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1. Introduction

The real symplectic group in 2n dimensions, Sp(2n, R), has a number of non-trivial central extensions such as the
metaplectic double covering Mp(2n, R), an extension by Z,, the circle extension Mp®(2n, R) as the automorphism group
of the Heisenberg group, and the universal covering group Sp(2n, R) an extension by Z. These extensions do not have
faithful finite dimensional representations, so there are no nice models for them as Lie groups of matrices, and this can
make calculations with them cumbersome. Paths in Sp(2n, R) are not easily lifted to an extension unless they lie in some
subgroup whose inverse image in the extended group is easy to describe.

In [1], an explicit model for the circle extension of the symplectic group Sp(2n, R) (the Mp® group) was used to facilitate
the definition of a theory of symplectic spinors on any symplectic manifold and to extend the Kostant theory of metaplectic
half-forms to this case. The group manifold can be described explicitly as a hypersurface in Sp(2n, R) x C* and the group
multiplication given by a single global formula. In [2], these ideas have been used to define Dirac operators on any symplectic
manifold and extend the theory of Habermann [3] to this case. N

The method used can be adapted to other central extensions. We do this here for the universal covering group Sp(2n, R).
We show how to make models for the universal covering manifold using suitable maps to the circle and to write the group
multiplication in terms of an associated cocycle. We then show how to construct a particularly nice explicit circle map using
the ideas from [1] and obtain the formula for its cocycle.

As an application we look at the universal covering group of Sp(2, R) = SL(2, R) and the inverse image of SL(2, Z) in it.
Itis a theorem of Milnor that this extension of SL(2, Z) is isomorphic to the braid group on three strands. We use our explicit
formulae for the multiplication to write down generators and show that they satisfy the braid relation.

Finally, we show how the same methods can be used to construct the universal covering manifold of the Lagrangian
Grassmannian and the Maslov Index.
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2. Basic construction

In this section, we show how a smooth circle function on a connected Lie group G with (G, e) = Z can be used to
construct a manifold underlying the covering group.

Definition 1. Let G be a connected Lie group with (G, e) = Z. A circle function on G is a smooth map ¢: G — S! which
induces an isomorphism of the fundamental groups. It is said to be normalised if it satisfies

(i) p(e) =1,
(i) g™ = @)~ "

We shall regard S! as the unit circle in the complex plane, and ¢ as a complex valued function.

Lemma 2. If ¢ is a circle function then there is a unique smooth map ¢: G — S! with

@ =0@/eE ), 9@ =1,
and @ is a normalised circle function.

Proof. By the connectedness of G there can be at most one such map .

I claim that the map ¥: G — S given by ¥ (g) = ¢(g)e(g™") is trivial on 71 (G, e). This follows since if y is a loop at e
inGthen¥,[y] =[Yoyl=[poyl+Ilpoy 'l =ely]l+eldy 1= e.(y]— [y]) = 0since the multiplication in the
fundamental group of a topological group is induced by pointwise multiplication of loops. Moreover, ¥ (e) = ¢(e)? thus ¥
has a unique smooth square root ¥ with v/ (e) = g(e). We set 9(g) = ¢(g)¥ (g)~". Property (i) is immediate in view of the

normalisation of 1. Further, (2)?9(g )% = ¢(g) /o De(g ™1 /p(g) = 1. Thus (g)p(g ') = %1 and (ii) follows since
G is connected and p(e)@(e~ ') = 1. Since W, is trivial on m; so is ¥, and hence @, is an isomorphism. O

Lemma 3. If ¢ is a normalised circle function for G, then there is a unique smooth function n : G x G — R such that

0(g,8,) = (g p(g,) e 1)

with n(e, e) = 0. Further

(i) n(g.e) =n(e,g) =n(g,g~") =0, forallg €G;
(i) n(gy, &) + 1218, 83) = 1(g;. 8,85) +1(g,, &) forallg,, g, g; € G.

Proof. The existence of n is a consequence of the following. If ¢ : G — H is a continuous map (not necessarily a
homomorphism) of connected topological groups with ¢(eg) = ey and @ : G x G — H is defined by ®(g,,g,) =

@(glgz)go(gl)_lfp(gz)‘l, then @, : (G x G, (eg, ec)) — m1(H, ey) is trivial. From this it follows that ¢ has a smooth
logarithm which is unique when its value is specified at one point since G, and hence G x G, is connected.

(i) and (ii) follow by continuity arguments again based on the connectivity of G. For example, expin(g,e) =
p(ge)p(g) 'p(e)™' = 1s0n(g, ) € 2n7Z and thus must be constant. It vanishes forg =e. O

Definition 4. If ¢ is a normalised circle function for the Lie group G set
C={(g.c)eGxR|pg =ec}.

It is easy to see that 1 s a regular value of the map G x R 5 (g, ¢) — ¢(g)e~'¢ e S! and hence that G is a smooth manifold
of the same dimension as G.

Proposition 5. Let G be defined as above and set
(&1, ¢1) - (& 63) = (8182, €1 + & + 11(81, &)

then G is a Lie group with identity (ec, 0) and inverse (g,¢)™' = (g~ !, —c).If o : G— Gis givenby o(g,c) = gthenoisa
surjective homomorphism with kernel {(1, 2t k) | k € Z}.

