
Bordism and involutions 

By R. E. STONG 

1. Introduction 

Let X be a topological space with A c X a subspace, and let c: (X, A) --> 

(X, A) be an involution; i.e., a continuous map c: X --> X with square the 
identity and such that cA c A. Combining the notions of bordism (Atiyah 
[1]) and of differentiable periodic maps (Conner and Floyd [4]), one may define 
bordism groups of the involution (X, A, c). 

Specifically, a (free) equivariant bordism class of (X, A, c) is an equiva
lence class of triples (M, p, J) with M a compact differentiable manifold with 
boundary, p: M --> M a differentiable (fixed-point free) involution on M, and 
J: (M, oM) --> (X, A) a continuous equivariant map [cJ = Jp] sending oM into 
A. Two triples (M, p, J) and (M', p', J') are equivalent, or bordant, if there 
is a 4-tuple (W, V, l.i, g) such that Wand V are compact differentiable mani
folds with boundary, 0 V = oM U oM' and 0 W = M U M' U V/oM U oM' == 0 V, 
l.i: (W, V) --> (W, V) is a differentiable (fixed-point free) involution restricting 
to p on M and p' on M', and g: (W, V) --> (X, A) is a continuous equivariant 
map [cg = gl.i] restricting to J on M and f' on M'. 

The disjoint union of triples induces an operation on the set of (free) equi
variant bordism classes of (X, A, c) making this set into an abelian group. 
This is a graded group, where the grading is given by the dimension of the 
manifold M, and one lets 9C*(X, A, c) be the group of equivariant bordism 
classes of (X, A, c), and one lets ~*(X, A, c) be the group of free equivariant 
bordism classes of (X, A, c). If A is empty, one writes 9C*(X, c) and ~*(X, c) 
for these groups. 

Letting X be a point, with A empty and c the identity map, this reduces 
to the situation studied by Conner and Floyd [4], with 9C*(pt, 1) = I*(Z2) and 
~*(pt, 1) = 9C*(Z2) in their notation. 

The main purpose of this paper is to compute the groups 9C*(X, c) and 
~*(X, c) and to explore their interrelationships. As always, however, the 
study of an involution (X, c) is really the study of a pair (X, Fo c), with FT 
the fixed-point set of c, and one is forced to consider pairs in order to study 
the absolute case. To study more general pairs tends to force a study of 4-
tuples, and this additional complication will naturally be avoided. 

The major portion of this paper is a geometric analysis of bordism of in-
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volutions, following the Conner and Floyd approach. The main results are 

PROPOSITION 1. Equivariant bordism and free equivariant bordism are 
equivariant generalized homology theories on the category of pairs with 
involution. 

PROPOSITION 2. There is an exact sequence 

~ k* 
9'C*(X, A, T) --------t 9'CAX, A, T) 

~ / 
s~ /F 

E9:~o 9'Ck (F< x BO(* - k), (A n F<) x BO(* - k)) 

where k* forgets freeness, F is obtained from analysis of the fixed-point set, 
and S is obtained from a sphere bundle construction. 

PROPOSITION 3. ifc*(X, A, T) = 9'C*(X X S=/T x a, A x S=/T x a) where a 
is the antipodal involution on the infinite sphere. 

PROPOSITION 4. For any involution (X, T), the equivariant bordism exact 
sequence of the involution (X, Fn T) is naturally split. Thus 

9'C*(X, T) = 9'C*(Fn 1) EB ifc*(X, Fo T) 

or 9'Cn (X, T) is isomorphic to 

{E9~;~_l9'Ck(F< x BO(n - k))}EB9'Cn(X x S=/T x a, F< x RP(oo)). 

This last makes extremely precise the heretofore vague feeling that the 
general involution is a combination of a trivial involution and a free involu
tion. In particular, understanding these two special cases really gives com
plete information about the general case. 

Exploring the bordism analogue of the Smith homomorphism one has 

PROPOSITION 5. There is an exact sequence 

~ £* 1 + T* ~ 
9'CAX, A, T) -----t 9'CAX, A) ------t 9'C*(X, A, T) 

1 I 

A 

where S!.* forgets equivariance, 1 + T * converts any map to an equivariant 
map (sending f: M ---> X to g: M x Z2 ---> X with g(m, 1) = f(m), g(m, -1) = 

Tf(m)), and..:l is a Smith homomorphism of degree -1. 
The general development ends with an equivariant formulation of spectra, 

aimed primarily at obtaining free equivariant bordism in analogy with the 
classical spectra theoretic approach to bordism. This approach differ(from 
that of Bredon [3, Chapter Ill], which is inadequate for free bordism. The 
main result justifying this approach is a Poincare duality theorem. 

• 
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PROPOSITION 6. If X is a closed n-dimensional differentiable manifold 
with differentiable involution r, then 

~q(X, r) ~ ~,,_q(X, r) , 

the "cobordism set" being formed with a suitable equivariant Thom 
spectrum. 

As an application of the equivariant bordism concept, following a sug
gestion of Professor P. E. Conner, the final section of the paper considers the 
bordism classification of 4-tuples (M, a, ~, a*) where M is a closed differenti
able manifold, a: M -> M is a differentiable involution, ~ is a real n-plane 
bundle over M, and a* is an involution of ~ by a real bundle map covering a. 
Since n-plane bundles of this type are classified by equivariant maps into 
BO(n) with appropriate involution r, the problem is to analyze the equivariant 
bordism group 'JCABO(n), r). The main results obtained are 

PROPOSITION 7. The correspondence 

(M, a,~, a*) ~ (M/a L BO(l) x BO(n») , 

where f classifies the line bundle associated to the double cover of M/a by 
M and the n-plane bundle ~/a* over M/a, defines an isomorphism 

q: ~*(BO(n), r) ~ 'JC*(BO(l) x BO(n») . 

PROPOSITION 8. The fixed point set of the involution r: BO(n) -> BO(n) 
is the disjoint union of the spaces BOU) x BO(n - j) for 0 ~ j ~ n, and the 
exact sequence of Proposition 2 becomes a split exact sequence 

o ~ 'JC*(BO(n), r) ~ EB:~o EB;~o 'JCk(BO(* - k) x BOU) x BO(n - j)) 
s 
~ 'JC*(BO(l) x BO(n») ~ 0 • 

In particular, the fixed point information completely determines the bor
dism class of the 4-tuple (M, a, ~,a*). Most of the Conner and Floyd analysis 
of involutions on manifolds may then be carried through for such 4-tuples. 

A closely related application is the bordism classification of Atiyah real 
bundles over manifolds given by 'JC*(B U(n) , c) where c is the involution induced 
by complex conjugation. These groups are also studied together with their 
relation to 'JC*(BO(2n), r). 

The author is indebted to the National Science Foundation and Princeton 
University for financial support during this work, and to Professors P. E. 
Conner and Larry Smith for many useful discussions concerning these ideas. 

2. Bordism as an homology theory 

Let 9> denote the category of pairs with involution, (X, A, r), and equi-
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variant maps of pairs. Let JC ,,(X, A, r) denote one of 91,,(X, A, r) and 
~,,(X, A, r). If f: (X,A,r) -> (Y,B,a), let JC,,(f): JC,,(X,A, r) -> JC,,(Y,B, a) 
be the homomorphism sending [(M, ft, g)] to [(M,ft,j·g)]. Leta,,:JC,,(X,A, r)-> 
JC"-l(A, r) be the homomorphism sending [(M, ft, g)] to [(aM, ft, g)]. One then 
has 

PROPOSITION 1. {JC ", a,,} is a sequence of covariant functors JC ,,: 9' t-> 

Abel, together with a sequence of natural transformations a,,: JC ,,(X, A, r) -+ 

JC"_l(A, r) satisfying 
( 1) If fo, f1 are equivariantly homotopic maps, then JC ,,(fo) = JC ,,(f1). 
( 2) If U is an invariant open set with closure contained in the interior 

of the closed set A, then the inclusion i: (X - U, A - U) -> (X, A) induces 
an isomorphism 

JC,,(i): JC,,(X - U, A - U, r) ~ JC,,(X, A, r) . 

( 3) The sequence 

X,,(i) X,,(j) a" 
... ~ JC,,(A, r) ~ JC,,(X, r) ~ JC,,(X, A, r) ~ JC"-l(A, r) ~ ... 

with (A, 0, r) ..!.. (X, 0, r) i. (X, A, r) the inclusions, is exact. 

PROOF. This is, of course, very easy to prove and also fairly standard. 
To see (1), one notes that an equivariant homotopy G: (M x I, aM x 1)-> 

(X, A) gives a cobordism from (M, ft, G( , 0») to (M, ft, G( , 1»). To see (2), one 
notes that, if g: (M, aM) -> (X, A), there is an equivariant submanifold with 
boundary M' c M with M - M' also a manifold with boundary and such that 
M' c g-l(X - 0), M - M' c g-l(interior A) [One need only split M at a reg
ular value of Uh + haft] where h: M -> [0,1] is differentiable with h-1(0):J 
g-l(O) and h-1(1):J X - g-l(AO)] and then g: (M', aM') -> (X - U, A - U) is 
bordant in (X, A) to (M, ft, g) by (M x I, aM x I U (M - M') x 1, ft x 1, 
go 11:J, so JC,,(i) is epic. The same construction applied to a bordism shows 
that JC,,(i) is monic. To prove (3) requires six steps. 

