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ON ZEEMAN'S FILTRATION IN HOMOLOGY
UDC 515.142.21

E. G. SKLYARENKO

ABSTRACT. For a finite complex ΛΓ, Zeeman constructed a spectral sequence, con-
verging to the homology of the complex, of the form Εψ = H*(K; ^ ) =*· Hp-q{K).
Special attention was given to the corresponding filtration in the homology of Κ ,
essentially dependent on the cohomology:

Hr(K) = F°Hr(K) D FlHr(K) D • · Ο F"Hr{K) D • • • ,

Epq = F"Hr(K)IF"+lHr{K), r = p-q,

where J p is the coefficient system determined by the local homology groups H* =
Hp(K,K\x).

The object of the present paper is to show that the Zeeman filtration, although
defined in terms of the simplicial structure of the complex, is, in the end, of a general-
categorical nature. Due to this fact, a more complete description of its connection
with the topology of the space and with the product is obtained.

Bibliography: 19 titles.

INTRODUCTION

Starting with the structure of the double complex generated by pairs of simplices
τ c σ of a given simplicial complex Κ, with the total differential denned by the
boundary and coboundary operators of the simplices τ and σ , respectively, Zeeman
[18], [19] constructed for a finite complex Κ a spectral sequence, converging to the
homology of the complex, of the form Εψ = Hq{K\^p) => Hp-q{K). Special
attention was given to the filtration corresponding to this spectral sequence, in the
homology of Κ, dependent essentially on the cohomology:

Hr(K) = F°Hr(K) D FlHr(K) D---D F"Hr{K) D • • • ,

Εξ* - F^Hr{K)IF"+xHr{K), r = p-q.

Here ^ is the coefficient system determined by the local homology groups H£ =
Hp{K,K\x).

Zeeman observes that this filtration, being connected with the dimension of the
part of the space Κ that contains the cycles determining a given homology class,
reflects to a certain extent the "degree of freedom" of the distribution of these cycles
in Κ. This is corroborated by his proof of the relation HP{K) — H"(K) c F"Hr(K)
(homology and cohomology with integer coefficients or with coefficients in any prin-
cipal ideal ring R). When AT is a manifold, all terms of the filtration coincide with
Hr(K).

To establish the topological invariance of the spectral sequence and the correspond-
ing filtration, Zeeman extends his construction to more general topological spaces,
using in place of simplicial a combination of singular chains and Cech cohomology.
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478 Ε. G. SKLYARENKO

In this more general situation the coefficient systems ^ become local-homology
sheaves generated by the presheaves U -* HP(X, X\U) (where the U are open sets
in the space X), and the spectral sequence itself in fact coincides, as he observes,
with the sequence used (in its degenerate form) by Cartan [9] to prove Poincare dual-
ity between the singular homology and Cech cohomology of a topological manifold.
He observes also that in terms of local Cech homology (which coincides in categories
of polyhedra with the singular or ordinary homology) a similar spectral sequence was
independently studied by Istvan Fary in 1955. Since then, this sequence has found
a number of applications. In a very general form it is described in [8], Chapter 5, §8
(see also [6], Chapter 5, §4.5).

A considerable simplification of Zeeman's original construction of the spectral
sequence and his proof of its topological invariance was obtained in [14]. Taken into
account there were not only finite, but also infinite locally finite simplicial complexes
of finite dimension. Also, a relative version of this spectral sequence was obtained:

£ f = H«(A; *P(K)) =• Hc

p__q{K,K\A)

(Cech cohomology of a closed subset A c Κ, with compact supports, and ordinary
homology, i.e., singular homology with compact supports). This made it possible
to obtain, for the first time, the following geometric interpretation of the Zeeman
filtration: the filtration of an element h € Hp_q(K) coincides with the largest integer
q such that h is contained in the images of the homomorphisms H£_q(K \A)—>
Hp_q{K) for any closed subsets A c Κ for which dim Λ < q - 1. From this it is
obvious why the filtration (as well as the spectral sequence) is not homotopy invariant.

The proof of this result, however, is based on still another interpretation of Zee-
man's spectral sequence, using, as observed in §8 of [14], a new definition of the
filtration itself. Consider the filtration, in chains, generated by the "co-skeletons" of
a simplicial complex Κ, i.e., the unions Kq of the barycentric stars of the simplices
Aq e Κ of dimension q (the simplices of the barycentric subdivision of Κ that are
transverse to Δ ? ) . The spectral sequence corresponding to this filtration is a special
case of the spectral sequence *E of [17]. It can be shown that, up to reindexing,
this "coskeleton" spectral sequence coincides with the spectral sequence of Zeeman;
there results, in particular, its topological invariance.

