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a) (Si/g x SK/2 - int D™) with a gceriain

framing if k=2,6,071k .
) the Kervaire manifold'obtained by ”pluﬁbing
together” two copies of © 1e ban 1t disk
pundle of sk/2  yith any framing
1f k=2(mod k)
¥ 2,6,0r % .
¢) a certain (/2 - 1) -connected manifold
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1f k=0(mod )

(aq::l6,-ahrﬂ?8 for T greater than 1.)

resents the zZeroc Tement
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These leumas are proved in ( 1) except for w=3

and  k =4. For these cases 586 the apnehd % to Section I.
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fow we will discuss transverse regularity in the
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normal pundle for ‘N, The last statement follows Irom

the t-regularity of g and the construction of g*E!l.
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can assume -that this is & framed submonifold

tie
of N yhich 18 contractible 1n M . Ue may assume also
by general . position. that it is. contained in an

. S P & R o
n-cell of M . Thus =X () determines an element
v in FPx . Let '

- ¥ei x = 5
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y is the preCise ob Strth¢Oﬂ to chenging T by a
(S“) becoaes a Pl k—sphere-.,
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1be the cobordisn problen more precisely

Yow we descr
obstruction theoTlys

the accompanying

Definition L.kt  Let @R, mi)  be 2 (smooth)
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PL-manifold pair. A (smookh) admisseble
,ni) is a (smooth) PL (a+l)-manifold pair (v, 01
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1) n> 9
2) 'Trl(zxi)": T (W)
3) o = MUK
. o = AN = B
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for 2i¥l < S and
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Let L%_ i x DY “r > (int 1) x 1 be & (smooth)
17‘ .
enbedding. Let A= Y 5T % Dn “‘ . A (smooth)
O o _——
(z+1)~-elementary cobordism of (i,bM) is a (smooth)

sdmissable cobordism of (M, pM) where W 1S (diffeomorphic

PL-homeomorphic to
. & 1f—x—]_ _n-k

1

An admissable covpordism of (,bM) by W owill be
denoted by .(w;m,w_)
Hote that a SSuDle cobordisms, (V3 anml) and

(Vs Ml,Mg), may be neomposed” to obtain a third

= V- 0
WytVs = Wy \)H iy e
" The following.decomposition lenma discusses smooth

.

Gmissable cobordisms and implies inp artlcvlar that they

(2}

are closed under composition.

T
)0
o

e

ON

\.—/



17
Lemma 1,6  Let (U5 1,M') Dbe a swmooth admissable
cobordism of (if,bM) « Let r - be such that Hi(w,M)==O

for 1> r . Thnen properties 1) 2) and 3) - of
. b 3 »

Definition 1.5 imply there exist smooth k=elementary

copordisus

iJ * --'"; S : —
(ka"“]i’f‘l, llic) 1{ :}]-,2,»0.0, xr
Swith M :!MO and M'= M. ‘5o ithat-

. : r

Je \".e ;’.‘1 — 5 \ - . ¥4 \_k

(W3 1,10) = (WptWpr oo otWy3 MosMp) o

The decomposition satisfies o I
a) the imclusion 13 M-——= U te..rif

induces an isomorphism between Hi(ﬁ) and

H

- (1‘]1"}.0»9"&'1"}’_) fOI‘ j.. '7 k,
L e RS R . .
b) the inclusion ik': M, Ve s oW
induces an isomorphism between H; (1) and
Hi(‘k‘jl'}' e o “'1‘]}{) fOI’ i < l’l“k 9 o . : . . '
¢) property %) dimplies M 1is (k—1)

cormected vhen T 1s minimal.

Proof: Write pU=MPU DM x I UM Dby choosing
'a collar neizhborhood of Dl in 1! and. setting
M= 10— (BM x L0,1)). Define f: W —=R by

f(x)= (% | X

in M
Tyts x=(m,y) in bMx I
1 |

r+d o x in MY




[
W

hn

sxtend L to a nice lorse funetion g . (i.e. g has
finitely many eritical points in int W nd g of

(ecritical point of index 1 ) equals 1 ) with critical

points of index = 1. and set
w= gt Gk, W) E=Lees, T
Sueh.a g exists by (24) » e
Tiow the wﬁ pay be modified siightly in a neighborhood

of i x I (using a local product structure) o

-
v

obtain the desired decomposition

(W

e

. {,i';!) = (X\IJ_JV. ® u"i"f‘vi-r; },.i,’i{l) ®

=

Now =2) and b) follow IrTom the Tact that Wyt...+W

thru k)-cells

}_J

has the homotopy Type of M with (

attached or I, with (ntl-k  thru n)- cells attached.

m

o prove c¢) note that the inclusion

1 Vptkes o tWy —> W

'.Jt

5 = nomotopy equivalence of the respective k-sielelons.

However, 2) and %) imply that W is (k~1) - connected

[

or ezch k ' such that 2k+l < s . Thus Wit. .otV is
L
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(k-l)-‘connected if (2ux+l) < s . Therefore, by the proof
of b) My 1s (k-1) -comnected if (2k+l) < s and
1w < n-k . If we take T such that 2r+l < s  then

k

N
ks
tj-
5
‘.—l
l_J
o
0w

Skrl < s and k< n-k . This completes
the proof of c) and the lemna.

Lexma 1.6 shows that an admissable cobbrdism of
essenfially %he trace of sﬁrgeries o1 the interior of
i vhich kill the low Qimensional'homolog§’of M.

‘The Lemma could have been stated. in a much sharper
forme. Ihe pairs | B
| | (hﬁf,..+Wk,M) kK= lyeeesyl
ne pair (W,M). This filtration of (W,H1) gives
us & chain compleX whose homology 1is E*(W,M) . FMurthermore

rhis chain complex has an explicit geometric description

in terms of the handlebodies WE e T e
Conversely, il ﬁe are given any . chain complex whose
homology is Hy(W,1), we can write (W3 M,H') as a
sequence of elementary cobordisms viose geometric (or
filtered) complex is chain isomorphic to the giVen complex.
Ve will use some of this information in the obstruction

Al

theary to follow. The facts used will be discussed in

¢t

ne &

pendix to Section Te

Lol

=1
st
ct

ote that the filtration of (W,M4) Dby the pairs
(H1+...+WR,H) is, homotopically speaking, just a skeletal

decomposition of the C.W. pair (v,H) .




L .
(g3 L,L") of (L,bL) and a homoﬁopy equivalence of paifs
| Cp Qb)) —> (WP
such that |

F/L induces L3 (L?bL)-%—(M,bM)

7/11 induces f': (L1,bLY) (Y, P,

yhere f' is & honotopy equivalence of pairse.

To be brief we whall write (Q.F) ‘is @ construction for

Definition 1,6  Suppose that (Ws 1,1') is a smooth
- . . - . . e ' A E AT
admissable cobordism of (11,01) o Let \Ak; 1,90 l)
. A An -
k=1, eee 3 T define a skeletal decomposition of
(UsH, 1Y), dee.  (W3ED) = (V) oo oLy M) e
Let I (L,bL)~%~(I bM) be a homotopy equivalence.

Fal

A cobordism construction LOT (W,M:vf)_'over the

’

k—skeleton of i) ds a cowor ~dism construction for

8.

C
(\Jl+..g+1¢rk 1 f). . .
Let (Qg,Fy) Dbe such @ construction. We say that

7~ T1) -

ex benas to a construc 1 « over the (k+l)-~skeleton

if there is a consrbruétion for (Wi g,¥; 8)
. . X : s

where g = P/ (0Qy -int L).



R

1 (R,G) 1s & construction for (Wt 43 g)
e Al
then by setting Qg = RKJ',gk and Fk+1'::Fk k)g_ G

we get a comsiruction for (W LMy ) over the (x+1)-~skeleton

Yo k) .
ote that the parvial conat-acUlons of Definition 1.6

of (,}) which nauﬂra]‘y eAuc;ds (Q,9

re Gefined with respect TO 2 SUeClLLC skeletal Qeco zposition

of {3 R,M?) . Wevfix now a decompoglt;on with minimal T

and discuss the stepwise extension o; a: COUSbruCULO“ for
(1,1.; £) over the skeletons of (W,M) .

Let (Qp_1sFp.1) Pe @ construction for (W,M; )

over the (k-1)-skeleton of (W) . Let L_ = bQy 1 = int.L

k-l
ihen according to Definition .2 & induces

or 1 k it ! | ] .
o (hkml’oLk—l) ‘"”"(“k—l’bli~l) a homotopy egquivalence
of PL manifold pailrs. BY Lemsa 1.6 ¢) My 1 1s

(:-2) -connected since the fixed decomposition has minimal T.

Thus  Lemma 1.5 applies to g .

Definition 1.7  (Zhe obhstruchion cochaip) Let
e.=c, (8 l’Fk—l) in . Hom (Hy (WooMy. 1) Pk—l) e
Gefined Dby une c0mp tion ;

<7 1.7 ar - -—— h Cp'

..UJ.I{( \ﬁ.’k,l'ik_.l) ....—-—>“ 1(AAL l) «aw—'—'vlr_l(lﬂ_ l) M%’P.'l‘:"l
vhere  Cg is defined by Lem:a 1.5 , and h 1is the

Turewicz Isomorphism .

<L

e s SRR TS
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; % - g hn b - - D .
Theorem 1. Let (Qk—l”fk-—l) pe a cobordism
constructon for (W,Mj f:L—>M) over the (k-1) - skeleton
of (W,¥) . Then (Qy 1 k—l) extends to a construction
over tne k-skeleton of (¥ J)  Affi .
. . .o
CACTERL D
£ ? e
Proof: Le = D - and setv = F _/I
Rreo Lga= P9 & g= T 1/Me
We want to show that there is & construction for
. 154 2ol s
(ol 3 83ly g = T p) LG (Q1- -1 B = 0
W ATy . y ' CO g L= W — . L "o ’ .
Now cszk-l7Fk—1) ~ is zero iffi ¢, 0. In fact ,
in the composition _ '
v b n o Cg
H (VM T oH L ) e )
A’.< fk‘) ll‘:“"--) L"'-L Jl{l-l) o [} k"‘l( i';"l) E __?_, Pl’:""l
T = Mﬂl
_ Cx :
b =3 h are isomorphisms .
Suppose Lirst ula“f c 0. Write
k N1~k
W=
Hk .I.l}¥ x..L UA ( “1 Dl ) 9
I ! - ' o
g1 1~k . :
whers r = (.U S < D- in intM. :
wher A=l 8y x Dy ) dn o int(l_q x 1)
L b Hy o= b'( 6 -t L p.)  vhere is a point
et - Fy g7 J0 Ry X P here p; is a poll
o _n¥l-k L . . .
in Di . By Lemza 1.5 C,= 0 implies there  exists
e g ,
. —_— 1"“1
so that H/(Lk_i,bLk_l) x0 = g and
x 1 is

so that g = H/(Ly ;b )




23

3 R

“Since Rk—l is a disJjoint

t-regular To Rk-l' with g“l (Hk_l)-: RP-“
PL-homeomorphic to L.l e
union of (k-l)-spneres, 8/By 1 * By > NL , is
homotopic to & PL-homeomorphism. Thus by using the
PL-covering homotopy theorem (19) and the homotopy
extension theorem we can assule that - g/Rg;i is a
PL- Loreomorphlsm..>

How Ry has a nroduct ﬂelghoornooa

p:(/ u by x DM (int T ) % 1

__— . ' k— -
so that g*'p = 3. Let B = p(( l) x DHE l)_ and
: T
form R= L 4 x1 s (C, Ll DL ) x Dn+“—l) .. Define
G:(R,bR) -——~>-‘(\k,bhk) b:y G—— H I U, 1 where
o X k-1 Tk _n¥k-l
iz ( j&{_ Di) x D e 'L:Jl (Di X Di =)
is the obv;o s equivalence .
R}-:'-l =D e ®P
o) S
~ o V3
J‘ P | ¥ e . )
v s " .
HxI ‘ -
Inqz 1 E l
. —— : \ :
R ry W

Ve claim that (R,G) is a cobordism construction

o]
Tor (WM _ g3 g) . Let ILy= DR — Iy 4 « Then G induces
g's (Lk,b]‘.lk) — (Mk,bmk) .

e need to show that G and g' are homotopy equivalences



n

Ty
1

We proceed in - steps:
1) 'g'/bLk is a " h.e. by coxstrgction.
2) 1t follows from & standard lemma in
homotopy theory that |

G;' ”¥V'
R »Jk

is & h.e. (See Lemma H in the appendiX to section I.)

3) G (R,bR);4>(Wk,bwk) has degree one.
Tnis follows from the commutative diagram 3) .

* % e
. . 1,‘ DS i -1 e :

) G : H (wk,ﬂk_l) H (R,Iy_q) 1s an
isomorphism . This follows from diagram 2), diagram &)
and the five lemma.

5)  Gys Ha(i,ly) —> Hx(R,I,)  is an

isomorphism. This follows from 3),%) and diagram )

isomorphism. . This follows from 5)-and the SH-lemma by an

£

argument like that of L.

3

7) Therefore g' 1is a h.e. when Lk and hk
. . 9

are simply comnected by the Wnitehead Theorem.

3

8) (G/bR)ss Hy(bR) —> H#(bw?) is &
isomorphism. This follows from 6) and diagram 8).
9) Thérefore G/PR is a h.e, vhen DR 1is

-

simply connected.

This takes care of all cases except possibly when

\
-

¥*=1 or k=2 . For these cases see the Appendix to

section I.

B R

el e

R

o
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KT I -
Tnus ck(Qk 17 Fy_q )n_ O implies that there is a

construction for k’r'il’;el; g2) .
3) } - - S ?’i_ _ ' '
ﬂnﬂ(R,bn) — Hml'(R,bnu Iy-1 X l)gxc H .4 (Ry:_1 %D b(? @))
Gl:i%—rl | ’ \\/ = L 1y
v NE g S
]in+l(wk,bUL),~>BT1_;_1(XJK,DJkU My _ ):;C - RIS x‘D,b(mk_lxD)}
) l(” )y = Hl(w M ) s Hl l(M. )
< B x? k-1 MR-l
* P 4
L e \)( 2 .\, =4
i i . i-1
BN R) e BRIy ) T BTy q) T
5) % . _ *. %
B (WM 1) __,%6, E*(R,Ly_ )
= lrn/u‘f»/k - = ‘ Mg
8)
s Ho (L) @ Hy Iy o) —s>H, (bR) ——> H 1(bLk) —
= (/bR % = }=

!

—>H; (1) © H (M, 1) — 3 (oW, ) —> Hi-l(bmk)

Now suppose that (R,G) 1is a construction for
(Vo by 753 g) . - We want to show that ¢ 1s the zero,
| - | e
nomomorphism . Represent X in T (M o) by
ol , k-1 k-1
an emoedded S . Suppose that

P 2 7 Ry

|

e

SRty




G  restricted to a coller neignborhood of D®HR 1s

L

equal to (G/ok) x I, where we assume that

-
; . RO S . .
G/bR is t-reqular to O . Then <the class

determined DY g“l (Sk"l) = (G/bR)”l(s’;"l) in

ig the -same as the clacs determined Dy
cls*t x 1/2) .

‘This means that

LR \
| >

e} P> W
s s - Pr1
v 7
/C ~ ’
. (W b
‘ﬂ—k—lktﬂ)
5g . commubtative . But Tfy_l(wk):: o .

Thereiore,

o(@ o Fe1) = O



277

Recall that the filtering pairs (W, t...*VW M
) 1 k?
k= lyeesyr glVve us a chain complex whose homology
o
- el - ' :
o N T 1 ehad n 1g I : - : o
is 1fv(w3L),, The k™ ¢hain group is uk(wif"'%‘ﬁﬂxgﬁu"+Lk~l)3

and the bpoundary map C,--=C is the boundary map of
_ £ k-1 P

the triple

T P T L U

Using excision we identify *Hk(wk’Mc-l)- and Cy . Thus
Ch(Qk l’Fk l)‘ determines a cochain in the cochain complex
paw 3 Sand R . .

for H (W, .-,

Theorem 1,8 i):cy.(Fk;l,Qkﬁi) is a cocycle. Let

(ci) " be the cohomology class of ¢y in Hk(w,M; Pk_l) .

11) (cy) determines the zero

nomomorphism in Hom(H, (W,H),Pp 1) iIffi ¢, vanishes

<«

on the image of the cemposition

. oy iO - .‘T - .‘. .;i)(-l o " h . __xb |
‘ O —> Bk-'l(ll) —_— hl;_l(‘hllc P 'T-IJ];{‘“]..). ? }{k'-l‘(ljl“:-ﬂl)ZTTlC‘l(qu-‘l) °
Proof: 1) We want to show that ¢, vanishes on the
irage ol
_& : Hk—*'.l(wk-h]_’}gk) SN ,Hl-;ﬁwk LY
I y 1 '
ck+l(w,m) > Ck(w,h) .
But ihis fbllows from comzmutative diagram i) since by
Lemma 1.6 b) 1y 41 is an isomorphism.
To prove ii1) . note that (ck) determines the zero

homomorphism in . Bom(Hp(W,M); Py _1) 'iffi‘ ¢, vanishes




on tne kernel of

B i
Hl:—l(“lc_l"’»l«;—Z)

o % Hkavk,mk_l) S—
. i .
C"k(lll)l*) il «C'!,__l(l"l',l’i) : -
Thu ii} follows from commutative diagram ii) since
= kernel Ik and
a) .

1) image J =
n isomorphism by Lenma 1.6

2) i, is 2 ImOr'P
- Cx

——

B

1) -
. je L js Cg

(\'Ik,l"/ik_l) R H};-l(ﬁ :wl)_——%’r’i-:—-lu? ‘:-l) e PK-:L

T a

'T+...+Wk_l)

-

7 g\}, exe ' _
‘ Ek(le"}”u .As'{".gt}']-{,v}l’fhng rd 'f“!‘j"{_- ) s Ii"{__l(\,\l
;;—kkl(.&j '3 ’+K‘l"+‘l’ l+ oo 'f’x 'i/-) O )
% exc
Hierg (P o)
ii)
) (W1t o)
~ i exc :
=3 -
nk_1(¥J1+c H l \:le ° e ,"("J}_ 2) 1— . l(il)
P T | & /’// Yo
7 K(UJ_J'““‘”WM‘ e AV ) -—~—>—r11 1‘”1‘*' . ,+..1 1) ‘\S
. - = o T 17
o~ | €Xe : Teep | Hk__l(hl-r. .ot .,1{_2)
. ‘»
~
e W) -0

b
P (X‘I l’].l l) i Hk»l( 1, 1
v\\\\
-9
P

: c

Cx
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1
ii

2ty
. LiiT
Now we want to shov tb t cohomology class determined

vy ¢ (Q_ .,F _) depends precisely on the construction
' ' k-17 k-1 , v v
over the (k-2) skeleton of W) .

We need two p;ellml ary definitions and lemres.

Definition 1.8 Write W,oas

!
&

1 R k} n+l-ky
b;iﬁl x.L U .( D ‘xIDl )

A
- e {. — ‘ - . . L] )
hen the Dk Dk U ( ﬁ x I) 1= lyeeey? with
orientations generate ﬂv(Uﬁ M 1). Let DWk denote
W U W,. « Define the doubling homomorphism

on generators by

d(Dk)

i
(H
]

1
=

X)
jwr)]
=
[

vhere (%) denOLes the homology class of a chain x and

i, and i are the two inclusions of W in DU .

k k
Lemma 1.9 The following diagran is commutative,
| /j/’;f h}{( Wl{"hk— 1)
H, (W) L a
L T *Ik(th)

Proof: ILet x Dbe a cycle representing (x) in

T (o . : . 5
5,.(%,_.) ., We may choose X SO tnat
~ =K , =K
x = 8-| D‘)‘"fu eV arDr"" Y

viere y is a chain on Iy 4 -
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=1 . ~I«:
Then d;](X) = d-(a-; (D—;L) TR aI.(D;:,) )
Ny Ny =k .=k ., =k
aIld (ll - -L;) (A) foad 3‘[ (-";D| -~ 11D1 ) eew ar(llDr“‘ 12 T )0

Therefore dj(x) = (i,-i,)(x) . - Q.E.D.

Let (Q"'~1’Fk-l) be a construction for (W,M; f)
over the (1 -1) skeleton of (W,1).  Suppose that (R,G)
and (R’,G‘)_ are two con5urudtidns-for'v(Wk,Mk;i;.g)

(g = Py l/Lk 1= le l~l“u 1) defining extensions of

(Ok l’ F 1) over the k-skeleton of (W,M) . Then by
using Van Kampen's Theorem, the Mayer Vletorls bequence )

and tae Hurewicz Theorem we see tnat

R U R' and W U W, = DW,_
| R end wk llk~.1] Dul;

I3
H
o

(x-1)-connected and that

G U gG' : R U LR U R)) _..;.. (DKPJK,’DDE'IK)

LL— Lk—l

nas degree one. Thus Lemma 1. 5 aanles to G UG,
g

Lev cgygt denote the homomorﬂhlsm given to us by Lemma 1. 5

cgugr ¢ W (Du) —>=Py




efinition 1,9 (The difference cochain) - .

(v

¢ (®,G) and (R',G') define extensions of
(G . ,F,_,) over the k-skeleton of (0,M) , let
1

a(¢,G') denote the composition

,-A,, a .A,,.-,\f‘:-; : Cn 1
hk L"rk’mk-l) > HK(D‘;JIZ)%*»TT};(DWK) ('JUG > ;Pk ¢

a(e,G') is called the difference cochain associated

o

+o the tuo _extensions (R.G) _and (2'.G') .

Lemma 1,10 If (R,0),(R',G') and (B",G") define
three extensions of . (Qk-l’FV~l)' over the k-skeleton

of (W,¥) , ‘then

4G, = a(G,6*)+ a6 ,6") .

) . N T

Proofl: Let 0 and Dy Dbe as.in Definition 1.8 .
Let = I L By Theorem 1 c=0 Therefore
et g= P 1/by q - 57 Theovem L7, €= reLo

we may change g by a homotopy SO thet it has the nice
rorm of E in the proof of -Theorem 1.7 « Ve may
suppose by the homotopy extension theoren that G, G,

and G"  extend This nev g -«

How we may approximate G by a map which is t-regular

‘- s
=} . R - -1,=k :
pD; ) in (WM, ) o Then G (D) isa

framed submanifold of R vhose boundary is PL-homeomorpalc

-
i .

to S , and which is contractible in’ R . Let
=X k ] ) - ’ - -
G(Di) denote the element in Py determined by

"1 "’?;_ .- - . ] o = . '
G (Dg). Make similar definitions for Gt and GY .

i i i e ey e S

e e T

i S 5

g b
AT G

EResT

AT

o
TERES

i S Y

B TR

R LA
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- A =X
a (6,6 (Dy) = G(BY) + G' (D)

=K ,., "1’: :

The lemma follows immediztely .

theorem 1.1l Let (2,G) and (R',G') define

over the k-skeleton of

extensions of (Qk»l’Fk-l)

Ql ?,ﬁl'-:) .', C1r+l('(;§,lf;’l"?1‘_ )= % d(G?G‘) .

(@
g
<
o
L]
1]
D
=
«
-3
1))
]
o]
(&)
O
W
0]
s
o
ct
—
r
]
~—
(o]
D
Yy
’-‘ »
3
D
n
o)
]
o
N H
r‘_
]
=]
n
I,J .
O N
B

Hom(HE,_ (VM 173 P,) is given . Then there exists

Thus we may change (vaFk) on the k-skeleton of
$ 9 .
(i7,1) so.that Oﬁfi(QRfEk) varies by an arbitrary = =

coboundary .

b ve]
e e o
e A

e
e e A g

nsperts
s b

(W,¥) . Denote the extensions by ‘(QK,FK) and (Qﬁ ,Fﬁ) .

R

i

St
ETIOR




Proof: For the first part we consider the diagram
T ST e
/./ ) . T . C (O _,? ) (\ r et .
Lo S Ll Vo 1) O (G, L)
ey +f 51 S 77, hts e i ) h . - .
D Hee1 (Mo o) > Fpp (1) =T () el |
1 % ¥ z“\\
= | .exc. E z \\\\\Cg"cg:\\\\
v : | Y . ¥ T~ .
Fp (T e W Wy e 1) = Hy (7004 ) ST, (W) N
15 ] L T AN
. » . ,‘,. PO B . \i
v b : = L1 % = RN
¥ : .- } - o ,:-:v . C(" -C 1 = P T
T v T ; : 1 - J o G T k
..;-o 0\41:,1 lotlfl{_i)"""“ Hl‘:(, Ik.) Wﬂl’x_(“k) - | . ‘7
A . '
z l exc. J E
- v L
’-_\\ - : . d . Y . {f
e eyt g ) =, (01 'f

G/L;,. = @ ~ int L

and

where =

- Commutativity around region I is just Lemma 1.9 <

Commutativity around region II is easily verified on

<

representatives . Commutativity around region III is
just the naturality property of c

the proof of Theorem 1.7 .

