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SPACES SATISFYING POINCARE DUALITY

MiCHAEL SPIVAKT

(Received 28 April 1965)

INTRODUCTION

A P-spACE (Poincaré duality space) of formal dimension n is, roughly speaking, a finite
complex X such that for some u € H,(X) the map

npt HY(X) — Hu(X)

is an isomorphism. A more complicated definition is required when X is not simply con-
nected.

According to Browder [3] and Novikov [19] a simply connected P-space X has the
homotopy type of a compact C* manifold of dimension » if 7 is odd and there is a vector
bundle n : E— X of fibre dimension k, say, such that the generator of H***(T(E))is spherical,
where T(E) is the Thom space of the bundle. This paper is concerned with the possibility
of deciding whether or not such a vector bundle exists. We consider spherical fibre spaces
over X, that is, fibre spaces whose fibres have the homotopy type of a sphere S*™!; the
integer k is called the fibre dimension. The Thom space T(x) of such a fibre space =, and
stable fibre homotopy equivalence of two such fibre spaces, can be defined.

THEOREM A. If X is a P-space, then there is one and, up to stable fibre homotopy equiva-
lence, only one spherical fibre space © over X such that the generator of H"**(T(r)) is spherical.

The construction of such a fibre space was suggested by Milnor. The proof of unique-
ness is a generalization of a theorem of Atiyah [2].

Theorem A provides an obstruction theory for the existence of a vector bundle over X
with the desired property. The p™ obstruction @P(X) lies in H?(X; n,-,(F)), where F is
the fibre of the fibring map B, — By (here By = ll_l’l‘l By, where By, is Stasheff’s classi-
fying space for spherical fibre spaces of fibre dimension k). If X has formal dimension N
and is (n— 1)-connected the primary obstruction 0"(X)e H(X; xn,_,(F)) is described in
terms of the topology of X as follows.

Let IT, _, denote the stable (n— 1)-stem and lety: H¥""(X; Z) » H¥(X; II,_,) ~ 11, _,
be the secondary obstruction defined in [11]. Then (—1)"™+D+1 y i U Y"(X) for a
unique Yy"(X)e H"(X; I1,_,).
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THEOREM B. There is a homomorphism I1,_, — n,_,(F) such that the induc:ed co-
efficient homomorphism H"(X;I1,_,) — H"(X; n,_(F)) takes Yy"(X) into 0"(X), and the
sequence

Jn—l
T,-1(S0) —— I,y —— m,_,(F)
is exact.

Sections 1 and 2 contain elementary properties of fibre spaces, §3 elementary properties
of P-spaces, and §§4 and 5 the material necessary for Theorem A. The obstruction theory
is formulated in §6, and Theorem B is proved in §§7 and 8.

If 4 and B are groups [spaces] then 4 &~ B means: A is isomorphic to B [4 has the
same homotopy type as B]. If f, g: X — Y are maps then f ~ g means: fis homotopic to g.
Singular homology and cohomology are used throughout.

This paper is essentially the author’s thesis, written under Prof. J. Milnor, whom I
gratefully thank for advice and encouragement.

§1. SPHERICAL FIBRE SPACES

The term “fibre space” always means a map n: E — X with the covering homotopy
property CHP for all spaces or, equivalently, the path lifting property, PLP. All base
spaces of fibre spaces are assumed to be paracompact and locally contractible. The fibre
n~(x) will often be denoted E,. If = and 5 are fibre spaces then 7 ~ 5 means “z is fibre
homotopy equivalent to »”.

If n: E— X is a fibre space let C, be the mapping cylinder of 7 and let r: C, — X be
the retraction. Then r: C, — Xis a fibre space with sub-fibre space =; in fact r is (see below)
7 @ 1, for the identity map 1: X — X. The fibre of r over x will be denoted simply C,,
if no confusion is possible. The inclusions of the fibres C, and E, in the total spaces will
be denoted i,.

If A and B are subsets of X, then (4, X, B) is the set of all paths p: [0,1]— X such that
p(0)e A and p(1) € B, topologized by the compact-open topology. The endpoint map
w:%(A, X, B) — B is defined by w(p) = p(1).

1.1 ProposiTioN. If n: E — X is a fibre space, then n is fibre homotopy equivalent to
the endpoint map w : #(E,C,, X) — X. (Compare with [7], §5, and [8]).

Proof. Let r:C,— X be the retraction. Let #'(E, C,, X) be the space of paths in
#(E, C,, X)whichremaininasingle fibre of r, let o' = w|#'(E, C,, X),and leti: #'(E, C,,, X)—
P(E, C,, X) be the inclusion.

For p:[0,1] = X and e € E with n(e) = p(0), let X(p,e): [0,1] — E be a path, depending
continuously on p and e, such that /(p, e)(0) = e and = < I(p, €) = p. Any point x € C, can be
written as (e(x), s(x)) for e(x) € E and s(x) € [0, 1]. Define H: #(E,C,, X) x -+ P(E,C,, X)by

H(p, u)(®) = (I(r o p1 [, 1], e(p())(w), s(p(1))),
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so that H(p,1) € #'(E, C,, X). The composition i . H( , 1) is fibre preserving homotopic to
the identity by the homotopy H, and H( ,1) - i is easily seen to be fibre preserving homo-
topic to the identity. It therefore suffices to show that n ~ @',
Define a:#'(E, C,, X)— E by a(p) = p(0). If i: E— P(E,C,,X) is the obvious map
then o o 7 is the identity. If K:#'(E, C,, X)><1— P(E, C,, X) is defined by
K(p, u)=p|[0, u) followed by the radial path from p(u) to p(1),
then K is a fibre preserving homotopy of i - « and the identity.

Proposition 1.1, and the following considerations, allow E to be replaced by a space
of the same homotopy type.

If n;:E,— X(i=1,2) are maps (not necessarily fibre spaces) and f:E;, — E, is a
homotopy equivalence such that n,f ~ =, it is not hard to show that there are maps
a;: Cp, — C,,_, such that

(1) ofE) = E5—;

(2) «;]X = identity map of X

(3) o3.,0 =~ identity map of C,, where the homotopy keeps X pointwise fixed and

E, fixed as a set.
Ii follows that the endpoint maps w;: #(E,, C,,, X) — X are fibre homotopy equivalent.

A spherical fibre space of fibre dimension k > 1, is a fibre space in which every fibre
has the homotopy type of S*~'. If n:E— X is a vector bundle of fibre dimension k,
and E, is the set of non-zero vectors, then n|E,: E, — X is a spherical fibre space of
fibre dimension k, denoted [r]. (One can similarly define [] for any microbundle 2, by
[12])
The Thom isomorphism theorem holds for spherical fibre spaces: there is a class
U(n) e HY(C,, E), natural with respect to induced fibre spaces, such that the maps
v U(m) : H*(C,; G) —— H**¥(,, E; G)
U(m) n: Hp(Cy, E; G) = HY(C,; G)
are isomorphisms for p > 0, where G = Z, if = is not orientable and G is arbitrary if = is

orientable. This can be proved by using the Leray-Serre spectral sequence for (r,7) (c.f.
remarks after Theorem 2.1 in [18]).
The isomorphisms
H*(X; G) = H¥(C,; G) = H**¥(C,, E; G)
H, i(Cr, E; G) =20 H (Cy; G)— H,(X; G)
are the Thom isomorphisms ¢ and y, respectively.

Let * be fixed point outside of all spaces under consideration. If 4 and B are two
spaces their join A * B is the set of all (g, ¢, b) with ¢ € [0,1] and

aeAd if t#1, a=+ if t=1
beB if t#0, b==x if t=0.
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A * B is given the small topology as in [14]. As a special case, the cone CA is {o0,} * 4
where oo 4 is the vertex. There is an obvious homeomorphism ¢ : 4 * B— (4 x CB u CA
X B) = CA x CB and C4 x CB may be regarded as C(4 x CBu CA x B) = C(4 * B).