The basic constructions in [14] depend, obviously, on the simplicial structure of
the complex Κ. Essential use is made of the cap product, and so, as with Zeeman,
homology with coefficients in some ring R is considered. Also important is the
condition that Κ be finite-dimensional, which guarantees finiteness of the decreasing
filtration in chains and, as a consequence, convergence of the spectral sequence.

The object of the present paper is to show that the Zeeman filtration is in the end
dictated by neither the simplicial structure of the space in question, nor the spectral
sequences of Cartan type (generalizing Poincare duality) or the double complexes
generating them. As in the case of Poincare duality (cf. [5]), the Zeeman filtration
in homology is in essence of a general-categorical nature. The basic results described
above are in fact valid for the homology of any (metrizable) locally compact spaces,
and in full measure for any locally finite cellular polyhedra (not necessarily finite-
dimensional). They are valid not only for the ordinary homology Ηξ , but also for
the homology Hf with supports in a paracompactifying family φ—in particular, for
the homology //» of the second kind (defined by arbitrary "infinite" cycles). As an
incidental development we obtain a filtration in the homology of K\A, determined
by the cohomology of the pair (Κ, A) (the second of two relative versions).
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§ 1. D E S C R I P T I O N O F T H E F I L T R A T I O N

Let Γ be a left-exact additive covariant functor on an abelian category J?, am-
plified to a cohomological functor {Tq} the sense of Grothendieck (i.e., an exact
d-functor; see §2.1 of [12]) such that T° = Τ and Tq = 0 for q < 0 . The classical
example of a cohomological functor is the set {Tq} of right derived functors of a
functor Τ (which exist whenever the category Ji has enough injectives). Let Ψ* be
a complex consisting of objects in X, with boundary operator of degree - 1 :

As usual, we write Zn = Kerd , 3&n = Imd , ^ c J n c f n .
We shall be concerned with the homology groups Ηη(Τ{Ψ*)) of the chain complex

Γ ( ^ ) in the case that all the objects % are Γ-acyclic (i.e., that Tq(%) = 0 for
q > 0). If ^ is a flabby sheaf of chains on a locally compact space X (see §3
below), and Τ = Τφ is the functor for sections with supports in some family φ ,
then Hn(T(%,)) = Ηξ(Χ;&) is the homology of X with supports in φ (where .f
is a locally constant coefficient sheaf). The category X is in this case a category of
sheaves of abelian groups or modules, and for j / e J? the values Tq{$f) are the
cohomology groups H$(X; j / ) of X with coefficients in si and supports in φ .

In view of the Γ-acyclicity of the objects % , the exact sequences 0 -> Zp —• % —>
&p-i -> 0 determine for ? > 1 isomorphisms <5: Γ ' " 1 ^ . ! ) -> Γ«(^, ) ; hence the
inclusions 38P <zZp imply the existence of homomorphisms Tq{Zp) —> Γ ? ~ 1 ( ^ , _ 1 ) .
This gives rise for each η to a sequence of homomorphisms

The final inclusion here follows from the exact sequence

0 - T{3TH+l) - T{Vn+i) - T{3Bn) - Γ ' (5; + , ) - 0,

corresponding to the short exact sequence 0 —>J,+ i ^ ^ + i ->^« -+ 0. Indeed,
from the left exactness of Γ we have the inclusions T(^n) c Γ(.Ζ;) c T(Wn), and
so the T{Zq) are cycles in the complex T{%), while the subgroups of boundaries
in Τ(Ψ*) are the images of the homomorphisms T{Wp+\) —> T{3SP). Consequently,
the quotient group of T{£&n) module the image of T(Wn+\), which coincides with
Tl(3Tn+i), is a subgroup of Hn(T{%)).

Let FqHn{T{%)) be the image of Τ«(2"η+9) in HH(T(%)). There is determined
a decreasing filtration

Ηη(Τ(%,)) = F°Hn{T{%)) C FqHn{T{^)) D · · · D FqHn(J{%)) D · • · .

By the filtration of an element A e Hn(T(W*)) we mean the largest integer # such
that Λ e FqHn(T(W*)).

§2. COMPARISON WITH THE ZEEMAN FILTRATION

Let f*&*) be a resolution, in the sense of Cartan-Eilenberg ([10], Chapter 17),
of the complex 9i in the category 3?, consisting of Γ-acyclic objects (it contains
in a natural fashion resolutions J?*(ZP), ^*{^p) of the objects Zp and 3SP). If
every object in 3? is contained in an injective object, then such a resolution can
be constructed out of injective objects in X. In the situation we are interested in,
where 9J, is a differential sheaf of chains of a topological space, for ^*(&») we can
take &*{$*), where W* is the canonical flabby resolution of Godement [11].
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As is known ([12], Chapter 2, §2.4), any such resolution determines a spectral
sequence (of Cartan-Zeeman type) with second term Εψ — Tq{S(?p), where ^ =
Zpj38p . Under certain conditions (e.g., if %p — 0 for ρ > p0 ; see also §3 below), the
spectral sequence converges to the homology groups Hp-q{T(W»)). In this section we
show that the filtration in the homology Hn(T(W*)) corresponding to this spectral
sequence coincides with the filtration described in §1. It follows, in particular, that
the filtration in Hn(T(ff*)) defined by means of f (&*) is independent of the choice
of the resolution </*{%?*). The results of this section will be used below in §5.

