Surgery Spaces: Formulae and Structure

Laurence Taylor and Bruce Williams*

In the Pall of 1977 it became clear to us that, in our work on
local surgery, we could get better theorems if we had formulae for
computing surgery obstructions of problems over closed manifolds.
Wall's paper [9] had come out but there was rumored to be an error
and the corrigendum [10] had not yet appeared.

It seemed philosophically clear that such formulae must be
contained in Ranicki's work [5] and we set out to find them from
this point of view. We were of course helped by the fact that Morgan
and Sullivan had worked out the answer in the important special
case of the trivial group [2], and by the belief that Wall [9]
could not be too far off, ( He wasn't.)

The formulae herein will contain no surprises for the experts
but we hope that having them explicitly written out in the literature
may prove useful to others. More surprising perhaps is that we
completely determine the homotopy type of Ranicki's spaces and
spectra modulo our ignorance of their homotopy groups. There are
geometric problems whose solution involves Ranicki's spaces, not
just their homotopy groups, so the above analysis should be useful.

As an example of this last statement, Quinn [4] has shown that
the obstruction to deforming a map between manifolds to a block-

bundle projection has a piece involving his spaces, which are

* Both authors were partially supported by NSF Grant MCS76-07158,
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homotopy equivalent to Ranickits.

The guiding principle behind this work is that all the deep
mathematics should be pushed onto others: notably Ranicki [5],
Morgan and Sullivan [2], and Brumfiel and Morgan [1]. What remains
is, we hope, .a pleasant, if energetic romp through the stable
category which is nevertheless not deveoid of interest.

We concliude this section with our thanks to both John Morgan

and Andrew Ranicki for conversations, correspondence, and preprints.

§1. Statement of results.

A summary of the relevant part of Ranicki's work is our first
order of business. In §15 of [5], Ranicki constructs semi-simplical
monoids L™(A,€), L (A,e), and ﬁm(A,e) and related spectra L°(A,e),
Lo(A,e) and Q(A,s). The k-simplices of the monoids are just
e-symmetric

(mtk)-dimensional 4 e-quadratic Poincaré (k+2)-ads over A with
e-hyperquadratic

some additional restrictions.

To simplify the notation, let L° denote L°(Z,1); L. denote
Lo(Z,1); and L denote i(Z,l). Further let L°(w) denote L°(Zm,1);
Lo(m) denote Lo(Zm,1); etec.

Tensor product of chain complexes induces numerous palirings.
The spectrum L° becomes a commutative ring spectrum, and every other
spectrum L°(A,e), Lo(A,e), or ﬁ(A,e) becomes a module spectrum over

A A
L°. The spectrum L is a commutative ring spectrum and L(a,e) is a
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module spectrum over 1t.

There are also maps between these spectra. There is a symmeter-
ization map (1+T): Lo(A,e) - L°(A,e) whose cofibre is ﬁ(A,a). The
resulting long cofibration sequence 1s a sequence of L° module
spectra, The map L° - ﬁ is even a map of ring spectra, There is also
a map of L° module spectra eg: L°(A,e) - Lo(A,e) which is given by
tensor product with the even form of index 8 often denoted E8'

Ranicki also defines two geometric maps:

o%: MSTOP - L° and A : K(r,1)" - 1°(r).
The map o* is a map of ring spectra and the map Aw gives the assembly
maps:

i) MSTOP A (K(m,1)") —Tab, 10, 1o°(r) - L°(n)

induces the symmetric signhature map, while

11) MSTOP A Lo  (K(m,1)T)8¥adaly 3o 1, A 1°(1) = Lo(m)
induces the surgery obstruction.

In particular, 7;( Lo(r)) is the A

Wall surgery group for
oriented problems with fundamental group w(for i20); L. is
essentlially Z x G/TOP; and the above map is the old Sullivan-Wall
map Qx(G/TOP x K(m,1)) - Lye(wr) ([8] p.176, 13B.3).

With these definitions fixed we can state our first theorem.

Theorem A: The spectra L°(A,e) and Lo(A,e) are generalized

Eilenberg-Maclane spectra when localized at 2, and, when localized
away from 2, are both boA, v Z'boA; v E2boA, « Z3boA, where boA,
i

denotes connective KO theory with coefficients in the group Ai' In
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our case, A, is vi(L°(A,e))@z[%]_

A
The spectrum L(A,e) i1s a generalized Eilenberg-MacLane spectrum,

While Theorem A is nice one should not read too much into it., It

* . 1°(r) is determined by some

is true that the map A : K(m,1)
cohomology classes and some elements in KO~theory with coefficients,
but this is not much use in understanding the assembly maps unless
one knows the L° module structure of L°(r) and Lo(m).