(1) JC,,(j)JC,,(i) = 0, for JC,,(j)JC,,(i)a is represented by a map 
g: (M, aM) -> (X, A) with g(M) c A, and then (M x I, aM x I U M x 1, ft x 1, 
g 0 11:1) is a bordism to zero. 

(2) ker JC,,(j) c im JC,,(i) for if g: M -> X bounds (V, W, lJ, h) then 
a W = aM = 0, so h: W -> A is a bordism element equivalent to (M, ft, g). 

(3) a"JC,,(j) = 0 for a"JC,,(j) [M, ft, g] is represented by (aM, ft, g) and 
aM is empty. 

(4) ker a" c im JC,,(j) for if a,,[M, ft, g] is zero, then (aM, ft, g) is the 
boundary of some map h: (V, lJ) -> (A, r), and letting W = M U V/aM == av, 

• 
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(W x I, V x 0, (fl U l.i) X 1, (g U h) 0 1rl) 

is a bordism of (M, fl, g) with (W, fl U l.i, g U h) which is a representative 
coming from X n(X, T). 

(5) Xn-1(i)an = 0 for (aM, fl, g) bounds (M, 0, fl, g). 

(6) ker JCn-1(i) c im an, for if [M, fl, g] E JCn-1(A, T) is zero in JCn-1(X, T) 

there is an h: V -> X, with a(V, 0, l.i, h) = (M, fl, g), so [V, l.i, h] E JCn(X, A, T) 

with an[V, l.i, h] = [M, fl, g].** 
This makes both 91* and ~* equivariant generalized homology theories 

on the category of pairs with involution, as defined by Bredon [3, Ch. I, § 2], 
for example. Slightly more details for the proof of the proposition may be 
found in Conner and Floyd [4, Ch. I, § 5]. 

3. Nature of the fixed-point set 

If T: X -> X is an involution, the fixed-point set of T, Fe, is the set of 
points x E X with T(X) = x. 

Being given a class a E 91 n(X, A, T) represented by (Mn, fl, f), one has 
the equivariant mapf: (M, aM) -> (X, A). If m EFl" Tf(m) = f(flm) = f(m), 
so f(m) E Fo defining a map f I Fp: (Fp, Fp noM) -> (Fo F~ n A). 

As in Conner and Floyd [4, § 22], Fp is a manifold with boundary, oFI' 
being Fp n aM, and one lets F~ be the union of the k-dimensional components 
of FI'. The normal bundle of F~, l.i k , is an (n - k) plane bundle classified by 
a map l.i k : F~ -> BO(n - k). One then has a map 

cp = U;~o (f I F~ x l.i k ) : U;~o F~ ---> U;=o F, x BO(n - k) 

and sending U;=o a(F;) into U;~o (F, n A) x BO(n - k). 
Assigning to (Mn, fl,f) the class of this map defines an element of 

m;=o 91 k(F, x BO(n - k), (F, n A) x BO(n - k)) , 

which may be seen to depend only on a by making the same construction on 
a bordism. This defines the homomorphism 

F: 91*(X, A, T) ---> e:=o 91k (F, x BO(* - k), (F, n A) x BO(* - k)) • 

The critical point in extending the Conner and Floyd results to bordism 
of involutions is the observation that, up to bordism, the map cp completely 
determines the nature of the map f: M -> X in a neighborhood of the fixed
point set Fp. 

Specifically, there is a map g: (M, aM) -> (X, A) equivariantly homotopic 
(through such maps) to f, with g I F = f I F and such that on a tubular neigh-

fL fL 

borhood V k of F~ 
flpk 

g I Vk = f I pk 0 1r : V k 2:: D(l.i k ) ~ F~ --~ F, , 
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7r being the projection of the disc bundle of V k , D(vk ), on F~, V k being iden
tified with D(vk ) in the standard fashion so that /11 Vk coincides with multi
plication by -1 in the fibers of D(vk ). 

To see that this is possible, one identifies some tubular neighborhood V £ 
of Fk with D'(vk ) equivariantly and applies a fiberwise deformation in D'(vk ) 

fixed on a neighborhood of the sphere bundle S'(v k ) and shrinking a smaller 
neighborhood D(vk ) to its zero section, F~. 

Being given (3 E W.k(Fr x BO(n - k), (Fr n A) x BO(n - k») represented 
by a map g: Hk ---> Fr x BO(n - k), let p be the (n - k) plane bundle over Hk 
induced by 7r2o g from the canonical bundle over BO(n - k). One then has 
I: D(p) ---> Fr defined by 7r1og0 7r, with 7r the projection of D(p). Using the in
volution of D(p) given by -1 in the fibers, I gives an equivariant map of 
D(p) into X. The restriction of the involution to S(p), the sphere bundle of 
p, is fixed-point free, and sends the boundary of S(p) (the inverse image of 
aH k under 7r, or S(p I OHk») into A, so I I S(p) : S(p) ---> X defines a class 
S((3) E ~"-l(X, A, r). 

Letting k* : ~*(X, A, r) ---> W.AX, A, r) be the homomorphism induced by 
forgetting the free condition, one then has 

PROPOSITION 2. The sequence 

is exact. 
PROOF. The proof is an obvious repetition of the proof given by Conner 

and Floyd [4, § 28], making use of the observations about fixed-point structure. 

(1) Fk* = O. If 'Y = [M, /1, f] E ~*(X, A, r), FI' is empty so FkA'Y) = o. 
(2) SF = O. If a = [M, /1, f] E w.*(X, A, r), with fixed set FI' and 

tubular neighborhoods V k = D(v k ) on which I I Vk = I IF Z°7r, then SF(a) is rep

resented by U~=o I I S("k) : U~=o S(vk ) ---> X, and 

(M - U Vf, aM - U (Vk n aM)O, /1,/) 

is a bordism of this to zero (where ° denotes interior). 

( 3) k*S = O. If 

(3 = [H, g] E W.k(Fr x BO(n - k), (Fr n A) x BO(n - k»), 

k*S((3) is represented by (S(p), -1,11 S(P)) and (D(p), D(p I 3H), -1,/) is a 
bordism of this to zero in W.,,-l(X, A, r). 

( 4) ker Fe im k*. If a = [M, /1, I] E W.,,(X, A, r) with I being I I F~07r 

,.. 
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on Vk = D(vk) and F(a) = 0, there are manifolds Wk with boundary F~ U W£ 
and maps gk:(Wk, WD--(FoF<nA) extending flpk and (n-k) plane 

p. 

bundles Pk over Wk restricting to Vk on F~. Let W be formed from 

M x I U U:~o D(Pk) by identifying Vk x 1 with D(Pk) I p~ ~ D(vk). W has an 
involution (J) given by p x 1 on M x I and -1 in the fibers of D(Pk), and 
there is an equivariant map h: W -- X given by f 01r1 on M x I and by gk01r 
on D(Pk). Then (W, aM x I U U:~o D(Pk I W D, (J), h) is a bordism of (M, p, f) 

and the free involution induced on {M - U:~o Vn U {U:~o S(Pk)}/aVk == 
S(Pkl pk), and so a E im k*. 

p. 

(5) ker S c im F. If 13 = [U:~o (Hk, gk)] with S(13) = 0, there is a free 
manifold W" with aw = {US(Pk)} U w'/aw' == US(Pkl ilHk) and an equi
variant map h: (W, W') -- (X, A) extending Ufk I S(pk). Let M" be formed 
from W U U D(Pk) by identifying the two copies of U S(Pk), with f: M --> X 
given by h on Wand Ufk on U D(Pk), and with involution p given by that 
of Wand -1 in the fibers of D(Pk). The fixed-point set of M is precisely the 
union of the zero sections in the D(Pk); i.e., UHk, with normal bundles Pk 
classified by 1r2 ° gk and maps to Fe given by fk I Hk = 1r1 ° gk. Thus 13 = 

F[M, p, f]. 
( 6) ker k* c im S. If i = [M, p, f] E sJe,,(X, A, r) and k*(i) = 0, there 

is a manifold W with aw = MU W' with involution (J) extending p and an 
equivariant map h: (W, W') --> (X, A) extending f. The fixed-point set of (J) 

is a submanifold with boundary, with boundary contained in the interior of 
W', and not meeting M. One may then deform h, supposing it kept the same 
on M so that h I Vk = h I P~o" on tubular neighborhoods V k of F~, identifying 
V k with D(vk). Then (W - U Vg, W' - U (W' n Vj)O, (J), h) is a free bordism 
of (M, p, f) with (U k S(vk), -1, U k (h I p~o1r») and hence i is in the image 
of S. 

Notes. (1) If A ~ Fo then from the sequence k* is an isomorphism. 
One may see this by noting that for (M, p, f) one may suppose f I Vk = f I p~01r 
and then 

(M x I, aM x I U U k (Vk xl), P x 1, f ° 1r1 ) 

is a bordism of (M, p, f) and the free action (M - U Vg, p, f). 

If r: X --> X is free, then any equivariant map into X is free, so k* is an 
isomorphism in this case also. 

