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Hermitian K-theory of exact categories
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Abstract

We study the theory of higher Grothendieck-Witt groups, alias algebraic
hermitian K-theory, of symmetric bilinear forms in exact categories, and
prove additivity, cofinality, dévissage and localization theorems — preparing
the ground for the theory of higher Grothendieck-Witt groups of schemes as
developed in [Sch08a] and [Sch08b]. No assumption on the characteristic is
being made.
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1. Introduction

In his foundational paper [Qui73], Quillen introduced the higher algebraic K-theory
of an exact category and proved theorems which go under the names of “localization
in abelian categories” [Qui73, §5 Theorem 5], “dévissage” [Qui73, §5 Theorem 4],
and “additivity” [Qui73, §3 Theorem 2 and Corollary 1]. These theorems provide
the technical background for many results regarding the higher algebraic K-theory
of rings and schemes. In this article, we generalize these and some other abstract
fundamental theorems from algebraic K-theory to (algebraic) hermitian K-theory.
The main point here is that nowhere in the present paper we will have to assume “2
to be invertible” (an unfortunate but common assumption in hermitian K-theory).
All our results hold for arbitrary Z-linear exact categories with duality.

We consider groups GW;(£), i > 0, associated with an exact category
with duality £, generalizing the usual Grothendieck-Witt group G Wy(€) of non-
degenerate symmetric bilinear forms in £ as defined in [Qui71, §5.1], [Kne77, §4],
[QSS79, pp.280, 281]. As an example, let R be a (commutative) ring and £ the
category of finitely generated projective R-modules equipped with an appropriate
duality. Then the group G Wy (€) is the Grothendieck group of (that is, the universal
group associated with) the abelian monoid of regular symmetric bilinear spaces over
R, see [Sch85, §1.6] where it is denoted W(R). For the category & = Vect(X)
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of vector bundles on a scheme X equipped with the usual duality £ — EV,
E € Vect(X), the group GWy(E) is Knebusch’s Grothendieck-Witt group L(X)
of X [Kne77, §4].

The higher Grothendieck-Witt groups GW;(£), i > 0, are defined as the
homotopy groups ; GW(E) of a space GW(E) which is the homotopy fibre of a
map on classifying spaces of a functor

ohe - o€

of categories associated with the exact category with duality £ (definition 4.12).
Here Q& is Quillen’s Q-construction, and Q€ its hermitian analog (definition 4.1)
introduced by Giffen and Karoubi. The definition of the space GW(E) generalizes
Karoubi’s hermitian K-theory of a ring with involution (see remark 4.13) and
already appeared in [Hor02, Definitions 3.2 and 3.6] for precisely that reason. The
higher Grothendieck-Witt (or hermitian K-) groups also generalize higher algebraic
K-theory in the sense that one can associate to any exact category £ an exact
category with duality HE such that there is an isomorphism GW; (HE) =~ K; (&),
i € N (proposition 4.7).

In this article we prove “dévissage” (theorem 6.1) and ‘““additivity” (theorems
7.1 and 7.2) for the hermitian K-theory of exact categories with duality, generalizing
Quillen’s results mentioned above. The hermitian version of Quillen’s localization
theorem for noetherian abelian categories (the categories of interest in algebraic
geometry and number theory) follows from dévissage since noetherian abelian
categories with duality are artinian (see example 6.2). A version of Quillen’s
resolution theorem also holds in the hermitian setting but is more conveniently
proved in [Sch08a].

We also prove cofinality (theorem 5.1 and corollary 5.2), generalizing [Gra79,
theorem 1.1], and a localization theorem for an “s-filtering inclusion of exact
categories” (theorem 8.2), generalizing [Sch04a, theorem 2.1], see also remark
8.4. We obtain an explicit non-connective delooping of the hermitian K-theory
of an exact category with duality (see theorem 9.11 and remark 9.12), generalizing
[Sch04a, theorem 3.4] and [Wag72], [Kar80b, 1.11]. If one wishes, one can use the
non-connective delooping to extend Karoubi’s fundamental theorem of [Kar80a]
from rings with involution to exact categories with duality following the line of
arguments in [Kar80a] (we will, however, refrain from giving the details here since
a different approach not relying on [Kar80a] is taken in [Sch08b]).

Unfortunately, the theorems proved in this article for exact categories with
duality don’t immediately yield results for the hermitian K-theory of rings and
schemes contrary to the K-theory situation in Quillen’s work. This is because
there are basically no interesting noetherian (hence artinian) abelian categories with
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duality, as mentioned above. The results of this article, however, are essential in the
theory of higher Grothendieck-Witt groups of schemes and derived categories and
provide the foundational background for [Sch08a] and [SchO8b].

We give a short outline of the article. In §2 we recall the definitions of Witt
and Grothendieck-Witt groups of exact categories with duality. The expert will
find nothing new here. In §3 we introduce “form functors”. These are functors
between categories with duality together with the extra structure that compares the
dualities of the two categories. This is classical. However, a little less classical is
our interpretation of them as “symmetric spaces in a functor category with duality”
(see remark 3.3). Though not very deep, this is useful. In §4, we recall the
hermitian Q-construction and introduce the Grothendieck-Witt space G W (&) of an
exact category with duality. We also identify the low dimensional homotopy groups
70| Q"(E)|, m1|0"(E)| and TG W(E) as the Witt group of &, the Grothendieck-
Witt group of formations in &£, and the Grothendieck-Witt group of symmetric
spaces in £. As the corresponding titles indicate, in §5, §6, §7 and §8 we prove
the generalizations to hermitian K-theory of the classical cofinality, dévissage,
additivity and filtering localization theorems. In §9, we construct for a certain
embedding of (idempotent complete) exact categories with duality A C U, a “cone”
exact category with duality C(U,.A), which contains I/, such that the sequence
A —- U — C(U,A) induces a homotopy fibration in hermitian K-theory. This
will be used in [Sch08a].

Prerequisites

The article should be accessible to anyone with a basic knowledge in algebraic
topology and who has read §1 of Quillen’s paper [Qui73]. The only results we need
from [Qui73] are Quillen’s theorems A and B (for an alternative proof of theorem
B, see [GJ99, theorem 5.6]).

Warning to the expert

I sometimes use non-standard notation and terminology, for instance, Q" instead of
W, GW instead of K", and “ form functor” instead of “duality preserving functor”.
They are all explained at the appropriate place in the article.

2. Witt and Grothendieck-Witt groups of exact categories

We start with fixing standard terminology by recalling the definition of an exact
category.
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2.1. Exact categories, exact functors and fully exact inclusions

Recall from [Qui73] (see also [Kel96, §4]) that an exact category is an additive
category & equipped with a family of sequences of maps in &, called conflations (or
admissible short exact sequences, or simply exact sequences),

x5yv2z 1)

satisfying the properties (a) — (f) below. In a conflation (1), the map i is called
inflation (or admissible monomorphism) and may be depicted as >, and the map
p is called deflation (or admissible epimorphism) and may be depicted as — in
diagrams.

(a) In a conflation (1), the map i is a kernel of p, and p is a cokernel of i.
(b) Conflations are closed under isomorphisms.

(c) Inflations are closed under compositions, and deflations are closed under
compositions.

(d) Any diagram Z < X N Y with i an inflation can be completed to a

cocartesian square
LI Y
w

J
>

N<—3

with j an inflation.

(e) Dually, any diagram X — Z £ ¥ with p a deflation can be completed to a
cartesian square

W——Y
q ip
X—Z

with g a deflation.

(f) The following sequence is a conflation

1
X@X@ﬂSW. )
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Quillen lists another axiom and its dual which, however, follow from the above
(cf. [Kel90, appendix]). An additive functor between exact categories is called exact
if it sends conflations to conflations. Unless otherwise stated, all exact categories in
this article will be (essentially) small.

Let A, B be exact categories such that B C A is a full subcategory. We say
that B is a fully exact subcategory of A, or that B C A is a fully exact inclusion,
if B is closed under extensions in A (that is, if in a conflation (1) in A, X and Z
are isomorphic to objects in I3 then Y is isomorphic to an object in B), and if the
inclusion B C A preserves and detects conflations.

A conflation is called split if it is isomorphic to a sequence of the form (2) above.
An exact category is called split exact if every conflation is split.

Definition 2.1 An exact category with duality is a triple (£,*,7), where £ is an exact
category, * : £°? — £ is an exact functor, and 4 : A — A** a natural isomorphism
such that 14« = n% on 4~ for all objects A of £. We may write £ in place of (£,*,1)
if the duality functor * and the double dual identification 7 are understood.

Example 2.2 Let R be aring with involution R — R°? : a > a (a ring isomorphism
satisfying @ = a), and let P(R) be the category of finitely generated right R-
modules. For a right R-module M, the R-bimodule structure of R makes the set
Hompg (M, R) of right R-module maps into a left R-module which we consider as a
right R-module via the ring isomorphism given by the involution. Thus, we have a
functor
*:P(R)°’ - P(R) : P — Homg(P,R).

For a finitely generated projective R-module P, there is a natural isomorphism of
right R-modules

canp : P > P**

defined by canp (x)(f) = f(x) which makes the triple
(P(R),*,can)

into a split exact category with duality.

Example 2.3 Let X be a scheme, and let £ be a line-bundle on X . Then the triple
(Vect(X),Homo, ( ,L),can)

is an exact category with duality, where Vect(X) is the exact category of locally free
Ox-modules of finite rank, Homo, ( , ) is the sheaf of Ox-module homomor-
phisms, and the double dual identification can: V — Homo, (Homo, (V,L),L) is
the map defined by can(x)(f) = f(x) on sections.
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Definition 2.4 A symmetric form (on an object X ) in an exact category with duality
(€,%,n) is a pair (X,p) where ¢ : X — X ™ is a morphism in £ satisfying ¢*ny =
@. If ¢ is an isomorphism, the form is called non-singular, or non-degenerate;
otherwise it is called singular or degenerate. A non-singular form is also called a
symmetric space.

Let (X,¢) be a symmetric formin £, and f : Y — X a morphism. Then (Y, ¢|y)
is a symmetric form on Y, the restriction (via f) of ¢, where gy = f*¢f. A map
of symmetric forms f : (Y,¥) — (X,p) is a morphism f : ¥ — X in £ such that
V¥ = ¢yy. Itis an isometry if f is an isomorphism. Composition of morphisms in £
defines the composition of maps between symmetric forms.

The orthogonal sum (X,p) L (Y,¥) of two symmetric forms (X,¢) and (Y,¥)
is the symmetric form (X & Y, ® ). If (X,¢) and (Y,v) are non-singular, then so
is their orthogonal sum. If £ is essentially small, then the set of isometry classes of
symmetric spaces is an abelian monoid where the monoid addition is given by the
orthogonal sum.

Definition 2.5 Let (X,¢) be a symmetric space in £. A totally isotropic subspace
of X is an inflation i : L >> X such that 0 = ¢ = i*pi, and such that the induced
map L — L C X from L to its orthogonal L+ = ker(i *¢) is also an inflation.

The totally isotropic subspace L C X is called Lagrangian of (X,¢) if L =
Lt thatis, i : L > X is a Lagrangian if and only if the following sequence is a
conflation

L xS0, 3)

A symmetric space (X,¢) is called metabolic if it has a Lagrangian. If L is any
object of &, then H(L) = (L& L*,(j ¢)) is a symmetric space called hyperbolic
space of L. It is metabolic with Lagrangian ((1)) : L > L & L*. Note that the
symmetric spaces H(L & M) and H(L) L H(M) are isometric.

Before we recall the definition of Witt and Grothendieck-Witt groups, we first
record the following well-known lemma, cf. [QSS79, Lemma 5.2 (3)].

Lemma 2.6 Let (X,p) be a symmetric space in an exact category with duality
(€,%,n), and let i : L > X be a totally isotropic subspace of X. Then there is
a unique non-singular form ¢ : L+ /L — (L*/L)* on the quotient L* /L such that
@iLL = @1, where @ 11 is the restriction of ¢ via i, and @11 is the restriction
to Lt of ¢ via the quotient map L+ — LL/L. Moreover, the symmetric space
(X,0) ® (Lt/L,—@) is metabolic with Lagrangian L*.

Proof: The inflation i factors as a composition of inflations L s L+ N X. The
map g1 = i{ @iy satisfies (¢ 1)* on =@ .. If we denote by p: L+ — L+/L
the quotient map, there is a unique map ¢ : LYt/L — (L+/L)* such that QL =
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p*¢p since g1 0ip =0andigog L = 0. The map ¢ is symmetric, that is, ¢*n =
@, because p*(@*n)p = p*¢* p*™*n = (p*ep)*n = (¢LL)*n=¢L+ = p*¢p. By
construction, #; induces an isomorphism ker(p) — ker(i{¢), both kernels being L
(as a subobject of X). Therefore, we have an admissible exact sequence

(—ife p*®)
Lt xert/L  EEY (phy- (4)
The triple (n,—¢ @ ¢,1) defines a map from the conflation (4) to its dual. By the
five-lemma, —¢ @ ¢ and thus ¢ are isomorphisms. Hence, (L+/L,{) is a symmetric

space. The last assertion follows from the conflation (4). ]

2.2. Witt and Grothendieck-Witt groups

We recall the classical definitions of Witt and Grothendieck-Witt groups of an exact
category with duality (for Grothendieck-Witt groups, see [Qui71, §5.1], [Kne77,
§41, [QSS79, pp. 280, 281]; and for Witt groups, see furthermore [Knu91, VIII §1],
[BalO1]). Let (£,*,n) be an exact category with duality. The Witt group Wy(E) of
£ is the abelian monoid of isometry classes [X,¢] of symmetric spaces (X,¢) in €
modulo the sub-monoid of metabolic spaces. The quotient monoid Wy () is a group
because (X,¢) @ (X,—¢) is metabolic with Lagrangian (%) : X > X & X, so that
we have —[X,¢] = [X,—¢].

The Grothendieck-Witt group GWy(E) of £ is the Grothendieck group of the
abelian monoid of isometry classes [X,¢] of symmetric spaces (X,¢) in € modulo
the following relation: if M is metabolic with Lagrangian L, then [M] = [H(L)] in
GWy(E).

Remark 2.7 Let £ be an exact category with duality. An element [X] € Wy(E) is 0
if and only if there is a metabolic space M such that X | M is metabolic. Such a
symmetric space X is called stably metabolic.

An element [X] —[Y] € GWp(€) is 0 if and only if there are metabolic spaces
M, M, with associated Lagrangians L, L, and an isometry

X 1M LH(Ly)=Y 1L M, L H(L).

These statements follow immediately from the definition of Witt and Grothendieck-
Witt groups, details are left to the reader.
Lemma 2.8 For any exact category with duality £, we have the following identities

(a) [X.o]+[X.,—¢] =[H(X)]
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(b) If X Ly 2Lz is a conflation in € then [H(X)]+ [H(Z)] = [H(Y)].

(c) If (X,p) is a symmetric space with a totally isotropic subspace L. C X then
[X.¢] = [L*/L.@] + [H(L)].

MOY€0V€Y; we have an exact sequence

Ko (&) 55 GWy(E) — Wo(E) — 0. (5)

Proof: Part (a) holds since (X,¢) @ (X,—¢) has Lagrangian (}) : X > X & X.

Part (b) holds since i @ p* : X & Z* > Y @ Y * is a Lagrangian in H(Y) and
(2 (1)) L DZ* — Z* @ Z** defines an isometry H(Z) =~ H(Z*).

Part (c) holds because [X,¢] + H(LY/L) = [X,¢]| +[L*+/L,—¢]+[L+/L.p] =
H(LY)+[LY/L.¢) = H(L*/L)+ H(L)+[L*/L,{], where the equations follow
from (a), Lemma 2.6, and (b).

Finally, (b) shows that the first map in the sequence (5) is well-defined. It
follows from the definitions of Witt and Grothendieck-Witt groups that the sequence
is exact, see also Remark 2.7. O

For completeness’ sake, we include the following well-known lemma (cf.
[QSS79, Lemma 5.4]) and its corollary which identifies the Grothendieck-Witt
group of a ring with involution R (that is, of the split exact category with duality
(P(R),*,can) of example 2.2) with the universal group associated with the abelian
monoid of isometry classes of symmetric spaces over R.

Lemma 2.9 Let (A, *,n) be a split exact category with duality, and let (X,¢) be a
metabolic space in A with Lagrangian i : L > X. Then there is a metabolic space
M and an isometry H(L) L M = (X,p) L M.
Proof: If y : L* — L** is a symmetric form on L*, we write M, (L) for the
metabolic space (L & L*,(g )1,)) with Lagrangian ((1)) L—>LeL*

Aretractr : X — L of i : L > X (so we have ri = 1) induces an isometry
(i ¢ 'r*): My(L) — (X,p) with y = nro~'r*, under which the Lagrangian
i : L > X corresponds to ( ) :L>> L@ L*. Sowe can assume (X,p) = M, (L)
and i = (}). Since the map

10—
(86‘1’ 9 ):(LEBL*)GB(LGBL*)—>(L€BL*)€9(L€9L*)
01 0 1

defines an isometry H(L) L M_, (L) 3 M, (L) L M_,(L), we are done. O

Corollary 2.10 Let A be a split exact category with duality. Then the Grothen-
dieck-Witt group GWy(A) of A (as defined in 2.2) is the Grothendieck group of the
abelian monoid of isometry classes of symmetric spaces in A.