In the double complex f&*) = {*?"(%)} we define the total differential d =
d' + {-\)pd", where d' and d" are the homomorphisms induced by the bound-
ary homomorphism in §i and the differential in /*. As usual, we have d2 = 0.
Using the left exactness of the functor Τ and the Γ-acyclicity of the objects %
and ^q{%), we find by a standard diagram chase (cf. the argument of Lemma
B.32 and Theorem B.32 in [16]) that the imbedding of W* into f°{%) c f*(%)
induces an isomorphism of the groups Hn(T(Wt)) to the homology of the chain
complex Ti^/*^)), taken with the total grading η = ρ - q (relative to which the
η-dimensional chains are ®p__q=n ^C/^(^>))) · This follows also from the spectral
sequence of the double complex T(JF*{%)) corresponding to its filtration by the
subcomplexes Kp = ® ( < p ΤΪ/*{%)). Application of the spectral sequence is possi-
ble in view of the fact that this filtration is obviously regular in the sense of [11] (cf.
Theorem 4.8.1 in Chapter 1 of the latter).

The filtration we are interested in (of Zeeman type) is determined in the homology
groups Hn{T{&.)) = Hn{T{f *(&*))) by the subcomplexes Kq = ©,>, n / ' ( f , ) ) .

Let &«{%.) be the kernel of d": flft,) -> S9*1^). As above, we find that
the imbedding ^q{%) c Kq induces an isomorphism of the homology of these
complexes; therefore, any element h € Hn{TC^,)) falling into the image of Hn(K

q)
under the imbedding Kq c T(,f *(&*)) is defined by a p-cycle zq

p of the complex
Γ(^"«(ϋ)) (belonging to the group Τ(^(%))), where ρ = n+q , or, in view of the
left exactness of the functor T , b y a ήτ-cycle z$ of the complex T{f*{3?p)) (since
f*{Zp) c f*{%)). The imbeddings T{%) c Kp for i < ρ induce an isomorphism
Hn(TC^,)) = Hn{Kp) (again the same argument); therefore, an isomorphism of n-
dimensional homology is induced also by the imbedding Kp c Τ{f *{&»)). Thus,
h belongs to the image in Hn(Kp) = Hn(T(^)) of the group Hq{T(f*{Zp))) =
T4{3rp) under the imbedding τ(/*{Ζρ)) c Kp [ρ = η + q).

A cycle in Γ(^,) defining h is obtained from z | by a diagram chase. Namely,
from the acyclicity of the complex T{f*&p)) we find that z | = (~\)pd"c, where c
is some element of T{^q~l{Wp)); therefore, z$ = dc - d'c, i.e., zq

p is homologous
to a cycle zq

pz\ = d'c. Continuing this operation, we obtain the required cycle in

A somewhat different procedure for defining the filtration was used in §1. With
the short exact sequence 0 —> 2"p -^> % —> &p-\ —* 0 we associate the exact triple of
Γ-acyclic resolutions

o -S'&P) -*Γ{%) ̂ Γ(βΡ-χ) - ο

and the connecting homomorphism δ: Tq~x{£§p-.\) -* Tq{Zp). In accordance with
the definition of δ , the cycles z9

pz\ and z | must be connected by the relations
z«l} = d'c and z$ = d"c. Clearly, the cycles zp\ e Τ{/*(βρ-ύ) c T{f*{Zp-X))
that correspond to z | in these two cases can differ only in sign, which has no effect
on the definitions of the nitrations.
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§3. H O M O L O G Y O F LOCALLY C O M P A C T SPACES

Any choice of chains defining the homology of a topological space X gives rise to
differential sheaves of chains C * . These are determined by the differential presheaves
that associate to open sets U C X the chain complexes of the pairs C, (X, X \ U; S?)
(where *& is a locally constant coefficient system). T h e criterion for the value of one
or the other approach to a description of homology is, it would appear, not only (and
not so much) the generality achieved, but also (above all) the effectiveness of the
constructions involved as regards applications.

T h e most suitable approach has for a long t i m e been taken to be the singular the-
ory. It was precisely for this reason that t h e topological invariance of the Z e e m a n
spectral sequence (and filtration) was proved by m e a n s of its mapping (shown to be
an isomorphism) into the spectral sequence of the type of §2 above corresponding to
the differential sheaf of singular chains a n d its resolution composed of Cech cochains
(see [19], [14]). Convergence a n d i somorphism of the spectral sequences was guar-
anteed by the requirement of finite dimensional i ty of the space u n d e r examinat ion
(in this connection see [8], Chapter 4, §2.9). In general, without this requirement,
convergence to the homology of the space breaks d o w n (see [6], Chapter 5, §4.5).

