’ is a closed G-subset of A. Let M be a Qg-manifold and
let f: A— M be a proper G-map such that |4 is a G-Z-embedding. Then, for each
open G-cover o of M, there is an o G-homotopy from f to a G-Z-embeddingsf': A - M

so that 4o =fla-
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(A.7) (G-Z-set Unknotting Theorem) ([46] Theorem 4.3, [50]). Let M be a Q¢
manifold and let A be a G-ANR. Then any two properly G-homotopic G-Z-embeddings
of Ain M are ambiently G-isotopic.

Note: If the G-homotopy between the two G-Z-embeddings in (A.5) is «-homo-
topy, then the ambient isotopy can be chosen to be a-isotopy ([14], Theorem 19.4).

We start with an equivariant engulfing result for Qg-manifolds.

Notation: (i) Ifa: A > B x R s a continuous map between topological spaces, K is
a subset of A, and C is a subset of R, write K¢ for K na™}(B x C).

(ii) In what follows, M is a Qs-manifold and X is a compact G-ANR and the
group G acts trivially on R or on S*.

LEMMA A9. Let f: M - X x R be a proper G-homotopy equivalence. Then, there is
a G-isotopy, h;: M — M, with compact support, from the identity on M such that

hyf " HX x (—00,0)) > fHX x (— o0, 1]).

Proof. Using the note following (A.4), the projection map pr: M x ["—> M is a
near G-homeomorphism, i.e. there is a G-homeomorphism k: M x I" — M which is
close to the projection, which induces a proper G-homotopy equivalence f' =
fk:M x I"> X x R. Let d be a G-homotopy inverse of ', fi: M x I" > M x I" be
a proper G-homotopy from the identity on M x [" to df’, and d;: X x R—->X xR
be a proper G-homotopy from the identity on X x R to f’d. Fix a number
aeR, such that M x I{_, ;> fd(M x I");5) and X x (—o0,a) > d(X x {1.5}),
for all 0 <t < 1. Notice that the main diagonal (L) in I", consisting of the points
whose coordinates are all equal, is fixed pointwise under the action of G. Let 4 =
(1L, 1,...,)e(l),and B=(—1, —1,..., —1)e(L).

The first step of the proof is to construct a G-isotopy, u,: M x I" - M x I”", with
compact support, from the identity on M x I” such that

ur(M X I")—,0) @ (M X {A}) 0.0+ 11 1)

To construct u, we apply the G-Z-set unknotting theorem as follows:

(i) The inclusion map i: M x {4} > M x I" is a G-Z-embedding.

(if) Choose a G-homotopy ¢,: X x R — X x R from the identity on X x R, with
compact support, such that X x (—o0,0) = ¢,(X X (— o0, a + 1]). Define a G-map
1M x {4} > M x [0,1] as the composition dq;( f’|s «()- Then, there is a G-homo-
topy with compact support from the inclusion map to 1 and M x I}, ) 2
(M % {4})(—0.a+17- The map i can be approximated by a G-Z-embedding
i""M x {A} > M x I". Then, i’ is still G-homotopic to i and it can be chosen to
satisfy (M X I")—w,0) 2 iI'(M X {A})(=0,a+11)-

Two G-homotopic G-Z-embeddings have been constructed from M x {4} to
M x I". By the G-Z-unknotting theorem, there is a G-isotopy F,: M x I"-> M x I"
from the identity on M x I", such that F;i = i’". In particular

(M X I")(~,0) = F1((M x {A})(—oo,a+1])‘
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Also, there are real numbers b and ¢ so that the isotopy F, can be chosen with
compact support in (M x I")y ..

Set u, = F;'. This completes the first construction.