(2) If r = 1, F< = X, and for [M, p, f] E sJe,,(X, A, 1), f: M --> X factors 
through M/ p giving a map J: M/ P --> X. Letting ~ be the line bundle defined 
by the principal Z2 bundle M --> M/pone has I x ~ : M/ p --> F< x BO(l) with 
(S(~), -1,101r) = (M, p,f). Thus S is epic and the sequence becomes 
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o ~ W,,(X, A, 1) ~ e:=o Wk(X x BO(n - k), A x BO(n - k») 
S A 

~ W .. - 1(X, A, 1) ~ 0 • 

Assigning to [M, p, f] the map J x ~ : M/ p -+ X x BO(1) defines a splitting 
homomorphism 

(): lR"_l(X, A, 1) ~ W"_l(X x BO(1), A x BO(1») • 

It should be noted that this splitting is the natural splitting for this se
quence, and gives rise to an exact sequence (A = 0, X = pt) 

o ~ W,,-1(Z2) ~ e:=o Wk(BO(n - k») ~ I .. (Z2) ~ 0 

where p is the homomorphism constructed by Conner and Floyd (§ 28). In this 
respect, () is much nicer than the splitting K: W,,-1(Z2) -+ e:=o Wk(BO(n - k») 
which they defined, giving an isomorphism 

p: e:=o Wk(BO(n - k») ~ I .. (Z2) . 
k'l",,-l 

4. Calculation of free bordism 

The main result of this section is 

PROPOSITION 3. W*(X, A, T) :::::: W*(X x 8OO/T X a, A x 8OO/T x a) where 
a is the antipodal involution on the infinite sphere. 

PROOF. Basically this is the restatement for bordism of Theorem (19.1) 
of Conner and Floyd. 

Let a E W,,(X, A, T) be represented by (M, p, f). Then the principal Zz 
bundle M -+ M/pis induced by a map ip: M/ p -> RP( 00) with equivariant 
covering map cp: M - 8"", 8"" being given the antipodal involution. One then 
has an equivariant map f x cp: (M, aM) - (X x 8"", A x 8"") and 

f x cp: (M/p, a(M/p») ~ (X x 8OO/T x a, A x 8OO/T X a) • 

The assignment 

(M, p, f) ~ [M/p, f x cp] E W,,(X x 8OO/T X a, A x 8 OO/T x a) 

defines a homomorphism 

a: ~,,(X, A, T) - W,,(X x 8 OO/T x a, A x 8 OO/T X a) . 

Being given g: (N, aN) - (X x 8 OO/T x a, A x 8 OO/T X a) there is an in
duced double cover 

N= g*(7r)~X X 8 00 

1--g~)x S-I< x a, 
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and letting g = 1'C1 o g': it --> X and D: it --> it being the involution which in
terchanges sheets of the double cover, (it, D, g) is a free bordism element of 
(X, A, c). The assignment (N, g) --> (it, D, g) E Ijt(X, A, c) induces a homo
morphism inverse to IY. 

Notes. (1) If X is a point, A = 0, this gives 1JC*(Z2) ~ 1JC*(RP(co») as 
in Conner and Floyd. For c = 1, this is 

sJc*(X, A, 1) ~ IJC*(X x RP(co), A x RP(co») 

and IY coincides with the isomorphism 

(j: sJc*(X, A, 1) ~ IJC*(X x BO(l), A x BO(l») , 

as mentioned in the notes of the previous section. 
( 2) If c: X --> X is fixed point free, one may apply the above arguments 

to prove that sJcn(X, A, c) ~ IJCn(Xjc, Ajc), sending (M, (1, f) to (Mj(1, J) 
where 1: Mj (1--> Xjc is induced by f. The map 1'C1: X x S= --> X induces 
1f1 : X x S=jc x a --> Xjc which is the fiber bundle with contractible fiber S= 

associated to the Z2 bundle X --> Xjc. If X is a reasonably decent space, 
there is an equivariant map h: X --> S= classifying this Z2 bundle, and 
1 x h: Xjc --> X x S=jc x a is a homotopy inverse of the homotopy equiva
lence 1f,. 

COROLLARY. The natural homomorphism 1JC*(pt, 1) ® m.IJC*(X, A) --> 

IJC*(X, A, 1) sending [M, (1] ® [N, j] --> [M x N, (1 x 1, fo 1'C2] is an isomor

phism. 
PROOF. Denote this homomorphism by r and let 

s: sJc*(pt, 1) ® m.IJC*(X, A) -----> sJc*(X, A, 1) 

be similarly defined, with 

t: E9:=o IJCk(BO(* - k») ® m.IJC*(X, A) -----> 

e:=o IJCk(X x BO(* - k), A x BO(* - k») 

by sending [M, g] ® [N, j] (g: M --> BO(p), f: (N, aN) --> (X, A») to the class 
of f x g: N x M --> X x BO(p). One then has the commutative diagram 

0-----> 1JC*(pt, 1) ® IJC*(X, A) F0 ~ E9:=o IJCk(BO(* - k») ® IJC*(X, A) 

rl tl 
F 

0-----> IJC*(X, A, 1) ------> E9:=o IJCk(X x BO(* - k), A x BO(* - k») 
801 ~ 

----> 1JC*(pt, 1) ® IJC*(X, A) -----> 0 

sI 
-----> 0 . 
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Since sand t are isomorphisms by the Kunneth theorem [4, (29.1)] where 

W*(pt, 1) ® m.s.n*(X, A) ~ IRARP( 00)) ® m.IR*(X, A) 
~ 91AX x RP( 00), A x RP( 00)) ~ W*(X, A, 1) 

with the proposition, one applies the five lemma to see that r is an isomorphism. 

5. Calculation of unrestricted hordism 

The main result of this section is 

PROPOSITION 4. The (unrestricted) equivariant bordism exact sequence 
of the involution (X, FT! r) is split exact. 

PROOF. One has the homomorphisms 

m,,(j) k* ( 
91,,(X, r) ~ IR,,(X, FT! r) ~ IR,,(X, FT! r) , 

and it suffices to define a homomorphism q: 9'c,,(X, FT! r) ~ IR,,(X, r) with 
91,,(j) ° q(a) = k*(a) for all a. Being given a E §c,,(X, FT! r) represented by 
(M, p, f), one has a closed manifold AI obtained from M by identifying each 
m E aM with pm E aM. (This is the manifold obtained from M by attaching 
the disc bundle D(~) of the line bundle ~ associated to the double cover aM ~ 
aM/p along their common boundary.) Since f is equivariant and f(aM) eFT! 
f(m) = f(pm) for m E aM, and f factors through 1: M ~ X, this being equi
variant if AI is given the involution 11 induced by p. Letting q(a) be the class 
of (M, 11,1) defines the homomorphism q: 9'c,,(X, FT! r) ~ 91,,(X, r). 

Now k*(a) and 1R,,(j) ° q(a) are represented by (M, p, f) and (M, 11,1) re
spectively, in IR,,(X, FT! r). Let H: M x I ~ X be a homotopy of the map 
1 = H( ,0) to a map g = H( ,1) with g 1 v = 11 F- ° 7r where V ~ D(v) is a 

p. 

tubular neighborhood of Fp., constructed by the standard radial deformation. 
Then Fp. = aMI p with v ~ ~, and one may find a map h: M ~ jfij x 1 identi
fying M with M - V O and such that gh = f. Then (M x I, V x 1, 11 x 1, H) 
is a bordism of (M, 11, 1) and (M, p, f), so k*(a) = 1R,,(j) ° q(a). 

COROLLARY. IR*(X, r) ~ IR*(FT! 1) EB snAX, FT! r) or 

91,,(X, r) ~ {e:=o IRk(FT x BO(n - k))} EB91,,(X x 8 OO/r x a, FT x RP( 00)) • 
k". .. -1 

Notes. (1) Applying the Thorn isomorphism in the first summand, one 
may rewrite the above in a highly palatable form as 

1R .. (X,r) ~ e:=o~t,(F,/0)/\TBO(s))EBW,,(X x 8 oo/r x a)/F, x RP(oo)) , 
.".1 

~ W,,({(X X 8 OO/r x a)/F, x RP( oo)} V V~=o {(F,/0) /\ TBO(s)}) 
.".1 

.. 

.. 
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giving the reduced bordism of a modification of V~~o {(F.,:/0) V TBO(s)} ob
tained by changing the s = 1 term. 

Being given [M, (1, f] E IJCn(X, r) with f I Vk = f Ft ° IT on Vk = D(l.Jk) one 
may map 

M MIU av M - VO V v'r V /"V 
-----+ k k ~ a(M _ VO) k~O k 0 k 

~ ((M - VO)/aV) V vnk~" ~ --', Vk/aVk = M 
(1 k""n-l 

where V = U k V k , with b obtained by dividing out the action of (1 on the 
first wedge term and collapsing vn-1/aVn- 1 to the base point. M is a wedge 
of manifolds modulo their boundaries, with vk/aVk being also the Thorn space 
of the normal bundle of F~. There is naturally induced a map of M into 

{(X x S=/r x a)/Fr x RP( co)} V V s# {(Fr/(;) 1\ TBO(s)} 

which gives the asserted isomorphism in a natural and geometric fashion. 
The TBO(s) formulation is essentially the Wall approach to the cobordism 

of a manifold M with imbedded submanifolds F~ (see [7]). 
(2) A highly sophisticated approach to 

k;llJCnU) : IJCn(X, r) -----+ snn(X, FT! r) 

may be described as follows. Beginning with (M, (1, f) one may form a mani
fold with boundary if by giving M a riemannian metric invariant under (1 

and letting M be the set of points m EM - F/1 and the set of pairs (m, v) 
with m E Fp and v a unit vector in the tangent space to M at m which is or
thogonal to Fp. M has the structure of a manifold with boundary making it 

diffeomorphic to M - U Vk'. M has an involution j1 ((1 on M - Ft" (m, v)---> 

(m, -v) on the boundary) and an equivariant map p: M ---> M (identity on 
M - Fp, (m, v) ---> m on the boundary). Then (M, j1, fop) represents 
k;llJCnU) [M, (1, J] and is obtained by "resolving the fixed-point set of the invo
lution (1". M is obtained by collapsing aM under j1 and may be thought of as 
"blowing up" Fp to the projective space bundle of its normal bundle. Thus 
qk;llJCnU) is obtained by applying the monoidal transformation along the fixed 
point set (see Hirzebruch [6, pp. 175-176]). 