In the present problem, however, the singular approach is far from being either the
most general or the simplest. Indeed, the sections of the sheaves 9 i coincide with
the chains defining t h e m (and can be used to define homology) only over the whole
space X ([8], Chapter 1, Exercise 12, o r [16], C h a p t e r 2, §2), while the sheaves them-
selves are only homotopical ly fine ([8], Chapter 2, Exercise 32(b), or [16], Chapter
6, Proposi t ion 7 a n d its corollary). Fur thermore, an examinat ion of singular theory
from the s tandpoint of sheaf theory shows (see, e.g., [6], C h a p t e r 3, §5.2, o r [7],
Chapter 3, §1) that outside the b o u n d s of the category of (weakly locally contractible
spaces the singular groups in general cease to be homology and cohomology groups
(see [6], C h a p t e r 2, §1.1).

Thus, the results of [19] a n d [14] are l imited (in accordance with their authors '
intentions) to the category of (finite-dimensional) locally finite simplicial polyhedra.
T h e coincidence of the Z e e m a n filtration a n d the filtration of the present paper fol-
lows from the content of §4 below.

It is well known that the Borel-Moore homology for locally compact spaces likewise
suffers from m a n y essential deficiencies. Called u p with the intent of replacing the
singular homology where the latter "does not work", it proved to be too artificial—
actually, a version of "co-cohomology" with respect to sheaf cohomology (see the
beginning of Chapter 5 in [8]). For locally constant coefficients with finitely generated
stalks, the theory is i somorphic to that of Steenrod-Sitnikov homology, which finally
established itself in the l i terature a little later. Without this restriction t h e Borel-
M o o r e theory is n o t well defined (see in this regard [7], C h a p t e r 2, §2, a n d Chapter
3, §6). T h e sheaves of chains in Borel-Moore theory are fine (and therefore soft),
and for homology with coefficients in the ground ring even flabby. They are defined
formally in such a fashion that the complexes of sections over open sets U c X
determine the homology of the pairs (X, X \ U).

For Steenrod-Sitnikov homology, the chains that stack up into sheaves were defined
in [3] (see also [7], C h a p t e r 2, §2). T h e differential sheaves of chains %, they give
rise to are flabby, a n d the chain complexes C*(X, X \ U; &) that determine these
coincide with the complexes of sections of these sheaves over open sets U c X. We
recall that flabby sheaves are always ^-acyclic for any family of supports φ (not just
a paracompactifying; see T h e o r e m 4.4.3 in [11], Chapter 2). T h e derived sheaves 2Vn

are determined by the presheaves U —> Hn{X, X \ U; §"); their stalks are the local
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homology groups H$ = (Χ, Χ \ χ; 2?). Similar sheaves of chains arise in using the
homology construction proposed by Massey [13] ([7], Chapter 2, §2). That Massey
homology is equivalent to Steenrod-Sitnikov is proved in §6 of [4].

Since the constructions of the chains that define the Steenrod-Sitnikov homology
can differ, the question arises whether the filtration in homology is independent of
the choice of chains. In accordance with [6], Chapter 5, §2.2, and [4], §6, for any two
approaches to a description of chains there is a third, comparable with the first two
in the sense that the corresponding sheaf of chains is included with either of the first
in a transformation of the form ^ ' —> ^ " giving an isomorphism of the homology
of the space X, as well as of all pairs of the form (X, X \ U). Consequently,
the transformations also induce the identity isomorphism of the derived sheaves
%?p . Thus, the fact that the filtration does not depend on the choice of chains is a
consequence of the following general assertion.

3.1. Proposition. Let a'.^-^W^bea transformation of chain complexes in a
category 3? {consisting of Τ-acyclic objects) that induces an isomorphism of homology
Hn{T(Wt)) -> Hn(T(WJ)) and of the derived objects %fn -> ^ then a also induces
an isomorphism of the filtrations in the homology of these complexes.

Proof. In view of the argument at the end of §1, the pair Tl{2~n+i) C Ηη{Τ{^)) is
obtained from the pair T{£8n) c T(2"n) by factoring modulo the image of the group
TCS'n+i). Therefore, the short exact sequence 0-»^ n -+.2 ' n —•<^->0 determines
an exact sequence

0 -» T\3-n+x) - Hn(T(<^)) - T{MTn)

which transforms into the corresponding sequence for the complex &J . Using the
isomorphisms Tq{38p_{) = Tq+i(2p) for q>\, the Five Lemmas, and an elemen-
tary induction on q, we obtain the existence of isomorphisms Tq{Sp) -> Tq{Zp'),
that guarantee the coincidence of the filtrations.

