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Abstract. Let E be an exact category with duality. In [1] a category WðEÞ was introduced and
the authors asserted that the loop space of the topological realization of WðEÞ is homotopy
equivalent to Karoubi’s U-theory space of E when E ¼ PðRÞ, the category of finitely generated

projective modules over a ring R with an involution if 2 is invertible in R. Unfortunately, their
proof contains a mistake. We present a different proof which avoids their argument.
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1. Introduction

Let R be a ring with unit, and let R ! R : a 7! a be an involution, i.e.,
aþ b ¼ aþ b, ab ¼ ba, 1 ¼ 1 and a ¼ a (see [9, I 1.1.]). Let e 2 R be a central
element with ee ¼ 1. In analogy to algebraic K-theory, Karoubi [6] defined
the hermitian K-theory groups of R as the homotopy groups of a space

eK
hðRÞ ’ eK

h
0ðRÞ � BeOðRÞþ. Here eK

h
0ðRÞ is the Grothendieck group of the

abelian monoid of isometry classes of finitely generated projective right R-
modules equipped with a non-degenerate e-symmetric form. There is a
hyperbolic functor from algebraic K-theory to Hermitian K-theory
h : KðRÞ ! eK

hðRÞ whose homotopy fiber is denoted by eUðRÞ. There is also
a forgetful functor f : eK

hðRÞ ! KðRÞ whose homotopy fiber is denoted by

eVðRÞ. Karoubi’s fundamental theorem in Hermitian K-theory states that
there is a natural homotopy equivalence XeUðRÞ ’ �eVðRÞ whenever 2 is
invertible in R (see [7]).

Giffen attempted to reinterpret the fundamental theorem in a categorical
framework. To this end, he introduced a category eWðRÞ which has been
proposed independently by Karoubi (unpublished). We refer the reader to
Section 2 for a description. In [1, Theorem 3.1, Corollary 3.7], Charney and
Lee claimed to have proved the existence of a homotopy fibration

KðRÞ�!h eK
hðRÞ �! eWðRÞ ð1Þ
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if 2 is invertible in R. This would identify, up to homotopy, the loop space of

eWðRÞ with eUðRÞ. Unfortunately, their proof contains an error: the functor
r� of [1, p. 177] does not act as an inner automorphism as claimed. We do not
know whether the mistake can be fixed within their framework. In this paper,
we present a different proof which avoids their argument.

The main reason for being interested in the construction ofW is that it can
be applied to any exact category with duality, whereas the definition of
Karoubi’s U-theory presupposes a definition of Hermitian K-theory which is
not yet available for exact categories, in general. We feel that the category W
should play a similar role in Hermitian K-theory as Quillen’s Q-construction
does in algebraic K-theory.

The author’s interest in writing this article stems from the attempt to
generalize Hermitian K-theory of rings to exact categories or even to chain
complexes as in the spirit of Thomason and Trobaugh [17]. A localization
theorem for Hermitian K-theory whose proof depends on the result of this
article will be published in [5]. This can be considered as a first step to the
targeted generalization.

The statement of [1, Theorem 3.1] differs from (1) insofar as the authors of
[1] do not assume 2 to be invertible in R. The methods of our proof do not
yield this more general version.1

The plan of the article is as follows. In Section 2, we recollect some facts
about symmetric monoidal categories and the Bar construction all of which
are well known. Section 3, introduces a Hermitian analog of Waldhausen’s
S�-construction whose definition emerged from discussions I had with Jens
Hornbostel. We also recall the definition of Giffen’s category W. In Section
4, we prove the main result which is contained in Theorem 4.2 and Propo-
sition 4.8. The appendix recalls definitions and basic facts about exact cat-
egories with duality and shows that, up to equivalence of such categories, we
can always ‘‘identify an object with its double dual’’. This simplifies nota-
tions and proofs.

We use the word ‘‘space’’ interchangeably for ‘‘topological space of the
homotopy type of a CW-complex’’, ‘‘simplicial set’’, or ‘‘category’’, the ho-
motopy categories whereof they are objects are known to be equivalent.

