BOUNDARY LINKS

by

N. Smythe

I. In 1936 Ellenberg [1] introduced the concepts of weak linking and n-
linking. In swunary

&) A polyhedral link L of two components £, £, in s® is
sald to be 1-linked if for every pair of polyhedra P, P, such that
ﬂi ~ 0 in Pl’ we have P1 n P2 # 8. (0-linked means the components have

non-zoro Mnking namber.  In general, ¢, 1s n-linked with £, if every

poulyhedron P such Lhat 01 ~ 0 in P, contains a cycle which is (n-1)-
linked with Qp') The 1link is t-linked

but 1ot 0-linked.

b) L 1is weakly linked (faible- /’:>
ment enlace) if every pair of t-cycles
7y, in VvV, Y, in V,, where Vi is )

& regular neighborhood of 21, such. that

75 40 in Vi, are i1-linked.

Using this theory of multicoherence, Eilenberg was able to charac-
terize weakly linked links as: L 1s weakly linked if and only if there
exlsts no homomorphism of 111(53 - L) onto a free group of rank two.

The question was raised, does there exist a link which is 1-linked
but not weakly linked?

II. Some time ago, in an unpublished manuscript, R. H. Fox considered a
generalization of 1-linking to links of more than two components.

A boundary link L = ﬂ1 U EE Ur--y ﬁn in 87 is one whose compo-
nents bound disjolnt orientable surfaces.

Clearly, a link of 2 components is s boundary link if and only if
it is not 1-1linked.

Theuse liunks have various nlce properties; €.g8., the clementary
ideuls @O(LI--’ L )yeee Gn—l(tl"'tn) are all 0, and én(t, tyene, t)
is princlpal, gencrated by a knot polynomial. Also the longitudes of L
lie in the second commutator subgroup of r1(85— ).
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III. Weak linking can also be generalized to 1links of many components, al-
though the concept becomes somewhat unrecognizeble, [3] L = €, U ¢2 u,..

U ln in 8° (with solid torus regular nelghborhoods Vis Voseoos Vn) will
be called an homology boundary link if

1) - There exist disjoint orientable surfaces S;--+ S, in
s -u Int V, such that 8; NV, = éi n ¥, consists of a number of slmple
closed curves xij1, xije,..., kijm (with orientation induced from 3;)

which are longitudes of Vj'
2) 8y = Uy Mgk
3) Z’k)‘ijk~o in VJ if J#1
) Zk xijk ~ 21 in Vi‘

(Shrinking Vy down to its core Qi’ we see that L 1s a boundary link
except that the surfaces are allowed to have singularities along the com-
ponents of L.)

Then & link of 2 components is an homology boundary link if and
only if it is not weakly linked. This follows from

THEOREM: I, is a homology boundary link if and only if there
exists a homomorphism f: WI(SB— L) — F(n) onto & free group of rank n.
Furthermore, L 1s & boundary link if and only if there exists meridians
Oy yeee, o oOf 2,000, £, such that f(a)),..., £la)

n freely generate
F(n).

n
To econstruct such a homomorphism given a homology boundary 1link,

first thicken the surfaces S, to open sets W = 8, x (0, 15 then

82 - Vy can be mapped onto a wedge of n circles by mapping points

outside U Ni, to the vertex, and a point of Si x {t}] to the point t of

the 1-th circle. Since U 8; cannot separate s2-u vy, the induced

mapping of fundamental groups is the required homomorphism.

. The idea of the proof in the other direction is to construct a
retraction of 33— U V1 onto & wedge of n clircles.
then appesr as the inverse images of non-critical points (nen-vertices).

In the case of a boundary link, the n-leafed rose must be embedded in
Sj— I, as a set of meridians.
This algebraic characterization leads immediately Lo the ract that
a homology boundary link has an Alexander matrix A(ty,..., L“) with n
columns of zeros (if the 1link is actually a boundary link, thesc coluuns
correspond to meridians of UI(SB- L)). Thus again & = & = *** =&,
Also, the homomorphism f induces isomorphisms £ ¢ GfG, = F/E,
of the quotient groups of the lower central series, where G = n‘(SB— L).
Since F =1, we have. £y G/Gm ~F, and G, = ker r. The longitudes
of L lie in G, since they lie on the surfaces. The Milnor isotopy in-

variants ﬁ(11'--ik) of L are therefore all O.