Thus, let X be a locally compact space, 9i = W,(X;S?) a flabby differential
sheaf of chains, & a locally constant coefficient sheaf, and φ a family of supports.
In accordance with § 1, there is determined for each η > 0 a sequence of cohomology
groups and homomorphisms, giving rise to a filtration in the group H%(X; &):

••• ^Hs

9{X;Zn+s)->Hsf\X;3-n+s_x)^-.-

- Η2

φ{Χ; 3?n+2) - Ηι

φ(X; 3Tn+l) c Η*{Χ\ &) •

In particular, ordinary homology (φ = c = compact sets) is filtered by cohomology
of the second kind, and homology of the second kind (φ = all closed sets) by ordinary
(sheaf) cohomology.

Let A be a subspace of X, and Β = X \ A . As is known, the sections of the
sheaves of chains ^ with supports in φ that are contained in Β (i.e., with supports
in the family φ\Β) determine the subspace homology Hl(B; 3?), while the homology
Hn{X, B; 8?) is determined by the quotient complex of the complex of all chains
WJ"(X; &) modulo this part (see, e.g., [7], Chapter 2, §2.4, or [8], Chapter 5, §5). We
note that in the case of flabby sheaves of cochains, the cohomology of the pair (ΛΓ, A)
and of the subspace A can be determined similarly in any of the following cases: a)
A open; b) A closed, X paracompact, and φ a paracompactifying family; c) A an
arbitrary set, X a hereditarily paracompact set, and φ a paracompactifying family
(see [8], or [7], Chapter 1, §5.3). Indeed, in each of these cases the restriction to A
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of the resolution defining the cohomology is #>-acyclic, and the sections of sheaves
of the resolution over A with supports in φ Π A extend to sections over A with
supports in φ . The necessity of the paracompactifying requirement for φ is shown
by the examples in [7], Chapter 1, §5.3 and [6], Chapter 8, §5.4. Thus, we have the
following result.

3.2. Theorem. Under the above restrictions on A, X, and φ, there exist the follow-
ing sequences of homomorphisms, determining filtrations in their final terms:

• · • - Η2

φηΑ{Α; 3Tn+2) - ΗφηΑ(Α; JTB+1) C H*(X ,X\A\&),

· ·· - H'f{X,A;3rn+s) - H°9-\X, A; &n+s-x) -

H*{X, A; JTB+2) -*H^(X,A; 3TH+l) C H^A(X \A;2?).

The inclusion A c X induces a natural transformation of the sequence (1) into
(2), and similarly of the sequence (3) into (1).

3.3. Corollary. If the filtration of an element h e H%(X; &) is at least s, then h
belongs to the image of the homomorphism Η%]χχΑ(Χ \A\%)^Hl{X; &) for any
subspace A c X for which diva A < s, in the following cases:

a) for open A;
b) for closed A, when X is paracompact and φ is paracompactifying family;
c) for arbitrary A c X, when X is hereditarily paracompact and φ paracom-

pactifying.

Indeed, h is the image of some h' e HS

9{X \ X,+s). But H^nA(A; 2"n+s) = 0;
therefore (in view of the exactness of the cohomology sequence of the pair (X, A)),
h! is the image of some k' e H*(X, A; 3?n+s) • Hence h is the image of the element

k determined by k' in the group Η^χχΑ(Χ\Α; &).
A similar result is obtained in [14] for the case φ = c, & = R (the ground ring),

dim .4 < oo, and the set A closed.

§4. THE CASE OF A LOCALLY FINITE POLYHEDRON

Let X = Κ be a locally finite cell complex, and φ either the family c of all
compact subsets or the family of all closed sets. As usual, we denote by K9 the
^-skeleton of Κ.

4.1. Theorem. The filtering subgroups FsHt{K;9) c Ηξ(Κ;&) coincide with the
image of the natural homomorphisms

Thus (cf. 3.3 above), the group FSH%(K; %?) coincides with the intersection of
the images in Hg(K; &) of the groups H$B(B; 9) taken over all sets Β c Κ (not
just the open or closed) for which aim(K \B) < s. Similar results were obtained
in [14] for finite-dimensional (locally finite) simplicial complexes in the case that
φ = c, 3? = R (that ground ring), and the sets Β are open.

4.2. Lemma. ΗΓ

ψ{Κ, Ks ;3%) = 0 for r <s.