Proof. Associativity and the group properties follow from Lemma 3. o is obviously smooth and clearly ahomomorphism. O

It follows from this proposition that o is a homomorphism of Lie groups with discrete kernel, and so induces an
isomorphism of Lie algebras.

Theorem 6. o : G — G is the universal covering group of G.
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Proof. Let y:[0, 1] — Gbe aloop in G, set z(t) = ¢(y(t)) and let k € Z be the winding number of the origin of z(t) as a
contour in C. This means that we can lift z(t) = e/“® with c¢(0) = 0 and then c(1) = 2mk. Since ¢ induces an isomorphism
on the fundamental group, k is also the homotopy class of . If (y, ¢) is a loop in G at (1, 0) then ¢(y(t)) = e!°® with
c(1) = c(0) = 0.1t follows that k = 0 and hence that y is contractible in G. So there is a curve of loops & in G with §o = y
and §; = 1. Then ¢(8(t)) lifts to R so we can write ¢ (8(t)) = e'“® with ¢;(0) = ¢;(1) = Qforallsand ¢;(t) = 0. (&, ¢;) is
then a homotopy of (y, ¢) to a constant loop in G. Since (y, ¢) was arbitrary, it follows that G is simply connected and hence
that it is the universal covering group of G. O

Remark 7. We have a converse to this result. If G — G is the universal covering group of a Lie group G and 71 (G, eg) = Z,
then G is an extension of G by Z. Take a good cover U, of G and choose sections s,: U, — G. Then on overlaps we have
Sg = Su.Nup. Viewed as real valued functions, the 1-cocycle n,g is a coboundary, so there are smooth functions f, on U,
with fg — fo = nup. If we set ¢ = exp 2rif, then ¢ is globally defined and smooth on G. Moreover, if we form the cover as
in Definition 4, then it is left as an exercise to show that (g, c) — s,(g).(c — f»(g)), when g € U,, gives a globally defined
isomorphism of Lie groups.

Example 8. As a first example we take G = U(n) then ¢(g) = detg is a normalised circle function. In this case n = 0 and
U(n) is a subgroup of U(n) x R.

Lemma 9. lj(\n/) is isomorphic to SU(n) x R.

Proof. Define a map
w:SuU(m) xR — G(\n/) s (k, ) > (e'°k, nc),
which is well defined since det(e’k) = e™°. Moreover y is a homomorphism since ¢ is a homomorphism and = 0 giving

ik, cr)p(ky, 2) = (€'“ky, ncy) (e ky, ncy)
= (e'1+Df ky, nc; + ncy)
= p(kika, c1 +¢2).
The map 1 is onto, for if k € U(n) with detk = e’ then det(e™"“/"k) = 1. So the image of (e **/"k, c/n) € SU(n) x R under
wu is (k, c) € U(n). The kernel of u is

{(k,c) € SUM) xR | €k = 1, nc = 0} = {(1,0)},

which proves the lemma. O

Example 10. The symplectic group is semisimple, so there are no homomorphisms Sp(2n, R) — S'. However, U(n) is a
maximal compact subgroup and so the same fundamental group. Suppose we have a smooth map ¢ : Sp(2n, R) — S! such
that p(g™") = <p(g)", ¢(1) = 1, and whose restriction to U(n) is det, then ¢ is a normalised circle function for Sp(2n, R)
and so such a map ¢ will induce an isomorphism on the fundamental group.

In fact we could take any retraction p: Sp(2n, R) — U(n) and set ¢ = det op to get a circle function and then normalise
it. But the result in this generality might not be all that easy to work with.

In order to have a useable model for Sp(2n, R) it is necessary to have a nice formula for the multiplication, and this
depends on being able to compute the corresponding cocycle n. We shall see in what follows that there is a good choice of
¢ which leads to an explicit formula for 7. After defining this we shall make some computations with our formulae, to show
that they are indeed ‘useable’.

3. Calculation of a symplectic circle function ¢

We move to a slightly more abstract setting, taking a general symplectic vector space as our starting point. Let (V, £2) be
a 2n-dimensional real symplectic vector space. FixJ € End(V) such that J? = —1, 2(Ju, Jv) = 2(u, v) foreveryu, v € V
and 2 (v, Jv) > 0ifv # 0. Let

Sp(V, 2) = {g € End(V) | 2(gv, gw) = (v, w), Yv,w € V};
Gl(v,)) ={g e GI(V) | gl =Jg};
U\, 2,)) ={g e Sp(V, 2) | g =Jg} =Sp(V, 2) NGI(V, ]).

View V as a complex vector space using J, then Sp(V, §2) is isomorphic to Sp(2n, R), U(V, £2,]) to U(n) and GI(V,]) to
Gl(n, C).
Given g € Sp(V, £2) it can be written uniquely as a sum of a J-linear and J-antilinear part, namely,

g =0C; + Dy,
where C, = %(g —Jg/)and D, = %(g +Jg).
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Lemma11. (; e GI(V,)).If g € U(V, £2,]), thenC, = g.
Proof. Suppose that C;v = 0. Then
0 =482(Cov, JGv) = 282(v, Jv) + £2(gv, Jgv) + 2(glv, Jgv).
But each term in the right hand side of the above equation is positive definite and sov =0. O

The definition of the circle function ¢ is now easy, namely,

det G
| det Cgl

w(g) =

4. Calculation of the cocycle 5

We now find a formula for the cocycle n whose existence is guaranteed by Lemma 3. First we make some preliminary
calculations.