The surfeces will

(In fact much more can
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be sald: it turns out that any link which is isotopic to a homology bound-

ary link under a "nice" (e.g., polyhedral) isotopy, is an hcmology boundary
link.) See (31, [u].

Eilenberg’s question becomes: Does there exist a homology boundary
link which is not a boundary link?

The answer 1s yes. The link of the figure is not a boundary link
(1t is easy to shoy that one of its longitudes does not 1lie in G"). But

it is a homology boundary link (either by constructing the surfaces, or con-
structing a map of G onto a free group of rank 2-but of course there is no
such map under which a palr of meridians are free generators).

The surface S, 1s shown in the diagram, to be thought of with two
boundaries lying parallel to 2] on a regular neighborhood V1 of l].
The surface S, 1is to have 3 boundaries, all longltudes of V,, one having
opposite orientation to the others (two lie "above" S,, and one "below").

Questions:

(1) (Fox) Suppose the longitudes of L 1ie in G". Is L a boundary link?
(2) Similerly, suppose A(t]---tn) has n columns of zeros. Is L a
homology boundary link (or a boundary link, if the columns correspond to
meridlans)?

(3) 1s every link isotopic to a boundary link alsc a boundary link (under

a "nice" lsotopy)?

(4) Is there a corresponding theory for links in higher dimensions?

(5) Generalize n-linking to arbitrary numbers of components and characterize
algebraically.

(6) There are a number of questions related to n-linking-see Fox [2].

(7) (Milnor) What does G, look like? Can invariants (say isotopy in-
variants) of Gm be found to distinguish between homology boundary links?
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SURFACES TN E %
by

C. E. Burgess

We present a brief summary, with references; of developments during
the last fifteen years that are related to tame enbeddings of 2-manifolds in
3-manifolds. This is the basis of a twenty minute talk presented in the
Special Session on Recent Developments in Topology at the meeting of the
American Mathematical Society at Iowa City on November 27, 1965. For sim-
plicity in the presentation, we restrict our discussion to 2-spheres in Ei,
but most of the theorems can be extended to 2-manifolds in a 3-manifold.

We have included an extensive 1list of references on this topic, but
we presume that there are some serious omissions and some lack of current in-
tormation in this list, We find it necessary to place some restriction on
the number of papers listed here, and ve suggest that other work essential tc
this development cen be found in the references cited in the bapers that are
included in this list. For example, see Harrold’s expository paper [37].

1. Fundamental work related to tame imbeddings of 2-gpheres in B,
A 2-gphere S 1ig defined to be tame in E3 1f there 1s a homeomorphism h
of E‘ onto Itsell Lhat carries S onto the surface of a tetrahedron.
Alexunder [1] showed in 192k that every polyhedral 2-sphere in E® is tame
under this definition. Graeub [30] and Moise [¥1, IT1, working independently
showed in 1950 that every polyhedral sphere in E5 can be carried onto the
surface of a tetrahedron with a piecewise linear homeomorphism of E3 onto
itself.

A fundamental characterization of tame spheres in E3 was given
by Bing in 1959 with the following thecrem. (In the various theorems
on characterizations of tame surfaces in E3, we do not include the ob-
vious statement that every tame sphere satisfies the requirements of the
characterization.)

1.1 A 2-sphere is tame if it can be homeomorphically approximated
in each or its complementary domains. (Bing [10].)

The proof of this theorem depended upon Bing’s Approximation Theorem

for Spheres {8], which was later generalized to the following Side Approxi-
mation Theoren.

This paper was not presented at the seminar, but it is included by invi-
tation since it treats recent developments and questions discussed at the
seminar. This work was supported by NSF Grant GP-3882.
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