We note that this would not be true for any arbitrary coefficient sheaf £f. For
example, if a sheaf %? on the space Κ is concentrated on a closed subspace L c
K\KS and is constant on it, then in accordance with [11], Chapter 2, §4.10, the
group Hr{K, Κ*;β?) coincides with Hr(L;
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To prove the lemma we start with the pair {Ks+l, Ks). Its cohomology is the coho-
mology of Ks+l\Ks with coefficients <%-\Ks+l\Ks and supports in <p\Ks+l\Ks. But
since Ks+l \KS is a discrete union of open (s+ l)-cells, the group Hr

v(Ks+l, Ks; <%j)
is, depending on φ , either the direct sum or the direct product of the cohomology
groups of such cells. Since the 37J are local-homology sheaves (with locally constant
coefficients!), they are constant on these cells. Hence for r Φ s + 1 the cohomol-
ogy groups of the cells (which coincide with the classical cohomology groups of balls
modulo their boundaries) are zero.

Using the exact cohomology sequence of the triple (Ks+k, Ks+i, Ks) it is easily
shown by induction on k that ΗΓ

φ(KN, Ks, %j) = 0 for all Ν < s. If φ = c,
then any cocycle of the pair (K, Ks), realized as a section, with compact sup-
port, of a certain differential sheaf of cochains, is for sufficiently large Ν concen-
trated on KN, hence is cohomologous to zero; i.e., H£(K, Ks; %}) = 0. In the
case of ordinary cohomology (φ — all closed sets), we can suppose the mappings
C*{KN+l ,Ks;^j)^ C*(KN, Ks; J%), of the cochain complexes of the indicated
pairs, to be epimorphic. Indeed, the cochains of the pair (KN+l, Ks), realized
via the Godement resolution W* = Ψ*{β^), for example, are sections of the re-
striction of *W* to KN+l that vanish on Ks; and since the space Κ is paracom-
pact, the sheaves W*\KN+l are soft, so that sections of these sheaves extend from
KN to KN+l. Thus, the projective system of the cochain complexes of the pairs
(KN, Ks) is lim -acyclic. Furthermore, since the complex Κ is locally finite, we

have C*{K, K^^j) = lim C*(KN, Ks; β%). As a result, we are in the situation

described, for example, at the beginning of §1.5 in [6], Chapter 8; and since the
projective system is countable, there is determined an exact sequence

0 - KmlHr-l(KN,Ks;#l)-tHr(K,Ks;tf)-* lim Hr(KN, Ks; β%) -• 0.
iV Ν

From all the preceding it follows that the middle term here is zero.
To prove the theorem, let h e H%(K; S?) be an element of filtration 5 (see the

end of §1). In accordance with 3.3 above, h is contained in the image of the n-
dimensional homology group of the space Κ \ Ks~l , and it suffices to show that it
is not contained in the image of the homology of the subspace Κ \ Ks. Consider
the commutative diagram of mappings corresponding to the short exact sequence
0 -f &n+r -> Zn+r -» ^n+r -> 0 and the inclusion Ks c Κ:

•••^H'f\K; JVn+r) γ ^ H;(K; <%n+r) γ Η'ψ{Κ; Zn+r) -+Η'φ(Κ; ^ + r ) — · •

n

In the case we are are interested in, r < s; the isomorphism and monomorphism
in the extreme columns are consequences of the lemma.

Suppose first that r = s, and let hs e H^(K; 2~n+s) be any element representing
h . Since h has nitrations, it follows that hs is not in the image of γ, and μ (λ*) Φ 0.

For the next step, let r = s — 1. Because of the isomorphism HS

9{K; 2"n+s) =
HS

9~
X{K; &n+s-i) and the corresponding isomorphism for the subspace Ks, we have

hs e Hsfx{K; &n+s-i) and u(hs) Φ 0. Then pv{hs) Φ 0. Otherwise we should have
u(hs) = S'(k), and then y(hs-d(k)) = y{hs), i.e., h's = hs-d(k) likewise represents
h, but v{h's) = 0, contradicting the observation just made (which holds for all
elements of the group in question that represent h). Thus, for all elements hs-\ e
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H%~l(K;3in+s-\) representing h and belonging to the image of γ, μ{Κ-\) Φ 0.
For the same reasons as in the first step of the argument, this conclusion holds also
for those elements of H^~X(K\ Zn+s-\) representing h that do not belong to the
image of γ.

Thus, μ(λί_ι) Φ 0 for any element hs-\ € Hsf^ {Κ \ Zn+s-\) representing h.
Repeating the argument (i.e., using the isomorphisms Hs

9~
l{K; Zn+s-\) =

H;-2(K; XH+S.2), H;-l(K°; 3ΤΗ+*-ι) = H;~2(KS; ^n+s-2), etc.) for r = s - 2, s -
3, . . . , we arrive at the conclusion that for an element h\ e H*(K; Zn+\) represent-
ing h the restriction to Ks is nonzero. Since H*{KS; &n+x) c H%{K,K\KS; &)
(see (2) in §3), this means that the image of h in H%(K, Κ \KS, 2?) is nonzero.
From the exactness of the homology sequence of the pair (Κ, K\KS) it follows that
h does not belong to the image of the group H^K^K\K \ Ks; , f ) . This proves the
theorem.