Hermitian K-theory of exact categories 113

3. Form functors and functor categories

In this section we assemble various definitions mostly related to the functoriality
behavior of (higher) Grothendieck-Witt groups. In order to do so, it will be
convenient to have a more general notion at our disposal than that of an exact
category with duality. This is the purpose of the following definitions.

Definition 3.1 A category with duality is a triple (C,*,n) with C a category, * :
C° — C afunctor, 1 : 1 — ** a natural transformation such that 14« = 0% o4+
for all objects A in C. Note that we don’t require 7 to be an isomorphism. If 7 is a
natural isomorphism, we say that the duality is strong. In case 7 is the identity (in
which case *x* = id), we call the duality strict. In this article exact categories with
duality will always have a strong duality.

The concept of a symmetric form makes sense in any category with duality.
More precisely, a symmetric form in a category with duality (C,*,n) is a pair (X,¢)
where ¢ : X — X* is a morphism in C satisfying ¢*nx = ¢. A map of symmetric
forms (X,¢) — (Y,¥)isamap f : X — Y in C such that ¢ = f* oy o f.
Composition of such maps is composition in C. For a category with duality (C,*,n),
we denote by Cj, the category of symmetric forms in C and maps between them, and
call it the hermitian category associated with (C,*,n).

Next, we introduce what some authors call “duality preserving functors”. We
will call them “form functors” (this is short for “functors equipped with a form”, see
remark 3.3 below), and we will reserve the term “duality preserving functor” for a
special kind of (form) functor, see below.

Definition 3.2 A form functor from a category with duality (A, *,«) to (B,%,8) is
a pair (F,¢) with F : A — B a functor and ¢ : F* — *F a natural transformation
making diagram (6) commute.

FA—LEA (Fay* ©6)
F(“A)l 7

The natural transformation ¢ is called duality compatibility morphism. When
the duality compatibility morphism ¢ is understood, we may simply write F for the
form functor (F,¢).

Form functors are composed as follows. Let (F,¢) : (A,*,a) — (B,*,8) and
(G,v¥) : (B,*,8) — (C,*,y) be form functors. Their composition is the form functor
(G o F,yy x @), where

(V*@)a=VFra0G(@a).
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Composition of form functors is associative and unital, where the unit, that is, the
identity form functor of a category with duality (A,*,a), is (id4,1).

In this article and its sequels, a duality preserving functoris a functor F : A — B
which commutes with (“preserves”) dualities and double dual identifications, that
is, we have Fx = xF and F(«) = BF. In this case, (F,id) is a form functor. We
will consider duality preserving functors F as form functors (F,id).

3.1. Non-singular exact form functors

A form functor between exact categories with duality (F,p) : (A,*,a) — (B,%,8)
is called exact if F is an exact functor. The form functor is called non-singular
if ¢ is a natural isomorphism. Note that the composition of non-singular form
functors is non-singular. A non-singular exact form functor (F,¢) : (A,*,0) —
(B,*,B) between exact categories with duality sends symmetric spaces (4,a) in
A to symmetric spaces (FA,p4 o Fa) in B, and it preserves metabolic spaces,
Lagrangians, totally isotropic subspaces etc. In particular, it induces maps on (Witt
and) Grothendieck-Witt groups

GWo(F): GWo(A) — GWo(B): (A,a) — (FA,@4 0 Fa).

It is sometimes convenient to adopt a more conceptual point of view which we
will explain next.

3.2. Functor categories

Let (A,*,a) and (B, *,8) be (small) categories with duality. Consider the category
Fun(A,B) of functors F : A — 3 and natural transformations as maps. We define a
duality ff on Fun(.A,B) by declaring the dual of a functor F to be the functor F# =
x*Fx: A F(A*)*. The dual of a natural transformation g : F — G of functors
is the natural transformation g* defined by gﬁA = g% 1 G(A")* — F(A4%)*. The
double dual identification nr : F — F* is the map ng(A4) = Br(a=y o F(ag) =
F(aq)** o Bra : F(A) — F(A**)**. One verifies the equality nt} Nps = idps SO
that the triple
(Fun(A.B).f1.n)

is indeed a category with duality.

Remark 3.3 (Important remark) We will make frequent use of the following
observation. There is a natural bijection between form functors (F,p) : (A,*,a) —
(B,*,B) and symmetric forms (F,{) in the category with duality (Fun(A,B),{,7).
The bijection is given by the formulas ¢4 = F(ag)* o @4+ and ¢4 = @4+ o F(aty).
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Note that if @ and 8 are natural isomorphisms, then (F,¢) is a non-singular form
functor if and only if (F,¢) is a symmetric space in (Fun(A,B),{,7).

3.3. Natural transformations

Using remark 3.3, we define a natural transformation (F,p) — (G,y¥) of form
functors (A,*,0) — (B,%,8) to be a map of associated symmetric forms in
(Fun(A,B),#,n) (in the sense of 2.4).

3.4. Functor categories with exact target

If £ is an exact category, and A an arbitrary (small) category, then the category
of functors Fun(A,£) is an exact category by declaring a sequence F — G — H
of functors to be admissible exact if FA >> GA — HA is a conflation in £ for all
objects A of A. If, furthermore, & is an exact category with duality, and .A a category
with strong duality, then Fun(.A,£) is an exact category with duality (see 3.2). If A
is also an exact category with duality, then the full subcategory ExFun(A,£) C
Fun(A,€) of exact functors is closed under extensions and the duality functor, and
thus inherits a structure of an exact category with duality from Fun(A4,£). Note
that the bijection in remark 3.3 yields a bijection between non-singular exact form
functors from A to £ and symmetric spaces in ExFun(A4,£).

Remark/Definition 3.4 The interpretation of non-singular form functors between
exact categories with duality in terms of symmetric spaces in the category of
functors now allows us to transfer to functors the terminology applying to objects
in categories with duality. In this sense, metabolic (form) functors, totally isotropic
subfunctors, Lagrangians of a metabolic form functor, the hyperbolic (form) functor
HF associated with an exact functor F : A — &, and natural isometries between
form functors are to be understood.

We finish this section by introducing “hyperbolic categories”. They allow us
to consider algebraic K-theory as a special case of Grothendieck-Witt theory (see
proposition 4.7).

3.5. Hyperbolic categories

To any exact category £ we can associate an exact category with duality H &, called
hyperbolic category of £. As a category, HE is £ x £°P. Thus, its objects are
pairs (A, B) of objects A,B in £. A morphism (A,B) — (A’,B’) is a pair (f,g)
of morphisms f : A — A" and g : B* — B. The dual (4,B)* is (B,A), and
(f.2)* = (g.f). The double dual identification 1 — *x is the identity. So H & is an
exact category with strict duality.
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If (€,%,n) is an exact category with duality, we have a non-singular exact form
functor

H:HE— (Exn): (X Y)>X®Y™,

called hyperbolic (form) functor, with duality compatibility H(Y,X) - H(X,Y)*
the map (2 (1)) Yo X > X* Y™

4. The Grothendieck-Witt space of an exact category

In this section, we introduce the main object of study of the article. This is the
Grothendieck-Witt space of an exact category with duality (see definition 4.4). For
the convenience of the reader, we recall Quillen’s Q-construction.

4.1. Quillen’s Q-construction

Let £ be an exact category. Quillen defined in [Qui73] a new category Q&. Its
objects are the objects of £. A map X — Y in Q€& is an equivalence class of
diagrams

xZussy )

with p a deflation and i an inflation. The datum (U, i, p) is equivalent to (U’,i’, p’)
if there is an isomorphism g : U — U’ in € such that p = p’ogandi =i’ og. The
composition in Q& of maps X — Y and Y — Z represented by the data (U.i, p)
and (V,j,q) is given by the datum (U xy V,pg,ji) where ¢ : U xy V — U and
i :U xy V — V are the canonical projections to U and V, respectively.

Now we introduce the hermitian analog of Quillen’s Q-construction. This is the
“hermitian Q-construction” Q" (&) due to Giffen and Karoubi.

Definition 4.1 Let (£,%,n) be an exact category with duality. We define a category
Q" (E,%,n) as follows. The objects are the symmetric spaces (X,¢) in £. A map
(X,p) — (Y,¥) is an equivalence class of diagrams (7) as in the Q-construction with
p adeflation and i and inflation such that ¢,y = vy and i induces an isomorphism
ker(p) — ker(i*y). The last two conditions are equivalent to the conditions that
ker(p) C Y is totally isotropic with orthogonal U, and p induces an isometry
(U/ker(p),¥) = (X,p). They are also equivalent to the diagram

U>#>Y

"

X -2
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being (commutative and) bicartesian. As in Quillen’s Q-construction, the datum
(U,i, p) is equivalent to the datum (U’,i’, p’) if there is an isomorphism g : U — U’
such that p = p’g and i = i’g. Composition is also as in Quillen’s Q-construction
4.1. Sometimes, we may write Q”& in place of Q* (&, %,n) if % and 5 are understood.

Remark 4.2 The category Q"E appeared at various places in the literature. In
[CL86], [Uri90], [Hor02], [HS04] it was denoted W(E), presumably because
woW(E) is the usual Witt group Wy (E) of &, see proposition 4.8 below. I use the
notation Q"€ because I would like to emphasize the close relationship to Quillen’s
Q-construction and because I would like to reserve the letter W (or W) for a space
whose homotopy groups are the Witt groups of Balmer (or the LL-groups of Ranicki)
not only in degree O but in all degrees.

Remark 4.3 For any exact category &, the functor
Q"HE — Q& :((A.B).(f.8) > A

is an equivalence of categories. This is an easy exercise in unraveling the definitions,
see [Hor02, Lemma 3.1].

4.2. Classifying spaces of groups and categories

For a small category C we denote by |C] its classifying space, that is, the topological
realization of the nerve simplicial set of C, see for instance [GJ99, Example 1.1.4].

As an example and to fix notation, let G be a group, and consider the category
G which has one object e and morphisms the elements of G. Composition is
multiplication in G. It is well-known [GJ99, Example I.1.5], that the map G —
m1|G| : g — g is an isomorphism, and that ;|G| = 0 for i # 0.

To simplify notation, we will often apply to a category C a terminology (or
notation) from topology when the terminology (or notation) strictly speaking applies
to the classifying space |C| of C. For instance, we may write 7;C instead of r;|C| for
the homotopy groups of |C|, and we may call a sequence of categories a homotopy
fibration when the associated sequence of classifying spaces is a homotopy fibration
etc.

Now we come to the definition of the Grothendieck-Witt space. Recall that the
algebraic K-theory space is K(£) = Q2|QE&].

Definition 4.4 Let (£,%,7n) be an exact category with duality. The forgetful functor
0" — Q& : (X,p) — X defines a map

10" - Q€] (8)
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on classifying spaces whose homotopy fibre (with respect to a zero object of £ as
base point of Q&) is defined to be the Grothendieck-Witt space GW(E,*,n) of £.
Thus, we have a homotopy fibration

GW(E) — |0"El — Q€.

Here, as always, we write G W(€) instead of G W(E,*,n) if * and n are understood.

Remark 4.5 The space GW(E) already appeared in [Hor02, Definition 3.2] under
the name F(&). The idea of considering this space probably goes back to Giffen
and Karoubi.

Definition 4.6 For a ring with involution R and ¢ € {—1,4+1}, we define its
Grothendieck-Witt (or hermitian K-theory) space as

¢GW(R) = GW(P(R),*,ecan)

where the category with duality on the right hand side is defined in example 2.2.
Similarly, for a scheme X we define its Grothendieck-Witt space with coeffi-
cients in a line bundle £ as

GW(X, L) =GW(Vect(X),Homo, ( ,L),ecan)

where the category with duality on the right hand side is defined in example 2.3.
When £ = Oy, we may simply write .G W(X) for this space.
The next proposition shows that higher algebraic K-theory is a particular case

of the theory of higher Grothendieck-Witt groups. A proof can also be found in
[Hor05, Proposition 3.3].

Proposition 4.7 For any exact category &, there is a natural homotopy equivalence
GW(HE) ~ K(E).

Proof: The space G W (H ) is the homotopy fibre of the map Q" (HE) — Q(HE)
which, under the equivalence in 4.3 and the isomorphism Q(HE) = QEXQ(EP) =~
Q€& x Q&, corresponds to the diagonal map Q& — Q& x Q& : X — (X, X). This
implies the claim since for any pointed topological space Y, the homotopy fibre
of the diagonal map A : Y — Y x Y is QY. In detail, the commutative triangle
consisting of A : ¥ — Y x Y, the projection on to the first component p : ¥ x
Y — Y, and their composition idy = p o A induces a homotopy fibration F(A) —
F(idy) — F(p) with fibre, total space and base the homotopy fibres of the maps
A, idy = po A and p. Since F(idy) is contractible, and since F(p) >~ Y, we are
done. OJ
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In the remainder of the section we calculate some low dimensional homotopy
groups of Q& and of GW(E). The next proposition which identifies 7o Q0”&
with the usual Witt group of £ is due to Uridia [Uri90] and is included here for
completeness’ sake. In its statement, we denote by iC the subcategory iC C C of a
category C whose morphism set is the set of isomorphisms of C.

Proposition 4.8 Let (£,%,n) be an exact category with duality. Then the map
(&) =iQ"E — Q"E induces an isomorphism of abelian groups

Wo(€) — mo| Q" €.

Proof: Orthogonal sum operation makes the classifying spaces of (i€);, and Q"&
into commutative H -spaces, and we obtain a map 70|(i £)| — 70| Q"E| of abelian
monoids. Metabolic objects are trivial in 779| Q" &| since a Lagrangian defines a path
to 0 in |Q"E|. We therefore obtain a well-defined map Wy(£) — 70| Q*E| which
is clearly surjective. As a set, 79| Q"&| is generated by the objects (X,¢) of Q"€
modulo the relation (X,p) ~ (Y,¢) whenever there is a map (X,¢) — (¥,¢) in
Q"&. This relation also holds in Wy(&), by Lemma 2.8 (c). Hence, the surjective
map 1790 Q"E — Wo(E) : (X,¢) — [X.¢] is well-defined and thus inverse to the map
Wo(E) — mo| Q"€ O
Our next goal is to “calculate” 7;|Q"E|. We will identify this group as the
“Grothendieck-Witt group of formations” the definition of which we recall now.

4.3. Formations

Let (£,%,n) be an exact category with duality. A formation in £ is a quadruple
(X,¢,L1,L,) with (X,¢) a metabolic space in £ and L, L, two Lagrangians of
(X,¢). Two formations (X,¢,L1,L>) and (X',¢’, L), L}) are isometric if there is an
isometry (X,¢) = (X',¢’) carrying L) and L), into L and L,. The orthogonal sum
of two formations is defined by

(X.@,L1,Ly) L(X'.¢ L. L)=(X® X' o®¢ L1 ®L].L2®L)).
The Grothendieck-Witt group of formations
GWform (8)

is the free abelian group generated by isometry classes [X,¢, L1, L>] of formations
subject to the following three relations (see [Kar74, p. 370], where, in special cases,
the group was denoted U(E), [Wal03]):

(@) [(X.¢,L1,L2) L (X",¢", L, L5)] = [X,0,L1,L2] + [X',¢", L}, L}]



120 M. SCHLICHTING

(b) [X.¢,L1,L2]+[X,¢,L2,L3] =[X,p,L;,L3]

(c) If L C X is totally isotropic and a common admissible subspace of L; and
L, thenone has [L*/L,p,L,/L,L,/L] =[X,0,L1,L>).

A Lagrangian L >> X of a metabolic space (X,¢) defines a path [L] : 0 — X
in Q"€ given by the datum 0 «— L >> X. Therefore, a formation (X,¢,L1,L5)
defines a loop [L,]~![L;] in Q"€ based at zero. For such loops, the three relations
above hold in 7; 0*(£). The first relation holds because the group structure on
71 Q"€ is determined by the H-space structure on Q”& (as is the case for any
H-group). The second relation holds because concatenation of loops also defines
addition in 1 Q"&£. And the third relation holds because backtracking the path
(LY/L.p) — (X,9) in Q"E doesn’t change the homotopy class of the loop.
Therefore, the map in the following proposition is well-defined.

Proposition 4.9 For any exact category with duality £, the following map is an
isomorphism

GWiorm(€) —> m| Q€| : [X.0,L1,La] = [La] '[L].

Proof: A symmetric space X is called stably metabolic if there is a metabolic space
M such that X 1 M is metabolic. Write Q" & c Q% & C Q"€ for the full
subcategories of metabolic and stably metabolic spaces. The subcategory Q fm €
is the connected component of 0 in Q*E (see remark 2.7). By strong cofinality
(see lemma 4.15 below), 0%, c Q" .,& is a homotopy equivalence. Thus, it
suffices to show that G Wy, (£) — m3 Qf‘net (&) :[X.o,L1,L]— [L2]"'[Lq]is an
isomorphism.

Fix for every metabolic object (X,p) a Lagrangian Ly >> X. Every loop in

Q" ., () is homotopic to a loop of the form a;Fa | ---afaif : 0 — 0 with a; maps in
Ojer (€)- The loop is homotopic to a;r (L, J[Lx, 17"y a3 (L )[Lx, )™t

where X; is the target of aii and the source of alﬁl. This shows that the group

71 Q" () is generated by loops of the form [Ly] 'a[Lx] witha : X — Y a
map in Q% ,(€). The composition a o [Lx] defines a Lagrangian L in Y so that
the generating loops are homotopic to loops of the form [Ly]~![L]. It follows that
GWrorm(E) = m Q,};,et(E) is surjective.