Put Z, = C;Dg. Then g = Cg(1 + Zg). Z, is C-antilinear. We have gl = Co-1(1 + Z,-1). Equating C-linear and
C-antilinear parts in

1=g7"g=C1(1+2Z-1)C(1+Z)
gives
1= ng (G + Zg—1 CZg) and 0= ng (quCg + GoZ,).
Hence
Zy1 = —GZ, G, and 1= Cp1Ge(1-27),
since C,-1 is invertible. Thus 1 — Zg2 is invertible with (1 — Zgz)*1 = (;-1C,. We can also decompose a product
Coe,(1+2Z55) = Co (1475 )Cq, (1 +Zg))
as
Cog, = o, (G, + 25, Gy, Zg)) = G, (1 — Zglzgzq)c‘gz
and
-1 -1
Zg g, = ng (1 —Zglzgz—l) (Zg,Cq, + G, Zg,)
_ -1 -1
= ng (1 —Zg1Zg2_1) (Zg, —Zgz_l)CgZ.
To define the cocycle n we need to see that the function
det(1 — Zg12g2_1)
B
©1:8) = et = 22, 1)

has a smooth logarithm. To see this, we determine that the set where Z, lives is essentially the Siegel domain.
Introduce a Hermitian structure on (V, J) as a C vector space by defining

(v,w) = 20w, Jw) —i2(, w).
Then
(Jv,w) =i(v,w) =—(v,Jw) and (v,v)= 2(,Jv) >0, forv#D0.
We calculate
2(Cv, w) = 2 (v, Gw)
= 2(v,Jgw) + 2(v, gw) —i2(v,gw) +i2(v, Jgfw)
= —2@E Jv,w) + 2@ v, Jw) —i2(@g v, w) —i2(@g v, Jw)

= <g71U, U)) _i<g71]U! U)) = <g71U, w) - (]giljvv U))
= 2(Cg-1v, w).

Therefore
Cg = ng s
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which implies

det Cg—l det Cg*

_l = = :7.
v )_|deth_1| | det ;| v(®

Moreover,
1-22 = (GG ' = (GG,
which is positive definite. Since Z; is antilinear and (v, w) is antilinear in w, the function (v, w) — (v, Z;w) is complex
bilinear. We claim that it is symmetric.
Lemma 12. For every v, w € V, we have (v, Z,w) = (w, Zgv).
Proof. Now
22(Dgv, w) = £2(v, Dg-1w) = —2(Dg-1w, v);
and £2(Dg, Jw) = —2(Dg—1w, Jv). Hence (Dgv, w) = —(Dg—1w, v) and so

(Zgv, Gw) = (CZgv, w) = —(Cg-1Zg-1w, v) = (Z,Cgw, v). O

So Z, has the three properties:

(i) Zg is C-antilinear;
(ii) (v, w) = (v, Zzw) is symmetric,
(iii) 1 — Zé is self-adjoint and is positive definite.

Let B(V, £2,]) be the Siegel domain consisting of Z € Endg (V) such that
Z]=—-Jz, (v,Zw)=(w,Zv), and 1-—2Z* ispositive definite.
Then we have a map
Sp(V, 2) — GI(V,]) xB(V, 2,]) : g = (Cg, Zg),
whose image is the submanifold {(C,Z) | 1 — 22 = (C*O)~'}.

Proposition 13. If Z;,Z, € B(V, £2,]), then 1 — Z1Z, is invertible and its real part is positive definite.
Proof. Suppose that v # 0. Then
([ =Z1Zy) + (1 = Z1Z2) v, v) = (1 = Z1Zy)v, v) + (v, (1 — Z1Z5)v)
= (1 —le)v, v) + ((1— Zzz)v, v) + (lev, v)
+ (Z2v,v) — (Z1Zov, v) — (v, Z1Z,v)
= ((1=ZHv, v) + {1 = Z)v, v) + (Z1v, Z1v)
+ (Zv, Zov) — (Z1v, Zov) — (Zv, Z1v)
= ((1=ZHv,v) + ({1 = Z)v, v) + 11 = Z)v]*.

The first two terms in the last equality are positive, while the last term is nonnegative. Consequently, the kernel of 1 — Z;Z,
is {0} and its real part is positive definite, which proves the proposition. O

Thus 1 — Z1Z, € GI(V,]) and it lies in the contractible subset
{g € GI(V.]) | g + g" is positive definite} .
It follows that there is a smooth logarithm
a:BWV,2,)) x BV, 2,]) = gl(V,])
such that 1 — Z;Z, = e®?1:22) We can define the cocycle 5 by

n(gp gz) =ImTr (a(Zgl, Zg;1))~

Therefore
det(1 -2, Z -
el1&18) — —( L Y ,
| det(1 — Zg1Zg;’)|

which implies

0(8,8,) = ¢(g)p(g,) 1%
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5. The relationship with angle functions
In [4], Milnor is interested in lifting ¢ o o : G—S'toa map 6 : G — R, called an angle function, so that p o 0 = e'?. In
our case, this is easy: set 8(g, ¢) = c. Then

0((g1,¢1) - (8,2)) —0(gy,¢1) —0(gy, ) =c1 +C+1(gy,8) — €1 — 2 =1n(g;, &)

Lemma 3 in [4] becomes the n = 1 case of the following.