( 3) It is vaguely interesting to note that q(l.it(X, FT! r)) is the direct 
summand of IJC*(X, r) formed by using elements (M, (1, f) for which the fixed
point set has codimension one (allowing the empty manifold of codimension 1, 
of course). 

( 4) The splitting given by Proposition 4 is not a splitting as 1JC*(pt, 1) 
modules, but only as IJC* modules. One may describe the 1JC*(pt, 1) module 
structure in the following way. Writing a E IJC*(X, r) as (a', a") in 
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W*(Fn 1)EBsR*(X, Fn r), with a E W*(pt, 1), a.a=(aa' + <p(aQ9 a"), aa") where 

<p: W*(pt, 1) Q9 m.sR*(X, Fn r) ~ W*(Fn 1) 

describes the difference between the two ways of closing up, and sends [N, 
v] Q9 [M, p, f] to the class of (V, p, g) with V obtained from N x aM x [-1,1] 
by identifying the points (n, m, -1) with (vn, pm, -1) and (n, m, 1) with 
(n, pm, 1), p being given by v x p x 1, and g by f 0 1r2 • [Note. Vis obtained 
by joining the disc bundles of N x aM -> N x aMlv x p and N x aM -> N x 
(aMlp) along their common boundary.] <p may also be described by 

~ l®a ~ 
W*(pt, 1) Q9 m.W*(X, F~, r) ~ W*(pt, 1) Q9 m.W*(Fn 1) 

~1 
W*(pt, 1) Q9 m.sR*(pt, 1) Q9 m.W*(F,) 

9' ®1 1 
W*(Fn 1) ?- W*(pt, 1) Q9 m.W*(F,) , 

where 9': W*(pt, 1) Q9 m.sR*(pt, 1) -> WApt, 1) is the homomorphism of degree 
+1 sending [N, v] Q9 [S, a] into [W, w] where W = N x S x [-1,1] with 
(n, s, -1) '" (vn, as, -1), (n, s, 1) '" (n, as, 1) and w is induced by v x a x 1 
as above. This is obtained by the fact that [N x S,v x a] bounds in two 
ways. Using the Conner and Floyd exact sequence, one may write this 

W*(pt, 1) Q9 m.sRApt, 1) ~ e:=o Wk(BO(* - k») Q9 m.W*(BO(1») 

1 9' 1 9" 

W*(pt, 1) ~- e:=o Wk(BO(* - k») , 

where 9" is obtained from the product in e:=oW*(BO(s») given by the Whitney 
sum maps BO(s) x BO(s') -> BO(s + s'), (j and p being the splitting maps. 
[To see that the diagram commutes one need only check the fixed-point set 
of codimension more than 1 in W; N x Slv x a has codimension 1 in W, so 
the fixed set of interest is just F. x Sla c N x S/1 x a with normal bundle 
given by the Whitney sum of the normal bundle of F. and the line bundle 
over Sla.] 

6. The Smith homomorphism 

Let a E 91,,(X, A, r) be represented by (M, p, f), and let if c MI p be a 
submanifold (with boundary) defining the double cover 1r: M -> MI P with 
if: N -> if the induced double cover and i: N -> M the inclusion. The involu
tion p on M induces an involution PiN on Nand i is equivariant. Let 
a(a) E fu"_l(X, A, r) be the class of (N, PiN' f 0 i). 
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The homomorphism ~: sJc*(X, A, r) -> sJc*(X, A, r), of degree -1, is called 
the Smith homomorphism, extending the Smith homomorphism ~: 1JC*(Z2)-> 
IJCAZ2) of Conner and Floyd § 26 to bordism. 

One may also define homomorphisms S\: sJc*(X, A, r) -> IJC*(X, A) sending 
[M, p, f] -> [M, f] by forgetting equivariance, and 1 + r *: IJC*(X, A) -> 

sJc*(X, A, r) by sending [M, f] to [M X Z2' 1 X (-1), g] where g(m, 1) = f(m), 
g(m, -1) = rf(m). 

One then has 

PROPOSITION 5. The sequence 

is exact. 
PROOF. (1) (1 + r *)s:'* = O. If [M, p, f] E sJcn(X, A, r), let 

a: M X I -----> M X I: (m, s) -----> (pm, -s) , 

h: M X I -----> X: (m, s) -----> f(m) , 

and p: M X Z2 -> M X I: (m, 1) -> (m, 1), (m, -1) -> (pm, -1). Then (M x I, 
aM x I, a, h) has boundary isomorphic via p with (M x Z2' 1 x (-1), g) which 
represents (1 + r *)s:'*[M, p, f]. 

( 2) ~(1 + r *) = O. If [M, f) E sJcn(X, A), with g: M x Z2 -> X, then 
IT: M x Z2 -> M x Z2/1 x (-1) ~ M is the trivial double cover and is defined 
by the empty submanifold N. Thus ~(1 + r *)[M, f] is represented by the 
empty manifold, so is zero. 

( 3) s:'*~ = O. If [M, p, f) E sJcn(X, A, T) and Ne M/ p defines the double 

cover M.2. M/ p, then over M/ p - N the double cover is trivial, so M is 
formed as the union of two manifolds Mo, M1, joined (by pi N) along copies of 
N imbedded in the boundary of each, (Mi being diffeomorphic to M/ p - (in
terior of tubular neighborhood of N)), with p(Mo) = Mp Then (Mo, aMo-in
terior (N), f I ilIo) has boundary (N, f 0 i) so s:'*~[M, p, f] = [N, f 0 i] = o. 

( 4) ker s:'* c im~. If [M, p, f) E sJc*(X, A, r) and [M, f] = 0 in IJC*(X, 
A), there is a manifold W with boundary MU M'/aM = aM' and a map 
g: (W, M') -> (X, A) extending f. Let T = W x Z2/(m, 1) = (pm, -1) for 
m E M, J..I: T -> T the involution induced by 1 x (-1) on W X Z2 and h: T -> X 
by h(w, 1) = g(w), h(w, -1) = rg(w). Then (T, J..I, h) is a free bordism element 
of (X, A, r) and the double cover T -> T/J..I is defined by M/ P with covering 
M. Thus ~[T, J..I, h] = [M, p, f]. 

( 5) ker.:l c im (1 ~ r *). If [M, p, f) E sJc*(X, A, r) and ~[M, p, f] = 0, 
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(N, pi N, f ° i) is the boundary of some element (V, W, a, g) with 

av = W U N/aW == aN, a I N = pi.'\', giN = fo i , 

g: (V, W) -> (X, A) being equivariant. The normal bundle of N in M is trivial 
and one may identify a tubular neighborhood Q of N in M with N x [-1, 1] 
with involution PiN X (-1), and may by a homotopy of f suppose f I Q = 
fiN ° 7r,. Let T be formed from M x [0, 1] U V x [-1, 1] by identifying 
N x [-1,1] x 1 with N x [-1,1], with involution p = p xl U a x (-1) and 
map h: T -> X given by fo 7r, U go 7r,. Then (T, aM x [0,1], p, h) has boundary 
the disjoint union of (M, p, f) and (M', p', 1') where M' is formed from 
(M - QO) U V x {-I, I} by identifying the two copies of N x {-I, I}. The 
double cover T -> T/ p is defined by the submanifold N x [0, 1] U V, and in 
particular M' -> M'/p' is then a trivial double cover, or (M', p', f) represents 
a class in im (1 + z-*). 

( 6) ker (1 + z-*) c im .£.'\. If [M, j] E IJC*(X, A) and (1 + z-*)[M,j] = 0, 
then (M x Z2' 1 x (-1), g) bounds, or there is a manifold V, av = 

M x Z2 U w/aM x Z2 == aw, a free involution a: V -> V extending 1 x (-1), 
and an equivariant map h: (V, W) -> (X, A). Let Ne V be a submanifold 
obtained by lifting Ne V/a which defines the double cover. 7r: M x Z2-> 
M x Z2/1 x (-1) being the trivial cover, aN c interior Wand Ne 
V - M X Z2. Now (N, a I N, h I N) is a free equivariant bordism element 
of (X, A, z-), with V = Vo U V, being the union of two manifolds with boun
dary (each diffeomorphic to V/a - (interior of tubular neighborhood ofN)) 
joined along two copies of N, and with Vo::J M x 1, V,::J M x (-1). Then 
(Vo, avo - (M x 1)° - N°, hi vo) is a bordism of (M, f) and (N, hi N), so 

[M, f] = [N, hi N] = ~*[N, a I N, hi N] • 

One may give a different proof of exactness by using Proposition 3. 
( 1) Letting pE S=, one has 

1 x P 7r, 

(X, A) ~ (X x S=, A x S=) ----+ (X x S=/z- x a, A x S=/z- x a) 
7rO 

with 1 x p and 7ro being inverse homotopy equivalences. Since 7r, pulls the 
double cover 7r, back to a trivial double cover, the composite 

7r'* IJC*(X, A) ~ IJC*(X x S=, A x S=)----+ 

IJC*(X x S=/z- x a, A x S=/z- x a) ~ sJc*(X, A, z-) 

coincides with 1 + z-*. 
(2) Let r; denotes the line bundle of the double cover 7r, and e the re

striction of r; to A x S=/z- x a. One has 
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where T is Thorn space, B is base space, 7r2 is the projection, ° the zero sec
tion, i the inclusion, and <D the Thorn isomorphism. The composite is just 

Ll, for being given [M, f-1, f] E sn*(X, A, r) or l: M/ f-1- X x S=/r x a, <D-1i*O* 
is the Euler class construction, obtained by making 1 transverse regular on 
X x S=/r x a c D(~) (or T(~)), and this just constructs N. 