: il
Therefore the diagram is commutative and this proves EJ!
“he first'part of Theorem 1.1l . . i%%f
For the second part supvose that} (R,G) ‘is given %E.
and that g = G/Lk__'l has-the form of gz in Theorem 1.7 .:} %ﬁf
Let (BO ) GO);‘denote the construction given in the @%;

¥ e
EE e

AM‘

Theorem 1.7 with H=gx I .

E=s
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It x=(xl,,..,xr) denotes a

sequence of elements in
Py, let  (GyHR.)

- denote the construction of

Theorem 1.7 with H=gx I and i replaced by ix where

-1 /=K : : .
iy (Di X pi) represents x,

and ix is @ h.e. of pairs. (For a proor that ix
exists see Lemma F in the appendix o) Lhen by the

formula derived in the proof of Lomma 1. lO

a(6y,6) (BB = 6 (BY) - ¢, <Dk)

i
W

. -0
i

— R
— L

1

.

_1)s By) are

(HE k =iy
- h(9l>gooa, U(Dr) - 'D.(Dr) )
and set (R',G') = (Ry,G)

ir (R,G) and u in Ioa(gk(l,
given, let x = (G(”L

. Then

©aca, C‘)(Dk) (a(a,G )-+ A(Gg»Gy) )(D 9

i}

G5 - (@D - u<55> )

]:-

= U.(Di

) .
So a(c,6') = wm . -This completes the proof
of Theorem 1,11 |

L4



We summarize the above results in the following

theorenm .

Theorem 1.12 Let (W;l,M') Dbe a smooth

admissable cobordism of (1i,bM) with the skeletal
decomposition

(W MyMY) = (Wpr ety MGMT)

wiiere  2r+l < n. Let £: (L,bL) —(,0M)  Dbe a
homotopy equlvalepce of PL—manifold'Dairs. Then There
exists an obsbruc tion theory for the problem OL maklnﬂ
a stepuise cobordism construction for (U,v' £) over

"T

the skeletons of (k,u «» The obstructions (ck*l) lie in

Py = -0 k odd
Z.  k=2(modlk)
Z k= 0(modd) .

Corollary: Let (W,M; £) Dbe as above and suppose

Then <there exists a cobordisii construction for (W,M; )




Tty

¥rem the statement of Theorem 1,12 1t appears
that the obstruction theory depends on the PanlChlar
sieletal decomp031ulou of (W,H) . This is not the
case, however . In fact one can use Smalefs theory
of ha -ule decox apositions to pass from one decomposition
to another and thereby relate the corresponding
obstruction theoriés@_..

We will not do this because there is another
interpretation Qf the obstfuctioﬁ fheofy invtérmSHOf
an extension problem in homovony theory (see Part II ),
'Erom this point of view the independencé of the theory
from particular skeletal deco“pcoitiéns follows from a - e
lermmia in homotopy theory.

O“e can also ask if the obstfuctions‘described in
Theorem 1.12 are aCuuale feLLeaentLole as obst ructlon
o making particular cobordism consiructions. There are

nany exsmples -‘,_(;Se,e;f'Chap_i}er - 8), For -

instance the LOllOMlﬂU'iehma is .easy to prove,

Lerma 1,13 TLet p be an element of P Then

k&
tiere exists a smooth admissable cobordism (w; MyMt).

& d.e. I (L,bL) — (M,bM), a constructidn-~(Qk,E£)
ox  (W,M; £) over the k-skeleton of (W,M), and an

element x  of H 7 (W,M) . sothat

1 (@GP T x =1 .



c n i
Proof: Let  1.,° D}_L x Dy = ¥ & pP

FEs— P 1

n 7> X
be a houoltopy equivalence of PL-manifold pairs so that

_1, K . , . . ’
iD]"(D % %) Tepresents D e Then there 1S s product

-

neighborhood

so that ip-j is just the natural inclusion of

s S o
S e o e

gL x % in b(D‘fi x_Dn,)* so that Sk“lm-—:» ¥ x % .
i, . ._n Xk n o o
Define L = D% x Dy U. D]i x Dy by identifying

X o n :
b(Di.i x %) X DR with j(SA ‘ ~ D ). Let

”D1 an = S an,

id
R S n . | :
and W= D}‘ L 4 p* . Define. £s L —=M¥ Dby f= 1pUjl .
Tnen (W,i4,f) hes @ construction over the k-skeleton,
(nemely (L x I, £x I} ), H1_+l(‘.-1,1-§) = Z , and
RN pa B

r . . e R & > ‘
Now we relate the opstrucvlions in H 1(&-1,1»’1; PL-, )
: X
Let pi(N,Q) denote the 1 rational Pontryagin
. ~ o2 -~ s o 2 -- e 1Y - o .
class of the PL-manifold I . Let B H (X5 L) —> Hom(H,(X) JA)

be the evaluation maps




R Rt

_38

Theorem 1,14 Let (@ ,F ) be a construction

for (W,M; £) over the k-skeleton of (W,M) . Let

E Crr1 &

Then

C'x 1 l(Q]r’—Ul{)

a) if k> 4&r , then pnp(L,Q)=0
b) if k= 4r , then p (L,Q)=0

}..l
Yy

=

}—I-

(e ) =0 o

ProoL? Let (Q l’*i 1) be a constructlon for
(w,M; £) over tne (1»1) skeleton of (W,}), - where

'_‘L:LL . Let

- int L

= e | .0
/’/W T - }

i =
. (1,Q) 2B, (WM, \z)—f~1~‘ (L 4,4 )«M’rr.(ffi. )@ Q —= P ;&9
i i : i 1~

A : .

. . o \I
o e i ., 4 . L (-L']_ 1)
5 (1,Q) =25, (Q 4 Q)= Hy (By1,Q) B w200

where LT(X) denotes thé rth Hirzebruch polynomial.

£ad ——

of any PL-manifold X .




B : N S 5y

We show first tat the commubtativity of this diagram

implies Theorem l.1% .

a) Suppose that kr < k and that o
pl(L7Q): cee =Dp_1(L,Q) =0.  Let izlr and choose

’(Qi-l’fj_._l) so that ci(Qi_l ’bi—l): 0 . Then

c_ =0, and the commutativity -of the diagram inplies

8
L,(L) = 0. Thus pp(L,Q)=0 .

b) By Theorem 1.8 b), E(c

c e=0. By the diagram cgezao 171 Lr(L)z-O. By PN

o

a) p;(L,Q)=0 for bi < Yr=1Lk . Thus 'pr(z,Q>=;o |

irri L_(L) = 0.
T
How the commﬁtativity around regié_n II is verified
impediately on representatives. The (;omnutativity éround
I ‘is established as i”ollows :
For each Xk:(L,DbL) ‘—%(Sn"i,p) there exists

K and k' so that

(L,DbL) k |
/,? \A ]
(Qy_p,L) —— K ———= (5" ")

S

(Ly_qs005 1) 7 XY

is comzutative. (HJ(Qi;l,L; ’ﬂ'j__l(sn"i)) = 0 for j > n-i.)

Suppose that k,k', and K are t-regular to y in

o S el . . . ' -1
S Then X l(y) is a2 cobordism between k ~(y)

o o ) . n-i, n-i
and Ikt l(y). Thus if u generates H (8 ,D3 Q)




_and ILDx denotes the Lefschetz Dual of x, then
L (L)(IDk') = index X 1(y)

. ] "'l
= index k!

(y)

I

T i1 ¥
Li(hi_l)(LD& u)
=t ;=L D™
L,(Ly_p)(171 LDk u)
Tnerefore I is commutative for elements in
Hi(L,Q) which are of the form IDK'u  wvhere

o n~1i - ,
ks (L,bL) > (S 7p) .

It follows from a thebrem of Serre_ that these

generate Hi(L,Q) .

This completes the proof of Theorem 1.1%+ .




Aonendir to Seciion 1

in this appendix we clarily a few -points raised in

Secticn L.

1) Proof of Lemma's 1,2.2nd 3 for X 3.4,
Proofs k= 3:P3": 0 :, by ( 27)'. The proof of Lemma 3
for k = 3 is the same as trat for k = L., ‘L‘emma 2 is clear.
k= L4: There is a homomorphism 3415‘9335»%2.
By (1) this 1s onto 16(Z).
Suppose Index (I-‘iL%) = 0, Since bll' = 83 K. = cone "D}.@L*u },Zr

? 1
1 ‘ T 3 ] o \:Lr -
is a PL-menifold which is smoothable. By (28) M, 1s -

A L . [ ~ N

cobordant to S Dby Wl where. nl(r.al):: 0 and Hi(w Yy =0

for i# 2. Let W= wl-(tubular nelz&xbornood of arc connecting
and Ml") and e"terid the embedding of .ILr to an emoedalng

of  (l3k,,H4,,DF, b0, bD*xI) in o e, oM T E Y o,

)]

(AN

(D :i'l{,bDl"'*'-k)Xl,bD Pt ly7).,  Since nl(v-l,l\s_;__;n’i,l(so))———- 0

the framing of M extends over W. Thus

“is a .mononmorphism,.

 Using a nice Horse function on W whose critical poinis

. . - . L. s g

are on the interior of W we can write W = u D xI U D7
: . i=1 L

vhere wo is the trace of Iramed surgerles beginrincr : on

Lo _ . . . Lo L
¥° whose spheres have dlmensioll < 3. low bV O-m =L= D U S
A . ' ’ i

L4




8o we can make i

)

connected by framed surgery to get a four

disk. fTnus Lemsa 3 18 verified for k = 4. The proof for

2) proof of Lemma 1.2

oK

Let % be in'TTp(ﬁ‘).
BN

Choose an SECint ' to

represent X. » ‘has & normal microbundle by ( 6). Halke

o~

£  t-regular to
o= p-l(gK)oint DE. (£7T(EE)
dezree one.) |
eneral positlon we may assune
interior of a closed n-cell DM

SN R L kel
oI s 1n'Dn-1 so that S

Tlow I 1nGuces a null-homo

czn change £ by & homotony ft SO

AL oK LK : '
2Ty = £ (8T, and £ () =
T . 1

T iy tnere is an embedding T

rne inclusion T & H so that
is a pormal disk at p. Using

py an ambient isotony of D™(fi

T is a contractible subcomplex OL

f H
1 -

S*, assume #~1(s¥) is connected and let

35 non-void because f has
£ 1, so by
that T is contaired in the

of M. Choose an embedding

. K o
%0 goes into HT and S 1Xl
Let T = T  izmage (Sk“lxl)o ’

. k y
topic map T —> g5 < M'. Ve

£, is t-regular to'Sk,
(%]
. = N
p in ST, By the t-regularity

m

T35 n _ . .
T x DT> DT < M extending

F=ip, where i: DE s 21

iy

)

( 8) we can shenge ¥ (and

1

—ed. on PDT) and put a smooth

structure on T SO that P becomes a smooth embedding.

s=hmanifold of DR, Define

(framed cobord

B3

Taus we may assume that o

is a smooth f.a.c.

s1sm class of ) in P

R S e

Yo 5

e -
T




).;.3

Now we show that cl( is well-defined. Suppose '
. ™
R - 3t - i .4_ ‘-‘A: e ;—.-1 "‘l“ -
fgr H—>U is t-regular to S© < H' and I (87) is
connected. Suppose ft is a homotony between fo and fl.
ihen we can change f for T in (0,1) so trat foxI: MxI-> K

is t-rcgular to S5° and so that (ftxl) -1 (“Lfls connected.

-
=)
[0}
(@]
2
3
(@]
ct
(o)
ol
[¢V]
3
f
iy

Collows from the technigues aescrived

below..) Then if we have uade constructionS'to"produce.

s

end T, fr om f ( k) and f (”k) as above these can
-1

%

be extended to (ftxl) ““) to produce a framed copordism

2 =

] : - N i
netween Tl and T 1in D xI.

Thus Ck(X) is unchanged if we alter £, by a homotopy.

Now aﬂj two choices of- 5, «<H'to represent x, the t-regular

o

i ""l(Sk)

approximation to £, the homotopy making I cormected,

T -
A

D& o f“l(Sk) the isoto?y”of D™, etc. are related bj
’ , ’ 4

ncmotopies of £, Thus ck(x) is well-defined for each x

That ck(x) is & nomo“orphism is verified by an easy

geomeiric argument’ thh represéntives.

Now we show that ¢, (x) = 0 iffi we can change f by a
. _, ,- ks
horoto opy £y so that f9 1s t-regular to bI, and f + (s¥)y=g" |

‘only if" follows from jloperby 1) of Lewﬂa 1. 5

ey
‘D"

and the construction of ¢y,

- flow suppose that ck(x)==>o. Then by Lemma 1.2 there

is a framed ccbordism (W56) of (T7,F) in DI so that




. VNN o1 i s
1) WND=x1 is a k-disk
- . /. . ) o . . |
ii) W' is trace of surgeries on r-spheres, r<k~1,
and
. e o \" /4 LI - : - . . - «
iii) Wiis Tae product cobordism on a neighborhood
o ’ ' '
of b’

-

e may suppose that the neLDuhornooa 1r-1ii) contains
T~ so (£ k) T)xI U U'defines a cobordism of f"l(Sk); W
in M x I, end (W”f\M X 1f is a-iL~homeomorphic.to'Sk,

Deiine Ty ‘in (¥~int Dn)x Loy fx t, on W by £(W) = D, and

ol ]

i, a product neighborhood of W by 1p20 -1

Now we went to eAbCﬂd ft over D%xI I~ so that
Kaies ' e T = o~ " - S Eo4
(S )«-J/ﬁ Mxl., Using a hnice Morse function on W we can

s L o o

’“;tp ¥ as the composition of traces of single surgeries and

reduce the extension problem to this case. We may have to

haenge D" “(and thus the emUea - of W in ¥MxI) to make the
extension.

S50 1et W be the trace of a framed surgery on some

1) The embedding f Sr < T ex uends to an embedding of

ot ‘in lixo So that
| i) Dr+&& infersec ' 'l(oL) tfansvéfselly along st
ii)‘ il méy be'chanved by a :ObOOf'thCﬂ is constanu
on 2 neighborhood: of ’1(SL) so that a neighborhood of D?'*l

is map:

d

ed to the normal disk at p.

..
Pl e kP e e e e Y

i




Procfs i) follows from general position since M 1s
1-1 connected. There is no obstruction to deforming T
as recuired by ii if ~p+1 < k=1 since &' 1is (k~1) ~connected -

If r=k=1l, the obstruction to doing thils may be identified
which is isomorphic to

e MY (k is swall wrt nj.

Ca.

j2d
ith an elemént of_ﬂTk 1.8

T

1, (R under the inclusion M'-S

How Lyt ‘Trk(ﬁ)_«)?ﬁﬁﬁﬁi‘) is onto since f has degree one.

— ‘ ’ - : ) ’; .1““*’ § s b R0 B T L)
Thus we may alter p¥= D" 1 by adding some S Lo 1oe

e

interior of DX (connected sum) to make the obstruction zero.

- - n . b . - v o TN =
Now let D1 e an n-cell which intersects 1 l(b“) in

ighborhoodcﬁ?Sranivﬁﬁdncnntains pr+l 4in its

a product ne

Then we may choose our enpedding of

"1 is the product cobordism with the product

~ - _:_'- r
rroming outside Di % I

- .l’l-»'«" . . ' P T 3. — T.T e N
%D K pe a product neizhborhood of L= N0 xI)

=

-

and define a pertial Ty = & as above on the compleizent of
~1 —N. T - ~ .x..- o il ) 4- .
(D2 x I)-I where D7 plays the role of D, Let i

% = (OF x D)-(Lxint. pi-iy A4 = bX-int(X A M x 1),

=k , : . -
n-X o the normal disk at D. We : nay

that g maps A to eIV




e

The obstructions to extending

=3

A > 1D

over X lie in

s L X ’
Hr g, e TS (D))

Tow L is just a k+1 disk so using excision, the

exact seguence, and Mayer Vietoris we see that
gl = 7t 1('91%{1,1\; UBDPXI U Dx0)
= i (N v ('DD";_*::I v DBx0))-

= TH(D Ugp(nt1)-aisk)

Jhich is zero if i # 1,041, T, (pD)=0 if i< n-k-1.

3ut. r+1 < k< n-k-1. So the desired extension can !

Yje proceed in this vway to construct the homotopy

required by Lemma 1.5. -
Yie can carry out tThese steps independently for a

- 1‘. . . ) .
nunber of Si s so this completes the proof.




v
]
e

"T0O0

b

o
DS

There is an easy direct proof that G is a

iidil

nomotopy equivalence. OCr onc can appeal to Lemma I of

Part II, Chapter 2.

L)  Lemma (Homotopvy theory)  Let
e X i

be a homotopy equivalence of CW complexes. Let a:s% 1=y,
Then if X,= X U_D, ¥, =Y U Dn, and .= f Q id.,
: 1 Ta T2 L f-a 7 1 a

Then

£ . W <7

L ] '——‘_? -

L l J\l _z_ i

is a homotopy eguivalence.
Proof: This also follows from Lemma H Chapter 2, Part II.

5) Smale Theory: No Smale Theory other than Lemma 1.6

-

vas needed to develope the obstruction theory. However if .
ore uses expliclit minimal handlebody decompositions for

(Wi,li) then attractive geometric .proofs of the theorems can

ve given.
- s o e ADFK ‘
6) Lemma F: Let (P,vP) in (D,bD) (D =D™"™) represent

&t element of Py, k+2 >n., Then there exists a homotopy




. - - . n*‘i
vereis a small disk *C D so that

R+~ = R . S - o I ; L

P f}Dl_ = (ano)/}Dﬁ+1w: n-disk. Define t, To be the

1

= 3 § n T $S mn
identity on- D{ . Let xl——pDi** £y :;t_/S . Then

n-tic ) — 5 N - . ~
D-Dn -8 %I and PN (S+x1) defines a framed cobordism of

P71 : °1

D(P—u’al)) Tow we proceed as in Lemma 1.5 to construct

2 homotopy H:blxl*féslxI so that H is t-regular to (D"x0)A

S, =1 and H -1 (on, o) N s.xI= P/ 5,%I. Then HUt  is tne
i L B b .

The conditicn on k is needed To make. the obstruction -
zrours venish. Ve can actually construct © fof nigily
connected generators of'Pn when _k"’%', by the sane
ar gumbnt; By a different (and much more complicated)
a:gu;;nb we can construct ‘tp' for tﬁese generaiors wien

== 3.




Loplication to the Studr of Normal Invarisnts

Let ¥ be a closed connected PL n-manifold wiih PL normal
-disk bundle v=v(iD), ¥¥>n. Let T(v) = v v (cone on bv)

be the Thom complex of v. Then an important inveriant of K

is any homotopy element ¢, 1in 21 L(T(v)) which can be b
'3 4 R

- 3 < R het - 1 + :’L’:
obtained by collapsing S°7

nto T(v) where Vv crsn*'k,_ ) 5 1

£

4 is simply

 pvd

c.. is a very strong invariant of M. In fact, if

FANS

commected and n > 6, then c,. determines the PL-homeomorphis:m gl

A a3
Gy De Ol lie

e make this last siatement precise in Theorem 1.15 .

Defipition 1.10 A homotopy equivalence g:iL —s—1i

~reserves normal invarients if g is covered by a vundle map

p(g)
ey (1

v(L)

and there exist normal invariants ¢y, and ¢ SO that

T(v(L))

is homotopy commutative, where

T(b(g) = BCg)\J(cone on v(g)/bv(L))




“heorem 1.15  If E is simply comnected and n 3z 6, then i
¢:L—>1i preserves normal invariants iffli g is homotopic

to a PL-homeomorphisii.

Proof: = This is essentially the unigqueness theoren

H.
]
ct

he PL Browder-Hovikov theory. We indicate the proof

In this sectiion we will try to construct ~L—ho.co sorphisms

~rom homotopy equivalences, g:L——%w.m. Thus by Theorem l. 15 ' J

this problem 1s equivalent (winen ¥ is simply connected and
n =6) to the problem of showing that g preserves normal - i

L
10nvarlianitsSe

1je Tirst show how the latter problem is related to a &
certain cobordism construction. Since Theorew 1.15 can ke _ L

ated for msnifolds with boundary we consider that case.

So let g3 (L, bL)-—e-(M,bM) be a homotopy equivalence ‘ -

and assume that (V(L) v(br)) is emuedael in (Dn k bjn*‘“)

]

nen Iihe collapsin7 man v‘_ o A |

n Ky ,——4>(iv(V) Lv(o”))

(P E,

T N S A i SRS

i} ra . -_, ~ - ... - , n -
defines a pormal invardi iant for (M,bi). Let W= Tk

(open disk bundle of v(“)) and S = sphere burdle of v(M).

e * . . Y- '
If R = g 'S = sphere bundle of g (v(M)). then we have a

nomotopy equlvalence

£:(R,bR) —> (5,98),




n by the bundle mep b(g) coverl

2= wre Nodlyy
give 32 Be

B
¢
§
i
3
i

Thus we can consider the problem of meking a cobordism

construction for (W,S;f).

- L _— n _ A |
Theorem 1.15 Let g:(I®,pL) — (M ,bH) be a Lo b
nomotopy equivalence and let v(M) and b(g) be as above.

Consider the propositions’

X
i) = g is homotopic to a PL-homeomorphism

there is a cobordism construction for (W,S;f) =

iii) g preserves normal invariants. B . |
Then i) =3 i) ==31ii), and iii) =»1) if nz6 and

Proof: . i) =3 ii): Suppose g is homotopic to a

DT
PL-n

meomorphism. Then by the covering homotony theorem so

o
is b(g). Let

H: (R,bR)x I —>—  (5,bS)




“pe a homotopy between b(g) and a PL-homeomorphism c. Then

iy

(Q,F) = (W v 2xI, id v H)

is a cobordism.construction for (W,S;L).
2%

ii) = iii): If (Q,F) is a comstructioa for (W,5;F)
consider |

o

S FPUDBE: QU bR —> WU v(1) .

T+ follows from Lemma H of Chapter 2 Part II that

? Ub(g) is a homotopy equivalence of manifolds with

poundary. Now there are natural collapsing maps so that

Cu

(W v v@), bW v v(in) — (Ty (i), Tv(b))
. | A v
FVblg) - | T(b(g))
1
| °L
(0 U g*v(), b(Qugrv(t)) —> (Tg*v(M),. TgHv(bii))

is commutatiﬁe. - WU v is just DRTE so we may choose

a homotopy inverse ¢C for FLJb(g) which'is‘a Pl-homeomorphism.
Then (g¥*v(M)) = v(L) is a normel bundle for L, éL=='cic |
is. a normal invariant for L, and |

7

(P, B TE) (v (), Tw(pi)
cr) ﬂ T(b(g))
(Tv(L), Tv{(bL))

o is homotopy commutative. Thus g _preserves normal invariants .




Y
5

iii) => i) if nz6and TL0D = 'r‘l(o.__-i) = 0O:

Wie ©irst consider the case bM # 0, .Suppose there is a

homo%opy
H: (D,bD)xI —> T(v(M),v(b¥)) , D=D?k
- between Sy and T(b(g)) - e .
| zxfo%:e that H is t-regular to ~
O-~section B '
(K bm) > (Tv(M),Tv(bi))

‘on DPTEx0 and Dn+1§x1 ‘Thus we can change H slightly in
Dn+_k};(o 1) so that H is t—regulc.r to (h,bI-i) on all of

How we apply the uechnlque descrlbea oy Browacr and

Hirsch in ( 1 ) to change H in Rtk x(0,1) so that
= l(I»J) defines an h-cobordism between M! = “"".L(Ir) A DRt kXO'

and Lt = H"l(m) N pitkg Here we use bM # O when n is odd.

-l(,,

Let J:IxI —> H™ (M be a PL-homeomorphism which cgrries

Ixi onto H™L(i) D“*‘*‘x:. i=0,1. Let .c; = J/Ixi, i = O.1.
. > 3 G ’ ’

Then H.- J  defines a homotopy between

(cM/I-'E)co' ‘and (T(b(g))/o-section)(cL/I.-)ci

o (ey/Mey and gle/Lie; .

e



So g 1is homotopic to a PL-horeomorphism.