If n; : E, — X are fibre spaces, their Whitney joinn =7, ® n,isthemapn: E, ® E,
— X defined as follows.
(1) E, @ E, is the subset of E, * E, consisting of all (e,, ¢, e,) such that =,(e,) =
n,(e,) if 1 € (0,1)
(2) m(ey, 0, %) = my(ey)
(¥, 1, e3) = my(e;)
n(ey, 1, e;) = my(ey) = my(e;) for te(0,1).
Using the PLP it is easy to see that n; @ =, is a fibre space. For any integer n > 1, the
fibre space X >< §" ! — X will be denoted ny, or simply n, if no confusion is possible. Then
7 and n are stably fibre homotopy equivalent (n ~ n) if and only if there are integers m and n
such that # @ m ~ n @ n. The spherical fibre space = of fibre dimension k is trivial if and
only if m ~ k and stably trivial if and only if = 1.

Let H(n) be the space of all homotopy equivalences of S"~!, with the compact-open
topology. A “classifying space” By, and a map i, : Byy — Bps are defined in [5]. A
fibre space u : UE — By, is defined in [22], which is universal for spherical fibre spaces
of fibre dimension n over CW-complexes. We shall denote this fibre space by ny,, : Ey(,) —
Byy If oy : Eomy — Boemy is the universal vector bundle of fibre dimension n, then
in(Tyemy) ~ [mom)- If By = lim By, and By = lim By, we obtain the naturalmap i : By— By,
which is well defined up to homotopy. The classifying space for orientable spherical fibre
spaces of dimension will be denoted Bgy,.

Clearly @ induces the structure of an abelian semi-group on - equivalence classes of
spherical fibre spaces over X,

1.2 ProposITION. If X is a finite complex this semi-group is a group.

Proof. Only the existence of inverses is non-trivial. (The stable inverse of 7 will be
denoted n~1). The proof is a replica of [17], Theorem 3, with the following changes.

(1) To define the wedge of n and 7, two orientable spherical fibre spaces over X of
fibre dimension k, let ©n = f*(nggq,) and y = g*(nsyy,) and define n v 5 over
X v Xas(fv 9*@sag)

(2) If X"is the n-skeleton of an (n + 1)-dimensional space X, and n|X™ has an inverse
n, it is not clear that 5 can be extended to X, but it is easy to show, using the
universal spherical fibre spaces, that there is a spherical fibre space 5’ over X”
such that n ~ n" and 5’ can be extended over X.

§2. THOM SPACES
If n: E— X is a fibre space, the Thom space T(x) is defined as CE'» X. The vertex
oo of CE is the natural base point for T(n). Note that (T(n), ©) =(C, v CE, ) so that
H*(T(n), ©)) ~ H¥(C,, E).
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If n;: E; — X(i = 1,2,3) are fibre spaces and f: E; — E, is a fibre preserving map,
a continuous map fr : (T(n,), 00} — (T(n,), ©,) is defined by

J1((004, 8, 1)) = (00,5, t, f(ey)) for te [0, 1), where f(*) means *.
Sr(ny(ey)) = ma fey) = my(ey).

It is easy to show that if f: E(n,) — E(r,) is a fibre homotopy equivalence, then
Sr: (T(xny), 004) = (T(n,), ©0,) is a homotopy equivalence.

2.1 ProposITION. If 7 is a fibre space over Y and f: X — Y is a homotopy equivalence,
then (T(f*(n)), ) =~ (I(n), o).

Proof. Let g: Y — X be a homotopy inverse for f. There are fibre preserving maps
1 E(f*(n)) = E(n) and § : E(g*(f*(n))) — E(f*(n)) and clearly also a fibre homotopy
equivalence o : E(g*(f*(n))) — E((fg)*(n)) such that f§ = (fg)~«. Since fg =1 there is a
fibre homotopy equivalence h: E(z) — E((fg)*(n)) such that (fg)~h is fibre preserving
homotopic to 1. If B is a fibre homotopy inverse for «, then fGph is fibre preserving homo-
topic to 1. Therefore f7gr(Bh)r ~ 1.

Similarly, there is a fibre homotopy equivalence & : E(f*(n)) — E(f*(g*(/*(r)))) such
that gfk is fibre preserving homotopic to 1, where f: E(f*(g*(f*(n)))) — E(g*(f*(n))).
Hence §r(fk)r ~ 1.

Since fri+(Bh)r =~ 1 and (Bk);is a homotopy equivalence, it follows that (Bh);(f7d1) ~ 1,
or ((ﬁh)ri ir=1.

Thus g, has the left homotopy inverse (84)1fr and the right homotopy inverse ( fk)r;
consequently §; is a homotopy equivalence and its left homotopy inverse is a right homotopy

inverse. Hence 1 =~ §r((Bh)rfr) = (§r(Bh)1) fr.

Thus f; has the left and right homotopy inverse §(Bk)r, and f is a homotopy equiva-
lence.

Let Y be a space with base point y,. Following [9] we say that Y is reducible
[S-reducible] if and only if there is a map [S-map] f: (S",a)— (Y,y,) inducing isomorphisms
of ﬁq for ¢ = n. Dually, Y is coreducible [S-coreducible] if and only if there is a map
[S-map] f: (Y,y,) — (S"a) inducing isomorphisms of A for ¢ < n. Then Y is S-reducible
if and only if its S-dual ([21]) is S-coreducible (¥ must have the homotopy type of a finite
CW-complex and hence ([23], Theorem 13) of a finite complex for this to be meaningful).
A spherical fibre space = is called reducible, etc., if and only if (T(x), o) is reducible, etc.
(Notice that if n: E — X is a spherical fibre space over a finite complex X and F is a fibre
then the pair (E,F) has the homotopy type of a pair of finite complexes (c.f. proof of
Proposition (0) of [22]).)

If n: E— X is a fibre space over X, it is easy to see that 7(1 @ =) is homeomorphic
to the suspension X(T(n)), so T(n @ =) is homeomorphic to X*(T(xn)). Therefore a simple
generalization of the argument in [2], Proposition 2.8 proves the following.
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2.2 ProPosSITION. If n: E— X is a spherical fibre space over a connected finite complex
X, then n is S-coreducible if and only if n is stably trivial.

§3. P-SPACES

A pair (X, Y)satisfies Poincaré duality for dimension n if and only if for some u € H,(X,Y)
the maps

(D) Nnu:HYX)—> HJ(X,Y)
2) Nnu:HYX,Y)— Hy(X)
(3) ndu: HYY)— H(Y)

are isomorphisms. Such a class u is called an orientation, and du is the induced orientation
of Y.

Note that H,(X) is finitely generated: in fact if u is represented by a finite sum ¢ = 6, +
- +0, € C(X,Y) of singular n-simplices then every element of H,(X) is represented by
f oo for some fe C*(X,Y); but each f n ¢ is in the free group generated by the faces of
G4, .- » 03, Similarly, H,(Y) and H,(X,Y) are finitely generated.

From the commutative diagram

0— Ext(H,_ (X, Y),Z)— H(X, Y)— Hom(H/(X, Y), Z) - 0

JExt(nu.l) 1 )’} l Hom(npu,1)

0 — Ext(H""?*\(X), Z) — H,_ (X) — Hom(H"~?(X), Z) - 0

it follows that (1) is an isomorphism if and only if (2) is an isomorphism. Similar diagrams
show that (1-3) are isomorphisms for any coefficient group. Moreover, (3) is an isomor-
phism if (1) or (2) is.

If, in the definition we have given, H, is replaced by HLF (homology based on infinite,
locally finite chains) then (X, Y) satisfies open Poincaré duality for dimension n.

If (X,Y) is a pair of complexes, X will represent the universal covering space of X.
If p : X — Xis the covering map, then (X, ¥) will represent X, p~YY)). A P-pair of formal
dimension n is a finite complex (X, Y) such that (X, Y) satisfies open Poincaré duality for
dimension n. If (X,Y) itself satisfies (open) Poincaré duality for dimension n, then (X,Y)
is called orientable. X is called a P-space of formal dimension n if (X,) is a P-pair of formal
dimension n.