( 3) One has the composite 

~ ~ 

IJC*(X, A, r) ~ IJC*(X x S=/r x a, A x S=/r x a) ~ IJC*(T(~), TW)) 
III 

IJC*(D(~), S(~) U DW)) 

la 
IJC*(S(~), SW)) E( ~. ) IJC*(S(~) U DW), DW)) 

111 eXCISIOn 

IJC*(X, A) ~ IJC*(X x S=, A x S=) 

and for [M, f-1, f] E sn*(X, A, r) let p, p' be the line bundles over M/ f-1 and 
aM/f-1. Then <D[M, f-1, f] is represented by the induced map (D(p), aD(p))-> 
(T(~), TW)) with boundary the map 

(M, aM) = (S(p), S(p')) ~ (S(~), SW)) , 

which is just the bordism class of [M, f]. Thus this composite is ~*. 
U sing these one has 

1R*(X, A, r) 
111 

IJC*(X x S=/r x a, A x S=/r x a) 
111 

IJC*( T(~), T( ~')) 
111 

IJC*(D(~), S(~) U DW)) 
a~ ~i* 

/ ~ 
IJC*(S(~) U D(~), D(~')) ~ IJC*(D(~), D(~')) 

111 1r1* 111 
IJC*(S(~), SW)) ---> IJC*(X x S=/r x a, A x S=/r x a) 

111 ~ 111 

IJC*(X x S=, A x S=) IJC*(X, A, r) 
111 

IJC*(X, A) 

for the exact sequence of the triple. This gives the Smith sequence by chasing 
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around the diagram. 
In particular, the Smith sequence is just the relative Gysin sequence of 

the double cover by (X x S"', A xS"') over (X x S"'/'r x a, A x S"'/'r x a), 

or the exact sequence of the cofibration giving the relative Thorn space 

(S(~), SW») ~ (D(~), DW») ~ (T(~), TW») . 

7. Equivariant spectra and free hordism 

The object of this section is to sketch an approach to equivariant spectra 
suitable for dealing with free equivariant bordism. The approach taken differs 
from that of Bredon [3, Ch. III § 3], in that suspensions are taken with a non
trivial action. 

Definition. Let X be a space with involution 'r. 
( 1) The (unreduced) suspension of (X, 'r) is the space LX formed from 

X x [-1, 1] by identifying X x {-1} to a point - 00, and X x {1} to a point 
+ 00, and with involution L'r induced by 'r X (-1). 

( 2) If * E X is a base point fixed under 'r, the (reduced) suspension 
of (X, *, 'r) is the space LX formed from X x [-1,1] by identifying 
{* x [-1, 1n U {X x Z2} to a base point *, and with involution Ldnduced by 
'r X (-1). 

Definition. An equivariant (reduced) spectrum E = {(E", t,,), j,,}, nE Z, 
consists of a collection spaces E" (with base points *) with involutions 
t,,: E" -> E" (fixing base points) and equivariant (base point preserving) maps 

j,,: LE" -> E,,+t. 
Examples. (1) S = {(S", a), i,,} with S" the n-sphere, a the antipodal 

involution, and i,,: LS" -> S"+l induced by (x, t) -> (v1 - t 2 ·x, t) is the equi
variant sphere spectrum with antipodal involution. 

(2) The equivariant (reduced) Thorn spectrum 

TBO = {(TBO" x S"'/oo x S"', 1 x a), h,,} 

is formed by constructing a map h" as follows. Let 

a" TBO" x S'" x [-1, 1]~ 

TBO" x (S'" x [-1, 1]/a x (-1») = TBO" x D(~) 

with ~ the non-trivial line bundle over RP( 00), a" being the collapse; 

TBO" x D(~) ~ TBO" x' (D(~)/S(~») = TBO" x T(~) = TBO" X TB01 ; 

h ~ J 

TBO" X TB01 ~ TBO" 1\ TB01 ~ TBO,,+t , 

with Cn the collapse of 00 x TB01 U TBO" x 00, and d" induced by the Whitney 
sum; 
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en i 
TBO n X 8 = X [-1, 1] -> 8 = X [-1, 1] -> 8 = 

with en the projection and i(x, t) = (t, vI - t 2 ·x); and 

7rn: TBOn+1 X 8= -> TBOn+1 X 8=/00 x 8= = En+1 . 

One then lets 

'fin = 7rno{(dnocnobnoan) X (ioen»): TBOn X 8= X [-1, 1]->En+1' 

and this is compatible with the identifications, to define a map hn: LEn ~ En+l" 
{Note. En = TBOn X 8=/00 X 8= is homotopy equivalent to TBO" with 
1 X p: TBO" ~ E,,: x ~ (x, p) and 7r: En ~ TBOn being inverse homotopy 
equivalences. Then 

1 lxpxl h" 71: 
8 /\ TBOn ---> LEn -> En+1 -> TBOn+1 

11 ~ ~ 
TBOn X [-1,1] 

co X [-1,1] U TBOn X Z2 

is just the standard "suspension-map" defining the ordinary Thorn spectrum. 
Thus, one has given the ordinary Thorn spectrum an involution which is free 
except at the fixed base point.) 

( 3) The equivariant (reduced) Eilenberg-MacLane spectrum K(Zz) = 

{(K(Z2' n) X 8=/* X 8=, 1 X a), k n } is defined much as TBO, by 

K(Z2' n) X 8= x [-1, 1] ~ K(Z2' n) /\ T(t;)----=-' 

K(Z2' n) /\ K(Z2' 1) -> K(Z2' n + 1) 

and 

i 
K(Z2' n) x 8= x [-1,1] -> 8= x [-1,1] -> 8= . 

This gives an involution, free except at a fixed base point, on the st and ard 
Eilenberg-MacLane spectrum. (Note. Any involution of a K(Z2' n) is h():m
topic to the identity since every automorphism of the nth homotopy group is 
trivial.) 

( 4) If (X, A, -r) is any involution pair, with E an equivariant ra:luce:l 
spectrum, then X/A /\ E = (((X/A) /\ EM -r /\ t,,), 1 /\ fn} is also an e:}ui
variant reduced spectrum. 

In order to compute with spectra of type 2 or 3, one has 

LEMMA. Let X be a space with base point *, and suppose there is a 
homotopy A: X x I ~ X (reI *) with A( ,0) = 1 and so that A( ,1) = A, satisfiB 

A, -1(*) is a neighborhood of *. Then the set of equivariant homotopy classes 

of maps of (Y, a) into (X x 8=/* x 8=, 1 x a) is in one-to-one correspondence 

with the set of homotopy classes of maps of (Y/a, Fa/a) into (X, *). 
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PROOF. Ifj: (Y,a)--+(Xx S~/* X S~,l X a) is an equivariantmap, then 
7r1 ° j: Y --+ X sends Fa to * and maps (Y, a) equivariantly into (X, 1), so induces 
a map 1: (Y/a, Fa/a) --+ (X, *), with j --+ 1 defining a function 

p: [(Y, a), (X X S~/* x S~, 1 x a)] ~ [(Y/a, Fa/a), (X, *)] . 

Let g: Y - Fa --+ S~ be any equivariant map (y: Y - Fa/a --+ RP( 00) 

classifying the double cover), and to each rp: (Y/a, Fa/a) --+ (X, *) assign 
the equivariant map ip: (Y, a) --+ (X x S~/* x S~, 1 x a) with 

ip(y) = {(\. ° rp ° 7r(Y) , g(y») , 
* x S~, 

Since (\. ° rp ° 7r)-1(*) is a neighborhood of Fa, this is continuous. Clearly p(ip) is 
represented by \. ° rp and so also rp. Thus p is epic, and let 

/C: [(Y/a, Fa/a), (X, *)] ~ [(Y, a), (X x S~/* x S~, 1 x a)] 

be the function defined by /C([ rp]) = [ip]. 
I 1r2 Now let 7r20j: Y - j-1(* x S~) ----. (X - *) x S~ ----. S~ and let H: 

(Y - j-1(* x S~») x I --+ S~ be an equivariant homotopy with H( ,0) = g, 

H ( ,1) = 7r2 ° j (possible since both maps "classify" the cover), 

(y, t) ~ * x S~ , 

and 

Ixl Axl 
L: Y x I ----. (X x S~/* x S~) x I ---> X x S~/* x S~ 

where A x 1 is induced by 

X x S~ x I ~ X x S~: (x, s, t) ~ (A(x, t), s) • 

Being the composition of continuous maps L is continuous, and K is continuous 
since (\. ° 1° 7r)-1( *) is a neighborhood of j-1( * x S~). Then 

j=L( ,O)",L( ,1)=K( ,1)",K( ,0)=(\.01>-, 

so /Cp[j] = [(\.01)-] = [j] or p is 1-1. Note. This assumes that Y is a re
asonably decent space. 