2. Symmetric Monoidal Categories

2.1. Let M be a monoid in the category of spaces which acts on a space X.
There is a simplicial space Bar�ðM;XÞ, called Bar construction, whose space
of n-simplices is BarnðM;XÞ ¼ Mn � X (the simplicial space is Bð�;M;XÞ in

1After submitting this article, we have found a proof of Lemma 4.4 avoiding 1
2 2 A. The

results of this article are therefore true even if 1
2 j2A. This will be published elsewhere.
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[11, Section 7] and EM�M X in [3, IV 5.3]). The face maps are given by the
multiplication in M and by the action of M on X. We write Bar:ðMÞ for
Bar:ðM; �Þ.

Let M be a monoid in the category of simplicial sets acting on a simplicial
set X. We say that it acts invertibly up to homotopy if for every vertex v 2 M0

the map X ! X induced by restricting the action of M to the vertex v is a
homotopy equivalence. A homology version of the following lemma can also
be found in [3, Theorem IV, 5.15].

2.2. LEMMA. Let M be a monoid in the category of simplicial sets acting on a
simplicial set X invertibly up to homotopy, then the sequence

X ! Bar:ðM;XÞ ! Bar:ðMÞ
is a homotopy fibration. Here the first map is ‘‘inclusion of zero simplices’’, and
the second map is induced by the M-equivariant map X ! �.

2.3. Proof. This is [13, Theorem 2.1] with C ¼ M, NC ¼ Bar:ðMÞ,
NðXCÞ ¼ Bar:ðM;XÞ and XðCÞ ¼ c�ðXðCÞÞ ¼ X.

2.4. Remark. By taking nerves and diagonals when appropriate, Lemma
2.2 remains true when we replace simplicial sets by categories or bisimplicial
sets.

2.5. Recall that a symmetric monoidal category is a category C equipped
with a functor � : C � C ! C, a unit object 0 and for all objects A;B;C with
natural isomorphisms a : A� ðB� CÞ!� ðA� BÞ � C, r : A� B!� B� A
and g : 0� A!� A making certain diagrams commutative (see [12, VII, 7,
XI]). A symmetric monoidal category is called strict if a and g are identity
morphisms. A morphism in the category of small symmetric monoidal cat-
egories is a functor f : C ! D together with natural isomorphisms
s : fðAÞ � fðBÞ!� fðA� BÞ, e : 0 ! fð0Þmaking certain diagrams commute. A
morphism in the category of small strict symmetric monoidal categories is a
morphism between symmetric monoidal categories such that s and e are the
identity maps. For more details see for instance [12, VII 7, XI 16, Section 1].
Every symmetric monoidal category is equivalent to a strict symmetric mo-
noidal category (see [10, 4.2, 12, XI 3]).

Considering a small strict symmetric monoidal category as a monoid in
the category of small categories, the Bar construction of 2.1 is then a functor
from strict symmetric monoidal categories to simplicial symmetric monoidal
categories.

If C is a category, then we write iC for the subcategory which has the same
objects as C and whose morphisms are the isomorphisms in C. In the case of C
symmetric monoidal, a category ðiCÞ�1C has been constructed in [4, p. 219] in
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a functorial way. There is an inclusion of categories C ! ðiCÞ�1C which is a
group completion provided that all translations �A : iC ! iC are faithful
[4, 2, p. 220]. In this case we write Cþ for ðiCÞ�1C. Remark that the functor
C 7!Cþ sends strict symmetric monoidal categories to strict ones.

We need the following well-known lemma.

2.6. LEMMA. Let C� be a simplicial strict symmetric monoidal category such
that translations in iCn are faithful for n 2 N then the map

jC�j ! jCþ� j

is a group completion. In particular, if the monoid p0ðjC�jÞ is a group, then the
above map is a homotopy equivalence.

2.7. Proof. The two topological monoids jC�j and jCþ� j are both H-spaces
which meet the hypothesis of the ‘‘group completion theorem’’, i.e., for
which the natural transformation of functors id ! Xjp 7!BarpðidÞj is a
group completion [11, Section 15]. It therefore suffices to show that
jBar�ðjC�jÞj ! jBar�ðjCþ� jÞj is a homotopy equivalence. Realizing in a different
order, we see that the this map is homeomorphic to jq 7! jBar�ðCqÞjj !
jq 7! jBar�ðCþq Þjj. But the last map is degree wise a homotopy equivalence be-
cause Cq ! Cþq being a group completion of symmetric monoidal categories
implies that jBar�ðCqÞj ! jBar�ðCþq Þj is a homotopy equivalence.

