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Lobby

The classification of manifolds is a celebrity under the problems in topology and attracted a lot of
attention during the last century. One important aspect of this problem is to decide whether there
is an n-dimensional closed topological manifold in the homotopy type of a given n-dimensional
finite Poincaré space X. The “classic surgery theory” developed by Browder, Novikov, Sullivan,
Wall, Kirby and Siebenmann provides an algorithm to decide this question in the form of a two-
stage obstruction theory, when n > 5. This two-stage obstruction reflects the crucial questions:

(1) Does X admit a degree one normal map ffrom a manifold to X?

(2) If the answer is yes, is there a degree one normal map f which is bordant to a homotopy
equivalence?

These two question have been dealt with in the following way. A result of Spivak provides us
with the Spivak normal fibration vx : X — BSG, which is a spherical fibration, stably unique
in some sense. If X is homotopy equivalent to a closed manifold, then vx reduces to a stable
topological bundle, say 7x: X — BSTOP. This gives a positive answer to question (1). Any
reduction 7x determines a degree one normal map f+M — X from some n-dimensional closed
topological manifold M to X using the Pontrjagin-Thom construction. Such a normal map has a
surgery obstruction
0(f) € Ly (Z[m (X)),

which is an element in the L-group* of the group ring Z[r1 (X )]. The vanishing of 6 is equivalent
to a positive answer of question (2). Hence we can reformulate the two-stage obstruction as
follows: The Poincaré space X is homotopy equivalent to a manifold if and only if

(1) there are reductions 7x : X — BSTOP of its Spivak normal fibration vxand

(2) at least one reduction has an associated degree one normal map f:M — X such that

0(F) =0.
The algebraic theory of surgery of Ranicki replaces the two obstructions above with a single
obstruction, namely the total surgery obstruction

s(X) € Sn(X)

where S,,(X) is the n-dimensional structure group of X in the sense of the algebraic theory of
surgery, which is a certain abelian group associated to X. It overcomes several drawbacks of the
classical approach. First of all, no surgery below the middle dimension in advance is needed
anymore before we can apply the whole machinery. Secondly, the algebraic approach provides a
uniform definition for the odd and even dimensional cases. Finally, the total surgery obstruction

*Read L™ as Wall’s L-group in the sense of the classical theory. Strictly speaking the ‘w’ should be, additionally to a
dedication, a choice of an orientation character w: w1 (X) — Zz. We use L without the w-superscript for the L-groups in
the sense of the algebraic surgery theory.



is defined via an assembly map. In the recent decades there has been a lot of progress in studying
these types of maps and especially the related Farrell-Jones and Baum-Connes conjecture [LRO5].
One outcome of the algebraic surgery approach is that the Farrell-Jones conjecture implies the
Borel conjecture.

A lot of material on algebraic surgery has been developed in the last 40 years and spread out
over a few books, some PhD thesis and several papers. Based on the work of Ranicki, Weiss,
Quinn, recently Laures and McClure and many others, this thesis gives a complete proof of the
total surgery obstruction and the identification of the algebraic surgery exact sequence with its
geometric equivalent. In joint work with Macko and Mole there has already been published a
first approach [KMM13] to assemble the material concerning the total surgery obstruction in one
place in one consistent notation. We wrote it with the intention to create a concise guide to the
theory and to fill in the details that we missed when we were learning the theory or that we had
heard other mathematicians complain about. However, we still remained sloppy in some points
to keep the paper reasonably short. Nevertheless, our attempt to write a self-contained article
including all necessary definitions resulted in an unwieldy paper.

Based on our first approach, this thesis is a further development that completely reorganizes
and enhances the material in order to make it both a guide for beginners as well as a reliable
reference for experts. Unfortunately, this work also fails to achieve completeness in a fully
satisfactory way. For the following details we refer to other sources:

— The identification of Wall’s surgery obstruction with the quadratic signature sgn’® as carried
out by Ranicki in [Ran80a] and [Ran80b]. There is also an upcoming book by Crowley, Liick
and Macko which will provide a profound discussion of this identification.

— The construction of the normal signature is a thesis on its own. Here we recap only the
absolute case although we need it in full generality as presented in [Wei85a] and [Wei85b].
It is supposed to provide everything we need about normal chain complexes although the
connection to our setting is not always obvious.

— The relation between L-groups of algebraic bordism categories and L-spectra. There has
been a inaccuracy in Ranicki’s work. Laures and McClure corrected it and provide all the
details in [LMO09].

— We do not pay attention to the subtleties of transversality in the topological category as
for example the necessarity of using micro and block bundles. We rely on that there is a
sufficent notion of transversality in our situation and just use the general term topological
bundle. For more details we refer to [KS77] and [FQ90].

— Eventually, we are not able to carry out all algebraic constructions in all detail. You find
much more material on these things in Ranicki’s extensive book [Ran81] and also in his
papers [Ran80a] and [Ran80b].

In order to provide the reader with more insight into the motivation of the unwieldy amount of
necessary and abstract definitions, thus, making the proof easier to follow, this thesis is organized
in an unconventional way. Its hierarchical structure with different levels of details is based on the
ideas of Leron [Ler83]. The details of the structure will be explained in the following chapter, the
Reception.

At several points the notation of the original sources appeared not to be outstandingly convinc-
ing and I took the liberty of deviating from it. Experts who are used to the original notation find
a dictionary in the appendix. We will use the following conventions.