As a special case, one has 

COROLLARY. [(Y, a), K(Z2' n) x S~/* x S~, 1 x a)] ~ H"'(Y/a, Fa/a; Z2). 

LEMMA. Ij (X, r-) is any involution, (Lr(x U *), Lr(r- U 1») coincides with 
(X x Dr/X x Sr-\ r- x (-1»). 
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PROOF. 

2::(X X Dr/X X Sr-l) . 

= (X X Dr ) X [-1, l]/X X Dr X Z2 U X X Sr-l X [-1,1] • 
X X S r-l X X S r-l X X Sr-l 

= X X Dr X [-1, 1]/ X X S r-l X [-1, 1] U X X Dr X Z2 , 
= X X Dr+l/X xSr 

with the involution being obvious. 

PROPOSITION 6. If X is a closed n-dimensional differentiable manifold 
with differentiable involution 7:, then 

lim r _= [(2::r(x U *), 2:: r(7: U 1)), (TBOr+t X S=/oo X S=, 1 X a)] ~ ~n-t(X, 7:) , 

where the limit is taken via the spectral maps hs • 

PROOF. An equivariant map f: 2::r(X U *) ~ TBOr+t X S~/oo X S= gives a 
map 1': X X Dr/x X Sr-l ~ TBOr+t X S=/oo X S= and hence 

1': (X X Dr/7: X (-1), X X Sr-l/7: X (-1) U F< X 0) ----'> (TBOr+t, 00) • 

Since the first pair is a relative manifold, one may make the map J' transverse 
regular on BO(r + t) giving a closed submanifold of codimension r + t 
in X X Dr - F< X 0 - X X Sr-l/7: X (-1) and thus a closed submanifold 
Mn-t ~ X X Dr, invariant under 7: x (-1) and acted upon freely by 7: X ( -1) 

since it does not meet F< x O. The composite M ~ X x Dr ~ X then 
gives a free equivariant bordism element of (X, 7:). Exactly the same con
struction converts an equivariant homotopy to a bordism. 

To reverse the steps, it suffices to represent [M, fl, f] as a composite 

M ~ X x Dr ~ X, or to find an equivariant map j: M ~ Dr so that 
f x j: M ~ X x Dr is an imbedding. Since M is freely acted upon by fl, one 
may find an equivariant imbedding i: M --> S8 (with antipodal map) and com
posing with the inclusion of S 8 as the sphere of radius i! in DS+1 defines such 
a j. 

If one defines lRt(X, A, 7:) by 

limr_=[(2::r(X/A), 2::r(7:)), (TBO;+t x S=/oo x S=, 1 x a)] 

for any pair with involution, this becomes a Poincare duality theorem: 
~ ~ 

For X a closed n-manifold, IJ'Ct(X, 7:) ~ IJ'Cn_t(X, 7:). 

8. BordisID of bundles with involution 

As an application of the equivariant bordism technique, one may consider 
the classification of bundles with involution over manifolds with involution. 
Specifically, one considers 4-tuples (M, a, ~, a*) with M a closed differentiable 



66 R. E. STONG 

manifold, 0': M ~ M a differentiable involution, ~ a real n-plane bundle over 
M, and 0'*: E(~) -> E(~) an involution given by a real vector bundle map 
covering 0'. Two such 4-tuples are bordant if there is a similar 4-tuple 
(V, p, r;, p*) with base V being a manifold with boundary and with 
(aV, p I av, r; I av, p*) being the disjoint union of the two given 4-tuples. 

Taking the operation induced by disjoint union, the equivalence classes 
of such 4-tuples form an abelian group given by SR*(BO(n), r) where (BO(n), r) 
is described as follows. 

Let BO(n) be the grassmannian of n-dimensional real subspaces of the 
infinite dimensional euclidean space R= x R=. The linear transformation 
t: R= x R=~R= x R=: (x, y)->(x, -y) induces an involution r: BO(n)~BO(n) 
by sending an n-dimensional subspace into its image under t. 

Over BO(n) one has the universal n-plane bundle In consisting of pairs 
(a, a) with a an n-plane in R= x R= and a a vector in a, with t inducing an 
involution r* on the total space of In by r*(a, a) = (ra, ta). By taking the 
induced bundle and involution one establishes a one-to-one correspondence 
between the equivariant homotopy classes of maps of (X, p) into (BO(n), r), 
with X a compact Hausdorff space and p an involution of X, and the iso
morphism classes of n-plane bundles over X with bundle involution covering 
p. (Note. The crucial point is that Z2 has only two irreducible real represen
tations given by + 1 and -1 on R and so any Z2 bundle over X is a subbundle 
of X x R= x R= with involution p x 1 x (-1).) 

In order to analyze the group SR*(BO(n), r) one considers first the free 
€quivariant bordism sR*(BO(n), r). This is clearly equivalent to the study of 
manifold-bundle 4-tuples (M, 0', ~,a*) in which 0' is fixed point free, and 
one has 

PROPOSITION 7. The homomorphism q: fu*(BO(n), r)~SR*(BO(l) x BO(n)) 

induced by sending (M, 0', ~,a*) to the class of the map f x g: M/a-> 

BO(l) x BO(n), with f inducing the double cover M ~ M/a and g classi

fying the n-plane bundle E(~)/a* ~ M/a, is an isomorphism. 

PROOF. Being given h: N -> BO(l) x BO(n), one has the double cover 

N ~ N induced from 7C1 o h, with an involution v given by interchanging the 
sheets of the cover and letting ~ be the n-plane bundle over N induced by 
7C2 0 h, 7C*~ has an involution v* induced by restriction of v x 1 on N x E(~) 
to E(7C*~). The homomorphism 

q': SR*(BO(l) x BO(n)) -> sJc*(BO(n), r) 

defined by q'([N, h]) = [(N, v, 7C*~, v*)] is clearly inverse to q. 

The fixed point set of the involution r: BO(n) ~ BO(n) clearly consists of 
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n-planes in R= x R= invariant under t and an invariant n-plane is clearly 
of the form V x W where V is a subspace of R= x 0 and W is a subspace 
of 0 x R=, with dim V + dim W = n. Thus FT is clearly the disjoint union 
of the subspaces BO(j) x BO(n - j) for 0 ~ j ~ n. Applying Proposition 2 
one has an exact sequence 

~*(BO(n),r)~9'C*(BO(n),r)~e:=oe;=o9'Ck(BO(*-k) x BO(j) x BO(n-j») • 
i I 

S 

Fixing attention on the summand 9'Cm_1(BO(1) x BO(n) x BO(O») one con
siders a map h: Nm-l -> BO(l) x BO(n) x BO(O) which maps under S to the 
dass of (S(1J), a, i 0 (n2 0 h) 0 n) where 1J is induced by n 1 0 h, a is the antipodal 
involution on the sphere bundle S (1J), and 

IT ITooh i 
S (1J) ----> N ~ BO(n) ----> BO(n) 

with i being the inclusion of BO(n) = BO(n) x BO(O) in BO(n) as part of the 
fixed point set of r. Since BO(n) x BO(O) is covered by the universal bundle 
with trivial involution, this is precisely (S(1J), a, n*~, a*) where ~ is induced 
by i 0 (n2 0 h) and a* by a x 1 on S (1J) x E(~). Then q' coincides with 

S: 9'Cm_1(BO(1) x BO(n) x BO(O») -> sRm_1(BO(n), r) 

and q defines a splitting of the above sequence, which proves 

PROPOSITION 8. The homomorphism q defines a splitting of the sequence 

,of Proposition 2 for the involution (BO(n), r) and hence 

F 

9'Cm(BO(n), r) ~ e:=o e;=o 9'Ck(BO(m - k) x BO(j) x BO(n - j») . 
(k,j)",,(m-l,n) 

This is clearly the manifold-bundle analog of the splitting in Theorem 
28.1 of Conner and Floyd [4]. The groups involved are of course well known 
since 9'C*(BO(k») is known and the Kiinneth theorem holds for ordinary bordism. 

A splitting homomorphism 

p: e:=o e;=o 9'Ck(BO(*- k) x BO(j) x BO(n - j)) ----> 9'C*(BO(n), r) 

may be constructed by sending a map h: Nk -> BO(m - k) x BO(j) x BO(n - j) 

to the class of (RP(~l EB 1), a, n*~2 EB A, ® n*~3' a*) where ~i is the bundle in
duced by n i 0 h (i = 1,2, 3), RP(~l EB 1) is the projective space bundle of lines 
in the fibers of the Whitney sum of ~l with a trivial bundle, a is the involution 
induced on the space of lines by s = (-1) x 1 on E(~l) x R = E(~l EB 1), A, is 
the canonical line bundle over RP(~l + 1) with total space consisting of pairs 
(a, a) with a a line in a fiber and a a vector in that line, n: RP(~l EB 1) -> N is 
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the projection, and a* is the involution described as follows. On the summand 
Jr*~z, a* is given by a x 1, and on /v ® Jr*~3' a* is the tensor product of 
the involutions s* on /v given by s*(a, a) = (aa, sa) and a x (-1) on Jr*~3. 

