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A REMARX ON "HOMOTOPY FIBRATIONS!
Volker Puppe

We define a category TopF of "homotopy fibrations with
fibre F" (or rather "maps with homotopy fibre F") and
show that this category is closed under certain colimits
and "homotopy colimits'", It follows that the %eometric
realization of a semisimplicial object in Top* 1is again
in TopF. As a corollary we show that for a homotopy
everything H-space Ax(i.e. a (special) T-space in the
sense of G. Segal (s.[9],[10])) with homotopy inverse the
loop space of the classifying space of Ax is homotopy
equivalent (not only weakly s. [9],[10])to A4, even
without assuming that all spaces involved have the homo-
topy type of CW-complexes (compare [8]).

This note reflects part of the attempt to understand
the main theorem (p.2) in G. Segal's famous preprint [9].
I wish to thank E.E. Floyd for stimulating conversations
on this subject.

To say that the map EA%-—a BA* of the contractible
space EA* to the classifying space of a homotopy every-
thing H-space A, (i.e. a (special) T-space in the sense
of [9]1,[10]) with homotopy inverse is a "homotopy fibra-
tion" might be ambiguous (s. [4], p. 110 and [10], p.7
for two different definitions of "homotopy fibration").
But it should ve unmistakable to state that the homotopy
fibre of the above map (at each point b € BA*) is homo-
topy equivalent to 4A,(s.[9]). To prove this last state-
ment we propose the use of the following category (for
other possibilities s. [10],{51,[7]): Let F %De a
fixed topological space. The category TopF has as
its objects maps p : X —> A such that the homotopy
fibre of p at each point a € A (i.e. the actual
fibre of the "associated" Hurewicz fibration Wp —> A
(s. for example [4], 5.3 = 5.4)) 1is homotopy equivalent
to F. A morphism between two objects p : X —> A and
p' ¢« Xt —A' 1in TopF is a pair of maps f : A — A' ,
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2 PUPPE

f : X~ X' such that the diagram

commutes and the canonical map X —%»f*(wp,) is a homoto-
py equivalence. (f*(WP,) denotes the total space of the
fibration induced by the Hurewicz fibration Wp, — A
via the map f : A — A' , i.e. the pullback (fibre pro-
duct) of the diagrem
Wp'
A —— A .)

REMARK, If p : X — A 1is a Hurewicz fibration (or Dold
fibration, i.e. has the WCHP (s. [1])), then p is an
object in TopF if and only if the actual fibre at each
point a € A is homotopy equivalent to F (s. [1],(6.1))
Let

x —f 5 x
pl p'l
A —-i—-—} AI

be a commutative diagram and p,p' Hurewicz (or Dold)
fibrations with fibre homotopy equivalent to F , If (f,f)
is a morphism in TopF, then the restriction to each fibre
is a homotopy equivalence (s. [1],(6.1)). If A is nu-
merably contractible (s. [8]), then also the converse
holds (s. [1],(6.3)).

The category TopF is closed under certain colimits
and "homotopy colimits (s. Lemma 2 and 3 below). As a
consequence one has the following theorem (compare [10],

(1.6)).
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THEOREM If byt & — TopF is a semigimplicial object

in Top', then the geometric realization Ip,(defined with-
out using the degeneracies s.[10]) is an object in 222

(p* can be viewed as a morphism between two semisimpli-
cial objects in the category Top of topological spaces.
Hence Hp*ﬂ is a map between the geometric realizations
of these objects).

COROLLARY. If A, 1is 2 homotopy everything H-gpace (i.e.
a (special) T-space in the sense of {9],[10] with homoto-

by inverse, then the geometric realization of the projec-
tion of the gemisimplicial path space PA*(s. [10]) of

A*_ to the semisimplicial space A* has the homotopy

fibre A;. In particular A, is homotopy eguivalent to
ofia,ll.

Proof of the corollary. By [10], p. 8 the morphism
PA*-—ng*_ can be considered a semisimplicial object
in Top

REMARK. Under certain conditioms (e.g. if all degenera-—
cies of A*, are closed cofibrations) the canonical map

o, —> Ia

*J is a homotopy equivalence(a[101[5l[12lpropﬂl

The rest of this note is concerned with the proof of
the above theorem.

IEMMA 1. If
v g
h /
g ~
X L L > X"
B g > B!

b
hi

.
[

h' 4
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~ ~t
is a commutative diagram with~ h,h,h',h being homotopy
equivalences (in gop) then (f,f) is a morphism in TopF
if and only if (g,g) is in TopF.