Since the assembly maps are basically unkown, we agree to

write A, for any of the following maps:

(1.1) ? H*_qi(Wiz(g)) ® H*_(41+1)(W$Z/2) - 7*(l°(7))(2)
(1.2) KOx (K(m,1)) - W*(LO(V))(odd)

(1.3) ? H*_Ai(v;z(z)) & H*_(41+2)(W;Z/2) - w*(Lo(v))(g)

(1.4) KOy (K(m,1)) = 7x(Bo(m)) (6qq)

where 1.1 and 1.2 are induced from A_ and the pairing L° A L°(m) - L°(m)

and 1.3 and 1.4 are induced from A_and the pairing Lo A L°(m) = Lo(m).
Given an oriented topological manifold M with vl(M)z T, We wish

to give a formula for the symmetric signature of M, o¥*(M). We first

fix some notation.

We let £e HAl(BSTOP;Z(Z)) denote the class defined by Morgan and
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Sullivan [2] §7. Let Ve Hgi(BSTOP;Z/E) denote the total Wu class.
Here and below we only list a typical group in which a graded
cohomology class like £ or V lies. We have

Theorem B. Let g: M - K(w,1) classify the universal cover, and

let v: M - BSTOP classify the normal bundle, Then, at 2, we have
* = * A
(1.5) ¢ (M)(z)_ Ay g2x(VF(E + V Sq7V) [M])

Away from 2 M has a bo—orientation and hence a fundamental

class [M]K. We have
* —
(1-6) o (M)(odd)— Ay 84 [M]K'
For the surgery obstruction we have the following formulae due
to Wall [9].

Theorem C. Let g and v be as above, and let f: M -» L, classify

some surgery problem. Then

(1.7) 0x(£) ()= 8 &x ((v¥(£) oex(l) + ve(g) Y £x(k) +

o*(v*(V 8q7V) U £%(k))) M [u]),
where 5% denotes the integral bockstein. Furthermore we have

(1.8) c*(f)(odd)= Ay e (£%(2) N [M1,)
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The classes fe HAl(LO;Z(Q)) and ke HLL:L+2

(Lo;2/2) are defined below

and Ae KOO(LO;Z[%]) is the equivalence from Theorem A,

Remark: Theorems B and C follow easgily from 1.9 and 1.13 below,
To actually carry out the proof of 1.5 and 1.7, one needs to
remember that slant product gives the equivalence between
Wi(K(G,n),\X+) and Hn_i(X;G). The formulae follow from well-Known
properties of the cap, cup, and slant products. Formula 1.6 is a
tautology and 1.8 follows from the naturality of the cap product.

To prove our results we need to analyze L°, Lo and the various
maps and pairings between them, In §3 we shall construct cohomology

Lj.' .
classes Le H l(]L";Z(2>); re H41+1(

1°;7/2); Le Hqi(Lo;Z(z)); and
4i+2(

ke H Lo3;Z/2) such that these classes exhibit L° and L. as
generalized Eilenberg-Maclane spectra at 2.

Moreover, the map o*: MSTOP - L° is determined at 2 by the
formulae

(1.9) o*(L)= £:U and o*(r)= (V 8q’V)-U

where U is the Thom class.

The map (1+T): Lo - L° is determined at 2 by the formulae
(1.10) (+T)*(L)= 88 and (1+T)*(r)= O,
The map eg: L° - Lo, 1s determined at 2 by the formulae

(1.11) eg*(£)= 1L and eg*(k)= 0.
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The ring map p: L° A L° - L° is determined at 2 by the formulae
(1.12) p*(L)=L AL and p*(r)=r AL+ L A T.

The module map m: L° A Lo — Lo 1s determined at 2 by

(1.13) m*(8)=L A £ + 6%(r A k) and m*¥(k)= L A k.

A A
There remains the spectrum L, We have a map 1L - ZL, and so we
RIS R A

; A
get cohomology classes =fe d (L;Z(z)) and ke H41+3(1;Z/2). There
AN Y. R AT, s A NoA
are classes Le H'(1;2/8) and re H (L;Z/2). The classes L, r, and

A
3k exhibit L as a generalized Eilenberg-MacLane spectrum, Moreover

we have the following formulae.

A
The classes L and Zf are related by Bs, the mod 8 bockstein, via

A
58*(]——‘): ZE

A
The map L° - L is determined by the formulae
A A
(1.14) r »r; L - mod 8 reduction of L; and 3k — O,

A
The map L -2 Lo, has been discussed.