3. The RR�-Construction and Giffen’s Category WW

3.1. DEFINITION. A category with duality is a triple ðC; �; gÞ with
(1) C a category,
(2) � : C ! Cop a functor,
(3) g : idC ¼> �� a natural equivalence such that
(4) for all objects A of C we have 1A� ¼ g�A � gA� .

The duality of ðC; �; gÞ is called strict if �� ¼ idA and if gA ¼ 1A for all objects
A of C. A map f : ðA; �Þ ! ðB; ]Þ between categories with strict duality is a
functor f : A ! B such that fop � � ¼ ] � f. A category with duality ðE; �; gÞ is
called exact if E is an exact category (see [14, 8, Appendix A]) and if
� : E ! Eop is an exact functor.

Since every (exact) category with duality is equivalent to a (exact) category
with strict duality (see A.8) we will assume our (exact) categories with duality
to have a strict duality.

3.2. THE R:-CONSTRUCTION

LetD be the category of finite ordered sets andmonotonic maps as morphisms.
As usual, denote by ½n� the ordered set f0 < � � � < n� 1 < ng. We consider
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ordered sets as categories. In this way, the terminology ‘‘ordered set with
duality’’ is defined in 3.1. Remark that every duality on an ordered set is nec-
essarily strict. Remark furthermore that every ordered set can be made into an
ordered set with duality in a unique way. Denote x 7!x0 the unique duality
functor A ! Aop on a finite ordered set A. Let dD be the category of finite
ordered sets with duality.Maps in this category are themaps of categories with
strict duality. Remark that the inclusion functor dD 	 D which forgets the
duality is the identity on objects but is not full. For two finite ordered setsA;B
let the concatenation AB of A and B be the finite ordered set whose set of
elements is the disjoint union of those ofA andB ordered in such away that the
elements in A are smaller than the elements of B and such that the natural
inclusions of A and B in AB are monotonic. Concatenation defines a functor
D� D ! D. We remark that the functor d : D ! D : A 7!AopA; f 7! fopf fac-
tors through dD.

If E is an exact category, then the category SnE defined by Waldhausen
(see [18]) is an exact category, and n 7!SnE is a simplicial exact category. If
ðE; �Þ is an exact category with strict duality, then so is SnE by declaring
ðAi;jÞ� ¼ ðA�

j0;i0 Þ on objects and ðfi;jÞ� ¼ ðf�j0;i0 Þ on morphisms. The assignment
n 7!SnE does not yield a simplicial exact category with duality, in general, but
the assignment n 7!SdðnÞE does. Therefore, we define the simplicial exact
category with duality R:E to be S:E � dop. Remark that its underlying sim-
plicial exact category is Se: E, Waldhausen’s edgewise subdivision of S:E
[18, 1.9] whose topological realization is homeomorphic to the realization of
S.E. To simplify notation, we label the elements of n :¼ ½n�op½n� ffi ½2nþ 1� as
n0 < ðn� 1Þ0 < � � � < 00 < 0 < � � � < n� 1 < n.

3.3. If ðC; �Þ is a category with strict duality, then we write Ch for the category
whose objects are isomorphisms / : X ! X� in C such that /� ¼ /. A mor-
phism from / : X ! X� to /0 : X0 ! X0� is a map a : X ! X0 such that
a� � /0 � a ¼ /. Recall from section 1 that iCh is the subcategory of Ch which
has the same objects as Ch and whose morphisms are the isomorphisms in Ch.
There is a forgetful functor iCh ! iC sending the object / : X ! X� to X and
the morphism a to a. Applying this observation degree wise to the simplicial
exact category with duality R:E yields a simplicial category iðR:EÞh and a
forgetful functor of simplicial categories iðR:EÞh ! iSe:E:

3.4. Remark. For M an exact category with duality the simplicial set
ObðR:MÞh is isomorphic to 1s

e:M of [15].

