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Abstract. A semi-invariant in surgery is an invariant of a quadratic Poincaré complex which is defined
in terms of a nuil-cobordism. We define five such gadgets: the semicharacteristic, the semitorsion, the
cross semitorsion, the torsion semicharacteristic, and the cross torsion semicharacteristic. We describe
applications to the evaluation of surgery obstructions, especially in the odd-dimensional case.
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0. Introduction

Many invariants of odd-dimensional manifolds can be defined in terms of invariants
of bounding even-dimensional manifolds. The linking form is determined by the
intersection form, the semicharacteristic is determined by the Euler characteristic,
the p-invariant is determined by the multisignature, the y-invariant is determined by
the integral of the Hirzebruch L-genus, and the Rochlin invariant is determined by
the signature, each with respect to the appropriate notion of bounding manifold. We
call all such invariants semi-invariants. In this paper we deal with semi-invariants in
surgery.

The surgery obstruction theory of Wall [14] was expressed in Ranicki [10] in
terms of chain complexes with duality. The quadratic L-groups L,(A4) of a ring with
involution A4 are the cobordism groups of n-dimensional quadratic Poincaré com-
plexes (C, ¥) over A. Here, C is an n-dimensional 4-module chain complex and ¥ is
a quadratic structure on C which determines a quadratic Poincaré duality chain
equivalence (1 + Ty C*™* - C. The ‘instant surgery obstruction’ of [10] assigns
to an n-dimensional normal map (f,b): M" > X an n-dimensional quadratic
Poincaré complex (C,) over Z[n,;(X)] representing the surgery obstruction
o, {(f,b)eL(Z[n,(X)]) of [14]. The surgery obstruction is evaluated using appro-
priate invariants of the quadratic Poincaré complex.
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Surgery semi-invariants are invariants of odd-dimensional quadratic Poincaré
complexes which are defined (more or less explicitly) in terms of bounding even-
dimensional quadratic Poincaré pairs. Odd-dimensional surgery obstructions with
finite fundamental group are largely determined by surgery semi-invariants.

We discuss five semi-invariants in surgery:

(i) semicharacteristic,

(ii} semitorsion,

(1i1) cross semitorsion,

(iv) torsion semicharacteristic,

(v) cross torsion semicharacteristic.

In (ii) and (ii)) we mean Whitehead torsion, and in (iv) and (v) we mean localization
torsion. (We are still working on the meaning of the torsion semitorsion.)

Various special cases of the semi-invariants have appeared in the literature. The
present paper consists of definitions, elementary properties and examples. We relate
the semi-invariants to more traditional algebraic K-theory invariants involving the
projective class and Whitehead torsion. The main innovation of direct com-
putational significance is the algorithm of Section 5 for obtaining a situation in
which the cross semi-invariants may be defined, generalizing a procedure of Pardon
[8].

The semicharacteristic of a f.g. projective (2i+ 1)-dimensional quadratic Poincaré
complex (C, ) over A with f.g. projective homology A-modules H,(C) is defined in
Section 2 by

212(C ¥) = oo (=)IH(C)]€e KO(A)-
The semicharacteristic is the classic surgery semi-invariant. If 4 is semisimple, then
every f.g. projective quadratic Poincaré complex over A has [g. projective ho-
mology, L};, (A) = 0 and the semicharacteristic defines isomorphisms

Xajat Lis1(A4) = coker (L3, (A) > H**2(Z,; Ro(A))).

The semitorsion of a based fg. free (2i+1)-dimensional quadratic Poincaré
complex (C, i) over A with based f.g. free homology A-modules H,(C) is defined in
Section 2 by

112G W) = Zomo (=)L + Tho: Hyiy - (C)F - H(C))
+1(H,(C) - C)e K ,(A),
with H,(C) - C any chain equivalence inducing the identity in homology. If 4 is a

division ring, then every f.g. free quadratic Poincaré complex over A has f.g. free
homology, L%, ,(4) = 0 and the semitorsion defines isomorphisms

Ty12: Ly 1(A4) = coker (L5;1 (A4) > H*2(Z 5; K (4)))

A (2i+ 1)-dimensional quadratic Poincaré complex (C, ) is cross if the Poincaré
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duality chain map (1 + TW,: C**1 7% - C is an isomorphism. The cross semi-
torsion of a based fg. free cross (2i + 1)-dimensional quadratic Poincaré complex
(C,¥) over A is defined in Section 3 by

T (C) =Zioo (=)t((1 + Tho: C**17" - C,) e K (A).

Let S © A be a multiplicative subset in a ring with involution 4, so that the
localization S™'A inverting S is defined. Let K,(4, S) denote the Grothendieck
group of stable isomorphism classes of S-torsion A-modules of homological dimen-
sion 1.

The torsion semicharacteristic of an S~ 'A-acyclic f.g. projective 2i-dimensional
quadratic Poincaré complex (C,y) over A with S-torsion homology A-modules
H (C) of homological dimension 1 is defined in Section 6 by

112(C) = 2,20 (=) TH(O)]e K, (4, S).

Although, strictly speaking, the torsion semicharacteristic is an invariant of an even-
dimensional complex (C, ), it is essentially an odd-dimensional invariant, since C is
the resolution of an odd-dimensional chain complex of S-torsion A-modules of
homological dimension 1.

The cross torsion semicharacteristic of a f.g. projective (2i + 1)-dimensional quad-
ratic Poincaré complex (C,y) over A4 with the chain equivalence
(I 4+ TWy:C**1 % - Can § ! A-isomorphism is defined in Section 7 by

152(Co) = Zi_o(— ) [coker((1 + Thpe: C2¥17r - C,)]e K (4, S).

Precursors of the surgery semi-invariants have been useful in the study of group
actions on spheres (Madsen [5], Milgram [6] and Davis [2]), knot cobordism
groups (Ranicki [11]), and group actions on homology spheres (Davis and
Weinberger [4]). We hope our general treatment of the semi-invariants and the
examples we bring together will be useful. Future possible geometric applications
include propagation of group actions and the study of converses to Smith theory.

The cross invariants are one ingredient in a general program developed in Davis
[3] for the evaluation of odd-dimensional surgery obstructions with finite fundam-
ental group.

1. Algebraic Surgery Semi-Invariants

We shall assume that the reader is familiar with the basic definitions of the algebraic
theory of surgery of [10,11]. We start with a brief review of algebraic K-theory and
the general theory (such as it is) of algebraic surgery semi-invariants.

We shall only be concerned with the reduced algebraic K-groups of a ring A

K,{(A) = coker(K,(Z) > K,(A)) (m=0,1).

An A-module chain complex C is finite if it is a finite-dimensional complex of based
fg. free A-modules. We assume that the reader is familiar with the (reduced)
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projective class of a finite-dimensional f.g. projective A-module chain complex C
[C]=Z20(=)IC,Je Ko(A).

and with the (reduced) torsion of a chain equivalence f: C — D of finite complexes
t(f: C— D)e K,(A).