To show the injectivity of the map, we consider the category GW ,,,,, () asso-
ciated with the abelian group GW 74, (E), see 4.2. Let oh (&) — GW 10rm(E)
be the functor defined as follows. Every object goes to the unique object of

GW ;prm(E). A morphism (X,¢p) — (Y,¢) given by the datum X < ush
Y is sent to [Y,¢,L,Ly] where L > Y is p~'(Lyx), that is, L is the pull-
back of Ly >> X along p. Using the three relations defining GWy,,,, in 4.3,
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one checks that this is compatible with composition. In particular, we obtain
a map m; 0" (&) — T GW form(E) = GW for,m(E).  Since the composition
GWrorm(E) = m Q,’; et (€) = GWyorm(€) is the identity, and since the first map is
surjective, we are done. O

Finally, we will identify 7o G W(E) with the Grothendieck-Witt group of £. For
that, we need the following lemma.

Lemma 4.10 The map F : GWrorm(E) — Ko(€) : [X,0,L1,Ly] = [L1] —[L2]
extends the exact sequence (5) to an exact sequence

GW form(E) > Ko(E) 25 GWo(E) — Wo(€) — 0.

Proof: The only thing that needs to be checked is exactness at Ky. Clearly, the
composition H o F is 0. Given [X]—[Y] € Ko(€) such that [H(X)] = [H(Y)] €
G Wy(€), there are metabolic objects M, N with Lagrangians L s, L n, respectively,
and anisometry f : HX)®M dH(Ly)=Z :=H(Y)®N ® H(L ), see remark
2.7. The formation [Z, f(X)® f(La)® f(Ln),Y &Ly D L) hasimage [X]—[Y]
in Ko(&). O

Proposition 4.11 Let (£€,%*,n) be an exact category with duality. Then there is a
natural isomorphism

GWo(E) S neGW(E).

Proof: The hyperbolic functor Ko(£) — GWy(E) : [X] — [HX] induces a functor
H : Ky(&) - GW,(€) on associated categories, see 4.2. Every morphism in
GW (&) is an isomorphism. Therefore, Quillen’s theorem B trivially applies to
the functor H, and we have a homotopy fibration

(e} H) = Ko(&) > GW,(£). (©))

The category (e | H) has objects the elements x of GWy(E). A map from y to
x in (e | H) is an element § € K((€) such that y + H(§) = x. The functor
(e | H) = K(&) sends the map & € Ko(€) above to & € Ko(£). By the long exact
sequence associated with the homotopy fibration (9), we calculate the homotopy
groups mo(e | H) =cokerH = Wy(E), my1(e | H) =kerH, and 7r;(e | H) =0 for
i>2.

We consider the map of homotopy fibrations

GW(E) —— Qe ——— 0¢

L

GWo(&) — (e | H) —= K(£),
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where the left vertical map is induced by the commutativity of the right square in
which the vertical functors are defined as follows. The functor Q"€ — (e | H)
sends (X,¢) to [X,¢] € GWy(E), and a map (Y,¥) — (X,p) given by the datum

Y & U > X to [ker(p)] € Ko(€). Similarly, the functor Q& — K,(€) sends
an object X to the unique object of Kj(£), and a map ¥ — X given by the datum

Y & U>s X to [ker(p)] € Ko(E). The lower left corner is the (realization of) the
discrete category whose objects are the elements of G Wy (€) and all morphisms are
identity morphisms; the lower homotopy fibration being induced from (9).

Taking homotopy groups, we obtain a map of exact sequences

T 0" ——= 1108 ——=7eGW(E) — 710" ——0

N

ker(H) — Ko(€) — > GWo(E) ——= Wo(€) ——=0,

in which the left vertical map is surjective, by lemma 4.10. The second and the
fourth vertical maps are isomorphisms. By the five lemma, 7GW(E) — GWy(E)
is an isomorphism. O

Definition 4.12 The higher Grothendieck-Witt (or hermitian K-) groups of an exact
category with duality (&, *,n) are the homotopy groups

GWi(E,x,n) =m; GW(E,*,n)

of the Grothendieck-Witt space GW(E) of £, i > 0. By proposition 4.11, this is
compatible with the definition of G W, (&) given in 2.2.

Remark 4.13 For a ring with involution R, Karoubi defined in [Kar80a, p.261]
its hermitian K-theory space ;L(R) ~ ¢Lo(R) x BO(R)" where L (R) is the
Grothendieck group of the abelian monoid of isometry classes of finitely generated
projective R-modules equipped with a non-degenerate e-quadratic form and where
O (R) is the “infinite e-orthogonal group of R”. It follows from [Sch04b, Theorem
4.2] that the two spaces .L(R) and .G W(R) are homotopy equivalent when % €R
(another proof of which not relying on Karoubi’s fundamental theorem [Kar80a]
will appear in [Sch08b]). Of course, the two spaces have different homotopy types,
in general, since in the general case, symmetric and quadratic forms are not the
same.

As alluded to above, the definition of the groups GW;(€) as the homotopy
groups of the space GW(E) (under the restriction “2 invertible”) already appeared
in [Hor02, Definition 3.6] where they were called hermitian K-groups and denoted
by Kih (£). However, for general exact categories with duality, propositions 4.9 and
4.11 seem to be new, even in the case “2 invertible”.
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Remark 4.14 In [Wal03], Walter defines a sequence G W' (T) of Grothendieck-Witt
groups, i € Z, associated with a triangulated category with duality in which “2 is
invertible”. Applied to the bounded derived category D?(E) of an exact category
with duality (£,%,7), this yields a sequence GW'(E,%,n), i € Z, of Grothendieck-
Witt groups of £ in case £ is a Z[%]—linear category. His Grothendieck-Witt groups
should not be confused with our higher Grothendieck-Witt groups!

Essentially by definition, Walter’s Grothendieck-Witt groups G W' (€,,n) are
4-periodic, GW(£) = GWIt4(£), and it is shown in [Wal03], that they are the
usual Grothendieck-Witt groups of symmetric spaces in (&,%,7), of formations
in (£,%,—n), of symmetric spaces in (£,*,—7), and of formations in (&,*,n) for
i = 0,1,2,3 mod 4. With our calculation of low-dimensional homotopy groups
above, we obtain the following table for any Z[%]—linear exact category with duality

(E,%,1m):

GWH*(Exn) = mGW(E*xn) = GWo(E,*,n)
GWHH(Ex ) = mO"Ex—n) = GWrorm(Ex,—1)
GWHH(E ) = mGW(EH—1) = GWo(€.%.—1)
GWHT3(E %) = w1 0"E *,n) = GWyeorm(E,%.1).

We conclude this section with the (well-known) “strong cofinality” lemma
which was used in the proof of proposition 4.9.

Lemma 4.15 (Strong cofinality) Let (B,®,0) be a unital symmetric monoidal
category, and A C B a full subcategory which contains the unit 0 and is closed
under the monoidal operation ®. If the abelian monoids my|A| and mo|B| are
groups, and if for every object X of B there is an object A of A such that X & A
is isomorphic to an object of A, then the inclusion A C B induces a homotopy
equivalence on classifying spaces

|A| — |B].

Proof: We can assume that an object in B which is isomorphic to an object of A
is actually in A, since equivalences of categories induce homotopy equivalences of
classifying spaces. Let C C B be a full subcategory with finitely many objects.
By our assumption, there is an object A of A such that A & C is in A. Since
7oA is a group, there is an object A and a zigzag in A of maps between A @ A
and 0. Thus, the given inclusion C C B is homotopic to the functor C — A :
X — A® A® X with image in A. Moreover, for any subcategory C' C C
which lies in .4, the above homotopy, restricted to C’, stays entirely in .A. Thus,
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any map of pairs (K,K') — (|B|,].A]), with K, K’ compact spaces, is homotopic
(within such maps of pairs) to a map with image in (|.4],|.4|). This implies that
the relative integral homology groups H.«(|B|,|A|) are trivial, as every relative
homology class is supported on a compact pair. In detail, the natural map from
the filtered colimit colimx gy H«(K,K’) to H«(|B],|.A]) is an isomorphism where
(K,K’) C (|B|,|A|) ranges over the pairs of finite subcomplexes of (|5],|.A|). Every
map H.(K,K') — H.(|B|,|A|) factors through H.(].A[,|A]) = 0, by the argument
above, so that the natural map (an isomorphism) from the colimit to the relative
homology group is in fact the zero map, hence H.(|5|,|.A|) = 0. Therefore, the
inclusion |A| C |B] induces an isomorphism on integral homology. The spaces |.A|
and |B| are homotopy commutative H -groups (hence nilpotent spaces), so that the
homology isomorphism implies that | A| C |B| is a homotopy equivalence. O

5. Cofinality

5.1. Cofinal functors and idempotent completion

A fully exact inclusion .A C B of exact categories (see 2.1 for the definition of “fully
exact”!) is called cofinal if for every object B of B there is an object B of B such
that B @ B is isomorphic to an object of A. An exact category & is idempotent
complete if every idempotent p = p? : A — A defines a direct sum decomposition
A =im(p) @ im(1 — p) in £ under which the idempotent p corresponds to the map
((1) 8) :im(p) ®im(1 — p) — im(p) @ im(1 — p). In an idempotent complete exact
category, a map A — B for which there is a map B — C such that the composition
A — C is an inflation is itself an inflation (this is an easy direct exercise, it also
follows from [TT90, Theorem A.7.16 (b)]).

Let &£ be an exact category, the idempotent completion € of & has objects pairs
(A,p) with p = p?: A — A an idempotent in £. A map (A4, p) — (B.q) is a map
f:A— Bin & such that f = fp = ¢gf. Composition in £ defines composition
in £. The functor £ — £ : A — (A,1) makes & into a full subcategory of £. The
idempotent completion of an exact category has a canonical structure of an exact
category such that & — & is exact, closed under extensions, and reflects exactness
(see for instance [TT90, Theorem A.9.1], where “idempotent complete” is called
“Karoubian”). Of course, the idempotent completion is idempotent complete, and
the inclusion & C & is cofinal. If (£,%,n) is an exact category with duality, its
idempotent completion £ is an exact category with duality where the dual (4, p)*
of an object (4, p) is (A*, p*) with double dual identification 74, = na. The
inclusion & C € is a (non-singular, exact) form functor with duality compatibility
isomorphism the identity map.
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5.2. The groups GWy(B,A) and Ko(B,A)

Let A — Bbe a duality preserving cofinal inclusion of exact categories with duality.
Write G Wy(B,.A) for the quotient monoid of isometry classes of symmetric spaces
in B modulo the submonoid of symmetric spaces in A. The quotient monoid is
actually a group. To see this, let (X,¢) be a symmetric space in 55, and choose
an X in B with X @ X in A. Then X @ X* =~ (X @ X)* is also in A, so that
(X.,p) L (X,9) L H(X) is a symmetric space in A, and thus

—[X.0] = [X.0] + [H(X)]

in GWy(B,.A). The map GWy(B) — GWy(B,A) : [X,¢] — [X,¢] is well-defined.
This is because for a metabolic space (M, ) in B with Lagrangian L, we can choose
an object L of B such that L@ L is in A. Then we have an admissible exact sequence

LOL>>MH(L)—~ L*®L*

in B with outer two terms in .A. Therefore, the middle term M @ H(L) is in A, and
we have [M,¢] = —[HL] = [H(L®L)|—[HL] = [HL] in GW,(B,.A). This shows
that the map GWy(B) — GWy(B,.A) is well-defined and induces an isomorphism
between G Wy (B,.4) and the cokernel of the map G Wy(A) — G Wy(B).

Similarly, let Ko(B,.A) be the quotient of the monoid of isomorphism classes
of objects in B by the submonoid of isomorphism classes of objects in A. As
above, K¢(B,.A) is actually a group, and Ko(B) — Ko(B,A) : [X] — [X] is well-
defined and induces an isomorphism between K (15,.4) and the cokernel of the map
Ko(A) = Ko(B).

5.3. The category H(B,A)

The hyperbolic functor induces a map
H : Ko(B,A) - GWy(B,A) : [X]— [HX]

of abelian groups which yields a functor H : K,(B,A) — GW ,(53,.A) between
associated categories. Let H(13,.4) be the comma category (e | H) (a variant of
which has already appeared in the proof of proposition 4.11), where e denotes
the unique object of GW ,(B,.A). In detail, an object of H(B,.A) is an element
[X,9] € GWo(B,A). A map [X,p] — [Y,¥] in H(B,A) is an element [T] €
Ko(B,A) such that [Y,¥] = [HT] + [X,¢] in GWy(B,.A). Composition is addition
in Ko(B,.A). Since every morphism in GW ,(B,.A) is an isomorphism, theorem B
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of Quillen trivially applies and gives a homotopy fibration H(B,.A) — K,(B,A) —
GW (B, A) which implies the following calculation of homotopy groups

coker(H : Ko(B,A) — GWy(B,A), i=0
7 H(B,A)=1{ ker(H:Ko(B,A) — GWp(B,A), i=1
0, i>2.

There is a functor F : Q"B — H(B..A) which sends on object (X,¢) of Q"B
to [X,¢], and a map (X,¢) — (Y,v) represented by the datum X & U>s Y tothe
map [ker(p)] : [X,¢] — [Y,¥] in H(B,A).

For the next theorem, recall that a “cofinal functor” is a functor which (among
other) is fully faithful and extention closed (see 5.1 and 2.1).

Theorem 5.1 (Cofinality for Q") Let A < B be a duality preserving cofinal
inclusion of exact categories with duality. Then the sequence of categories

0"A— 0"B L 1B, A)

induces a homotopy fibration on classifying spaces.

Proof: Since the category H(1,.A) is a groupoid, Quillen’s theorem B trivially
applies to the functor F : Q"B — H(B3,.A), so that we have a homotopy fibration

C— 0"B— H(B.A),

where C is the comma category (0 | F). The objects of C are pairs (X,¢,[S]),
where (X, ¢) is a symmetric space in 3, and [S] € Ko(B,.A) such that [X,¢] = [HS]
in GWy(B,A). A map (X,9,[S]) — (Y,4,[T]) in C is a map (X,p) — (Y,¥) in
Q"B such that, if the map is represented by the datum X £ U Y, we have
[T] = [S] + [ker(p)] in Ko(B.,.A). Composition is composition of maps in Q" 8.
Let C' C C be the full subcategory of those objects (X,¢,[S]) with X € A and
[S] = 0. Note that the functor C — Q"B maps the subcategory C’ isomorphically
onto the subcategory of QB whose objects are the symmetric spaces in A, and

whose morphisms are represented by diagrams A4 £ U > B with [ker(p)] = 0in
Ko(B,.A). To prove the theorem, it suffices to show that the inclusions

o"Acc cc

are homotopy equivalences.

The inclusion 7 : C' C C is a homotopy equivalence by the following argument.
Let X = (X,9,[S]) be an object of C, by Quillen’s theorem A it suffices to show
that the comma category (X' | I) is contractible. By definition of the category C,
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we have [X,¢] = [HS] in GWy(B,.A). Let T be an object in 5 such that S & T is
in A. Then (X,¢) L HT is zero in the quotient monoid G Wy (B,.A) which implies
the existence of a symmetric space (4,«) in A such that (X,¢) L HT 1 (A,@) is
a symmetric space in A. The space M = (A4,a) L (A,—«) is metabolic in A with
Lagrangian A. The Lagrangians Lo = A@T and L = AGSET inNo=M L HT
and N =M L HS L HT define maps lp : 0 — Ngand [ : 0 — N in Q"B
and QhA, respectively, such that a o[y = [/ in QhB, where a : Ng — N is the
orthogonal sum of the identity on Ny and the map 0 — H S given by the Lagrangian
S. Note that (X,p) L Ny is a symmetric space in .A. The identity functor on
(X | I is homotopic to the functor O L [ : (X | I) — (X | I) sending the object
b: X - (B,B0todb LI]:X — ((B,f) L N,0) via the homotopy given by the
natural transformation id 1 [ :id — O 1 [. The functor (I L / is homotopic to the
constant functor pt with image idx L [y : X — ((X,p) L Np,0) via the homotopy
given by the natural transformation id L a : pt — O L /. Therefore, the identity
functor on (X | I) is homotopic to a constant map, so that the classifying space of
(X | 1) is contractible.

The inclusion J : Q" A  C’ is a homotopy equivalence by Quillen’s theorem A
once we prove that for every object (4,«) of C’ the comma category (A, | J) is
contractible. Recall that 0”4 and C’ have the same objects, but C’ may have more
maps. In particular, the categories (A, | J) are non-empty. Let C” C (A,a | J)
be a full subcategory with a non-empty, finite set of objects, and denote by G the
inclusion functor. It suffices to show that G is null-homotopic as this implies that
the homotopy groups of (4,« | J) are trivial. This is because every of its homotopy
classes is supported on some C”, and every based map from the n-sphere S” which is
homotopic to the constant base point preserving map is also null-homotopic through
base point preserving maps.