Notation conventions

M

X

vx
v,
Zi

sgnL*/Le/NL®

sgny -

Sgn

sgn_,

closed manifold of dimension n > 5
Poincaré space of dimension n > 5
normal space of dimension n > 5
simplicial complex

simplices

spherical fibration

Spivak normal fibration of X
bundles

= Z[m1(X)], the fundamental group ring of X
ring with involution

chain complexes

structures on chain complexes
additive category

categories of chain complexes

spectra

= (f, f): M — X a degree one normal map with source a manifold

= (g,9): X — Y adegree one normal map with source a Poincaré space

something one dimension lower

something one dimension higher

something of the same dimension (algebraic surgery®)

chain maps with target the chain complexes where symmetric and quadratic structures

respectivly chain bundles live

creates chain complexes with symmetric/quadratic/normal structures

creates a structured chain complex in a L-group over Zx
(i.e. something Poincaré in the symmetric and quadratic case)

creates a structured chain complex not necessarily Poincaré

creates a structured chain complex pair

*Besides that the symbol &6 looks like a pair of scissors it is justified by the fact that algebraic surgery is a reversible

process closely related to the boundary construction denoted by 0



sgny creates something X-mosaicked
(i.e. a chain complex in a X-based algebraic bordism category like A7 X or AgX)

A algebraic bordism category
A1 /q/n mosaicked algebraic bordism category with local/global /no Poincaré duality
9%/Q/N boundary construction for symmetric/quadratic/normal chain complexes

Oc boundary construction applied to chain complexes that are C-Poincaré,
the result is a chain complex in C



Reception

Welcome to the Hotel of Algebraic Surgery. The hotel serves as the metaphorical frame for the
proof of the total surgery obstruction theorem and two corollaries which we discuss at the end of
this section.

For your stay here we strongly recommend the use of an electronic device such as a pdf reader
which supports hyperlinks.* In that case all you have to know is that, in order to keep this
thesis readable, links are not highlighted and appear as usual text but keep in mind that almost
everything here is a link. If you do not know or do not remember the meaning of an expression
try a click on it. All statements have room numbers. If you do not believe an assertion, a click on
the room number will guide you to the next level and you will find a proof. There is also an online
version available at http://surgery-hotel.de. This thesis is presented there in a self-made pdf
viewer especially developed to make this highly linked document easier to read. It provides a
foldable tree view for the nested structure of the hotel rooms, definitions are displayed separately
at the top and if you keep your mouse over a citation the details of the reference are displayed, if
you click on it you get the complete paper.

In case you prefer or are forced to use an old fashioned reading device like paper that does
not support clickable links, the margin is extensively used for navigation hints and there has
been put some effort in the structure of the proof to keep your reading experience comfortable as
well. proof The proof is organized in 4 levels. Each one provides more details to its preceding
level. After each level you find an in the elevator paragraph that gives a brief overview of the next
level, mentions the main ideas in the proceeding proofs and helps to develop a general picture
of what is going on. The levels itself are organized in rooms. Each room provides a proof for a
statement that was claimed and used in a preceding level. If a new statement is used in a proof it
is marked on the margin with its room number and the page number of its proof in the next level
is provided.

At the beginning of the rooms you usually find a porter paragraph which serves you with
more motivational background and references for the material used in the room. It repeats the
statement that will be proved and gives an overview of all substatements that will be needed.
The notation is explained in Figure 1.

The room itself contains the pure proof without any other distracting material. So if you are
basically comfortable with the material, just follow your way through the hotel rooms from level
to level as high as you are not willing to believe the statements and hunger for more details.
The foundational concepts that are needed all over like the various signatures and boundary
constructions, algebraic surgery, Umkehr maps and S-duality, are gathered together in the rooms
in the basement.

In order to make it easier to find the definitions in the paper version, each room is usually
followed up by an room service paragraph that gives short and precise definitions of all the terms
used in that room. But there is a point where the helpfulness of verbosity bumbs up against the
clarity and handiness of compactness so in higher levels we will weaken this paradigm and will

Especially a back button for hyperlinks is very useful. Usually the keyboard shortcut Cmd-+[ on MacOS resp. Alt+<«—
on Windows brings you back to the last position.


http://surgery-hotel.de
http://surgery-hotel.de

6 Theorem
The statement we want to prove in this room.

61 Lemma/Proposition

A statement used to prove Theorem 6. Substatements are numbered with an additional digit attached to the number of the
room where they are used. So (642) is the second statement used to prove (64) which is part of the proof of (6). Each digit is a
link to the corresponding room, i.e. if you click on the 4 in 642 you get to room number 64.

| 51 (6, 71) Lemma/Proposition
The room numbers in brackets indicate additional rooms where a statement is also needed. So this is a statement that was first
stated and used in the proof of room 5 but is also necessary to prove 6 and 71.

[62 — Reference] Exercise/Citation
Statements with white background and the room number in square brackets are not proven in this thesis. They either cite
statements of other references or are considered as exercises. So one could say that the black boxes we use are displayed as
white boxes in order to remain readable.

63 Corollary
Corollaries are indicated by an implication arrow in front of the box.

Figure 1: Example of a surgery hotel room

not repeat every definition that has already been introduced in a preceding level. An overview
of all definitions and notations can be found at the very end in the help desk section.
Have a nice stay and enjoy the proof of

Main Theorem (Ranicki). Let X be a finite Poincaré space of dimension n > 5. Then X is homotopy
equivalent to a closed n-dimensional topological manifold if and only if

0=s(X) € Sp(X).

More explicitly: X is a topological space such that H"~*(X) = H,(X) with arbitrary coeffi-
cients and has the homotopy type of a finite CW complex. The total surgery obstruction s(X)
measures the failure on the chain level of the local homology groups H.(X, X\{z}) (z € X) to
be isomorphic to H" *({z}) = H.(R",R™"\{0}). It vanishes if and only if the cellular Z[mr(X)]-
module chain complex C/(X) of the universal cover X of X is algebraic Poincaré cobordant to the
assembly of a local system of Z-module chain complexes over X with Poincaré duality.

We obtain from the Main Theorem and its proof the following two corollaries.

Corollary 1 ([Ran92]Thm. 18.5 [Ran79]). Let M be a manifold of dimension n > 5. Then there are
isomorphisms from the geometric to the algebraic exact surgery sequence for M such that the following
diagram commutes.

W (Zr) S P (M) —— ¥ (M) = HO(M,G/TOP) —2— L (Zx)

Y

L1 (Zw) — Spyr (M) ————— H, (M; Ly (1)) — 22— L, (Z7)
Note that it is crucial for this that we work in the topological category. In the smooth and

PL-category there is no known group structure on .#'(X). For more details on that see for
example [Liic02, §5].