Given a ring 4 with involution : A — A define the dual of a f.g. projective (left) A-
module P by

P* = Hom,(P, A), A x P*—> P*;(a,f)— (x = f(x)a).
The dual of a morphism f e Hom (P, Q) of {.g. projective 4-modules is defined by
J*:Q* > P* g —(h— hig(f(x)).
The duality involutions on the reduced algebraic K-groups K,(4) (m = 0, 1) by
x: Ro(A) » Ko(4);  [P]-[P]* = [P*],
* Ky(A) > Ky(A); o(f:1P—> Q)= f)* =([*: Q% > P¥).
The n-duality involution C — C"™* on chain complexes is such that
[C"7*] = (=)"[C]* e Ky(A),
W(f*: D" * > C" *) = (—)1(f: C > D)*e K, (A).

Given an n-dimensional quadratic Poincaré complex (C,y) define a K-theory
invariant

75(C, ) = [C]e Ko(4) if C is f.g. projective,
T (C ) = (1 + TWo: C"* - C)e K,(A) if C is finite.

Let X < K,,(4) (m = 0,1) be a =-invariant subgroup. An n-dimensional quadratic
Poincaré complex (C, ) is X-Poincaré if

for m = 0, C is f.g. projective with 7,(C, )€ X,
for m =1, C is finite with 7,(C, )€ X.

L¥(A) is the cobordism group of n-dimensional quadratic X-Poincaré complexes
over A.

Given an (n + 1)-dimensional quadratic Poincaré pair (D, C; 6y, ) define a K-
theory invariant 7, (D, C; 8y, )€ K,(A4) such that

Tl Co V) = 1D, C; 84, ) + (= )'1,(D, C; 8%, Y)* € K,(4) (m =0, 1)
by

7o(D, C; 8, ) = [D] € Ko(A),

©(D, C; 84, ) = 1(1 + T)(GWo, ¥o): (D/C)"* ' ~* — D)€ Ky(4)

with m = 0 if C, D are f.g. projective and m = 1 if C, D are finite.
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Let Y€ X < K,(A4) (m=0,1) be =-invariant subgroups, so that the Tate Z,-
cohomology groups of X/Y are defined by

A"(Zy; X/Y) = {g€ X/Yg* = (=)'g}/{h + (=)h*|he X/Y}.
An n-dimensional quadratic Poincaré pair (D, C; 0¥, ) is (X, Y)-Poincaré if
T{C. )€Y, 1,(D,C; oY, ¥)e X.

The relative quadratic L-groups L¥¥(A) are the cobordism group of n-dimensional
quadratic (X, Y)-Poincaré pairs over 4, such that there is defined an exact sequence

e Li(A) = LEA) > LYY (4) > Ly ()
The isomorphisms
LEY(A) > HY(Z,; X[Y);, (D, C; 8, ) - 1,,(D, C; 8y, )

establish an isomorphism between the relative L-theory sequence and the
Rothenberg exact sequence

v LY(A) > LE(A) > AYZ; X/Y) > L y(4) - .

In particular, there are defined isomorphisms
ker(L}(4) - L¥(A)) - coker (LY, (4) » H" 1(Z,; X/Y));
(C.¥) = 1D, C; 0y, )

sending the cobordism class of an X-null-cobordant n-dimensional quadratic Y-
Poincaré complex (C, i) over A4 to the K-theory invariant of any (n+ 1)-dimensional
guadratic X-Poincaré null-cobordism (D, C; &y, ).

A finite n-dimensional quadratic Poincaré complex over 4 (C, V) is simple if

4, (C,¥) = 0 K (A).

(1.1)

The quadratic L-group L¥(A) for g = p (resp. h, s) is the cobordism group of n-
dimensional quadratic Poincaré complexes (C, ¥/) over A which are f.g. projective
(resp., finite, simple)

LE(A) = LE(4),  Li(A) = LO=Ri(y),
L';(A) = Lg‘j} =Ko (4) = LI;gl(A)(A)_
The surgery semicharacteristic (Davis [2]) was interpreted in Milgram and

Ranicki [7] from the point of view of the isomorphism (1.1). We repeat this
interpretation here and in Section 2 below, along with the torsion analogue.

DEFINITION 1.2. (i) Let X = Kq(4) be a *invariant subgroup. The universal
semicharacteristic 18 the isomorphism

(Ux)y2: ker(L3(4) > LEA)) — coker (LY, 1(4) — A" {(Z,; Ro(A)/ X)),
(€ ¥) = (U p(Co ) = 10D, C; 69, )
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defined for any f.g. projective n-dimensional quadratic X-Poincaré complex (C, ¥)
over A which admits a f.g. projective null-cobordism (D, C; 6¥, ¥).
(i) Let X = K,(4) be a =*-invariant subgroup. The universal semitorsion is the
isomorphism

(UT),,,: ker(L¥(A4) - Li(A)) - coker (L, ,(4) —» H"* Y(Z,; K (A)/ X)),

(C, ¥) = (Ut)yo(C, ) = 14(D, C; 6, )
defined for any finite n-dimensional quadratic X-Poincaré complex (C, /) over A
which admits a finite null-cobordism (D, C; oy, ). |

REMARK 1.3. Let P be a f.g. projective A-module such that
[P] = [P*]e Ko(4),
representing an element [P]e H**(Z,; K(A)). Then

[P] =0¢ coker(LZ,, ,(A) » A**(Z,; R (A)))
= ker(L};, ;(4) > L5, 1(4))

if and only if P D A" admits a nonsingular (—)'*! quadratic form for some integer

r=0. ]

2. The Semicharacteristic and the Semitorsion

We now specialize the algebraic surgery semi-invariants of Section 1 to odd-
dimensional quadratic Poincaré complexes.

Given an A-module chain complex C and integers { <j, let C[i,j] be the
subquotient complex of C with

Cli,j1, =C, ifi<r<j, =0 otherwise.

We shall only be concerned with positive complexes, so that C, = 0 for r < 0. Let
H_(C) be the A-module chain complex defined by the homology A-modules and 0
differentials

Hy(C): = H, ((C)—r H(C) = = Ho(C).

If H,(C) is a projective A-module complex there is defined a chain equivalence
i: H,(C) > C inducing the identity in homology, which is unique up to chain
homotopy. This follows from the splitting of the exact sequences

0—-imd:C,,., »C,)—>kerd:C,—>C,_) > H/(C)— 0.

Choices of splitting maps i: H,(C) > C, (r >0) such that di =0 define a chain
equivalence i: H,(C) — C inducing the identity in homology, and every such chain
equivalence is of this type. If i,i’": H(C) —» C, (r > 0) are two sets of splitting maps
there exist A-module morphisms j: H(C) — C,., (r = 0) such that i’ — i = dj, defin-
ing a chain homotopy j:i ~i": H (C)— C.
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An A-module chain complex is H-projective (resp., H-finite) if both C and H(C)
are f.g. projective (resp. finite) complexes.