The finitely many objects b; : (A,&) — (B;,B;) in C” are represented by
diagrams A AR U; > B; with [ker(p;)] = 0 in Ko(B,.A). This implies that
ker(p;) is stably in A so that there are objects 4; of A with ker(p;) @& A4; in A.
The Lagrangian N = P; A; defines amapa : 0 — HN in Q" A. The functor
G is homotopic to the functor O 1L a : C" — (A, | J) : b; — b; 1 a via the
homotopy given by the natural transformation id 1 @ : G — O L a. Since the
maps b; L a are in Q" A, they define a natural transformation from the constant
functor with image id 4 : (A,o) — (A,«) to the functor 0 L a. Hence, the inclusion
G is null-homotopic. This finishes the proof of the theorem. O

Corollary 5.2 (Cofinality for GW) Let A < B be a duality preserving cofinal
functor between exact categories with duality. Then the maps GW;(A) — GW;(B)
are isomorphisms for i > 1 and a monomorphism fori = Q.
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Proof: This follows by taking vertical homotopy fibres in the diagram

0" A o"B H(B,A)

L

QA oB Ky(B.A)

of categories and functors in which the rows are homotopy fibrations on classifying
spaces by theorem 5.1 and cofinality for K-theory (see [Gra79, theorem 1.1], or
theorem 5.1 applied to H. A C HB). O

6. Dévissage

The following theorem generalizes [QSS79, Theorem 6.7] and [Qui73, Dévissage].

Theorem 6.1 (Dévissage) Let A C B be a duality preserving full inclusion of
abelian categories with duality. Assume that A is closed under taking subobjects
and quotients in B. Assume furthermore that

(a) every object X in B has a finite filtration 0 = Xo C X1 C ... C Xp—1 C X, =
X such that the successive quotients Xi+1/X; are in A fori = 0,....n — 1,
and that

(b) for every symmetric space (X,p) in B there is a totally isotropic subspace
N C X such that N+ /N is in A.

Then the inclusion A — B induces a homotopy equivalence
o"A =5 0B

Proof: Let (X,¢) be a symmetric space in 3. The filtration in (a) and the totally
isotropic subspace in (b) induce a finite filtration

0OCXiNNC..CX,.iNNCNCNtcX,-iNN)tc..c(XinN)tcx

with successive quotients in .A. We write F for the inclusion Q*A — Q"B,
and note that F is fully faithful. By Quillen’s theorem A it suffices to show that
(F ] X) is non-empty and contractible. The category (F | X) is equivalent to the
category whose objects are totally isotropic subspaces N C X suchthat N+/N € A.
Morphisms are inclusions of totally isotropic subspaces.

By condition (b), the category (F | X) is non-empty. The filtration above with
successive quotients in .4 yields a string of maps

NY/N > > (X;NN)Y/(X;NN)—> X (10)
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in 0"(B). We will show that base-change w.r.t. these maps induces weak
equivalences on comma categories (F | ). Since (F | N1 /N) has a final object,
namely N1 /N € A, this will prove the claim.

Let (Y,v¥) be a symmetric space in B. Given a totally isotropic subspace L C Y
with L € A (hence Y/L+ =~ L* € A), we have to show that the map L+/L — Y in
Q"B induces a homotopy equivalence G : (F | L+/L) — (F | Y), since all maps
in (10) are of the form L+/L — Y. Write p for the quotient map L+ — L+/L.
Then the functor G sends the totally isotropic subspace M C L-+/L to the totally
isotropic subspace p~ (M) C Y. There is a functor H : (F | Y) — (F | L+/L)
which sends a totally isotropic subspace N C Y with N1/N € A to the totally
isotropic subspace M = (N N L+)/(N NL) C L+/L. The orthogonal of M in
LY/L is M+ = (Nt nLY)/(N+ N L) so that the quotient ML/M is itself a
quotient of the object (Nt N LL)/(NNLY) c Nt/N of A, hence M+/M e A.
We have HG = id, and we have a well-defined zigzag of functors and natural
transformations

NNnLt
NNL

GH(N)=p_1( )<—>Nlec—>N

between GH and id since the object (N NLY)Y/(NNLY)=(N+UL)/(NNLY)
is in A. This is because it is a quotient of (N1/(N N L+)) @ L which itself is a
subobject of the object (Y/L+) @ (N+/N) @ L in A. We conclude that G and H
induce inverse homotopy equivalences. O

For the following example, recall (e.g. from the definitions in [Pop73, §5.7,
p. 366, p. 370]) that an abelian category B is noetherian if and only if its dual B°? is
artinian, so that if B is a noetherian abelian category with duality, it is also artinian,
as * : B =~ B°? is an equivalence of exact categories.

Example 6.2 The dévissage theorem applies when B is a noetherian (hence artinian)
abelian category with duality, and A C B its full subcategory of semi-simple objects.
Note that in this case .4 is a split exact category with duality.

We obtain a more explicit description of the higher Grothendieck-Witt groups
of B as follows. For a simple object A of B, either A is isomorphic to A* or it is not.
In the first case, let o« : A — A* be an isomorphism. Then « + «*7 is either zero in
which case & = —a*7, or it is an isomorphism, in which case we can replace o with
o + o*7. In either case, we can assume a = ¢ 4a*n, where ¢4 € {—1,1}, so that the
map End(A4) — End(A4)°? :a + a = a~ ! oa* o« defines an involution on the ring
End(A4). We have a form functor

(End(A4), ,e4) — (A,*,n) :End(A) —~ A,a+—a
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with duality compatibility morphism « : A — A* which extends to an equivalence
of split exact categories with duality between (PEnd(A),*,e4can) (as defined in
example 2.2) and the semi-simple subcategory with duality of .4 generated by A.

In the second case, when A % A*, the semi-simple subcategory with duality of
A generated by A and A* is equivalent to the hyperbolic category HPEnd(A) asso-
ciated with the category PEnd(A4). By dévissage, we therefore obtain isomorphisms
of higher Grothendieck-Witt groups

GW;(B) = GWi(A) = (D «,GWi(End(4)) & (D Ki (End(4))

where the first sum is taken over the isomorphism classes [A] of simple objects A of
B such that A =~ A*, and the second sum is taken over the set

{{[A].[A*]}| A % A*, A simple object of B}.

7. Additivity

The aim of this section is to prove the following theorem and its (equivalent) version
in theorem 7.2 below. Recall from remark 3.3 that a non-singular exact form functor
(F,p) : A — B between two exact categories with duality .4 and B is the same as a
symmetric space (F,®) in the exact category with duality ExFun(A,B) of exact
functors A — B. With this in mind, the meaning of notions such as “totally
isotropic subfunctor” G >> F, “orthogonal G+ of a functor” G C F, “induced
form” (G+/G.%), see lemma 2.6, and “hyperbolic functor HG associated with G”
are to be interpreted as taking place in ExFun(A,B).

Theorem 7.1 (Additivity for functors) Let (F,p) : A — B be a non-singular exact
form functor between exact categories with duality A and B. Let G >> F be
a totally isotropic subfunctor. Then the form functors (F,¢) and (G+/G,p) L
H(G) induce homotopic maps Q" A — Q"B on hermitian Q-constructions and
homotopic maps GW(A) — GW(B) on Grothendieck-Witt spaces.

The proof is delayed until after the proof of theorem 7.2 below. To formulate
theorem 7.2, we need the notion of “admissible short complexes”.

7.1. Short complexes

In this article, a short complex in an exact category £ is a complex

d d
Ao 0—>A; > Ag—>A_1—>0, (dypod, =0) (11)

in £ which is concentrated in degrees —1,0, 1. In displaying short complexes we may
sometimes omit the two outer zero objects. We call the short complex admissible
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if d; and dy are inflation and deflation, respectively, and the maps A; — ker(dp)
and coker(dy) — A_; are inflation and deflation, respectively. “Admissibility” can
be checked as follows. Let £ C A be a fully exact embedding of £ into an abelian
category [TT90, Appendix A], [Kel90, Appendix A]. Then a short complex Ao in €
is admissible if and only if the homology H«(A.) computed in the ambient abelian
category A satisfies H;(A4.) = 0, i # 0, and Hy(A.) is isomorphic to an object in
A (exercise!).

The homology Hy(A.) of an admissible short complex is defined independently
of an embedding £ C A into an abelian category. It can be computed for instance
as Hyo(A.) =im(ey,), where the map &4, : kerdy — cokerd; is the composition of
the canonical maps kerdy >> Ay —> cokerd;. Here (and elsewhere in the paper),
we only use the notation im( /') for amap f : A — B in an exact category £ which
admits a factorization A — im( f) >> B into a deflation followed by an inflation.
Any two choices of such a factorization are canonically isomorphic.

A map f : Ae — B, of short complexes is a map of chain complexes, that is, a
sequence of maps f; : A; — B; commuting with differentials. We call a sequence
Ae — Be — C, of admissible short complexes exact if A; — B; — C; is exactin &,
i = —1,0,1. The exact category of admissible short complexes in £ is denoted by
sCx(&).

Let (£,%,n7) be an exact category with duality. Duality and double dual
identification of £ induce a duality and double dual identification on the category of
(admissible) short complexes, where the dual of the complex (11) is the (admissible)
short complex

dy o dy
AY, — Ay — A7,
and the double dual identification 7.4, : Ae — (A4s)*™* is 74, in degree i = —1,0,1.
To give a a symmetric space (As.,@) in sCx(€) is the same (up to isometry) as
to give a symmetric space (Ag,¢@o) in & together with a totally isotropic subspace
i 1 Ay > Ap. The associated admissible short complex is

i*po

Ay > Ay — A (12)
equipped with the form (1,¢0,1). The admissible short complex (12) with its form
(n,¢0,1) is called symmetric space in standard form. Every symmetric space in
sCx(€) is isometric to a symmetric space in standard form.

7.2. Homology of short complexes

The (exact) degree-zero homology functor

Hy:sCx(&) =&



132 M. SCHLICHTING

is a (non-singular exact) form functor with duality compatibility isomorphism
Hy* — % H, the unique map making the diagram

kerd [ Hyx* cokerd
(cokerdy)* *Hy (kerdy)*

commute, where kerd — (cokerd;)* and cokerd; — (kerdo)™* are the canonical
isomorphisms induced by the exactness of the duality functor, and the compositions
of the horizontal maps are &(4,)~ and €% . In particular, a symmetric space (Ae,¢)
in sCx(&) defines a symmetric space Hy(Al.,p) in £. This space is canonically
isometric to (All /A1,90) in the notation of lemma 2.6. More generally, the
homology form functor Hy sends a symmetric quasi-isomorphism ¢ : A¢ — (Ae)*
in sCx(€), to a symmetric space Hy(As,¢) in E.

Theorem 7.2 (Additivity for admissible short complexes) Let (€,%,n) be an exact
category with duality. Then the exact functor evy : SCx(£) — £ : Ae > A1 and the
non-singular exact form functor Hy : sCx(E) — & induce a homotopy equivalence

(Ho,evy) : O"sCx(€) S 0" x Q€.

Remark 7.3 One version of Quillen’s additivity theorem [Qui73, §3 Theorem 2]
uses the category of exact sequences in an exact category £. An analogous
statement also exists in hermitian K-theory, see exercise 7.8 and remark 7.9. In
[Wal85], Waldhausen considers generalizations, denoted by S,&, of the category
of exact sequences, which itself is denoted by S>& in this context. The category
of admissible short complexes sCx(£) is equivalent, as an exact category with
duality, to Waldhausen’s category S3& but it carries less (for our purpose) redundant
information than S3&.

The proof of theorem 7.2 uses “admissible short bicomplexes”. Here are their
definition and relevant properties.

7.3. Short bicomplexes

A short bicomplex in £ is a bicomplex in & which is concentrated in bidegrees
(=1,0), (0,0), (1,0), (0,1), (0,—1). Leaving out all the zeros, we can display a short
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bicomplex as
X.o : XO, 1

I

n n
X_10 Xo,0 Xi0

I

Xo,—1

withm'm =n'm =m'n =n'n = 0.

If row and column of the bicomplex are admissible short complexes, then
horizontal and vertical homologies Hl.”’ ; and HY ; are defined. In this case, the
following assertions are equivalent.

(a) H, ((Xee) is an admissible short complex,
(b) Hé” «(Xee) is an admissible short complex,
(c) the total complex Tot(Xee) is an admissible short complex.

This is because there is a zigzag HY Xeo < EX — Tot(Xes) of quasi-isomorphisms
of short complexes as in the diagram

HY Xoo: X_10 HY o Xoo X1 (13)
N
EX: X_1,0® Xo,1 — ker(m') —— X1
| | [ 0
X (n m) (m’)
Tot(Xee) : X_1,0® Xo.1 Xo,0 X1,00 Xo—1

in which upper left and lower right squares are bicartesian. Then Hj Xee is
admissible if and only if EX is admissible if and only if Tot(X,s) is admissible since
all three complexes have isomorphic homology computed in some ambient abelian
category. For Hé’X.. in place of Hj Xee, the argument is similar. If X, satisfies
either of the three equivalent conditions (a) - (c), we call the short bicomplex Xee
admissible.

An admissible short bicomplex defines an object in the exact category with du-
ality sCxsCx(&) of admissible short complexes in sCx(E). If Xqq is equipped with
a non-singular symmetric form ¢, then H (Xee.9), H(f’ (Xee,9), and Tot(Xee, ) are
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symmetric spaces in sCx(€). In this case, the zigzag of quasi-isomorphisms (13)
induces isometries

HoH{ (Xee.9) < Ho(EX .0 px) = Ho(Tot(Xes).0)

of symmetric spaces in £ because the forms on Hj Xee and on Tot(X,,) restrict to
the same form on EX. Agreement of the two forms restricted to EX is clear in
degree 0, by definition of Hy ., and it also holds in degrees —1, 1 since a form on an
admissible short complex is determined by its value in degree 0. Summarizing, if
(Xe,e,¢) is an admissible short bicomplex equipped with a (non-singular) symmetric
form, then we have canonical isometries

HoHY (Xee.¢) = HoTot(Xee.¢) = HoHY (Xee. ).

Proof of theorem 7.2

Write F for the functor (Hop,ev,) : Q" sCx(£) — Q"E x Q€. By Quillen’s theorem
A, it suffices to show that for any pair of objects (R,p: E) with (R,p) € Q"& and
E € Q&, the comma category C = (F | R,p; E) is (non-empty and) contractible.

An object of C is a triple (X,ry,ex) where X is a symmetric space X =
(Xe,px) in sCx(&), which we can assume to be in standard form

. : %
lx Ix°®Xx,

X1>> X0 > X, ox = (1,¢x,,1), (14)

together with maps ry : Ho(Xe.¢x) — (R.p) and ex : X; — E in Q"& and Q&,
respectively.

Let C’ C C be the full subcategory of those objects (X,rx,ex) for which, in the
notation of 4.1, the map ey is ex = (E,1,qx) for a deflation gx of £. Further, let
C"” C C’ be the full subcategory of those objects (X,rx,ex) for which X; = 0. We
will show that the inclusions C” C C" C C are homotopy equivalences, and that C”
is contractible. This proves that C is contractible, and thus that F is a homotopy
equivalence.

Lemma 7.4 The inclusion C' C C is a homotopy equivalence.

Proof: Denote J : C' C C the inclusion. We will construct a functor G : C — C’,
a natural isomorphism GJ =~ idy and a natural transformation 1. — JG. This
implies that the inclusion J : C" C C is a homotopy equivalence (with inverse G).
Let (X,rx,ex) be an object of C. The map ex can be written as the composition
ex = (E,1,gqx)o(X1,jx,1) where jx : X1 > X5 and gx : E — X» are inflation
and deflation in &, respectively. The object X, together with the maps jy and gx
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in £, is uniquely determined, up to canonical isomorphism, by the map ex in Q€&.
Consider the following short bicomplex BX in £

B.‘X;Z Xl

where m = (l/f(), n= (((1;), and where v is the form on (Xo.¢x,) L HX,. The
0

bicomplex is admissible because Hé’ (BZX) is an admissible short complex. Together
with the form ¥y which is of standard form in vertical and horizontal direction
and which is ¥ in bidegree (0,0), the bicomplex BX defines a symmetric space
(BX,¥x) in sCxsCx(E). Tt follows that H} HY(BX ,vx) = HYH} (BE.vx) =
Hyo(X.,9px). The functor G we wish to define sends the object (X,rx,ex) of
C to the object (GX,rX,qi,() of C’, where the symmetric space GX in sCx(€) is
Hé’(Bfﬁ,wX), and where q’X =(E,1,gx).