Corollary 1 follows from the statement of room 3 and the proof of 22. They provide the commu-
tativity of the diagram and that the vertical maps of the L-groups and the normal invariants are
isomorphisms. But then, because of the exactness of both sequences, the map . (M) — Sy4+1(M)
has to be an isomorphism as well.

An important aspect of this identification is that it relates the geometric surgery sequence with
the assembly map which leads to the second corollary.

Corollary 2. The Farrell-Jones-Conjecture implies the Borel conjecture.
We recall some common terminology to explain these two conjectures.

Definition. A manifold M is rigid if any homotopy equivalence M ~ N implies that M is actually
homeomorphic to N.

Examples of rigid manifolds are surfaces and spheres S™ of arbitrary dimensions according to
the (generalized) Poincaré conjecture. Counterexamples that are not rigid in general are Lens
spaces and products of spheres.

Definition. A manifold M is aspherical if maps S™ — M are always null-homotopic for n > 1
or, equivalently, if the universal covering is contractible.

Now we have a handy formulation of the Borel conjecture.
Conjecture (Borel). Aspherical manifolds are rigid.

More explicitly, the conjecture predicts that two aspherical manifolds M and N are home-
omorphic if and only if 71 (M) = 71 (N). In terms of the classical surgery theory this can be
reformulated as follows.

Conjecture (Borel). For an aspherical manifold M the structure set .’ (M) consists of a single point.

When we switch to the algebraic formulation of the surgery exact sequence, this becomes a
question of assembly maps. Informally, assembly maps determine K- and L-theory of group
rings R[G] by looking at small subgroups of Gi. Formally, we have the following type of map:

A:HS(ExG) — HS (pt)

where G is a discrete group, F a family of subgroups of G and H¢ a G-homology theory. The
Farrell-Jones conjecture makes the following statement about assembly maps.

Conjecture (Farrell-Jones). Let Vcyc be the family of virtual cyclic subgroups. Then
Ak : HY (EveyeG, Ko(R)) = Kn(R[G])

and
AL : HS(EVCyCG7 Lo (R)) — LN(R[G])

are isomorphisms.

How does this help in our situation? The fundamental group of an aspherical manifold
is torsion free, so we have Vcyc = {1,7Z}. The Farrell-Jones conjecture for L-theory implies

H,(M;Ls(Z)) = Ly (Z[my (M)]). Using the identification of the surgery sequences of Corollary
1, this means the structure set vanishes and hence the Borel conjecture holds. There are some
subtle details, especially we ignored the decorations which make it necessary to deal also with
the K-theoretic assembly map. For more information about assembly maps and the isomorphism
conjectures see for example [LR05] and in particular section 1.6 for more details on their geometric
implications for manifolds.



Acknowledgements

The hotel manager would like to thank Andrew Ranicki, the main architect of this beautiful
building, who shared a lot of his profound knowledge through lectures, talks, emails and per-
sonal conversation. I am also grateful to Tibor Macko and Adam Mole, who are, as co-authors of
[KMM13], responsible for considerable parts of this building’s initial renovation. Particularly
without Tibor Macko’s ongoing continous support and the numerous fruitful discussions with
him this hotel would probably still be a construction site. Thanks also to Donald Knuth for in-
venting the necessary construction vehicles and to Uri Leron for his essay Structuring mathematical
proofs that has been a source of inspiration for the interior design. Special thanks to Diarmuid
Crowley, Henrik Riiping and Veronika Lindtner for their valuable support on the home stretch
to the opening of this hotel. Finally, I am very grateful to Wolfgang Liick, my mathematical
Ziehvater, who guided me through mathematics from my very first lectures and examinations,
supervised the construction site of this hotel and supported it with help and advice.

The construction was financially supported by the Graduierten Kolleg Analytische Topologie und
Metageometrie in Miinster and by Wolfgang Liick’s Leibniz prize.



Level 0

In the elevator

As algebraic counterparts of manifolds and Poincaré spacesS we consider chain complexes together
with a chain equivalence to its dual chain complex. Manifolds and Poincaré spaces differ in their
strengths of duality and this is captured basically in the relation of three different types of duality
structures on the chain complexes. Namely we have symmetric, quadratic and normal structures.
If they provide a chain equivalence to the dual chain complex, they are called Poincaré structures.

The key observation is that the pieces of a (reasonable) subdivided manifold have Poincaré
duality, but the pieces of a Poincaré space X are only normal. Normal means that we still have a
fundamental class, but it does not provide a Poincaré duality isomorphism. Simply speaking, the
Poincaré pieces of a manifold yield symmetric Poincaré structures on the corresponding chain
complexes; the normal pieces of a Poincaré complex give normal structures and the difference
between symmetric and normal is measured in quadratic terms. Hence, in the local quadratic
structures, we find the information on whether a Poincaré space is homotopy equivalent to a
manifold and so that is where the surgery obstruction lives.

The classical surgery obstruction of Wall [Wal99] is an element in the L-groups of quadratic
forms (L3),) and formations (L3, ;). Mishchenko [Mis71] and Ranicki [Ran80a] came up with an
analog definition for chain complexes, the quadratic L-group L, (R) for a ring R with involution
as cobordism groups of chain complexes with quadratic Poincaré structures. They are isomorphic
to Wall’s L-groups but there are some advantages of the chain complex L-groups:

— They are uniformly defined for even and odd dimensions.

— There exist, as mentioned above, the two other notions of structures on chain complexes: the
symmetric Poincaré structures and normal structures. Cobordism of chain complexes with
such structures defines the symmetric and normal L-groups L™ (R) and NL"(R), which fit
into the important long exact sequence

8N

i NL"(R) ~2— L, _1(R) — . ..

J

.—— Ly(R) L™(R)

— They can be generalized to the crucial concept of L-groups of algebraic bordism categories.
An algebraic bordism category A comes with an additive category A with chain duality.
Instead of chain complexes over a ring R we consider chain complexes of objects of A. The
explicit definition of the chain duality on A leads to more sophisticated types of (Poincaré)
duality on the chain complexes and thereby to useful subcategories of the category of
quadratic, symmetric and normal chain complexes.