The most obvious examples of P-pairs are triangulated manifolds with boundaries.
The following examples will be used in §§7 and 8.

Let S} and S5 be two copies of §", for n <2, and let 1;: 8" — S v 85 (i=1,2), be
the inclusions. Then mn,,_ (ST v S%) = 715,-1(ST) @ 7;,-,(53) ® Z; any element ae€
Tzn—1(ST v S3) can be written as 1, o &; @ 1; 0 a4y @ ml1y,1,] for a; € m,, ,(S7) and m an
integer. Letg : $2"~! — 87 v S3 and consider the space X = *" = (S7 v §3). The homotopy
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type of X is determined by [g]em,,— (ST v §3). Let x;:S"— X be the composition
S$"5 8" v S < X and let ¢, e H'(X) be the elements such that k*(c;) = 1 and x%_(c) = 0.
If[gl =100, @ 1,00, ® mf14,1,] then, with respect to the basis (c,, c,) for H'(X), the cup-
product pairing U : HY(X) ® H"(X) — H*"(X) = Z has the matrix
M= (H(al) m \
(=1y'm H(“z)}
where H(x;) is the Hopf invariant of «;. Therefore X'is a P-space if and only if det M = + 1.
In particular, let [g] =1, c 0 @ O @ [15,1;). Then X, = e Y (S] v S3%) is a P-space.
If =: E— X is a fibre space and r: C, — X is the retraction, then H".F will denote
singular homology based on chains ¢ € C,(C,) such that r,c is a locally finite chain in X.

3.1 ProposITION. Let n: E-— X be a spherical fibre space of fibre dimension d over a
space X which satisfies Poincaré duality [open Poincaré duality] for dimension n. Then (C,, E)
satisfies Poincaré duality for dimension n + d [with H, replaced by H,'F].

Proof. The proof will be given when X satisfies open Poincaré duality. A proof is
obtained for the other case by deleting LF and rLF whenever they occur.

Let ue HXF(X) be an orientation. Let ¢ amd y be the Thom isomorphisms for =.
Putting together the Gysin sequences in cohomology and homology we obtain the diagram

ux n* . @-15
HI(X) — Hi+d(x) N HH"(E) — Hi+ l(X)

Ny nu ni np

xn oy-t Te
HEZ(X) — HZ, (X) — H5_(B) — HyZ, (X))
where
S Hi+d(E)'->Hi+d+l(Cn, E)

d: Hy¥(C,, E) — H;“,_,(E)
i:C,—(C,, E) is the inclusion
r=0 (U U

i = dfi, where ji € H'XF(C, , E) satisfies (i) = p,
that is, r (U N @) = u.

The first square commutes up to sign: (@ v ) N p=(=D*x v ) N p= (=D N (@ ).
The second square commutes up to sign: We must show that if 7,(U n «) = n pu, then
Jo = +n*B n u. Now
rUna)=3np

=fnr(Unp

=rdr*Bn (U np)

=r((r*Bo U)n )

= (=D)!*U U rp) N )

= (=1D""*N(U ~ (r*B n p)).
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Therefore U n a = (= 1) A+DU A (r*B A [); hence o = (= 1) *Ir*8 A, s0
0o = (=)D a(r*B n )
= (_1)i(d+l)n#ﬁ e aﬂ
= (__l)i(d+ l)ﬂ*ﬂ A ﬁ

The third square commutes up to sign: We must prove that if r*a U U= 48, thena n u =
+ n,(B N {). Now, if j: E— C, is the inclusion, then

(B N Of)

rejx(B N O)
=(=1)""ry8f o )

= (=) ry(r*a v U) n )
= (=) ry(rfe n (U n @)
=(=1)"*% nryU n )

= (-1 nop.

(B N D)

It follows from the 5-lemma that n i is an isomorphism, and we need only prove that N i
is an isomorphism. This follows from the diagram

. nE
HY(C,, E) — H;".. (C,)

Ile Hlre

HI400) — B, 0
which is commutative, since )
r(Ffaw U) n @) = ry(r*a o (U 0 1))
=anry(Unf)

=onu

§4. NORMAL FIBRE SPACES

In this section we construct certain spherical fibre spaces over a P-pair (X,Y). In the
next section we prove that these are reducible if ¥ = ¢ and that all S-reducible fibre spaces
over a P-space X are stably fibre homotopy equivalent. We will require a lemma on cap
products.

The usual definition of the cap product n : H(X, A) ® H (X, Av B) = H,_,(X, B)
for A and B open in 4 U B, uses the complex C,(4, B) generated by singular simplices
lying in 4 or in B. This definition also provides a cap product

A :HYAUB, A) ® H(A U B)— H,_,B),
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since f N ce C,_ (B) if fe C°(4 U B, A) and c € C(4, B). These maps can also be defined
using HLF. The following lemma applies for both H, and HLF.

4.1 Lemma. (1) Let k: (A v B, A) — (X, A) be the inclusion and let 0, and 0, be the
boundary maps of the homology sequences of (X, A u B) and (X, B) respectively. Let o €
H*(X, A) and B e H(X, A v B). Then

K*a 3,8 = (—1)? d,(c  B).

(2) Let YeAnB andleti:(B, Y)— (AU B, A) and j: Au B— (4 U B, A) be
inclusions. Let o€ H(A v B, A), Be H(AU B), ye H(B, Y). If ju = iyy then a n f =
i*a oy,

HPA U B, ) ® H(A U B) - H,_(B)
Ja
i H(A U B, A)
i

H?(B, Y) ® HB, Y)— H,_(B)
Proof. Only the proof of (2) will be given. Let fe CP(4 UB, A) represent a. Let

c € C7(4, B) represent f, so that f ~ c representsa N f. Letde C,(B) represent y. Since
JuB = iyy we have

d=c+c' +dc"
where ¢’ € C(4) and ¢" € C,; (4 U B). Moreover ¢" = ¢” + dc”,forc” € C“ 1(4, B) and
c¢™ e Cyv5(4 U B), so that

d=c+c + oc".
Now i*a n yis represented by fnd=fnc+fnc' +fndc”. Butfnc =0and

fndc"=(=D6fnc"+o(fnc)=(=1)fa(fnc"),

sofnd=fnc+(=1)?0(fnc”), where fn c” € C,(B). Hencei*a ny=an B.

Let H"** be a closed half-space of R"**, bounded by R"**~!, A complex X < R"**
is always assumed to be closed. A pair of complexes (X,Y) = R*** is a subcomplex of
(H** R**Yif XcH"** and Y= X R"**"!, If (X,Y) is a subcomplex of (H"*¥,
R***=1) a regular neighborhood of (X,Y) is a triple (N; Ny, N,) such that

(1) N is a regular neighborhood of X in H™** (with boundary dN),

(2) N, =N n R***"!is a regular neighborhoodof ¥ in R***~1,

(3) N, = Closure (ON — N,),

(4) There is a deformation retraction (N, N,) — (X, Y).

Note that N is a submanifold of R*** with 9N = N, U N,. The case Y = & is not
excluded; N is then a regular neighborhood of X in R*** with 6N = N;.

The cohomology bound of X, denoted cb(X), is the largest n such that H*(X) 3 0.
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4.2 ProposITION. Let (X,Y) be a subcomplex of (H***, R***~1) with X connected, where
k> cb(X)+ 1. Let (N; Ny, N,) be a regular neighborhood of (X,Y). Then (X,Y) satisfies
open Poincaré duality for dimension n if and only if the following three conditions hold.

(1) H*N,) = H¥N) ® H***"D(N),

(2) HYN)— HYN,) is an isomorphism, 0 < d <n,

(3) ug: HYN,) — H**®*=D (N\) is an isomorphism,
0 < d < n, where ge H*~V (N,) is a generator.

Proof. Let v, € HX (N, dN) be an orientation. If ¥ = ¢¥ then n v, : HYN, N;) —
H, -4 (N, N3) is clearly an isomorphism. If ¥ # ¢ this can be proved as follows.