The second step is the construction of a G-isotopy, v,: M x I" - M x I", with
compact support in (M x I")_, ,, from the identity on M x I", such that

05 M X I, y) 2 (M X {BDp, +0)- 2

This isotopy is constructed as in the first step. The isotopy v, can be chosen to have
compact support in (M x I")_,, .. By continuity, there is a G-neighborhood U of
M x {B} in M x I" such that

07 MM X 1™, 100) 2 Upp, 400 3

The third step is the construction of a G-isotopy w,: M x I" > M x I" with
compact support from the identity on M x I" such that

U, +o) Y (M x I+ 1, +e)) 2 Wit (M x In)[0,+oo))' “4)

The construction of w, will complete the proof of the theorem because h, = v,wu, is
a G-isotopy from the identity on M x I" with compact support and

hi((M X I")—5,00) 2 01(M — (Ugp, 400y U (M X I")a+1, +)))
= 01((M X I")—0,a+11 = Upp,4ax)) = 0:(M % I —0,a+11) — 01(U, +o0))-

Since v, has support in (M x I")_y,, 45

UM X I")—p,a41) = M X I{_ a7 and (M x "), +w0) 2 V1{(Upp, +a0)
by (3). Then

ha((M X I")(—,0)) 2 (M X I") o017 — (M X 1)1, o0y = (M X "), 11
Now, we give the construction of w,. There is a real number a' such that

(M X I™)(—,ay @ us(M x Ifg).
Choose a G-isotopy

a: (M x I")_ g a7 = (M % I")_1 o

from the identity on (M x I");_ sy such that Un(M x IT_; ,)) D a;(M X I")[- 1,4
This isotopy can be constructed by moving 4 on (L) towards B, and moving the sides
of I", which intersect in A4, parallel towards the sides of I" which intersect in B. In this
way, I" is isotoped to the sets

I"(s) = {(x1, %2, ..., x,) eERY/—1 < x; < s}, forallse(—1,1].

Define w, to be the extension of a, to M x I", such that w, is the identity in the
complement of (M x I");_, ,+13. Then, w, has compact support and satisfies (4).

Let M be as in Lemma A.9. Then M has two ends e(+) and e(—) corresponding to
the two ends of R.
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LEMMA A.10. There is a G-neighborhood U, of e(+) and a G-isotopy of open
embeddings hi: U, - M such that

() k¢ is the inclusion,
(i) hi fixes pointwise a smaller neighborhood of e(+),
(iii) h{ = h+ is a G-homeomorphism.

Proof. The proof of this lemma is essentially in [9], Lemma 2.7. Set g, = 0,
a; = —1. Let h}: M - M be a G-isotopy, with compact support, constructed as in
Lemma A.1 such that &, f "X x (—o0, —1)) o f X x (—00,0]). Let aj, be a real
positive number such that M, ., contains the support of 4;. Using Lemma A.9, we
can construct two sequences of real numbers, {a;};<, and {a}}{, such that

() ao,ay,aq are as above.
(ii) For each i > 1 there is a G-isotopy, hi: M — M, from the identity on M with
compact support in Mo, q; ) such that Bi(M, |, +w) @ M, 4o

Set

P = My, vo0), Ai = My, 6, 11 Wi=Myg, , +o) foriz1.
Define also a sequence of G-subsets of M as follows

Vo = My, +a»

Vi=Vioyuhihi k)~ YP) fori>1.
CLAIM 1. V,= W, foralliz= 1.

Proof. The proof is by induction on i: For i = 0, the claim is obvious from the
definition. Assume the claim is true for i — 1. Notice that

hllhll_l.h%(Wl) - WIUAl UAi o VVlUAl ] Pi'

This proves that V; < W,.
Set Uy = y; V; and define a G-isotopy h; : Uy - M as follows

_ k—1 &k
hllg(k+1)t—(k+1)(k—1)h,{ Y. hi(x) for te|: —:|

k k+1
hi () = and k > 1,
UM, e ki) forr=1.

CLAIM 2. h{ is well-defined.

Proof. Notice that if j > i, the restriction of hj to P, is the identity. This implies
that

hllhi(l/l) = VouPiU...Upl

and so the restriction of h{ to hi...h}(V;) is the identity for j > i. Therefore, if

te[_l ,1:| and xeV,,
i+1
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then hy (x) = ki ...hi(x). This completes the proof of the claim.
The isotopy h; satisfies Lemma A.10 because

(@) h¢ is the inclusion map,
(ll) h-; fixes M(—oo,a{))a
(iii) A7 is an injection and the image of kT is M. So h{ is a G-homeomorphism.

This completes the proof of Lemma A.10.
There is nothing special about e(+). The same proof applies for e(—).