The semicharacteristic of an H-projective (2i + 1)-dimensional quadratic Poincaré
complex (C, ) over A is defined by

Xl/Z(C) = Zi: ol =YTH,(C)] e IZO(A)'

(This is the standard definition of the surgery semicharacteristic, cf. Davis [2].) The
following result verifies that this agrees with the universal semicharacteristic
(U)1,2(C,¥) of Definition 1.2 (i)

PROPOSITION 2.1. (i) An H-projective (2i + 1)-dimensional quadratic Poincaré
complex (C,y) bounds an H-projective (2i + 2)-dimensional quadratic Poincaré pair
(H (Ol + 1, 2i + 1], C;0,¢).

(1)) The semicharacteristic and the projective class are related by

[C]= X1/2(C) - XI/Z(C)* € KO(A)-

(iii) Let X < Ko(A) be a *-invariant subgroup. If (C,¥) is an H-projective (2i+ 1)-
dimensional quadratic X-Poincaré complex over A then
212(C) = (C,¥)
ecoker(L%;, ,(4) — I:IZHZ(Zz;Ko(A)/X)) =ker(L%;, ;(4) > L5, ,(A)).

Progf. (i) The composite of the chain equivalence C — H_(C) and the projection
H(C)—» H(CO)[i +1,2i + 1] is a chain map C—- H, (C)[i + 1, 2i + 1] sending

Y€Qs;i+1(C) 10 0€ Qyy 1 1 (H(C) [i + 1,2i + 17).
(ii) By the universal coefficient theorem and Poincaré duality we have that up to
isomorphism

H,(C) = H¥*177(C) = Hy,, ().
By this and by the homology invariance of projective class
[C] = [H (O] = L1, (=) [H,(C)]
=2, o (=) THO)] + 225 (=) [Haih 1 - (O)*]
= 1172(C) = 212(C)*e Ko(A).
(iii) Immediate from (i) and Definition 1.2(i), since
To(H (O + 1,21 + 11,C;0,) = —y,,(C)*e Ky(A). 0

EXAMPLE 22. If A is semisimple every f.g. projective (2i + 1)-dimensional quad-
ratic Poincaré complex over A is H-projective, L2, ,(4) = 0 (by Ranicki[9]) and
the semicharacteristic defines isomorphisms

A1/2° LY 1(4) = coker (L%, ,(4) > FIZHZ(223 KO(A)));
(Cﬂp)_’h/z(c)- a
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The semitorsion of an H-finite (2i + 1)-dimensional quadratic Poincaré complex
over A (C, ¥)is defined by

712(C,¥)
=X _o(=) (L + TWo: Hyry - (C)* > H,(C))
+1(H,(C) - C)e K, (4),

with H,(C)—» C any chain equivalence inducing the identity in homology. The
following result verifies that this agrees with the universal semitorsion (Ut),;,(C,¥)
of Definition 1.2(ii).

PROPOSITION 23. (i) An H-finite (2i + 1)-dimensional quadratic Poincaré com-
plex (C,\) over A bounds an H-finite (2i + 2)-dimensional quadratic Poincaré pair
HO[i+1,2i + 1], C;0,¥).
(i) The semitorsion and the torsion are related by
o(C,¥) = 1,,(C, ¥) — 145,(C, tﬂ)*elzl(/l).
(i) Let X < K,(A) be a *-invariant subgroup. If (C,¥) is an H-finite (2i 4 1)-
dimensional quadratic X-Poincaré complex over A then
1,,2(C,¥) = (C,¥)ecoker (Ll ,(4) » H¥ " X(Z,; K ((4)/X))
= ker(L)éH 1(A)— Lgi+ 1(4)).
Proof. (i) The null-cobordism (H(O[i+ 1, 2i+1], C;0,¢) defined in
Proposition 2.1(i) is H-finite.

(ii) By the sum formula for torsion applied to the homotopy commutative square
of chain equivalences of finite A-module chain complexes

i1 L+ THo c
. 1+T
H*(C)21+1 —* ((+ N’O)* H*(C)

we have

1(C,¥) — W(H(C) = C) + t(H(C) > O)F = t(H (C),¥,)
= ZIN (=)L + TWo Hypny -, (C)* = H,(C))
=T, o(—) o + THo: Haey - (C)* — H(C))
— B o (=) (1 + ThWo: Hyray -,(C)* = H(C)*e K (4).
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(iii) Apply Definition 1.2(i) to the torsion of the H-finite null-cobordism
(H (O + 1,2i + 1], C;0,¢) of (C,¥)

T (H (O + 1,2i + 17, C;0,4)
=1, (H(CY[i + 1,2i + 1], H (C);0,9) — 1(C — H,(C))*
= “71/2(Ca W)*EKI(A). |

EXAMPLE 2.4. If A is a division ring every finite (2i + !)-dimensional quadratic
Poincaré complex over A is H-finite, L};. ,(4) =0 and the semitorsion defines
isomorphisms

Tyt Ly 1 (4) = coker (L 5 (4) = H* (25K, (4)));

(C,¥) - T1/2(Ca W). O
EXAMPLE 2.5. The ‘Reidemeister torsion’ invariant defined by Madsen [5], p. 205

AL(C) = 7(C - H,(C)eR (4)

for an H-finite (2i + 1)-dimensional quadratic Poincaré complex over A (C, /) such
that

(1 4+ Tt Hypsy —C)* > HAC)* = 0eK,(4) (0<r<2l+1),
toC, » H(C)) =0eK (4) (<r<2+1)

agrees with the semitorsion up to sign
1,2 (CY) = —1(C > H(C)) = — A (C)e K, (A).

EXAMPLE 2.6. The “first patching obstruction’ of Milgram[6] is a semitorsion
invariant. N

3. The Cross Semitorsion

A fg. projective (2i+ l)-dimensional quadratic Poincaré complex (C,y) over 4 is
cross if the Poincaré duality chain equivalence

(1 + T)l/JOZC2i+1_* >C
1s an isomorphism.

PROPOSITION 3.1. 4 cross (2i + 1)-dimensional quadratic Poincaré complex
bounds.