Let v, € HX,_(N,, dN,) be an orientation. Let a:dN — (N, N,), b: (N,, ON,) —
(0N, N and c: (@N, N,) — (N, N,) be inclusions. Then b, : HEF(N,, dN,) — HEF(ON, N,)
is an isomorphism and b,v, is a generator of HXf,_ (6N, N,). From the diagram (for
PEN,)

Hlll‘;k—l(aN’ Nl)

%

/
Hy%s-1(ON) » Hy3y-1(ON, ON — p)

it is clear that a,dv, is also a generator of HXf,_ (0N, N,). Hence a,dv, = + b,v,. It
follows from Lemma 4.1 (choosing 4= N,, B=N, and X = N) that b*c*a nv, =
+ c*ax N dv, = + (o N vy) for x € H¥(ON, N,). Therefore the following diagram commutes
up to sign.

— HYN, 8N) — HYN, N,) — HY@N, N;) —>
[ A
1| o " HYN,,aN,)

| nvz

-_— Hffk-a(N) - Hffk—d(N, Ny))—= Hpppog-1(N3)—

It follows from the 5-lemma that N v, : HYN, N,) = H,,,_4 (N, N,) is an isomorphism.

Suppose now that (X,Y) satisfies open Poincaré duality for dimension n. Let pe
HLF(N, N,) be an orientation. We have the exact sequence

F) ke i* ]
~———— HYN, N;)——— H{(N)— H'(N)—

1)

Hd(Hn+k’ Hk — Int Nl) —_ Hd(Hu+k) =0.
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Hence k* = 0 and we have short exact sequences?
0 — HYN) —:—> HYN,) —6—-» HY*Y(N,N,)—>0
f1nv
Hyfu-g-1(N, Ny)
$lnn

HO=C-1(N),

If 0<d<n, then H*"* Y (N)=0 and HYN)— HN,) is an isomorphism. If
n<d<n+ k-1, then H{N) = 0 and we have an isomorphism
p 1 HAN,) ——s HO* N, N) o HEE (N, N3) e B8~ D(N) — B4~ O(N,),
We will show that + ¢~ ! = U g, for a generator g € H*"!(N,). We can take g = ¢~ '(1),
where 1 € H(N,); in other words g = 6 " 1(n v)) " (n w)(i*)~ (1), or

dg v =@M np=p
Thus for « € HY(N,) we have
anpu=an(@gnv)=@udg) nv, =(=1D(*cug)nv,

so (—1)’¢™ (@) = « U g. This completes the proof that (1), (2) and (3) hold.

Suppose conversely that (1), (2) and (3) hold. We have the diagram

0 Hn+k d- l(N) Hn+k d- ‘(N) Hn+k d(N Nl) 0

ve Hinw
H"Y(Ny) HF (N, N;)
o
H"%(N)

If d> n then H""%(N) = 0; moreover i* : H"**~4N)— H"**~4~Y(N,) is an isomor-
phism, hence H{(N, N,) = 0.
If 0<d<n, then H*****"}(N) =0 and we obtain an isomorphism 0 =(n v,)
5(u g)i* : H* %(N)— H}F(N, N,). Therefore it suffices to show that 6 = + n yu,forue
HLF(N, N,) a generator. We can let u = ¢(1) for 1 € H(N); in other words
dgnv,=p.
Then for « € H"~%(N) we have
O() = (i*a U g) N vy = (= 1)""i*a L dg) N v,
=(—=1""% n (6g N v,)
=(=1)""%np
This completes the proof.

+ (Added in proof) Actually, the following argument is valid even if the long exact sequence is not
split into short sequences; the regular neighborhood N may then be replaced by any thickening,
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The proof of the following Lemma, which requires the construction of explicit fibre
homotopies, is left to the reader.

4.3 LEMMA. Let (X,Y) be a subcomplex of (H",R"~') and let (N; N, N,) be a regular
neighborhood. Let (M; M,, M,) be the regular neighborhood (N><[—1, 1]; N, ><[~-1, 1]
U N><{-1,1}, Ny><[—1, 1]) of (X><{0}, Y><{0}) in (H"><R, R""!><R). If w:
P(M,, M, X)— X and n: #(N,, N, X) —> X are the endpoint maps, then o~n @ 1.

4.4 PrROPOSITION. Let (X,Y) be a subcomplex of (H"+*, R"**~1) of codimension > 3.
Suppose X is simply connected. Let (N; Ny, N,) be a regular neighborhood of (X,Y). The
fibres of the endpoint map w: P(Ny, N, Ny— N (and hence the fibre of (N, N, X) > X
have the homotopy type of S*~* if and only if X satisfies open Poincaré duality for dimension n.

Proof. Assume first that k > cb(X) + 1. Leti: Ny — N be the inclusion. Leta: N, —
#(N,, N, N)be defined by a(x) = constant path x. Then wa = i and « is clearly a homotopy
equivalence. Let # = Z(N,, N, N). Suppose X satisfies open Poincaré duality for dimen-
sion n. It follows from 4.2 that

(1) HXP)~ HN)® H** " (V)

(2) w*:HP(N)— HP(#)is an isomorphism 0 < p <n

(3) vg:HY(P)— H?**~ U (P) is an isomorphism where

g€ H*"}(#) is a generator, 0 < p < n.

Let {EP} be the Leray-Serre spectral sequence for w. Since the isomorphism w* is
the composition HP(N) ~ E§5° — E2° — H?(#P) all maps d, :EP~""~! — E%° are 0 and
E3° ~ EZ°.

Consider E>!. The maps d, all vanish on E$!; hence ES'~E%!, But 0= H!(2?)/
EL® ~ E%' ~ E9'; hence H'(F) = 0 and all E}' = 0. It follows that all maps d, vanish on
E? so that E9? ~ ES% But 0 = H(P)/EL® ~ EQ? ~ EY?; hence H*(F)=0 and all
E%? = 0. Continuing in this way we have H(F) =0 for 0 <s <k — 1 and H* " Y(F) ~ Z.
For r < n we have the commutative diagram

A9
EE‘O ® Eg,k- 1 Ea,k— 1

= | ¢r,0000,k-1 Priic—1
H'(.@) ® Hk_l(,@) SN Hr+k— l(gp)
where the maps ¢ are inclusions as subgroups. Let g = ¢, ,-,(¢'). Since U g: H(P) —
H™%=1)() is an isomorphism, the map ¢,,_, is also. It now follows, as before, that
H(F) =0 for s>k — 1. Therefore a fibre F of w has the cohomology of S*~!. Now
7,(F) = n,(N, Ny). If f: (%, §') — (N, ON) is a simplicial map, then, since the co-dimension
of X in Nis = 3, we can push f off X, and therefore retract finto N,. Thus n,(F) = 0 and
F has the homotopy type of S¥=1. We can now use 4.3 to eliminate the assumption k >
cb(X) + 1.
Suppose, conversely, that F has the homotopy type of S*~!. Then it is easy to see that
(1), (2) and (3) hold, and therefore conditions (1), (2) and (3) of 4.2 hold, so that X satisfies
open Poincaré duality for dimension .
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4.5 Remarks. (1) Let 8 : #(N,, N, N)— N be the initial point map 6(p) = p(0). Then
0 : v~ '(x) — N, corresponds to the inclusion of the fibre into the total space Z(N,, N, X);
if (X, Y) satisfies open Poincaré duality for dimension # and k > » then 6 induces isomor-
phisms of H*™!.

(2) It is clear that X need not be simply connected provided that n,(X, x) operates
trivially on H*(w™ 1(x)).

4.6 PROPOSITION. Let (X, Y) be a finite subcomplex of (H"**, R***~ 1) of codimension > 3.
Let (N; Ny, N,) be a regular neighborhood of (X,Y). Then the fibres of the endpoint map
w: P(Ny, N, X)— X) have the homotopy of type S*~ ' if and only if (X, Y) is a P-pair of formal
dimension n.