A map in C from (X,ry,ex) to (Y,ry,ey)isamap f : (Xe,0x) = (Yo,¢y) in
Q" sCx(€) such that ry o Hy(f) = rx, and ey o f; = ex. The map f in Q" sCx(E)
is given by a datum

)/ i
Xe < U — Y,

such that the square of maps p, i, p*¢x, i "¢y is bicartesian. The equality ey o f; =
ex means that there are maps j : U*, >> X, and ¢ : Y> — X> in & such that the
square of maps jy, ¢, i*;ny,, j is bicartesian, and such that gx = g o gy and
JjopX onx, = jx. The maps j and g are uniquely determined by these properties.
The image G(f) of f under the functor G : C — C’ we wish to define is the map
Hg( f ) obtained by taking vertical homology of the map f in 0sCxsCx(€) given
by the datum

BX & UYL BY.
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with BY the short bicomplex

BU'

Uy

lm

Yo L Up @Yo ® X} —"> X3

I
U-,
ay 0 .
where m = (jYil), n= ((1)), m' = (df on='j*), and n’ = (0 0 1). The bicomplex
is admissible s(i)nce its horizontal homology is an admissible short complex. In
bidegrees (—1,0), (0,0), (1,0), (0,1), (0,—1), the maps v : BYL—BX and u :
BY > BY, are the maps ¢, po ®qg® 1,1, p1, p—1,and 1,io & 1 & q*, q¢*, i1, i1,
respectively. To see that the datum (u,v) does indeed define a map f :(BX,vx) —
(BY, .yy) in 0sCxsCx(E) we have to verify that Vx gy = Vv gy and that the
square of maps u, v, u*yy, vy is bicartesian in sCxsCx(E). Also, to see that
G : C — (' defines a functor, we have to verify G(fg) = G(f) o G(g). These
verifications are checked for the horizontal and vertical parts of the bicomplexes
separately. We omit the details.
In order to define the natural transformation 1. — J G, we will first construct
a non-singular exact form functor sCx(€) — sCxsCx(€) : Xo — AX together
with a natural isometry of form functors Xo — H AX . The natural transformation
l¢ — JG will then be Hj of a certain natural transformation of bicomplexes.

d d
The functor A.. sends an admissible short complex X; — Xo =2 X_1 to the
bicomplex

Af(_: X
lm
X1L>XOEBX1@X—1L>X—1
im,
X
where m = (dg>, n = (g), m' = (doo1), and ' = (001). The duality

compatibility isomorphism AX" — (AX)* is the identity in bidegrees (—1,0), (1,0),
(0,—1), (0,1), and in bidegree (0,0) itis the map X; @ X*, X[ — X7 S X[ P X*,
which switches the two factors X and X*,.
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The natural isometry of form functors X, — H(;’Aff, is induced by a zig-zag
Xeo < CX — AX of vertical quasi-isomorphisms (that is, H?-isomorphisms)
of form functors sCx(£) — sCxsCx(&), which yields natural isometries of form
functors X = H{(Xee) o Hé’(C,’f) > Hé’(Af(,). Here X.. and CX are the
bicomplexes

X.o: 0 C.){ X]
d
(0) l(ll)
d
X1 LI Xo o, X X1 —U Xo @ X1 SR X
0 0

and in bidegrees (—1,0), (0,0), (1,0), (0,1), (0,—1), the maps CX — X¢e and CX —
A;X, are the maps —ly,, (1 -d1), 1x_,, 0, 0, and 1x,, ( é{ ((1:), —-1x_,, 1x,, 0.
Obviously, Xe = H{(Xee). One checks that the two mapg of bicomplexes are
vertical quasi-isomorphisms, and that the forms on the functors X + Xee and on
Xo > AX restrict to the same form on X, > CX.

In view of the natural isometry (X,,px) = H_ (AX . ¢x), the natural transfor-
mation 1o — JG for an object (X,ry,ex) of C, with X as in (14), is determined
by the Q”sCx(E)-map H{(g) induced by the map g : (4% .0x) — (BX,vx) in
Q" sCxsCx(&) given by the datum AX, «— DX >> BX where DX is the bicomplex

° [ 1 2 (1]

Dz‘;: Xl

|

X, "= Xod X, X} > X3

I

Xy

with differentials m = (3‘ ) n= (g) m' = (i%ox, 0 %), and ' = (00 1). The
maps DX — AX and DX > BX are lx,, 1x, ® lx, ® j§. j5» 1x,» lx»
and jx, 1X0 (o) jX (&%) 1X2*, 1X2*, 1X1, 1Xl* in bidegrees (—1,0), (0,0), (1,0), (0,1),
(0,—1), respectively. We omit the details of the verification that H{ (g) defines
a natural transformation 1 — JG. Finally, we note that the natural isometry
(Xe,0) = Hy (AX ,¢x) defines a natural isomorphism i der = GJ since for an object
(X.,rx.ex) of C’, we have (BX vx) = (AX .px). O
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Lemma 7.5 The inclusion C" C C" is a homotopy equivalence.

Proof: Let J' : C” C C’ be the inclusion functor. We will construct a functor
G’ :C’ — C” and a natural transformation J'G’ — 1, such that G'J’ = idc». The
functor G’ sends the object (X,rx,ex) to (G’ X,rx,0'), where G'X is the symmetric
space

0— HopXe—0

in sCx(&) equipped with the form (0, Hy(¢x),0), and where 0' = (E,1,0) and ey =
(E,1,qx). Clearly, we have G'J' = idcr.

For (X,rx,ex) in C’, the natural transformation J'G’ — 1¢/ is determined by
the map (G’ X,¢x) — (Xo,0x) in Q"sCx(E) given by the datum G'X «— U, > X,
as in the diagram

-k

X.: X, X xy X xx
JOR
U. X Xi 0

I :
L

where Xf- is the orthogonal ker(i} ¢x,) of X in (Xo,¢x,), and X; — XIJ- — Xo
are the canonical inclusions. O

Lemma 7.6 The category C" is contractible.

Proof: The category C” has a final object, namely (R,1g,0), where we consider
R as the complex 0 — R — 0 equipped with the form (0,p,0). It follows that the
category C” is contractible. O]

Corollary 7.7 For an exact category with duality &€, the non-singular exact form
functor sCx(€) - Ex HE : Ae — Ag,(A1,A%,) induces a homotopy equivalence
of Grothendieck-Witt spaces. In particular, we have a homotopy equivalence

GW(sCx(£)) 2 GW(E) x K(E).
Proof: This follows immediately from the additivity theorem for Q" (theorem 7.2),

the definition of the Grothendieck-Witt space, and additivity in K-theory ([Qui73],
or theorem 7.2 for hyperbolic categories). O
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Proof of theorem 7.1

A non-singular exact form functor (F,¢) : A — B together with a totally isotropic
subfunctor i : G >> F induces a non-singular exact form functor F, : A — sCx(B)
into the category of admissible short complexes given by

F. - G FIP Gt

where ff denotes the duality on the functor category ExFun(A,B), see 3.3.

The additivity form functor sCx(B) — Bx H B which gives rise to the homotopy
equivalence in theorem 7.2 has a section B x HB — sCx(B) which maps By € B
and (B1,B—-1) € HB to the short complex

((1)) (0 01)

By HBo@Bl@B* B—l'

Consider the composition of form functors A — sCx(B) — Bx HB — sCx(B) —
B of F,, the additivity form functor, its section, and evaluation in degree 0. It
induces a sequence of functors on hermitian Q-constructions

0" A — 0"sCx(B) => 0"Bx 0B = 0"sCx(B) — 0"B

in which the middle two arrows are inverse to each other (up to homotopy), by
the additivity theorem 7.2, so that the composition of the middle two arrows is
homotopic to the identity. The composition of the sequence is (G1/G.,¢) ® H(G),
whereas the composition of the first and the last arrow Q% A — Q"sCx(B) — 0"B
is (F,¢): 0" A — Q"B. Since these two compositions are homotopic, we are done.

The same argument works for Grothendieck-Witt spaces in place of the
hermitian Q-constructions; we omit the details. ]

We conclude the section with an exercise and a remark about the statement of
additivity in hermitian K-theory.

Exercise 7.8 Let £ be an exact category, and let E(€) be the exact category with
duality of exact sequences in &, that is, the fully exact subcategory with duality of
sCx(&) of those admissible short complexes which have zero homology. Show that
the following functor induces a homotopy equivalence of classifying spaces

O"E(€) = Q& : (Ee,p) > E_;. (15)

In particular, there is a homotopy equivalence GW(E(E)) 5K ).
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Remark 7.9 In view of Quillen’s additivity theorem [Qui73, §3 Theorem 2] in
terms of the category E(£), the homotopy equivalence (15) seems the more natural
generalization of additivity to hermitian K-theory. Indeed, one can deduce theorems
7.1 and 7.2 from the homotopy equivalence (15), but proving (15) directly doesn’t
seem to be much simpler than proving theorem 7.2. In any case, the formulation in
theorem 7.1 is more useful in applications than the homotopy equivalence (15).

8. Filtering Localization

In this section we prove the “filtering localization theorem” (theorem 8.2) which
will be used in §9 to construct cone categories and non-connective deloopings.

8.1. The s-filtering condition

Recall from [Sch04a] that a fully exact inclusion A C U of exact categories is called
s-filtering if

(a) every map A — U with A € A factors through an admissible subobject of U
belonging to A,

(b) every map U — A with A in A factors through an admissible quotient object
of U belonging to A,

(¢) for every deflation U — A in U with A4 in A, there is an inflation B >~ U
with B € A such that the composition B — A is a deflation in .4, and

(d) for every inflation A > U in U with A4 in A, there is a deflation U — B with
B € A such that the composition A — B is an inflation in A.

Items (a) and (b) imply that A is closed under admissible sub-objects and quotient-
objects in .

Remark 8.1 A fully exact inclusion A C U satisfying only (a) and (b) is called
filtering. For instance, a Serre inclusion of abelian categories is filtering. An
inflation A > U satisfying (d) is called special, as well as a deflation U — A4
satisfying (c) is called special. The reason to introduce special inflations and
deflations is to ensure that the inclusion A C U induces a fully faithful functor
on bounded derived categories (a fact we won’t need in this article). For this, (a)
and (b) don’t suffice. The letter “s” in “s-filtering” refers to the special inflations
and deflations in conditions (c) and (d).
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8.2. The exact quotient U/ A

Let A C U be an s-filtering inclusion of exact categories. Call a composition of
deflations with kernel in A and inflations with cokernel in A a weak isomorphism.
By definition, weak isomorphisms are closed under composition. They satisfy a
calculus of fractions [Sch04a, Lemma 1.13]. In diagrams, weak isomorphisms are
displayed as —, inflations with cokernel in A as >, and deflations with kernel in A
as —. By [Sch04a, Proposition 1.16], the exact quotient category U /A exists and is
obtained from U/ by formally inverting the set of weak isomorphisms. A sequence
of U/ A is a conflation in I//A if and only if it is isomorphic to the image of a
conflation of U.

Let A C U be a duality preserving s-filtering inclusion of exact categories
with duality. The duality on ¢/ induces an exact duality and a natural double
dual identification on the quotient ¢/ /A, and we consider U/ /.A equipped with this
structure of an exact category with duality. The sequence of functors

A—-U—->U/A

is a sequence of duality preserving exact (form) functors.
The rest of the section is devoted to the proof of the following theorem.

Theorem 8.2 Let A C U be a duality preserving s-filtering inclusion of exact
categories with duality. Assume that A is idempotent complete. Then the sequence
A — U — U] A induces a homotopy fibration on classifying spaces

0" (A) — 0" (U)— 0" U/ A).

Remark 8.3 In theorem 8.2, the map 79 Q" (U) — mo Q" (U A), that is, the map
Wo(U) — Wy(U /. A) need not be surjective.

Remark 8.4 Special cases of theorem 8.2 were proved in [Sch04a, theorem 2.1]
(the K-theory version), [PW89, theorem 5.3] (the K-theory version in the split
exact case, see also [CP97] for an alternative proof) and [HS04, theorem 3.5] (the
hermitian K-theory version for split exact categories in which 2 is invertible). Note
that the main theorem in [PW89] is implied by [PW89, theorem 5.3], so that,
replacing [PW89, theorem 5.3] with theorem 8.2, we obtain the hermitian analog
of the main theorem of [PW89] (see also [Ran92] for an L-theory version).

For the rest of this section, A C U will be an s-filtering inclusion of exact
categories, and A will be idempotent complete. Before proving theorem 8.2, we
collect some useful facts about s-filtering inclusions of exact categories.

Lemma 8.5 (a) For any weak isomorphism f : X — Y in U there is an inflation
s : U >> X with cokernel in A such that fs is an inflation with cokernel in

A
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(b) Every weak isomorphism [ in U is f = pt with t an inflation with cokernel
in A and p a deflation with kernel in A.

(c) A map in U is an isomorphism in U/ A iff it is a weak isomorphism.
(d) An object X of U is zeroin U/ A iff X is in A.

(e) Forany diagram X Y % Z of inflations in U with coker(s) in A, there is

a diagram of inflations X %< W > Z with coker(t) in A such that ut = sv.

(f) Amap X — Y in U is an inflation in U/ A iff there is an inflation Xo >~ X in
U with cokernel in A such that the composition Xo — Y is an inflation in U.

(g) Let f: X = Y be amap in U such that there isamap g : Y — Z with gf
an inflation in U. If either X is in A or f is a weak isomorphism, then f is
an inflation.

Proof: Parts (a) and (c) are proved in [SchO4a, Lemma 1.17 (3), (6)].

For part (b), choose an inflation s with cokernel in A as in (a) such that fs is
an inflation with cokernel in .A. The map f induces a map from the push-out of f's
along s to the target of f. This map is a deflation whose kernel is coker(s). Then f
is the composition of the pushout of f's and this deflation.

For part (d), the map 0 — X is an isomorphism in U//.A, hence by part (c) a
weak isomorphism. Then part (a) implies that the cokernel of 0 — X is in A.

Part (e) is [Sch04a, Lemma 1.17 (5)] (up to the typographical errors in [Sch04a,
Lemma 1.17 (5)], see the proof given there).

We prove part (f). The map f : X — Y in U becomes an inflation in I// A if
and only if it is isomorphic in ¢/ /A to the image of an inflation f; : X; > ¥; of U.
By part (e) and the calculus of fractions w.r.t inflations with cokernel in A, we can
find the following commutative diagram in &/

X<—~<X0>;>X1

ol b

Y<~—<Yy>——1Y].

For part (g), assume first that f is a weak isomorphism. By assumption, the
map f is an inflation in the idempotent completion ¢ of I/ with cokernel, say N in
U (see 5.1). By part (b), we have f = pt with p a deflation with kernel A4 in A and

¢t an inflation with gokergel B in A. Then we have a conflation /_4 »s> B —» N in U.
Choose an object N of U such that N @ N is in ¢. Then B @ N is (isomorphic to)
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an object of /. By definition of s-filtering, there is a deflation g : B@® N — C in
U with target in A such that the composition ¢ o ((’)) is an inflation. On quotients,
we obtain a map N = B/A — C/A such that the square involving B, C, N, C/A
is bicartesian. This induces a conflation B >> C & N — C/A in U. The objects B
and C/A are in A (the latter because A >> C is an inflation in I/ and A is closed
under quotient objects in Uf). Since the inclusions A C U C U are extension closed,
C & N isin A, and since A is idempotent complete, N is in .A.

Finally, assume X in 4, then, by the filtering condition, the map f is f = ia
with ¢ a map in A and i an inflation. By the dual of [SchO4a, Lemma 1.17 (1)], a is
an inflation. As a composition of inflations, f is an inflation itself. O

Let £ be an exact category. We write Z(€) for the exact category of inflations

in £. Objects are inflations X L5 Y in &, and maps (Xo A Yo) — (X3 NAY Y1)
are commutative squares in &£, that is, they are pairs ( f,g) of maps f : Xo — X,
g : Yy — Yy in & such that j; f = gjo. A sequence of inflations is exact if the
corresponding sequences of source objects and target objects are exact in £. This
means that a map (f,g) : jo — j1 as above is an inflation if and only if f and g are
inflations in £ and the canonical map from the push-out of f along jo to Y; is an
inflation. Note that Z(£) is equivalent to the exact category E (&) of conflations in

E.
Lemma 8.6 (a) Z(A) C Z(U) is s-filtering

(b) A commutative diagram in U

with x and y weak isomorphisms and fo, f1 inflations in U defines a weak
isomorphism in Z(U) from fy to fi.

(c) The canonical functor T(U)/Z(A) — Z(U/A) is an equivalence of exact
categories.

Proof: Part (a) was proved in [Sch04a, Lemma 1.17 (4)] in view of the equivalence
Z(A)P =T(AP).

For part (b), let P be the push-out of f along x, the induced maps being fo:
X~ P,x:Yy— Pand y: P — Y. Itis clear that (x,x) is a weak isomorphism
from fy to fo in Z(U). By lemma 8.5 (c), 7 is a weak isomorphism, that is, j =
Yo © y1 0+ 0y, with y; an inflation with cokernel in A or a deflation with kernel
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in A. Then (1x,,y;) defines a map in Z({/) which is an inflation with cokernel in
Z(A) or a deflation with kernel in Z(A) so that (x,y) is a weak isomorphism in
Z(U). This shows part (b).

Finally, by Lemma 8.5 together with part (b), the functor Z(U)/Z(A) —
Z(U/A) is essentially surjective. Fully faithfulness follows from the calculus of
fractions and part (b). We omit the details. O

Lemma 8.7 Let j : X »> Y and s1,s5 : Y >> Z be inflations in U with coker(s;)
in A, i = 1,2. Assume that s1j = s2j in U and s; = s in U/ A. Then there
are inflations | : X >> U and s : U >=> Y such that coker(s) is in A, j = sl and
$18 = so8 in U.

Proof: Since s; = 55 in U / A, there is an inflation yg : Yo >> Y with cokernel in A
such that s; y¢ = 52y in /. By lemma 8.5 (e) there is an inflation x : Xo >> X with
cokernel in A and an inflation jj : Xo > Yo in I/ such that yg jo = jxo. By lemma
8.6 (b), the map (x¢, yo) is a weak isomorphism in Z({{). By lemmas 8.5 (a) and 8.6
(b), there is an inflation (x1,y;) in Z(U) with cokernel in Z(.A) from j; : X; > 13
to jo such that the composition (xox1,yoy1) is an inflation with cokernel in Z(.A).
Let U be the push-out of j; along x¢x1,and s : U — Y, [ : X > U the induced
maps. Then s is an inflation in U/ since (xox1,Yoy1) is an inflation in Z (), and
coker(s) is 0 in U/ A, hence coker(s) in A, by lemma 8.5 (d). O

From now on until the end of the section A C U will be a duality preserving
s-filtering inclusion of exact categories with duality.