I M 'i"s cio'sed let IfIO = H-int DB ang L = Leint Dn.
Change g by a homotopy so that g 0= g/L‘o :;nduces a homo‘copy .
equivalence - |

go:\(Lo,bLo) — (I‘ip,bMo)

and g/D® is a PL-homeomorphism. (see Lemma 21)

Then if g preserves normal invariants we zet a homotopy

' between ¢ and T(b(g) Jey which is t-regular to

M O=section, T(v(M)). Then we can remove a tubular neighorhood

° ~ - -l A - - .
in sB+ Ky o an are in "H "(¥) connecting L and K in

bH""l(}vi) to show that Eo Preserves normal invariants, Then

- is homotopic to a PL-homeomorphism and thus g is. (Lemma 21). '

How the cbstruction theory of Section I may be applied
to the comstruction problem for (W,S3£). Ve need to satisfy
‘the conditions of Dei‘initibn 1.k, | |

1) First write W as the cémposition of 'ad:;issgble
: covordisms © ¥ U W' where wl = 8xI U (2-handles) and
St = bK'J‘l;ain*i: S azﬁd W 'ai'e' eéch simply connected. Ve can
do this using standardsurgery technigues in Dn'_" k since‘
Tj(’v-.’} = ;’{Tl(Dn"'-' k-—n compléx) = 0 and TTl(S) is finitely
genera"ce_d; .Si'nce Pl-.:'. O we can make a constructiocn (Ql,Fl)

for (Wy,8;f). “Then if ' = F,/8', we have reduced the problem

to making a construction for (W',M';f') where G




2) (W',8') is a smoothable admissable cobordism.
a) W' is an n+%-PL submanifold of D*T K,
ihus W' can be smoothed by ( & ).

D) Using excision and the exact sequence of

. ) %1
the pair (BT £

datrda

,Ji%)  where M¥ = v(i) v Wl = v(M) U (2 handles)
we see that

cEYLae s = BT LERE g

(
= HL(} U 2 nandles)
= 0 for i> n. T

Fu

. n4k ' - e, ,
rthernore since W' = D *~(n complex), W! is (k-1l)-connected,
: - ?

Thus if we take k large the conditions of Definition 1.4

are satisfied., This proves

Theorem 1.17 ~ Let g:(L,blL)—=(I,bl) be a homotopy
equivalence of connected PL n-manifolds, n3pl. Then the .
cooordism obstruction theory may be applied to the pronlen
ot sho*.-;irig theifc_ E Preserves normal invariants. ‘i‘he obstructions-
mey be considered to lie in

i P . .
CHTM,P), O0<i<n

- 1s any simply connected finite complex obtained from

attaching 2-disks.

We state Theorem 1.17 for non-simply connected manifolds

because there is some hope of proving an analog of iii) ==>

pote *
~./

4
i




o N connected
oI Thecren 1.16 for certain nen~-simply, manifolds (see 30.).

Ve will apply ineorem 1.17 %o construct kh—nomeomornnlsms

from LOMO»ODJ eculv 2lencez. Other an Dl¢cau¢ons may be made to

“eonstruet norm al invariants® needea for certain embeddlnv

and ;so»opy cheorems (see 2,3 ).~

Corcllafv} 1:  Let g:(L bL)-¢h(M'bM) be a. homotopy

eq valence of PL n-menifolds and supoose Lhat n= 6,

T L) =0, and ‘ﬂ' ("”) = O. Then there exists an
otstruc ti on uheory for the nloolem of de¢orm1nv g into a

'PL-homeomorphlsm. The obs tructions lie in

Coroliarz 2: . Let g:(L,bL) —> (},bl) be a homotopy

'equivalence,, M as above, and suppose that

H'-?‘(H,‘z) =0 0<lti <n

Then g is homotopic to a PL-homeomorphism.

Corollary 2 is aluost bes bossible 1f one only demands
that g be a ﬂOuotOl” equlvalence, See Examples, Chapter 6

Pari II. ”here are counteres arples to Corollarv 2 for most

, values of k and d when H has the homotopy type'of

1

Ok . 2k-1 | 2k .
BER or. 8% Y geg.a & .




:(La, ..)_-) — (u, D } be as above and

let pi(x) denote the L7 raticnzl Pontryagin class of the

- Fl-manifold X, TUen if
Jed
1) H (L,Z ) = 0 - 4i+2 <n
2) (L,Z) is free |

3) g¥(p,G0) = py(L)

then g is homotopic to a Fl-lhiom eOLOP“hlum.

Proof: ' By Coroliary 1 the only possible -non-zero
obstruction to deforming g into a PL-homeomorphism lie in

s - | }Tl(-&*,z) ®

These are related by the isomorphisms in b) above to those

~

i:ymakﬁgga.cobordism construction for (W,5;f). -Condition 3
irmlies that the raticnal Pentryagin classes of the tangent
. bindle of g#v(i) are zero. ihus Theorem’ 1. ﬂ*.applies

to show that tne above Ob&uTUCthﬂS are zero,

Coroilary 4: If h:L—=M is a homeomorphism,
ey |
H

L-.

0

!._h

(1,Z,) = 0 ; "Wi+2<n, and Hki(M,Z) is free,then

':v‘_

1 is homotopic to a PL-homeomorvhism. (dim Mz6, Trl(H}

Tl(b}i) = 0).

Proof: According to Novikov ( éb) Corollary 2

applies to h.




W
cc

The condlulon F (u) is free in Corollary L may

be me“”cneq somevhat. See Corollary 6 to Tn eorem 26 in Paru II.

- equivalenceo.'This is still not enough, however, to coﬁclude

even that M and L are PL-homeomorphic, For example vhen M

is comple proaectlve %~space tnls is not true, The cruecial

.

point here is the fact that
BT e "H6'(CPLP‘,Z?;) #+ 0. .

In general the obstructions in Hflig'(M,Zz) are hard
to handle, and litile is known,
Triviality theorems for these obstructions ' ( in -

dimensions such that 14 10 9ﬂ')==22)‘ can be related. by ...

geometric arpumeﬁts to hoped fqr properties of the Hurewicz
homomorphism for PL/O or BPL’ but this is not too helpful
 because these Droolems are quite hard
~4lso there is a JocLSuelq operation relatwng the
obstructions in the above theory to those in an analogous -
smooth obsiruction tﬁeofy. This relatiénship wouid be
. . . ] .

useful when O ;41(2T) isa non-trivial direct summand
of »eki&?l' A .

~ Some. of these relationships can be readily seen from the

viewpoint of Part II,

ow we give a brief sieletal description of the

-

obstruction theory.' Suppose that g is homotopic to a

PL=ho: .eomorvhism over the k-skeleton of 1 in the sense of.

-~ It may be weakened even more if g is known to be a PL-tangential



Dexinition 22. Let I; denmote a thiclkened 1-5-eleton of 1,

Low using the fact that Q/hk is a PL—homeQmQrphism we
can maxe a parcvial cobordisu construction for (W,857) |
ver the k-skeleton of (,8). =~ |

Byxmﬁﬁngﬁxaa@mmam in Theorem 1.16 relative we can prove
that this construction can be extended over the (x+1)
sleleton of (V,S) iffi g can be changed by a homotioovy in the
complement of hk so'*hat‘it becones a PL-homeon 0¢phls* over
the (k+1)-skeleton of .

in this way ve show that the obs truction theory of
Section I COfreSﬂOﬂdS b;ec1se¢y to an ob s»ruCulon theory for
the problem of deforming g to a PL—QORCOMOPDMlsm Yover the
skeietons of M, ® ’(Sﬁch an onsiruction uheory is derived in
a different nannervin Part II.)

Cne can see the geomeiric significance of the obstructlons
by viewing the cobordism construction for (W,5;f) as a
process Tor building a disk, an ¥ around g*(v()) and
extending the bundle ﬁap covering g to a homotopy equivaience

.

of (DBTE oDn%-“) wnlch carries the complement of g*(v(H))
to the comnplement of v(¥) | |

This point of view provides the geometric notivation
for proving lemmas about the obstrucblops and prov1des a sood

model for werking- dlth Lhe obstruction cneory.




Another geometric ncini of view may be obtained by

working directly in the rnanileolid. Recall that g is a

PL-homeomorphism over ‘the k-sizeleton of M, and I

| i
-afthickened i=sikeleton of M,
T ——— —— (k+1) ~handle
?/!_r“) . ; ) -"u~ .~~.‘ Bt "‘,, - v - e B, .t _,.._,...._..-.‘-—"'//
. ’,’,; -!J;.___w i . L - /« vy

i o S . e o 2w 8 . .
N ) } - o
T ;/"””“ o

R e

v AT

PbahomeOmO¢PhlSH1/ﬁ g // . homotopy equivalence

. e i, _~w“;.- A . . .
" - \\__/
- | : A L
o </
T ,_mlnened L-—sl:eletom : %’“‘"“‘\-»;M

k

We can think of forming MWLl from M, by attaching
(1) -hmdles to bl . How change g in the complezenu of

4, 8¢ that it is t-regular to the framed core disks of the

handles and then lcok at ¢ of these. Ve get a sequence of
<

g
ifranmed subdanl;olas of L, which intersect b@k in a sequence

of" ku oqe res. )

These framed submanifolds may be constructed so that they

are contractible in L and thus determine elements in Prri
(b7 using LxD¥ if'necessary).

A careful look at the constructionfor (W,S;f) arising

Irom g/T1 shows that these submanlxolds correspond in P,
+1

to the values of the corbordisnm obstruection cochavn on a
»,,c.slS for :L,_+l(1 _J’l,lxk)




This computation of tie ovstiruction is useful when g

is known to be a tangenticl equivealence, In fact, the

essence of Corollary 7 Theoren

26 can be seen this way.
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vise Lines: Btriveturss o Foircard Spaccs

vl
(B2
(]
o]
(’)

& comnected CW.pair (2,4) is called a relative

A\‘d

> i< ) . o o —
Poincare space of dimension (n+l) if e (X;4)=12

O 3Hn1(X,A) —» Hp(4) is an lsomorphism and the vertical,

<

maps in the diagranm
o v oo = H(X,4) — B5(X) — BE(A) — . . .

'ng j}rxag

ng
v v :
v MFln.,«.l..i{(JL)“‘“"ﬂn y [ k(A, )-‘-*h “(il)-—* o o o
are¢ isomorphisms . .
. I we suppose that and X -are sim DLy conmegted,

then Spivall (33)has shown that (X,4) has a uniguc siable
A nerial bundle in the category of nomotopy objects

-

IThat is,there 1s a unique (up to fibre hozotopy equivclence)

L it

spherical Tibre szace over (X,A) whose (relative) Thom

space has spherical fundamental homology class.

-

Let {:Xe- *3p  be the classifyi

=
ce
o
o
0q
2
m
o]
iy
O
H
¢t
)
£
[6)]

spherical fibre space,

t:Lu

1’ 1s
Bp

-

The provlen of factoring f through the classifying

ally tie proble: of finding a

c)-
i-'-

space BPL is esce




. i '
i
il

rl-menifold with boundary (3, bM) xbl h is howotopically ¢

equivalent to (X,8). .In fact, if nx 5 and (X, A) is .

si aplj cormected A ;.O Browder and Hi rsch (Co‘pare

(26 ) and- (1)) have shown that if £ is a lifting of £,

then there exlstsva PL—manifold pair (1,0M) and a ' S

map g (m,bm)-e-(A,A) so that” g is a homotopy

equlvalence and fg cla351f1es uhe stable PL normal

-r

ur dle of M .'

»in the next three sectlons we hlll clas sify the

[N
(<]

pairs (m,g) by the different liftings T .

We assume tzen that at least one llfb g exists,

. Thus by ﬁhe uneorem 01 Browder and hlrsch we may replace
(X,5) by a PL manlxold with boundary (i, oh) .

Ve wlll wor inltne category  C whose objects are

-bpairs (K,L) consisting'of a,;ocally finite simplicial _ S,

:complexes. X and .a subcomplex L and whose morphisms .
are PL-maps >

£1 (K1) —> (K1,L0).

[}

{(f: X—»K' is PL if there exists a rectilinear suodiv151on

I -'.-,_f,..' = .
of K, K—>X so that K->X-*=X'  maps each simplex

£ k78

of X 1linearly into a olmp ex of L. ) B

.3 -

- By a homoyopy of T we mean a homotopy of £ in

the category, that is the subspace is mapped to the

- subspace during the homotopy. Thus

f: (K,L) —> (K',L') o "

1s a homotopy eoulvalence if- there exists

——




R

5
L
*

g: (h‘,L‘)*-*~(L,L)

so that fg is howotopic to the identity of (K¢

.

(keeping L' in L') ang gf is homotopic to the identity

of {X,L) (keeping 'L in L)

Bemark Let f: (K,L) —=(K',L') be such that

f: K==K' and f£/L: L —1' are homotopy equivalences,

Then £ is a homotopy equivalence in - C.

ES

Proof: We prove this in the category of ' CW-coumplexes,

Thé result then follows by simplicial approximation-,

By taking the mapping cylihdér of f we may suppose
thet © is an inclusion so‘that L' K =1L

Step 1 K is a strong deformation retract .of LW X,

This lollous from: the fact bﬂ't I,CIH is avhomotopy'-

‘equivalence and L'A K =1,

Step 2° TTi(ﬁ’a WK =0 for all i;‘ This
foliows Irom the exact:sequence for the triple Ke L'V XKell',
Thus LW X. is a stro 1g deformatior. retract of E!.
.Step 3 vCompose the deformation of step 2 with
tep 1 " to get a strong deformation retraction

of (X',L') onto (X,L) (preserving subspaces).

Let < cC oe the subcategory of com ipact * PL-manifold:

pairs  (M,bM) with or without boundary and PL-maps,_

We will define what we wean by a PL-structure on (Ii,bl)

and then compute these on certain subcategorys ?Yn ,, N 5,




Definit io 1 A piecevise linear 1070 uonv structy

oo (o) is a PL-manllold pair (L,bL) . and a

o“Ouovy equivalence g: (L,bL)-*>(M,bM). To be brief

se call the pair (L,g) a PL-structure on K o

n
M

Definition 2. We say that the PL-manifold
is pronerily embedded in the PL-manifold W k) k=0,1 if

.
’

1) for k=0, M is Pl-embedded in the
interior of- W or M is PL embedded in W so that

N bW dis an (n-1) dimensional submanifold of ®bM ,

2) for k=1, K is Pi-embedded in bW,

Note that if M is properly embedded in -¥, V-int M.
is 2 PL-man1¢cld with Doundary in case 1) and

+ -

b-int M is a PL-manlfold wltn bot ndary in case 2),

efinition 3 Let a = (Q,g) be a Pi-siructure.
on W and suppose that M is properly embedded in. V.,

We say unut a induces a PL-structure on ¥ if .

there is a PL-manifold L properly embedded in Q so that

: g/L :
L — —> M
Q = > U
N - g/Q-int L &
- » Q-inj: nt 4

L S *

is coumutative and




- (L,g/L) is a PL- structure on X

(Q-int L, g/Q-int 1) is a PL-structure on W-int M,

in case 1)
(DQ~1nt Ly &/bQ-int L) is a PL-structure on bW-int K
in case 2), :

“We write a/M for the induced PL-structure on 4,
We will show later that in most cases'any struecture
: on W may be changed SLL"ntly so that it 1ndhces a

PL-structure on a properly embedded submanifold »M.l L ' "

Refinition b Let a be a PL-structure on M

which is P“operl/ embedded in W. A PL structure

b_on W _is said to extend a if b induces a PL-structure

on M and Db/M= a, . , ' B

Remark Ve note here t at 1f M is properly emuedded §
S in wn#l and a =:(L,g} is a PL~sbructure on m “then é

" the proolem or extendlns a to a PL-structure on all of
W is prec1sely the cobordism problem dlscussed in SeCulOn 1

for admissable pairs (W,M),

Definition 5 (Concordance) Let a, = (M,f;)

1= 0,1 Dbe two PL-structures on (M,tM). Then a,and ag
induce a PLmstructure on (M x 0)u (M x 1) which is properly

embedded in ¥ x I, We suy that 85 1s concordant o ai}

this PL—stractrue ex»erds to a PL-s»ructure.onvali Bf
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N2

Concordance defines an equivalence relation on the
set of ' PL- structures on M. Let PL(I). . denote the

set of equivalence classes, Let O in PL(M)- denote the

concordance class of = (M,id) . (*) See Lemma H in Chapter 2.

Definition 6 . a)(J.he category %gn For n= 6
let 77211 denote uhe category S
1) whose objects are rL n-manifolds (m,oM)

sach that in#O M (M)=0 and m (bM) = ‘

2) vhose morphisms are embeo.dings_
iz I‘-fl.l — Int ‘MZ S0 ’tha-.t” o (3‘-52-::{1): 0
PFor n<6 let 77211 - be the void category.
” b)(The category ?7,) For n> 6.
let 77, be the enlarzed category del_“ined by conditions
1) and 2) without the assumption that bM¥0. Let 7%5

be the category of closed sizply connected PL S-manifolds

and PL- homeomorphisms. Let 22 be the void category
Ad . .
for n< 5, -

4n application of Van Hampen's shows: that 772 n and
7’%n are categories. |
We will compute PL{i) for M in 7”qn (and then 7’2 n)‘
Our applications”to’ the problem of deforming a homotopy
€ g;-ivaleﬁcé_ into a PL-hcmeomorphism and the study of
udo-isotopy of PL~ homeomorphisms will make use of

the PL- h cobordisnm theoren. for 7/?

>
@
]
i




\ —

fheor (nmcob rdisz) If M is in.%%n, “then
thé relative hacobordisz theoren is true for (H,b?).
{an relat 1ve h-cobordism theorem asserts that if
(W,W') is an h-cobordisw of (M,blf) then W' is
equivalent to the produect COuOLd7sm bMx I and any such
equivalence extends to an equivalence of W with the |

®

product cobgrdism M x I.)

If ¥ is smoothable this theorem Tollows from
Smale (21) . In the general Pl-case it is indicated
in work of Hazur (13) and Zeeman (32).:

We 'will use this theorem in the applicatiors %o

~ straighten out concordances.

Lemma 1 - Let g:(L,bL)—a-(H,bM) be a homotopy
equivalence?‘ Then if g is homotopic to a APL~homeomorphism,
(L,g) 1is concordant to (¥, id). | |

Conversely, if (L,g)'.is concordant to (1,id) and

¥ belongs to'%%n then f is houotopic to.a PL-homeomorphism.

Proof: - Suppose there exists H: (L, bL)XT-=—> (3, BH)

so that H (x,0)= £(x) and H(x,1) is a PL-homeomorphism c.

- [ Hx I » R
LxI § e ' S MxI

A e e



N
D

Then (¥,8) = (IxI UM, ExIUc?identity) gives a
concordance between (L,i) and. (3,id). Thus‘if' £ is
hemotopic to a Pl-hoxze morphism (L,f) is cbnébrdant

10 zero. | ‘ | ‘

How'supposeQ (W,G) is a concordance'betﬁeen (L,£)

cand  (H,1d) . |

iaa . O
o —— /

IxI " ' G ¥xI

> Pt

[
[
[
[oN]
2

\_________/7
T
Now W . defines an h-cobordism between (L,bL) and
 (&,blM). By the h-cobordism theorem for M we may choose

2 PL-homeomorphism
H: LxI —> ¥

so that H/L x 1 is the identity maep of L and
c= E/Lx 0 is onto . Then G+H is a homotopy -

o

between I -and. .the.PL-homeomorphism ¢ . Q.E.D.

b

Let PL Dbe the function which assigns to each
¥ in %%?n_ the set PL(M). We ‘will now show how a

- - ~ ':“/1
morphism of /%

n -
induces a map
‘ o X I P A Y oY (5
i*s FLQp) —é‘b(l‘l) .

e i A e e e B

b e AT L s - les by

B e VI JC R IO S
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‘Theorem (Browder) Let i: Hle+~M2 be a morphism
of".}fi?n and suppose g: (Lz,bi_.) (M, ,Du) defines
2 PL- structure on K. Then ve can change g by a
homotopy so that g induces a PL-structure .oh'#Hl<::M20
"The.induced .PLustructure is unique up to a conéordance'
vhich is embedded in L, x I.

Proofs Ihis is a restatement in our terminology

oL Brgwﬁeris relative codlmen310ﬁ one eﬂbeddlng theoren (2).

He has a further hypothesis on HZ which has since been

removed by J. B. Wagoner. (25).

) s T \/ 3 ) ,7 = 3
Therefore given i by — My 1n'%2n we may define

1*3- PL(¥p) — PL(1y)

using the Browder Codimension One Theorem:  This is
well-defined on concordance classes by the uniqueness
part ol the Browder Theorem. (The construction of ‘the

concordance onlyvuses’ﬁheiéctihatﬁlg x I is an h~cobordism,)

Corollarv 1: If we let S be the catego”" of -

poinied sets and base DOl* .preserv1ng fUqulOuS then

ne-ass;gnmenx

i - 1

makes
— PL

into a contravariant functor.
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£roof:  Let O be the preferred element of

FL(M). On represen ves we verify that
i*(0) =

To shoxr;- naturality Tet My ~—~—~ M) and Ivil — 1-12'

be morphisms of ;iﬁn' and let (L,,g) define a

PL-St ueture on Mé. Change g to 'g‘ by a homotooy-
so that - ’/Ll- g’ J{ml) induces a PL-structure on Hlo
vChénge‘_f'f E /Ll by a homotopy so that ’f/Ld:-f'l(h%)
induces a PL-structure on My, bxtend the hohotonv of

£ %o a homotopy of‘.g’,' then g' induces a fL-sbrucuure
-on ly. Then the naturallty is verified on rep;esentatlves

Ve remark that the Drowder theorem actvally implies

i PL() — PLQ, )

may be defined for proper embeddings
. I <
iz hl u2

such that = Db, N oL —-# O if +the further conditions

7 l(f‘r-iz-L) = T (blig ~L)

cand L is in 77n-1 are satisfied.
iR B | ) : R — N 3 » \-‘i . ¥
1L 11 @ My— hl and 1, 2 Il;—-> M

are two such embedding g5, then one can show just as in

L e VO B
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il
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( 1519)
in case By A b A B, = 0 .

}In he next few: sectlons we will snow taat PL//;@h
is aatu§111y eculvalent to a functor which is dellned on’
a category of topological spaces and continucus maps
(éontainingzgn),' We then apply Brown's theory (%) %o

%

represent PL as
t[ ) .Zj.
- D

for some space Y, Ulth this anproach we can get a
Fairly good hold on homotopy properties of Y .
- Another approach might be the follow1nb.. De:ine

771 7/7n 1 by H=>MxI< Mx 3I, 1——-&1 x I,

Let 777 = dir lim 3%7 n and replace embeddlncs by isotopy -
classec of embeddlnasa Let ;: be the category of
rinite simply connected complexes and continuous nmaps.

and defiy e & covarisnt functor
’ ;: Ry ?92
B —

by mapping objects to regular neighborhoods in the. interior of
Eflzz Px1 . . o and mapsvtofisotoﬁyoclassesfof“embeddings
which arebcovered by ambient 1sotoples of D% C:D Ic.. . .
}Ohe can show that PL is well-defined on 74_(see
Lneoren 23), T ”herexore ve have a contravariant funcio CH

RY PL
,5“—'*’”7
\w”’"

H

> S




C e

o - L. o . . : _
Irom  w to S which we can try to reoresent as e
el : .7 2 e - N “ '

L , Y using Brown‘s‘tneory.

The homotopy groups of Y can be compu ed‘directly,
‘using surgery, Theorem 23 implies thet PL is
deternmined by its behav1our on image (RN), thus we’
have OOualned qulue a2 bit of 1nlorﬂaulon about PL

Qae dlfilcul ¢y 1s the fact that ;ﬁ contalns only
simply connected ;1n1te c:omnlexes° So therefmaY’beaa
provlem a olylnb Brown! s uﬂeory. | |

This can Urobably be overcome. A more serious
drawback is the fact that this definition of Y is
scmevhat remote, and a closer_stude of its homotopy
proper ies and its relation to BPL " seems harder,
' 'Tnls anoroach can be used to Suuay the concordance

classes of cmooo11ngs of a’ PL- manifold.,
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The Classifying Bunile of a PL-Structure '

" Fow we consider a bundle theory which will be used

%o study %he Tunector

 PL

'%Egn e S,

Definition 7 Let X be a locally finite simplicial

complex. An F/PL) p-bundle over X‘'is a pair (B, %)

consi$tinv of a PL n-disk bundle b‘“K and an F -

tr;vmallzatlon t “’ at is, we have

+. n
-—--—--——N.,),D
Dn

éN‘@‘ﬁ [ I

‘vhere t induces a homotopy equivalence of each fibre

pair witl (Dn,bDn)

Definition 8 Luo ?/?L%l-buna (Eq4_a);_1-0 l

e e

are said to be equivalent if there is an /PL) -burdlef

(E?T) over X x I so that

is commutative wherse bo and bl are PL bundle maps.
Let Bn(X) denote the set of equivalence classes of F/PL)-bundies

over X,




Definition 9 - (The Induced Bundle)

If £: XZ=Y is a piecewise linear zap, define

Bn(f):‘ B,(¥) =B (X) on representatives by
Lo :7:-' %
I'E —~— R - DB
ool
that is | L s -
. (E,8) —— (£ E, t T) .
Its easy to siow that B (f) 1is well Gefined on ' P

equivalence classes.