Proof. Because of 4.3 we can assume without loss of generality that k > ¢b(X) + 1 and
n + k = 2:(topological dimension X) + 1. Let N be the universal covering space of N and
let p : N — N be the covering map. Let ¥, ..., V, be the vertices of N. By [13], Lemma 1,
there is an & > O such that, for W, ..., W, e R"** satisfying |V; — W,| < &, the simplicial
map f: N — R"** with f(V;) = W, is a homeomorphism. For each vertex ¥ of N let V' be
a point of R"** such that |V — p(¥)| < ¢ and such that the points ¥” are in general position.
Then the simplicial map f: N — R"** with (V) = V' is a local homeomorphism which is
a homeomorphism on X = p~!(X). Hence ([24], Lemma 4.1) if N is shrunk sufficiently
the map f is a homeomorphism, whose image f(N) may not be closed. Letg: N — Rbea
piecewise linear map which goes to oo at co. Define & : N — R****1 by h(x) = (f(x), g(x)).
Let(M; M,, M,)betheregular neighborhood (N ><[—1, 1}; N; ><[—1,1]u N><{-1,1},
N, ><[=1,1]) of (X >< {0}, Y ><{0}) in R****!, Then (M; M,, M,) is homeomorphic to
(N><[-1,1]; Ny ><[-1, 1]JUN >< {~1, 1}, N,><[—1, 1]), which is a regular neighborhood
of (h(X), h(Y)). By 4.4 the fibres of #(M,, M, M) — K have the homotopy type of S*
if and only if (X, Y) satisfies open Poincaré duality in dimension », that is, if and only if
(X, Y)is a P-pair of formal dimension n. But the fibre of #(¥M,, M, M) — M at xe X
is clearly homeomorphic to the fibre of 2(M,, M, M)— M at p(x). The proposition now
follows using 4.3.

From now until the end of §5 we shall regard the particular triangulation of a P-pair
(X,Y) as part of its structure. The fibre spaces given by 4.6, (when (X, Y) is embedded in
(H"**, R***~1) piecewise linearly with respect to this triangulation), are called normal fibre
spaces of (X,Y). They are all stably fibre homotopy equivalent by 4.3, since all regular
neighborhoods are homeomorphic for k sufficiently large.

4.7 PROPOSITION. Let (X,Y) be a subcomplex of (H™**, R***~1) of codimension > 3,
which is a P-pair of formal dimension n. Let (N; Ny, N,) be a regular neighborhood of (X,Y),
and let w : #(Ny, N, N)— N be the endpoint map. Then (X,Y) is orientable if and only if w
is orientable.

Proof. Again we may assume that k > cb(X) + 1. If w is orientable then (X, Y) satisfies
(open) Poincaré duality by 4.5 (2). If w is not orientable and & (w) is the orientation sheaf
of w then in the spectral sequence of w the term EY**~! x~ HO(X; &(w)) is 0; it follows that
H*"'(N,) =0, and (X, Y) does not satisfy (open) Poincaré duality for dimension n by 4.2.
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§5. REDUCIBLE SPHERICAL FIBRE SPACES

5.1 PROPOSITION. Let (X,Y) be a subcomplex of (HY,RN~*). Let (N; N,, N,) bea regular
neighborhood of (X,Y) and let w:P(Ny, N, N)— N be the endpoint map. Then

Proof. Let # = (N, N, N). Then T(w) = N u CZ. Let f: N U C(N,) > Nu CP be
defined by ’ )
f(c0, 0, %) = (c0, 0, %)
f(o0, t, x) = (o0, t, constant path x), for xe N,and0 <t <1
JO)y=y,foryeN.
Letg: N Y C# — N u C(N,) be defined by
g(00, 0, *) = (00, 0, *)

_ {(c0, 21, p(0)) O0<t<1)2
g(c0, 1, p) = {p(2t —1) 12<t<1

g(y)=y,foryeN.
Then gf ~ 1 by the homotopy H defined by
H((oo, 0, *)9 u) = (w’ 0, *)

_ f(o0, t + ut, x),forxe ON,0 <t < 1/2

H{(o, t, %), u) = {(oo, t+u(l —1),x),forxedN,12<t<1
H(y,u)=y,forye N,

and fg ~ 1 by the homotopy KX defined by

K((, 0, #), 4) = (0, 0, %)

(o0, t + ut, p|{0,1 —u] O0<t<1/2
K({(o0,t, p),u) ={(0, t+u/2, p[[0, 1 —u]) 1/2=<t<1—uf2
P2t — 1) 1—u2<t<1

K(y,u)=y,for ye N.

5.2 COROLLARY. If @' = w|ew™ 1(X) then (T(w"), ) = (N/Ny, *).

Proof. (N/Ny, #) = (N U C(N,), ©) = (T(w), ) = (T(w), w), by 2.2.

5.3 COROLLARY. Let X be a P-space which is a subcomplex of R" of codimension > 3.
Let N be a regular neighborhood of X, and w : (0N, N, X) — X the endpoint map. Then w
is reducible.

The remainder of this section is devoted to proving that all reducible spherical fibre
spaces over a P-space X are stably fibre homotopy equivalent; in particular the normal fibre
spaces of X for different triangulations are all stably fibre homotopy equivalent.

Suppose X is a P-space of formal dimension » and = : E—X is a spherical fibre space
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of fibre dimension d. If X is the universal covering space of X with covering map p : X - X,
let # : E— X be p*(n), and # : C; — X the retraction. Let f: E— A4 be a homotopy equi-
valence, where 4 is a locally finite complex with cells of bounded dimension (c.f. proof
of Proposition (0) in [22]). Let w : 4 — X be a simplicial map such that wf~ n. Then X
is a subcomplex of C,, and the pair (C,, A) has the homotopy type of (C,, E). On the other
hand, the pair (C,, A) has the homotopy type of (C;,E). Since X satisfies open Poincaré
duality for dimension n, by 3.1 the pair (C;, E) satisfies Poincaré duality for dimension
n+ d, with H, replaced by H?:F. Therefore (C,, 4) satisfies open Poincaré duality and
consequently (C,, 4) is a P-pair of formal dimension n + d.

Let (C,, A) be embedded as a subcomplex of (H"*4** R*+4+k+1} withregular neighbor-
hood (N; N,, N,). Let

v be the endpoint map #(ON, N, X) —» X
u be the endpoint map (N, N, X) — X
7’ be the endpoint map #(4, C,,, X) — X.

Clearly v is a normal fibre space of X and u is the restriction to X of a normal fibre
space of (C,, 4), while ' ~ =, by 1.1.

5.4 PropPOSITION, Ifd,k>n+ 1thenv ~ u® 7'.

Proof. It is clear from the proof of 4.6 that it suffices to prove the theorem for simply
connected X.

For xe X a map g, : v, — u, * n’, will be constructed in three steps. Each map g,
will be a homotopy equivalence, and the union of all g, will be a continuous map g, which
is a fibre homotopy equivalence by [4], Theorem 6.3.

We will use the following abbreviations:
P(ON) = PN, N, x)
P(Ny) = 2PNy, N, x)
PN) =2P(N, N, x)
PA) =PA,C,,x)
2(C,) =2(C,, C,, x).

Step (1). A homeomorphism ¢, : #(N,) * P(4) — .?(Nl)xC(?(A)) U C(P(Ny))><
P(A) has been defined in §2.
Step (2). Let U < N be a neighborhood of N, such that
DHDUnX=yg
(2) U E"*¥**~1 js a neighborhood of N, in N,
(3) U is homeomorphic to N, ><[0, 1].

Let ¢ : N;><[0, 1] — U be a homeomorphism with ¥(y, 0) =y, for y € N;. Define
iy : P(N)— C(P(N,)) as follows.
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If p(0) ¢ U, then i (p) = (0, 0, x); if p(0) = Y(y, t),forye N, and ¢t € (0, 1), then i (p) =
(0, t, p), where

’ — 'll(y’u) OSuSt
P = {P((u -1 —=1) t<u<l;

if p(0) € Ny, then i(p)=(*, 1, p).
Then i, is a homotopy equivalence with homotopy inverse i;: C(?(N,)) — Z#(N)

defined by
ir(c0, 0, *) = constant path x

i{o,t,p)=pl[1—-11] O<t=<1.
Note that 2(N,) is always left fixed.
Define j.: #(C,) — C(P(A)) as follows.