$Often called geometric Poincaré complexes in the literature. We spare the ‘geometric’ and call them Poincaré spaces
to distinguish them from (algebraic) Poincaré chain complexes although these spaces usually appear in the following as
simplicial complexes.

TThis is the geometrically motivated view. From the algebraic point of view it seems more convenient to start with the
symmetrization map from quadratic to symmetric and to consider normal as the relative term measuring the difference.



Main theorem

These properties enable us to establish the total surgery obstruction. The setting is the following:
Let X be a simplicial complex (or at least homotopy equivalent to a simplicial complex) and
m = m1(X). We consider the algebraic bordism category A; X with underlying additive category
A =Z.X, the additive category of free Z-modules There is also a spectrum version Lo (A7 pt) =

L. and we get the L-groups as the generalized homology groups

H,(X;L,) 2 L,(ALX).

Forgetting the indexing of a Z, X -chain complex in an equivariant way gives a chain complex over
Zm with global Poincaré duality. Global Poincaré means that the assembled quadratic structure
is a Poincaré duality isomorphism on the assembled chain complex. This induces the assembly
map on L-groups

A:H,(X;Ls) — L,(Zm),

which encodes the passage from manifolds to Poincaré spaces in terms of Poincaré bordism
classes of chain complexes. So the difference between the local manifold world and the global
Poincaré complex world is captured in the relative homotopy groups of 4, the structure groups
S (X), which fit into the algebraic surgery exact sequence

A oz, I A
co. — Hy(X5Le) — Ly(Zr) —= S, (X) — Hpo1(X;Le) — ..

Andrew Ranicki was able to construct an element s(X) € S,,(X) which, as we verify in room 1
and 2, encodes both obstructions of the classical surgery theory.

Main theorem
Porter

The Main Theorem relies heavily on the work of the surgery pioneers Browder [Bro72, Bro62],
Novikov [Nov64], Sullivan [Sul96] and Wall [Wal99]. In [Ran80a, Ran80b] Ranicki defined a
purely algebraic twin of Wall’s surgery obstruction and gave a first account in [Ran79] of how the
two-stage obstruction can be unified using this twin brother. But the proof is not independent. Its
geometrical implications about manifold homotopy types stem from the classic surgery, summa-
rized below in the cited theorems in room 3 and 4. See [Ran80a] and [Ran80b] or the upcoming
book on surgery theory by Crowley, Liick and Macko for more details on the identification of the
quadratic signature with Wall’s surgery obstruction. Be aware of the corrections for the quadratic
construction in [Ran81, p.30].

The complete theory surrounding the total surgery obstruction is developed from scratch in
[Ran92], which is the main source of this thesis and to which we refer usually and constantly.
Other important contributions are

— transversality in the topological category by Kirby-Siebenmann [KS77] and Freedman-
Quinn [FQ90],

— normal transversality by [Qui72],

— the normal L-groups by [Wei85a, Wei85b], and

— the surgery obstruction isomorphism 7, (G/TOP) =N L,(Z) for n > 1 by Siebenmann
[KS77, Essay V, Theorem C.1].

We consider only the orientable case. For the adjustments that are necessary for the non-orientable
case see [Ran92, Appendix A].

10



Main theorem

Main theorem [Ran?79, Theorem 1]
Let X be a finite Poincaré space of dimension n > 5. Then X is homotopy equivalent to a closed
n-dimensional topological manifold if and only if

0= s(X) € Sn(X).

| 1 TSO and bundle reductions
I(s(X)) = 0 if and only if there exists a topological bundle reduction of the Spivak normal fibration vx : X — BSG.

2 TSO and quadratic signatures
If I(s(X)) = 0 then we have

82 "1s(X) = { — sgny2 (f) € Ln(Zr) |
fiM— X degree one normal map, M manifold}.

[3 — [Ran80b, Proposition 7 .1]] Quadratic signatures and Wall’s surgery obstruction
There is an isomorphism

Ln(Z[m (X)]) = Ly (Z[r1(X)])
such that for an n-dimensional normal map f: M — X (n > 5) the quadratic signature sgn%‘; (f) gets mapped to Wall’s

surgery obstruction 6(f).

— | [4 — [Wal99]] Wall Surgery Obstruction Theorem
Let n > 5. An n-dimensional degree one normal map f: M — X has a surgery obstruction 0(f) € LY (Zw) such that
0(f) = Oifand only if f is bordant to a homotopy equivalence.

Proof Main Theorem

Let X be a finite Poincaré space of dimension n > 5 and let 7 denote its fundamental group.

If X is homotopy equivalent to a manifold then its Spivak normal fibration vx : X — BSG has
a bundle reduction and we get I(s(X)) = 0 because of 1. By 2 combined with 3 and 4 the set
8% ~1s(X) contains a vanishing Wall surgery obstruction and hence s(X) = 0.

Conversely, ff s(X) = 0, 3 then of course its image I(s(X)) vanishes and hence by 1 the Spivak
normal fibration of X has a topological bundle reduction. Also the preimage 8§2ﬂ*13(X ) contains

0 and hence by 2 and 3 Wall’s surgery obstrucion §(f) vanishes, meaning that X is homotopy
equivalent to a manifold. O

Room service

The maps I and agﬂ and the element s(X) € S,,(X) used above are part of the algebraic surgery
exact sequence

A oz I A
coo — Hpy(X5Le) — Ly(Zm) == Sp(X) — Hp—1(X;Le) — ...

which we use as a black box for now.

At this stage we only give short definitions of the terms taken from the classic surgery theory.
The details for all the other groups, maps and elements used above follow in the proceeding
levels. For an introduction and more details about the classic theory see for example [Liic02] and
[Ran02] or the original sources like [Wal99] and [Bro72].

11
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Main theorem

Classic surgery theory

an n-dimensional Poincaré space, i.e. a finite CW complex together with an orientation
homomorphism w: 1 (X) — {£1} and a fundamental class [X].