Definition 10 (The Vhitnevy Sum) If xq in BP(X)

fh

s represented by (El,tl) and xé in B, (X) is represented

by (Bp,ty) -define the Whitney sum Xy & %5 in By p(X)

5 )
on representatives by = t gt .
3 Uox o

E1©@Ey — > By x B, ——D" x D"

il- ) N - ‘ ", : he n
Let O in B (X) be represented by (X x D%, D).
Let k? be the category of countable connected locally
Iinite simplicial complexes and PL-maps and S the category

of pointed sets and base point preserving functions.

o



Lerme 2 The association

X -~-—-—>  B, (X)

' £ B, (1)
XYy (D (V)-‘—’B (X) ).

‘defines a contravariant functor from ‘(‘;3 %o S,
? c 5
‘Bn' satisfies the following propertiess
1) B (pt) = §07?
2) By(s) is countable. By(s)={0f , n> 2,
3). If X= U A.,)g Lc;easmg subcomplexes of X,

and 1T there exists x; in B(X;) so that x. /X

1%l 0
v‘chen. there exists x in Bn(X) so_-that X/}‘i‘::v 5 e S
S ) If X=X U %, Cwith XN = A,
end xyoin By (X3), % in By(X,) satisfy ‘
- X1 /A = xé/A
then there exists x in B (X) ‘so that x/X i= X, i.:1;2.

5 "Bn(,_i‘) only depends on the homotopy class

of £,

Proof: The first statement is clear. Now for
the oroper‘tiesa

1. Bnﬁpt} == %O{ because f.m:y nouotopy equlvulence

- no..n - . - o . :
of (D7,bD™) is nomotopic to a PL-homeomorphism,



-2) The statement about ‘B, (St) follows from-.

" Lemma 1.5 and Lemma 19,

k . v
B (87) 1is countable because

- R 2) B= Ty _ 1 (PL automorp hlsms of Dn)
is count;ble,y (Dn is a Tinite S1mpllclal complex)

o o | b) = the set of nOmObODy classes

ofﬁ F-tr 1allzatwons 6¢ Lhe trivial n—dlsL oundle over'
- S¥ is count ale._ »

‘¢) A subset of Bx T maps;onto‘ Bﬁ(Sk).
3) ~ Consider X' = (Xl x I) L) xIU. s

vhere X, x 1 is a’;tached to X, < Xiﬂx'_o. I.C‘ we

choose representatives v; for the xi and-appiyvthe definition
>of equivelence we see that there is an‘F/PL)n-bundle

.V over A" so that V/X:s x 0= ¥v. . ‘lNow there is a
. L l =

% ‘ D . ) ‘ [
hemotopy equivalence X'—» X so that S : -
b
Xt S YT 5
\i~

is commutative . So 3) foilows from 5). (Let x in
-2, {X) ,bé-suéh t Pz = (v).)
| Ly Consider Xr= Hu A x I v X2 shere
Ax i iéfidentified to~ A din A L1e Now proceed as in 3).
’ 5)  If £ is homotopic to g by H then

My : o \ % *o
E (V) gzives an equivalence between . £¥v and £V .

~



Let a belong ito FL(M). We want to "classify" g

by an element in 3 1 (E) ) ko large,

e

Definition 11 Let £ (“,bM)~—*(L bL) a map of

-PL ﬁwmanifQWd pairs, A1 -tuHular ne1~hoorh00q of f is

V»

D
'8 pair (u»l) consisting of a PL k-disk bunale over ¥ (E=M)

and a PL embeddlng of (M,u/bw) in (L,bL)x int DX so that

(E,E/bM) : - (1, bL)x int Dk
I® R
M, D) — (L,bL) ‘
T
is homotopy commutative,
" In wnat iollows o notes a bundle map covering

2H

T and 1‘ denotes a homotopy inverse for £ ifr f

happens to be a homotopy equivalence

Lemma 3 Let g:(L,bL)—«»(M,bM) be a homotop&

equivalence, Then -

o0

has a k-tubular neighborhood
(E,1) , if k> n + 3. Furthermore, i can be chosen so
that

(4, pM)x 0 < i(E*,E!/bM}

where Rt denotes the associated open dlsc Dundle,

Proofs’ Apnroximate g by an eubeddlng

Tz (L’JL)'—’(M bM)x int DX By the stable PL-tubular -

- 2 L) q y - D
nelgnborhood theorem (6) we can find a bundle E—==1,

A

o



_ and an embedd ding i extending % (y/O section). Then

(E,i) is a _tubular neigmuornood of g.

Let Jj:(¥,bM)—(E',E'/DM) be an embedding”approximating

ig'. Then J and the inclusion
1y XO b LN k
- (M,bM) ——— (¥M,bi)x int D&
are homotopic and therefore isotopic since ka;n-+3.’ By
(31) we ma2y choose an ambient 1so»ooy I of the

identity of = (M, bd) DX relating x O and j¢ Then

"1‘(}

(b, I(x 1)"1 i ) has the de51red property.

‘ :Lemma.hv _Lét:-g:(Ln,bi)~%$(ﬁn,bM). be a homotbpy
equivalence. Let (E,i) be a k-tubular neighborhood
'7of- gF:'ﬁhiéh haé fhe additional progeruy of Lemma 3.; 
ihén.if L. is: conpaCL,uaere is a k-disk O<:Di<: Wnt ¥
so that

o 3 i
fivre o 'E —> ¥ x D" —sD*

induces a homotopy equivalence t,

(p (x), ‘b(p‘"l(}:))ig‘(Dk,Dk—Dli)

Proof: Using the compactness of I it is easy to

[EIC S 1- | . - = o :
see that Dy may be chosen (independent of x) so that

t. 1is well-defined for each x in M .

Ly



"

- How ~ach fibre disk represcnts the Lefshetz Dual
of a generator of H‘n(E,E/bI-E) = HE(L,bL) . Now i(L,bL)
is homologous to (A,Dh) x 0 so it is clear that the

QQmpOSltlon_

i D
fivre —s M x Dk.-;ggy Dk

induces the desired relative homology 1somorpn¢sm in

dizension k. The lemma follows,

~From Lemma % we see that a "gooal k=tuuular _
neighborhood of g:(L,bL) — » (1,bH) (with the additional’,

o overuy of . Lemma 3) yvields an "./PL)k bundle,‘namely

{E,‘rp2i)_

r is a h. e. {Dk, Dk-Dé‘L:)_ —_—_-s»(bk,'ka) .

Definition 12 Let (L,g) %be a. PL- structure

Ay

on M and g% homotony inverse for' g. A

o~

-classifV1ng,oundle for (L,g) is an r/Pb) —bundle

(E,t) where

-1) £ 1is given by the composition

. ; r
Eoed oL x DTk
S ot
vhere (I,3) is a "good" tubular nghd of M-—>L _ and,
o . ) . . . o k Pi
©di) r is an F-trivislizetion of L x D —>L
Py

such that r71(0) = L x 0 and r agrees with L x DX 5D

on & neighborhood of Lx0. - .

-



61

Theorembézb >Suppose: Joa :>,n;+'3 and- (L,g) is

. & ZL-structure on ¥, Then Ehé equivalence class in
BK(M}  of any k-dimensional claséifying bundle for (L,g)
deyéﬁﬁs only on the concordance class of (L,g);

The correspondence

PL(structure) > (classifying bundle)

delfines a natural transformation of contravariant functors

TR

an Nﬁ’ . . . . - e L

Proof: - The ?1rst statement follows imm edlately
from Lemma 4! _oelow applied to (M xI, MxO Vixl.
N T VI S ~ 55
If My =M, isa morphism of 77, and.‘(Lz,gz)
is a PL-structure on M, which restricts to a PL-structure
v(Ll’gl), on Mj, then any classifying bundle for (Ll,gl)
restricts to a classifying bundle for (bLl, 01/01 ) .
Using Lemma L' ye can extend the latter c1a551;y¢pg

bundle over Mo-int M ' so that it is classifying for
8/ I -int L.).
e 1

The conditions of Lemma %' imply that these fit together
to give a cla351fjlng b.nale for (L,,g5). (See first
o s

-part of‘QrQof; of ﬁheorem 9 for more remarKS'on this. )

The nauuralLby 1s then ver1¢1cd for these renﬂeaentatlves,

L un e

,/_ﬁ



. ¢ . . . +
Let ¥~ be embedded in bW* l.- Supoose

(L,g) defines a PL-structure on H which extends to a

PLestructure (@,6) on W. Let (El’il>’ be a""good"

k-tubular neighborhood of g, k> n + 3. Then ther

exists a "good" k-tubular neighborhood of G,(E,3), -

- .

D .
and a bundle map E,—~>E covering L C Q so that
‘ 1

B/ (Q3L,bL,L',bL!) —3 . (W3, b, M? ")

> AR U S
v | \
(Q3L,bL,L7,bL1) S (WM, b, M0, bidt)

is homotopy commutative and
J/E/L) 2 D o= i,
(L' = bQ-int L, M! = bW-int M)

‘ Furthermore, we may assume that there is a homotopy
between p,J and Gp which extends (using ) a given
l [=3

nomotopy between pli'1 and  gp.

<

Proof: Let . h Dbe & given homotopy between .plil
and gP.  Recall thet G defines a map of 5~tﬁplés*,f
.

(Q3L,0L,L',bL}) ——T > (W;k,DbM,Mt,DM?)
M P LTy gilg Mgl LI

Mmich is a2 homotopy equivalence on each factor.

82



1) There exists (,] ), a tubuiar neighborhood

of G, 50 that

1)

E/(Q3L,bL,L1,bL1) 1 | (w;M,0i,M,bH!) % int DX
‘?P E | ' i 1

v B - .V, .
(Q;L,bL,Lt,bLt) & >(U,Iu,bifi,l\-'ﬂ,blvi‘)

o - a . :
is homotopy commutative by,homotopy extending  h, and

ii) (E/L, ji/ (/L)) defines-a "gbod"

tubﬁlar\neighborhood of g =G/L,
g:-(L,bL) > (M,bM) .-

Proof of 1): |
i) Extend h x pgil/O—section to a homotopy

B! of (x0)G'.  Chaenge H! by a homotopy which is

o (o]

c ' 1
fixed on the O-section of El to a2n embedding., Let
Ht be the sum of these two homotopies.

ply the PL-tubular neighborhood theorem to flud

a PL- .uale E and an embedding

J, 2 E/(Q3;L,bL,L',bL') —> (W3M,Dbi,M! ,bM?') x int D™
1 DAttt At Rl _ 2tty Py .

'so that jif/ O-section is the embedding

H1/(0-section): (Q;L,bL L',UL’) —> (W3H,BH, M, bM') x int DF .




- There is no obstruction to fin ding a nom0uooJ

-

-between PqJdq and  Gp vhich extends h,

Now we deform J1 so that ii) is satisfied.

fow iq and j./E/(L,bL) define two tubular

neighborhoods of i 1 (O-section) ==jl(0—sectiOn) .

So by the PL~tubular neighborhood theorem there

is an isotopy Ip of the identity of (M,bH)x int

which is constant at infinity and so that Il carries
gl(E/(L?bL))_ onto i, (E;/(L,bL)) . Thus .

defines a "good" ‘tubular neighborhood of g.

DK

Now we ainy the IEr (Isotopy Extension Theorem)

‘succe551velj TO ex end It

iGentity of (W: u,ah,ﬁ’,dﬁ‘)x int D~ , Then

(E,Kljl) is the desired tubular neighborhood.

2) a) There is an isotopy K{ of

(1Y, bM!) > (11, BH )% int DE

so that
i) K% /it constant isotopy
ii) By (GIY,1MY)R0) < ) (E’/(

(vhere E)'is the associated open disk _bundle of

to an isotopy 1+ of the

,bL))

E).




b) K{ defines an isotopy of

XO 4 i ‘
> bW x int D%

bW

ot
T2y

T T e
Voo

+

f{ U M')' which is the constant isotopy on H,
There exists an extension: of K% to Kt s @n’ isotopy of

%0 o o
—* (\,bW) x int Dk_ .

(W, bH) -

¢) There exists an isotopy It of

S - - _‘ » o
o (WeW) —L s (w,pW) x int DX
4i)._It/bw = constant isotopy

i) I (W) = 3 ELE/BQ).

s Proof.of 2):

a) First we prodiice a homotopy H}

. 1]
1 v x0 wr venr . vVl
(32, bit) —= (M,0¥) x int . DX

uith the desired préperties,

- Eoﬁ} bﬁ‘ X0 = b x 0 which is contained in
jl(B'{bL):C:- jl(Ef/bL‘), ty 1bY. Therefore we may
coﬁsiderjthe problem of deforming '

M' x O into 3L (EV/L).

vhile keeping DbK' x O fixed, This problem gives rise to




a seguence of obstructions in

H (G0N % 05 T, Gt x int DY, 3 /L)) .

" However tne COefilclenu groups all vanish by la).

Therefore HI exists,
To get K! we "apo;o cimate® HY using zeneral

Proof of D)3 Apply the IEP,

Proof of c¢): Ll( W) < jl(E’/bQ) by construction

50 we may proceed just as in the proof of 2a).

3) There is an isot ogj J the identity
of (W;M,bM,M!,bM') x DX so thet

a) Jt/(M,bﬁ) x D* = consﬁant isotqpy"w~v  e
b) Jl((W;M,bK,H‘ bt )xO)c:Jl(“'/( sL,bL, LY, )) .

Proof of 3)3

Step 1) - Apply the IZP to get an isotopy

o

~¥L of the identity of H' x D* wvhich is I ixed on the

boundary znd covers K% o

&

Sfep 2) M%’ extends to an isotopy bW, . of

the identity of Db(W x DV)-int (' x D). il may be
extended to an isotopy Wl of the identity of W x p¥

“using the IEP,

Step 3)  Apply 2¢) to X, “’W’/(v“{O) Ve get

(65

an isotopy of W'/ x0 which carries vxo into "} (E").
. 1 1

YWe apply the IEP to exterd this to an isotouy Ve of




N P < A
Iy = L 02t £ 3
) « LIS 1 =

1is the desired isotopy.
Now 3) means that ‘we can take a tubi

tubular neighborhood
(B,37) - | |
— G roacr var
(Q;L,bL,L‘ bL') ——- (W31, DM, M1, b} )
vhich restricts to a "good"™ tubular neighborhood of

(L,bL) —E— (31, b0)

change it'by'an.isdtopy (of 5-tuples) wvhich is fixed

on L so: unat 1t becoues Hzoogh

everywhere (Isotop
LS w T '31,‘)

We apply he Pb—s able Tubular neighborhood theoren

~ - b _ . . nns
to ﬁrod ce a bundle ma D Eq —» E/L covering the identity

and an isotopy 'Lt"between
| s LT R ' i _ . )
ST ' - (nl,ﬁ /bL) — (m,bh)x int D* and
b y]
(ul,r, /tL) — (E/L E/bL)—> (1£,bH)x int Dk
\ -L2 _/:7

Z o .. . L Xk
Lt.x I: By x I.— (¥,bM)x I % int D

Now

defines a tubnlz neigi

niporncod of




- (LxT5 Ix0, Ixl, blx{0,1))— (ixI; 0, Mx1, bix(C,1))

wiich is "good" when restricited to ILx0O U Ix1, (f-:-.p1 (""tXI))°
Ve apply 3) to this situation to isotop LxI to a
Pl- embedding .
v'—x LY IR YA - 2 k ) -
H: E xI—> (M,pM) x I x int D° : _

s0 that

H/Elxs?:‘- i, s =0,1

H(B!/(1xI; Ix0, Ixl, bLxI)) (1xI; 1x0, Mxl, bMxI) x O. .

Tow let us suppose that over some product neighborhood

N of (L;bL) in (Q,bQ) E is identified to the product

bundle (E/(L,bL))xI so that j; on this subset is just

(3. 7(E/(L,bL)))xI: B/N s N'x int Dk W= (M,oM) x I
1 I ’

-1

is & collar neighborhood of (M,b) in (W,bW). Suppose

also that I, is fixed on W'x int DX,
. _. ) j 5
So define E —>Wx int D by
Jlx) = I:L . jl(x) - x in E/Q-N
we oL el a
E( xI) xin E/M

'a) §(E'/(Q;L,bL,L1,bL1)) D (W;H,DbH,N! b1 )x O

1

b) §/(B/L) * b = H(x,0) (b 120) b = i.




¢) jpy.and Gp are homotopic (as mans of 5-tuples)
by a homotopy extending bhtb"l. - These are clear from the

-,

corstruction . 1nis completes the proof of Lemma 3!,
}Lemma ﬁ’ -Letb M be embed&ed in anTl : et
(L,g) be a FPL-structure on M ,wn1Ch ex»ends:to‘a' R

'PL—structure (Q G) on W. Let (El,r i) bé a
h—dlmen810ﬁa1 cTa551¢y1n~ pundle Tor (L,o) k>nnk3.
Ihen (O G) has a 013351;y1ng bundle (E,rj)' so that |
| , 1 (L,;g) “estricts;to a classifyiﬁgvbﬁﬁdle.
for (L x,a/m R
- 2) J/(b/h) b =i , v/LxD¥ =
by Bl — 5 is a bundle map CO‘VGI'IL.QO' MeVW .

) :

where

,".')
[0)

re is a homotory making
| 3 | hio
E/(w M bh,m',oh’)--%* (Q L,bL L‘,oL')x int D
.&,P " G? ‘ \ ‘D]_
(U;u DM,J ,ah’) — (O,L bL L',DL‘)

commutative mnlch extends (using b) a given homotopy making

B /(I'"“)-—ar(L DL)Y Lnt DX

ccxzmutative,




below there is nouotopy inverse

|
G

/L

fow (Elﬂi1) is a "good" tubular neig 1oorhooa of

oa
¥

Geed
iy

g, So by Lemwma 3' there is a ¥Ygood" +tubular neighborhood
(E,j) of G and a bundle map E.—>E so that 3) and
. 4lso (E,j) restricks

to a "good" tubuler neightorhood of GYV/M!. Thus if ve

a PF-trivializaticn

O.:-

can Iind

suech that r l(O)“* Q@ x 0, r agrees with p oﬁ a nelghborhood”
of Qx0, r/LxDf=r
an Fmtrivializatioﬁ of 1, then the proof of Lemma i
will be completed, |

It follows from Definition 12 that there is a snall
T \ i

concentric disk D? about the orizin in D™ so that
r /L}x DE = and rﬂl(Dk)- L x D“ Sa%“ose the
17 Pgy 8HA Iy A, = L& Ey. o SupROSe
radius of DY is 2a, .Let
k ir
ri; D — D

~

be defined by d -—=> ga(ldlid, where




21

{dl< a
La-] S
a + a<ldig za
2a :
{al= 2a

1

| | N ko . S S
~ Then. T : LxD™—D" defined by r_ (x,d)= ri(d)
v ; ‘ s _

_ _ . N o
is en F-trivialization of LxD™» L which satisfies.

all the appropriate properties and is easily extendable
to .

R . S : e
. Q@x D —=D,

x 1 ««@Dk Dy

b

Define H: L xD

|d|=2a

H(x,d,8) = ((1-t)+% a(lalna 5 la] <22
| (LS | . 2at
SR ' g v, (x,(1-t+—3—) @)
= [n&Ea| -t+ 12 d

TR \ rl"('x',‘('l-t-r--.-*’ ‘Z"‘-) a)|’

Then if § dl = 2a,

H(x,d,8) = (1t —————} 1 (x,d)
l_t+;’-§_"._ > SO
- id)

H(x,4,t) defines a homotopy(thru F-trivializations)
between r, end rq. Purthermore,

|B5x,e,0)] 2 {56,4,0| = [rl(x,d){ ‘

v



o 0y ‘ ‘ - - LR £ .l‘— . v )
Aow cnoose a so small that DI < (D™~r.i. (sphere
_ - _ 1 B R R

-

bundle of El))a- Then H, . 1, defines & homotopy between
v U

roi and r i

11 a 11 Let - r, a;so depote

-
Xk Py x Ti k

X DD ——s D

£

Then define

k
’k D

by
Ht ~on collar neighborhood of

(L,bL) in (Q,bQ)

H
i

a

Then its easy o check that r has the desired properties.

Lenma He Let

-

be a mapping of (n+l)-tuples. Suppose that 3

H o

f 8 1s a non-void subset of %’15...,n§ let A= N
-_’fg ‘ iin S
BS:ﬁ 5 i& S Bi“ Suppose { induces a homotopy equivalence.

Hhy

2

AS 3 B for each non-void S.

S:

T

Then £ 1s a homotopy ecuivalence of (n+l)-tuples .

r complement of collar neighborhood .

ozplexes, A; and By are subcomplexes, and L= U4;,¥= UB,.




Proof o t &t n=
chat
f: X ———=%
is a homoiopy eguivalence. By forming the max
of £ we can suppose that £ is an inclusion. s
Bo N X =4 o
S 3
Using the exact sequence of an appropriate ir

chapter 1) we can show that

..
%

(Bi’

By induction we obiain that f:X —> Y
equivalence for any n.
Now we can finish the proof by a similar

2. e wanti

TO Show

iple (see Remark

is & homotony



g e : . oo
et ﬂn D€ properly embedded in - Y- 1, k=0,1.

t'—'l

Let “(L,g) be a PL-structure on ™. Ve want to
censider the problem of.extending this 'PL~structure
over 1V,

Suppose k=0 and I® is embedded in the interior

of W. Then bK? is properly embedded 4in (W—;nt I)

“and (bL,g/bL)' defines a PL-structure on bb The
)

p£0b$6m of ex uendins (L,8) over W is q&z alent to
the proolem of extending (bL,g/bL) over V;lnuTi
Suppose k=0 and B B =T A0, II'-Q' and

- - - At ™.
bieint N belong to %7”
. KB

17 We can apply_t*efBrowder

Theoren to change g by nomot0“* so thzt (L,g)  induces

a Pa“sbructure saj (L,g') on bM-int L. Théfprbblem

of extending (L’ag’) cver :whint M o is ecuivalenf to .

the protlem of e extending the concordance ClaS of (L,g)

over H;‘ |
Thus it suffices in mosi instances.tb'consider tie

case where M is embedded in bW,

Derinition 13  (4n admissable pair) Let M  be vo id

or let h be a PL D=manif old which 1s embedded in bwntl,

@

Toen (W,}M) 1is called an admissasle pair if nz5,

bW « I ¥ 0 if n is oad, and ”Ui(W):i'ﬁi(bN—ﬁ) = 0,



How we give an equivalent formulation of the extension

problem for admissable pairs. .

+3

. e o o
ifheorem 7 Let. MP be embedded in bW —. TLet

a=(L,g) be’'a PL-structure on I with k-dimensional

[

o
Jt

assifying bundle v==(El,ﬁl). Then if a exbtends to

T - - "'. iy ] ' T".A ‘ . 2
a PL-structure on W, v@0' extends to a F/fL)k+r-bunale
over ¥ for some r. Conversely, if vwao? extends an

(3,M) is admissable, then a =(L,g) extends to & FL-structure

on W. .
Froof: = Suppose that (L,g) extends to a PL-structure

(Q,G) on W. Then vool is a claséifyiﬁg bundle For -
(L,g8) and if r,ié labze Lemma 4! a@plieég§0‘give the
desired extensiop.‘} |

| Now.the éonverse; Suppose (Ei,tl)&>or gxtends
over W. Then we claim that there is an F/PL)s-buhdle
(,T) over W so that |

T8 o~

> M defines a

N




3
%
S

L1,8), (B1,t9) = (;.. 12717)  where (Eq,i

Proof: - Bince (E{,%1) is a classifyinz bundle for

el

Ygood¥ tubular eighoorhood of D‘-(’;i,bll) »(L,bL). If
we c’her;ge notation and replace El by Eq & (trivial DY b‘andle)',
j‘l ?5y ilx ig ¥ » &nd r by rx.id DT s then
(E;ptl)@or: (Bq,riy) where (El,z_l) defines a “goog™
tubular neighbb'rhood ol gf and r= Py in a neighborhood
of L x O, | ' ’ .