§5. CONNECTION WITH THE CAP-PRODUCT

Let 3? and sf be locally constant sheaves whose stalks G and A are flat R-
modules (torsion-free in the case that R is a principal ideal ring; see [11], Chapter 1,
§5.3), and let φ and ψ be two families of supports (the space X is locally compact).

5.1. Theorem. Under the condition that the family φ Π ψ is paracompactifying,{x)

In the special case that 2? = sf = R, the ground ring, this result was obtained for
finite simplicial complexes by Zeeman (Theorem 3 of [19]), and with the additional
condition φ = ψ = c for finite-dimensional locally finite simplicial complexes in
[14]. As noted above, the result was used in studying the filtration itself.

5.2. Remark. The construction of the cap product used below was outlined in [6],
Chapter 8, §5.3 and does not outwardly differ from the construction of the cup prod-
uct of cohomology classes described in [11], Chapter 2, §6.6, (see also [6], Chapter
6, §1).

Proof of the theorem. It is well known that the stalks of a tensor product of sheaves
are tensor products of the stalks of the sheaves (see [11], Chapter 2, §2.8). From
the fact that the stalks of £? are flat and the functor <g> is right-exact, it follows
easily that the kernels and images of the boundary operator of the differential sheaf
%(•&) ®RJ& are the sheaves Zp(2?) ®RS& and 3Spi^) ®R& , respectively, and the
corresponding derived sheaves are ^ (^) <8>« J / . Since the sections of Godement
sheaves identify with elements of direct products of the stalks, and the stalks are
direct limits (over neighborhoods) of the groups of these sections, we conclude from
the stalkwise homotopic triviality of the Godement resolution (i.e., its splitting at
stalks; see Remark 4.3.1 in Chapter 2 of [11]) that the stalks of the sheaves W*(s/)
are also flat i?-modules (cf. [10], Chapter 6, Exercises 3, 4, and 17). Hence by
the same argument as above we conclude that %{??) ®R Ψ*{$ί) naturally contains
resolutions 3!p(&) ®R W*(s/) and 3§p{&) ®R W*(jtf) of the sheaves 3?p(&) ® srf
and 3BP(&) ®Rsi . By the same token, £%,{&) ®R W*{stf) is a resolution of the sheaf
%ρ{β?) ®R^f (exactness at the index q is a consequence of the stalkwise splitting of
g 7 * ^ ) ) . Thus, the sheaves Ψ*{&) ®R W*{sz?) constitute a resolution of the sheaf
*&* {2?) <8>RS# in the sense of Chapter 17 of [ 10], applicable in studying hyperhomology
(in the present case, for the section functor).

(')The author has been able to show that the result holds for arbitrary 2? , stf , φ , and ψ .
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For the ring of integers Ζ , the sheaf %?°(Z) coincides, obviously, with the sheaf
of germs of zero-dimensional Alexander-Spanier cochains, and is, therefore, ^-fine
for any paracompactifying family φ (see Example 3.7.1 in Chapter 2 of [11]). Also
it is clear that for any sheaf si the Godement sheaf ff°(si) is a ^°(Z)-module
and therefore also p-fine ([11], Chapter 2, §3.7). Consequently, the whole resolu-
tion 9 * * ( J / ) consists of ^-fine sheaves. By Theorem 3.7.3 in Chapter 2 of [11],
any sheaves of the form Ψ»{&) ®R^*(si) are then p-fine. Since the family φ here
is arbitrary, under the paracompactifying condition on φ η ψ the sheaves
&*{&) ®R Φ*{si) constitute a {φ Π ̂ )-acyclic resolution of the sheaf 95, (^) ®R si .

Let us observe that in accordance with Exercise 18 in Chapter 2 of [8], the sheaves
%{&) ®RS/ are c-soft (for any sheaf si) and therefore (since the space X is lo-
cally compact) soft (cf. Theorem 3.4.1 in Chapter 2 of [11]) and {φ Π ^-acyclic.
Thus, by the argument already used at the beginning of §2 above, the sections
with supports in the paracompactifying family φ Π ψ of the differential sheaf
%(&) ®R ̂ *{si) taken with the total grading η = ρ - q, determine the same ho-
mology as the corresponding sections of the differential sheaf 95, (^") ®R si . Con-
sequently, there is defined via tensor multiplication the cap product of homology
Hp{X; &) and cohomology H${X;si), the result being in the (p - #)-dimensional
homology group of the chain complex Τ φηφ{$?*{2?) ®R si). In accordance with the
content of §2, if for the complex % there we take the differential sheaf 95, (3?) ®RSi ,
and for f*{^) the bigraded differential sheaf %<&) ®R &*{A) we obtain for the
section functor Τ — Γρη^ the inclusion

Here Fq is the filtration considered in §2. The cycle z | mentioned there is obtained
by tensor multiplication of a p-cycle (with support in φ) by a g-cocycle (with support
in ψ). To complete the proof of the theorem it remains to compare the sheaf
&*(&) ®RS? with the sheaf %{2? <8>Rsi) that determines the required homology of
X.