Lemma 14. |1(g, g&,)| < nm /2.
Proof. The above inequality states that |arg(det(1 — Z;Z;))| < nir /2 if we choose the branch of arg which is 0 at 1. We
know that 1 — Z1Z, = X + i Y with X positive definite. So 1 — Z1Z, = X3 1+ iX~3 YX’%)X% which implies

det(1 — Z1Z) = detX det(1+iY),

where Y = X~7YX"2 is self-adjoint. Therefore

arg(det(1 — Z,2,)) = arg(detX det(1+iY)) = arg l_[(l + 1Y),
=1

where ; are the eigenvalues of Y. Since arg(1+41iy) € (—m /2, w/2), we obtain the desired inequality. O

It can be seen that by taking 1 — 212 and 1 — Zz2 positive definite that  takes values in the whole interval (—nx /2, n /2)
so the bound in Lemma 14 is sharp.

6. Special case: §f)(2, R)

In this section, we work out the above theory in detail for the universal covering group of Sp(2, R) = SL(2, R).
Let V be R? with standard basis {e;, e;}. With respect to this basis the symplectic form £2 has matrix ] = (7? (]))

Suppose that P is a 2 x 2 real matrix which is J-linear, that is, P/ = JP. Then P = (7,‘; 2) which we identify with the

1 0

complex numbera+ib.Let ¥ = (0 _1>, which represents complex conjugation on (V, J) thought of as a complex vector

space. A J-antilinear map Z has a matrix of the form <§ _5) which can be identified with (¢« — 8])X. In other words,

Z can be identified with the C-antilinear map?: C—>C:z+— (x—ip)z
When g = (Z Z) € gl(2, R), a calculation shows that

C—l a+d b—c
£ o \c—b a+d

and as a real matrix

7 1 a® + c? — p? — d? 2(ab + cd)
£ (@+d)? 4 (b—c)? 2(ab + cd) —@+ct-pr—-d»)

Using the above identification, this gives
-~ _ (a*> +c? —b*> —d*) —2i(ad + bc)\ _
ZeZ = 0gZ = Z.
(@+d)?+ (b—c)
For g,, g, € Sp(2, R) the value of the cocycle n(g,, g,) defined by

det(1 — ZgIZgz_l) 1— O(gla —1

el1€1:8) — —
| det(1 —ZgIZg{1)| 1 —aglag;ﬂ

where 1(g,, g,) is continuous and lies in the open interval (= /2, 7 /2).

Example 15. To show how useable these formulae are we calculate with the generators of the integer matrices Sp(2, Z).
This subgroup is generated by

(11 {10
1=l 1) M 2=\_1 1)
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subject to the relations
$15251 = S3515;  and  (515251)% = 1.

Using the formula for o, we obtain the table

g

1 1 1 .
0 1) —z(1+21)

10 .
. 1) 1(1+20)

S1

1 .

s(—1+42i)

10 101 o;

1 1) 5(1—210)
0 1\ ; .

_q ) (=14 2i)

1 -1 ,
) $(1+210)

Next we compute the values of the cocycle n at (s1, S2), (5152, S1), and (S, $152). From (1) and the above table we obtain
1 1 . . .
Qi1.52) _ 1—5(=1-20)z(1+210) :22+41 _ 114 2i
[1-1(=1-2hia+2i)] 1045 575
Let 6 = tan™' 5. Then

.\ 3 .
e300l _ (2+1) — 2+ 111 — je 161821
V5 5v5

which implies
n(s1, $2) = 7 /2 — 36.
Note that n(sq, s;) liesin (—m /2, 7 /2). Now
1— 3 (=142D)1(1+20) B
1—11+2pla+2p]

elnG152,52) —

Consequently, (5152, S2) = 0. Similarly,
1—-1(1+20)3(1—20)
1—ia+2hia -2

eln(s2.5152) —

and thus 7n(s3, $152) = 0.

7. The braid group Bs lies in §1§(2, R)

In this section, we show that the three strand braid group Bs, given by the presentation
(01, 02 1 010201 = 020103), (2)

is a discrete subgroup of the universal covering group §A15(2, R) of Sp(2, R).
First, we look for elements 6; = (s;, ¢j), j = 1, 2 of Sp(2, R) which satisfy the braid relation (2) and thus lie in the image
B3 of B3 under the map

7 :B; — Sp(2, R) toj 05, forj=1,2.
Write

01 = (51,00 +2mky) and &, = (55,6 + 27 k),
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for some ki, k, € Z.Then

G102 = (5152, 200 + 27 kq + 27 ky + 11(s1, 52))
= (5152, 290 + 27 kl + 27 kz + 7'[/2 — 390)
= (5152, —90 + 27 kl + 27 k2 + 7'[/2)
Consequently,
(G1-02) - 61 = (5182, =0 + 27 ky + 27w ky + 7/2) - (51, 60 + 277 k1)

= (515251, 4w k1 + 2w ky + /2 + n(51S2, 51))
= (515281, 4w k1 + 2w ky + 7 /2)

and
gz . (g] . 52) = (Sz, 90 + 2 kz) . (S]Sz, —90 + 27 k] + 2 kz + 7'[/2)
= (525182, 27 k1 + 47 ky + 7w /2 + n(s2, $152))
= (525152, 2w ]C] + 47 k2 + 7T/2)

Therefore the braid relation

(01-02) - G1 =01+ (02 - 51)
is satisfied if and only if k; = k, = k. Hence

01:02:01=01-03-01=(,6mk+m/2),
for some k € Z. Moreover,

(61-62)° = (61-62-61) - (52 - 51 - 52)

= (> 2nk+m)= (-1, 127 k+ 7).