Lemma 8.8 (a) Every symmetric space in U/A is isometric to a (possibly
singular) symmetric form (X,@) in U with ¢ a weak isomorphism.

(b) A symmetric form (X,¢) in U with ¢ a weak isomorphism is metabolic in
U/ A with Lagrangian Ly C X if and only if there is a weak isomorphism of
conflations in U of the form

L——x—t>Xx/L

llz zlw ell*n
P ¥

(X/L)*>p—>X*;>>L*

such that L is isomorphic to Lo as subobjects of X in U/ A.

Proof: For part (a), let Y be an object of U//.A (that is, an object of If), together
with a non-singular symmetric form represented by the fraction ¥s~! where s :
Z = Y and ¥ : Z = Y* are weak isomorphisms in /. The equality ¥s~! =
(¥s™Y*n in U/ A implies the existence of a weak isomorphism ¢ : X — Z such
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that y*nst = s*yt. Let ¢ = t*s*yt, then (X,¢) is a symmetric form in U with ¢
a weak isomorphism, and st : (X,¢) — (Y,¥s~!) defines an isometry in U/ / A.

For part (b), it is clear that a symmetric form (X,¢) in U/ for which there is a
diagram as in (b) defines a metabolic space in I//.A with Lagrangian L,. For the
other implication, let (X,¢) be a symmetric form in &/ which is a metabolic space
in U/ A with Lagrangian Lo C X. The map Lo >> X in U/ A is represented by a
fraction is~! withi : L — X and s : L — L maps in U and s a weak isomorphism.
By lemma 8.5 (f), we can assume i to be an inflation in /. The map i *¢i is zero in
U/ A so that there is an inflation j : L’ > L with cokernel in A such that i *¢ij = 0
in U. Replacing L with L’ we can assume : L >> X to be an inflation in ¢/ such that
i*pi =0in U. Let p be the quotient map X — X /L. Then the equation i *¢i =0
implies that the map ¢i factors as p*!. O]

Lemma 8.9 The following sequence of abelian groups is exact
Wo(A) — Wo(U) — Wo(U/A).

Proof: Let (X,p) be a symmetric space in I/ which is stably metabolic in U/ .A.
Then there is a metabolic space (M,u) in U/A such that (X,9) L (M,u) is
metabolic in ¢//A. By lemma 8.8 (a), we can assume (M,u) to be a symmetric
form in U with pu a weak isomorphism. The symmetric space (M,—u) is also
metabolic with same Lagrangian as (M,u), so that the sum of metabolic spaces
(X,p) L (M,u) L (M,—u) is metabolic in U/ A.

We have the classical isometry in U/ A

(3 8) : (M=) L (M) = H"(M) = (M & M*,(;; (1)))

which shows that the symmetric space (Y,¢) = (X,¢) L H*(M) in U is metabolic
in U/ A. By lemma 8.8 (b), there is an inflation i : L >> Y in U such that i *yri =0
in 2/ and such that the canonical map L — (Y/L)* = L= is a weak isomorphism.
By lemma 8.5 (g), L — L= is an inflation with cokernel A in A. Since H*(M) is
metabolic in 2/, we have in Wy (1{) the equalities [X,¢] = [Y,¥] = [L+/L,¥] which
is in the image of the map Wy (A) — Wy(UA) because L+/L is in A. O

For an exact category with duality £, let 9,& C Q"€ be the full subcategory
of metabolic spaces in £. For an s-filtering duality preserving inclusion A C U
of exact categories with duality, let Qﬁu C Q"1 be the full subcategory of those
symmetric spaces (X,¢) in U for which there is a map (4,a) — (X,¢) in Q"U with
A in A. Note that we have inclusions Q" 1/ C Q’j‘u c ohu.

Lemma 8.10 On homotopy groups, the inclusions Q"U C QZU c 0"U and
Q,’; (UJA) — 0"(U/A) induce monomorphisms on mg and isomorphisms on ;,
i>1
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Proof: Consider the abelian monoid of isomorphism classes of those symmetric
spaces in U which are the objects of Qfﬂ/{ . We denote by W, (U) the quotient
monoid of this monoid by the submonoid of metabolic spaces. As for Wy (i), the
monoid W4 (U) is actually a group, and an element [X,¢] in W4 (U) is zero if and
only if it is stably metabolic. The map W4(U) — Wo(U) : [X,p] — [X,¢] is thus
injective. As in proposition 4.8, one shows that the map W, (U) — mg QZZ/{ :
[X,¢] — [X,¢] is well-defined and an isomorphism. It follows that the maps
o Qf,,u — 7o Q’AZ/{ — 719 Q" U are injective (the first is because ¢ Qf;,u =0).
Let Q" U C Q"U and QF, ;U C Q" U be the full subcategories of stably
metabolic objects. They are the connected components of Q"2 and QZZ/{ , so that
the inclusions Q% U C Q" and Q" U/ C Q" U induce isomorphisms in 7;, i >
1. The full inclusions Q"¢ c Q" U and QU4 Q" U induce isomorphisms
on 7;, I > 1 by the strong cofinality lemma 4.15. We conclude that the sequence of
inclusions Qf‘nl/{ C QZU C Q" induces isomorphisms on 7; for i > 1. Similarly,
O U/ A) — Q"(U/.A) is a monomorphism on 7 and an isomorphism on 7;,
i>1. O

The quotient functor &/ — U /A maps qu into the subcategory Q” (U4/A) of
metabolic objects of Q”(1//.A). In fact, Qﬁlu is precisely the full subcategory of
Q"U of those objects which have image in Q” (1//.A) (in view of lemmas 8.8 (b)
and 8.5 (g)).

Theorem 8.2 follows from lemmas 8.9, 8.10 and the following proposition the
proof of which will occupy the rest of the section.

Proposition 8.11 Ler A C U be a duality preserving s-filtering inclusion of exact
categories with duality. Assume that A is idempotent complete. Then the sequence
A — U — U/ A induces a homotopy fibration on classifying spaces

0"M(A) — oM (U)— 0% U/ A).

Proof: Let p be the functor Q% (U)—> Q" (U/A) induced by the localization
functor U — U/ A. In order to identify the homotopy fibre of p, we will use theorem
B of Quillen. We will show that for a map g : M — N in Q% (U//A), the induced
functor g* : (N | p) —> (M | p) is a homotopy equivalence on classifying spaces.
Since every object in Qf’n(u /A) is metabolic, every object is the target of a map
from 0. Thus it suffices to show that g* is a homotopy equivalence for g : 0 — N.
Recall that the category (N | p) has objects pairs (X,«) with X an object of Qf’A(L{)
and @ : N — pX a map in Q" (U/.A). Maps from (X,a) to (Y,p) correspond to
maps s : X — Y in Qﬁ(l/{) such that 8 = p(s) o . Composition is composition of
the maps s in QZ(Z/{).
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Consider the following diagram of categories and functors

Eg —2 > (N R p) Y~ (Nip) (16)

0" (A) —— (0 p) —2> (0]p),

where the categories and functors are as follows.

e The functor iy is the inclusion of the full subcategory (N ]2 p) of (N |p)
whose objects are those pairs (X,«) for which « is an isomorphism. Note that
O"(A) = (0 |2 p) since Q"(A) C Q% (U) is the full subcategory of objects
which are isomorphic to 0 in Q" (1//.A).

e The category E, has objects the pairs (a,«) witha : A — X amap in QZ(U),
A€ 0"A), and o : N — pX an isomorphism in Q”(1{/A) such that g =
a~!p(a) where pA is identified with 0 via the unique isomorphism 0 — pA
in 0"(U/A). A map (a,) - (b: B — Y,B) is a pair of maps ¢ : A — B
ands: X - Y in QZ(Z/{) such that sa = bc and B = p(s). Composition is
composition of the individual maps of the pairs.

e The functor p: E; — (N R p) sends (a : A — X,x) to (X,@).
e The functor y : E; — Q"(A) sends (a: A — X,a) to A.

There is a natural transformation of functors igoy — g*oiy o p given by
iooy(a:A— X,a) = (4,0) — g*oiy o p(a,a) = (X,x0g).

Thus, on classifying spaces, the diagram commutes up to homotopy. The proof
of proposition 8.11 is complete once we show that iy (hence ip), p and y induce
homotopy equivalences on classifying spaces. O

Lemma 8.12 For every object N of Q" (U A), the full inclusion

iN:(NRp)—(N{p)

is a homotopy equivalence on classifying spaces.

Proof: The lemma follows from theorem A of Quillen once we show that for all
objects (X,a) of (N | p), the comma category C = (iy | (X,x)) is contractible.
The map o : N — pX is represented by a totally isotropic subspace Ly C X of
X in U/ A together with an isometry L3 /Lo = N in U/A. By the calculus of
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fractions, lemmas 8.5 (a) and (f), we can assume that Ly C X is actually a totally
isotropic subspace of X in Y. This shows that C is non-empty, as L(J)- /Lo together
with the canonical map in O/ to X and the isometry LE/Lo = N in U/ A defines
an object of C.

The comma category C is equivalent to the category with objects the totally
isotropic subspaces L C X in U such that L is isomorphic, as a subobject of X in
U/ A, to Ly. There is a (unique) map L — L’ in C if L’ C L. Using the calculus
of fractions for the set of weak isomorphisms and lemma 8.5 (a), we see that C
is a filtering category so that the classifying space of C is contractible [Qui73, §1
Corollary 2]. O

Lemma 8.13 The functor p : E, — (N R p) is a homotopy equivalence on
classifying spaces.

Proof: In view of Quillen’s theorem A it suffices to show that for any object (X,«)
of (N ]2 p), the comma category C = (p | (X,«)) is contractible. An object of C
is a sequence A LUS Xof composable maps a, s in QZ(Z/{) with 4 € Q" (A)
and s an isomorphism in Q*(44/A) such that p(sa) = ag. A map from (a,s) to

b
B2VvLXis a pair of maps ¢ : A — B, r: U — V in Q" (U) such that ra = bc
and s = ¢r. Composition is composition of commutative diagrams in Q 5’4(1/{).

Let J : C’ C C be the full subcategory of those sequences which are of the form

4% X 5 X. The functor G : C — C’ which sends an object (a,s) to (soa,id) and
amap (c,r) to (c,idy) is a homotopy inverse to J because GJ = id and because
(id,s) : (a,s) — (s oa,id) defines a natural transformation id — JG.

The category C’ is non-empty and filtered, and thus contractible, by exactly the
same arguments as in the proof of lemma 8.12. In detail, the map «g : 0 — X in
Q"(U/ A) is represented by a Lagrangian Lo of X in U//.A which, by lemmas 8.5
(a) and (f), we can assume to be a totally isotropic subspace Lo of X in U/ such that
the quotient L(} /Ly is in A. The category C’ is equivalent to the category whose
objects are totally isotropic subspaces L C X in U such that L is isomorphic to L
as subobjects of X in U/ /. A. Maps are inclusions of totally isotropic subspaces. This
category is filtered by the calculus of fractions and lemma 8.5 (a). O

The rest of this section is devoted to proving the following lemma which
completes the proof of proposition 8.11 and thus of theorem 8.2.
Lemma 8.14 The functor y : E; — 0"(A) is a homotopy equivalence on
classifying spaces.

Proof: Again, the lemma follows from theorem A of Quillen, once we show that
for all objects A of Q”(.A), the comma category C = (A4 | y) is contractible. The

b
category C has objects (4 — B X X,N = pX) with b, u maps in QZ(L{), B e
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Q"(A) and s an isomorphism in Q”(2//.A) such that p(u) = sg. A map from
(b,u,s) to (A Sc 3 Yt)isaparof mapsa : B > C and w : X — Y in
QZ(Z/{) such that ¢ = ab, va = wu and ¢t = p(w)s. Composition is composition of
commutative diagrams in QZ(Z/{).

Let J : C' C C be the full subcategory of objects (b,u,s) with b = id4. The
functor G : C — C’ which sends an object (b,u,s) to (id,ub,s) and a map (a,w)
to (id4,w) is a homotopy inverse of J because GJ = id and because the map
(b,idx) : (id4,ub,s) — (b,u,s) defines a natural transformation of functors JG —
id. We will show that C’ is a non-empty filtered (projective) system, so that C’ and
hence C will be contractible.

Omitting the information b = id 4, the objects of C’ are pairs (A S XN pX)
with # a map in Q” (i) and s an isomorphism in Q”(2//.A) such that p(u) = sg.
The category C’ is non-empty by the following argument. By lemma 8.8 (a), there
is a weak isomorphism of conflations

L——" s N 2u N/L (17)

-1 l? Zlv ZJ/—I *n
(N/L)* =2~ N* LA
such that i : L C N defines a Lagrangian in I/ /A representing the map g : 0 — N.
Consider the admissible short complex (centered in degree 0)
(7)

N : L > N&(N/L)* >0

np 0
No. — NJ is a quasi-isomorphism since its cone is isomorphic to the cone of (17)

which is acyclic. We therefore obtain a symmetric space Ho(N,,v¥) in U which
turns out to be metabolic with Lagrangian (N/L)* and thus defines a map 4 : 0 —
Ho(N..¥) in Q"U. More precisely, the inclusion of the Lagrangian (N/L)* into
Hy(No,v¥) is Hy of the map of short complexes (N/L)* — N, where (N/L)*
denotes the complex concentrated in degree 0 where it is (N/L)*. The map of
complexes (N/L)* — N, is the canonical inclusion of (N/L)* into N & (N/L)*
in degree 0. Furthermore, the canonical inclusion of N into N & (N/L)* induces a
map of complexes N — N,, where, again, N is concentrated in degree 0. This map
of complexes is a quasi-isomorphism in I//.A. Tt induces an isometry s : (N,v) =~
Hy(Ne,¥) in U/ A under which the Lagrangian (N/L)* corresponds to L C N.
Since pA = 0, the pair

equipped with the symmetric form v which in degree O is < voF *). The form v :

(A AL Hy(Newr), N = pHo(Net/) )
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defines an object of C’. This shows that the category C’ is non-empty. The fact that
C' is a filtered projective system is shown in lemmas 8.16 and 8.17 below. O

In order to reduce the proof of lemma 8.16 to A = 0, we need the following.

Lemma 8.15 For any map a : A — X in Q"U with A € Q" A there are maps
1:0—>M,t:ALM— X inQ"Usuchthata =t o (idg L 1) and p(t) is an
isomorphism in Q" (U] A).

Proof: Let o and ¢ be the forms on A and X, respectively. The map A 5 x

in Q" is represented by a datum A £ U+ > X such that ker(p) = U and
ajyL = ¢yL. By the s-filtering property, there is an admissible subobject B € A
of U~ such that the composition B >> UL —» A is a deflation. Let C € A be the
kernel of the composition B — A. It is an admissible subobject of U, and thus
totally isotropic in X and defines a map ¢ : (CL/C.y) — (X,¢) in Q"U, where y
is the (unique non-singular) form induced by ¢ via C+. Since C is an object of A,
the map ¢ is an isomorphism in Q”*(U// A).

The two chains of inclusions C ¢ B,U c U+ c C* from C to C+ induce a
commutative diagram

B/C

N

Ult/U<~—Ut/c——cCt/C

in U in which all maps are compatible with forms (since all of them are induced by
¢). The lower row defines a map (4,o) — (C+/C,y) in Q"U. Since the form «
on B/C = A is non-singular, the maps io and i have retractions ry = o~ 'i*y, and
r =a~li*y, where y, is the restriction of y to UL/C. Let qo = igro and g = ir be
the corresponding projectors. Then the lower row decomposes as the direct sum of
A =imgy = imgq and the map / : 0 — M in QU represented by the datum

0« im(—qo + lyr,c) > M :==im(—q + lc1/c)

(which is isomorphic to 0 «— U+/B > C+/B). Under this decomposition, the
form y corresponds to the orthogonal sum of « and p := j*yj, where j : M =
im(—q + lci/c) —> C L/C is the canonical inclusion. The form (M, ) is non-
singular since (4,a) L (M,u) = (C+/C,y) is non-singular. The map [ : 0 —
(M, ) in Q"U satisfies a =t o (id4 L 1), by construction. O

Lemma 8.16 Let u; : A — X;, i = 1,2, be two maps in Qh(Z/{) with A an object

of Q" A. Assume that there is an isomorphism s : pX1 — pX» in Q"(U/A) such
that sp(u1) = p(uz) in Q"(U/A). Then there are mapsu: A —V and s; : V — X;



Hermitian K-theory of exact categories 151

in QMU such that siu = u;, sp(s1) = p(s2), and such that s; is an isomorphism in
oMU/ A), i =1,2.

Proof: By lemma 8.15, we can assume A = 0. Let u; be represented by the
Lagrangians a; : L; >> X;. By the calculus of fractions, there are inflations
b; : L > L; with cokernel in A such that s ca;by = azb, in U/ A.