ACA A A
The palring p: L A L - L is determined by the formulae

A

A A A A A A A A
P¥(L)= L AL+ ig4(r ASk + Bk A 1); p¥(r)=T AL+ L AT ;

(1.15)

Ay A A A A A
p¥(Zk)=Zk A L+ L o Zk ; and p*(2£)= 3L A L+ L A =4

where i: 7z/2 - Z/8 is monic.

b
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Ranicki's hyperquadratic signature map MSG - ﬁ is a map of ring
spectra. We shall take care that our class ﬁ pulls back to the
Brumfiel-Morgan [1] class in Hui(BSG;Z/B) times the Thom class. We
do not understand the pull backs of ?,zzk, and xf although there are
obvious guesses based on Brumfiel's and Morgan's work,

The specfic formulae above yield some nice results on the
surgery assembly map 1.3, It is clear that ? H*_(4%+2)(v;z/2) -
W*(LQ(W))(E) factors through the natural map my 1 (L(m)) - Tx(Lo(m))
and that there are commutative diagrams

® Hy, )y, (132/8) Tapq (B(m))

(1.16) [(aa>* l

® H*_L(,i(vi'z(g)) = Ty(Lo(m)) (2)

l

and
® Hyyy (mZ(p) = Tx(1°(M) (g
(1.17) = (es)

& H*_41(7§Z(2)) - W*(LO(W))(Q)

The first diagram follows from 1.15; the second from 1.11.
If 7 is a finite group whose 2 Sylow group is abelian or

generalized quaternion, Stein [6] shows that the map

® ﬁ*_4i(wsz(2)) - v*(L°(v))(2) - W*(lo(v))(z) is trivial, Hence

Corollary (Stein[6]): If 7 is a finite group whose 2 Sylow

group 1s abelian or generalized quaternion, then, for the surgery

assembly map, we have

<] ﬁ*_qi(r;z(g)) - w*(Lo(w))(z) is trivial.



178

In particular, a surgery problem over a closed manifold M with
Wl(M)= T as in the corollary is solvable if its index obstruction is
zero and 1f the associated Kervaire classes k4i+2 are zero. This is
related to some results of Morgan and Pardon [3].

We conclude this section with a remark on notation, Henceforth
we will suppress Thom classes in our formulae and write 1.9 for

example as o¥*(L)= £, etc,

§2. MSO-module spectra.

An MSO-module spectrum is a spectrum, E, equipped with a
map Wu: MSO A E - E such that
(2.1) the composite 8° , E—Al,Ns0 A E—H R

1s the identity, where u: 8° - MSO is the unit, and

(2.2) the diagram MSO A MSO n E—2A  ,MSO A E
mal 1}.1-
MSO'A E b >MSO

commutes, where m: MSO A MSO -~ MSO is the multiplication,
Such spectra are common, All of the Ranicki spectra
digcused in §1 and bordism theories like MSTOP are examples. Our

first result is a proof of

Theorem A(g): Any module spectrum over MSO becomes &

generalized Eilenberg-MacLane spectrum after localizing at 2.

Proof: Let E denote the spectrum in question, and let

K(W*E(E)) be a product of Eilenberg-MacLane spectra such that
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Ty (K(r B (2)))=1Ti(E(2)) . Amap g: E - K(r,E (2)) determines a

A

homomorphism Pyt Hi(E;Z) - wi(E(e)) for each i, and conversely, any
collection of such homomorphismgs can be realized by some p (probably
several), There are projection maps Pyt K(r E (2)) - K(WiE(e),i) and

the induced map Hi(E;Z)——Ei—*Hi(K(W*E}(2));2)—wiﬁiliaHi(K(viE(z),i);Z)

is Just $i followed by the Hurewicz map.

Now consider p: MSO A E - E. We can localize to get
(o)} Mso(g)A E - E(2) such that S A E - MSO(2)A E - E(2)
is the localization map. But u: S° - MSO(E) factors as
5° - K(z,0) - MSO(Z) (since MSO(Z% is a product of Eilenberg-
MaclLane spectra) so we get a map mi: Hi(E;Z) - WiE(E) such that the

composite vi(E)——Egzgﬂﬂfgia

H, (B; Z)—H ”iE(z) is localization. It is
easy to see that any associated 9: E - K(W*E}(z)) is a 2-local

equivalence. //

The next step in our undergtanding of the MSO-module spectrum
E is to actually describe cohomology classes which give the
equivalence between E and a generalized Eilenberg-MacLane spectrum,
Morgan and Sullivan [2] have given a good way to describe 2-local
cohomology classes of E: one gives homomorphisms with certain
properties out of the bordism of E. Since the bordism of E is just
the homotopy of MSO A E, one way is to give homomorphisms out of the
homotopy groups of E and then use W, This procedure gives the
homomorphisms studied by Morgan and Sullivan and we wish to study
it in general.