COROLLARY A.1l. There is a G-neighborhood U_ of e(—) and a G-isotopy
hy : U_ - M such that

(i) hy is the inclusion,
(i) h; fixes pointwise a smaller neighborhood of e(—),
(i) h7 = h_ is a G-homeomorphism.

Remark. The proof of Lemma A.10 really proves that there are arbitrarily smail
G-neighborhoods of e(+ ) with the property satisfied by U, in Lemma A.10. This can
be done by choosing a,, a, large enough.

The above remark suggests that we can apply an equivariant version of the twist
gluing construction given in [44]. We can combine Siebenmann’s approach with the
ideas in Chapman’s wrapping up to construct a G-homotopy equivalence f': M’ —
X x S, where M’ is a compact Qg-manifold. The lifting of f* to the infinite cyclic
cover induced by the cover X x R ddxe,x x § ! where e is the universal cover of

St will be essentially f.

CONSTRUCTION. The input for the construction is a proper G-homotopy equiv-
alence f: M — X x R, where M is a Qs-manifold and X is a compact G-ANR. Then
M has two ends, e(+), corresponding to the two ends of R. Using Lemma A.10
and Corollary A.11, we can find G-neighborhoods U, of e(+) and G-isotopies
hf: U, > M which fixes smaller G-neighborhoods of e(+), respectively, from the
inclusion maps to G-homeomorphisms h.: U, - M. From the remark following
Corollary A.11, we can assume that U, nU_ = (). Define M(h,, h_)= M/~,
where ~ is the relation generated by x ~ h; *h_(x) for xe U_. Write ¢: M — M(h,,h.)
for the quotient map.

The next step in the construction is the definition of a G-map, f(hy, h-): M(h.,
h_) =X x S'. Choose a number a € R such that M_, , is fixed pointwise by h; .

LEMMA A.12. There is a G-isotopy through G-homeomorphisms h,: M - M such
that

(i) ho = idy;,
(i} h, has compact support,
(111) htlh; 1(M[a, +uo)) = h:— Ih; 1(M[a, +oo))‘



THE BASS-HELLER-SWAN FORMULA 443

Proof. We use the notation of Lemma A.10. Notice that there is an integer m > 1
such that hZ 1(M[a, +w)) © Vi Following the proof of Lemma A.10, we define

- k—1 &k
hllz(k+1)t—(k+1)(k—1)h’{ t ...h}(x) forte [—k“ m] and k <m

h(x) =

m
m 1 >
hl...hl(x) fort/m+1

It follows from the construction of &} that
h’tIVm = hHV,,,-
S0 b5 (Mg, +00)) = by |h3 (M, +x0)), and h, satisfies the requirements of Lemma A.3.

Choose a number b € R such that M, 5 = hi {(M(_,a) Let Y = by {(M(_, o)) —
M _,. o Define a G-map ¢(hy,h-): Y- X x [a,b] as follows

() If pg: X x R - R is the projection define
Pré(he, ho)l = f1: My,57 > [a,b] and  pré(hs, B )Y — My, 1) = b.
(i) Let px: X x R— X is the projection to X. Define a G-homotopy
o, hy (M{a} V(M) > X, = pxf on My, and o, = pxfh, on hy (M{a})

Notice that oy = pyf. Using the Homotopy Extension Theorem ([28]), we can
extend o, to a G-homotopy e,: Y — X. Define py¢(h., h-) = e;.

Notice that ¢(hy,h-)=f on My and pxP(hi, h_) = pxfh; on hfl(M{a}). In
particular,

px®(he, ho)(x) = px(hs, h-)(hi ' (x)).

Extend ¢(hy, h-) to a G-map ®(hy, h_): M - X x [a, b] as follows:

If x € M(—, 0, then h3Z'h_(x) = hiY(x) € Y. Define
D(hy, h-)(x) = Plh, ho)(h3 h-(x)).

If X €hi (Mg, 1)) then hZ'hi(x) € A2 (Mg, +)) © U- — M0, < Y. Define
D(hs, h-)(x) = (b, h_)(hZ" B (x)).

This is a well defined G-map and induces a G-map f(h4, h-): M(hy, h-) > X x
([La,b]/~) where ~ is generated by a ~ b. So we have constructed a G-map

flhe ho): M(hy, h) = X x SL.