3.5. THE CATEGORY W

Let ðE; �Þbe an exact categorywith duality.We construct a new categoryWðEÞ.
Its objects are ‘‘symmetric bilinear forms’’ in E, more precisely, an object of
WðEÞ is an isomorphism / : X ! X� such that /� ¼ /. A morphism from
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ðX;/Þ to ðY;wÞ is an equivalence class of data ðp;A; iÞ with p : A{X an
admissible epimorphism and i : A � Y an admissible monomorphism such
that the diagram is bicartesian. The data ðp;A; iÞ is equivalent to ðp0;A0; i0Þ if
there exists an isomorphism a : A ! A0 such that p0a ¼ p and i0a ¼ i. If
ðp;A; iÞ : ðX;/Þ ! ðY;wÞ and ðq;B; jÞ : ðY;wÞ ! ðZ; qÞ are two composable
maps then its composition ðr;C; kÞ is defined as in Quillen’s Q-construction,
i.e.,C is the pullback of q along i, r and k are the compositions of p and jwith the
epimorphism and the monomorphism obtained by the pullback square,
respectively.

3.6. Given a ring with involution ðR; Þ and e 2 R a central element such that
ee ¼ 1, let ðPðRÞ; g; �Þ be the following split exact category with duality. The
category PðRÞ is the category of finitely generated projective right R-mod-
ules, � ¼ HomRð ;RÞ where HomðM;RÞ is made into a right R-module
through the involution of R: ðf � rÞðmÞ ¼ rfðmÞ. The identification
gM : M ! M�� sends m 2 M to f 7! efðmÞ (see [9, II 2.2.1] when e ¼ 1). By
A.8, there is an additive category with strict duality ðP; �Þ which is equivalent
to ðPðRÞ; g; �Þ. Then the connected component of the 0-object of WðPÞ is
equivalent to eŴð0Þ of [1] which, by the argument of [1, 3.6], is homotopy
equivalent to WðRÞ of [1].
3.7. LEMMA. Let E be an exact category with duality. There is a natural
homotopy equivalence WðEÞ ’ iðR:EÞh.

3.8. Proof. Waldhausen’s argument [18, 1.9] carries over.

4. The Homotopy Fibration

4.1. Suppose ðA; �Þ is a split exact category with strict duality which, as a
symmetric monoidal category, is strict under � and a chosen zero object.
Suppose further that direct sum is compatible with the duality:
ðA� BÞ� ¼ B� � A�. Every split exact category with duality is equivalent to
such a category (see A.8). Then iðR:AÞh and iSe

� A are simplicial strict sym-
metric monoidal categories and the forgetful map iðR:AÞh ! iSe:A becomes
a map of monoids. Let f be this forgetful map composed with the map
iSe:A ! iS:A which is induced by the natural inclusions ½n� ! ½n�op½n� ¼ n,
n 2 N. Consider iAh as a constant simplicial category, and let
i : iAh ! iðR:AÞh be the inclusion of zero simplices.
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4.2. THEOREM. If 1
2 2 A, then the following sequence is a homotopy fibration

ðiAhÞþ ������!i ðiðR:AÞhÞ
þ
������!f ðiS:AÞþ:

4.3. Proof. We want to apply Lemma 2.2. To this end consider A�Aop as
an additive category with duality which is given by interchanging the two
factors, ignoring any duality A might have had. Suppose A is strict as in 4.1.
Then we let A�Aop act on A by

ððA;BÞ;ZÞ 7!A� Z� B�:

This action is compatible with the duality. It induces a (unital and associative)
action of iðA �AopÞh on iAh. By functoriality (see 2.5) we have an induced
action of M ¼ iðA � AopÞþh on X ¼ ðiAhÞþ. Since X is group complete, M acts
invertibly up to homotopy. Therefore, lemma 2.2 applies to our situation.
The natural isomorphism iðS � T Þ�1ðS � T Þ ffi iS�1S � iT �1T yields
isomorphisms of simplicial categories Bar: ðM;XÞ ffi iBar:ðA� Aop;AÞþh , and
Bar: ðMÞ ffi iBar:ðA � AopÞþh . There is a map of simplicial categories with duality

b: : Bar:ðA �Aop;AÞ ! R:A;

which on n-simplices is given by

Y
n

i¼1

nðAi0 ;AiÞ;Z 7! ðBi;jÞn0�i<j�n ;

where Bi;j ¼ Bi;iþ1 � � � � � Bj�1;j (sum in this order) with Bi;iþ1 ¼ Ai for i < 00,
with B00;0 ¼ Z and Bi;iþ1 ¼ A�

iþ1 for i � 0. The maps Bi;j ! Bk;l are the nat-
ural partial inclusions/projections. Hence, we have an induced map of sim-
plicial categories

Bar:ðM;XÞ ffi iBar:ðA � Aop;AÞþh ! iðR:AÞþh :