A certain amount of finlteness seems necessary, so we say
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that E has finite type if ® 7,(E) 1is a finitely generated
—weicy L
group for each re Z,.
In what follows, R denotes elther Z(2> or Z/2J. Our basic

data is a collection of homomorphisms ¥ ® wi(E;R) - R such that

R:_m<i<w
o T (BZ(p) = Zp o (8;2/29) - z/2)
(2.3) 1 1 and l
o (8:7/29) - z/2 o7, (B2 o 7729t

commute.

The composites Y*: ) v*(MSO A E3R)-Ex g v*(E;R)——gRe»R are
compatible homomorphisms in the Morgan-Sullivan sense. The require-
ment that they be multiplicative with respect to the index may be
phrased as follows. The composite

7, (MSO3R) ® 7, (MSO 5 E;R) (MsoAMsoAE;R)MWP+q(MsoAE;R) - R

S
. R . . (Index)®¥
is also the composite wp(MSO,R) ® wq(MSO,\E,R) *>R ®R - R

3

where Index : wp(MSO;R) - R i1s Jjust the mod R index homamorphism
([2] p. 473). The particular form of our ¥,  permits us to get away

with an apparently weaker statement. We have

Proposition 1: Suppose given an MSO-module spectrum E of

finite type and a collection of homomorphisms ¥ E;R) - R

R w*(
satisfying 2.3. Then, if

7 (MS0;R) ® wq(E;R)—(MR—»R@aR
|

4
T (MSO AE;R)_EHWPJrq(E;R)——R—»R
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commutes for all p,q€ Z, we have a unique cohomology class

Ye H*(E5Z(2)) such that, for any ce v*(MSO,\E;R), the equation

(2.5) ¥p b (e) = <gavse>
holds,

The omitted proof follows easily from the work of Morgan
and Sullivan [2] §U4 and 2.2,

There is also a mod 2 version of Proposition 1. Given one
homomorphism ¥: v*(E;Z/2) - 7Z/2 such that 2.4 commutes, we get a
unique class 7ye H*(E;Z/Z) such that 2.5 holds. Sullivan proves this
in [7]. There is even a z/2%¥ version in Brumfiel-Morgan [1]. We
state it so as to require that the ¥, satisfy 2.3 and 2.4 for

all z/2Y with jsr.

Addendum to Proposition 1: Suppose ¥p: 7, (E;R) - R is zero
for all R under consideration. Then diagram 2.4 shows that
YR: Wi+&k(E5R) - R 1s also zero for all negative integers k. The
proof that <y is unique shows more. It shows that the components of
v in dimensions i+4k must be zero for all non-postive integers k.
The classes that Morgan and Sullivan built by this method
satisfy W*(y)= £AY. Our next goal is to give a general explanation
for this formula. Suppose that we have three MSO-module spectra, Ei’
Ry for i1=1,2,3, of finite type, and three sets of homomorphisms

¥, w*(Ei;R) - R i=1,2,3 satisfying 2.3 and 2.4, We get three classes

v5€ H*(Ei;Z(E)) (or in H*(E;32/2%)).

With the above notation fixed, let us further suppose that
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we have a pairing v: E1 A E2 - E3 such that

MSO A E; A MSO A Eé——lﬁgAl—»MSO A MSO A E; A Bs—2AY M50 4 E

3
(2.6) HiAko lu3
v
El A E2 ,EB
commutes. Then we have
Theorem 1l: The diagram
vp(El;R) ® wq(EE;R) vp+q(E1 A E5R) *-*Wp+q(E35R)
¥.0Y , l ¥y
R®R - — >R

commutes for all p,ge Z and all R under consideration

iff V¥(v3)= Y1AYp

Remark: By applying the theorem to the map W.:

;i MSO A B, -~ E,

i
l * —_
one easily sees that u; (yi)_ EAY;
This remark can be amplified slightly. Let xe H*(E;Z(z))
(or H*(E;Z/Qr)) be any cohomology class., Then <x, >: w*(E;R) - R is
a set of homomorphisms satisfying 2.3. If W¥*(x)= £aX, then they

satisfy 2.4 as well, and the cohomology class determined by

Proposition 1 is just x again. We have

Corollary 1l:Given two classes X 5X5€ H*(E;Z(Q)) such that

W¥(x; )= Eaxy

1 5 i=1,2, then x.= X, iff <xl, >= <x2, >1 v*(E;R) - R.