Setting k = 0, we have shown that

G1-6,-01=01-02-01=(,7/2)
and

@152’ = (=1, 7).
We now show that (5; - 5,)> generates the centre of ST)(Z, R). Suppose that

(&1, a1) - (&3, @) = (&3, @2) - (81, 1)
for every (g,, a;) € SNp(Z, R). Then

(8182 1 + a2 +1(g1, &) = (€281, G2 + a1 + 1(8&;. &)
for every g, € Sp(2,R). Hence g, lies in the centre Z(Sp(2, R)) of Sp(2, R); so in particular, g, € U(1). Consequently,
n(g, &) =n(g,,8) =0ande'l = ¢(g)) = de£g1 = =£1.In other words, (g,, a;) is either (=1, 2n7 4 1) or (1, 2n ) for
some n € Z.But (—1, 7)®" = (1, 2n ). Thus Z(Sp(2, R)) is generated by (—1, ).
Proposition 16. §3 = S~p(2, 7).

Proof. Leto € ST)(Z, Z) € SHJ(Z, R).Then o = (g, ¢), where g € Sp(2, Z). Now g is a word w(sy, s) in s and s, which is a
product of s;s and s, ' s. Consider

w(gla 52) = (U)(S], 52)7 C/) = (g7 C,)‘

Because o; € §f)(2, R), we have ¢(g) = e = el which implies that ¢ = ¢’ + 27 £ for some £ € Z. Hence
(1,2m £) = (G, - 52)5¢. But

6 =(g,0) =(gc)-(1,2m¢), becausen(l,g) =0
= w(glvEZ) : (51 '52)647
which lies in §3. Thus S~p(2, 7Z) < §3, which proves the proposition, since 61 and &, generate S~p(2, z). O

We now prove the following lemma.

Lemma 17. Bs is isomorphic to §3.
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Proof. Consider
B; — B3 > Sp(2,R) : 0 > &), forj=1,2.

Let v(o4, 0,) beawordinker t. Then v(sy, S5) = 1.Buts;5,51(s25152) ~! and (s,5152)* generate the set of relations in Sp(2, Z).
Hence

-1 4
v(S1, $2) = U(515251(528152) ™, ($25152)")
for some word u. Therefore

v(01, 02) = u((010201)(020102) ", (010202)*)
u(1, (010201)%) = (o10201)*™.

But

(010201)2 = (010201)(020102) = (0102)3-
So

(010201)*™ = (0102)°".
However,

(1,0) = 1(v(01, 02)) = 1((0102)®™) = (6152)°™ = ((—1, 7))*" = (1, 2m 7).

Consequently, m = 0, which implies v(o1, 03) = 1. Thus the surjective homomorphism t is injective and hence is an
isomorphism. This completes the proof of the lemma. O

We have thus obtained the following result of Milnor [5].

Theorem 18. The inverse image of Sp(2, Z) in the simply connected covering group of Sp(2, R) is isomorphic to the braid group
on three strands.

8. The Lagrangian Grassmannian

Let (V, £2,]) be as above and let V¢ = V 41V be the complexification of V. Let v = vy +iv, > ¥ = vy —iv, be complex
conjugation and for a subset W of VC let W = {v | v € W}. A complex subspace W C VC is said to be real if W = U + iU
for a subspace U C V and this is the case if and only if W = W.

Extend £2, Sp(V, £2), ], etc. to be C-linear (or bilinear) on V.

Definition 19. A subspace F of VC is (complex) Lagrangian if

(i) 2(v, w) = 0foreveryv, w € F;
(i) dim¢ F = 1 dimg V.

A Lagrangian subspace F is positive if i 2(v, v) > 0 for every v € F and strictly positive ifi 2(v, v) > 0 foreveryv # 0 € F.

A Lagrangian subspace is real if F = W + iW, where W = F NV is a real Lagrangian subspace of V; F is a complex
structure if F N F = {0}. F 4+ F and F N F are always real subspaces. Real Lagrangian subspaces and complex structures are
the two extremes where F N F is as large or as small as possible.

The first result is the following.

Proposition 20. If F and G are positive Lagrangian subspaces of VC, then F N G is real.

Proof. In fact we show that F N G € F N F, which implies F N G = F N F N G N G and hence the result.

Ifv e FNGthenv € G,s0if2(v,v) > 0. Consequently, —i 2(v,v) > 0.Butif2(v,v) > 0since v € F. Hence
£2(v,v) = 0.Buti £2(v, w) is a positive definite form on F. So by Cauchy-Schwartz, its kernel is all vectors with £2 (v, v) = 0.
But its kernel is F, since F is Lagrangian. Thus v € F and £2(v, v) = 0, which implies thatv € FNF.Hence FNG C FNF. O
Corollary 21. If F is positive and G is strictly positive, then F N G = {0}.