Proof. Define a null-cobordism (C[i + 1,2i + 1],C;0,¢), with C—C[i+ 1,
2i + 17 the projection. J

Define the cross semitorsion of a finite cross (2i + 1)-dimensional quadratic
Poincaré complex (C,¢) over A

T2 (CW) = T o (=) (L + Tp: C¥1 77 - C,)e K (4).
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PROPOSITION 3.2.(i) The cross semitorsion is related to the torsion by
oG ¥) = TT1/2(C: ) — TTI/Z(Ca Y)*e K1(A)-

(ii) Let X < K(A) be a =invariant subgroup. If (C,y) is a finite cross (2i + 1)-
dimensional quadratic X-Poincaré complex over A then

t12(C¥) = (C.Y) € coker (L3, 5(4) > H**3(Z ;K (4)/X)
= ker(L%; 4 1(A4) » L};41(4)).
Proof. (i) The finite null-cobordism (C[i + 1,2i + 1], C;0,¥) has torsion
1, (CLi + L,2i + 11,C;0,¢) = —11,,(C,¥)*e K (A4),
so that
(Cyy =t (CLEi + 1,2i + 1], C;0,¢) — ©,(C[i + 1,2i + 1], C;0,y)*
= thp(C ) — T(C ) e K (A).
(i) Apply Definition 1.2(ii) to the null-cobordism of (i). O

EXAMPLE 3.3. Given a finite 2-group 7 and an element x€ L, ,(Z[x]) Pardon
[8, p.143] described an algebraic procedure for representing x by a highly-
connected finite (2i 4+ 1)-dimensional quadratic Poincaré complex (C,¥) over Z[=n]
such that C, =0 for r # i,i + 1 and H,(C) is an odd torsion f.g. Z[n]-module. Let
(C',¥') be the cobordant complex with

C,=0 forr+#ii+1,
de. =L+ TWo:Ciyy =C*' > Ci=C,
M+ TWo=d:C*"*'=Cipy—>Ci=C,.
The induced (2i + 1)-dimensional quadratic Poincaré complex over Z,,[n]
(C" ") = L[] ® 511 (C'. Y1)

is cross, and such that the invariants b; of Pardon [8] are determined by the cross
semitorsion

T¢1/2 (C"¥")e IZ1(Z(2) [nd).

See Section 5 below for an extension of this procedure to quadratic Poincaré
complexes which are not highly-connected, and to other algebraic situations. Also,
see Section 6 for the connection with the localization exact sequence.

4. Semilocal Rings

The Jacobson radical of a ring A is

rad(4) = (M Ann(M)
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where the intersection is over all simple left A-modules M, and the annihilator
is defined by
Ann(M) = {re A|rM = 0}.
Rad(A) is a two-sided ideal of A, and if I is a two-sided ideal contained in rad(A4)
there is defined an isomorphism of rings
Ajrad(A) — (A/I}/rad(A/I).
A matrix over A is invertible if and only if it is invertible over A/rad(4) (Bass
[1], 111, Section 2).
A ring A is semilocal if Afrad(A) is semisimple, and local if A/rad(A4) is a division
ring.
EXAMPLE 4.1. Given an integer n > 1 define the multiplicative subset
S,={aeZ|(an =1} cZ.
The localization of Z at n
Z(n) = (Sn)_l Z

is semilocal for all n, and local if » is prime. Indeed, if n = (p;)*1(p,)% - (p,)% is the
prime factorization of n then

1ad(Zy) = p1Luy NP2 Ly O O p, Zy,
and

Li/rad(Zyy) =F, x F, x--xF

P,

by the Chinese Remainder Theorem. O

PROPOSITION 4.2. Let R be a commutative semilocal ring and B an R-algebra
which is finitely generated as an R-module. Then B is semilocal.

Proof. Since R < center(B) and B is finitely generated over R, we have
rad(R) < rad(B) (see Bass [1], III, Section 2). Thus, B/rad(B) is a finite (R/rad(R))-
algebra and, hence, is Artinian. Since in addition rad(B/rad(B)) = 0, B/rad(B) is semi-
stimple by Wedderburn theory. O

Proposition 4.2. shows that for a finite group = the rings Z,[n](n > 1) are
semilocal, which is of interest to computations of local surgery obstruction theory.

Moreover, if @ is a p-group for some prime p then Z,[=] is actually a local ring
(Bass [1],X1,1.2).

5. How to Make a Complex Cross

Let A —» B be a morphism of rings with involution. A fg. projective (2i + 1)
dimensional quadratic Poincaré complex (C,y) over A is B-cross if B® ,(C,y) is
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cross. We shall later be particularly concerned with the example 4 = Z[n] —
B = Z,,[n] for a finite group =.

THEOREM 5.1. Suppose that A — B is a morphism of rings with involution, that B is
semilocal, and that the composite A— B — F = Bjrad(B) is onto.

Let (C,{) be a f.g. projective (2i + 1)-dimensional quadratic Poincaré complex over
A such that (C,) = F® ,(C,¥) is a finite (2i + 1)-dimensional quadratic Poincaré
complex over F with (C,\)) =0€ L%, ,(F). Then (C,) is homotopy equivalent to a B-
cross complex. |

The proof of Theorem 5.1 is somewhat involved, and is deferred until after the
statement of Example 5.3 below. Remark (b) of Pardon [8], p.143 is the highly-
connected finite case of 5.1 with A = Z[x] for a finite 2-group =n, B = Z,,[x],
F=F,.

COROLLARY 5.2.(i) For a local ring B L%, ,(B)=0 and the semitorsion defines
isomorphisms
Ty2: LS4 1(B) — coker (Lhi+2(B) - I:IZHZ(ZZ;K1(B)))-
(i) For a semilocal ring B the map LY, (B)—~ L4, (B/rad(B)) is injective.
Proof. By taking A = B(ii) foTlows from 5.1. Part (i) follows from (ii), 1.2 and the
fact that for any division ring F Ky(F) = 0 and, thus,
ng 1(F) = L12)i+1(F) =0
by Ranicki [9]. U

EXAMPLE 5.3. Given a finite group © of order |n| define a *-invariant subgroup
A =im(K(Z[7]) - K\(Zw[7]) € Ky (Zm[7)),

where Z,, is short for the localization Z,, of Z at |r|. If Z[=] is given the oriented
involution g — g~ '(gen) then by Davis [3] the map Li(Z[n])— LAi(Z[n]) is
injective. Thus, if n=4j + 3 and (f,b): M" —> X is a degree one normal map to a
finite orientable geometric Poincaré complex X with n,(X) = = the surgery obstruc-
tion o,(f,h)e Li(Z[n]) is determined by a semicharacteristic and a cross torsion
invariant. Indeed, consider the exact sequence

B I:InH(Zz; K](Z(n)[ﬂ])//l) - Lﬁ(Z(n)[n]) - Lﬁ(z(n)[n]) — .

By 5.2(ii) the image of o,(f,b) in LXZ,[n]) is detected by the surgery semi-
characteristic in Z ,[7]/ rad(Z,[n]), which can be easily computed as in Davis [2].
If this vanishes we may apply the algorithm of 5.1 (below) to the ‘instant surgery
obstruction’ quadratic Poincaré complex (C(f*),¥) representing o,(f,b) given by
Ranicki[10], to obtain a homotopy equivalent complex (C’,¥’) such that
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Ziy® 74(C",¥') is cross. Then o,(f,b) is determined by the cobordism class of
this complex in Lj(Z,[7]), which by Proposition 3.2(ii) is determined by the
cross semitorsion. See Davis and Weinberger [4] for geometric applications. O

Proof of 5.1. Each C, is a f.g. free F-module (by hypothesis). Define
¢, =dim, C, (=0 for r <0 and >2i + 1),
and let
B, =im(d:C,,, - C,).
The proof is in two steps.
Step 1 Replace (C,¥) by a homotopy equivalent complex for which
i) ¢, =cp:1, OSr<2i+1)

(ii) there is a g€ HomgB' B;) such that g+ (—)""'g* B'->B;, is an
isomorphism.