By the following argument, we can assume b; : L >> L; to be split injective, that
is, to have a retraction. By the s-filtering condition, there are admissible subobjects
B; C L; with B; in A such that B; — L;/L is a deflation in A. Its kernel C; =
ker(B; — L;/L) is an object of A and a subobjects of L. By the filtering condition,
we can choose an admissible subobject C of L in A such that C;,C, C C C L. Let
CLi C X; be the orthogonal of C in X;. Then u; factors as 0 — le/C — X;, and
C+i/C — X; is an isomorphism in Q" (1//.A). Moreover, the map 0 — C+ /C is
represented by the Lagrangian L;/C C C+i/C. The inflation L/C »> L;/C in U
is split injective because the quotient map L;/C —»> L;/L has a section since the
composition B;/C; > L;/C; — L;/C — L;/L is an isomorphism. Replacing
X;,Liand Lby C+i/C,L;/C,L/C,we canassume L >~ L; to be split injective.

Next, we will show that we can assume b; : L > L; to be the identity map. For
that, let A; € A be a complement of L in L; so that we have isomorphisms L; =
L & A; under which the inclusion L C L; corresponds to the canonical inclusion
L > L & A; of L into the first factor. We consider 4; embedded into L; = L & A;
via the canonical inclusion into the second factor. Let Al-l C X; be the orthogonal
of A; in X;, and let Y; be the symmetric space Al.l /A; with form induced by X;.
Then the map u; in QhZ/{ factors as 0 — ¥; — X; where 0 — Y; is given by the
Lagrangian L;/A; = L C Y;, and where the map Y; — X; is an isomorphism in
Q"(U/A). Thus, in order to prove the lemma, we can assume u; : 0 — X; to be
given by Lagrangians a; : L; >> X; with L1 = L, = L.

By assumption, the map s : p(X;) — p(X>) is an isometry in U/ /A which fixes
L. By the calculus of fractions, we can find weak isomorphisms ¢; : ¥ — X;
in U such that the forms on X; and X, restrict to the same form on Y, the two
compositions ¥ — X; — X* — L* agree, and s = tztl_l in U/ A. Since sa; = as,
hence t;7'a; = #;'a, in U/ A, lemma 8.5 allows us to find inflations j : N > L
anda : N — Y in U such that a; j = t;a and such that the cokernel of j is in . A. By
lemma 8.6 (b), the pairs (,;) define weak isomorphisms in Z({f), so that by lemma
8.5 (a) we can precompose them with a weak isomorphism so that the compositions
are inflations in Z(U) with cokernel in Z(A). Thus, we can assume (j,#;) to be
inflations in Z(U) with cokernel in Z(.A), so that the natural maps Z :=Y Uy L —
X; are inflations in I/ (with cokernels in A). The forms on X;, i = 1,2 restrict to the
same form on Z since the two compositions Y > X; — X* — L*,i = 1,2, agree,
and the forms on X; restrict to the same form in Y. It follows that the orthogonal of
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Z in X; is independent of i = 1,2 as it is the kernel of the form Z — Z*. The forms
on X; induce a non-singular symmetric form on V = Z/Z+ which is independent
of i = 1,2, since their restrictions to Z agree. The Lagrangian L/Z+ »> Z/Z*
defines a map u : 0 — V in Q”1{, and we have maps s; : V — X; in Q"I given
by the datum V = Z/Z1 «— Z > X; such that s;u = u;, and s 0 p(s1) = p(s2).
Moreover, s; is an isomorphism in Q" (U / A). O

Lemma 8.17 Let x : A — X, u; : X — Y, i = 1,2 be maps in Q"(U) with A
in Q" A and p(u;) isomorphisms in Q" (U/A) satisfying uix = u>x and p(u) =
p(u2). Then there are maps z © A — Z, v : Z — X in Q"(U) such that p(v) is an
isomorphism in Q"(U/A), u1v = u,v, and x = vz.

Proof: Let «, ¢ and y be the forms on A, X and Y. The maps x : A — X and
: X — Y in Q"U are represented by diagrams A < V L5 X and X <& U; NS

Si ]z
The compositions u; x are represented by diagrams A Al W~ > Y, where W; is the

pull-back of j along the deflation ¢; with g; : W; — V and J, . W; > U; the
induced maps. The assumption that u;x = u,x in Q"2 implies the existence of an
isomorphism g : W; — W, such that 51 j; = 52 j,g and pd; = pg»g. Replacing j,
and g, with fzg and g,g, we can assume Wy = W, =: W and g = idw, so that
51 fl =5, fz and pg; = pg». The maps x, u; and their compositions are depicted in
the following diagram

w Uy ———Y

i

A.

S|

In U/ A, we have the two equations jg; = (¢is;") o (s; ]l) i = 1 ,2, in which the
right-hand side is independent of i (in U/ / A, we have qls1 = qzs2 since u; = uy).
Since j is an inflation in U// A, this implies that §; = g, in U/.A. By the dual of
Lemma 8.7, we can therefore write p as a composition p, o p; with p; : V. — V
and p, : V — A deflations, ker(p;) in A and p;q; independent of i — 1,2. Since
ker(p1) C ker(p), we obtain a symmetric space Z = ker(p;)*/ker(p;) equipped
with the form induced by the form ¢ on X. In Q"/, the map x : A — X factors
as A — Z — X, where the the individual maps are given by the data A «— V =
V/ker(py) — ker(pl)L/ker(pl) = Z and Z « ker(p;)* >> X. Note that Z — X
is an 1s0m0rphlsm in Q"(U/.A), so that (for the purpose of the lemma) replacmg
X by Z allows us to assume g1 = ¢» in the diagram above. Since 51 j; = 532, and
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since U; is the orthogonal of ker(q;) = ker(g2) in Y, we can also assume U; = U,,
f 1= fz and s; = s, in the diagram above.

The equality u; = u, of isomorphisms in Q*({/A) implies that ¢; o st =
g2osy'in U/A. Since we assume s; = 55, this implies g1 = ¢» in U/ A. In U,
the compositions j *¢g; are independent of i = 1,2 since their composition with the
inflation ¢, * = ¢>* is j*¥s* which is independent of i. Another application of the
dual of Lemma 8.7 yields a factorization of j*¢ into r, or; where ri : X — X and
ry : X = V* are deflations, ker(ry) is in A and ryg; is independent of i. As above

ker(r;) C ker(p) = ker(j *¢) so that the map x : A — X in Q"U factors as A 5
Z =ker(ry)*/ker(ry) % X. Since ker(ry) is in A, the map v is an isomorphism in
Q"(U/.A). By construction, we have u v = u,v. O

Corollary 8.18 Let A C U be a duality preserving s-filtering inclusion of exact
categories with duality. Assume that A is idempotent complete. Then the sequence
A — U — U/ A induces a homotopy fibration of Grothendieck-Witt spaces

GW(A) — GW(U)—GW (U] A).

Proof: In view of the definition of the Grothendieck-Witt space, this follows from
theorem 8.2 and its K-theory analog [Sch04a, Theorem 2.1] which is theorem 8.2
applied to the sequence of hyperbolic categories HA — HU — H(U/A). O

9. Cone and Suspension in Hermitian K -theory

In §8, we constructed an exact category with duality I/ /A associated with a duality
preserving s-filtering inclusion .A C U, and we obtained a homotopy fibration of
Grothendieck-Witt spaces induced by the sequence A — U — U /A (when A is
idempotent complete). Unfortunately, the s-filtering condition is rather artificial,
and it is rarely present in applications. The aim of this section is to construct an exact
category with duality C(U,.A) which plays the role of a quotient //.A in hermitian
K-theory and which is attached to any duality preserving fully exact inclusion A C
U of idempotent complete exact categories with duality. The category C(U,.A),
called cone of A C U, contains U, and the sequence A — U — C(U,.A) induces a
homotopy fibration in hermitian K-theory (see theorem 9.7).

We begin with constructing the category Co(i/,.A) a localization of which will
be the cone category C(U,.A).

9.1. The category Co(U,.A)

Let A C U be a duality preserving fully exact inclusion of exact categories with
duality (2.1 and 3.2). As in §8, we will depict inflations in ¢/ with cokernel in A as
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>, deflations in I/ with kernel in A as —>, and compositions of these two types of
maps as — in diagrams.

We define a category Co(U4,.A). Its objects are commutative diagrams in U of
the form

Uy =" Uy =" Uy =" Us =" (18)
O O |
Ud=<— Ul <— U2 <—y3

such that

(a) for all n < m € N, the maps U, >> U,, and U™ — U" are inflations with
cokernel in A and deflations with kernel in 4, respectively, and

(b) there is a k € N such that for all n € N, the maps U, >> U"t¥ are inflations
with cokernel in A, and the maps U,y —» U" are deflations with kernel in

A.

Maps in Co(U,.A) are natural transformations of diagrams. We will abbreviate such

a diagram as (U, SU *), where U, : N — U : n +— U, is the functor representing
the first row, U® : N — U : n — U" is the functor representing the second
row, and u is the matrix (u;;) of maps u;; : Uy — U/ in U, i,j € N, such that
Ui — U, — Uk > U!is U; — U'! whenever i <j,and! <k.

It is clear that Co(U,.A) is an additive category. Declare a sequence in Co(i/,.A)
to be exact if it is exact at each of the U; and U/ spots. To see that this makes
Co(U,.A) into an exact category, we consider it as a full subcategory of the functor
category Fun(,U) (which itself is an exact category, see 3.4) where N denotes
the totally ordered set N LI N°? in which every element of N7 is greater than every
element of N. Since inflations with cokernel in .4 and deflations with kernel in A
are closed under extensions in the exact category of morphisms in U, the category
Co(U,A) is closed under extensions in Fun(N,U). This shows that the choice of
exact sequences above makes Co(U,.A) into an exact category.

The category /N is a category with duality where the duality interchanges N and
N9 so that the double dual identification is the identity. Therefore, the category
of functors Fun(\,Uf) is canonically equipped with an exact duality (see 3.4). The
full subcategory Co(U,.A) is closed under this duality, so that, by restriction of the
duality, we equip Co(U,.A) with the induced structure of an exact category with

duality. This means that the dual of an object U = (U, LU *) of Co(U,A) is
U* = ((U*)* = (U)").
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The constant diagram functor C : & — Co(U,.A) which sends an object U of U

to the diagram CU = (U 3 U) of the form (18) in which all maps are the identity
on U, is fully faithful, exact, reflects exactness and is duality preserving.

9.2. The hermitian cone C(U,.A)

For an object U = (U, 5 U®) of Co(U,.A) given by diagram (18), we can forget

the upper left corner Up. This gives us a new object Upj; = (Usy 1 R U*®) where
(Ues1)n = Upy1 and (upy))ji = uj;+1. We have a canonical map e[;: U — Uy
induced by the structure maps of U, and the identity on U*®. Similarly, forgetting the

lower left corner U° in diagram (18) defines a new object U = (U, N U*t!) and
a canonical map e[l : UlY) — U, where (U*T1)" = U"*!. We define the objects
Uk and U] iteratively by the formulas Ug) = (Up—1))p1; and UK = (o111,
For i = 1,..,k, composition of the canonical maps e[y} : U1 — Uj; yields a
map e : U — U, and similarly the maps el!! : Ul — Uli=1 define a map
ekl y*l s U for k € N. Note that (U[i])[j] = (U[j])[i] and that the diagram

ol

U[i] —U

e[/]i ie[/’]

[] )
U[j] elil Ui

commutes. Clearly, the assignments U + UKl and U Uy are functorial for
objects in Co(U,.A), and the canonical maps e : U — Uy and ¥ : UK — U
are natural transformations.

Definition 9.1 Let 4 C U be a duality preserving fully exact inclusion of exact
categories with duality. The category C(U,.A), called cone of A C U, is the
localization of Co(U,.A) with respect to the set of maps ef;1(U) : U — Uy and
ell(U) : Ul - U, for U € Co(U,A) and i € N. In detail, the category C({{,.A) has
objects the objects of Co(U,.A), and morphism sets

home, 4)(U. V) = colim;, jen home, i,y (U, V1)

for objects U, V' of Co(U,.A), where the colimit is taken over the projective system
- UBl — yll — yll — U and over the inductive system V — Vj;] — Vg —
Vi3] — ++-. Composition of maps is defined as follows. If the maps [f]: U — V
and [g] : V — W in C(U,A) are represented by the maps f : ULl — Vij1 and
g VI Wi in Co(U,.A), their composition [g] o [ /] is represented by the map
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go fIK: Uli+kl V[[jk]] — Wi+ j1- Note that the identity map U — U in C(U,.A)
is represented by any of the maps ef;; : U — U;) and el Ul U in Co(U, A).
Therefore, the maps U — Uj;; and UV! — U in C(U,.A) represented by ef;) and el/]
are isomorphisms in C(U,.A) with inverses Uj;) — U and U — U /] represented
by 1: Uy — Uppand 1 : UV — UUl. The identity on objects and morphisms
defines a functor Co (U, A) — C(U,.A) which satisfies the universal property of the
localization of Co(U/,.A) with respect to the set of maps U — Uj;} and vll - v,
where i,j € N and U runs through the objects of Co(U,.A). Note that, since the
maps el and e[;] are epic and monic, respectively, the functor Co(U, A) — C(U,.A)
is faithful.

We define a sequence in C(U,.A) to be a conflation if and only if it is isomorphic
in C(U,.A) to the image under the localization functor Co(U,.A) — C(U,A) of a
conflation of Co(U,.A). Moreover, the duality on Co(U,.A) defines a duality on
C(U,.A) such that the functor Co(U4,.A) — C(U,.A) is duality preserving.

Lemma 9.2 Let A C U be a duality preserving fully exact inclusion of exact
categories with duality. Then the cone category C(U,A) is an exact category with
duality.

Proof: We first show that the functor Co(U,A) — C(U,.A) sends push-outs of
arbitrary maps along inflations to cocartesian squares and pull-backs of arbitrary
maps along deflations to cartesian squares. We will only prove the first statement,
the second being dual. Consider a cocartesian square in Co(U,.A)

U=y

bJ/ ll;

[
with a an inflation. Let [f] : V — Y and [g] : W — Y be maps in C(U,.A)
represented by the maps f : VIl — Y[jand g : Wikl Y7y in Co(U,A) such that
[g]o[b] = [f]oa] in C(U,A). Composing and pre-composing f and g with the
appropriate e[,) and el"] (this doesn’t change the classes [ f] and [g]), we can assume

i =k and j = /. Since Co(U,A) — C(U,.A) is faithful, we have a commutative
diagram in Co(U,.A)

Ul =22 i

bml ;;[i]i
f

alil

W[i] HX[[]

\
1151
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The upper left square is cocartesian in Co(I4,.A) because the functor U + Ul is
exact. The universal property of push-out squares yields a map 4 : X[/l — Y[, in
Co(U. A) such that f = hoblil and g = h oall. The map h represents a map
[h] : X — Y in C(U,A) such that [f] = [h] o [b] and [g] = [h] o [a]. To show
uniqueness of the map [%], consider a diagram in Co(U4,.A) of the form

[i]
a
]

ylil >—— yli
b[i]i plil
il =2

“
0

¥
which commutes in C(U,.A). Since Co(U,A) — C(U,A) is faithful, the diagram
also commutes in Co({/,.A). But then 7 = 0 because the upper left square is
cocartesian in Co (U, .A).

Now we are ready to check the axioms 2.1 (a) — (f) for C(U,.A). Axiom (a) is
satisfied because in a conflation (1), Z is the push-out of X — 0 along i, and X is
the pull-back of 0 — Z along p, and — as we have seen — this property is preserved
under the localization functor Co(U, A) — C(U, A).

Axiom (b) holds by definition. Axiom (c) can be proved as follows. Given
inflations @ : U >> V and b : W > X in Co(U,.A) and an isomorphism [f] :
V — W in C(U,.A) with inverse [g] : W — V represented by g : Wl — V};;. Let
Y be the push-out in Co(2,.A) of g along bl!l. As we have seen, X[l — Y is an
isomorphism in C(i/,.A) since [g] is. We have a commutative diagram in C(i/,.A)

% l N
Upy =22 Vijy <5 il =205yt

A

Y
in which the solid arrows are maps in Co (i4,.4), solid squares commute in Co(i/,.A),
arrows labeled with ~ are isomorphisms in C(U,.A), the dashed arrow is a map in
C(U,.A) and the non-labeled vertical maps are the maps el and ef;1- This shows
that [b] o [ f]o[a] is an inflation in C(U,.A) because the diagram displays it as being
isomorphic in C(U4,.A) to the image of the inflation U[;; > Y. By a dual argument,
deflations are closed under composition in C(i,.A).
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Axiom (d) can be proved as follows. Let [f]: U — W and [g] : U — V be
maps in C(U,.A) with [ f] an inflation. Changing [f] up to isomorphism, we can
assume [ f] to be represented by an inflation f : U > W of Co(U,.A). Let [g] be
represented by g : Ul — Vij1in Co(U,A). Consider the commutative diagram in
cU,A

v .y

Z\L 14 ?T
g oo b

Vi ylil wli,

As we have seen, the push-out of £l along g in Co(U4,.A) induces a cocartesian
diagram in C(U,.A). Therefore, the push-out of [f] along [g] exists in C(U,.A).
It is an inflation in C(/,.A) as it is isomorphic to the push-out of fIl along g in
Co(U,A). A dual argument shows axiom (e¢). Axiom (f) holds in C(U,.A) since it
holds in Co(U,.A). Summarizing, we have shown that C(i/,.A) is an exact category.