By hypothesis there is bundle (E,T) over W and
& bundle map (ﬁl,ril) NN (£,7) covering the inclusion

M<W., (That is, E1 = 12’1_./1- is a bundle map covering the

Let ©=1/(E/1). Kow b is a PL-homeomorphism, so
- 2
t= ri;b ", Thus it is clear that t is t-regular to

) . S — -— P . s - " O )
0 in D7, Since ll(t‘i) = LxC < Ix int D% we may define

R
¢ = bi; {zC) .

—

Then
plinel.)+ec = p(inci.)bi” 1( x0)
= qig (x0) (vhere q is the



3 - ciear that Iueorem 7 ¢o¢l WS f 5 Lempa 8.
Lemma 8 Let (Wl R ) be an admissable P2 ir and

let (v,I) be an F/PL), bundile over W wi

1 ch Drogectlon dup
> n+3. If M£0,

suppose that t=T/(v/1) is u-resular
. I -
to 0 in D . and .
l(o; < vh 2ou
. ) <
defines a PL- uructure (L,z) on M. Then there exists
Iz
Hy v I—D

so that H(x,0)= T(x); H(x,t) is an F-trivialization of v;
h(z,t)=T(m) for m in v/H, t in I; . H is. t~“"rular to
0 in DK; an

Trv»ﬂ5mm

Proof:  Su uppose that T is t-regular to O in Dk
on all of v. Then -~ o

T7L(0)= (Q!,09") < v/ (U, bu) B> (w,bi)

1s a first approximation to a PL-structure on d vhich .
xtends the PL-structure on M defined by (L,g).
By this we mean that L 1s embedded in bQ!

and G!
induges'g,g',bG‘ so that



e

is commutative, However we do not know that g‘,bG‘, and
G' are homotopy eguivalences.
S - - First we examine the algebra of the situation. Let
' L'=bQ7=int L and M'= bii-int M. Then we have
1
: 8
T3 e 2 M3
S - N
N bG!
bQ! ——3 bW -
Y o v o B
QY — >~ W . -

It follows from Lefschetz Duality (ID) in v/(W,bW)

nat there exists 4%y in H 61, bQ! that G! -
vtnax there exists {{r in H, ,5(Q',bQ') so that CL M o are

a-~generator ofiﬁn%l(w,bw); Thus we have the diagram

Y
o
Y

X

A Lo 2 = O
N

[
-y
~

e

e

;\-\ .

O - 3 O
=g

23 ~‘,.LJ“> e
1 .ﬁ] 772 L
A ) /
RN PSA vlar il 6
N2 ﬁ\v N WV 0%
e H (1Y) e H(W) > H (W,141) ——



- - :'" Pt ‘:\ 2% e — s - : ’ e >
vnere L.=(Kex g‘)*, B,~=(ker C—')*, C.=(ker Gé)* an
i denotes the various inclusions. ot ’ ;Lé, and \( are

¢efined by

\;( C T V . gga:' i n/‘!{-—: l

_ A ! V.
oz H i) -y H ("x Dift) — H (Lt ,bLY) —— H, (L) |
' ' ! . - v
- R r)/u“":..f DR G G!" \%«' 'q/an' : \‘,
(D)ﬁ: Hae(W) ~= P"(U bif) w»h‘(ﬁ',b(.g') ——= H.(Q")
, vl/ :A/L‘.f’s 1 Gé"{ % ‘i' -n/L(O! \l
& B (W11 ) = i (q M) —$ H(Qr

[ oL) He(QY,L%)
Voo v | ¢ |
where the vertical maps come from the exact sequence

for a pair or a triple. (e.g. P (li' PMt) = H (Dw,u) )
' : exc

is a homotony equivalence we derive the following

-
Lerms A

1)

I J b
- o W e A — .
e — > By —ae Gy > A 5 « v o

is exact.

2) ~H

t
NS
x
=
®

Hk(l-’i') , g;cﬂ = ]
(),  eLg=1

2
it
o

&
&

b1
8]
N
O
1
N
i

o
)



Ve also have

- 3) A, satisfies Poinc re!t Dn“lﬂ*" wr

ck

2

dimension n  (i.e. A4, = a2 %= 7

».ask A fva ilOI.'i(,.xn 1 7Z)$ux0(h ~k=1? ))

fschetz Du uality wrt
. ; n=K _y.q :
dimension n+4+1 (i,e, B, 1=C" LB =g )
v l n- 1&

Proof of Temma A:

First we show that

gld=1, Gif=1, and oL
Let x be in M (1Y), then
| X:i/gﬁg{} u for some wu .in R0, bt ),
But _
4
g:f'(/{Ll n (gl u)> = g;'c/“ Ltn U T
= /M"H‘n u
= x, i
Th

erefore_g;yitzlg Slﬂ¢larlj G’g 1 and Gé;ﬁ'*l o

=

is proves 2) and shows that gl Gé, and Gls are

onto as indicated in (D).

A

Now 1) follows from 2) and the commulau1v1ty of

(D) and (D) by a dlarram chase,

To prove 3) we have that

i(L‘) = Ai S Hi(i'-i’),



g it L

T gy ey e g

—>H (L") ——— E ALY ——— H (L, PLY) —>
, 3'}: \i, &k o ‘;T E, 5'
s H (D) H; (%) I By (Y01 ) —
& R
-0 0
. The verticalfiSomorphisms come from the fact that
g/bL: ~ BL —>bid - is.
a hbmafopy equivalénce; bl =Dhli' and. PL=bL'. A is
vde1¢reu (l ke < was) so that gld FLl. Thus ker gh);
rer g‘)x, ‘and ker g’)* is a2 direct summand of H ; (L L').
Therefore H,(L',bL')= A, & H, (M',bl ‘)

le use this to'show that

et

Az0H; (MY)= H, (L1)
= E*L(L1,bLt)

Hom(Hp_; (L',bi'),%) ® Bxt(H,_5 1(L',bL'),Z)
= Hom(A,_ ;2@ H, ;(E',ni") . .
L G TR, )

,2) @ 5L (340, pigt)

155 ilu;.t(.un_i__l,e i;n_i

- T‘T <{ A B ::‘:‘ a .
--OLg_mn_i,Z)@ i3 -C(“D-"l-l

" Pn_l - w1

= 4 e b.l(

Since everything is finitely generated this means that-



To prove the second siatenent of 3) we use

bQ},L1) st TE(GT,L) ,(Q1,01) —
N A
> 1 .l-(U,u') e W (W, i) —

|
I hfl ,
5

é_._-_n

?

ine £ so that @} ffc-“:l and conclude that

i .
H, (QP,bQ1) = H (11 DTJ)\DCL. . (By excision g, is an
isomorphism since gy 1is.)

Iherefo:c'e ,Bkaﬁk(w) =" H (Q! ).
= Hn"Ll‘k(Q',bQ‘)

= Hom(Hn’-l" (Q1BQ1) ;Z)@Ext(Hn_ng;'be )SZ)

n+l-iz

1]

- .
hom(cn-k-i—l@ H Y, Dl) ,Z).

g : T LT ’

S : i i
Lemuz S:  Suppose that ST = int 0t (s¥ = int g1)
represents an element _of'ilr (Br>? Then a neighborhood

-3

U8 < int Lt {ST<int Q') is smooi haole,

O

I



that a neighborhood - of

L'/Sr@ VLx/Sr: normal microbundle

o

vhere

'-VL: _

—

By uhe transverse regularity

Cv

Consider thecase ST < int L',

nal cell of

“L‘“' pangcnu microbundle of

normal microbundle of

H
-

i

’\r .. . - - s K3 . )
ST C v/int H' is contained in a

v/int ¥',  Then

o tgr
"of ST <« cell

IRE ' .

LY in v/int v,

of T, Vi is triviel,

p 1
ST v/int M!

So by general position wve may suppose

Thus ¢y, /5T is stably trivial.’ Similarly to,/Sr is
] RE e
sTably trivial,
iQQSGIO”C we nay smooth a neighborhood of &fz int I
'ﬂr a7 o f‘
cr o7 «int §¥., Q.E.D.
Suppose  (G,bQ) is a PL-framed submanifold of

mn;cn contzins

& v I an

-
15

2,L'), wher

»

of (

‘ﬁ

1)

interioerf v sb'that

a) (U,p
r&—s¥=n+1

vhere:

there is a

"L in its boundary. Ve say
mentary f;“med cobordism on the

closed (n+k)-cell U in the

U) N G=(5Tx05,b(sTx0%))

b) (T'xI)NR=(U'xI) N QxI

T"*f—::'e L'-V—lﬂu T

¢) (UxI,»(UxI)) NR =02, pd"2)

. n+2 .
S vnere D 2 is

the (n4+2)-disic.



2) there is an extension of ((framing of

(@NT))xT) U (freming of Qx0) - to a framing of (R,bR)

~We say that Rc vxI is an elementary framed cobordism
onr the boundary of ((',L') if there is a closed n+k-cell

U in v so that

1) U v/bQ = UNV/intil= Uy, an (n+k-1)
cell in L1, _ |
e ii) a),b),c)vand 2) hold for U.

1) (Up,807) N b= (87x D5-1,b(s = p5-1))
and (U x I,b(Ul x I)) f}bR%=(D?fl,bDn+15;

=8

Let Qq=R N'vxl. Then it is clear that
€Q1,0Q7) < v/ (W, W) —> (U,bu)

hes degree one, and

- {L1,bLY) < v/ (S ,BHT) — (3, bl

1]

has degree one. Thus Lemma A applies to Qlc:'v x 1.

in e.f. (elementary framed) cobordism on the interior
or the boundary of (Q,L®) can arise by doinz framed
- o P 2 e de et - Y 2 3 -.,...a o v oy
surgery on tae interior of ¢ or by doing framed surgery

on bQ and then thickenine.
(&)



of v such that T is t-regular %o O in DY and T
Suppose (Q,bQ) is framed in v/(w,ow) by T. Let
2 <€ v.xI be an eler eruarj fremed cobordism on the

interior or on the boundary of (§,L'). Then there is
N , ) L.

s an e.f,.

1-be

Proofs Co-31aer the case vhen R

cobordism on the interior of (Q,L'). We define

’Hﬁ I ——*-Dk

<

lcws

[
1]
e’}
o]
| S

1) define HonU'xI by TxI
' 2) map D2 RNA(U = I) to O and map a
~ &5 ahhemy T n+2 ine the frami f R
- product neighborhood N of D using the framing of R.
. . - - _1 " '
_ 3) if ¥=DpW2 X Qﬁ, ve may assume that
(T x0UD x I)-(D% 2% int DX)  is mapped to bHDT.

EZxtend H over .UxI  us ing obstruction theory to map

4



o uy,éw'rv N

Bge s i s,

Trom These conditions and the nature of R using Lefshetz

.DL&lltj as in Lemma %,

Lo prove Lenma 7 when R is an e.f.

the,oounaary of (Q,L') we aEQlJ

the above

e ole o2

‘covordism on

process to

define X on v/h¥W and then we are essentially reduced

to the interior case?

- . - - - -
Let (P,bP) in (pArlvk ppntlsk

ox P

1
sum of @ and P a2long there boundaries.

1) Assume bg t D

with DR =D%%0 U bD%I where D

1=
framing ofbbg is standard.,
x >
Dt =

2) Assume that ¥ and

neighvorhood D%xI of D™1 in i

- - > - TR | D."f‘l . lr ’l ) .%-.'

identified with D KD‘H: ph = %, and that
- n+l+§ ' T o . -

of GND ! is the standerd framing of D

If ve let Q'= (Q- int DRFL)
J

is naturally fr

Ve, then

aned in v/{W,

D%

) represent an element

n odd. Let G#P denote the oriented cornected

3 - B - 0 1 > s 3
1 in »P=b(d™1xD¥) coincides

n+l  .n o
= D"xI, and that the

O

the Iframing

bt 1 . n+ 4—1.‘
pit+ ip pRtltk
Q' = (j}é.bP

b‘.']) ®



T arerimn e . T.od "y T R J . B TN I ]
Lemma P: o Let (G,7) be a framed submenifold

e
v/ (4, W) and (P,G) y framed submanifold of -
.Ll ’

e Nl
' paliaiie s DD

Lét FﬁbG a ote the nu uvral frexing of Q#bP in v, where
Q@ ané P are cOnnected in the interior of L'. Then  (Q,F)
and (GiA P ,If.G) are related by a sequence of e.f.
cobordisms in v x I.

Proof: Assume O has the form .of. 2) above,

Define = cobordism R between Q and QAP in v I by

"R=\Qgx I in (v-intl

wnere C 1s a st ’man fola of anl+kx I whicnh is cors*"uCued
as follbws:

2) Write D TIE 5% 1D and assume P is
Dn+1+% ' |

embedded in ~xl-as above.

b) Then -P is neturally embedded ( by inter-

}
changing coordinates) in D xz(O"™:1)xI so that ~

ol
pl
I
i
./
i
o’
o ot
)
OJ
PanY
A
(W3
| g
i\
o (&)
;
L
]
( L
L
P13
[ ]

ccbordis:z so that bl = C/\b(Dﬁ+k+lkI)== (P#b(~P)) U

({Dﬁxo)xi) LI(Dn%l



Pl V4

A; ,f,'f‘m. 'm“f“¥:”“mmmmw--
; i D i’\_/ Qx0

;‘A::‘_‘J,_,.....M..A-s.w.-.w... ; -

Assume that the framing of C is standard on Dn*lL)Dng,
d) Then the product framing of 0xI () (v-intpPtd+lsy oo
extends using the framing of C to a frening H of R in
'vxI,‘ Furthermore (R,H) A (vx0) = (Q,F) and
(R,H) N '(Vxl) = (AP, B0) .

ok

tor R into e.f. cobordism on the

o}

&) We fac

boundary and interior using general position and a
Horse function £ on C such that
s : nl
(%)= 0 % in D
. . n
3 x=(d,y) in DixI

T
-
b
2
3
V)

and £ has distinet critical values. The critical points

i

of T on the interior of C yield interior c.f. cobordisms,

©

and those in (~P) viel e.f. cobordisms on the boundary.

liow vie use lLemmas 4,8, and P to coastruct a sequence

(R F‘o = (QY,P0xTI and ir Up= RNV = (r+1) aznd




is a,hbmotopy equivaience. This cbnstruction (with
trivial modificafions} ié done by Browder and Hirsch (1)
in their proocf of Wall's Theorem (20) in the PL-case,
Lemmas A,5, and P provide ihe main ingredients of the
constructioh. .

Then we use Lemma T r-times to build a homotopy of

L .with the required properties. If T “denote’s the en

2

of tne homotozy then

D :
(Gps Lé l,b&(r~1J)Cfv/\? 5 ME, DI ,u)~——>(‘“.m’,bu ,11)

from Lemma H of ,Cnapter‘ 2, " that

N P
le. < v/bu —>= by

e
2]
]

homotopy eoulvalc 1ce. Thus

-

Qp = T;l(o) < v = ("‘l)-—4>Tv

lefines a Pl-structure on W extending (L,g). This

completes the proof of Lemma 8.




110

. tle want Lo

et
[0}
ot
o
fep
o
"c}
H
-J
0]
'.‘
H
\I
@
=
U
p;
(L
’_J
5
ot
&..

consider the different uOSSl ble extensions of a given
Pimstructure on H to PL-structures on ¥W. Ve will classifly

the extensions for admissable pairs such that bW=il £+ 0,

Definition 1k Let ¥ be properly embedded in W
and let aé=(L,g) be a PL-structure on M. ILet b{z(Qi,Gi)
define extensions of a to PL~structurés on W, 1=0,1,

{So th ré are embeddings .ei: Lo Qg so that‘Giei==g,)':.
Let Boblaka/bl denote the FL«structure - on
VROV MKIV UXI <. WxI defined by |

(Qo U e LxI UelLvl, Go Ve B%T UeJ_Gl)' .

LT 1

?lf
/]
8
ck
o
[1)]
ch
OJ
)
o’
]
L]
4
(@)

B (]
=
o
O
O
]
oy
)
3
<t
H
(O]
|l
Q
i
l..J .
<
]
ct
o]
Ymd
Py
}J'
5"')

b\ ax ufbl extends to a Fl-siructure on QLI of
This defines an equivalernce relationl on the set
of extensions of a. Let ZL(W,lMja) denote the set of

Y

egulvalence clessesg

g
[l

‘Definition 15 Let (X,A) belong to C, and let

v=(E,t) be an F/PL)) bundle over A.. Let v;= (E;,T,)

L define extensions of (d,,) to I /PL)k bundles over X.

(i.e. there are PL-bu Wile mans b, 35 —>E; covering the

1 See Lemma H of previous chapter.




131z

kT inclusion AcX so thai 'i:::‘Iib.i.) i=0,1. Then

: VoV 2 IUvy=(E v, Ixlu, E., T U. %xTt. T

: o) 1 ‘o-so blflﬁ oD 1

T defizes on F/FLj, bundle over X¥O VAxIUXxl<XxI. Ve
Say tnat (E5,T,) and (E, s+1)  are eguivalent relative

To X if VoV V}:Iuvl- extends tc an” F/PL), ~bundle over XxI.

This defines an equivalence relation on the set of

extensions of v over X. ILet B(X;A,v) denote the set of ‘

equivalence classes.

Ve remzrk that there are ‘maps

of v(or a). as a bundle over X(or a FL~structure on W).

If Py (X,A)—(%,B) is a PL map, then the induced

vl

)

e
y

N e T e : B3 . - 7=

- bundle ogeration induces F : B(Y,B;v)-—*B(x.,';
= D T -

wiere = r/A, and

e .
H

B(Y,B;v) s B(X,A35%v)

Vo o L P
3(Y)

> B(X)

.
Q,L) < (W,k)

S an embedding so that the

b

Srowder theorem applies to LCH and QcW in a relative

X . ) =y

marmer then I : PL{W,Mja) ——s PL(Q,L;i"a) may be




g_,

define ed vhere 1=1/L and i¥a is a specific resiricted

‘»’.;ms"” veture on- I~Ia An analogous diagram resulis.

Theorem 9. Let (WAl )oe a PL-manifold pair.

Let a=(L,g) be a PL-structure on M with k-dimensional

cl

classifying bundle wv= (u,u),“> n+3. Then there exists

a co”reonondence

PL(V,};8) —"s B, (W,};v)

so that
C
PL(IE’ ) JESCERPRRE,.." 3 3 (lix )
s I
I p c To
S ] PL(WeII?a) s B W;IZ;V) -
) v P ¢

PLCW)

is commutative, and

Ca dis injective if (W ,i{") is admissable
Ca dis onto if (VW,1) is admissable .
-(("““,II ) = (‘I X I, Wx OUlMxIutxl).)
Proofs Let Db=(, C) define an extension of

-'a:(L_,g) over W. Let - (3, ri)be the classifying bundle

for {L,g), g' a homotopy inverse for g, and H a howmotopy

between g'p and pyi.
Then there exists a classifying bundle V3 Tor (Q,G)

vhich extends (E,ri) in the sense of 2) and 3) of Lemma 44



ond t'::;c_* has an ascoci ted homotony wihich extends

on representative by

b ——= v

b.o.

ck
ct

ote then tha he desired commutativity holds if

. is well-defined.

Claim: C. is well-defined and injective.

A Attt it ',a
Proof: If bo and bl denote two extensions of

..'?

a over ‘W vwith cla i1fying bundles Vo and vy extending
v, then wvgouv x Ivuvy is a classifying bundie for
bova x Iubl,

| .To see thls, write b= (QS,GS'), Vo= (Es,rsis), : ‘
v=(5,r1), s=0,1. lLet j; denote the embedding of L
the embedding (zs a subbun ale) of v in vy,
' 8=0,1. Let g!' and Gl defzote homotopy inverses for z

l. By Lemma EH we may choose 'C—é so that

‘Then 1= oV, ix X Uy il defines an emtedding

. o
= 'f;;;:'__ w o - 13 . . *_ - 1{ -
O‘,L”HOUPOLXI_Ubll' in @ x int D = .

y T v S T
(Qoujou}:_{. ujl Qﬁx int D~ ,

is a bundle over M with projection D ..p V pxI upl

If ve let G''= Glu g‘::.LUC—l, and apply Lemma 4t 3)

o]




o)
=

i:;; . - s ~
(2%, 5%/010%) —-—s (Q*,50")x int D
.3.«;: ‘ i -
. 1 ’ ‘
! G "
R ON > (Q%,50%)

is hom ObOuJ commtative, (Let h be a fixed homotopy -

between pll,and g'p, H  the ex ctended homotopies between
pyig and G'pg. Then E*==Hb\)h_x IVH, is a homotopy

between pqi*¥ and G*gp*)ﬂb
Also '*(ﬁvg ) o (Q ,DQ")f 07 so (E$,if)

o

defines a "good® tubular n01guoornood of G* .

Thus it ”'*:‘: X T Tl g pi g
Thus if = rou rx IVrqy, then VU szu V.

(B%,r™1¥) a classifying bundle for boUa x IUby..

ok
[@

fv

i.l

L&

.Thusvbj Theorem 7 C, is well-defined for al

’ :< 3 i ] >-
(wgm), and ¢t is 1nJeCu1ve vhen (V ;4 ) is admissable.

L) represent x in B(W,ii;v),

tie will use Lemma 8 to construct a PLnstructure p=(Qq, G)

cn W extending a::(L,g) where Q is en ocaaea in Eqe.

]

f

ren we carefully deform E, over itself until it has
- the form of sone Ve The process is complicated by

the subspace M,



ot

he inclusion

Let b: E—>I be a bun

le map covering

' so thet :
{T/(Eﬁ-z) ) b= t e

o]
by
o

=ri we malke the following assumptions about

N
=t

9838,r,1358% ,h)
“A) g:L~H is given by the composition

L~——1Lx int D™ =« E - M .

B) ‘there is an enmbedding

| L‘:c D~ € e x
so thz;t - i) el 1s the identity on a ne'ig‘lborhood
of the O-section of E - - . 7 .
| | ii) rie =P, on some neigiﬁborhood of
Linn’L:ch. | | | |

C) g':s M—>L is given by the composition

O-secticn i r Pl
M > I > L x int D7 ——s= L,
D) h is given by the composition
H- i )
L) 1’: ‘.l T

E xI —>E —> L x int D*—=» L,

where H  is 2 de

Yy

ormation retraction of B onto its

zero section. .

The proof that Cy is onto proceeds in steps.



i BN 5

1) There is a PL'(n+l)~ﬁ

anifold Q, an F-trivialization
- 3 - - “
T3 BE,~—~>DE of Byy eon embedding
L
L“"‘“”' ''''''' > D(é’
and an embedding
» e
k o
Qx D _2 &,

1) eo(q = 0) = T2%(0)
1i) the comvosition

g . e P
. O .. o
Q—>Qzd 55 % uw

_\g’/‘?

defines a PlL-structure on W extending T

o - -1
(ki-") gk )c
111) Toeo= Do and be = eg(k x id.)L
111 Oeoﬂ-— :92 aXl 0e == eo A 1l
iv) (E5,To) is eguivalent in
B(W,};v)  to (,,T).
EZroof: Ve apply Lemma 8 and change T to Ty by
2 homotopy which is fixed on Eb/M' so that To is
teregular to O in DX ang

/fkéf”wwwwumamw“\
Q=TgM0) ¢ By — % y

delfines a PL-stiructure on W which extends the PL-structure

defined by

(1) on a neighborhcod of 0x0 .

¥



(et

vy L < bQ be de

%0
L ——1Lzx :m;, D"

Let

Then from A) we get t‘nat

C/I«.

gig

Now iv) is el ear fron

iii) is left o Drove,

L "‘ e

&4

e be de_L:ana

on kL x DL we have tnau

"1(0) C E /i

e oy

r

L

fined by the composi t;o*l
b-1
> (B /h A oO)

P

i

N

k
-1
our construction, so only

% D by ve(k~1x id). Then .

Toeo = Tobe(k iz id)
= rie(kx™*x id)
= po(k™1x 1d), Dby B)
= Po, On soue neighborhood of
L in L x Dk.

Because of the x,-r

0\}

the emoedcl::.nb of Q C Ey to an embedding
- : e'x
o .
Q x DK > Eg

; t o - z
so that T,e,= py. Thus our partial e, and ;L x D°

. - A * . . . -

cepresents kL x DL as tubular neighborhoods of e! ¥ L .



The PL-tubular neighborhood theorem and the equation

N

T‘o(partial e ) = Io(eé/l;L pid Di{); D-

imply they are related by an amblent isotopy of'the
identity of L/ (1, bH) which is fixed on edkL.

@ can usé this isotopy to alter I, and eé dn a
colliar neighborhood of B,/(H,0H)  in B,/(W,oW) and
(kL,bkL)x ?k in (Q5bq)x DX so that iii) is satisfied.