To verify that this is a splitting one simply looks at the fixed point set, 
formed as the disjoint union of RP(~I) and RP(l) contained in RP(~I EB 1). 
For the RP(l) component, one identifies RP(l) with N by Jr, and the normal 
bundle is identified with ~u while /v is the trivial bundle with s* = 1, so the 
n-plane bundle is ~2 EB ~3 with involution 1 EB (-1), and this fixed component 
recovers (N, h). The component RP(~I) is of codimension 1, with normal bundle 
/v' = /vIRPlw with s* acting as -1 in the fibers of ;,.,', so thata* is the trivial 
involution given by the identity on the bundle Jr*~2 EB /V' ® Jr*~3' and thus one 
obtains a component in the summand 91m _ I (BO(l) x BO(n) x BO(O)), which is 
the image of the splitting q as defined above. In particular, FpF(M, a, ~, a*) 

and F(M, a,~, a*) differ only in (k = * -1, j = n) term, so pF = 1. 
Note. This construction may also be described as taking the bundle ~ = 

Jr*~ZEBJr*~3 over D(~I)' with involution induced by (-1) x 1 x (-1) on D(~I) x 
E (~z) X E(~3) and then collapsing S (~I) and ~ ISI<1) by means of the involutions. 

One may now duplicate much of the analysis of involutions from Conner 
and Floyd, Chapter IV, in the case of involutions on manifold-bundles. For 
example, SF = 0 is their result (24.1), giving 

LEMMA 1. If (M, a, ~,a*) is a manifold-bundle 4-tuple and if 

(S, a Is, ~ Is, a*) is the induced 4-tuple on the normal sphere bundle of the 
fixed point set, then 

[S, a Is, ~Is, a*] = 0 

in sJc*(BO(n), !"). 

The major portion of their (24.2) is contained in. 

LEMMA 2. Let (Mm, a, ~,a*) be a manifold-bundle 4-tuple, with r; the 
normal bundle to the fixed point set of a. If 

a E e:=o e;=o 91 k (BO(m + 1 - k) x BOU) x BO(n - j)) 

classifies the Whitney sum of r; with a trivial line bundle and ~ IPa' then 

S(a) = [Zz, -1] x [M,~] 

in sJc*(BO(n), !"), where [Zz, -1] is the free involution on the two point set. 
and the product is given by the obvious pairing 

sJc*(pt, 1) ®m. 91*(BO(n)) ~ sJc*(BO(n), !") . 

PROOF. If (X, p) is an involution on a manifold, an involution pair KI(X, p} 

is formed as follows: X x SI has involutions T', S' given by T'(x, z) = 
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(px, -z) and S'(x, z) = (x, z). Since T' and S' commute, S' induces an in
volution S on X x Sl/T' and one lets K 1(X, p) = (X x Sl/T', S). This con
struction is natural in (X, p), so K 1(E(I;), 0'*) is a real n-plane bundle over 
K 1(M,0'), giving a manifold-bundle 4-tuple K 1(M, 0', 1;, 0'*). The fixed point 
set of K 1(M, 0') is M (image of M x {±1}) and Fu (image of Fu x {±i}) with 
normal bundle a trivial line bundle and 1] EEl 1 respectively, with the inverse 
image of this fixed set in K 1(E(I;), 0'*) being given by E(I;) with trivial in
volution, and E(I; IFu) with involution induced by 0'* 

[(x, z) -----+ (x, z) = (x, -z) = (O'*x, z) if z = ±i] . 

Thus the involution on K 1(M, 0', 1;, 0'*) has induced involution on the normal 
sphere bundle of the fixed point set given by S(a) U [Z2' -1] x [M,I;]. Ap
plying Lemma 1 completes the proof. 

Note. The construction is precisely that used in the proof of (24.2) and 
was also explored more fully in Conner and Floyd [5], where the K1 notation 
was introduced. 

Let 1*: 91p( BO( m) x BO(j) x BO( n - j) )--+91p(BO( m + 1) x BO(j) x BO( n - j)) 

be the homomorphism induced by the inclusion of BO(m) in BO(m + 1) classify
ing the Whitney sum of the universal bundle and a trivial line bundle. One 
then has the analogues of (26.3) and (26.4). 

LEMMA 3. 1* is an isomorphism for p ~ m. 

LEMMA 4. The diagram 
s ~ 

91p(BO(m) x BO(j) x BO(n - j)) -----+ 91p+m_1(BO(n), r) 

11* lA 
~p(BO(m + 1) x BO(j) x BO(n - j)) ~ sRp+m(BO(n), r) 

.commutes, a being the Smith homomorphism. 

PROOF. Application of the Smith homomorphism to (S(I; EEl 1), a) is just 
given by restriction to (S(I;), a). 

This completes the translation of the results needed for the proof of the 
analogue of Conner and Floyd's (27.1), and using the obvious notational 
modifications in their proof gives 

PROPOSITION 9. Let k and n be non-.negative integers. There exists an 

integer cp (k, n) such that, if (M, 0', 1;, 0'*) is a manifold-bundle 4-tuple with 

{M, 1;] a non-zero element in 91*(BO(n)) and dim M> cp(k, n), then the di

mension of some component of the fixed point set Fu is greater than k. 

Note. M may bound when [M, 1;] *- 0, and hence this does not follow 
directly from (27.1). 
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As a somewhat curious situation, consider a manifold-bundle 4-tuple 
(Mm, a, ~n, a*) and suppose that Fa is a finite set of points. At each point 
p E Fa, a* induces a representa tion on the n-dimensional vector space ~ lp, being 
of the form Rj x Rn- j, ° ~ JO ~ n, with a* = 1 x (-1), and the point p will 
then be said to have type (j, n - j). It is, of course, standard that Fa has 
an even number of points if m > 0, and in the manifold-bundle case one finds 

PROPOSITION 10. If ° < n < m and (Mm, a, ~n, a*) is a manifold-bundle 
4-tuple such that Fa is a finite set of points, then, for each JO with ° ~ JO ~ n. 

the number of points of type (j, n - j) is even. 

PROOF. If pE Fa has type (j, n - J"), then p represents the generator 
a j of IRo(BO(m) x BO(j) x BO(n - j)) after "applying F", and 8 (a j) in 
IRm_l(BO(l) x BO(n)) = sRm_l(BO(n), r) is the bordism class of the map 
hj: RP(m - 1) -> BO(l) x BO(n) with 7r, o h j the usual inclusion and 7r2 o h j 

classifying (n - j)r.., EB j with r.., the canonical line bundle over RP(m - 1). To 
prove the proposition, it suffices to show that the elements 8(aj ) are linearly 
independent. For this one computes the Stiefel-Whitney numbers hj(w'{'-l-k@ 

wk)[RP(m - 1)] which are given by the binomial coefficient (n ~ j) for 

k ~ n - j and zero for k > n - j. Thus the matrix of these numbers for ° ~ k, j ~ n < m is triangular with l's along the diagonal, and hence the 
bordism classes [RP(m - 1), hJ are linearly independent. 

For n ~ m, this phenomenon breaks down, and one has 
Assertion. For n = m > 0, there is a manifold-bundle 4-tuple (Mm, P. 

~m, p*) with Fp consisting precisely of (7) fixed points of type (j, m - J") for 

each ° ~ j ~ m. 
PROOF. Let a be the involution on 8 1 = RP(R x R) induced by 1 x (-1) 

on R x R, with a* the induced involution on the canonical line bundle r..,. Then 
(8" a, r.." a*) has fixed point set consisting of one point of each of the types 
(1,0) and (0, 1). Let Mm be the product of m copies of 8 1 with P = a x ... x a, 
and take ~m = E9~=l7r7(r..,) with p* being the product involution of the a*. Then 

(Mm, p, ~m, p*) has precisely (7) fixed points of type (j, m - J") forO ~ j ~ m. 

Notes. (1) As in the proof of Proposition 10, the elements [RP(m - 1), hJ 
in IRm_l(BO(l) x BO(m)) for 1 ~ j ~ m are lineary independent, and by the 
assertion 

[RP(m - 1), ho] = L:~:a' (7 )[RP(m - 1), hm- i ] • 

In particular, any 4-tuple (Mm, p, ~m, p*) with Fp of dimension zero is then 
bordant to an integral multiple of the example given in the assertion. 

(2) The manifold-bundle 4-tuple (Mm, p, ~m, p*) of the assertion is non-
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zero in 91m(BO(m)) since wm(~m)[Mm] = 1. This shows that p(O, n) = n in the 
notation of Proposition 9. 

As another sample analysis, consider a 4-tuple (RP(2), e, ~n, e*) with e 

the standard involution e[Zo, Z" Z2] = [zo, z" -Z2]. The fixed point set is then 
the union of 8 ' = RP(l) and an isolated point p = RP(O) with trivial normal 
2-plane bundle and type (k, n - k). 8 ' has normal bundle A, and (~n, e*) re
stricts to the sum of a j-plane bundle ~~ with trivial involution and an (n - j)

plane bundle ~~-j with involution given by -1 in the fibers. One then has 
Assertion. If (M2, a, ~n, a*) has fixed point information (8" 11" ~~, ~~-j) 

and (p, 2, k, n - k), then 

in H'(8 ' ; Z2) 

(a being the standard generator) and any fixed point data satisfying these 
relations comes as the fixed point data of a 4-tuple with base (RP(2), e). 