The exact duality on Co(U,.A) satisfies (U)* = (U*)y, (Up)* = (U,
(e(U)* = ell(U*) and (e1(U))* = e;1(U*). Therefore, it induces an exact
duality functor on C(i/,.A) such that the localization functor Co(U4,.A) — C(U,.A) is
duality preserving. O

Lemma 9.3 The constant diagram functor C : U — C(U,A) is fully faithful,
preserves and reflects exactness, and is duality preserving. It makes U into an s-

filtering subcategory of C(U,A).

Proof: From the definition of C(U,.A) it is clear that the functor Y — C(U,.A) is
fully faithful, exact and duality preserving. We claim that if an object X of C(i,.A)
is isomorphic in C(U,.A) to a constant diagram CU, for some U in U, then there
are i,j € N such that X [[;]] is isomorphic to CU in Co(U,.A), that is, all structure

maps for X U] are isomorphisms. To prove the claim, let f : CUIl — X [j] in
Co(U,A) represent an isomorphism [f]: CU — X in C(U,A), and let [g] : X —
CU be an inverse of [ f] represented by g : XK1 — C Uprp- The composition g o
fIL: Ui+l — C UL 4y s epj47 0 el M since gp;10 f ¥ represents the identity
1 = [g][f]in C(U,A), and Co(U,A) — C(U,A) is faithful. But e[; 40 elitkl .
CUl+k CUjj+17, and thus gp; o f[¥lis an isomorphism in Co(U4,.A). Therefore,
] has a retraction r with 7 £kl = 1. The projector 1 — £y in Co(U,.A) is zero in
C(U,A) because f ¥l is an isomorphism in C(1/,.A). Since the localization functor
Co(U,A) — C(U.,A) is faithful, 1 — f¥lr is already zero in Co(U,.A), so that ]
has to be an isomorphism in Co(U,.A). Tt follows that I/ is extension closed in
C(U,A) since it is extension closed in Co(U4,.A), and the inclusion U C C(U,.A)
preserves and detects conflations.
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Now we check the s-filtering conditions 8.1 (a) — (d). For every object X of
Co(U,A), the structure maps of X define a map C(Xo) — X such that every map
C(U) — X in Cy(U,.A) factors (uniquely) through C(Xy) — X. By property 9.1
(b), there is a k € N such that the map C(X,y) — X¥ is an inflation in Co (U, A).
Therefore, amap [ f] : C(U) — X in C(U,.A) represented by f : C(U)l1 — Xijin
Co(U,A) factors through the inflation C(X;) > X [[j.{]], for some k, representing the
inflation C(X ;) >> X in C(U,.A). This shows 8.1 (a). Part (b) is dual, and we omit
the proof.

For part (¢), let X — C(U) be a deflation in C(U,.A) with constant target.
Changing X and C(U) up to isomorphism in C(i/,.A) (and truncating the diagram
X if necessary), we can assume X — C(U) to be a deflation in Cy(i/,.A). But then
the composition C(Xo) - X — C(U) is a deflation in U, and the map C(Xy) —> X
is an inflation in C(U,.A), as we have already seen. This shows (c). Part (d) is dual
and we omit the proof. O

Lemma 9.4 Let A C U be a fully exact inclusion of exact categories. Then
the induced functor C(A, A) — C(U,A) yields an equivalence of quotient exact
categories

C(AA)/AS CU.A)/U.

Proof: We define the inverse of the functor in the lemma in several steps. First,
we construct a functor Co(U,A) — C(U,A) with image in the full subcategory
C(A,A) c C(U,A). To do so, recall that for an object U of Co(U,.A), there is an
integer ky € N such that the canonical map C(Uy) > Ul is an inflation with
cokernel in Cy(A,A) for all k > ky. If [ > k then the canonical map glk—1 ]:
U/ c(Uy) — UK/ C(Uy), induced by e* ], is an isomorphism in C(4,.A), and
hence in C(A,.4), since in the map of exact sequences in C(U,.A)

C(Uo) i ull/c(Uy)

ie[/k] iguk]

C(Up) >yl — UK/ C(Uy)

the left two vertical maps are isomorphisms. In order to construct the functor
Co(U,A) — C(U,.A), choose, for every object U of Co(U,.A), an integer ky € N as
above. The functor we wish to construct sends an object U of Cy(U/,.A) to the object
Ulkul/Cc(Uy) of C(U,A) and amap f : U — V in Co(U,.A) to the composition
glm=kvl o flml o (gln=kul)=1 " \yhere m is any integer m > ky.ky. The functor
has image in the full subcategory C(A, A) C C(U,.A) so that we obtain a functor
Co(U,A) = C(AA) : U~ Ukul/C(Uy). Tt preserves exact sequences, since a
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conflation U > V —» W in Co(U,.A) is sent (up to isomorphism) to the conflation
UKl C(Uy) > VIF ) C(Vy) — WKL/ C(Wy) in C(A,A), where k > ky . ky . kw.
Composition with the localization functor C(A,.A) — C(A,.A)/ A yields a well-
defined exact functor Co(U,A) — C(A,.A)/A : U — Ukvl/C(Uy). For every
object U of Co(U,.A), this functor sends the canonical maps e*1(U) and ex(U)
to isomorphisms in C(A,.4)/.A. This is clear for the maps e!¥1(U). The image of
the map efx) : U — U] under this functor is, up to isomorphism, the composition
v/ cy) — U[[,g/C(Uo) —> U[[IQ/C(U;C) for I > ky.kuyy,. In this composition,
the first map is an isomorphism in C(i/,.A) (and hence in C(A,.A)) as it is the
cokernel of the map of morphisms from id : C(Uy) — C(Up) to e : vl U[[IQ’
and the second map is a deflation with kernel Uy /U, in A, hence an isomorphism
in C(A,A)/A. Therefore, the maps e[, e*1 are sent to isomorphisms, so that we
obtain a well-defined exact functor C(U,A) — C(A,A)/A. Clearly, this functor
sends U C C(U,.A) to zero in C(A,.A)/ A so that we have an induced exact functor
CU,A)/U — C(A,A)/A. This functor is inverse to the functor of the lemma. [

Lemma 9.5 Let A be an exact category with duality. There is a non-singular exact
form functor T : C(A, A) — C(A, A) and an isometry of form functors

id 1l T=T.

Proof: We define a functor [—1] : Co(A, A) — Co(A, A). Tt sends A = (A, il A®)
to A[—1] = (Ae.[—1] a[;l] A*[—1]), where for i,j > 1, we set (A[—1]); = A4;-1,
A[-1]" = A"V and a[-1);; = a;—1,j—1 and A[—1]o = A[-1]° = 0. Note that the
functor [—1] is exact and duality preserving. We write [—/] for the /-th iteration
[—1]% of [-1]. Let T : Co(A,.A) — Co(A,.A) be the duality preserving exact functor

T=@-: 4~ PA-1].

>0 >0

The functor makes sense, since for every i € N, the sums (€D;.,A[—!]); and
(D)= A[—1])" are finite. Note that we have an isometry of duality preserving
functors id L T[-1]x=T.

In order to see that T induces a functor C(A,.4) — C(A,.4), we have to check
that the maps T(el'l(4)) and T (ef1(A)) are isomorphisms in C(A,A) for every
object A of Cy(A,.A). For!/ € N, we define a natural transformation af4 c A —
A=), 4 € Cy(A, A), which is the identity at all ( )’ and ( ); spots except at the
( )!~!-spot where it is (necessarily) the zero map. One checks that

eMA[-1]) = (M (A))[~1]oady.  and  eM(AM[-1]) = & o (M (A))[-1DM.
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The natural transformations “54 assemble to a natural transformationa 4 =P 120“54 :

(TA)M — T(AM) such that the following diagram commutes

T(ell]
TA <€ T4l

el
o4
el

(TA)[I] (T(A[l]))[l].

(T (el11y11]
In the diagram, the diagonal maps are isomorphisms in C(A,.4). It follows that
T (e'1(A4)) is an isomorphism in C(A,.A) for all objects A of Co(A,.A). Similarly,
the maps T (e[17(A4)) are isomorphisms in C(A,.A). Therefore, the duality preserving
exact functor 7' induces a duality preserving exact functor 7 : C(A,A) — C(A,A).

The diagram of functors and natural transformations in Cy(A,.4)
id = [-1]}] <
el el
1y < [-1]

commutes and induces an isometry [—1] — id of form functors C(A, A) — C(A,A).
Thus we have an isometry of form functors 7T[—1] = T which transforms the
isometry id L T[—1] = T into an isometry id L T = T. O
Corollary 9.6 For any exact category with duality A, the cone category C(A,A)

has contractible Q"- and Grothendieck-Witt spaces:

0"C(A,A) ~ %, and GW(C(A,A)) ~ x

Proof: The isometry of form functors id 1L T =~ T of lemma 9.5 induces a
homotopy between the induced maps of id L T and T on Q" and Grothendieck-
Witt spaces. Since 0”C(A,.A) and GW(C(A,.A)) are H -groups under orthogonal
sum L, this implies that the identity maps of Q”C(A,.4) and GW(C(A,.A)) are
null-homotopic. O

Putting everything together, we obtain the main result of this section.

Theorem 9.7 Let A C U be a duality preserving fully exact inclusion of idempotent
complete exact categories with duality. Then the commutative square

A U

.

CAA) —CU., A




162 M. SCHLICHTING

induces homotopy cartesian squares of Q™-constructions and Grothendieck-Witt
spaces with contractible lower left corner.

Proof: This follows from theorem 8.2 (corollary 8.18 for the case of Grothendieck-
Witt spaces), lemma 9.4, and corollary 9.6. U

Remark 9.8 The maps Q" — Q"C(U, A) and GW(U) — GW(C(U,.A)) need not
be surjective on 7.

Remark 9.9 If A C U is s-filtering, functoriality of the cone construction yields
a functor C(U,A) — C(U/A,0) =~ U/A which induces isomorphisms of higher
Grothendieck-Witt groups G W; (C(U,.A)) = GW;(U/A) for i > 1, by theorems 9.7
and 8.2. I believe that this is also an isomorphism in degree 0, but I haven’t checked
it.

Definition 9.10 For an idempotent complete exact category with duality A, we
define the exact category with duality

SA=C(AA/A

and call it the (hermitian) suspension of A.

Theorem 9.11 Let A be an idempotent complete exact category with duality. Then
there are homotopy equivalences

GW(A) ~QGW(SA) and |0"Al~Q|0"SA|.

Proof: This follows from theorem 8.2, corollary 8.18 and corollary 9.6. U

Remark 9.12 The idempotent completion map QGW(SA) — QGW(:S-'\.;\) is an
equivalence, by cofinality (theorem 5.2), so that we can iterate, and we obtain an
Q-spectrum for .4 an idempotent complete exact category with duality

(GW(A),GW(SA),GW(SZA),GW(S3A),...}.

The spectrum is non-connective, in general, since for A = HE, it represents non-
connective algebraic K-theory of £, see [Sch04a], [Sch06].

In contrast, the idempotent completion map Q|Q"(S.A)| — Q|Qh(§71)| is
not an isomorphism on g, in general, see theorem 5.1. Therefore, the resulting
spectrum

10" (A 10" (SA).|Q"(SZA)| Q" (S A)]...}

is not an Q-spectrum, in general. This happens, for instance, when A is the
hyperbolic category H £ associated with an exact category £ which has non-trivial
negative K-groups.



Hermitian K-theory of exact categories 163

Acknowledgments: I am indebted to Max Karoubi and Jens Hornbostel who
introduced me to hermitian K-theory and to Paul Balmer for a pleasant stay at
ETH Ziirich where some of the results of this paper were first exposed in detail.
Moreover, I would like to thank Ivo Dell’ Ambrogio, Giordano Favi, Paul Balmer,
Girja Tripathi and Seva Joukhovitski for their comments during talks and on earlier
drafts of this work. Finally, I would like to thank the anonymous referees for their
comments and suggestions.

REFERENCES

Bal0l. Paul Balmer. Triangular Witt groups. II. From usual to derived. Math. Z.
236(2):351-382, 2001

CL86. Ruth Charney and Ronnie Lee. On a theorem of Giffen. Michigan Math. J.
33(2):169-186, 1986

CP97. M. Cérdenas and E. K. Pedersen. On the Karoubi filtration of a category. K-
Theory 12(2):165-191, 1997

GJ99. Paul G. Goerss and John F. Jardine. Simplicial homotopy theory, Progress in
Mathematics 174. Birkhéduser Verlag, Basel, 1999

Gra79. Daniel R. Grayson. Localization for flat modules in algebraic K-theory. J. Algebra
61(2):463-496, 1979

Hor(02. Jens Hornbostel. Constructions and dévissage in Hermitian K-theory. K-Theory
26(2):139-170, 2002

Hor05. Jens Hornbostel. A!-representability of Hermitian K-theory and Witt groups.
Topology 44(3):661-687, 2005

HS04. Jens Hornbostel and Marco Schlichting. Localization in Hermitian K-theory of
rings. J. London Math. Soc. (2) 70(1):77-124, 2004

Kar74. Max Karoubi. Localisation de formes quadratiques. I. Ann. Sci. Ecole Norm. Sup.
(4) 7:359-403 (1975), 1974

Kar80a. Max Karoubi. Le théoreme fondamental de la K-théorie hermitienne. Ann. of
Math. (2) 112(2):259-282, 1980

Kar80b. Max Karoubi. Théorie de Quillen et homologie du groupe orthogonal. Ann. of
Math. (2) 112(2):207-257, 1980

Kel90. Bernhard Keller. Chain complexes and stable categories. Manuscripta Math.
67(4):379-417, 1990

Kel96. Bernhard Keller. Derived categories and their uses. In Handbook of algebra 1,
pages 671-701. North-Holland, Amsterdam, 1996



164

Kne77.

Knu91.

Pop73.

PW89.

QSS79.

Qui7l.

Qui73.

Ran92.

Sch85.

Sch04a.

Sch04b.

Sch06.

SchO08a.

SchO8b.

TT90.

M. SCHLICHTING

Manfred Knebusch. Symmetric bilinear forms over algebraic varieties. In
Conference on Quadratic Forms—1976 (Proc. Conf., Queen’s Univ., Kingston,
Ont., 1976), pages 103-283. Queen’s Papers in Pure and Appl. Math. 46. Queen’s
Univ., Kingston, Ont., 1977

Max-Albert Knus. Quadratic and Hermitian forms over rings, Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences] 294. Springer-Verlag, Berlin, 1991. With a foreword by I. Bertuccioni

N. Popescu. Abelian categories with applications to rings and modules. London
Mathematical Society Monographs 3. Academic Press, London, 1973.

Erik K. Pedersen and Charles A. Weibel. K-theory homology of spaces. In
Algebraic topology (Arcata, CA, 1986), Lecture Notes in Math. 1370, pages 346—
361. Springer, Berlin, 1989

H.-G. Quebbemann, W. Scharlau, and M. Schulte. Quadratic and Hermitian forms
in additive and abelian categories. J. Algebra 59(2):264-289, 1979

Daniel Quillen. The Adams conjecture. Topology 10:67-80, 1971

Daniel Quillen. Higher algebraic K-theory. I. In Algebraic K-theory, I: Higher
K -theories (Proc. Conf., Battelle Memorial Inst., Seattle, Wash., 1972), pages 85—
147. Lecture Notes in Math. 341. Springer, Berlin, 1973

Andrew Ranicki. Lower K- and L-theory, London Mathematical Society Lecture
Note Series 178. Cambridge University Press, Cambridge, 1992

Winfried Scharlau. Quadratic and Hermitian forms, Grundlehren der Mathema-
tischen Wissenschaften [Fundamental Principles of Mathematical Sciences] 270.
Springer-Verlag, Berlin, 1985

Marco Schlichting. Delooping the K-theory of exact categories. Topology
43(5):1089-1103, 2004

Marco Schlichting. Hermitian K-theory on a theorem of Giffen. K-Theory
32(3):253-267, 2004

Marco Schlichting. Negative K-theory of derived categories. Math. Z. 253(1):97-
134, 2006

Marco Schlichting. The Mayer-Vietoris principle for higher Grothendieck-Witt
groups of schemes. Invent. Math., to appear.

Marco Schlichting. Hermitian K-theory, derived equivalences and Karoubi’s
fundamental theorem. in preparation, 2008

R. W. Thomason and Thomas Trobaugh. Higher algebraic K-theory of schemes
and of derived categories. In The Grothendieck Festschrift, Vol. Ill, Progr. Math.
88, pages 247-435. Birkhiuser Boston, Boston, MA, 1990



Hermitian K-theory of exact categories 165

Uri90. M. Uridia. U-theory of exact categories. In K-theory and homological algebra
(Tbilisi, 1987-88), Lecture Notes in Math. 1437, pages 303-313. Springer, Berlin,
1990

Wag72. J. B. Wagoner. Delooping classifying spaces in algebraic K-theory. Topology
11:349-370, 1972

Wal85. Friedhelm Waldhausen. Algebraic K-theory of spaces. In Algebraic and geometric
topology (New Brunswick, N.J., 1983), Lecture Notes in Math. 1126, pages 318-
419. Springer, Berlin, 1985

Wal03. Charles Walter. Grothendieck-Witt groups of triangulated categories. preprint,
2003. www.math.uiuc.edu/K-theory/

MARCO SCHLICHTING mschlich@math.lsu.edu

Department of Mathematics
Louisiana State University
Baton Rouge, LA

USA

Received: March 30, 2008