2) '.Let B denote the "enlar ed“ bundle whose

space 1s E_ U (sph ere bundle)x I and vhose maps (the
brojection and the F-trivialization) are induced by

N idv

i=r - o
0 S— Y B '
o . e ®
Then there exists an isotopy My of the identity of -

/(H,o 1) so that

Fl/(EQ/(ﬁ,bM)) is the composition Sy

Stk w eollixid). |
" B/ (1, D) — B/ (1, bi) ~> (L,oL)x P* o EO/(M, bH) € E2/ (14, bl1)
D (o (i, D1) ) ¢, ((L,bL)x0), ¢ in I.
Proof: s and the inclusion B /K < g/ﬁ each

represent O/(h,oh) as a tubular neighborhood of the

zero section of Eg/(}i,bisi)a Since s may be written as

(inclusion) b e i b1,

These embeddings agree on a neighiorhood. of the zero-

section of Eo/(ﬁ,bﬁ), Thus it follows from the PL-tubular

et
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‘neighborhood theorem that there is an ambient isotony

P

cle

oi the identity of Eg/(H,bH) relating them. Ve may
alter ki so that ii) also holds using the technique of

3) in the prodf of Lemma 3.

3) .There-is ah isétopy Wy of the idenﬁity_of
Eg/ (U3, bif, 1 ,bd')  so thet - |
 1) 1;/(“8/(h;oi)) Hy . B : | .
11) Wy (By/ (Wi, b, 5, bK‘))c:eO((Q;L;xL L', bL*))xint DY)
111) e, ((Q;L,bL, L, L )x 0 c Wy (BL/ (v 1 DM, 1T, Bl )

for each © in I

Proof:  TFirst ﬁe consiruct ¥r  so that i).éﬁd ii)
are saﬁisfied. This conétruction proceeds in steps — _ | ?
‘a) Extend Mt to én isotopy'W% of the'idgntiﬁy ?
of | Eo/(WsM,bM MY, b)Y, | 3

b) Defora (r 1T;b by a Aokotovj,>uhen by an
isotopy) U‘(U‘F n,h',omf) ‘over EC/(W;M,bi, k! ,bwf)
‘so>thai it is contalned in e ((Q L,bL,L',pLY)x int Dx); f

Keep (u bi) fixed. |

c) Cover ‘the 150oopy by an arbient isotop vy

to get Wp. ‘ |
We get wi to satisfy 1ii) by doing a),b), and c)

again in By x I. See proof of Lemma 37, 2) and ‘3),



%) Let E; =W (E). Let qy: B~V and

o
KBS ‘—-—3"1 b4 D 4 be defined by p W -1 and W (T."' ) o .'-.9—- ':)':Di{
“aal V -— e d T o "'Oi l nl ‘.Jo J.JO Coo .
respectively. Let by = H;* b. Then there exists

rqs @ x D* > Dk
so that - o | o i

_ o |
i) ry=p, on 2 Pei?hborhood of Qx0 1y ) ,
ii) El.glg;w is a PL-bundle and Llrla k

is an Fe-trivialization ,

[

: iii) bl'Ais 2 bundle map covering k, in fact
ri{kxid) = r and jb; = (kxid)i , |
; iv) QEl,rij) represents Ca(Q,G)

Proof; Let O<Di ¥ be such that .. -
on¥ o pk _ o PN
J.C D . T (37(sphere bundle of bl))
and r/L x Di is the identity. Lev -ri:;r'pz where
k '

1. I * . )
r¥:(D*,D ~2Dk) — {DL,bDv) be a homotopy eguivalence

H

U .
whick is the 1den tity on DY, Then 1p!j is an
. 1 1

Potrivialization of Ll' Ve can now alter ri on a

collar neighborhood of A(L,Du) in (Q, DQ) so that

rq{kxid) = . Thus i),ii),andﬂiii) are satisfied by r.

-t
cl
fds

q
s c¢lear thai El._£> Y is a PL-k=-disk hundle.



fow

3 ~t{inclusion) I b
% ‘ 1

k
H

= 1(1nclL51on) e (k x 1id)i , by 2)
= (k = 1)1 .

So only iv) needs to be proved.

Recall that blﬁbil' is a deformation retraction of
b,E ontb its zero section. The obstructio: ns to
extending blHo-l fova deformation retraction of'El

Onto its Zero section vanisn since TT*(El,bE‘U O section El)=0.
: , 1

So let Hy be a deformation retraction extending blel

Then if we let G! = - 1J(O-Ser10n), ppJH; yields
a2 homotopy between G‘qlﬁand plj. Thus (El,j) defines

a "good" tubular neighborhood of i\ S f
G2 (W5, M, B) — (Q3KD,KbL,LY,BLY) ¢

vhich extends the "good" tubular neighborhood ,

(bl—:,(:{ X id)i bi—‘*) ,.‘ of kgt: (I:,bh) ""’?‘(kL,kbL). in fact,‘

a1 /(m,bM) = pyj(0-section)/ (i, bk)

;::plj b, (C-section)

I

p1(k x id)i (O-section)

It

kp i (O~-section)

i\



il
N
"
v
}-'e
jo8
g
et
O

3/ E

and

2T ) S KR T -l
Py JH; /D18 = pyJbyHDy

. - m,l

~vhich is the prescribed homotopy between k(pli)bzl
=1 ‘

l L]

Thus (El,rlj) satisfies all the properties of

and k(gipib ¢
Lemma L and so represents C_(Q,G).

5) (By,ryd)  is eguivelernt in B(W,M;v) to (Eg,T).

Proof: Consider the diagram




All regions are conauu“u'"e except % Dbecause of 2),3)
d ‘}c

Let (B,T}) denote the pair

(2 xI UrpBr: o P (TxD) (=) (W inel)xI))

Then ‘B is a bundle over WxI which contains *he

< K : .

pundl By E 5 tha T! strict

pundie EB t}b I Ubl l = I 50 th t- %B re tr¢cbed

to EY gives the P-trivialization T Uy txIyy 'I-l.*
: o ’ - ML

4

This follows from the diagram,

Wow = 1s commutative for a neighborhood of

R b R R . . - .
@x0 in @xD*. So 3 iii) implies T! induces a nonotony
r - '?':- o .
equivalence of each fibre pair with (Dk,D“~O). Thus

we can modify. T slightly on the complement of E*

B
so that it becomes an F-trivialization TB « Then
(B,TB) p rovides the desired equivalence.

"is onto, - lNow we show tq % This result is independent

of our cholces of (L,g) and (E,ri). This £ ollovs from

6) i) We can change a given (L,g) and (E,ri)

by equivalences so that A and B are satisfied



ii) Suppose (L,g), (E,ri), g' and h satisfy

4,8,C, and D. Suppose {L,g) and {B,ri) ar

equivalent to (Ll,gl) and (El,r il)° Let

¢ respectively

ot ’
R 2
-G e
C. denote

a mep defined as above using Lemma &'  (for some choice

of gi and @l). Lgt C, denote
C, (L, g5 E, vy, 15 g', h)

Then there is a commutative diagram .

Ca

(o . : ' *
. ’e < T

where e and e are bijective maps. .

We can change g -by a homotopy so t

PL(W, ¥5 (L,8)) —————s B (W, M; (E,ri))
: ) o .

hat A) is satisfied.

-

ii) . Let. (R,f) ©be a concordance between

-
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S - e
PL(W, ¥; (L,8)) ———>PL(, ¥; (Ly,8;))

on representatives by

?

Q,6) ——> (Q U_R, e ugf)f

where
c-l

W UMK — W

. Lo o)
a PL=homéomorphism which restricts to “uL-+;l on ixl

',.h

o

nd the identity on the comple nent of a COLla; n51cu borhood

of M in W;

4
-t
y
rw
;-:x

,I) is an equlva¢ence between (L ri) and

(El’rlil>' define -

T : S %

o* o
B, (W,1; (8,r1)) — By (W,};5(Bqyr714))

on representatives by

vhere ¢ 2 bundle mep covering c.

-

If we §hoose, (8,7) = (8,r,1,) to be a classifying
burdle for (R,f) which extends (¥,rl) v (El,rlil)v with
respect to glu ﬂi and hx/hi using Lemma 4%, then
an easy but tealovs argument shows that (D)'is»commutétive.

This completes the proof of Thecrem 9.

~

Coroilarvys C is a natural eou1valeace of contra

variant functors on %%?n




Theorem 9 implies that

PL s B,

is a natural equivalence of functors on 7?q, k>> n,
L

We now study the functor 3, .

a3

- Definition 16 Let X %be a space., Then ( ,X)

- 7

denotes the contravariant functor on C which assigns

to XK in ¢ the set of Ifree homotony classes of na2ps

from X to X and to £:K>L the induced map
e
- L . . N R R
(L,X) —— (K,X) "defined on representatives by g-—gf.
. o If X is in € and u 1is in .Bk(x)i' let u

denote the natural transformation

u
(0 =y

gelined on representatives by (X-—X) — (£%v),

waere v 1is an F/PLDK» bundle representing uU.
Fa .

I W .,- -~
Theorem 10 Let g: be the category of countable

connected locally finite simplicial complexes and PL-maps.
I B S P L ey SN = ST . bt
Then if k¥ 3, there is a space F/FL),. in =
and an element w.,. in B, (F/FL),)) so that
E4W A
i 2 g Uy,
( SF/PL)y) e By

3
s

is a natural eguivalence of ccniravariant functors on z: .



Proofs One can carry tirough Brown's construction

&-la HMilnor (19) +to construet F/PL)), using the
properties of -Bk described in Lemma 2. Ve can forget

base points beecause B, (Sl) }

Lemma 11 " Let v be an ”/PL) -bundle over DR
and let Vi Trepresent the universal bundle uk. Suppose
£:20% —= F/PL))  is such that 1 vy is embedded
(as a si ubbundle) in v .. Then there exists an extension

‘g of £ over D® so that the bundle
v U (”"‘vk xDUu g*vk
over  DRMUDBDR x TUDD extends over DR x I
Proof: Let A be a subcomplex of X. Let u

be an F/PL)y bundle over A and f: 4—-X be such that

"y is equivalent in B (A) t0 u. Then Theorem 10

]

implies that wu 'e xtends over X iffi f extends over X,
In our case £¥ Vi extends over DU so f. has at
- least one egtenszon g, Then 'vg:: v L:(f*vk'x I)ng*vk
extends'bvég ‘Dn x I iffi a certain element Cg in
Ty, (F/PL)y) vanishes ( Cg is the classifying map
for wg). |
© IT ngﬁ 0, we merely alter g in the interior
of DR bj addi g -—Cg If g' is the new map,

then Cg O and vg extends over DP x I.




Thecrem 12 ~ Let X belong to £ and let 4 be a

ubecorplex of X. Let vy represent the universal
bundie wy over F/PL)y, end let f: A—>F/FL),
be given., Let (X,A;f) denote the homotopy classes
(by homotopies fixed on A) of extensions of £ over

X, Then the induced bundle construction defines a

one-to-one correspondence

(X,4351)

Proof: Its easy Lo see that * is well defined

and injective.

- - £ = - £ A — A ]

Let v belong To B (X458 v ). Let X,= 4 V-
(r-skeleton of X). Suppose inductively that there is

4. s ' - o P S . s
an ex»e?31on?‘gr, of T over X, so that. g, v 1is
equivalent to v/Xp in Bp(X,,4;f"vy). This means that

v/X, U £ x I U g_r*vk

extends over X, x I, Er+d extending Ep is constructed
, with this property by applying Lemme 11 to each r
cell of X -~ X o If we let g:(/gr, then g extends f

and %(g)=v. Thus =% is onto.



_ é?’,”f'ﬂ""f"i g

- Now we relate I*’/PL)n to certain other universal

spaces,

Definition 17 Let F(a) ‘denote the set of
homctopy‘equivalenceé of 8" of degree + 1 enciowed
with the compact open topology. | | \

Let .BPLF)n _ denote the wniversal spa:c.e for PL
n-dis}::‘f bundles (19)‘.‘ v )

Let  Bp(y) denote the universal space for (n-1)-
syherical fi_brev spaées | (22), |

0

Theorem 13 There exist maps F(n) —2s F/PL)n;

In

PL)n““f‘BF(xi) so that

o]

- n o
J’.*/PL)n —-—-—a»BPL)n‘_, and

' ’ F(n))———rip-( ) F/PL)n)-f“Ii'( ) BPL)n>"£1( . 3 BF(n))

is an exact sequence of functors on \f; .«

Proof: Let v, = (By,ty), P, » and £ denote
unive.rsa."L bu_ndlles over - F/PL)n, BPL)n" and Bﬁ‘(n) 5
zespectively. Let b, and J,  be defined by
Jn* fn is fibx"e_ homotopically equivalent to the sphere
bundle of py, and b,*p, is. PL-bundle equivalent to E..

Tow 1t follows from (22) that F(n) is
homotopically equivalent to'an el‘eﬁ:en’c of ? . Define

A(n) x Dr—> D% by (f£,d) —>(cone on £)(d). Then'

(#F(n) x D%, t) defines an F/PL)_ - bundle over F(n)

- which is classified by Og: F(n)—F/PL), ..




Zxactness at B.py, ¢ Let X be in ‘{Z and T Dbe
) & LI )T
in (%, B’z—"L)n)' Then J,.(i%pp) =0 iffi "p, admits

3

o

an F-trivialization t. (I p,,t) is classified by

o,

2 3 o " #x S i B < %
g: X=TF/FL)p and (byg) pp=gbnp,= &8 L p . So
b g ~Ff, Thus J f= 0 iffi £~ bpg.

Exactness at IE/FL)., : Let £ belong to.
(X,F/PL)p). Then b f=0 iffi B, is the trivial
bundle. Thus b f= 0 iffi f¥v, is equivalent to

(X = D2, % for sone trivialization t.. Assume
? %0 O

to(x,d-) = (cone o;rl g(x)(a) where g: X—F(n). Then
(0g8)* (Ep,ty) = &* (F(n) x DP,1)
= (X x Dn,f(g x id))
= (K X Dn,to)

since  T(g(x),d) = (come on g(x))(d). Therefore 0,8

is homotopic tc £  The exeactness follows from the
Lempa: Let (X x D",t) be an F/PL) -bundle.
Let g: X—>F(n) be defined by
. . n
(g (y) = t(x,y) , 'y in DbDY,

- . - - n .
Then (X x D®,t) is equivalent to (X x D", cone on g).



Proofe A homotopy b““ween t and t ¢ cone on g

o

] i 1;>1-s or s=1and
(1-s)t(x, =9= ) if  |d] < 1-s,s<1

la] t(x, & )-if 1a

by

Hs
Hy

o S —:-i, d =0,
We also have maps so that
. On . | In
7 > B/P —s B ——
Susp. } Westm . |W.sum Y. join
N % - 1; ' 5
; n+1 Pny : n+l
i3 ofom —
ff_ . 1s homotopy commutative, Tnese are deflned respectively

by suspension, Whitney sum with the trivial one-dimensional
bundle, and Whitney join with the trivial O-dimensional

“bundle.

Definition 18 By forming mapping cylinders we can

suppose that the vertical maps are inclusions. Let

F= U Fm), F/rL= U E/PLn,  By=UBpy

? u BF(II) -

L)



-
<

[
(uw

Ther by succc551ve&j aJJl ving the homoltopy extension
theorem we can make the dlagram actually commutative.
e — — b — T
Let O=V On, b=V b, and d= UV J_ .

We get a seguence

b J
¥ F/PL Boyr ' B
/ Bt D}:”fu S = ®
Theorem 1% - Let X be a finite complex. Then

a). F/PL 1is the classifying space for stable

equivalences classes of F/PL), ~bundles over X.

by

b) If f£:X—>F/PL 1is the classifying

—map Tor the class of (E,t), then bf is the classifying
;f map for the sitable equivalence class of E; |
ff;_‘ é) The seguence
(E, ) ——> (GE/PL) ——> (X, By) — > (%,3;)

i5 exact.
'd) The WEifneg sunl operation induces a H-space
»  structure on F/PL |

e) This  H-space SbT‘Cu“Te on F/PL makes

(%,F/PL) dimto an Abelian group.

Proofs if  A=UA_, then any map of a finite

Ty

map

A1)

complex into A. is homotopic to nto An for some n.
Thus a) follows frow Theorem 10, b) follows

from the definition of b, and <¢) follows from Theorem 13.



Fow the Whitmey sum induces a map
F/PL)n' x F/PL) = F/PL)”+

.“1ch is  (homotopy) compatible with the inclusiors.
Thus we can apply uhe nomotopy extension principle to

it these together to get

: w
F/PL x F/PL — ﬂ/DL
so that P .
- Fe( )z - TT—a .

A%
F/PL — > F/PL x F/PL —> F/FL
. i,

il and 2 are homotopy eoulvalcnces such that isz

o

is hon ot001c to f for each ©: Z—F/PL , X a finite
complex, s = 0,1. This follows from consideration of

tniversal bundles over F/PL)k. Thus we (iil X igl_)

defines an H-space structure on F/PL which induces
the operation om .(X,F/PL) coming from Whitney sum,

X finite,  This proves d).

it X' isra finite complex each map of X to F/PL
factors through F/PL)n for some mn. Thus the product
~operation in (X,F/PL) induced by the H-space structure
on- F/PL can be studied by looking at the Whitney sum of
F/PL)n' bundles over X, n= 1,2 ,3,.,, .

Thué it is clear that the osveration in »(X,F/PL)
is comautétive'and associative.' To see that there zre

inverses, we use.the following facts.




13k
i) b and J  ore hononorphisms (whgr the
overations in (X7BPL) azd’(K,BF)V are induced'by Wh‘tney'
stm) | : L |
ii) (X:BPL) is an Abelian group, (see (15) and
(12 ) ‘
iii) (X,F) 1is finite. (The homotopy groups of
& are finite (22),)
d using e¢). This

Now inverses are easily constructe

proves e).-:



" The Homot topy Pronerules of F/PL

Lenma 15 (Stability) T3 (F/PL) ) —=T3 (F/PL)_ 1)
i1s an isomophism if i« pn — G
Proof: Its easy to check t‘ at
LR 1 3 uﬁ v -
e By (8* % DO) =22 'ﬂ"i(F/PJ-:)n)
PL(s? x D3) ’ ®0q / in
' R Y : /

o y

“‘.Bn-i{!.(s:L D3> ‘4‘ ‘lT‘ (_/PI")n-i-l)

1s commutative, (here we identify (&1 x D3, X) with ..

are lsomorphisms:and C: is an isomorphism if

spte

3 0 i : .
—_— . NOW U az u.
X DY —s . ). Tiow L, and A
n - 3 > i+ 3 by Theorem 9,
. N

Definition 19 Let My and- f»:2 be two oriented

closed connected PL q-manuo;as. Let fi: I",'Ii —> F/PL

and DP C 1 _- be steh that fi(Dl;.l} = p in F/PL, i=l,2

% y o ) !"...". - 7 oy S . }‘. AL N _.;.7’. -
Let (11,11) % ,( 2,f2) denote the pair (x4 M, L7 E,),
vhere ilrr‘ I-I2 denotes the oriented conmnected sum of
, R . n . o1 I r L o
1.7 oy i E a7 f = = Do M Y eSO
¥q and M, ‘using D1 f.d-a 32 and £ ¥ £o8 My 7“f“2 F/PL

1
is defined by -f Ufe.

1




F/PL  is simply comnected so ve actually

Tow .

a well~defined map

- - - q_ = e Fad ™ - n
oy chcosing Iepr esea’caulve vnich satisfy . (O7)=n.
i i
If Hi=l,= S:L s then # is just t‘qe glo up operation

Thecorem 16 Let I be simply ccnnected closed
. 1 - .

oriented = PL n-manifolds 1= 0,1. Let vfj_ in (l‘fii7F/PL)

classify the #/FL)j~bundles (E;,t;), 1= 0,1 ;

Then tThere exists an element

k¥ >3 n.
(i ,f) in 0 if n is odd
) ) Zy if n= 2 (mod W)
; Z if n=0 (mod i)
{ St
so that
i) if nzbk; o .f.) + n(l 1) = a(@Gi,f) & (.1
3 NEees o/ T s 2 0?to’ # 19 .i./)
ii) 4if n=z5, Qi ,f.) = iffi o t, "splits® i.€.
? I i ? -
t. is homotopic (through F-trivializations) to t;
. . 3 . .
A H 3+

e i 1
vaere 'G.l

is a hoxotopy eguivalence.



TOm (16) th

It i‘ollows fr n(k, )
The wdditivity follows from an

argurent using the additivity of tThe

c

[

ci

4

T

Now we can app ly the Technigue

hanze "t.i' by a homotopy through F-
o thet | _
iy
n"l +

£, ,,'.(O) < By

n-1 B :
s[ P ] ~cormnected, If n=ki, t

is an intéger.
easy geométric
index,

of Lemma 8 .and

trivializatcions -

hen n(Ivii,fi) is
. . . - 1 . :
ne precise obstruction to making 3 ~connected (and:
nus a homotopy equivalence) vhen n =5, (see 1 ).
IT" n is odd and n>5 there ie no obstruction,
If n=4k+«2, there is a Z_, obstruction (the

2

fervaire invariant of the Iernel of

1i.

=1
A, (0)) —
oo+
hose vanishing implies I. can be

P 5.", (see 1 ).

i

’L—i-l(l )

5 _
nade -5 -connected,



-
45

o
(&

:} :
: in easy application of the proof of Lemsa 8 where

W,M) there corresponds to (M x I, I x 0) here shows

the converse., A similar application shom that the

et g e
et o e L

equivalence class of

obstruction only depends on ﬁ

(B,%t).
Thus we can dez;nc n(i, 1)

i) will also hold, in fact

(see 1 ).

LY

so that ii) holds

using this obstruction.

—bn

this is used in the prdof of Lemmz 8

v . : i R ' Bl ‘ - . ; ~
L - Ineorem 17 Let W& 1 pe a simply connected

Pl-manifold whose boundary components Ml,sz..,,Hs

are simply connected, nx k. Let M. be oriented by
the boundary of an orientation of
= l,...45. Then

[}
e

i #: W > B/PL , let f

n(ky ,£) + nQiy,E) +. . . +n(ig,f ) = 0

A homology calculation takes care of the

Proof:
¥
case n=L (indeed n = ki). Ve proceed to the case
n> k.
It follows 1Erei'acely from the definition of a(,f)
¥
' that - n(-M,f) = -n(if,f), vhere -} denotes M with
) - L 4 - L. 'A
the opposite orientation
5 We use this to reduce Theorem 17 to the case vhen

all except possibly one of the n(Mi,fi) are zero.



Chocse an .

[

are A in int ¥ conrecting 2 point in
;1 to a point in MZ.‘ if M is an oriented n-panilfeld
ilet (U Hiyliy) # M denote the manlfold obtained from

el
I’

W-(open tubular neighborhood of ). and. (H-open

by he obvious identifica

To be more_preq1se

tion of their mutu aW (Sn'l x I)ts,

do this in an o;1entaulop preserving

manner so that the oriented cozponents of Db({W;M ,“2) i M)
ave M, # M, M, # X, ligs o« o g Mg o &

If f: M—>F/PL is given, and F: W —> F/PL and
Ipys H‘x I-— P/PL nap the (S?'l x I)'s §o~ p in F/PL R
there is-an obvious extension over (W3 Ml,ﬁ2) # M say
(F;fl,la) # £ + In general, we can change fpl_an@ so
tpat this condition is satisfied and (r, fy5%2 # L is—

well defined up to homo»opy (since F/PL is 51uoly

connected).

Now replace (W,F) by (W, ‘)~'((J LZ) #.(-Hl),
F3fy,T5) # ©9) . Then if DbY' has com eLﬁs cen
Mit, MY o MY 5 ... ML and £lmFU/L ‘,‘ we h;.ve'{.-
n(is ., f?“::@ 0 ‘
n(M} , .:.é) == D(I‘fl » T1)+ n(ﬁza f?_) ’ and
11(?41. . f:;) = n(¥; , i‘i) for 2<1i < s .

Ve contifue in this manner, and we get a pair
(W°,F*) so that
i) W is simply connected
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ii) bW CONsists of simply connected COLDONENTS

% . - e

W X - N
IVL_L . 1‘12 9 ¢ e o 9 l'&S

111) if fi=TF /. , then
0 1;’ s
n(Hy 0 , To) =
- Il(lll,.L:L)—“ a "T"' n (1“‘187 fs) . i:‘—' S )

*

- R . . e % )
Let ¥ determine the bundle (B , t¥). TLet
(,.:‘ _,_)____ ('L?* :‘() ’- J::: ar - . ‘\-, o . o - . .
E,t)= (B / W - g W apply Theorem 186 +*o
. * >:< . o N . . .
each compon .em, of bW - Mg and "split" t. Use a collar
: s - . . ) LR N
neighborhood of bW - Mg 1n W, to change t on the

complement of- "'"/ 'M so that t°/E is Ysplit", Tow

wte
3. T Ve 4

let (WY, hs , bxl"‘- .us, t c’orrespond to (W,H,M!,T)

Thus n(}-:"‘,z“ ) = n(hl’f_l)":‘ -+ - o« +n(Mg,f )= 0

Let (? Fl (F/PL) dencte the nJCﬂ oriented .