PROOF. 8[(p, 2, k, n - k)] is given by hk: RP(l) -> BO(l) x BO(n) as 
noted above, while applying p one sees that 8[(8" 11" ~~, e-j )] is given by 
h: RP(l) = 8 ' -> BO(l) x BO(n) with 7r, 0 h the inclusion and 7r2 0 h classifying 
~t EB (A, 0 e-j ). In order that these be bordant, it is necessary and sufficient 
that w ,(k + (n - k)A,) = w1(~~EB(A,0~~-j)) or (n - k)a = W,(~~) + ((n - j)a + 
w ,(e.- j)), giving the relation. If the relation holds then hk and h are homotopic 
so that in fact the pullback to D(A,) of ~~ EB ~~-j with involution and to D2 of 
k EB (n -k) with involution are isomorphic bundles with involution over the 
common boundary 8 ' with antipodal map. These bundles may then be joined 
over (8" -1) to give a bundle over (RP(2), e) having the given fixed point 
data. (Note. Since 211, ~ 2 on RP(l), the classes obtained from the fixed 
components by applying 8 depend only on the classes of k and j mod 2. Thus, 
having only a 2 primary relation is not unreasonable.) 

Remark. This is a partial analogue of Conner and Floyd's (27.6). Specif
ically, if (Mm, a, ~n, a*) has as fixed point set the union of a point and a circle, 
then m = 2 and (Mm, a, ~n, a*) is bordant as 4-tuple to a manifold-bundle 4-
tuple with base (RP(2), e). This is immediate from the above since m = 2 
and that the normal bundle to the fixed circle is A, are given in the proof of 
(27.6). Then the fixed data is the same as that of a 4-tuple with base (RP (2), e). 

As a final result in this vein, one notes that (24.4) also generalizes to give 

PROPOSITION 11. Let (M2n, a, ek, a*) be a 4-tuple in which M2n is an 

almost complex manifold with a a conjugation, and ek is a complex vector 

bundle such that a* is a conjugation (i.e., a*i = -ia*). The fixed point set 

Fa. C E(~) is then a real k-plane bundle r; over the n-manifold Fa C M 2n, and 

(M2n, a, ~2k, a*) is bordant as 4-tuple to the" square of its real-fold" , 
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(Fax Fa, r, 1r::(r;) EB 1r:i(r;), r*) 

with rand r* being the interchange involutions. 
PROOF. The fixed point data in both cases is given by the fixed set Fa 

with normal bundle isomorphic to the tangent bundle of Fa and with the re
striction of the bundle given by the complexification of r; and the involution 
being complex conjugation. 

This leads at once to another closely related application. One may con
sider the bordism classification of 4-tuples (M, p, ~, p*) with M a closed 
differentiable manifold, p: M -> M a differentiable involution, ~ a complex n

plane bundle over M, and p* a conjugation on ~ covering p; i.e., a real vector 
bundle involution covering p and such that p*i = -ip*. These are "real" 
vector bundles in the sense of Atiyah [2]. 

Bundles with conjugation are classified by equivariant homotopy classes 
of maps into (BU(n), c) where BU(n) is the grassmannian of n-dimensional 
complex subspaces of the infinite dimensional complex vector space C"", and 
c is the involution induced by complex conjugation in C"". Thus the bordism 
classification of bundles with conjugation is the equivariant bordism group 
m*(BU(n), c). 

PROPOSITION 12. The fixed point set of (BU(n), c) is the space BO(n). 
Further, the exact sequence of Proposition 2 becomes 

F * ( ) S 0--+ 'R*(BU(n), c) --+ ESk=o 'Rk BO(*-k) x BO(n) --+ 

'R*(BU(n) x 8""/c x a) --+ 0 • 

PROOF. Clearly the n-planes in C"" fixed under conjugation are precisely 
those with a basis consisting of real vectors, which form BO(n) as a subspace 
of BU(n). To complete the result, it suffices to show that 

8: 'Rm _ 1(BO(1) x BO(n») --+ 'Rm _ 1(BU(n) x 8""/c x a) 

is epic. This will require some peripheral steps. 

LEMMA 1. The fibration 

BU(n) ~ BU(n) x 8""/c x a 2- BO(1) = 8""/a 

is totally non-homologous to zero mod 2. In particular H*(BU(n) x 8""/c x a;Z2) 
is the Z2 polynomial ring on the classes Wl(~) and W2i(~) where ~ is the line 
bundle of the double cover BU(n) x 8"" -> BU(n) x 8""/c x a, and ~ is the real 
2n-plane bundle EeT') x 8""/c* x a -> BU(n) x 8""/c x a with c* the involu
tion on the universal bundle ryn over BU(n) induced by conjugation on C"". 

PROOF. Let q: BU(n) x 8""/c x a -> BO(2n) classify C The composite 
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q.j: BU(n) ---> BO(2n) then classifies'?'" and so (q.j)* maps Z2[W2i I i ::;; n] 

isomorphically onto H*(BU(n); Z2). Thus j* is epic or the fibration is totally 
non-homologous to zero mod 2. Thus H*(BU(n) x 8""/c x a; Z2) is the free 
module over H*(BO(l); Z2) via p* on the monomials in the W2i('), so the asserted 
polynomial algebra maps isomorphically onto H*(BU(n) x 8""/c x a; Z2). 

LEMMA 2. 8: W*(BO(l) x BO(n»)--->W*(BU(n) x 8""/c x a) is the homomor

phism induced by the inclusion 5? of Fe X 8""/1 x a = BO(n) x BO(l) in 

BU(n) x 8""/cxa. Further, the composite 

f = (p x q). 5?: BO(l) x BO(n) -- BO(l) x BO(2n) 

has f*('Y1) = 'Y1 and f*('Y2"') = 'Y'" EB ('Y1 ® 'Y"'). 

PROOF. If g: M ---> BO(l) x BO(n) with g*('Y1) = r;, g*('Y"') = p, then 8(g) 

is represented by (8(r;), a, 1r*(p ® C), a*) with a* induced by a x conjugation 
on 8(r;) x E(p®C), or by the equivariant map h: (8 (r;), a)--->(BU(n) x 8"", c x a) 

classifying 1r*(p ® C), which is the composite 8(r;) ---> BO(n) x 8"" ~ 
BU(n) x 8"" induced by the inclusion. Passing to quotients gives 

g £ 
M = 8 (r;)/a -- BO(n) x BO(l) -- BU(n) x 8""/c x a 

representing 8(g) as a bordism class. Since the map 1rJ: BO(l) x BO(n)---> 

BO(l) classifies the double cover, f*('Y1) = 'Y\ while 1rz! classifies the quotient of 

8"" x E('Y'" ® C) c 8"" x E('Y"') x E('Y"') 

with involution a x 1 x (-1) over BO(l) x BO(n), which is the bundle 
'Y'" EB ('Y1 ® 'Y"'). 

Now consideringf: BO(l) x BO(n)--->BO(l) x BO(2n) , one hasf*(w1®1) = 

W1 ® 1 andf*(l ® W2i) = 1 ® w~ + terms divisible by W1 ® 1, so image f* has 
dimension at least as large as Z2[XU X2i I i ~ n]. Since this factors through 
BU(n) x 8 ""/c x a, whose cohomology is of precisely this dimension, 5?* is 
monic. Thus 

5?*: HABO(l) x BO(n); Z2) -- H*(BU(n) x 8""/c x a; Z2) 

is epic, and the induced bordism homomorphism 8 is also epic. 
Notes. (1) Since the homology homomorphism 5?* is epic, this sequence 

in fact splits as W* module, but the splitting is not geometrically defined. 
(2) BU(n) x 8""/c x a is the classifying space for real 2n-plane bundles 

whose structure group is the group of real linear transformations T: C'" ---> C'" 
which preserve inner products and satisfy Ti = ± iT. The existence and 
relation to conjugations of this classifying space was pointed out to me by 
Professor P.S. Landweber. 

One may consider C"" as R"" x R"", by taking real and imaginary parts, 
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and conjugation is then the involution 1 x (-1). Considering a complex n

dimensional subspace as a real subspace of dimension 2n then gives an 
equivariant inclusion s: (BU(n), c) -> (BO(2n) , !"). On the bordism level this 
just ignores the complex structure of the bundle and considers the conjugation 
as only an involution. 

PROPOSITION 13. The homomorphisms 

s*: 'iJC*(BU(n), c) ~ 'iJC*(BO(2n) , !") 

and 
A A 

s*: 'iJC*(BU(n), c) ~ 'iJC*(BO(2n) , !") 

are monic. 

PROOF. One has induced a map of the exact sequences given by Proposition 
2 and since these sequences are split exact, it suffices to prove 

s*: EB:=o'iJCk(BO(* -k) x BO(n))~EB:=oEB~:o'iJCk(BO(* -k) x BO(}) x BO(2n-J")) 

is monic. This is induced by the inclusion of the fixed point sets and is given 
by the diagonal inclusion of BO(n) in BO(n) x BO(n) c F,. Clearly then 

1xa* 
'iJC*(BO(p) x BO(n)) ~ 'iJC*(BO(p) x BO(n) x BO(n)) 

is monic. 

Notes. (1) s*: fu.*(BU(n), c) = 'iJC*(BU(n) x S=jc x a) ->fu.*(BO(2n),!") = 

'iJC*(BO(l) x BO(2n)) is just the homomorphism induced by the map p x q. 

(2) It is well known that the inclusion BU(n) -> BO(2n) induces mono
morphisms on ordinary bordism, and this is the obvious equivariant analogue. 
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