1



183

Proof of Theorem 1: See that the diagram commutes if

v*(yB)z Y1AYo by using 2.1 to map El A E2 to MSO A E1 A MSO A E2
and chasing the resulting diagrams. We concentrate on the converse.
We begin by rephrasing lemma 7.1 ([2] p. 533) for spectra
of finite type as
Lemma, 1: Two sets of homomorphisms
¥g: T (M50 A Ey A EyR) - R i=1,2

satisfying 2.3 are equal if the composites

ﬂ'p(MSOAEl;R) ® 'rrq(MSO,\Ez;R) - wp+q(MsoAElAMSOAE2;R)————D

( (m"l'\l)* (l"TAl)*——-)vrp+q(MSOAE1AEZ;R)— i—+R for i=1,2 are equal

for all p,qe Z and all R under consideration.

Using this result we proceed to use the uniqueness part of
the Morgan-Sullivan description of cohomology classes. We must show
that <3Av*(73),c>= <£A71A72,c> for all ce v*(MSO,\El,\Ez;R) which,
by the lemma above, are of the form c= (mAlAl)* (lXTAl)* (clAcg) .
So

<£Av*(v3),c> = <£A73,(l,\v)*(c)> = \113 (H3)* (1Av)* (c) by 2.5.

Now (“3)* (lAv)* (e)= v, (ulAuZ)* (cqacy) as a diagram

chase using 2.6 shows. But YB of this is Wl(cl)-Yz(cz) since our
diagram commutes. We finish by showing <EAV{AYps CO= Yl(cl)-wg(cz) also.

EAV{AYps C>= <EAY A V) (m AL Ad) o (TATAL) . (01A02)>

LAY AEAY5sCiaC,>  since m*e = £ A8

=<£A'ylscl> <£A72:c2> = ‘Y1<Cl)-Y2(C2) by 2-5- //
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When it works, the above discussion is quite satisfactory,.

There are however natural homomorphisms ¥ T (E;R) - R such as the
*

R
deRham invariant or the surgery obstruction for which diagram 2.4
fails to commute. A more general treatment seems necessary.

We fix some class Pe H*(MSOAE;Z(Z)) (or H*(MSOAE;Z/Er)>
such that the homomorphisms Y¥p u, + <p, >: T,(MSO AE;R) - R are

compatible and multiplicative with respect to the index. With this

data fixed, and for E of finite type, we have

Proposition 2: There exists a unigue cohomology class

Le H*(E;Z(Q)) (or H*(E;Z/Er)) such that, for any ce v*(MSO,NE;R)

(2.7) <&ab,c>= YR ke(c) + <B,c> .

Note that Proposition 1 follows from Proposition 2 using
B=0, but we preferred to write out the easy, natural case first.
We now need the analogue of Theorem 1, so we return to our three
spectra, Ei’ our pairing v, and our commutative diagram 2.6, Our
homomorphisms Yi: v*(Ei;R) - R satisfy 2.3 but not necessarily
2.4. We have classes e H¥(MSOAE;5Z5)) (o7 H*(MSO A B;32/27))
as in Proposition 2,

To complicate matters still further, the diagram in
Theorem 1 will not commute in cases of interest to us. Hence we

; r
fix a class ae H*(El'\E25Z(2)) (or H¥(E; AE,32/27)) such that
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Ty (Ep5R) @ m (EgsR) - vmq(ElAEe;R)
J ¥ e, 1 YB v,() + < >
R ® R > R

commutes. With all of these hypotheses we have

Theorem 2: There exists a class 8€ H*(El'\EE;Z(E))
(or H*(E; aE,3%/2")) such that

i) the mod R reductions of (1ATAl)* (malal)* (1Av)*(63)
and £A£1A52 + Bialaly = BiABs + (Byalo) ¥(@) + (IATAL) *(£ALAs)

evaluate the same on v*(MSO ’\El AMSO A E53R)

o3

ii) v*(£3)= Loak,+ s

both hold. Either condition determines s uniquely.

The analogue of Corollary 1 is
Corollary 2: Given two cohomology classes Xq, X,€ H*(E;Z(Q))

such that W*(x,)= £ax; + B 1i=1,2, then

i
= xp LT <xy, >=<x,, > W*(E;R) - R.

Proof of Theorem 2: We begin with the uniqueness statement.