- PL-bardism group of F/PL . S'tnce ‘T (F/PL) = O 5 each

bordism 'class in_QiL (F/PL) contains a pair - (I ,i‘)
vnere M is simply connected, ny 4. Furthermore any
cobordism between two such simply.cozmected pairs may be
by & sii'apj.y conunected cobordiém. (Any. oriented
n=manitfold :i.s oriented cobordant (b] one—-d’-:en51onal
surgery) to a simply connected ranifold, n;’% .)

Thus Theorem 17 has the



Corollarv:

de;

for n>% , vhere

P,

S
S—

Ve remark ""18.1: 'K
n<l . This i
K(M?',i‘) to be' 0
(2~ (E,%)),

exactly as in the case n=6. or n=1%,

i
Lerma 19 cmd the

,Lhe,n X has

i i t"”SUquS"v
Ve :f'el K

.LhCO.L en 1u

composition

Ty, (“‘/HL)

The additivity of

The correspondence

in es a nomo o,L *ohlsm

_,(L )

S v_nique for n=1,3.

if t splits and

-
A

(i,

£)— n(l, 1)

> . .
P
o ‘n odd
Z, n= 2 (mod Ly ©
Z n= 0 (mod L)

has a natural definition for

For n=2 define

L o he:c'm.se

oy

‘The faCo that

is well de;.:.*led oa cobordism classes fol 1ox 'S fI'Om

Tact that T (—’/PL) _Q_PJ“ ("/PL)

at

the nroverty th
where T -~ (E,t).

and ‘ T,‘_ (F/PL)

,QPL

is an isomorphism. v

i n ¢ 3’ (. I{(I"'l

by

-,

%
r¥/PL) ——> P
F/PL) - n

for this case follows

2
of

)

—

o b -
_Let T, (F/PL) — () P; (7/PL) denote-

the *# __Q_ ~Hurewicz Homomorphism," Then if n+# L, the

0



integers.

is

1

menororuiiism

F

Proof: Vie make use of the following
TLerma 19: Let (B,t) denote an F/PL),-bundle
. . 5

~over closed I, k=»>i., Then T splits so that
v .:."'1 4 T"'.' b ny — .1,\- o T.fi i B W ™ Ja . - > ~7. EN
: (0) is PL-homeomorphic to "« Iffi (Z,t) is equivalent
. - . . . . ) A__' ‘ﬂi ,k . .
a to the trivial ¥#F/PL),~bundie, (¥ xD, p2).
. Proof:  Bxtend the embedding of M x 0= t7+(3)cE x O

to an empedding i. of. (M x I, ¥ x (0,1)) in . = = .
. (E' x I, B" x (0,1) so that ¥ x 1 goes onto the zero

section of E. Fow ¥ x I has a trivial normal bundle

in B! (because M x O does) so by the PL tubular

-.-._,1 --,._,-A..._,-.., ,,.'v 1’ pl‘.l,,

nghd theorem X 1s the trivial bundie, ¥ x D™ — I
, It folliows from Lemma 3' , or by an easy direct argument,
‘. 2.9, k) - ' - L e W B :. r’ ‘ k —

that There is an embeddinz e of Mx I x D™ in E!?

50 that

1) e/MxIx0 = 1
2) e/t x 1 % 5™ == is a PL-homeomorphism C
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£
Lo

Then define T: E x I - DX on the imege of e union

E = Q -using . and .t .and ot the cbmplemenﬁ of irmage
of e wunion E x O. using obstruction theory so hat T
is an Fetriviélization. Then (B x TUH x»DE, T Vs p2)
‘zives an equivalence between (E,t) and (1 x D, pz).

The converse follows from the PL'covering\htpy, theoren,

Fow we prove Theorem 18,

Let (L, ,bL.) be a framed, almost closed, almost
- a 1 )

-

parallelizable E‘n;i ] - comected n-manifold in

i - . o ) o . ) .

(Dn*i,bDn*L) which generates P, (Definition 1.2). Let
Ln  derote L, v (cone) bL,. Let
, | “bL, T

S ongr (07, x DF s (0P, ™) x D

be the mep giveh.by [ Lemma F ° so that h, .is t-regular

-1 n, i K
to D" x 0 and I (D%, x0 = (I,,L ) & (0%, 0%) x D,

H

A%y J o3 T L4 9 P N :l.€
We may assume that hn/ (nghd of DLn in DR x D)
is a Pl-homeoworphism ¢ which is the identity on

gh-~1 = = bLn. Let

E= (0,0% z0% U (0%,p0%) x D¥

c(bL, = DX)



A g

over 8%, Then (E,t) is an F/PL),. bundle over S

an - easy application of the PL-tubular neighborhood

theorem shows E is the tobal Space.of a PL k-disi oundle

. L . . -1 |-
T is t-regular to O in D™, and t™(0) = L.
Suppose (E,t) is classified by f£: S™>F/PL.

Then if n=&i, -

| =1 if iw1
?:‘;2 it i=1.

n(Sn £) = 1,. by (1).

Thus Kh' is onto if nz5 and onto 2(Pn). if
n=*,

| 1 . S o

Suppose f: S F/PL classifies (E,t) and

- f\n P . <2 UN - . T
Kn! (57,f) = n(s™,f)= 0. 1Ir nf'b, we may’ change™

Tt by a ucmotopf so that .o ¢t (0) is Pb-humeo"o::;;c
to S If nz5 , Theocrem 16 and the Generalized

Po;hcare COﬂgecturc inoly that t caan be split so that
ﬁ"l(O) is PL—homeomor*hiclto st Then Lemma 19

inplies T 1s homotopic to zero. Thus Xa'! is =

momomorphism, n =k,

"See Lemma 1.5



- | s X e o g 2
Lemma 1.5 and Lemma 19 imply T(F/PL)= “r(“Pd;_:O.

7Fé‘(E/P?) cann be computed in a number of ways., One
"way is to use The exact sequence of Theorem 1% %o chow
that T,(F/PL) has 2 elements, Lemma 19 implies

an isomorphism. This COLDleLeS the proof,

Co?ollarz;_ ng(F/PL) =P,

Now we anply Theoren lo TO s udy the i~invariants

Zy=cohomology :of F/PL,

J
O

Let X, denote the space which is ho n0uoni ally
l . & - J

-eguivalent to F/PL over the i-skeleton and such that

. ry

LR 4 P~ 1 - I 7 - : e 1. - I_-.'-"2 inlaw]
T (X)) =0 for kwi. Let kiep In H (X, 1 ( /PL))
be any  k-invariant (or characteristic class) associated

10 the Iibration

in “a. Postnikov tower for F/PL, (see 23).

..;“

me k-invariants are closely related to the Hurewics

homomorphisns.

Thecrem 20 Let h denote the Hurewicz homomorphism,

h: T . (F/PL) ———->’H,<(F/PL), and h, the (mod 2) Hurewicz
homomorphisa : M (F/PL) —> H,(F/PL; Z,). Then h

is a monomorphism,ard in all "positive even - dimensions
h2' is non-trivial,
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Hurewicz homomorpiaism.

(F/PL) denote the oriented

£

I groups of F/F L, respectively.

£
'...b
o
5
i
O
au
N
9]
£
(@]
o)
[4n
5o
L
o’
o]
]
ar
e
|47 ]

Then h2 may be fc,c'tored as follows:

T (F/PL) — 01 JE/PL) e S E, (F/PL,2,)

\ B Dn(FrPL) — 7

How h' has a left inverse if n;z’ % by Theorem 185,

o

Therefore h"Y" has a left inverse, n# W. The kernel of
r' consists of elements divisible by 2, so this‘-means
that r'h!' is a monomorphism, If f:SR—> F/PL,
renresents a geﬁera’tor’of "‘"". ("‘/P_J) thén_ we have
shown that (SR, 1) 'isnon-trivial in 7 (F/PL).

Thus there exzists a polynominal w in the Stiefel-ihitney

) N . 3 —
ciasses of S% and an element w in = (F/PL,Z,) so

that ((Fw) v w)Y#£0 in En(S?,ZQ)_.} This can only

heppen when w equels 1 and u is in in(F/PL,ZZ

Thus h, 1s non-trivial. For n=4% see Corollary 5.
This shox"zs that h is a monomorphism {ento a direct

suzzand) in’ di mensions #4%i, To see that h is a ronomorphism

in dimensions 4i we can look at the Pontryagin nurbers of



(8)

wnere

where

e d

dimensions # 4k . If (r)

™ ama e
map, and Ty = T;(

- r is definéd usi

v R . ,
Coroilery 1 . - The ndh,k-invariant'of‘ F/PL
if n#ki,

Proof: - We make use of Theoren 20,

There is an exact seguence

. 3k

s o 1 . t R
el . P L i+l

?

: ' L. o -
Thus we need to look at image 1 ., Consider

i
v R
RN
I \
h;‘ T, | h
Voo vV
H.(X.) X H; (X,)

[}

For the facts about bordism theory used here see (5).

is

i is the inclusion'map, t 1s the transgression
F/PL)y (sée 7). If u denotes “he

fundazental class of X(i, T4), then wu ;Ea-(k-invariant).

ng the homotopy equivalence with
4 over the i-skeleton and the result about h2 in
in Kl(Xi5 'Vi) determines

- the hemomorphism r: g, (X;) —> T ;(X;) , then the




homomornhisn Ei(Kﬁ)*—b'?‘igxi - determined by i"(r)

ey be identified with i~ip i, So r'n is essentially

. ' N v T - . . -~ o =
Corollary 2 The Li*2 k-inveriant of F/PL

1s 2 torsion element, &nd its.rediiction mod 2 .

is zero.

 Proof: There is a class in H
restricts to some non-zero multiple of

class of K{4i,Z) where the latter space is the fibre of

Ls.

in the Postnikov tower F/PL. nis follows from the fact

follows from

n
ok
n
¢t
A\
t
[©]
B
[
o]
ck
u}
(@]
=

is a monomorphism., The fir

£

he exact sequence of Serre,




.

- For the second statement we proceed in thé same

~—.d

el

manner using the mod 2 Serre sequence.

sddendum:  Let

S, = _ Pi JiDx
ord (6)_;_1[__;1( ST ))
where ~ By = (2k-1) ! k+ﬂq 2), the Bott index
Jp = index (kcr('TTH( l(O)—*’H‘ _1(F)))
D;, = index of the'image of the composition
i oeff P o
T Lord . —-—LL k
"l"L(BPL,A) — ii'k(Bo,Z) — T,

Then the o*der ocf the '?-— L-andrlanu of F/PL divides

See (S-..-.}-ru, Sp= 360)

& rroois Ore shows that there is a class u in
J'!'k = } ‘-I ;a_ﬁ,,, 7 m mYr de 4 N 1
: H (d;L,Z, such uuat u  pulls bhack to Silgen) under

the composition

1o B€n. of Ty, (F/PL) Db
ST > F/PL >’BrL s
In fact choose u so i™uw has coefficient D_ on P .
by R

-l



i bt-
el 3% T ekl -
EHE™) « . H

L (b ge:o'T"'n -( F/PL >)L,.1( )
Bpy,

e e e i & }

(O O. euk l( 211) ‘)1;' — D__‘_Bl:jk'_'
S, = Bk Dy oord T .y 1(®) -

Coroilsry 3: Let X be a finite complex, a

and

o N
s rgim 1 - 5 N e .
H-£ o B Let Px < (M,F/FL) be the subset consisting

positive dimensions, Then Pax Ais finite. 1In fac
d Liv2,
3 B A 7 3 e
ord P, =< ord( & ( \A,AQ)GB Torsion H *(
i=0
Proef: See proof of Corollary L,
Coroliary i Let X be & Tinite ccmpie
et 1 of

L% denote the XkXernel of

).

)

.
]
joN



‘Then Ty & Py, and there exists a sequence of inteze

31982’ sa s SuCh that

;;tu"

Irom below.

To get t

S an iscmorphisn,.

we look at the Postn

DT R

dendusm to Corollary 2,

Tollows frow a spectral sequence

E(T, 4 (F/PL), 441) =

~g

o 86 bd
:

e @

&

X,Z5) ® (Torsion H (X,2)® Zg3))).

K, -
Ee
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o Fow XK., - ; X
' i1 >

the ho.otopy classes of tir

ic‘

)
a-l.t. U..L-k—s 3

vo cne correspondence witi: (X Hie1de IT

- o 3 X I
l - By

b
o}
3
H.
o3
O
=
s. !
=t

1ifting then any other 1ifting is hozmotopie to

compesition

waere g: X —*Xieq1 and w«is the

o
8
|
}
[
}
}_J
!
s
+
[
fte
[ 45]
cl
o
@
R
H
[¢]
}..J
C.
;._v.

Yow choose Vig .

‘)l

\G v}'rl) n (b-(b'\?\'1 "Ll(:’/P—L)) = 8

w

upnose by induction

and Coroliary % aré valid for mans of X

wrEre the stm - is taken over cohozolo

£33

43

-«

tiese Lo XKy when k+l= 4%+2 we mere

in H (B, ,2) so in

i

10 zZel an upper dound con the mumber of

o - . . ;- - B PRC ROt
these estimates.by ord(: isa5) = ord HTLt2

o
new

9 - "/(_(I-/Cg)g

on of 3. J..J.D.Le,




e R SR B g e e b
£ gt A s

ID k+1 =43 s X—=X _ is in P for 2

| > s el * K+ 1
,F\n\ . ]
1+8 covers £ and is in

and covers f: X=X,

has finite order in H”l(x Z) for all u in ﬂ”l(x

“Fy. only if

}(fig)*u £

I
)—
o]
g
S
ﬁ‘

If we ta_f«:e u = U then ve
hi

suoseu of”

iors1on(n‘l(X‘Z))'

of‘Pw ¢or A +1 uhlch proje

1—-1’2)

see Lhat we need only multiply

by tac subseu of (x K(Z L’-J.)) corresponding to some

O .
to construct a1l elements

ct to f. This completes

the ind uctlve sten for Corolla“j 3e

We prove Coroliary 4 in the Same way. The inductive

step uses

] R

Thus we onlylneed zultipl

u)_._i = 0, ‘.

Eal

the fact that #F
(¢~f)'

i
A
r £

|20 .

is

[~

n I:,: of X.l

= 0 then g‘

,)l
P
b

g
5

by certain maps g:K—»-Y#
i '

(correspondlng-to elezents in H (X,Z2) of order S. )

to get the other liftings of

L vhich are in I, of X +1e

BT = P, /P1)

is an isomorphism, waere Py

Similarly

for T,. This com

: F/PL?—%”Xk is the nrogectlon.

pletes tne prOOI.
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i
¥
f
.
v

of Theorcm 20, nggely that the 7*educ:«,:c.on of V t0o Z

coefficients is zero.

Let k ‘denote the reduction of

"

hen X belongs to

M

B ((23,2)52,).
class of &

X(Z,,2) then k'must equal

If u denotes the fundarentsai

W

where a and b are in ZZ-‘ If m* denotes a co-multi ipiication

PN

i.e. Xk pust be primitive. Also we

1
. L -
since Xk 1s tie reduction (mod 2) of an integral class.

Yow

=

i

*(u) = ue@l + lou

so

watible w1un tqat conin;

-

oy

then ve mus» have

must have SC

()= 0

d g 1 2 L
wt (S ST u) = 87 85" uel + 1®s8] 8T u
(1) 3 ] .
: L*(ﬁf¥1u = u®¢ﬁ‘7®uﬂdgu®l+—l®sgu)
i ] 1
P c.‘l ny ®1 47 ®@1u _ﬁl ..,)v (-.®z"1 S+ Sl 11(5)'
~— Kv- Uq [93 o A . Qci ST\ q [ (:_



et

Sinece there exists wu.in ‘3""1("1_,_1,Z,~; wiich restricts to

155

Liso . e |
| 51 (sl Ly el 32
lbq‘(u Sq u)-—(bq u)
(2) S o =
Q "‘ — ») o — -
5y (SQ. g W= Sq (oq u)-(Sq p) .
The first set of equations implies (a,b)=(0,1) or

(2,0} =(0,0) . The. second set implies (2,b) =(1,1) or

(a,b}ém (0,0) . Thus (2,b) = (0,0) and ¥=0. (I am

ostnilov uoxer for

1. AL

&

-

the fundamental ciass of K¢ (FCQLCGQ mod 2) the restriction
ey takes

Xip19Zp) onto H 3;‘,1, 5) e

!
'.r o
/\

faus the Serre spectral seuence {(with 22 coefficients) collapses

s -

x:L”l,zg) is 150m0““h1c to

¥
)
[0}
]
XA
ct
-y
.0
P
|-
°
=,
(]
,c%
i
i
ct
$—1
l

%, s
I‘I ( 2) @ .."J. .1 ,Z

117 2)'

as an algebra if E (X..Z ) 1s a polynomial algebra (since
1272 Ts :

-,—-w,

i3 A--_;_J_’._az) lS 2 \JO..LJr“lO‘ni

}._J
o
(4183
®
o’
-3
;)
~s

The Corollary follows by induction.
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The PL-Siructures on a Bundie o I

Let B —> I be s PL u-disk Unale over the
N

PL n-manirold . Then E is a PL(n+k)-mani O~Q and

ri{E) is defined., Ve would like to consider the

Definition 20 Define

PLE) ————3 PL(E)
on ”C“°cse*uau1ves by

wiere b(g) 1is a bundle map covering g.

Definition 21  If i~ is closed, let MO denote

hod 2 2L — - S 3 o) BT 0 Ea
Genotle The map induced M <« Y, Let

(35,8) ——= (L,Y (cone on bL ),z U (cone on 8/PLy

).




o

Proof: The first statement follows immediately

on the level of r “Tesenta Cives.

ollows Ifrom the following:

H

The second statement

¢ f:ii—>1L Dbe a houotopy equivalence of c¢losed

Lol T3, fn Y

simply connected PL n-manifolds., Then T is nomotopic
1

:M—>L where i‘l/D.nc_‘- ¥ is a L novﬂeomo vhism

end £(#-D%) € H-£5 (DY),

s

This follows from an easy argument using t-regularity

2

z framed cooor sm oof finite

)
:
K

Lermma 22 Let

d :
(M,5/PL) - (B,7/PL

be defined by £ — fq. Then

a- A
Y - c
PL(E) ——— (&,7/PL



vhere b(f) denotes a bundle map covering f. FKow D(p§
is a bundle projection since vas, and b(j}.is an
exbedding (since j nas) Now the - open  disk. Jundle
p*E —>.E | contains g*E x O since ;(:x)
contained ;fofotiLThus C(PTE, p(3)). is a-good tubular
‘neighborhood of b(g'). |

= Proof: Let (L,g) be a Fi-sirueciure on i
classifying bundle (v,ri;. (v,3) is 2 good tu
neignporhocd of
ghs I —am L
[< 7
& nomotopy inverse for g, Fow i~ th dilagram
) J B}
v ——> Lx int DY
%
D P
' g! v ot
1 T I
ezch mapn.is a HOMObOUj equivaience, Thus we ma
) g § N
tiis diagram using ) to obtain
M
CORY
.. b(d N _ -
P* E —> g7 B x int D
b(p) | L b(p1)
Y o plgY) Y |
B ' e g* R

=~
N
o




ot
Ul
O

For suitable r.: D —— DT then (o T, - 12 b(j )
~1s a classifying bundie for (g'E, b(g)) ; C(q*(L,g)),
Sc ve wanv to show that it is equivalent to

o XK . N My ~
(g v,2jb(g)) = ¢"(C(L,8)).

t/le Imow that

Fomd
S
P
¥
.
o
S~ 5
. N
"
=
fan
L]
o

< <
1
‘g
Y
=t
Y
S
W
“\
- d

is cox:utaolve. Also, there is a bundle mep I so that
2 .

Ul .
N

\;//
U<

oA I S

s commtative. (Let I be the identity.) Therefore

07 (L,8)) = (pE, ryp,0(3))
= (p*E, rlDij¥(q})
—_— (q*v, p G(Q))

since the choice of r doesn't affect the equivalence class.
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, N
fres’ - = TV deon = "",‘--,« A - Ci ~r ir}lf"
Laeoren 5 Lev K be in 7y end suzpose n ——> 1 i

be a k-disk bundie over i, Delfin
a”
L) ey PL(E)
on representatives by
¥ ';:*‘.1

Then g

Proofs Ve Iirst show that (E,bE) is a simpiv-
connected manifold pair. How
PE == 5/ Dl kjﬁ: ES
S/ o
b wnere E  is the associated sphere bundle. From the

. o ” i
o - :

ne ribration we have

hY

i Trl(ES} — TT7(E) =0

LT (s —> T (By/b) =T, (bi) = 0.

f

(E_/bH) O.-

P';J

T ,(E) - and T (Bg/bM)  are generated by

Faby

vhe fibre sphere vhich goes 1o zero in DE. For k = 1,

PE = b(lf{ x I) = double of

M. So in all cases‘ﬁi(b2)==07by




Van ;axnen s Thecre. ( 7.(B) and T (E/bH) are clea ly-
zero.)
Y c
By Theorem 9, PL(E) — (E,7/¢L)  and

the theorenm follows from Lemm 22,

-Theorem 23 is germanc +to a curre ent problem in

lifferential and PL topology.

9
B ome a PL k-disk bundle over I, and
‘5.7 G - ™
(PI’ D‘g) P (ﬂ:,bf-d

& qozouov equivaelence. The Bundle Problem for (E,M¥:0)
4 - Fhtie

is the following: find 2 PL n-menirold L, a hono» oDy

eguivalence g:(L,bLJ——an(ﬁ,bE), a bundle projection
w-2.1; ana change G by a h motopy to b so that b

is a bundle map covering g,

*

b L

e
e
ool SIS
(s ]

Loac.

B ey




1.7 - = S
Ve note thst 1z
77 s Lo, . oy Thanen A
(5,00 then the Bund
“

L n T . o PP
v22 problem of chang

c=regular to the O=section o

Corollary 1  Let ii be in E%h and B be a k-disk

bondle over M. Let

ceon R G -

(&2
¢}
W5}
1
1
O
3
@)
chk

opy equivalence. Then there is a solution to

tte Bundle Problem for (,li;G). ' S -

. Proof: By Theorem 23 (W,G) 1is concordant to

(£"2,9(g)) For some g:(L,bL?~—¢-(M,bE)., Ve apply the

i~cobordism theorem to straizhien ocut this concordance,

f.e. iU (Q,J) is’ the concordance choose a PL-homeomorphisn

oty Wx I —=Q

H's

I

/W x 0 - identity of "W and

3

H'/Wz= 1  is onto g*=m.




b AY -— -
g = g (p) ~ 5/
P ey ges '
b = D(g) » BY/W x 1
, i = it
then 4§ and b are as desired and H is a hoxotony

between G and b.

Corollary 1 is true in such generality because ..

hli# 0. low we consider the 3undle Problen for closed i,

=

3

Q
{

et H,= H-int D% and B, = E/M,. We can apply . -

)

- the Browder Theorem to get a map

‘ b} . ’ : -
! : PL(E) b(r) T PL(EO)
if k23, and M Dbelongs %o 7,:2.110 Tts easy to éhecl: nat

d
e
~
E.l
Vv

PL(E,) B

- 1s commutatlve. Thus we obtain

Corollary 2 I M- oe¢01o 30‘021, n’odd'and

k = 3, then the Bunale P;oblem for (3,E;G) has a soluuionem




”~
" L
3
W
.. o “ S A2 - e P A e - P N
Prool: Consider the coizutative diagran
!"'i
s
e S
: PL(E)  ——ee> (B, T/PL)

T e - i ?)-
I "”O) (:JO" LBy,
viere " is induced by EO < E,

Since the ilurewicz homonorphism is a mORGEOT7h151

ale

Tor F/PL, r* is onto. Since Tp(F/PL) = 0 when n is

03
ba 2 [ e

injective. Thus b{r) is bijective by

O
£
{2
H
}
0

r and g, are bijective by Lemma 21 and Theorem 23.

igpus ] g™ is bijective. he proof is now completed

o he 4 g B8 §
weal wWwitn,

r-b

R - The case when n. is éven_is harder to
Ve must have additionl h“bo»ﬂ@éié on G 1“ order that
the Bundle Problem for (iL,13;G) be solvable.

et £ M AAf4>'F/PL | and w belong to Hi(F/?L,A)
where A'= Q or Z,. Let p denote a monomial in the
rational Pontryagin classes of - M and w2 Mo-omlal

in the Stiefel-Whitney clesses of M. Then (p v £*u) ()

is called the Ponmtryagin number (u,p) of (¥,f) (when B

< sle

@ (w v £ w{H) is called the Stiefel-Wnitney

e
i
<

~.s
3]

nuzmber (w,w) of (if,f)(vhen A =2Z,.)




crepaE

.}.l-

T - v .y - Ly - - - . - ’.::
et L-—=i be a li-disk bundle over M in 7i end

rt
-

(Y"';-D i) —-——> (B 9 P

e homotony equivalence, X= 3. Let G':(E,bb)».({f"g’;j
be a homotopy inverse.for G. Let +(X) denocte the tengent

bundle of X, where X is a PL-manifold.