We can construct f(hy, h-) to be the restriction of f in My, ., — M(a «)» Where
M(a w) = CI(U+)

Remark. Following T. A. Chapman, we define M’ = Y/~ where x ~ hy (x) for
X € My,. Then, the restriction of ®(h,, h_) to Y induces a G-map f": M’ - X x S
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CLAIM. There is a G-homeomorphism k: M' — M(h,., h_) such that f' = kf(h, h_).
Proof. The map k: M’ — M(h,, k) given by k(x) = x for all xeY is a G-homeo-
morphism ([9] Theorem 3.3). By definition, /" = kf(h., h_).

LEMMA A.13. The G-space M(h., h_) is a compact Qg-manifold.

Proof. Since M is a Qg-manifold by [44], Proposition 5.5, M(h,, h_) is a metric
space. Since M u {e(+),e(—)} is compact, the above proposition asserts that
Mihy, h_) is compact. Notice that in [25], Assertion 5, it is proved that for each
x €M’ there are G-neighborhoods N’ of x in M’ and N of M that are G-homeo-
morphic. In particular, this proves that M’ is a Qs-manifold. Using the Claim above,
we can see that M(h,, h_) is also a Q;-manifold.

LEMMA A.14. The map f(hy, h_): M(hy, h-) = X x S' is a G-homotopy equivalence.
Proof. The proof of [15], Lemma 4.1, generalizes to the equivariant setting and it
gives that f': M’ - X x S* is a G-homotopy equivalence.

Remarks. (i) In [13], chapter 7, it is proved that (M’, f’) does not depend on the
G-isotopy h, chosen above in the sense that if A; is an other G-isotopy as in Lemma
A3 and (M”, ") is constructed using A;, then there is a G-homeomorphism K: M’ —
M" such that Kf" ~; f".

(ii) The same proof gives that the construction is independent of a, b, and the
proper G-homotopy class of f.

(iii) Also, in [44], Theorem 5.2, it is proved that the above construction is
independent of the G-neighborhoods U, and the G-isomorphisms A..

(iv) If there is a G-CE map from a Qg-manifold N, c: N - M, then by A.2, ¢ can be
approximated by a G-homeomorphism. If we apply the above construction to the
composition fc: N - X x R, we get a compact Qs-manifold N’ and a G-homotopy
equivalence f”: N’ = X x S*. Then, by (iii), there is a G-homeomorphism L: N’ - M’
such that Lf' ~¢ f’.

(v) In [13], chapter 7, it is proved that (M’, ') is invariant under the transfers
induced by the finite covers of S*.

There is a natural infinite cyclic cover of M(h,,h-). Following [9], theorem
3.4, and [44], §5, we define M(hy,h-) = M x Z/~, where (x, k) ~ (h= h.(x) k + 1).
Write z: U, x Z — U_ x Z for the G-map 1(x, k) = (h='h,(x), k + 1). Using this, we
define a G-map t: M x Z > M x Z by t = (h- x 1)z(hi* x 1). The map ¢ induces a
G-homeomorphism T: M(hy, h-) — M(hy,h_-). The map T is given by T(x, k)=
(x,k + 1). Write 0: M x Z — M(h,,h_). There is a natural map i: M — M(h., h_)
given by i(x) = (x,0) for all xe M. Now we compare M with M(h,, h_) ([44]
Proposition 7.8). For this we need the following Lemma.

LEMMA A.15. Let A<= U_ be a closed subset of Y. Then there is a G-isotopy
f.: U_ = M from the inclusion map to a G-homeomorphism through G-embeddings such
that f, fixes A pointwise.
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Proof. In Corollary A.11, we constructed a G-isotopy h; : U_ — M from the
inclusion map to a G-homeomorphism which fixes a G-neighborhood U’ of e(—).
Since A4 is closed in Y, there is a G-neighborhood U” of the positive end of U_ such
that A = (U").. By applying Lemma A.10 to U_, we construct a G-isotopy ¢,: U- —»
U_. from the identity with compact support in U_ such that ¢((U”) v U’ = U_. Then
¢1(A) = U'. Extend ¢, to a G-isotopy ®,: M — M by the identity outside U_. Define
fi = ® *hi *¢,. Then, f, is the inclusion map, f, fixes A pointwise because h; ¢4(a) =
¢1(a) for all ae 4 and fy is a G-homeomorphism.