By Lemma 4.4, this map is degree-wise a homotopy equivalence, hence it is a
homotopy equivalence. We have a homotopy equivalence Bar:ðMÞ !
Bar:ðiAþÞ ! ðiS:AÞþ as it is the composition of two homotopy equivalences.
The first map is because M ¼ iðA � AopÞþh ! iAþ is an equivalence of cate-
gories which is induced by the forgetful functor ðA �AopÞ ! A sending
ðA;BÞ to B�. The second map is by additivity in K-theory applied degree-
wise. Using the commutativity of the diagram

HERMITIAN K-THEORY ON A THEOREM OF GIFFEN 259



in which the vertical maps are homotopy equivalences and the first row is a
homotopy fibration, the statement of the theorem follows.

4.4. LEMMA. The map bn : BarnðA � Aop;AÞ ! RnA of additive categories
with duality induces a homotopy equivalence of Hermitian K-theory spaces if 2
is invertible in A.

4.5. Proof. Suppose for the moment that A is idempotent complete. We
will use Karoubi’s fundamental theorem of Hermitian K-theory [7] to prove
the lemma. Let eUðAÞ be the homotopy fiber of the hyperbolic functor
KðAÞ ! eK

hðAÞ and eVðAÞ be the homotopy fiber of the forgetful functor

eK
hðAÞ ! KðAÞ. Then Karoubi’s theorem says that there is a natural ho-

motopy equivalence XeUðAÞ ’ �eVðAÞ provided that 1=2 2 A, at least if
ðA; �Þ is of the form ðPðRÞ; g; �Þ as in 3.6 arising from a ring with involution.
The general case of idempotent complete additive categories with duality
follows from the fact that (Hermitian) K-theory commutes with filtered co-
limits and A.12 reducing the general case to the case of rings with involution.
Let a : B ! C be a map between idempotent complete additive categories
with duality which induces a homotopy equivalence of K-theory spaces
(forgetting the dualities). Using the four exact sequences associated with the
above homotopy fibrations (for e ¼ 1) and the natural homotopy equiva-
lence of Karoubi’s fundamental theorem one finds: if eK

h
j ðaÞ is an isomor-

phism and if eK
h
jþ1ðaÞ a surjection for e ¼ 1, then eK

h
jþ2 is an isomorphism

for e ¼ 1.
By the additivity theorem in K-theory, the bn’s are K-theory equivalences

(forgetting the dualities). Since bn has a retraction qn which sends ðBi;jÞ to
Pn

i¼1ðBi0;ði�1Þ0 ;B
�
i�1;iÞ;B00;0 it suffices to show that eK

h
j ðqnÞ is an isomorphism

for j ¼ 0; 1, e ¼ 1 to get the induction to start, implying eK
h
j ðqnÞ an iso-

morphism for all j 2 N. Now eK
h
j ðqnÞ is certainly surjective (with section

eK
h
j ðbnÞ). Suppose for the moment that eK

h
0ðqnÞ is also injective for e ¼ 1

and for all idempotent complete additive categories with duality. Then by the
above argument eK

h
2ðqnÞ is an isomorphism for all idempotent complete

additive categories with duality. Applying the same argument to the sus-
pension of qn (see [7], [5]) we find that eK

h
2ðSqnÞ is an isomorphism (remark

that RnSA ¼ SRnA and SðA � AopÞ ¼ SA� ðSAÞop, etc.). But eK
h
2ðSqnÞ ¼

eK
h
1ðqnÞ and the induction gets started.
We are left with proving that eK

h
0ðqnÞ is injective, or that eK

h
0ðbnÞ is

surjective. The natural exact sequence K0 ! eK
h
0 ! eW ! 0 shows that it

suffices to prove surjectivity of eWðbnÞ. Now the inclusion of zero simplices
induces an isomorphism eWðAÞ ! eWðBarnðA �Aop;AÞÞ because

eWðA � AopÞ ¼ 0. It therefore suffices to show that the inclusion of zero
simplices induces a surjection eWðAÞ ! eWðRnAÞ. Given an isomorphism
/ : ðBi:jÞ ! ðBi;jÞ� ¼ ðB�

j0;i0 Þ with /� ¼ e/, the submodule ðCi;jÞ � ðBi;jÞ is
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totally isotropic where Ci;j ¼ Bi;minfj;00g if iOminfj; 00g, otherwise Ci;j ¼ 0.
The inclusion of C :¼ ðCi;jÞ into ðBi;jÞ is given by the structure maps of the
latter object. We calculate ðC?=C; �/Þ ¼ iðB00;0;/00;0Þ with i : A ! RnA the
map ‘‘inclusion of zero simplices’’. Hence the surjectivity of WðbnÞ. And we
are done in the idempotent complete case.