[X]| fundamental class for an n-dimensional Poincaré space X is a cycle in the cellular

Zm-chain complex C,, (X) which represents an n-dimensional homology class in H,, (X;Z")

such that - N [X]: C"*(X) — C.(X) is a Zr-chain homotopy equivalence where X is the
universal covering.

vx:X — BSG| the Spivak normal fibration of X, i.e. an oriented (k — 1)-spherical fibration

of an n-dimensional Poincaré space X for which a class a € 7,4 (Th(vx)) (k > n + 1) exists
such that (o) Nu = [X]. Here u € H*(Th(vx)) is the Thom class and h: 7.(-) — H.(-) is the
Hurewicz map.

BSG | the classifying space of stable Z-oriented spherical fibrations.

Th(¢)| the Thom space of a vector bundle &, i.e. the quotient of disk and sphere bundle

D(¢)/5(¢). This agrees with the mapping cone of the projection map S(§) — X which
gives rise to a general definition of the Thom space for a spherical fibration v: £ — X as
Th(v) = C(v).

0(f)| Wall’s surgery obstruction for a degree one normal map f:M — X.Itis an element in

LY(Z[m(X)]) and if n > 5 it vanishes if and only if J is cobordant to a homotopy equivalence
M = X.

the Wall surgery groups of quadratic forms for n even resp. of formations for n

odd where R is an associative ring with unit and involution.

F= (f,f):M — X | an n-dimensional degree one normal map, i.e. a commutative square

vy —n with f: M — X a map from an n-dimensional manifold M to an n-

) dimensional Poincaré space X such that f.([M]) = [X] € H,(X), and
l ; f:var — vx stable bundle map from the stable normal bundle vy : M —
M —— X BSTOP to a stable bundle vx : X — BSTOP.

the classifying space of stable Z-oriented topological bundles.

12



Level 1

In the elevator

In each of the two following rooms 1 and 2 an exact sequence of L-groups plays a key role. They
are connected in a braid of exact sequences.
The first one used in room 2 is the surgery exact sequence

o — Hy(X;La) -2 Lo(Zm) % Sp(X) - Hy 1(X;La) 25 ...
It is a reformulation of the following sequence of quadratic L-groups
... —/0—1L,B,L) — L,(B,G) —— L,(G,L) —— L,,_1(B,L) —— ...

that are cobordism groups of quadratic chain complexes which are

Bounded and Locally Poincaré in L, (B,L),

Bounded and Globally Poincaré in L,, (B, G),

Globally contractible and Locally Poincaré in L, (G,L).

The second exact sequence
eoo. — Ly(Zm) — L™ (Zm) — NL™(Zm) — Ly—1(Z7m) — ...

used in room 1 relates the three different duality structures, symmetric, quadratic and normal to
each other. There is a variety of constructions which produce symmetric, quadratic and normal
structures out of geometric input. For this level, take the existence of the following objects as
a black box. They will be defined in the next level. A complete overview and more detailed
explanations can be found in the basement. The signatures listed in the table above give elements

‘ L-group spectrum signature

symmetric | L"(Zn) L* sgnf
quadratic L (Z7) L. Sgn;;
normal NL"(Zm) NL*® sgnj’

in the corresponding L-groups over the fundamental group ring Zr for appropriate input.

input ‘ output

X an n-dimensional Poincaré space | sgnk’(X) € L"(Zn)
f:M — X adegree one normal map | sgny*(f) € L, (Zn)
Y an n-dimensional normal space. senL*(Y)e NL™(Zr)

where 7 = m(X) or m1(Y). The quadratic signature sgn%‘;r(f) can be identified with Wall’s

~

surgery obstruction 6(f).

13



1 TSO and bundle reductions

There is a corresponding homotopy fibration sequence of spectra
L, —L*— NL®* = XL,

which induces the following reformulation of the long exact sequence in terms of homology
groups
..— Hp(X;L,) = Hy(X;L*) = Hp(X;NL®*) —» H,_1(X;L,) — ...

In order to define the total surgery obstruction s(X) we need an important variant of the
signatures above that takes into account the local structure. We call them mosaicked signatures.
They take values in the homology groups with the corresponding spectra as coefficients. For the
geometric input we need a local structure organized in some way:

input ‘ output

M a triangulated n-dimensional manifold sgnk; (M) € H,(M;L*)

f:M' = Ma degree one normal map between | gonLs (f) € Ho(M;L,)
n-dimensional triangulated manifolds

Y a simplicial normal complex senML°(Y) € H,(Y;NL®)

The assembly maps which forget the local structure in an equivariant way give back the signatures
over the group ring

Alsgn (M) = sgn, (M), Asgn (f)) = senzs (), A(sgn™ (V) = sgup” (V).

In the special case when Y is a simplicial Poincaré space, i.e. has global Poincaré duality, but
is locally only normal, then the mosaicked normal signature gives a refined element called the
visible signature

sgn¥*(Y) € VL™(Y).

The total surgery obstruction s(X) is obtained as the boundary of the visible signature

s(X) = 0F sgn'd € S, (X).

1 TSO and bundle reductions

Porter

In the following room, orientations with respect to L-theory spectra play the key role in relating
bundle reductions to L-theory. The original source for this is [Ran79]. The statement of room 1
with some comments on the proof can also be found in [Ran92, 16.1 (iii)]. L-spectra were
introduced by [Qui70] but in a more geometric way than used here. Further we use the description
of E*°-spectra introduced in [May77].

1 TSO and bundle reductions
1(s(X)) = 0 if and only if there exists a topological bundle reduction of the Spivak normal fibration
vx: X — BSG.

11 Exact sequence of L-groups [Ran92, Prop. 2.11]
There is a long exact sequence of L-groups

1+t J

Ln(R) L"(R) NER) =28 L 1 (R) —— ...

14



1 TSO and bundle reductions

I | 12 Exact sequence of homology L-groups [Ran92, Proposition 15.16]
The diagram

aN
— % Hp(X;L®) — H,(X;NL®) —— H,,_1(X;Le) —»

~ 1 , 1

VL™ (X) ———— Sn(X)
is commutative and exact in the top row.