If p(0) e X, then j.(p) = (00,0, #); if p(0) = (a, t), for ae A and ¢ € [0, 1), then j,(p) =
(o0, t, p'), where
N (X)) O<ucx<t
() = {p((u —9/(1—1) t<u<l.

Then j, is a homotopy equivalence with homotopy inverse j;: C(#(A4)) — #(C,)
defined by
ji(o0, 0, ¥) = constant path x
J;(m»t,P)=P|[1_t,1] P<t.<_1
Note that #(A) is always left fixed.

Using i, and j, we obtain a homotopy equivalence

P(N)><P(C,) v P(N)><P(A4)

P(N1)>< C(P(A)) v C(P(N 1)) >< P(A).

Step (3). Define f, : P(ON)— P(N,)><P(C,) v P(N)><P(A) by f.(p)=(p,rop),
where r: (N, N,) — (C,, A) is the retraction.

Now define g, : P(ON) — P(N,) » P(4) by g, = ¢} ' f..

To complete the proof it is sufficient to show that £, is a homotopy equivalence. Since
#(N) and #(C,,) are contractible it suffices to show that

Sz 1 (@PN), P(ON)) —— (P(N), P(N})) ><(P(C,,), P(4))
induces isomorphisms of H**9, We have the commutative diagram
Ix
(P(N), (ON)) — (P(N), P(N 1)) ><(P(C.), P(4))
8 02=0" x 0"

A 1xr

(N, 0N) — (N, N)><(N, N;) — (N, N)><(C,, A)
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where 0,, 6} and 03 are initial point maps and A is the diagonal.
To see that 6, induces an isomorphism of H?**, consider the diagram
0= H***"Y(P(N)) —> H** "~ Y(P (0N)) — H**P(N), P(0N)) —> H**YP(N)) = 0
[‘Ad 0"

0= Hk+d—1(N) - H"*""(BN) _—— Hk+d(N’ aN) - Hk+d(N) = 0.

Since (4.6) the map 6* is an isomorphism, 8, * is also. Similarly (85)* is an isomorphism
of H* (using k > n + 1) and (63)* is an isomorphism of H? (using d > n + 1). Hence 6,*
is an isomorphism of H**4,

Let « and B be generators of HN, N,) and H¥C,,, A), respectively. Let u e H,, (N, N,)
and v; € H,,;+4(N, ON) be generators, and let u; = r, u, wherer : (N, N,) — (C,, A) is the
deformation retraction. Then (c.f. proof of 4.2) we have « N v, = p.

Now f corresponds to U(zn); hence f n p, is a generator of H,(C,) by 1.6. Therefore
Buadynv,=r*fn(@nv)=rfnpu

is a generator of H,(N). This proves (c.f. proof of 4.2) that r*f U « is a generator of
H**Y(N, ON).

If y is a generator of H**4((P(N), P(N,)) >< (#(C,), #(A))), then
(¥ @) = (£)*(6,* (2>< B))
= 0,*A*(1 ><r*)a><f)
= 0, *A%(a><r*p)
=6,*@ v r*p),
so (f.)*(y) is a generator of H**(#(N), #(6N)). This completes the proof of 5.4.

5.5 PROPOSITION. Let (X,Y) be a P-pair and v a normal fibre space. Then T(v) is the
S-dual of X|Y.

Proof. Let (X,Y) be embedded as a subcomplex of (H"**, R***~1) and let (N; N,, N,)
be a regular neighborhood. We can assume that we actually have N < (I"*F, ["+k—1),
If o ¢ R™*¥, then {0} x I"** is S"**. Now X u (S"** — Interior N) is an S-dual for N,
and S"** — Interior N isan S-dual for N. Hence X U (S"** — Interior N)/(S"** — Interior N)
is an S-dual of N/N;. But X u (S"** — Interior N)/(S"** — Interior N)~ X/Y and
N/N, = T(vy) by 5.2.

5.6 PROPOSITION. Let X be a P-space with normal fibre space v and let © be an S-reducible
spherical fibre space over X. Then n ~ V.

Proof. We can assume that fibre dimension n > 1 + formal dimension X. We have,
using the notation introduced before 5.4,

v~ i*u@n
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where i : X — C,, is the inclusion. If r: C, — X is the retraction then r*v ~ u @ r*n or
p~r*v® (r*n)~ L.

Since T(n) is S-reducible, its S-dual is S-coreducible. Since T(n) ~ C,/A4, by 5.5 the
S-dual of T(x) is T(u) and by 2.1 we have T(u) = T(r*v @ (r*n)~1). Thus T(r*v @ (r*n)~ )
is S-coreducible and it follows from 2.5 that r*v @ (r*n)~? ~ l,orr*v ~ r*n. Sincerisa
homotopy equivalence, v ~ =.

§6. OBSTRUCTION THEORY

Let X be a P-space and let v be a normal fibre space of X, of fibre dimension k. Let
f: X— By, be a map such that f*(ny,,) ~ v. The composite maps X EN By — By are
all in one homotopy class; we denote (maps in) this homotopy class by Sy. The class Sy
is called the normal or Gauss map of X. The condition that there is a reducible vector bundle
over X can be expressed very succinctly.

6.1 PROPOSITION. There is a reducible vector bundle over a P-space X if and only if there
is a map éx : X — B, such that the following diagram commutes up to homotopy.

Proof. Suppose iC%x ~ &y. For some k we have &y : X — By, and éx : X — By
Then S *(gay) ~ Ex*i*(Taay) ~ Sx*[Mow] ~ [Sx*Tow)- Since Sy*(myay) is reducible,
sois € x* (o). Conversely, if for some f: X — By, the bundle f*(my(,) is reducible, then
) *(nuwy) ~ [ *nyay) ~ [ *[mow) and (f )*(nyy) is reducible. Hence if ~ Sy.

It follows from 6.1 that if X is a P-space there is an obstruction theory for the existence

of a reducible vector bundle over X, namely the obstruction theory for the existence of éx.
More generally, given a spherical fibre space © over any complex X, suppose n ~ f,*(n,,(,‘))
for f, : X — By,. Let f, also denote the composition X ek Byuy — By. Then there is an
obstruction theory for the existence of f, : X — B, with if, ~f,. If i: By — By is the
fibring associated with i : B, — By, then the existence of f, is equivalent to the existence of
amap f, : X — Bj such that 7/, = f,, hence to the existence of a cross-section of the induced
fibre space f,*(7). The p™ obstruction 0?(n) to finding a cross-section depends only on the
~ equivalence class of 7 and is an element of H*(X;n,_,(F)), where Fis a fibre of i. Asusual,
the higher dimensional obstructions are not in general well-defined. If X is a P-space we
define OP(X) as 0P(v) where v is a normal fibre space.

The groups n,(F) can be identified as follows. We have B; = B, and, for n < k — 2,
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the following diagram commutes, where J,_, is the J-homomorphism (c.f. [2], pp. 293-295).
(ix)

“n(BO(k)) —_— Tfn(BH(k))

55 s, ¥
T, (O(k)) —— I, _,
Hence the exact homotopy sequence of 7 becomes
1,(0) 3 11, — 1,(F) = 7,1 (0) 2225 10, .
Since ([1]) J,- is a monomorphism for n — 1 = 0 or 1 (mod 8), we have
kerJ,_.,~Z n—~1=3,7 (mod 8)
kerJ,.; =0 otherwise,

Hence the sequence always splits and
n(F)~Il,/image J, ® Z n=0,4 (mod 8)
n,(F) ~ I1,/image J, otherwise.
The first few groups are given below.
n o]t ]2 |3]|4]5]|6]|7
mF) | 0|0z o] ZzZ]|o0o]|z|o0
Examples. (1) Every P-space of dimension 4 has a reducible vector bundle over it.
(2) There are ([6], p. 44), 3-connected compact PL-8-manifolds M8, which do not

have the homotopy type of a compact C* manifold. But there is a reducible vector bundle
over M5,

If X is an (n — 1)-connected P-space the primary obstruction @"(X) is well-defined.
In the next two sections 0"(X) will be characterized in terms of a cohomology operation
on X, as indicated in Theorem B of the Introduction. The content of this Theorem is
contained in 8.3 and 8.4.