If A is not idempotent complete, then we still have an isomorphism

eK
h
j ðbnÞ for jP1 by cofinality and passing to the idempotent completion of A.

But the above calculation includes the isomorphism eK
h
0ðbnÞ even if A is not

idempotent complete.

4.6. COROLLARY. Let A be a split exact category with duality in which 2 it
is invertible. Then there is a homotopy fibration

iAþ
h ! iðR:AÞh ! iS:A:

4.7. Proof. This follows from Theorem 4.2 and the commutativity of the
diagram

in which the vertical arrows are homotopy equivalences by Lemma 2.6.

4.8. PROPOSITION. Let A be a split exact category with duality with 1
2 2 A.

Then there is a homotopy fibration

KðAÞ ����!h
KhðAÞ ����!i WðAÞ

in which h is induced by the hyperbolic functor and i is the map ‘‘inclusion of
zero simplices’’ iAþ

h ! iR:Aþ
h composed with the homotopy equivalences of

Lemmas 2.6 and 3.7.

4.9. Proof. Keep the notation of 4.3. The hyperbolic functor is the map
M ! X given by the action of M on 0 2 X. By functoriality we have a
commutative diagram
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in which the rows are homotopy fibrations by Lemma 2.2. Hence the left-
hand square is homotopy cartesian. By a standard argument,
EM ¼ Bar:ðM;MÞ is contractible. It follows that

M!h X ! Bar:ðM;XÞ
is a homotopy fibration. Using the identification b : Bar:ðM;XÞ ! iR:Aþ

h of
3.3 we are done.

Appendix A

We remind the reader that the terms ‘‘(exact) category with duality’’ and
‘‘(exact) category with strict duality’’ have been defined in 3.1. As every
symmetric monoidal category is equivalent to a strict symmetric monoidal
category so is every (exact) category with duality equivalent to a (exact)
category with strict duality. Moreover, every idempotent complete additive
category with duality is equivalent to a filtered colimit of additive categories
with duality all of which are of the form ðPðRÞ; g; �Þ, the category with
duality of 3.6 arising from a ring with involution ðR;�Þ. The purpose of the
appendix is to make these statements precise. Lemma A.8 can also be found
in [2].

A.1. DEFINITION. A map of categories with duality between ðA; �; aÞ and
ðB; ]; bÞ is a couple ðf; sÞ with
(1) f : A ! B a functor and
(2) s : fop � � ¼> ] � f a natural equivalence such that
(3) for all objects A of A the following diagram commutes

Composition is defined by ðg; rÞ � ðf; sÞ ¼ ðg � f; qÞ with qA ¼ rfðAÞ � gðsAÞ.
A map of additive (exact) categories with duality ðf; sÞ is a map of categories

with duality with f an additive (exact) functor.
A map of categories with strict duality is called strict map if f op � � ¼ ] � f

and if s ¼ id.

A.2. Remark. Composition of maps between (additive, exact) categories
with duality is associative. Composition of strict maps is strict.
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A.3. DEFINITION. Given two morphisms ðfi; siÞ : ðA; �; aÞ ! ðB; ]; bÞ,
i ¼ 0; 1, between categories with duality, a natural transformation
t : ðf0; s0Þ ¼> ðf1; s1Þ is a natural transformation of functors t : f0 ¼> f1 such
that for all objects A of A the following diagram commutes:

We call t a natural equivalence if for all objects A of A the map tA is an
isomorphism.

A.4. The above notions define a category Dualcat of small categories and
maps of categories with duality. There is also a category sDualcat of small
categories with strict duality and strict maps of categories with duality. There
is an inclusion of categories i : sDualcat ! Dualcat.

A.5. DEFINITION. A map ðf; sÞ : ðA; �; aÞ ! ðB; ]; bÞ is called an equiva-
lence of categories with duality if there is a map of categories with duality
ðg;rÞ : ðB; ]; bÞ ! ðA; �; aÞ such that ðf; sÞ � ðg;rÞ and ðg; rÞ � ðf; sÞ are
equivalent to idðB;];bÞ and idðA;�;aÞ, respectively.