Clearly ii) determines ¢ uniquely. The Morgan-Sullivan uniqueness

result shows that condition i) can be satisfied by at most one sg.
Let us define s so that condition ii) holds. Then we need

to verify that i) is satisfied. By Lemma 1, it suffices to do this

for all ¢ of the form c= C1AC, » Where c;e w*(MSO,\Ei;R) .
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(IATAL)* (mAlAL)* (1aY)*(B3)sc>=Bss (1aV)  (malal) . (1ATAL) (€)> .
This, by 2.7, is just

<EAlgs (1AV), (MALAL), (1ATA1),(€)> ~¥5 (i5) (100) (mAlal) ((1aTAl) (c) =

J

<SA£Av*z3,(1ATA1)*(c)> - YB v (“1A“2)*(01AC2) by 2.6, This in turn is

*
<£AﬂlA£A32,clAc2> - ¥ (cq)r¥y(c,) + <a,(plAp2)*(clA02)> +
<(1/\T/\1)* (£/\£A3),C1/\02>

by condition ii) and the definition of a.
This in its turn is equal, by 2.7, to

<£/\'gl/\£/\’g2jcl/\c:2> - (<£A'elJcl> - <Bl,cl>) (<£A£2102> - <52,C2>) +
<Cl, (HlAHE)*(ClAC2)> + <(1/\T/\1)* (£/\£A 5): Cl/\c2>
Multiplying out and simplifying we get

<£A£1/\62 + all\sl\’ez - BIASE + (ulAL—LE) *(Cl) + (1/\TA1)* (£/\£/\§)Jc1/\c2>

which really is what we wanted to get. //

A
§3. The spectra L°, Lo, and L at 2,

The goal of this section is to use the techniques and
results of the previous section to analyze the Ranickl spectra
L°, Lo, and the maps pP: L°A L° - L° ; m: L°A Lo -» Lo ; 0% MSTOP - L° ;
(MH4+T): Lo, » L°® ; and es: L° - L,

The map p makes L° into a ring spectrum, and the composite
MSO - MSTOP - L° is a map of ring spectra. The map m makes L, into

an L° module spectrum, so L° and L. (and indeed L°(A,e) and Lo(A,e) )
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are all module spectra over MSO so the theory in §2 applies. We let

h% MSOAL®° - L° and pe: MSOAL. - L, denote the structure maps.
We consider four homomorphisms. We have the index

v*(1°) - Z(g); the deRham invariant w*(L°) - Z/2; the surgery

obstruction w*(Lo) - 2(2); and the Kervaire invariant 7 _(L.) - Z/2.
By the universal coefficients theorem and a bit of 1luck,

v41(1°;R) = v4i(1°) ® R and v4i(L°;R) = v4i(L°) ® R. The two

homomorphisms into 2(2) are zero unless x 0 (mod 4) and extend
uniquely to homomorphisms w*(1°;R) -~ R and 7, (Lo;R) - R which are
zero unless % = O (mod 4). Both homomorphisms satisfy 2.3.

The index homomorphism satisfies 2.4. To see this, note
that 7 (MSO;R) - w*(L°;R) is onto except when x=1 or 2. Proposition
6.6 of Morgan-Sullivan [2] shows that diagram 2.4 commutes, at least
if q is not 1 or 2, Since the map 7, (L°;R) ® 7, (L°;R) ~
ri+4(1° A L°;R)———9*—evi+4(1°;R) is an isomorphism by Ranicki [5]
§7, diagram 2.4 must commute even if gq=1, or 2. Hence we get a

unique class Le Hui L°;2Z satisfying 2.5.
(2

The Kervaire invariant v*(Lo;Z/2) - Z/2 is determined by the
map v*(Lo) - Z/2 and does satisfy 2.4. For this, use the map
constructed by Ranicki [5] (Proposition 15.5) from Z x G/TOP to the
Oth space in the {-spectrum for L. which is a homotopy equivalence.
One can then use Sullivan's result [7] that the Kervaire invariant
is multiplicative with respect to the index to see that diagram 2.4
it

commutes, Let ke H (Le;Z/2) denote the class promised by the

mod 2 version of Proposition 1.
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The deRham invariant v*(L°;Z/2) - 7/2 definitely does not
satisfy 2.4. However, Morgan and Sullivan [2] (Proposition 6.6 and
Lemma 8.2) show that "deRham" + <V SqlV,\L, > is multiplicative with
respect to the index (at least on 7 (MSO;Z/2) and we use our usual
trick.) This requires that, under the map MSO - L° , L pulls back to
&£, but this 1s easy to see from Corollary 1, Let re H4i+l(L°;Z/2)
denote the class promised by the mod 2 version of Proposition 2.