13 The visible mosaicked signature [Ran92, Example 9.13]
For an n-dimensional finite simplicial Poincaré complex X there is a visible signature

sgn’(X) € NL"(AgX) = VL™(X)
as a refinement of a normal signature

sgnNL° (X) € NL™ (An X).

|| 14 Canonical L-orientations [Ran79, p. 284-289][Ran92, 16.1(ii) [KMM13, Prop. 13.3 and 13.4]
(i) For a k-dimensional Z-oriented spherical fibration o.: X — BSG(k) there is a canonical NL®-orientation
unpe (@) € H*(Th(a); NL®).
(ii) For a k-dimensional Z-oriented topological bundle B: X — BSTOP (k) there is a canonical L®-orientation
ure (8) € H*(Th(B); L%).

(iii) For a k-dimensional Z-oriented topological bundle B: X — BSTOP (k) together with a homotopy h: J(B) ~ vx
there is a canonical NL /L-orientation

uNL/L® (8, h) € H* (Th(vx ); NL(1/2) /L(0)*).

They are related via J(u™* (8)) = uNL* (J(8)) and uNL/L* (8, h) = (uNL* (), uL® (8) — uL° (vx)).

15 (16) Orientations and signatures [Ran92, Proposition 16.1]
(i) Let X be an n-dimensional Poincaré space with Spivak normal fibration vx : X — BSG. Then we have
S(un (vx)) = s} (X) € Hn(X;NL?),

(ii) Let ¥ be a topological bundle reduction of the Spivak normal fibration vx : X — BSG of X and fiM — Xits
associated degree one normal map. Then we have S(ur (vx)) = sgn&' (X) € Hy(X;L®).

(iii) Let f: M — M’ bea degree one normal map of n-dimensional simply-connected topological manifolds with
M’ triangulated, corresponding to a pair (8, h) with B: M’ — BSTOP and h: J(B) ~ vy Then we have

S@NL/E (8, h)) = sgny /™ () € Ha(M';NL(1/2)/L(0)*).

16 The homotopy pullback square [Ran79, p.291[KMM13, Prop. 13.7 ]
The following diagram is a homotopy pullback square:
L.

BSTOP — 2y BL*G

sgngL.

BSG ——  BNL*G

Proof 1

Let X be an n-dimensional Poincaré space and denote its Spivak normal fibration by v. We assume
that X is a simplicial complex. Otherwise we would have to use a reference map r: X — |K|toa

15



11-p.23
12-p.28

13—p.35

1 TSO and bundle reductions

simplicial complex K and work with mosaicked signatures over K. We denote ¢(X) := I(s(X)).
We want to relate the vanishing of ¢(X) to the existence of bundle reductions. The main idea is to
translate the statement about the reduction of the spherical fibration v into a statement about
orientations with respect to L-theory spectra. We split this up into the following four equivalent
statements:

(i) 0=t(X) € Hy_1(X;L,).

(ii) There exists a preimage sgn (X) of the normal signature sgn¥* (X) under the map
J:H(X;L*) — H,(X;NL®).

(iii) There exists a preimage u"" (%) of the normal canonical orientation «™N* (/) under the map
J:H*(Th(v); L*) — H*(Th(v); NL®) such that S(u"" (7)) = sgn¥” (X).

(iv) There exists a lift 7: X — BSTOP of v.

We now take a first step into the proof of these equivalences.

Proof (i)<(ii). The long exact sequence of L-groups induces a long exact sequence of generalized
homology groups which fit into the following commutative diagram. !

— 5 Ho(X;L®) —L H, (X;NL®*) —— H,_1(X;L,) ——

sgni. (X)) T >sgn§1‘. (X)1 [T >O=EEX)
VIMX) —2 S, (X)
sgn}/(L (X)1 > é(;()

Because X is p, i.e. locally normal and globally Poincaré, it has a visible X-mosaicked signature
sgn'F(X) € VL™(X)
as a refinement of the normal X-mosaicked signature
sgn¥ (X) € H,(X;NL*).

The equivalence follows immediately from the definitions of s(X) and ¢(X) as images of the
appropriate maps. O

Remark. For one direction of the equivalence (i) < (iv) we are aiming for this would be already
enough. We could conclude (iv) = (i4) from the following geometric background. Suppose v
has a bundle reduction. Then it has an associated degree one normal map f:M — X which
can be made transverse to the dual cells of X. For each ¢ the preimage (M(o),0M (o)) of the
dual cell (D(0),dD(0)) is an (n — |o|)-dimensional submanifold with boundary and we obtain a
mosaicked signature over X
sgn¥ (M) € L"(ALX).

The mapping cylinder of the degree one normal map f is a normal cobordism between M and X
and produces an algebraic normal cobordism between J(sgn% (M)) and sgn¥* (X). In other
words there exists a lift of sgn¥" (X) in the exact sequence above.

For the other direction, orientations with respect to L-theory spectra come into play and we
need statement (iii).

I the right column we recover a part of the algebraic surgery exact sequence. In fact this is a section of a braid in
which the whole surgery sequence is contained.

16



1 TSO and bundle reductions

Proof (i)« (iii). For k large enough we have an embeddng X C S"** and because X is Poincaré
we can use the well-known S-duality Th(r)* ~ X to obtain the isomorphisms

S:H*(Th(v);L®) = H,(X;L*) and S:H"(Th(v);NL®) = H,(X;NL*).

Let 7: X — BSTOP be a topological bundle reduction of v. There are canonical orientations
u™* (7) and uN° (v) and they fit into the following commutative diagram. 14—p.38
15—p.42

H*(Th(v); L*) ——— H,(X;L*)

W @) > sgnk’
Jl ‘@) g Xvﬁ)J

H*(Th(v); NL*) —— H,,(X; NL*)
uNI:: (V) ! > sgn?r. (X)

Proof (iii)<>(iv). We claim that there is a homotopy pullback square 16—p.47

Le

BSTOP —2"2_, BL*G

| ]

BSG —22___, BNL°G.