Proof. For u,v 2 0 let E = E(u,u + 1)” be the contractible finite A-module chain
complex defined by

d=1E,,,=A*>E, =A% E =0forr+#uu+l

Assume inductively that ¢, = ¢,; (¢ < p < i) for some p. If p < i — 1 replace C by
the chain equivalent complex

C'=COEp+ 1,p+22ur®EQi—p— 1,2 — p)rs
for which
C=Chiy1-, F<p+1<i.
By Poincaré duality y(C) =0, so that if p =i — 1
0=x(C) = TGN (=) ¢, = Zimo(=) (6 — ¢m1) = (=)ler = ¢- 1),

and (i) holds.
Since (C,¥) = 0e L%, . | (F) the surgery semicharacteristic

212(C) = Zi oo (—) [HAC)] e coker(tq: L3 o (F) = H* " X(Z;Ko(F))

is zero. The projective class of the chain complex
E:B;»C;—»Ci_i—>—>C,

is equal to the projective class of its homology
(=) B + Zioo(—YTC] = Zioo(— Y THAC)] € Ko(F).

Each C, is a f.g. free F-module (by hypothesis), so that [C,] = 0e K,(F) and
[B;]1=(—)""x1,2(C) = Oecoker(ty).
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By Remark 1.3, B;® F* satisfies (ii) for some k >0. We then replace C by
C D E@,i+ 1)k

It may now be assumed that (C, ) satisfies the conditions (i) and (ii) of Step 1.
Before proceeding to Step 2 let us recall (from Ranicki [10,11]) the precise
definition of the quadratic structure € Q,(C).

Given a finite-dimensional A-module chain complex C let the generator Te Z, act
on Hom,(C*,C) by the signed duality involution

T:Hom,(C? C))—»Hom (CLC,); ¢ — T =(~)y*
(yeHom,(C?,C,)).
Let W be the standard free Z[Z,}-module resolution of Z

We - 2[2,] -2 212,11+, 712,1 >

SNy RELLLIEN [y N |

An n-dimensional quadratic chain of C {i,} is a chain

(Y, }e(W ® ,, \Hom,(C*,C)),,
as defined by a collection of A-module morphisms

{¥seHom (C"™"75,C,)lre Z,s 2 0}.
The boundary of {y,} is the (n — 1)-dimensional quadratic chain

a{y} = {@y)s}
defined by

@)y = dfr + (=) Yed* + (=17 HWors + (=) Tgey):

cr Tl G,

There are defined quadratic chains, boundaries, cycles (d{,} = 0), and in particular
the quadratic homology groups

0.(C) = H(W ® ,;, ;Hom,(C*,C)).
A chain equivalence of A-module chain complexes fi C — D induces isomorphisms
in the Q-groups

£ Q€)= QuD); (¥} = { fib [}

Returning to the (2i + 1)-dimensional quadratic Poincaré complex (C,y) over A

satisfying (i) and (1i) of Step 1, we now wish to obtain:

Step 2 Find a quadratic cycle representative {¥,} of Y €@y, (C) for which
(1 + T)y: C**1~" 5 C is a chain B-isomorphism.
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Proof. Every finite chain complex over a semisimple ring is chain isomorphic to a
direct sum of a contractible complex and a complex with zero differentials.
Explicitly, define F-module chain complexes C',D by

dC'9: 0: C_; = Hr(C) - C;—l = Hr~1(é)=

0 1\ - o 5 ~ 7 7]
dD:<0 0>:D':Br®Br—1"Dr—1=Br—1@Br-2'

As F is a semisimple ring there exists a chain isomorphism
f:C->C@®D

inducing
fo=LHJ(C) > HJ(C ®D)=HJC).

It follows from
€ =Cpry—yp CrxC*H7r (reZ),

the condition (i) above, and the fact that stable isomorphism implies isomorphism
for modules over semisimple rings that

B,®B, , ~B¥* i @B
By induction on r there exist F-module isomorphisms
h:B*™" - B, (reZ).

For » =i we choose h = g + (—)* 1 g*
Define a quadratic cycle {8,}e(W® 22, Hom,(D*,D)),;,; by

s 0 h
Yo ((—)'h 0)'

52i+1_'=Eﬁ+1_r@32i~r‘—*5,=§r@ oy (r>i+1),
- —Yg 0O\ -, . _ _ _
91=<( o)g o)le:B‘@B"‘HDr=Br®Br-1,

8, =0:D%*17"7s 5 B, otherwise

for which (1 + T)8y: D****~* - D is an isomorphism.
The isomorphism

f%: 02i+1(C) = Q3,41 (C" @ D) (= Q2:4+1(C)

sends Y€ Qy; ;1 (C) to the element £, (1)) with a representative quadratic cycle of the
type {¢/,® 6,} for some quadratic cycle

{Uew® 2[2,] Hom(C’, C" )i+ 4,

with (1 + T)W: C'#**17* - C’ a chain isomorphism. Thus for any quadratic cycle
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{¥,} representing Y€ Q,;.,(C) there exists a quadratic chain
{p}e (W ® s Hom,(C*, C))yis
such that the quadratic cycle
{0y = {0} + d{ps}
= (/T T @) f* }eW® ,p,  Hom (¥, C))yis s

has (1+T)jy: C**1~* - C a chain isomorphism. As 4 — F is onto it is possible to
lift {p,} onto a chain

{ps}e(W® z[2,] Hom (C*, C))y;.r».
The quadratic cycle
{‘P;'} = {l/js} + d{ps}e(W ® 2[Z,] HOIIIA(C*, C))2i+ 1

represents Y€ Q,;, ((C) and has (1 + T Wy: C**1 * - C a chain B-isomorphism,
since a matrix over B is invertible if it is invertible over B/rad(B). ]

6. Torsion Semi-Invariants

We are interested in the surgery invariants arising from the localization exact
sequences in K- and L-theory. In Section 6 we deal with the ‘torsion characteristic’
and the ‘torsion semicharacteristic’, leaving the ‘cross torsion semicharacteristic’ to
Section 7.

Let A be a ring with involution, and let S < A be a multiplicative subset which is
invariant under the involution. The localization S *4 of A inverting S is then a ring
with involution and the inclusion defines a morphism of rings with involution

jiA- S84, a—)%
An A-module chain complex C is S-acyclic if S™'C =8714® ,C is an acyclic
S~ ! A-module chain complex.