Since the filtration defined above in §2 is functorial, obviously, with respect to
chain complex morphisms, it suffices to exhibit a homomorphism %{S>)®RS/ ->
95, ( ^ ®R s/). In accordance with the description of sheaves of chains given in
[3] (see also Chapter 5 in [6]; similar constructions are applicable to the Massey
chains of [13]), the groups of sections of sheaves of the type of %{β?) have the
structure of direct products Π ^ > a n < i t n e homomorphism in question is obtained
as a consequence of the natural transformation κ: (X[G) ®R A —> Π ( ^ ®Λ A) (a
description of this transformation in a special case is given in Lemma 7 of [3]). This
proves the theorem.

We note that in view of the argument used for Lemma 7 of [3], the transformation
κ is an isomorphism precisely under the condition that the module A be finitely
presentable. Hence in the special case that the stalk & = 31 is the ground ring R,
the sheaf 95,{31) ®RS/ is equal to the sheaf 95,(1?) ®R {βί ®RS/) and determines the
Borel-Moore homology (cf. §3 above) of the space X with coefficients in 31 ®R si
(the fact that the original description of Borel-Moore theory uses instead of 95,(1?)
the "dual sheaf to the differential cosheaf" plays no role; see the editor's remarks to
§3, Chapter 5, of the Russian translation of [8], or [7], Chapter 3, §6.1). However,
the transformation of differential sheaves described at the end of the above proof can
in this situation induce an isomorphism of homology not just for finitely presentable
stalks A. Thus, for homology Ηξ with compact supports we have an isomorphism
for any si in the case that X is metrizable and homologically locally connected



ON ZEEMAN'S FILTRATION IN HOMOLOGY 487

over R (see [2]). When X is a cellular polyhedron and the sheaves & and si are
constant, the transformation induces an isomorphism for homology with arbitrary
closed supports (homology "of the second kind"). Indeed, in this case the Borel-
Moore homology is n~additive ([7], Chapter 3, §6.2), and since in the category
of locally finite polyhedra and proper mappings it satisfies all the usual Eilenberg-
Steenrod axioms, it coincides with the ordinary (i.e., classical) homology "of the
second kind" (see the uniqueness theorem in [1]).

§6. REMARKS APROPOS THE ZEEMAN FILTRATION IN COHOMOLOGY

Using the same means as for homology, Zeeman defined a filtration also in the
cohomology of a finite complex [19]. A simplified version was then extended in [14]
to finite-dimensional simplicial polyhedra. In the tensor product C*{K) <g> C*(K) of
integral cochains and infinite chains there was considered the (double) subcomplex
generated by the pairs Δ > Δ' (Δ' a face of the simplex Δ). Its spectral sequence
corresponding to the filtration in cochain dimension is degenerate (in computing its
initial terms, using the boundary operator in chains for fixed Δ and all Δ' < Δ one
already discovers the acyclicity of Δ), and the homology of the double complex, the
latter being provided with a suitable total grading, coincides with the cohomology of
K.

In computing the second spectral sequence (corresponding to the filtration in chain
dimension), the use at the first step of the coboundary operator for fixed Δ' and
all Δ > Δ' reveals an obstruction to degeneration in the cohomology of the stars
of the Δ' in Κ modulo the complements to the Δ', i.e., in the systems of local
cohomology groups hp(K)—as a result of which we have, for the second term of the
spectral sequence, Ejq = Hq(K; hp(K)) =* Hp~q{K). Corresponding to this spectral
sequence there is determined a filtration in cohomology HS(K) D ··· D FqH

s(K) D
Fq^Hs{K) D · · · D FQHS(K), for which

£ « = FqH
p-«{K)IFq-lH

p-«{K).

Zeeman showed that if for an element a £ HS(K) of filtration q the restriction
to K\A is equal to zero for some closed set A c Κ, then dim A > q; and he
conjectured that this is a defining property for the filtration. The conjecture was
confirmed in [14] (in the more general situation considered there).

One feels that these results are of the same general nature as those presented here
for homology. Realization of the dual constructions has, however, been stymied by
the fact that homology theory with nonconstant coefficients (i.e., homology theory
with coefficients, say, in cosheaves in which homology groups would be derived func-
tors on zero-dimensional groups), despite the many attempts undertaken, has not yet
come into being. Certainly the well-known Borel-Moore theory does not fill the bill
(see §3 above), although the homology is defined there formally with coefficients in
arbitrary sheaves. A well-defined homology theory exists for the present only for
arbitrary locally constant coefficients.
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