§7. THE COHOMOLOGY OPERATION ¢

Let 2<k <n-—2. In [11], §8, a cohomology operation ¥ : HK, L; Z) — H(K, L;
7, 1(SY)) is defined when (K, L) has the homotopy type of a CW-pair and satisfies the con=
dition: H?(K, L; G) = 0 for k < p < n and for all coefficient groups G.

If n < 2k then ¥ is a homomorphism and =n,_,(S*) ~ I1,_,_,. If n =2k, then ([11]},
Lemma 8.2)
Yo + B) = Y(@) + Y(B) + [i*, i*I(a U B)

where [i*, i*] stands for the coefficient homomorphism Z — n,,_,(S*) which carries 1 into
the Whitehead product [i*,i*], where i* € m,(S*) is the generator. Since the kernel of the
suspension homomorphism X : 7y, (S¥) — n,,(S**!) ~ IT,_, is generated by [i¥, i¥),
the composition of Y and the coefficient homomorphism X is also a homomorphism,
which will also be denoted . These are the only two cases when i will be considered.
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7.1 PrROPOSITION. If
Y H'(Xy, Y13 Z) > H™ (X, Y5 10,-)
¥ HY(X,, Y;; Z) = H™ (X, Y3 0, y)
¥ H™ (X, Y1)><(Xy, Ya); Z) —
— H"""M(X |, Y)><(X,, 1)); | Py
are all defined and a € H™(X,,Y,; Z), B H'(X,,Y,; Z), then

Ya@><f) = Y(@)><f + (= D™a><y(h).

Proof. (Unpublished proof of Milnor). Given spaces 4 and B with base point define
A x B as A><BfA v B. The suspension of a map f: 4 — Bisthe map fx i': 4 x S' —
B x S*. The k-fold suspension is f x i*. If f: §**97! — S"is a map then i* x f: S"*9~1
S"** is also defined and i* x f ~ (— )9~V £ x j* Let D" be the standard n-cell with
orientation u, € H,(D", "~ ). Let

f:8""" ! S"and g : (D", ") > (S", %)
be given maps. Then a map
h: (D™ 95<D") — S™ x §"
is defined by
h(x, y) =f(x) x g(y) for xeS™*1"!
h(x, y) = » for yeS" L

Let (D ™*?>< D" be oriented by (u,+,><p,). Then / corresponds to an element
of n m+ntqg—- l(sm+")'

Assertion 1. If g has degree d then h corresponds to d times the n-fold suspension of f.
For 4 can be factored as

g S%in
D" X D) —s S"HIl e S S x §"

where
g(x, ) =xxg(y) for xesS"te!
g'(x, y) =* for xeS" 7,
and g’ has degree d.
Similarly given f: (D™, S™ 1) — (S™, ) with degree d and g : S"**~! — S™ a map
h:d(D™><D"*%) — S™ x §"
is defined by
h(x, y) = » for xeS™ !
h(x, y) =f(x) x g(y) for yes~a i

Assertion 2. h corresponds to (— 1) ™d times the m-fold suspension of g.
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The proof is similar to the above except that a sign (—1)™ is introduced from the for-
mula for d(u ,>< fty 4+ 5), and a sign (—1)™@~ 1 is introduced to relate i™ x g to the m-fold
suspension of g.

Now let o and f be represented by cocycles a e C™(X,Y;) and b € CY( X, Y,), respec-
tively. Let
FrXTTTN UYL, XTTRU Y = (ST )
g (X3 U Y, XU ) (ST, %)
be maps representing a and b, respectively. Then the obstruction o(f) € C™*9(X,,Y,;
T m+q—1(S™)) to extending f represents y(«) and o(g) represents Y(b). Let (M, N) = (Xy,Y,)
><(X3,Y,). A map
h:Mmtrte=1 g N, M™T" 1 U N)— (S™ x S, %)
corresponding to @ >< b is defined by
h(x,y) =f(x) x g(y) if xeX7*7 ! yeXx3re?
h(x, y) = * if xeXT7'uY,yeXiluy,.

This same formula can be used to extend h throughout the interior of a cell
e,°><e?*"*17< unless ¢ = m + g or m. Using the two assertions, the desired formula is
obtained.

7.2 CorOLLARY. If, in the hypothesis of 1.1, we have X; = X, = X, then Yy(a L f) =
Y@ v B+ (=)™ a v y(h).

Proof. Let Z, =Y, uX;P ! and Z,=Y,u X3~ It follows from the Kunneth
theorem that y : H™*"((X, Z,)><(X, Z,);Z) — H™ " 9((X,y,)><(X, Z,); 11, _,) is defined.
Since the natural homomorphism H™(X,Z,)— H™(X,Y,) is onto, there exists an element
o' € H™(X,Z,) representing «. Similarly choose p'e H(X,Z,). Let A: (X,Y; U Y,)—
(X, Z,)><(X, Z,) be the diagonal map. The required identity is obtained by applying A* to

Yla'>< f) = Y(o')>< B’ + (— D)™’ ><y(B").

Let X be an (n — 1)-connected space (n >2) and let n: E— X be a spherical fibre
space of fibre dimension k = n. Then (C,, E) has the homotopy type of a CH-pair (c.f.
discussion preceeding 4.5) and H?(C,,E;G) =0 for k <p <n + k and for all coefficient
groups G. Hence Y(U(n)) e H"**(C,, E; I1,_,) is defined. Let Y(U(n)) = o(Y"(n)) =
r*x"(n) u U(r) for Yy"*(n)e H'(X;11,_,), where r: C, — X is the retraction. It is clear
that y"(r) does not depend on the orientation of = and that "(1) = 0.

7.3 PROPOSITION. Y"(mty @ 7,) = Y'(ny) + Y"(w,).

Proof. Let ny @ ny=n: E— X, Let r;: C,;,— X and r: C,— X be the retractions.
Let

Crzl = UX(El)xx(an)x

C, e xLE)X(CM)x >< (Ez)x .
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Then (c.f. discussion of the join in §1) wecanregard C,! U C,*as Eand |J (C,,),><(C,,),
*eX

as C,. If p;: C, — C, (i = 1, 2) is projection on the i'® factor we have the maps
Cﬂl < Cﬂ < (CEQ C’!i)

W
EicC, <(CE)
where »; is the restriction of p;, which is the restriction of g,.
Asin [15], Theorem 11, it follows that ¢, *U(x,) U g, *U(n,) = U(n). Let U; = U(rn;) and
U = U(xn). Then by (7.2)
Y(U) =¥(q,*U) v ,*U, + (-1)™¢* Uy U ¥(q,*U>)
=q,"W(U) v ¢;,*U, + (=1)™q,*U; U g,*%(U,)
= q,*(r " (m) v U) v q;,*U,
+ (=1)™q,*U; U g* (r"Y"(m2) U Uz)
=n,*r;*Y(n,) U ¢,*U; U ¢,*U,
+ 1 " (m) v q* U U 9, U,
= [r*"(my) + r*yi(my)] v U
Since Y(U) = r*y"(n) L U the proof is complete.
7.4 CoROLLARY. Y"(n) depends only on the ~ equivalence class of =.

If Xis an (n — 1)-connected P-space, then y"(X) is defined as y"(v) for any normal fibre
space v of X. Let N be the formal dimension of X. If N—n<p < N then we have
HY(X;G)~ Hy_(X;G)=0 so the homomorphism ¥ : H¥""(X; Z) —» HY(X; II,-,) is
defined.

7.5 PROPOSITION. U Y*(X) : HY "™(X;Z)— HY(X;II,_,) is (= 1)"¥* D*1 times the map
Y HY"MX;Z) — HY(X;T0,_y).

(Remark. It is clear that y"(X) is the unique class with this property. Hence y"(X) can
be computed, knowing only the topology of X).