A.6. LEMMA. Let ðf; sÞ : ðA; �; aÞ ! ðB; ]; bÞ be a map of catagories with
duality. If f : A ! B is an equivalence of categories then ðf; sÞ is an equivalence
of catagories with duality.

A.7. Proof. This is left to the reader (hint: use an inverse g of f with good
properties).

A.8. LEMMA. There is a strictifying functor s : Dualcat ! sDualcat :
ðA; �; aÞ 7! ðAs; �s; asÞ and a natural transformation ðE; gÞ : id ¼> ði�sÞ,
ðE; gÞðA;�;aÞ ¼ ðEA; gAÞ : ðA; �; aÞ ! ðAs; �s; asÞ which is an equivalence of
categories with duality for any category with duality ðA; �; aÞ. In other words,
any category with duality is equivalent to a categories and maps between cat-
egories with duality can by strictified in a functorial way.

A.9. Proof. The objects of As are two copies of the objects of A:
ObAs ¼ ObA� f0; 1g. We will write A0 for ðA; 0Þ and A1 for the object
ðA; 1Þ. Morphisms in As are defined as follows:

(a) maps from A0 to B0 correspond bijectively to maps from A to B in A,
(b) maps from A1 to B0 correspond bijectively to maps from A� to B in A,
(c) maps from A0 to B1 correspond bijectively to maps from A to B� in A,
(d) maps from A1 to B1 correspond bijectively to maps fromA� to B� inA.
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Composition is induced by the composition in A. The duality functor
�s : As ! Asop is defined as follows. On objects it is A�s

i ¼ A1�i.

(a) Let u : A0 ! B0, i.e., u : A ! B then u� : B� ! A� and we define
u�s :¼ u� : B1 ! A1.

(b) Let u : A1 ! B0, i.e., u : A� ! B then u� : B� ! A�� and we define
u�s :¼ a�1

A � u� : B1 ! A0.
(c) Let u : A0 ! B1, i.e., u : A ! B� then u� : B�� ! A� and we define

u�s :¼ u� � aB : B0 ! A1.
(d) Let u : A1 ! B1, i.e., u : A� ! B� then u� : B�� ! A�� and we define

a�1
A � u�s � aB :¼ u� : B0 ! A0.

Observe that the a�1’s always compose on the left and the a’s on the right
in aÞ; ::dÞ. This shows that �s : As ! Asop is a functor. We calculate
�s � �s ¼ id. This is obviously true on objects. On morphisms we have:

(a) Let u : A0 ! B0 then u�s�s ¼ ðu�Þ�
s

¼ a�1
B u��aA ¼ u by 2.1 (3).

(b) Let u : A1 ! B0 then u�s�s ¼ ða�1
A u�Þ�

s

¼ a�1
B u��a�A

�1 ¼ ua�1
A� a�A

�1 ¼ u
by 2.1 (3) and (4).

(c) Let u : A0 ! B1 then u�s�s ¼ ðu�aBÞ�
s

¼ a�Bu
��aA ¼ a�BaB�u ¼ u by 2.1

(3) and (4).
(d) Let u : A1 ! B1 then u�s�s ¼ ða�1

A u�saBÞ�
s

¼ a�Bu
��a�A

�1 ¼ a�Bu
��aA�

¼ a�BaB
�u ¼ u by 2.1 (3) and (4).

It follows that ðAs; �s; asÞ is a category with duality such that �s � �s ¼ id
and as ¼ 1. Hence ðAs; �s; asÞ is a category with duality.

We define amap of categories with duality ðEA; gAÞ : ðA; �; aÞ ! ðAs; �s; asÞ
in the following way. The underlying functor EA : A ! As sends A to A0. It is
the identity on morphisms. By definition of the composition in As, EA is an
additive functor. We let gAA ¼ 1A� : A�

0 ! A1. One verifies that
gA : E � � ¼> �s � E is a natural equivalence satisfying A.1 (3). Since
EA : A ! As is an equivalence of categories, ðEA; gAÞ : ðA; �; aÞ ! ðAs; �s; asÞ
is an equivalence of categories with duality by the above Lemma A.6.