For a ring spectrum E according to [May77] there is a one-to-one correspondence between the
following maps and pairs of maps
(a: X — BEG) R (Vo: X — BSG,u®(a): Th(v,) — Ey)
where uP is an E-orientation.
Now for E = NL we get the identification

(sgn¥F* ov: X — BNL*G) = (v, uN*" ().

Using the homotopy pullback square from above as indicated in the diagram below it follows
that the existence of a lift 7: X — BSTOP is equivalent to the existence of an orientation
u"* (v): Th(v) — L® such that

(v, uN () = T o (7,u™ ()

i.e. the symmetric orientation is a lift of the normal orientation «™N** (1) = J(u"" (7).

17



2 TSO and quadratic signatures

Room service 1

short for L*(0), Ls (1), NL*(1/2), connective 2-spectra of Kan A-sets; for more

details see section 1231.

a simplicial set without degeneracies.

is what a A-set X is called if every map A} — X extends to a map A™ — X this

property is necessary to do homotopy theory on A-sets .

A= A" — ((A™)™ U §;A™) ‘ the subcomplex of A" obtained by removing the interior

of A™ and a single face of A".

Th(¢)| the Thom space of a vector bundle &, i.e. the quotient of disk and sphere bundle

D(&)/5(§). This agrees with the mapping cone of the projection map S(§) — X which gives rise
to a general definition of the Thom space for a spherical fibration v: E — X as Th(v) := C(v).

an E-orientation of a Z-oriented spherical fibration v: X — BSG(k) is an element

uB(v) € H*(Th(v); E) such that u®(v) restricts to a generator of H*(Th(v,,); E) for each fiber v,
of v.

BSG | the classifying space of stable Z-oriented spherical fibrations.

BSTOP | the classifying space of stable Z-oriented topological bundles.

]I:Sn(x) — H,_1(X;Ly)

group homomorphism, see room 12.

S:[Y, 7] =, [SN ,XANY) the S-duality isomorphism; for an N-dimensional S-duality map
a:SY — X AY and an arbitrary space Z defined by S(v) = (idy A7) o «; denotes the induced
isomorphism S: HN=*(X; E) = H,(X,E) as well.

2 TSO and quadratic signatures
Porter

By 3 the quadratic signatures establish the connection between the total surgery obstruction and
Wall’s surgery obstruction. We want to show that the preimage of the total surgery obstruction
under the boundary map 8% : L, (Zm) — S, (X) is the subset of L, (Zx) consisting of quadratic
signatures of degree one normal maps f: M — X.
By the algebraic m-m-Theorem 1221 the boundary map 3% factors through 88 :Lp(AgX) —
S, (X). This enables us to work on both sides with L-groups of algebraic bordism categories.
But for this we need a refined version of the quadratic signature sgn’®, the mosaicked quadratic
signature sgn’y*, which produces a chain complex in L,,(A¢ X ) with global Poincaré duality. In
fact, we will need even more. In 22 we have to produce something in the source of the assembly
map which is the quadratic L-group L, (AL X) = H,(X;L.) where local Poincaré duality is

18



2 TSO and quadratic signatures

required. It turns out that the difference sgn’y* (f) — sgn¥ (fo) for two degree one normal maps
lives in that group. The prerequisite I(s(X)) = 0 of this statement ensures that there exists at
least one such degree one normal map f; that we can use as reference map for this construction.

2 TSO and quadratic signatures
If I(s(X)) = 0 then we have

02 '5(X) = { — sguz;(f) € Ln(2m) |
fiM— X degree one normal map, M manifold}.

[ | 21 The algebraic surgery exact sequence [Ran92, Prop. 14.7]

2Q
There is a long exact sequence ... — Hp(X;Le) A, Ln(Z7) 25 Sp(X) N H,—1(X;La) A,

| 22 Coset step
— sgn%‘;r (A (X)) is a coset of im(A) in Ly (Zw) where A: Hp(X; Le) — Ly (Z) is the assembly map.

| 23 (221) Subset step
— sgné‘;r (AH(X)) C Bgﬁ_l (s(X)) where {)ZQW : L (Zw) — Sn(X) is the boundary map from the surgery braid.

Proof 2

We denote the restriction of the quadratic L-group L, (Z) to signatures coming from degree
one normal maps by

—sgnys (A (X)) = {—sgngz(f ) € L, (Z) | FiM = X degree one normal map,
M manifold}.

We have to identify Ggﬂ_ls(X ) with the set of quadratic signatures — sgn’* (.#(X)). The foun-
dation of the proof is that the part

H,(X;Ls) 2 L,(Zr) —>S (X)

of the surgery exact sequence is exact. Hence 8% s(X) is a coset of im(A ) The right hand side
—sgn* (A (X)) is also coset of im(A) because of 22 and it is a subset of 8Z7r s(X) by 23 and so
both are equal. O

Room service 2

’ Sn(X):=Lp_1(Z.X,G(1),1L(1)) ‘ the n-dimensional structure group of X. An elementin S,,(X)
is represented by an 1-connective (n — 1)-quadratic chain complex in Z, X which is globally
contractible and locally Poincaré.

here short for the algebraic bordism category A(Z)eX = (Z,.X,B(1), G(1)).

here short for the algebraic bordism category A(Z) X = (Z.X,B(1),1L(1)).

ANZ)=(A(Z),B(Z),C(Z)) ‘ denotes the algebraic bordism category with
{
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2 TSO and quadratic signatures

the additive category of finitely generated free left Z-modules.
the category of bounded chain complexes in A(Z).

the category of contractible chain complexes in A(Z).

short for A(Z).X, the additive category of X-based free Z-modules with ‘non-
decreasing’ morphisms > fro: > My — 3 N-
where (fr.,: My — NT)Tnge Z-mS8&dle morpf&sxm.

the subcategory of chain complexes of G which are homotopy equivalent to

g-connected chain complexes.

short for B(Z)¢X = {C € B(Z) | A(C) =~ x}, the globally contractible objects of B(Z).

L{g)C L| the subcategory of chain complexes of . which are homotopy equivalent to

g-connected chain complexes.