Proof. If G is strictly positive, then GNG = {0}.S0 FNG € GNG = {0}.Hence FNG = {0}. O
Lemma 22. Fy = {(1+iJ)v | v € V} is a strictly positive Lagrangian subspace of V°.
Proof. The lemma follows from
121 +i)v, (1 —i))v) =282(,Jv) > 0,
provided thatv # 0. O
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Corollary 23. If F is positive, then F N Fy = {0}.

Since V¢ = Fy @ Fy is a direct sum, it follows that the map F — F; given by v > %(l + iJ)v is onto. Because

dim F = dim F, this map is a C-linear isomorphism. The map V — F; defined by v %(l—i—ij)v isanR-linear isomorphism.
Hence, given v € V there is a unique v + i v, € F so that

%(1 +i)(vi +ivy) = %(1 +i)v.

In other words, v = v; — Jv, for unique vy 4+ i v, € F. Define Zr(v) = vy + Jvo.

Proposition 24. If F is a positive Lagrangian subspace of VC, then v — Zpv is a J-antilinear map on V, (v, w) — (v, Zrw)
is C-symmetric, and 1 — Z2 is positive. If F is strictly positive, then 1 — Z,? is positive definite. The correspondence F +— Zr is a
bijection from the set of strictly positive Lagrangian subspaces of V° onto the Siegel domain B(V, £2, ]).

Proof. If v = v; — Jv, withv; +iv, € F,thenJv = Jv; + v, and v, —ivy = —i(v; +ivy) € F.So
ZeJv = —Ju +vp = —J(v1 —Jv2) = —JZpv.

Consequently, Zg is J antilinear.
Letv = v1 —Jvy, w = wy; — Jw, where vy +ivy, w; +iw, € F.Then

(v, Zrw) — (w, Zrv) = (v, w1 +Jw2) — (w, v1 +Jv2)
= 2(v1 —Juz, J(wy +Jwy)) —i2(vy —Jv2, wy +Jwy)
— 2wy — Jwa, J(v1 +Jv2)) +1 2 (w1 —Jws, v1 +Jv2)
= —(v1, w2) — 2(v2, wy) — 2(v2, w1) — 2(v1, wy)
+i[—2 1, w) + 2(v2, w2) — 2(vy, wy) + 2(v2, wa)]
= =22 —ivy, w; —iwy) =0,

since F is isotropic. Now
(ZFv, v) = (Zrv, Zrv) = 21 +]v2. ] (V1 +]v2))
provided that v = v — Jv, with v; +iv, € F. Then we also have
(v, v) = 2(v1 —Jvz,J(v1 —Jv2)).
Consequently,
((1=2p)*v,v) = 42(v1, v2).
But
iR2(w;+ivy, vy —ivy) =282(vq, vp).

Thus F being positive implies that 1 — ZF2 is positive. F strictly positive implies that 1 — ZF2 is positive definite.
To see that we get a bijection between strictly positive Lagrangian subspaces and B(V, 2, J), we define the inverse map.
ForZ e B(V, £2,]), set

1 1
F:{5(Z+1)v—5i](2—1)v|vev}.
Since Z 4+ 1and Z — 1 are invertible, the map v %(Z + v — %i](Z — 1)v has real rank dim V. Hence dimg F = dim V.

But in fact F is a C-subspace. To see this, we find that

i(Z+Dv—ilZ - Dv) = JZ — Dv+iZ+ Do
—@Z+ Dy —iJ(=Z + DJv
= Z+ 1)(=Jv) —iJ(Z — 1)(—Jv) € F.

Thus F has dimension % dim V as a complex space. An easy calculation shows

Z+NHv—-JCZ -, Z+ DHw —iJ(Z — DHw) = 2i({(Zv, w) — (Zw, v)).

So F is isotropic is equivalent to (Zv, w) = (Zw, v). Positivity is similar. This completes the proof of the proposition. O
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Under the correspondence defined in Proposition 24, we see that F is real implies that vy, v, € F ifv; +iv, € F.So
(1=ZP)v,v) =42(v1,v2) =0
and hence ZF2 = 1. Thus the real Lagrangian Grassmannian in our picture is the set of J-antilinear maps Z of V into itself with
Z? =1and (Zv, w) = (Zw, v).
How does the real symplectic group Sp(V, §2) act on A(V, £2)? On Lagrangian subspaces of V it acts by F — g - F for
g € Sp(V, £2). Whatisits action onZ? In other words, give a formula for Zg.r in terms of g and Z¢. To answer this last question,
letv = V1 —_]U2 with v+ iUz eF. Thengv1 + ig'UZ cg: F. SOZg.F(gU1 —]gvz) =g +]gU2 andZF(vl —_[Uz) =V +]1)2.
Now
gv1 —Jgu, = Cg(l +Zg)U1 _.]Cg(l +Zg)U2
= G (14+Zy)vy — CJva + CeZgJ v,
= Cg(v1 —Jvz) + GZg (v1 + Jva)
= G+ CGZZrv = Co(1 + ZgZp)v

and
gV —{—]gvz = Cg(l +Zg)U] +]Cg(] +Zg)v2
= Cg(vl +Jvp) + Cng(Ul —Jva)
= CgZFU + CngU = Cg(ZF —I—Zg)v.
Hence