Finally, the surgery obstruction v*(Lo;R) - R also does
not satisfy 2.4. However "surgery obstruction" + <&5(V Sqlv,\k), >
1s multiplicative with respect to the index, where & denotes the
bockstein assoclated to the exact sequence O - 2(2) - 2(2) - Z/2 - 0,
This follows by the usual trick from Morgan-Sullivan [2], Proposition
8.6. We let fe HAi(lo;Z(z)) denote the class we get from Proposition 2.

This completes the definitions of the four classes which
exhibit L° and L., as generalized Eilenberg-Maclane spectra at 2. Our
next task is to analyze Ranicki's maps.

Proof of 1.9: We must show o*(L)= £ and o*(r)=V Sqlv .

Since Morgan and Sullivan used the homomorphism

7, (MSO A MSTOP;R) — 7, (MSTOP;R) — 7 (L°;R) —238%, p

to define &£ ([2] §7) the first equation is Corollary 1. The second
follows by a similar argument plus Lemma 8.2 of Morgan-Sullivan [2].
Proof of 1.11: We are to show that eg*(k)= O and eg*(£)= L.
Clearly the diagram  m,(L°5z/2)— (%8s sy (1.52/2)
d\\\\\‘ v/////%ervaire invariant
z/2

commutes, so Corollary 1 shows eg¥*(k) =0, Equally clearly



189
™ (L° R) ——@—a—l*—w (Lo3R)

Index \ / Surgery obstruction

commutes. Corollary 2 shows that eg*(f) = L .

An analogous argument shows that (1+T)*(L)= 8£ ; (1+T)*(r)
which is 1,10,

Proof of 1,12: We want to show p*(L)= L AL and
p¥(r)= r AL + Lor . First check that diagram 2.6 commutes with
Ej= E= E3= L°; v=p; and ey = he i=1,2,3., If we let each ¥, be the
index homomorphism, the trick that we used in showing diagram 2.4
commuted for ‘l’i also shows that the diagram in Theorem 1 commutes,
Hence p*(L)= L AL.

To get the second equation, we let ‘1/1 be the index
homomorphism and let ‘Yz and ‘1’3 both be the deRham homomorphism,
Then B,= 0 and By= By= (V SqlV) AL . If we let a= r AL, it is
easy to check that the necessary diagram commutes, so Theorem 2
applies. Alas we have not yet calculated (“1/\“2) *(a), The correct
answer 1s easy to guess: W *(L)= £ AL and u*(r)= £ A1 + (V Sqlv)
We accept this answer provisionally and proceed., If we take g= r L
it is a laborious calculation to see that 1) is satisfied. Hence
ii) also holds, so p¥(r)= Lor + r,L.

The maps u, and u, above are both the map w: MSO AL® - L°
To justify the above calculations we must analyze this map. Let
E,= MS0, E,= E3 = L°%; let v= W% 1let ‘Yi be the index homomorphism.
Theorem 1 applies, so (L°)*(L)= £ AL. To get the other equation,
change ‘1’2 and Y3 to be the deRham homomorphism, Then Bl= 0 and

A L.
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Bo= By= (V Sq'V) AL. If we take a= (V Sq'V) AL then Theorem 2
applies. If we take g= (V Sqlvj AL we can calculate that i) is
satisfied, so (K°)*(r)= £.7 + (V Sqlv) A L.

This finishes the proof of 1.12.

Proof of 1.13: To analyze the mapm take E1= L°; E2= E3= L,;

and v=m . The map H= e and Ho= u3= lo. Diagram 2.6 commutes.

We always take Y. to be the index homomorphism. To show

1

m*(k)= LAk, which is half of 1.13, let us take ¥ = ¥5 to be the

Kervaire invariant. The diagram in Theorem 1 commutes, so the result
follows.
To show m*(£)= LA f + 5(r ak), which is the remainder of

1.13, let us take Y2= YB to be surgery obstruction. Then Bl= 0 and

Po= Bs= s((V Sqlv),\k). If we take a= §(r Ak), Theorem 2 is seen to
apply. We have not yet calculated (io)*(k) so we assume the correct
answer, £ Ak. Then, with s= 5(r k) the reader can check that
condition i) of Theorem 2 is satisfied, so our result follows,.