Define M. =M x N/~ where ~ is the restriction of the relation we used
to define M(h,,h_). Similarly, define M_ =M x Z_/~, where Z_ is the set
of the nonpositive integers. Also, we write M, for i(M)< M(h,,h_) and
Uy, =0M x {n})n0M x {n+ 1}) = M(hy,h_).

PROPOSITION A.16. Let A = My be closed in M. Then there is a G-isotopy
through G-embeddings ¢f: Mo — M, to a G-homeomorphism fixing A pointwise.

Proof. This is given in [44], Proposition 7.8. We give the proof for M ;. Consider
a sequence A=A, < A, « A3 ... of closed subsets of M., each contained in
M, such that u,(Int(A4,)) = M,. We construct ¢} inductively. Set ¢+ =i. Sup-
pose that inductively we constructed a G-isotopy ¢7: My — 0(M x {0}) U O(M x
{1})u...u (M x {n}) of the map i, through G-embeddings fixing 4, such that ¢ is
a G-homeomorphism. Notice that there is a G-homeomorphism of M to
(M % {n +1}) mapping U_ to U,. Then, we can apply Lemma A.15 to find a
G-isotopy f;: U, — O(M x {n + 1}), from the inclusion map to a G-homeomorphism,
through G-embeddings such that f, fixes a neighborhood of the negative end of U,
containing U, n(u;c;07(4,)). Then, f, extends as the identity outside U, to a
G-isotopy

fr0M x {0hHuoM x {1Hu...u0M x {n})
- 0M x {0 UM x {1})u...u8(M x {n+ 1}).

Define ¢7** by f,¢r. This completes the construction of the maps ¢, ¢, ¢3,... .
Define ¢7 |inya, = ¢%linya,y. This extends to a G-isotopy on M which fixes A.

COROLLARY A.17. Let B = M, be closed in M(h,.,h_). Then there is a G-isotopy
through G-embeddings ®f: Mo — M(h,,h_) to a G-homeomorphism fixing B point-
wise.

In particular, this means that (M, f) is an infinite cyclic cover of (M(h,h_),
fthy, h2)) ([9], Theorem 3.4).

Let X be a locally compact G-ANR. In [46], an alternative definition of the
equivalence relation in Wh{*®(X) is given: Let Y and Y’ be locally compact G-ANR’s
and X is proper strong G-deformation retraction of Y and Y’. Then (Y, X) ~ (Y, X)
if there is a G-homeomorphism Y x Qg = Y’ x Qg which commutes up to proper
G-homotopy with the natural inclusions of X. In [46], it is proved that the relation
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generated by G-CE maps and the above relation produce the same group. Using
Theorem A.1, we can assume that any element of Wh{°?(X) can be represented by a
Q;-manifold.

In what follows, we use the notation from Section 7. Let X be a compact G-ANR.
Let j”: WhP(X x R) — Wh{’P(X x S!) be defined as follows: If x e Whi*P(X x R)
is represented by a proper strong G-deformation retraction, f: M — X x R, where M
is a Qg-manifold. Define j”(x)=(M’,X x S'). By the remark above, this is a
well-defined map. Also j”(x) is a transfer invariant element of Wh°?(X x S1'), and
trj”(x) = x. From the definition of i,: K™ 4(X). —» Kf%(X x S1)., we can prove that
irv'(x) = v"'j"(x): notice, first of all, that

Sigv'(x) =v'(x) and sv"j"(x) = v'trj"(x) = v'(x)
and so
Siav'(x) = sy (x) = iv'(x) — v'j"(x) € Ker(s.) = Im(i,)

and there is b e KE%(X), such that i,v'(x) — v"j"(x) = i(b). But i,v'(x) — v"j"(x) is a
transfer invariant element of K§%(X x S1). and so i.(b) is a transfer invariant element
of K§&(X x S').. But the only transfer invariant element of K§4(X x S*), which in
Im(i,) is the zero element. So,

iv'(x) — v'j"(x) = 0= i,v'(x) = v'j"(x).

Following the definition of j in Section 7, we see that j'(x) = j"(x).
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