An (4, 8)-module M is an S-torsion A-module which admits a f.g. projective A-

module resolution

0o P,—Py M0,
The S-dual of M is the (A, S)-module
M* = Hom,(M, S 1 A/A),
Ax M~ MY (4, f) = (x> f(x)-a),

with the dual f.g. projective A-module resolution

d*
0 - (Po)* ———(P,)* —» M~ 0.
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The localization exact sequence of Bass [1]

~ j o~ ¢
< Ry(A) - o R (ST A)——K (4, )
T Ro(A) TR (5714) >
involves the Grothendieck group K,(4,S) of stable isomorphism classes of (4, S)-
modules, with

0: K (S™'4) - K,(4,5);
(S™'d:S7*P, - S 'P,) — [coker(d: P; — Py)],
0: K (4,8 = Ro(4); [M]-[Py] ~[P,].
The duality involution on K (4, S) is defined by
* K{(A4,8) - K(4,5), [M1-[M"]
and is such that

j* = %j, 0% = %0, g% = — %,

An S-acyclic chain complex C is (H, S)-torsion if the homology A-modules H (C)
are (4, S)-torsion. In dealing with (H,S)-torsion complexes H (C)[i,j] is to be
interpreted as an S-acyclic fg. projective complex D with a chain map D> C
inducing isomorphisms

H.(D)—->H/(C) ifisr<j,

and such that H/(D) =0 for r¢[i,j].
The torsion characteristic of a finite-dimensional S-acyclic A-module chain com-
plex C is an invariant

LOeK (4,5)
such that
1) 75(CY) = £C)+ ¥*(CeK,(A4,S) for a short exact sequence
0-C->C->C"-0,
(i} if C is (H, S)-torsion

2£(C) = Z( YHAC) e K (4, S).

The torsion characteristic is such that
22(C) = [CIe Ky(A),
and

PCTF) = (=15 (O)*e K (4, 8).
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Localization exact sequences in L-theory have been developed by many authors,
including Karoubi, Carlsson-Milgram, Pardon and Ranicki. We review this theory
in the notation of Ranicki [11], Section 3.

Given a =-invariant subgroup X € K,(4, S) there is defined a localization exact
sequence

o LENA) = LS T A) — LE(AS) » L () = -

with Lj(4,S) the cobordism group of S-acyclic (n — 1)-dimensional quadratic
Poincaré complexes (C, yr) over A with
2O)=(=Y1(CleX = K,(4,5).

Given =-invariant subgroups Y € X < K,(4, S) there is a Rothenberg type localiza-
tion exact sequence

s

o AN Z; X)Y) - LA, 8) » LX(A, S) -2 A™Z,; X/Y) — -+,
By analogy with Definition 1.2:

PROPOSITION 6.1. For any (A,S) and *-invariant subgroups Y < X < K,(4,S)
there are defined isomorphisms

ker(LY(A, S) > LX(4, 5)) > coker(L, (4, 5) - A" 1(Z,; X/V));
(C.¥) > D)

with (C, ¥} an S-acyclic (n — 1)-dimensional quadratic Poincaré complex over A such
that

L(C)eY = Ky(4,85),

and (D, C; oy, ) any S-acyclic n-dimensional quadratic Poincaré null-cobordism of
(C, ) such that

©DeX < K,(A4,S),
in which case

BO)=15D)+(=)(D)*eY < X < K,(4, S). |
Define the torsion L-groups L%(A, S) for g = p, h, s by

L¥(A, S)= L¥(4,5) where X = {0} = K,(4,5).
LA, 8) = L¥(4,S) where X = ker(o) < K,(4, S),
L:(A,S) = LXA,S) where X = {0} < K,(4, 5).

The pair (4,5) is odd if H™Z,;S *4/4)=0, or equivalently if
H*(Z,; A) > H*(Z,;S ' 4) is an isomorphism. For odd (4, S) the symmetrization
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maps 1 + T:Q,(C) - Q*C) are isomorphisms for S-acyclic finite-dimensional A-
module chain complex C, and there is no difference between quadratic and
symmetric structures on S-acyclic complexes. We refer to Ranicki [10, 117 for the
symmetric version of the theory.

EXAMPLE 6.2. Any pair (4, S) with e 4 is odd, with
H*(Z,; A) = HXZ,;S™14) = A*(Z,;,S tA/A)=0. O

EXAMPLE 6.3. Give the Laurent polynomial extension ring Z[t,t '] of Z the
involution £ =t !, and let P = Z[t,t 1] be the multiplicative subset of the poly-
nomials p(t)e Z[t,t~ '] such that p(1) = 1, such as the Alexander polynomials of
knots. A finite-dimensional Z[t,t”!J-module chain complex C is P-acyclic if and
only if Z ® ,;,,-1,C is acyclic. The pair (Z [z,t~1],P)is odd, which may be verified as
follows. Given an clement

X :'_“EP_l‘Z[tatvlj/Z[at_l]
plt)

let g(tye Z[t,t '] be such that

a(t)
(t

pt) =1+ (1 —g)ez[t,t~1].
For any r(mod 2)

x=y+(=Yy +(x - (=)x)z + at)p(t " HeP 1Z[t,t 1]
with y, z defined by

y = a(t)tq(t) — q(t ') + q(t)gt ™)
— tq(t)ge~")/p()e P 21t 1],

z=11q(™") — q(t) + qlt )q()
—t gt Yyezlt,t = P Z[t, 7]
Thus if
x—(=)YxeZ[nt ] P 1Z[tt 1],
representing an element xe H'(Z,; P~  Z[t,t "' ]/Z[t,t "']), then
x=y+(=)yeP 2t Y2 ]
and so
x=0eHZ,; P~ Z[t,t71]/Z[t,t~]).
See Section 7.9 of Ranicki [11] for the identification

L (Z[t,t7 ', P)=C, (n>4)

n
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of the torsion L-groups of (Z[t,¢t '], P) and the high-dimensional knot cobordism
groups C,. Since Ky(Z[t,t™']) =0

LiZ[t,¢™1], P) = LYZ[t, ¢~ 11, P).
Given a knot k:§" = $"*2 with complement

X = closure(S"*? — neighbourhood of k(S"))
there is defined a Z-homology equivalence (n + 2)-dimensional normal map

(f, b):(X,0X)— (D"*3 x §1,8" x S1)

which is the identity dX — S" x S' on the boundary. The torsion characteristic of
the knot cobordism class

o (f,b) = [kKle Ly, 5(Z[1,t™*],P) = C,
is the knot cobordism invariant defined by the Reidemeister torsion
7o f2 b)) = t([k])e H" ¥(Z,; K, (Z[1, 7], P)).

Thd odd property of (Z[t,t '], P) gives a quick proof of Proposition 7.9.2 (ii) of
[11] that for a P-acyclic Z-module chain complex C the symmetrization chain maps

14+ T:Q.(C)— 0*C)

are isomorphisms. In particular, this helps explain why only the symmetric structure
of the Blanchfield form is relevant in the odd-dimensional knot cobordism group
Lb (2,7 1], P) = Cyiq. O

A (2i + 1)-dimensional quadratic Poincaré complex over A which is Il-projective
bounds (Proposition 2.1(i)). There is a corresponding result for (H, S)-torsion 2i-
dimensional symmetric Poincaré complexes, but not in general for (H, S)-torsion
quadratic Poincaré complexes.