To calculate (Wo)*(k) we apply Theorem 1 with E = MSO ;

E2= E3= Lo; v= o Y

= ¥Y_= Kervaire,

= Index ; Yz 3

1

A
Our analysis of L is less satisfactory. We have a map of
A
L° module spectra L - ZL. so we have perfectly satisfactory

s A 1 A
41+1(L;z(2)) and ske H'T3(1;7/2) obtained by

classes Zfc H
pulling back the suspensions of f and k respectively. If

A A A A

B: L° AL - L denotes the module pairing, we have p*(sk)= L A3k,

and ﬁ*(zﬂ): LAZE + 5(r AZk).
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A
The next step in understanding L is to construct the
A A
classes L and r, but to do this we need to understand the pairing
A
A
L;R) . This is

A A A A p
7o (L3R) @ 7 (L;R) (L A L;R) —— x>

"ptq pta
accomplished as above except that we use the hyperquadratic
signature map MSG - ﬁ and the results of Brumfiel-Morgan [1].
There is a map Index: W4i(£5R) - Z/8 ® R given by taking
the index of the hyperquadratic form associated to the element in
v4i(£;R). Brumfiel and Morgan define an index homomorphism
vui(MSG;R) - 7Z/8 ® R. It is not clear that their homomorphism is
the composite vui(MSG;R) - ”4i<£5R) - 7Z/8 ® R, but it 1s true
that we can find a homomorphism J: w4i(£;R) - Z/8 ® R such that the
Brumfiel-Morgan index is 74i(MSG;R) - wai(ﬁ;R)——Q—az/8 ® R and
such that . (L°R) - W4i(ﬁ;R)——§—»Z/8 ® R 1s still the index
reduced mod 8.
The deRham invariant of a hyperquadratic form defines a

A
homomorphism W&i+1(L3Z/2) - Z/2 .

The results of Brumfiel and Morgan [1l] suffice to determine

A A A
the pairing wp(L;R) ® wq(L;R) - L;R) . From this it is easy

Torq

A A
to understand the pairing vp(L°;R) ® Wq(L;R) - wp+q(L;R) induced

by the module structure.

One sees that 8 does not cause diagram 2.4 to commute, but
that 8 + <V Sqlvy\Zk, > 1is multiplicative with respect to the
index (essentially [1] Theorem 8.4). Let ﬁ denote the resulting
cohomology class.

Likewise the deRham homomorphism does not make diagram 2.4
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A
commute, but by adding <V Sq1Vj«L » > we do get a homomorphism
that is multiplicative with respect to the index and so defines a
A
class r,
A A A
We can now use Theorem 2 to study K : MSOAL - L . The

A A A
results are that (K)*(L)= gL+ t((V SqlV),\zk) where {:2/2 - Z/8

. . N A A 1 A
is the non-trival map and (u)*(r)= £Ar + (VSq V) AL .

The class Zk can be defined using the only non-trival
A
homomorphism v4i+3(1;2/2) - Z/2 . Theorem 1 can be applied to
A
show () *(Zk)= & A =k.
A

A A A
Now apply Theorem 2 to study the map p: LAL - L .

Equations 1.14 and 1.15 should be clear.

§4. Periodic, connective bo-module spectra.

We say that a connective spectrum E, which is a module

spectrum over bo, is periodic if the maps
7T4(b0) ® TTq(E) i 7Tq+4(b0 A E) — 7Tq+u_(E)
are ilsomorphisms for all non-negative q.

Since L° becomes bo after lcocalization away from 2, one
set of examples of connective, periodic bo-module spectra are the
spectra L°(A,€) and Lo.(A,€) after localizing away from 2.

We have
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Theorem A(odd): Let E be a connective, periodic bo-module

spectrum, Then E(odd) is equivalent to
bolg v Z'boA; v E2boA, « Zboh,

where bod, 1s bo with coefficients A= vi(E) ® Z[%]

Proof: Since v*(bo) is odd torsion free, the universal
coefficients theorem says that w*(boAi) = v*(bo) ® A; . Let M(A)
be the Moore spectrum whose only non-zero homology group is Ai in
dimension zero. Then boh; 1s Just bo A M(Ai).

We can map M(4A,) - E(odd) so that, on my , the map is an
isomorphism. Similarly, we can map le(Ai) - E(odd) so that, on
Ty » the map is an isomorphism,

Now periodicity shows that the composite

bo A M(Ag) =~ bo A E(Odd) - E(odd)
induces an isomorphism on Ty and the zero map on Thive for e=1,2,3
and all i.
There is a similar statement for M(A), M(4Az), and for M(Ag).

The theorem follows easily.

Note added in proof: L., Jones has had a proof of Theorem A
for L,{Zr,e) for some years: see The non-simply connected
characteristic variety theorem, Proc. Symp. Pure Math, Vol, 32

Part I, 131 - 140.
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