Given a map of categories with duality ðg;rÞ : ðA; �; aÞ ! ðB; ];bÞ, we
construct a map ðg; rÞs ¼ ðgs; rsÞ : ðAs; �s; asÞ ! ðBs; ]s;bsÞ making the fol-
lowing diagram commute:

On objects gs is Ai 7! gðAÞi. On morphisms it is defined in the following
way:
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(a) u : A0 ! B0, i.e., u : A ! B goes to gðuÞ.
(b) u : A1 ! B0, i.e., u : A� ! B goes to gðuÞ � r�1

A : gðAÞ1 ! gðBÞ0.
(c) u : A0 ! B1, i.e., u : A ! B� goes to rB � gðuÞ : gðAÞ0 ! gðBÞ1.
(d) u : A1 ! B1, i.e., u : A� ! B� goes to rB � gðuÞ � r�1

A .

As above gs is a functor. We let rs ¼ 1. It is obviously a natural equiva-
lence satisfying A.1 (3). We leave it to the reader to verify the commutativity
of (I) and of the fact that strictifying is a functor, i.e.,
½ðg; rÞ � ðf; sÞ�s ¼ ðg; rÞs � ðf; sÞs.

A.10. Remark. For ðE; g; �Þ an (exact) category with (non necessarily
strict) duality, one can extend the definitions of this article to obtain the
obvious definitions for Eh, R:E and WðEÞ. The category Eh for instance has
objects isomorphisms / : X ! X� such that / ¼ /� � gX and morphisms
a : / ! /0 such that a : X ! X0 with a� � /0 � a ¼ / (compare 2.3), similarly
for the W and R:-constructions. The natural transformation ðE; gÞ induces
homotopy equivalences between the R: and W-constructions of an exact
category with duality and of its strictification.

A.11. REMARK. For ðA; �Þ an (pre-) additive category with strict duality,
we can extend the duality of A to the associated strict additive category LA.
Recall that an object of the category LA is a finite string nðA1; . . . ;AnÞ of
objects of A. A morphism from nðA1; . . . ;AnÞ to mðB1; . . . ;BmÞ is a map
ð. . . ððA1 � A2Þ � A3Þ � � � � AnÞ ! ð. . . ððB1 � B2Þ � B3Þ � � � � BmÞ. We extend
the duality on A by nðA1; . . . ;AnÞ� ¼ nðA�

n; . . . ;A
�
1Þ. The natural inclusion

A ! LA : A 7! 1ðAÞ is a map of categories with strict duality. It is an
equivalence if and only if A is additive.

A.12. LEMMA. Every idempotent complete additive category with duality is
equivalent to a filtered colimit of additive categories with duality all of which
are equivalent to ðPðRÞ; g; �Þ for some ring with involution ðR;�Þ and
� ¼ HomRð ;RÞ as in 2.6.

A.13. Proof. According to Lemma A.8 and Remark A.11 we can suppose
our additive category with duality ðA; a; �Þ to be strict and to have a strict
duality satisfying ðA� BÞ� ¼ B� � A�. Call a full subcategory with duality
finitely generated if there are finitely many objects inA, called generators, such
that it is the full subcategory of objects of A which are direct factors of finite
sums of the generators. The set of all such subcategories becomes a filtered
partially ordered set I under inclusion. Obviously A ¼ colimi2I i. Taking the
sum of the generators we see that every category in I is actually generated by a
single object. It therefore suffices to prove the Lemma for categories A as in
A.11 generated by a single object, say A. Let R ¼ EndAðA� A�Þ. The ring R is
equipped with an involution
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� :
a b
c d

� �

7! d� b�

c� a�

� �

:

The inclusion of the one object category with strict duality ðR;�Þ into ðA; �Þ
given by the identity on morphisms respects the duality and extends to an
equivalence between the idempotent completion of LðR;�Þ and the one of
LðA; �Þ. The latter category with duality is equivalent to ðA; �Þ. The former
category is equivalent to ðPðRÞ;HomRð ;RÞÞ. The equivalence is induced by
the functor ðid; sÞ : ðR;�Þ ! ðPðRÞ;HomRð ;RÞÞ where the natural equiva-
lence sR : R ! HomRðR;RÞ sends a to the map r 7! �ar. This functor extends
to an equivalence between the idempotent completions of the associated strict
additive categories with duality (see (A.11) and (A.6)).
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