PROPOSITION 6.4. Given an (H, S)-torsion 2i-dimensional quadratic Poincaré com-
plex (C, ) over A there is defined an (H,S)-torsion (2i + 1)-dimensional symmetric
Poincaré  null-cobordism (H,(C)[0,i — 1], C;0,(1 + TW) of the symmetrization
(C,(1 + TH). '

Proof. The composite C — H,(C) - H(C)[0,i — 1] sends (1 + T)yeQ*(C) to
0e Q*(H (O)[0,i — 1]). O

REMARK 6.5. The ith quadratic linking Wu class ([11], Section 3.3) of an (H, S)-
torsion 2i-dimensional quadratic Poincaré complex over A(C, ¥/)

vi(y): H{(C) — A{(Z ;51 4/4)
={xeST'A/Alx = (—=)x}/{y + (=)ylyeS 14/A}

is the obstruction to defining an (H,S)-torsion (2i + 1)-dimensional quadratic
Poincaré null-cobordism (H(C)[7, 2i — 1], C; 8¢, ¢) of (C,y). See Section 2 of
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Milgram and Ranicki [7] for an example realizing this obstruction, with Kervaire
invariant

(C) = 1eLy(Z. 7 - {0)) = Ly(Z) = Z,. [

Define the torsion semicharacteristic of an (H, S)-torsion 2i-dimensional quadratic
Poincaré complex (C, ) over 4 by

i—1

112(0) = X (=VTH,(O)]€K (4, S).

r=0

PROPOSITION 6.6. (i) The torsion semicharacteristic and the torsion characteristic
are related by

7€) = 112(C) — 112(CY*e K (4, 3).

(ii) If (4, 8) is such that H(Z ,;S ~* A/ A) = 0 then for any *-invariant subgroup X <
K,(A4,8) and any (H,S)-torsion 2i-dimensional quadratic Poincaré complex over
A(C, ¥) such that Y (C)e X

(C.¥) = x1p(Cheker(Ly; 4 (4, S) = L5, 1(4,5))
= coker(L%; . ,(4, S) - H*"%(Z,; K (A4, S)/X)).

Proof. (i) By the universal coefficient theorem and Poincaré duality we have that
up to isomorphism

H(C) = H*7"(C) = Hy -, _,(C),

so that by the homology invariance of the torsion characteristic
2i—1
2O =y*(H(C) = ), (=VHIO)]

r=0
i—1 2i—1

= Y (=VIHAO)+ ¥ (=V[Hy 1-,(C)]
r=0 r=i

= XS1/2(C) - KS1/2(C)*€K1(A> S).

(i) Immediate from (i), Proposition 6.1 and Remark 6.5. O
EXAMPLE 6.7. Let (f,b): M*' > X*' be a normal map of closed 2i-dimensional
manifolds with finite fundamental group =,(X) = =, such that the kernels

K (M) = ker(f,: H (M) — H X))

are (Z[r],S)-modules, with S =Z ~ {0} = Z[=], and such that for odd i the
Kervaire invariant is 0

ZQ ;o (f,b) =0eL,(Z) = Z,.
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Theorem 1.11 of Milgram and Ranicki [7] identifies
7. (f50) = ol o f))eker(L5(Z[n]) - LE(Z[x]))
= coker (L, ,(Z[n]) » H**(Z,; Ko(Z[7D]))),
with
i—1
2i2() = 2 (=YK M)]eK,(Z[x],S)
r=0
the torsion semicharacteristic of the S-acyclic 2i-dimensional quadratic kernel
o.(f;b) = (C(f"),¥) over Z[x]. ]

The pair (4,S5) is simple if every S-acyclic finite-dimensional 4-module chain
complex C is (H, S)-torsion, or equivalently if every f.g. S-torsion A-module is an
(A4, S)-module. ((4, S) is ‘O-dimensional’ in the terminology of [11], p. 211).

EXAMPLE 6.8. For any Dedekind ring A the pair (4, A — {0}) is simple. J

EXAMPLE 6.9. If 7 is a finite group and p is a prime not dividing the order |x| then
the pair (Z[=], {p}) is simple by Rim [12]. O

PROPOSITION 6.10. For odd simple (A,S) and any *-invariant subgroup X <
K (4, S) the torsion semicharacteristic defines an isomorphism

Xt LA 1(A4,8) - coker(L8;, 5(4, ) » H* " X(Z,; K, (4, )/ X));

(C, ) > 23,2(C).
In particular, L, ,(4,5) = 0.

Proof. Immediate from Proposition 6.4 and Remark 6.5. ]

EXAMPLE 6.11. Let A be any ring with involution which is of characteristic 0, so
that Z < A. Let § <= A be a multiplicative subset of odd integers, and let T < A be
the multiplicative subset of the integers coprime to each s€S§, so that 2e T and

H*(Z,; T '4)=0.
The pair (4, S) is odd, since there is defined an isomorphism of Z[Z,]-modules
ST14/4A->Q®A/T 1A
inducing an isomorphism of the Tate Z,-cohomology groups
H*(Z,;S ' A/A) - H*(Z,; Q ® A/T14) = 0. O
EXAMPLE 6.12. Given a finite group = let S, = Z[n] be the multiplicative subset
consisting of the integers coprime to |x], so that

(S]n;)7 'Z[n] = Z(\m)[n]-
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If the order |n| is even then the pair (Z[z],S,) is both odd and simple, and
Proposition 6.10 applies. O

7. The Cross Torsion Semicharacteristic

In the first instance we define the cross semicharacteristic of a f.g. projective (2i+1)-
dimensional quadratic Poincaré complex (C,¥) over A

1i(Cy) = 3 (=)TC1e Ro(4).
r=0

f (C,y)is H-projective and d = 0:C;, ; — C; then
7h2(Co9) = [CI0,i]] = [H,(O)[0,i]] = 1,,5(C, ¥)e Ko(A).
If (C, ) is cross then
[C] = 25,2(C.¥) = x5 2(C. ) e Ro(A),
and there is defined a null-cobordism (C[i + 1,2i+ 1], C;0,¢¥) as in 3.1, with
projective class
[Cli + 1,2i + 111 = =7} 2(C,¥)*e Ko(A).