Proof. Let n: E— X be a normal fibre space of fibre dimension k, and let r: C; — X
be the retraction. Since 7 is S-reducible we may assume, without loss of generality, that =
is reducible. Let f: (S¥**, ) — (T(x), ) be a map inducing isomorphisms of ff, forg > N.
Considering T(r) as C, v CE we have the following commutative diagram.

HY*""(C,, E;Z) ¥~ HYV*XC,, B3 TH,-y)

15 55

HY**=%(T(n), ; Z) £~ H¥*¥(T(n), o0} T,_,)

re slre

L
0= HN'Hc—n(SlH-k a;z) ¥ HN+k(SN+k, a; nn—l)
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Therefore y : H¥**~%(C,, E; Z) — H"*¥C,, E;11,_,)is0. Themapsy : HY "(X;Z) —
HYX;,_,) and y : HXC,, E; Z) —» H***(C,, E; I1,_,) are defined. Letx € H' ~"(X; Z).
Then by (7.2)

0 = yY(r*a u U(n) = Y(r*a) v U) + (= 1"V Dr*a U Y(U(n)).
Hence y(r*a) u U(n) = (—1)"®+ D+ pxg G r*y™(z) U U(r), and therefore
Y@ = (= 1N D 0 0 Y(n).

Let X, be the P-space defined in §3, where « € 7,5, ,(S"), and let ¢, ¢, € H*(X,) be as
defined in §3.

7.6 CoROLLARY. Y"(X,) e H'(X;;1L,_ )~ H' (X, Z) @ I, is (= 1)"*'c, ® Za.

Proof. Consider y : HX(X,; Z) — H*(X,; 1,_,) ~ I1,_,. A cocycle representing c; is
lon S"andOon S5_;, s0 a map f: S," v S,” — S" representing c; is the identity on S;" and
trivial on S3_;. Therefore y(c,) = X « and y(c,) = 0, and the result follows from 7.5, and
the matrix for the cup-product pairing for X,, given in §3.

§8. THE PRIMARY OBSTRUCTION

Let Bsy,y[0,n — 1] be the space obtained from Bgg, by attaching cells of dimension >
n+1 to kill off all homotopy groups of dimension >n. The inclusion j: Bsyq,—
Bsgy[0, n — 1] induces isomorphisms of homotopy groups in dimension <»n — 1. Let = :
Bgyay — Bsgayl0, n — 1] be the fibring associated to j; the fibre will be denoted Bsy;,[n, o).
Then the inclusion Bsyy[n, ©0) = Bsyay & Bsyw) induces isomorphisms of homotopy groups
in dimensions > n, and Bsgq,[n, ) is the base space of a spherical fibre space ngy,,, of
fibre dimension &, which is universal for spherical fibre spaces of fibre dimension k over
(n — D-connected CW-complexes. The stable Bgg[n, o) is defined in the obvious way.

For k > n + 2 the obstruction ¢"(nsyy,),») is an element of H"(Bgg,[n, 0); n,—(F)) =
H"(Bggln, 0); ©,_(F)). Identifying these elements for all X > n + 2 we obtain an element

0" € H"(Bsy[n, o0); n,.(F)) % Hom(n,(Bsg), 7, 1(F)).
8.1 ProPosITION. (", considered as an element of Hom(n,(Bsy), n,— ((F)), is the boundary
homomorphism 0 : n,(Bgy) — m,_(F) of the fibre space i : Bgo — Bgy.

Proof. Let f:S" — Bggy be a map, where k£ > n + 2. Under the identification of the
following diagram f* is evaluation of a homomorphism y on [f], where [f] is the homotopy
class of the composition S" ER Bspwy — Bsn.

H(S"; 7, y(F)) +— H"(Bsn(k)[n, ©0); 7, 4(F))
58 55

f.
Ty l(F ) — HOI’D(?C,,(BS"), Ty~ I(F))
Hence 0"(f *(nSH(k),n)) =f *0"(7’5s11(k),n) = O"([f].
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On the other hand, consider the regular cell complex structure for S" consisting of
two k-cells, o,* and o,*, for 0 < k < n. We can assume that f|o," is trivial. The obstruction
O"(f*(nspayn) € H'(S"; m,— 1(F)) = 7, 1(F) is defined by covering the reverse of the radial
contraction of ¢," into the origin of ¢,", obtaining an element of n, _ ,(F). Buttheelement so
obtained is just o([f]).

For k>n+2 the class Y"(nsyu),) is an element of H"(Bsygyln, ©); I,_ )~
H"(Bgy[n, o0); 1,_,). Identifying these elements for all kX > n + 2 we obtain an element.

Y" € H'(Bsg[n, 00); I1,_ 1) ~ Hom(m,(Bgy), I1,— ).

8.2 ProPoOSITION. ", considered as an element of Hom(n,(Bsy), I,_,), is an isomor-
phism.

Proof. Let f: §?"~! — S" and let v be a normal fibre space of X;, of fibre dimension
k <n+ 2. Then v|S]" ~ g:*(nspq).) for someg;: S" — Bsyy,yln, ). Let o ([f]) € n,(Bsy)
be [g;], considered as an element of =,(Bgy). Then Y"(X(;) = c; @ Y"(o.[fD Bc.®
Y (@2[fD. But (7.6) ¥"(Xip) = (—=1)"*" ¢, ® Z[f]. Hence Y(@.IfD=(-1)"*'Z[f]
(and ¢"(p,[f]) =0. Since Z is onto IT,_,, the homomorphism " is also onto. Since
r,(Bsy) and II,_, are isomorphic finite groups, ¥" is an isomorphism.

8.3 CoROLLARY. Let X be an (n — 1)-connected P-space of dimension N > 2n. Under
the coefficient homomorphism

@ym-? 2
Hn—-l —_— nn(BSH) - ﬂn—l(F)

the class Y"(X) goes into 0"(X).

Proof. The coefficient homomorphism (y")~!:II,-,; — n,(Bsy) takes Y" e Hom
(n,(Bsg), I1,—1) into 1 € Hom(n,(Bsg), m,(Bsy)). Therefore the coefficient homomorphism
a")~! takes y" into 0" = 0 € Hom(n,(Bsy), n,-;(F)). Therefore this coefficient homo-

morphism takes Y"(X) into ¢"(X).

The composite isomorphism 7,_ ,(SH) = 7,(Bsg) ¥ 10,_, multiplied by (—1)"*! will
be denoted j,— ;.

8.4 ProroSITION. The following diagram commutes.

7,-1(S0) ——— m,_(SH)
N\

In-1 \\ Jn-1

N\

Jo-1 am -1
Therefore the sequence n,.,(SO) — I1, 4 — 7,_y(F) is exact.

Proof. LetJ,_(a) = [f] for f: §2"~! — S". Let v be a normal fibre space of X ;.
It suffices (c.f. proof of 8.2) to prove that v|S," has characteristic map ig where [g] = a.

n—1
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Consider the S"-bundle n : E— S" whose characteristic map is —a, where « is con-

sidered as a member of n,_,(R,,,). Let a =k,p for fen,_,(R,), where k : R,— R, is
the inclusion. Then J,_ (&) =J,_,(k8) = — £ J,_,(B). Choosing such a f corresponds
to choosing a cross-section s of the bundle n : E— S". If ae S", the space E is n~(a) U
s(SM U [ Y(S" — a) — 5(S,)] = S,"U S," U e?”, where (c.f. [10], p. 206) the attaching map
is =iy oJ,1(f) ® 0 ® [i},i,]. Thus the C* manifold E may be chosen for X, (with
[f1= —J,-:1(B)). Therefore it suffices to prove that the restriction to S," of the normal
bundle of E in R"** is stably equivalent to a bundle with classifying map «; this assertion is
equivalent to the obvious fact that 7;|S,” is stably equivalent to a bundle with classifying

map —a.

wWN =

—
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