Zg;Ce(1 + ZoZp)v = Co(Zp + Zy)v.
Since Z, € B(V, £2,]), it follows that 1 4 Z;Z is invertible for every positive Lagrangian subspace F. Thus

Zor = Co(Zr + Z,)(1 + Z3Zp) ' G, 3)

Eq. (3) is a uniform formula for the action of Sp(V, §2) on Lagrangian subspaces of V in terms of our parameters.
Formula (3) shows that

gZ=CGZ+Z)(+22)'C"

is a smooth action of Sp(V, £2) on the set of antilinear maps Z of V into itself with the properties that (v, Zw) = (w, Zv) for
every v, w € V and 1 — Z2 is positive definite.

9. The universal covering space of the Lagrangian Grassmannian

In this section, we define a circle function on the Lagrangian Grassmannian and use it to make a construction (4) of its
universal covering space A(V, §2) by analogy with the universal covering group Sp(V, £2) of the symplectic group. We show
that our constructions are compatible by giving an explicit action (5) of Sp(V, £2) on A(V, £2). Finally, we show how to lift
paths to the universal covers.

Let A(V, £2) be the real Lagrangian Grassmannian. If A € A(V, §2), then A and JA are perpendicular with respect to the
Euclidean inner product Re (, ) on V. In particular, V = A @ JA is a direct sum. Define Z, by Z,v = v — Jvy if v = vy +Jv,
with v; € A.In this special case, we have Zf = 1and as before (v, w) — (v, Z, w) is a C-symmetric bilinear form. Moreover,
r={veV]|Zv=nr}

To define a circle function v : A(V, £2) — S! for A(V, 22), we pick a base point Ay € A(V, £2) and consider the function
A Z)LZAO-

Proposition 25. 7,7, € U(V, £2,]).
Proof. 7,7, is J-linear. Moreover,
(D231, ,2300) = (2390, Z}Z311)

= (Zpgv. Zpptt) = (U, Z; v) = (u,v). O
Therefore we can define v by A > detc(Z,Zy,).

Lemma 26. If U is a C-vector space and A, B : U — U are antilinear maps, then

det(AB) = detc(BA).
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Proof. Fix a basis to identify U with C". Then A becomes z — A;Z and B becomes z — B4z with A, By being n x n matrices
with complex entries. So ABz = A{Byz and BAz = B1Az. Thus

detc(AB) = detc(A;By) = detc A; detc By
and

det@(BA) = det\c(BVK]) = det(c B det(c Ai. O

The above formula allows us to compute /(g - A) using (3) as follows:
Zy3Zng = Cg (T + Zg) (1 + Z,2,) 7' C; ' 23,
Consequently,
detc(Zy23,) = dete (cg @ +2) (1 + 2,2)C; 23, )
A B
= detc((1+ Z,Z))"'C '2,,Co (Z3. + Z¢))
= detc(1+Z,2,) " detc G ' dete(Ziy G +22)2)

A B
= det(c(l +ZgZ)L)_] detc Cg_1 det(c(Cg(l + ZgZA)ZAZAO)
= det(c(l +ZgZ)~)7] detc Cg_l . det@; Cg det(c(l +ZgZA) detc(Z)LZ)\O).

Hence
V(g2 =vMe@E)’ e e,
where
¢8) = detls  nd eved = <detc(1+ZgZ,\)>2'
| det Cg| |detc(1 + ZgZA)|

The smooth function v is uniquely determined if we require that v(e, Ag) = 0. This then implies that v(g, A) = 0 for every
ge U, 2,)).

Theorem 27. There is a smooth map ¥ : A(V, 2) — S! inducing an isomorphism of 71(A(V, 2)) with m{(S') = Z and
satisfying

Y(g - 1) =¥ ()(detcg)°,
if g € UV, £2,]). There is asmooth map v : Sp(V, 2) x A(V, £2) — R such that

V(g2 =y e@E)?’eeh.

Is the map v unique? Obviously v can take any value at a given point, but then it is determined. For if ¥y and 1, satisfy
Yi(g - 1) = ¥i(A)(detg)? for every g € U(V, £2,]), then vy /4, is invariant. Since U(V, £2, ]) acts transitively on A(V, £2),
it follows that v /v, is constant. Thus the map v is independent of the choice of circle function ¢. Can any choice of circle
function do? Yes, for if ¢ and vy satisfy

V(g 1) = ¥ (h) go(r)? el 0EH

then /¢y is trivial on U(V, £2, ). So ¢(g) = ¢o(g) e*® for some smooth map 7 : Sp(V, £2) — R with 7(g) = 0 for every
g e U(V, £2,]). Hence

Vg -A) =y p(g)le &,

where v(g, ) = 27(g) + vo(g, A)-
Define the universal covering space of A(V, £2) by

AWI2) = {01 0) € AV, 2) x R | $6) = ) @

and the covering projection o : Am) — AV, ) : (A, c) — A Also defineamap p : Am) — R: (A, 0) — c.
Then