Proof. Replacing all vertical maps in the above diagram
by the associated Hurewicz fibrations, the lemma can be
verified easily (use e.g.[4],(7.22) or the "dual" of [117,

(5.13)p.60).
LEMMA 2. (compare [10],(1.7)). Iet

~ ~

X, % i X > X

1° o 2

p1l £ Pol le
1

A4 4 }Az

be z diagram in TopF. The induced map py:X, —> 4, Dbet-
een the row-wise double mapping cylinders is an object
in TopF and the canonical pairs of inclusions

é"i:Xi —_— Xz,gi:Ai ——A.AZ are morphisms in TopF foxr

i =0,1,2. If the projections ry:X, —>X and

ry:4, —> A of the row-wise double mapping cylinders to
the row-wise colimits (fibre sums, pushouts) are homotopy
equivalences (e.g. if at least one horigzontal map in each

row is a cofibration (s.e.g. [3], Lemma 1)), then the in-
duced map p : X —> A between the row-wise colimits is

(as an object in Top ) the colimit of the above diagram

in TopF.

Proof. By Lemma 1 and [3], Lemma 1 one can assume (for
the proof of the first part) all p;,1i = 0,1,2, to be
Hurewicz fibrations (or Dold fibratioms). Immitating M.
Fuchs' comstruction (s.[6], §§ 2-3) one can construct a
Dold Fibration p':E —».AZ and a homotopy equivalence
1l: XZ —> E  such that the diagram

X ——9<E

e
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commutes and the canonical maps X, ——e.gr(E) are homeo~
morphisms (compare [4],(17.8)). (Fuchs actually gives a
"modified mapping cylinder" construction for certain mor-
phisms between locally homotopy trivial fibrations. But
the "same" construction applies to the double mapping cy-
linder in our sitvation. It follows from [6] and [1],
(5.12) that this construction gives a Dold fibration in
our case.) Therefore (léi,gi) and by Lemma 1 also
(gi,gi) are morphisms in Top . (In particular p' and
p, are objects in Top ).

To prove the second part of Lemma 2 we do not assume any
more that the pi,i = 0,1,2, are Dold fibrations. Apply-
ing Lemma 1 to the commutative diagram

\X
|

=

(where J;»3; denote the canonical maps into the colimit)

X

;i\\\\i

\ d
!
N#>

shows that (jl,j ) is a morphism in TopF (assuming
and r, are homotopy equivalences). Let

/

Tx
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be a commutative diagram in TopF. To show that

X k

o

D q

LN

e g

<

is a morphism in TopF (where k (resp. k) are given by Kk,
and k, (resp. k, and kz)) it suffices {again by Lemma 1)
to prove that

K

Z ‘

P

X
b4
A

e P E——

X
q

krA
z ?
is in TopF, i.e. that this diagram induces a homotopy
equivalence X — (krA)*(W ). By assumption the cano-
nical maps X; — (krAgi)*(wq) = kf(wq) are homotopy
equivalences. Since the canonical map from the double map-
ping cylinder of the diagram

EF(0) e— KF() — ky(0g)  to (kxy) (W)

is a homotopy equivalence the assertion follows (s.[31],
Theorem 1).

LEMMA 3. Let

XO > X1 > X2 > X3 S et
Pol P1l PQJ/ P3J{
Ao 7 A-‘] A2 -A-3 ® o 6 a0

be a sequence of morphisms in TopF. The induced map
Pp:¥p —> Ap Dbetween the row-wise telescopes is an object
in TopF and the canonical pairs of inclusions

g ¢ Xi — XT s 8 ¢ Ai ———é.AT are morphisms in TopF
for i =0,1,2 ... . If the projections of the row-wise

telescopes to the row-wise colimits are homotopy equiva-
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lences (e.g. if all horizontal maps are cofibrations) then
the induced map between the row-wise colimits is (as an

object in Top®) the colimit of the above diagram in Topt.

Proof. The proof is very similar to that of the previous

lemma. Assuming again all Py» i=0,1,2... being Dold
fibrations one can construct a'"modified telescope" using

the "modified mapping cylinder" of Fuchs, i.e. there is a
Dold fibration p' : E ——>AT and a homotopy equivalence

1: XT —> E such that the diagram

1
™ > E

W

Ap

commutes and the canonical maps X; —> g?(E) are iso-
morphisms. Using this construction the proof proceeds analo-
gously to that of Lemma 2. Details are left to the reader.

Proof of the Theorem. The geometric realization [lA,ll of
a semisimplicial space A, 1s defined by

HA*H = lim HA*H(H) where HA*H(n) is given inductively
as the c¢olimit of the diagram

HA*”(n_1) — AnxAn — AnxAn (s.[10]).

The right hand map in this diagram and therefore the in-

. l . .
clusion LA*ﬂ(n_1) - HA*H(H) are cofibrations. Hence an
iterated application of Lemma 2 followed by an application
of Lemma 3 proves the theoremn.

REMARK. If in the above Corollary one is only interested
in showing that A, and QUA*H are weakly homotopy equi-
valent, one can use [2], (2.2),(2.15) and (2.10) rather
than the construction of Fuchs to prove the analogs of
Lemma 2 and Lemma 3 above for the appropriate category

of maps having the property that the homotopy fibre at
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each point is weakly homotopy equivalent to F

(s. [10],05]).
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