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Proposition 8, together with [4], furnishes the

COROLLARY (Linearization Theorem). — Eve i i
: . ry M-regular difference equation
of type Diff (R"), R" over B is isomorphic to a linear one.

Using [2] we obtain.

dT?OROLLARY. — Let H be a separable Hilbert space. Then every M-regular
ifference equation of type GL (H) ,H over B is isomorphic to th i
b o aten P e one given

.Proposition 8 implies that the equivariant K-theory based on M-regular linear
difference equations is isomorphic with K( )-M\. Yet the equivariant K-theory
based on all linear difference equations has some interest. In general, they will
be different from each other. ’

Finally it sh(_)uld be remarked that these ideas could be used in studying dif-
ference approximations of completely integrable systems of total differential
equations.
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EQUIVARIANT STABLE HOMOTOPY THEORY

by G. B. SEGAL

Equivariant maps between spheres.

Let G be a finite group.

A finite-dimensional real vector-space V on which G acts linearly will be called
a G-module. Its one-point compactification SY is a sphere with G-action, in which
we shall regard oo as a base-point. Our object is to describe the homotopy-classes
of equivariant maps between such spheres.

For each G-module V there is a concept of suspension : if X is a G-space with
base-point xo we define the suspension SVX as

SY A X = (S x X)/{(=> x X) U (S¥ x x0))

If X and Y are G-spaces with base-points then [X ; Y]; denotes the set of
homotopy-classes of base-point-preserving G-maps X — Y. There is a suspension-
map [X ;Y] [S¥x ;SVY]G for any G-module V. One can order the isomorphism-
classes of G-modules by

¥ < V' <=V is isomorphic to a submodule of V' ;
then one defines the set of stable equivariant maps
X ;Y = lim (s¥x ; sVrj,
v
which is an abelian group. (Strictly speaking the limit is taken over the category
of G-modules and embeddings).

ProPOSITION 1. — [S vew.s W]G is independent of W if W is sufficiently large,
and can be identified with the set of cobordism-classes of compact V-framed
G-manifolds.

The terminology in the proposition is explained by

DerINITION 1. — If V is a G-module, a compact G-manifold M is called V-framed
if there is given a stable G-isomorphism @y of its tangent bundle Ty, with M x v,
ie. if there is given a G-module W and an isomorphism of G-vector-bundles
Ty x Wy=M x (Ve W). Such a manifold is said to bound if there is a
G-manifold N with boundary M and a stable isomorphism of Ty with N x (V@ R)
wich induces @

The proof of Proposition 1 depends essentially on the concept of “consistent
transversality” introduced by Wasserman [2]. Details can be found in [1}.
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Proposition 1 makes clear in particular what plays the role of the degree of
a map in the equivariant theory. Recall that one defines for any group G its
Burnside ring A(G) as the Grothendieck group of the category of finite G-sets,
ie. A(G) is the free abelian group on the set of conjugacy-classes of subgroups
of finite index in G. Then we have

CoroLLARY. — For large W, [S W;S w]G = A(G) as rings, where the multipli-
cation in [SW;SW]G is composition of maps, and that in A(G) corresponds to
forming the product of G-sets.

Thus the equivariant homotopy class of a map S¥ - S¥ is determined by
the degrees of its restrictions to the fixed-point subsets of the subgroups H of
G ; and the diagram

Is* ;S%lg —— A©G)

€H
(¥  (s*)H) -2E=, g

commutes, where €y assigns to a G-set S the cardinal of 7.
ProrosiTION 2. — If V' = R” with trivial G-action then

. [Ssz : Sw]c - ? 11": (BW,) ,

where the sum is taken over the conjugacy classes of subgroups H of G, 1rf denotes
stable homotopy, and Wy = Ny/H, where Ny is the normalizer of H in G.

Proof. — If M is a V-framed G-manifold then the isotropy-group must be constant
on each component of M, for if g is an element of the isotropy group at x then
g acts trivially on the tangent-space to M at x, and so leaves fixed all the geodesics
through x. But if M has all its isotropy-groups conjugate to H one can write
it as (G/H) x WHM H where M¥, the H-invariant part of M, is a free Wy space.

Thus a general V-framed manifold can be written || (G/H) x wHMH: where My
H

is a V-framed free Wy -manifold. The cobordism-classes of such M,, can be iden-
tified with 75 (BW,,), and Proposition 2 follows.

Equivariant stable cohomology theory

For any pair ¥ C X of compact G-spaces and any virtual G-module & (i.e. any
a € RO(G)) let us define

we (X, Y) =lim [S"(X/Y) ; S¥**] = {(X/Y ; S}
14

This is a generalized cohomology theory in the sense that it satisfies obvious
homotopy, exactness, and excision axioms (for any pair (X, Y) there is a boun-
dary homomorphism w(Y) > wg ' (X, ¥)). It has the additional stability pro-
perty that WHX) = &%V (SYX) for any X and V. Furthermore it is universal
among cohomology theories with those four properties.
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On free G-spaces and trivial G-spaces one can express w¢ in terms of ordinary
stable homotopy, at least when & € Z C RO(G), as follows.