Theorem 2%  Let I be in 7. and k3. Then
tnere exists
£: i — F/PL .
so that o
- B T b :

|

(W)) © - t(E) and:. so that - the.
3undle Problem for (B,H;G) is solvable when
1) - n =i iffi 2 certain linear combination

]

LR Y

vanishes
i1) n=hir2 and M is smoothable Iffi a certain
linear combination of Stiefel-Wnitney numbers of (M,f)

vanishes.

Proof:  First let £: M—F/PL correspond to the
F/PL),.~bundle, . (Eqg,t), k>>n, and consider the sign-
ficance of n(¥,f). Then

- . T-. :
. - .v.: et} k%) e Ty . . .
Pg ¥ Tz Ej —> Hx D R

23 - 2 . ‘ s Z;
deternines a PlL-stiructure on - M % 13l .




1rined so that n{i,f)= 0 irrs

T may be cnanged by a h motopy H so thai

Q
¥
ct
&
B,
o—l
n
o)

&\‘

e

i“hen p. x E is a howmotopy between  p

-

viaere b is t-regular to ¥ % O and

R a -
I=b7H0) < B Py iy D+

is a hdmotopy equivalence.. How it is €asy usinzg the

Ry

h-cobordism theorem to alter b slightly so that (Z,2,b)

‘- L ‘ 1. hJ fad >7,-,'!
+S @ soiution to the Bundle Problem for (I2D<, 1 poxt).

-

Let ~E denote gz high dimensionzl inverse fFor

3 —=» K. Then (p*(-E), p™(p)) 1is a bundle over =E

e

2nd (p™(-E)= E @ ~E,p> p™(p)) may be identified witn |
. . il
the trivial bundie (I‘-i:{Dl’f-,pl) over . gf

IR

« b b(id)
0¥ (-B) — s p¥(.m)

{* é/f?p) - . |

bt

LY

ow b(G) and ¢=1p- p*(p) are homotepy equivalences

)

, _ v N
S0 ve can find an embedding i: I —s int(pG) (-E) so

5.5 FREPN 2N
LIIET

Q
O-l

() 1erid ¥ aid 1 g b(G)= 1d(pG)*(-m),




Using the h-cobordism theorem we may identily

(;G)*(-E} with the normal bundle of i(h)_in G (-3)

- (vhich exists if (pG)*(-E) has large enough dimension.)
Thus (pG)*(-E) is a PL-bundle over .M and

t= p,b(id) b(E) is an F-irivialization. Let

r:(pG) (=E) —ii be the projection of this bundle. Then
rxt =orx p2(b(id))’ b(G)

2 qb(6) % pa(b(id)) B(E)

(b(id)) B(a)

= p1b(id)p(G) x p,

!

v(id) b(a),

~ywhere-the homotoéy 1s a homotopy of maps’of pairs,
(pG)*(-E) ,bpG"(~E)) — M x (DK,wnk). |

| IT we let £ —~TF/PL classify ((pG)*(—E),t),
Then the above aﬁalyéié shows that n(i¥,f) =0 irffi
e can solve the bundie problem for (H,(pG)*(«E); b(G));
Let (L,g) be such a solution. o

ow consider the commtative diagran:
(=]
# T o
PL(p*(-E)) .

P

RN Y ;




oo 4 ] 1,7 M
p (L,g) 1is concordent to (W,G).

' Let vi(ﬁ)szndrmal bundle of I *»%(pG)*(~E)

and t(x) the tangent bundle of X. Then
. i ok .
) @ vy = 17(E((p&) T (-E)))

= 1"U@p(E) (-B) &
(" (" ()%

= (qb(G)i)*c-E) 39(G'(O~section)}*t(w

f

(-E) ® (G*» Ofsection)*t(w)

So _
PT i) = (<07 @ p*(-E) @ G ()

GUEW) @ -(5(E)) .

i

This shows that (#,f) has almost all of the desired
rroperties. The theorem Follows since n(M,f) dis given
- by the homomorphisn-

L PL K
Ly (B/PL) ——s P,

: o PL -
IT n= kWi, P.= 72 and elements in_[ln(F/PL)<E Q are

Cetermined by their Pontryagin numbers. Thus & may be




Loy W ASES .
r‘? n(r/rm) — 7

exnressed as a retiona
numbers. If n= i+
] -,
Tactored through ?n(
a) kernel (
by 2
[ 2
T_,ﬂ ke
b) /7, (F/PL)
Ien the factor
nay be expressed as a
DUEDETS .
Lddendum

= direct sum of Zo's .

The form

V

“homomoroshism

2

Fal
OL

PRI -
nacion ot

end &/

Ponvryazin
~.Ln(F/PL) may be

v

is .divisible

ilinear combination of Stiefel-Vhitney -

the linear com binations

~appearing in- Theoren 2k depends only on. the dlmeﬂSlOﬂ of M,

We remark that there is a similar SOLHulOﬂ when

n=4i+2

in

g
b

and ¥ is merely a Ph-munlfola.

case

pundle problem.

-

It

determine the classes of

and their relat*onqup to H' (BPL,ZZ)

This has an

theory described

im

conme from s CBPL,g)

n::hl, the cla sses of

. SO tangent

is quit an-interesting and dif

(x/JL Z ) occ*“rlng in

i (F/PL,Q) occurring
ial information

G is sufficiant (and necesswry) to solve the

alt nroolem To

ii)

ortant bearlng on the ObSbeCblOP

in Theorem 20-,



4 -

Avplications to ‘L—MOVQO”OTU'l ms

How we may apply the results of the Previous seciions

<0 study ihe manifolds within a given homotopy eguivalence

Theoren 253 Let 1 belong to /yq.' Then there is

‘2 cre to one correspon dence
PL(M) ——=——se=  (}i,F/PL)

ween the set of co“coraanCe classes OL PL-structures

on ¥ and the set of free homotopy classes of maps of

. -

i dis in 9¢n and b= 0, then PL(i{) is in one

\

©C one correspondence with (MO,F/FL) where MO==H-int DR,

r

C
PL(M) - - PL(MO) e (MO,F/PL),

viiere r is induced by He &= M,
C 1s matural with respect to inclusions chzin* H
in 77, end FC(E,id} = pt map. In genmeral if (L,z

' is a homotopy inverse for

)
]
Qo

is a PL-structure o M

C

i) ¢(L,g) = 1771 g 1s homotopic to a

PL-homcomerphism




i) px(C(L,2)) classifies

tD) & (") e(L) i b

(0D @ -0 8 W)/ ir =

. . . L . b
wvhere t(lf) 1is the tangent bundle of i and /PL—> B

PL
. L = o J )
15 tine {ibre of BPL-—¢’DF -
Proof: 1115 follows from Tneorems 9,10 lh und

Lemmas 1 and 21.

Definition 22:- By a k-skeleton of ¥ we mean a

subcomplex L —&= i where L ‘has tne hOﬂOtO“j ujpe of a

k-dimensional ccmplex and i is k-connected 1 e. tne‘
-relative-groups N ;(I,L) are zero for i < k, 3

. S i., .. v
ie say that the k-skeleton L-3>¥ is a Thickened

et

k~skeleton of ¥ if L -~} ig a morphism of Z?r.
_ e

Ve say that g:(LibL)->-(d.dm) is homotonic to a

3 v

- ph~=hnomeomornhlism over the k-skeleton of M if Tor any

~tiniclkened k-si:eleton Lk"ﬁ> L there is a nomo»opy
equivalence f:(L,bL) —> (14,bH) such that
l) T is® homotopic to g

2) £/l is a Ph-zmbedding .

)
)3
3
fan
[
]
[
0]

3) if Li = L-int Iy cnd Mi= M-int £(L ) - then
(

a homotopvieoulf lence



Theorem 26

.0
|
]
d-
(@)
o
-
K
~
X
o
.
<

ond -int D

)

HAF DG

e & homolopy equivalence.

Then there is a map

Q2 23 11 > L

£ @ - () s@w,

i1) €. /(k-skeleton of M) is Homotopic %o the
o ) - :
point map 1{li g is homotcnic to a fb-ﬂOﬂeOHOL’Jlom over

%1

tie k-skeleteon o

-r

Froof: Let C,= C(L,g) and suppose M_ < 1 is a-

Thickened k~skeleton of . e caon caange g by a homotopy

wn
(&)
L3N
pa)
o
ch
[N
d*
[N
o
Qs
o
(@)
0]
0]
)

PL-structure (M ,gk) on ¥,_. Since
’\~ L%

is a natural trensformation, C(Lb,gk)== Cg/ﬁ%. Since

C

C is injective, &y s (Igg, bLy ) —> (3, bobl ) is homotomic

To a PL-homeomorphism iffi :/.ﬂ is hemotopic to zero. Now
=3

)

C./(k~skeleton 4 ) is homotopie to zero iffi(Cg/Mk

is homzotopic to zero(by osbtruction theory) and g, is.

aomotopic to a PL-homeomorphism iffi g satisfies 1),2)

-

and 3) of Definition 22 above by the homotopy extension

LFLEN

B - 2 e T e gy el - -
wieTTEn, 40138 Ccompieves tie proof,




Coroliary:  If I belongs to 77 there isan - »';
ocbstruction thiory for the problem of deforming a homotopy
equivalence (L,DbL) N (i4,bl) into a Pl-homeomornhisn,

7

The obstructions lie in

G ,2,) BV G, ), co e BTG, T (R/PL), ey,

i 3 M 1 t M . 5 ‘ 3 J' rres : ]
Suppose nl; int M, < 1..2 < int 13 Coees C L }H

form an increasing sequence of thickened skeletons of M
and g is homotopic to. r, a PL-.‘;‘;:.omeomorphism over L., o
Then there is a conoAao*ogj class O, l‘ﬁ' in n“*l(u,“‘i"' l(ﬁ/}?b))

which 1s the precise oc-struc tion to changing f by a

da

homotopy on the- couple:'e*m of u, _150© that it becomes a

PL-homeomorphism over the }.-r l-skeleton, heiq1e

The obstruction class 01_1__1 may be computed as Follows.
‘ . ‘ﬁ' B ‘

= ""’“ --'..1. ."i - ! :'—._ ~ —..',!
ot I‘i‘:—x-l, ;ﬁt My and L,_' ) L}{_{_l__ in Lk-”

T o 11

Assume f£/L-int Li. induces a PL-structure on I; +l

L
. M
B eI

memisoeAnta 0

S M




)

£/oL, is a PL-homeonorphisi so let

Moo= (s 17 by ey p)x o
Ly = (1*1 i+ 1 u__é._—l Ly, -‘-l)
and define )
f*: L* ot H\‘(
by (identit U £)x identity DT T lzrge

. . A3,
Jow L MU oL DL rresponds to the k% ahasi-
How Hy. ., l(‘ﬁ;-f-l’ D;.K? corresponds to the k' chain.

L

£roup oJ. _H*(MO) and is naturally e“*bedded in TL...+1 I-;T*).
Tael ' i B LI e a
Zach class u in Hy_, l(l'kﬂ_ ) may be represented

I - by a relative (k-+1) disk in (M1 » I ) x DY and thus
_ : : o »
corresponds (by doubling) tc an Sk*lx D®° in M., vhere
Y+l4+s =n+r. ;

LNow change £y by a homotopy so that it induces 2

. _
rL-structure on S’;+ 1x Ds and let

“_: ) S . 1“: ¥ -
LsEF 1z p%), £oent (SEF L, D))

Then (E,p2t) may bpe identi“ed to an x'/“L) -buadle over
st 1 ana thus corresponds to some element -C}r+ l(u) in

T k+l(F/i’Ll. | The cochain .C}{+l(u)

d) is a cocyele

a .

b) vanishes iffi f can be changed by a homotony

(vaich is constant on 14) to a PL-homeomorphism over M -1-;1




*.l
by
‘»—’-

c) -is cohcinologous to zero

ey
i

caanged by a homotopy (which constant o1 M ) to a

i

PL-horeomorphism over Myi‘lm
9 4

o

This mey be proved - using the cobordis" obst uctlon
theory of Part I.
Fow we relate the obstructions to defor ming

‘:L-—w-F into & P omcowornh;sm to a sequence ol

o
o

3vh4lo rroblems.

Lemma (Stability ) (L,bL) 2~ (i,bl)  is homotonic

to a PL-homeomorphism over the k-skeleton of iffi

p-'a

. T T ar . "
g x id:(L,bl)x D —> (n,oh)“ DY  is homotopic to a

rL-homoeonor Uhism over the - k-*kelc ton of ¥ x Dkq
Proor: This follows from Lemma 22 and Theorem 26.

" The lemma snovs that it suxflces tTo cansider the obs true tions
in dimensions wglch dre small wltu respect to tnau of
the ambient manifold. o R
So assume that 1<€<n and conSLder X in Hhi(MO,Z)'
or “L1+2(Ho’ 2) : Using ( 5 ) ve may represent some‘odd
ultiple of x by an embédded’submanifold‘ M, ¢ int M.
Ve may assume thau >Mi is 514ply'connected (alnce H.ié)a'

r

szmoot qable, and that hi has a normal disk bundle E .




“(Yie may cross I with D

- . - hJ -
Low change

motopy so that it induces a Il-structure on E

W,G) = (L,g)/E. Then (i/,G) defines a Bundle

Prcblem for E . (B h;,G)' is called a Bundle Problem

by  g.

associated to X

‘Definition 23: "‘We say

z 'in By, (,2) or

that

thﬁ_g(ﬁ,zz) "splits™ the homotony equivalence

g:(L,bi) u—ew(ﬁgbﬁ)‘ if séme Bundle Problem (&, L 3G

W

ssociated to' x by g has a solvtlon.

Theorem 27: Let ¥ be in 7§h_and g:(L,bL)-e-(M,bH)

(o)
®
[V

nomotopy equivalence. Lev
zap over- the k-skeleton of Mo, k odd, k<<n. Let o©

4+ 1, . N
ir g5 (Mg, T k*_l(ﬁ/fb))

and suppose C is homotopic to the point
e the obstruction to extending
1ﬂ1tm,mnulmpo er the k+1

o By g G, Ty, /20,

ithe howotopy of C

HU’Q

szeleton of Hy. Then if x is

’Y

Ifi x Ysplif csh g




B

-~ . rd o y -
Proof: Let L'< int ¥ represent some odd multiple

of x in E, wo,ﬁTkJ_l(F/ L)). Suppcse E is a noL-“l

%
+
-
7N
()
A

disk bundle of L<ii ans (#,6) = (L,g)/E,~ Leb CG"C( ,GYo
By the naturality of C, C, /\~/J~TL)-* C /( E/IL%pt) =

by thqthesis. The obstruction to deforminﬁ Cr = Cg/E

(3] G. -
2 . = 2. 27 = 2. L »\ T L ey -~ 21
to a point then it just .(gen H_ : (E)) by %he
. Vit 178 DTk 1 J .

)

&

naturality of the obsiruction. - Thus G is ﬂomotoplc to

1

PL -homeonor ephism iffi ,f“ﬁ'l( x)=0. Taus if »O l(x) O

1]

1t 1s clear that x "splits" g. 1In fact, we have shown
that in this case an‘ Bundle Problem associated to x is
50¢vaale.

Now suppose that x"splits" g. Let

101 ,c;’ > 5 ) S o

be the solution of some 3Bunile Proolem assoclated to %.
Fow G 1s homotopic to = PL-homeomorphism over the
k-skeleton of B so it follows from Lemma 22 and Theorem 2§

N -

3 , > . 3 - L 1 ’
that T is homotopiec to a PL-homeomorphism over the K-skeleton

‘of L. But then Lemma 21 implies f is homotopic to a

PL-nomeomorphism. Thus the same is true of G, so

O 47 (x) =0,

The rat nale ueh¢rd Treorem 27 is the ¢o~10n

Yo
C?
It is'possible'tc_ compuce' the homomorphisms determined

by obstructions:to - def ormi iz g:L—>1 to a PL-homeomor-

phaism "before" we oe°¢n the dcfor: ation. Ve merely

B e i

e




o
=
o

)

cross ii with a high-dimensional digl, represent oda
multiples of all the pertiinent nomology classes D empedded
subnanifolds -and look at the associated Bundle Problenms,
We state three Corollaries which follow from the
existence of the obstruction theory., Let K belong to

/] end let £:(L,bL) —= (i,bH) e a homotopy equivalence,

5
L
O
~
v
O

s free

s

then £ 1s homotopic to a PL-homeomorphism.. (Note that'
2 applies if £ is a homeomorphism.) .

Corolilary 3 Suppose f

is a stable PL-tangential

(3 ) = 0 and




houmotopic to a PL-homeomorphism.

-

Proof: These results follow from Theoren 25 and

ithe Corollaries to Theorem 20.

Corollaries 1 and 2 are positive results towards
the Hurewicz Conjecture and the Houptvermitung., There

are wmany examples showinz why the conditions of Corollary 1

are necessary. (See below).

&

Definition 23:  Let (1) denote the set of PL-homeo-
orpnism classes of manifolds which are homotopically

equivalent to M. Let L represent an element of (i)

and let g:L—>}f De a homotopy equivalence. Let - Ps(3),
H(M), and Ty(¥) be the subsets of (i) defined respectively

o

by those L such tiat g can be chosen %o be
"

Ph(t): a correspondence of rational
' Pontryagin classes
CH() e & homeomorphism

- Tx(M): - a stable PL-tangential equivalence,

Bemark: It is clear that T.(d) < P,.(#). It

follows from Novikov ( 20) that H() < P (H).




Recall that I F(A,T/*u) denotes the subset of (X,7/7L

homomorphisms with G-coefficients in positive dizmensions
and Tu(X,7/FPL) denotes the kernel of

—_— _
o e s : 2 . n
Let I belong to 7y end let I, denote I l~-int D

if bli= 0 and ¥o= M if bli# 0. Then as corollaries to

ez n)

Tneorenm 25 we obtain

¥

Corolleary Y There is a natural progectlo of

(3, F/PL) onto (#).

"U
f_\
OV
}.
N
v}
t-
<
e
w
¢l
[V}
]
jat}
Q
o
C—’q
o

Po(¥) and the image of T*(y ,f/rL) contains T, ().

e first stateuwent follows froa- the fact

that there is a natural projectlon of PL(ii) onto ().
The map (L,g) —(L) is well-defired because of the

n-corbordism theerem. So

. l N
(s F/PL) —Z PLQH) ——>  (2))

is the iesired projection.

The second staterent follows from b) of Theorem 25.
The Tact that P, (i ,F/PL) gces “into" Py (k ) is -clear
sihren D;-# C or dim i #hi. Izi the excluded case it is

sEll true cec ause of the Hir: aoruc1 Index For mula,




R B T N

vl

\ﬁ

101 - S\

: 4
It is not so clear that T*(ﬁO,F/IL) s carried into :
T4 (1) if b =0 and n =5k+2.
Y A dim il 3
Corollary 5 Pg(l) is finite. In fact if 4= ] g
S P d ,hif2 . U -
card f*(h)\_o;u(f?o(x (x O,u2ﬂalor31on H ( 25)))
Corollary 6 (i) is finite if h'i( Hqy,Q)= 0 170, H(1D)
is finite. In fact if H;= (Ei/Di)Si vhere E. is the index of
L i f. s
H ' (Byog) — n%l(go) _S0%%. P51 o G
. . . . o d
ther
TS b d --b‘-i"'Z LN LY m * -L‘i
card H(1D) £ oru(f:;),\(n (iig125) @ (Torsion H ( )@ Zns ))

a L-,;, ' s .
o 2(” s Zy ) @ (Torsion i L )@)ZS.)))a

_ R

5) and 7) follow from Corollaries 3) and %)

6) foliows Dby a conﬁleuelj unalo¢0Ls argusente

" Prooi:

of Theorem 20.

Examples:

1

ns in Cor llary L.

“e give some efauales xhlch illu strateitné

"These examples arise from the maps -

,. gen T o, R L ,
2k - % . ®pL T




f
-
and.
2k-1 X o1 cen T,
, S U e — ¢ 5 F/PL .
k-&\ 1 =
—
. ——— . ,,«-—-/
£
d
_— N . - . o . . e .
, In the first case if we let M=8“*xDF, r large, and
(L,g) in PL(M) correspond to £, then for k 2 2 and
= 0,1,2(mod 4) L is not even homeomorphic to . . This
follows from the fact that TI, By —> T « Bigp 1S 2
. ’ &

ronomorpaism (24 ).

In the second case if we let Ii (regular»neighborhood

o= 2k . T ‘ '

g2k-1 y q e " in 87), r large, and (L,g) correspond

To fd then for certain d, Ii and L are not tangentialily
eguivalent.

If k= 2i, then L is not a T-manifold if 4 does

‘,’ .
not divide B5j.
v For any k¥ L 1s not smoothable if 4 does not divide

the = mat £ ( % ) in : o i
the generator of 62L 12T ) in 92k—l' (e.g. if

15 not smoothableo)'

= m+2, m»0, and d is some lar

e Yower of 2 then L

The first set of examnles illustrates the Hom .

Yy

conditions in Corollary 1; the second set the Ixt -

conditions.

Tne phenomenon of L above not being smoothable can

be explained by a Bockstein operation relating the F/PL

obstructibns to F/0 obstruc . ions in an analogous smoctih

Tihe O 27




2) We corstries a closed smooth S-monifold

iz such that

L.
such 1ut g (TP = (i), where t(X) denotes the smooth
stable tangent Jﬂndla of X

ii) ¥ is pot PL-homeomorphic to d:Ph.

Consider the map

vhere h is some homotopy equivalence. Let (H 286 )}
correspond to f in PL(CZP&).- Let (H,g) = cone on

in P.;J ( PL{.\

(g, 80)

i) How £, 1s a stable PL tangential
cuivalence because 7T6(EV?L)_~E%>'176(BPL) is the
' Zero map. B ' | | v
Thus g is as table PL tange nbla; equlvalencc because
- any stable lere ﬂOﬁOtODlCaLlJ uflVlul PL D indle over
s° with zero p, is trivial. |
Thus ve can sﬁooth ¥ so that i) holds.
Sii) E5a8, ) is not concordant to zero
because ,f*(Zécoeff) = 0 in dimension 6, by Theorem'zo;v
Thus (H,g)vis not.concofdahﬁ to zero, |

How (EP%'has two homotopy elasses of homotopy

‘equivalences and each of these. is represented by a

[N




!
(@3]
NS

Pl o;eo;o“p1ism. Thus I is nov Fl-howeomorphic to

_ o &
gy P fpmm s o - s F < .
the same arguement vorks for C€P  wusing

Now we briefly describs how T qeo*em 9 may be used to
study the pseudo-isotony clacsses of PL-homeomd‘ hisnms
ithin a given homotopy class. If su 1fTices to consider

The homotopy class of the identity..

o

Let (¢,H) be a pair consisting of & PL-homeomorphism

——-23i - and a homotopy o .

i
(m, bli) %1 > (::,DIA)AI
between ¢ and the identity. The pair (c,H) detecrmines a

PL-structure on MxI, (FTI Ui, H\}id).which restricts to
= (IxbI, id) on MxbI. Thus (c,H) determines an element

in PL((I, I )”O).

I_h
Ch

xI

o




Ir I is in_ﬁ?n we can anply the relative h-colordism
thecren to show that if (cl,ﬁl} and (cg,Hz) deternine
the save element in PL(:5(I,bI),0) then ¢; and c, are

nsgudo-isotonic. Furthermore this pseudo-isotony extends
to a “omobooy IY between Hl and Hs. The converse is true

-

I' preserves appropriate subspaces.

He
(SN

ol

1T W is in V77, Theorem 9 implies PL(1m(I,bI);0)

is in one-to-one correspondence with (1 (I, bi) 5V) .
By Theorems 12 and 1k By (1xI,pI;v) is in one-to-one

correspondence with (susp. i, F/?L).
Thus we can classify pairs (c,H) for ¥ in 72?n by
elements of

(susp Koy F/PL).

Y
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