PO = el = Y (1) = Y (o (A, 0)).
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Consequently, e'” = 1 o o. Define an action ofSTa(V, £2) on A(\ZTQ) by

(g,a)- (A, c)=(g A, c+2a+v(g, ). (5)
The above action is smooth. Moreover, SNp(V, £2) acts transitively on A(\?,/.Q). Combining the above definitions we obtain

p@- 1) =p() +26@) +v(@®@). 0 (). (6)
Using (6), we now derive a formula for the cocycle 7 in terms of the function v. Applying (6) twice gives

P& &) 1) = p@ ) +20E) +v(0@E). 0@ 1)

= p(h) +20(8) + (0 (&), 0 (1) +260(E) + v (), o (& - 1)

But

P(EE) %) = p(0) +20(8,8) +v(e@&). 0 ().
Consequently,

21(g1,8,) = 2(0(8,8,) — 0(&) — 0(&))

V(@ (&), o) +v((&), 0 (&, - 1) — v(o(E8)), o (V)
= V(gz’ A) + V(gpgz “A) — V(g1 -8y A).

Given a continuous closed curve [0,1] — A(V,$£) : t — XA with Ay = A4, we lift it to a continuous curve
[0,1] = A(V,2) : t — X = (A, ;) with ¢; a continuous real-valued function of t satisfying e’ = 1 (};) for all

t € [0, 1]. Then ! = (1) = ¥ (Xo) = e'*0 and so (c; — o) /27 is an integer. If (A¢, d,) is a second lift then (c; — d;) /27
is integer valued and continuous; hence constant. Thus (d; — dg)/2m = (c; — ¢cp)/27 and so the integer is independent of
which lift is chosen.

Definition 28. If ); is a continuous closed curve in the real Lagrangian Grassmannian A(V, £2) and (A, ¢;) is a continuous
lift into A(V, £2) then the integer (c; — ¢p)/27 constructed as above is called the Maslov index of the curve A.

Lift A; to a curve g € Sp(V, 2) with A; = g; - A¢ and set gy = 1. Then we can lift g; to a curve g; in SNp(V, £2) with
g0 = (1,0). We have g; = (g;, a;). Moreover,

g '3:0 = (&, ap) - (Ao, 0) = (& - Ao, 2ar + (g, o)) = (A¢, 2a; + v(g, Ao)).

Therefore ¢; — cg = 2a; + v (g, Ao). In other words,

€1 — o = 20(g1) + v(g;, o). (7)

10. The graph map

The graph of a symplectic linear map of a symplectic vector space is a Lagrangian subspace of the symplectic double so
we get a map of the real symplectic group into a Lagrangian Grassmannian. In this section, we show how our circle function
for the symplectic group is related to the circle function in the Lagrangian Grassmannian of the symplectic double.

Ifg € Sp(V, £2), let

Iy={v,gv)|veVicVveV
be its graph. Then I7 is Lagrangianin (V @ V, 2 ® (—£2)). Hence we get a map
I:SpV,2) > AVeV, 26 (—2)) :g Iy,
called the graph map. We will use Iy = Ay, the diagonal, as a base pointin A(V @V, 2 & (—£2)).
Given] in (V, £2) we obtain J; in (V @ V, 2 & (—£2)) defined by ({) f])). We then have the circle functions

det G,
| det G|

<p:Sp(V,.Q)—>SI:g»—>

and
VAV, 20 (—2) > S': Iy > det(Zr,Zr,).

To aid computations we observe that 'g [B))is Ji-linear if and only if A and D are J-linear and B and C are J-antilinear. We
have the following special cases of Lemma 26.
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Lemma 29.

det (g g) = detAdetD,

det (é ?) = det (é (1)) =1
Proposition 30.

(-2 ¢! (0 1
ng_((c;)‘l G2, G and Zrg =\1 o)

Proof. Z, is defined by

with (v, wy)" € I;. When w; = guv;, this means that
v=uv1+]Jv;
w = gvy —Jgvy = G (1 +Zz)vy — G (1 — Zy)]v,.
Hence
G 'w=v1 —Juy +Z(1 = Z)Jvs.
In other words,
v —Juy, = Cg_lw —Z,v and v+ ]Jv; =v.

But
7. (V)= ( v —Ju \ _ vy —Jup
e \w guy +Jgvs Cel(v1 +Jv2) + Zg (v1 — Jv2)]

_ Cg_lw—ng . —ng+Cg_1w
T \Glv+Z(G'w = Zw)]) T \G(1—Z)v+ GZ,Clw)
The desired formula for Z, follows because 1 —Zg2 = (C;Cg)‘l. Substituting Ziy = 0 and Cjg = 1 into the preceding formula

gives the second. O
Thus

Gt -7
Zr,Zry <CngCg1 (Cg)1>

_ (1 0 ) (1 —zg> ((1 -z o) (1 o) (cg o)
—\o ')\ 1 0 1)\z 1J\o 1)
Consequently,
det(Zr,Zr,) = det(C})~! x 1 x det(C;C,) x 1 x det (!
det G, )
= detG, =@ "
Hence, with our normalisation we have proved the following theorem.

Theorem 31. Forevery g € Sp(V, §2) the circle functions are related by
V() = (@)~
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