ProrosiTioN 3. — If X is a free compact G-space, then
Wi (X)) = W"(X/G) = 75 (X/G).

PrOPOSITION 4. — If G acts trivially on X then
wg (X) = ? {X ; S"BW;},

where BW}; is the union of BWy with a disjoint base-point.

As ordinary stable homotopy coincides with homology when ter.xsored with
the rationals, and as classifying-spaces for finite groups have trivial r:tlonal homo-
logy, one deduces from Proposition 4 that wi(X)®Q = A(G)® H"(X ;Q) when
G acts trivially on X. More generally one has

PROPOSITION 5. — For any compact G-space X, and any a € RO(G),
wgX)eQ= & H¥ " ; Q¥

where, if « = V — W € RO(G), ay = dim V¥ — dim W¥.
It is easy to see that {sV;8 W}G is a finitely generated abelian group, so Pro-
position 5 implies the

CoroLLARY. — {SY ;8% is finite unless dim V¥ = dim WH for some subgroup
Hof G.

The equivariant J-homomorphism (!).

The relationship between equivariant stable cohomotopy as dfeﬁned here and
equivariant K-theory is precisely analogous to that in the classical case. There
is a J-homomorphism

J : KOg'(X) = w(X)

(from the additive group KOg ! to the multiplicative group of w°G) defmed by
the usual Hopf construction. Its image can be determined in the following way.

The Adams operations xl/" act on KOg(X), and hence Ic\m tl.1e p'rofiniu? com-
pletion KOg(X )A. They define an action of Z on KO(X)" which is contmu9us
when Z is given the profinite topology, and so the action extends to an action
of the profinite completion Z. The group of units Z* of this ring is the product
of the subgroup (* 1) with a topologically cyclic group I'. Let o be a genera}tqr
of T. Then y* : KOg(X yA —>KOG(X)A extends to a transfomat{oq of' multipli-
cative cohomology theories, and so one can define a new multxp/l\lcatlv.e cgho—
mology theory J% with a multiplicative transformation JE - KOE" fitting into
an exact triangle

a
~1
F > JE > KO 5 ko - -

(1) The proofs of the results in this section depend on the work of Sullivan on the
Adams conjecture.
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Thus there is a short exact sequence
0 - coker (y* — 1) = Jg = ker @*—1 > 0. ... (1)

In terms of the theory Jg one can describe the J-homomorphism as follows.
The Hurewicz homomorphism w§ = KOG" factorizes through Jg, giving a multi-
plicative transformation h : wg = Jg. In view of the exact sequence () one
sees that this assigns to an element of stable cohomotopy its d- and e-invariants
in the sense of Adams. The J-homomorphism J : KOg'(X) = we(X) factorizes
through J2 (X) to give an exponential map J : ﬁé;(X ) > w2 (X). If G is a p-group
the composite AJ : fg (X) = J(X) is an isomorphism between the additive group
:fg(X ) and the multiplicative group 1 + jg(X ). Then JE(X ) is a direct summand
in the multiplicative group 1 + @ g (X).

The definition of an equivariant cohomology theory.

In conclusion I shall mention two facts which tend to support the use of all
real representations for suspending in equivariant stable homotopy theory, and
the indexing of equivariant cohomology theories by RO(G).

The first is the generalization of the construction of Eilenberg-Maclane spaces
as the infinite symmetric products of spheres.

PROPOSITION 6. — If A is a topological abelian group with G-action, and V
is a G-module, there is a G-space B V4 and a G-homotopy-equivalence

A - Map (S¥ ;BY4) ;

and if A = Z with trivial G-action one can take B¥A = F(S"), the free abelian

-group on SV,

The second is the generalization of a theorem of Barratt and Quillen. If Sis
a finite G-set let us write g for the group of G-automorphisms of S. One can
form an associative monoid I'c = ‘l‘sl BZg, the sum being over all finite G-sets S.

The monoid can also be written D Lxl~1 B(Z, [ Wy), where H runs through the
ne

conjugacy-classes of subgroups G, and X, [ Wy denotes the semi-direct product
~ “n -
E X Wy x ... x Wy)

ProposITION 7. — The classifying-space for I'g is homotopy-equivalent to that
of lim Mapg(S” ; %), where V runs through all G-modules.
14

The theorem of Barratt and Quillen tells one that

B(UBE, fwy) ~ BOQ=S=BW;),
so one deduces. "
COROLLARY. — lim Mapg (8”5 S7) =~ U 5™ (BW;y) .
v
This is of course just a restatement of Proposition 4, but it provides a comple-
tely different proof of it.
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