Let now (C, ) be a f.g. projective (2i + 1)-dimensional quadratic Poincaré com-
plex over A which is S~ 'A-cross, for some multiplicative subset S < A. (Perhaps
(C, ¢¥) was constructed by 5.1.) The cross torsion semicharacteristic of (C,Y) is

defined by
12(C¥) = ¥ (=) [eoker((1 + T)o: C*1 77— C,)]€ K (4, 9).
r=0

The image of y3/,(C, ¥) under o: K,(4,S) — K,(A4) is such that

U(Xﬁ/z(cv V) = XE/Z(C, ¥y — XTl/Z(C’w)* - [CJGKO(A)-
PROPOSITION 7.1. (i) Given an S~ 'A-cross fg. projective (2i + 1)-dimensional
guadratic Poincaré complex (C, ) over A there is defined a f.g. projective (2i + 2)-
dimensional quadratic S~ A-Poincaré pair (C[i + 1,2i + 1], C;0,¥) such that the

effect of surgery on (C,{) by this pair is a cobordant S-acyclic (i — 1)-connected
(2i + 1)-dimensional quadratic Poincaré complex (C',\') over A with

(€)= 1/2(C e K (4,85).
(i) If X < K,(4,S) is a *-invariant subgroup and (C,\) is as in (i), with

2i+1
Y (=)[Cleo(X) = Ro(4),  #5.(C,¥)e X = K (A, S)
r=i+1
then (C, )€ L%}, |(A) is the image of (C', ¥')€ L}, ,(A, S).
(ii1) If (C.\) is as in (i) with C a finite complex then

5(11/2( 1C,. 8T 1‘/’))—71/2(C51//)€K1(A>S)-
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Proof. (i) Up to chain equivalence C’ is given by

1+ TN’O)

¢t

(d 1+ T)z//0>
0 a*

Ci @ Ci+2

Cil , BC* -

@1+ Tho)

— Cl @ C2i+1 CO

with H(C") = 0{0 <r <i— 1) and such that H{C') is an (4, S)}-module. The (4, §)-
modules defined by

M, =coker((1 + TWo: C*¥1 77 C,) (0<r<i

are such that there is defined an exact sequence

0 H(C) - MiL'Mi—l -

oMM, 0.
The torsion characteristic of C’ is thus
L€ = P(H(C) = (=)TH(C]
= éo(—)'[Mr] = x12C¥)e K (4,5).

(1) Immediate from (i).

(iii) Immediate from the definition of the map 0:K,(S™* A) - K(4,S5) in the K-
theory localization sequence and the definitions of the semitorsion 7, and the
cross torsion semicharacteristic x5,

ty STHC, Y = X (—)elS ML+ Thro:STICHH1 " 5 571G )e Ry (S 4),

r=0

Fa(C) = Y (=) [eoker((1 + TWo:C 17 - C)]e Ky(A, ). O
r=0

EXAMPLE 7.2 (Detection of L5, ((Z[r])). Let = be a finite group, and give Z[x]
the oriented involution § = g~ '(gen). Asin 6.12 let § = S, = Z[x] be the multipli-
cative subset of the integers coprime to |n], so that

ST12[x] = Z[7].
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(Z[x], S) is simple by Rim [12]. Define the x-invariant subgroup
A = ker(0: K1(Z(n)[”]) - Ky(Z[n}, S)).

By the result of Swan [13] the map K,(Z[x]) - IZ’O(Z(,:)[n]) is zero, so that there is
defined a short exact sequence of Z[Z,]-modules

0 R (Z[n])/4 > K (Z[7], S) = Ro(Z[n]) ~ 0.
We write this as
0-G-H->K-0.

There is defined a commutative diagram with exact rows and columns

LA a(Zw 1)) ——— L4iss(2[71.5) Lior(Z[A]) e
! e !
» or

L5, 5(Z[n],S) L2y (Z[n]) ——

Lhii2(Z(n{n])

S

! L i
H*"%(Z,;G) H>72(Z5; H) A2 4(Z5; K)

\ I !

In Davis [3] it is shown that the composite 37« is 0, so that if (C,¥) is a f.g.
projective (2i + 1)-dimensional S-acyclic quadratic Poincaré complex over Z[n]
then its class in L3, ,(Z[n]) is determined by the torsion characteristic

2i+1

€)= Y (=V[HAC]e H***(Z,; H),
r=0
with (C,¥) = 0e L}, ,(Z[=]) if and only if

25(C) = Oecoker()*T?: Ly, (2 [m]) = H** (7 ; H)).

This was motivated by the result of Pardon [8] in the case of a finite 2-group =,
2i + 1 = 3(mod 4) with C (i — 1)-connected and finite.

The question is then given an arbitrary (C,y)e L%, (Z[n]), what is the obstruc-
tion to finding a cobordant S-acyclic complex (C',¢")? Consider the localization
exact sequence

o= LR (Z[7], S) - LYZ[n]) > Lﬁ(z(n)[ﬂ]) -
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in the above diagram. To detect an element (C, y)e L8, . ,(Z[n]) we first compute the
semicharacteristic in L}, (Z,[7]/rad). If this vanishes we apply the algorithm of
5.1 to find a homotopy equivalent Z,[n]-cross complex (C”,y"). Then 7.1 gives a
cobordant S-acyclic complex (C’,¥') whose class in L5;, (Z[x]) is determined by

(€)= xip(C" ¥ ") e K (Z[n],S5). O

EXAMPLE 7.3. (Detection of L}, ,(Z[n])). Let x, S be as in 7.2. In Davis [3] it is
shown that if (C,y) is a finite (2i + 1)-dimensional S-acyclic quadratic Poincaré
complex over Z[rn] then its class in L%, (Z[n]) is determined by its torsion
characteristic
2i+1 ~
7€) = Y (=)[H{C)le H¥**(Z,; ker(o: K (Z[n], S) — Ko(Z[7])))

r=0
if 2i+1=3(mod 4) or if 2i+ | =1(mod 4) and H(C) is split-symplectic. In
particular, if y5(C)=0e A¥*%(Z,;ker(6)) then (C,¢)=0elh,, (Z[x]). (f
2i 4+ 1 = 3(mod 4) the composite
L3i4o(Z[n],8) = L5, ,(Z[n],8) - L4, (Z[=])

is trivial.)
Consider the localization exact sequence
v Ly (Z[7],8) - Ly(Z[R]) - LAZ g [7]) - -
Given an element (C,¥)e Lk, (Z[z]) the surgery semicharacteristic is the obstruc-
tion as above to finding a homotopy equivalent 7 [n]-cross (C”,¥") and a
cobordant S-acyclic (C',¥'). The torsion characteristic can then be computed by 7.1

(i) and (ii). In the more difficult cases where the surgery obstruction is not
determined by x5(C’), one must examine invariants of the linking form

A:H{(C) x H(C") > Z ,[n]/Z[=].
(See Davis [3] for details.) ]

REMARK 7.4. The connection between Examples 5.3 and 7.3 is that the
isomorphism

0" ':ker(o: K (4, §) » Ko(4)) — coker(j,: Ky (4) » Ky(S™'4))

sends the torsion characteristic x*(C)€ ker(o) of a finite S-acyclic A-module chain
complex C to the torsion (S~ 'C)ecoker(j,). (See Davis and Weinberger [4].) [J
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