Level 2

In the elevator

The diagram on the next page provides an overview of the logical structure of this level. Recall
that room 1 realizes the bundle obstruction of the classical theory which means that the Spivak
normal fibration of a Poincaré space X has a topological bundle reduction. If we have such
a bundle, then the Pontrjagin-Thom construction provides a degree one normal map from a
manifold to X. The existence of such a map is used in the proof of 22 and leads to the second stage
of the obstruction theory, statement 2, where a certain preimage of the total surgery obstruction
is identified as the set of quadratic signatures of all degree one normal maps from manifolds to
X. Finally, the isomorphism from 3, which correlates the quadratic signatures to Wall’s surgery
obstruction, proves the main theorem.
The statement 1 is based on the following six statements:

11 introduces the fundamental objects of the whole proof, the symmetric, quadratic and normal
L-groups and shows how they are related via an exact sequence.

12 presents several steps of generalization and adjustments of the concepts introduced in 11 in
order to obtain the more sophisticated version of the exact sequence of L-groups we need.

13 constructs the total surgery obstruction which lives in one of the L-groups presented in 12.
14 introduces the L-orientations which have a close connection to bundle theory.

15 realizes the connections between signatures and L-orientations.

16 realizes the connection between L-orientations and bundle reductions.

For statement 2 we use the surgery exact sequence of 21 which is part of the braid we already
used to obtain the diagram of 12. This exact sequence together with the two statements 22 and
23 identify in the quadratic L-group L,,(Zn) the subset of all quadratic signatures coming from
degree one normal maps f: M — X with the preimage of s(X) € S,,(X) under the boundary
map 8. : L, (Z Sn(X

p 07, : Ly(Zm) — S, (X).
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The total surgery obstruction

X is homotopy equivalent to a manifold
ifand only if 0 = s(X) € S,,(X) (n>5).

W

3

There is an isomorphism ®: LY (Zr) — L, (Z) such that ®(4(f)) = sgn%‘;r(f)

o~

4 :\

A degree one normal map f is bordant
to a homotopy equivalence if and only if

~

0=0(f) € L¥(Zn).

82277_13()() = {sgnIZ“;,(f) | f:M — X,Mmanifold}

sgng e (A (X))

21

aQ
5 Hp(X;La) —2 Ly (Z1) —=5 Sy (X) ——

is exact
There exists
a degree one 22 23
normal map 5 sgnie (A (X)) sgnie (A (X))
forM — X is a coset of im(A) is a subset of 6ZQ7T_15(X)

1

I(s(X)) = 0Jif and only if there exists a
bundle reduction@x : X — BSTOP)of the
Spivak normal fibration vx : X — BSG.

12

H,(X;L*) —Ls H,(X;NL*) —— H,_1(X; L)

'\ Tﬁgn?“(X)' IT 0=I(s(X))

N
VL™(X) _L> Sn(X)

sgn ¥ (X) | >S(})

1+t J

11 L"(R) NL™(R) 25 L1 (R) ——

13 Construction of s(X) := 95 sgn'(X) € S,(X)

X, BSG

(vx N (vx))

15

H,(X;L*) +—>— H*Th(v);L*)

o

sgnI)}. < I(u™® (vx)
T

J \3<:>3: J
<4 +

sgngL. 4ol g NL® (vx)

H,(X;NL®) < H*(Th(v); NL*)

’ 14 Construction of u™* and uN"".




11 Exact sequence of L-groups

11 Exact sequence of L-groups
Porter

The exact sequence as presented in this section is not really used in the proof but it introduces
the fundamental objects of the proof in a basic version, i.e. the symmetric, quadratic and normal
L-groups over a ring, and establishes the crucial relation between them. In the next section we
continue with the more sophisticated version of the exact sequence with generalized homology
groups with coefficients in L-spectra. A more detailed account can be found in the basement.

The quadratic L-groups L,, are analogues of the surgery obstruction groups of Wall [Wal99].
They are defined by Ranicki in [Ran80a]. The symmetric L-groups L™ are the algebraic Poincaré
cobordism groups of Mishchenko [Mis71]. The normal L-groups are cobordism groups of normal
chain bundles introduced by Ranicki [Ran80a, §9] and Weiss [Wei85a]. An overview of these
three different types of L-groups can be found in [Ran01]. The constructions that connect these
algebraic L-groups to geometry were introduced in [Ran80b]. For the quadratic case take into
account the corrections in [Ran81, p. 30] and for the normal construction consider also the
approach in [Wei85a, Theorem 3.4 and 3.5]. We will give an overview of these constructions in
the room service and more details and proofs in the basement.

11 Exact sequence of L-groups [Ran92, Prop. 2.11]
There is a long exact sequence of L-groups

1+t

L (R) L*R) —2 NL"(R) 25 L,_1(R) —— ...

111 Poincaré symmetric and Poincaré normal [Ran92, Proposition 2.6 (ii)]
There is the following natural one-to-one correspondence of homotopy equivalence classes.

n-normal n-symmetric Poincaré
chain complexes il chain complexes
(C7 (90777 X)) A (C7 (P)
such that g is a chain
homotopy equivalence

112 (121, 1411, 164) Quadratic and (normal, Poincaré symmetric) [Ran92, Proposition 2.8 (ii)]
There is the following natural one-to-one correspondence of cobordism classes.

n-dimensional = (n — 1)-dimensional
(normal, symmetric) pairs A— quadratic chain complexes
(f:C — D, (6p,6v,0x),¥) (')

Additionally, if (C, ) is Poincaré, then (C',+)") is Poincaré and vice versa.

Proof 11

Note that for L"(R) and L,,(R) we consider chain complexes with symmetric and quadratic
structures which are Poincaré whereas in NL"(R) we do not require any part of the normal
structures to be a homotopy equivalence. In fact the natural one-to-one correspondence of 111
tells us that a normal structure which is Poincaré is the same as a symmetric Poincaré structure
and hence defines a map

J:L"(R) — NL"(R).

Similarly to the long exact sequence of cobordism groups of spaces, we define a relative group
L(J)™ as the cobordism group of n-dimensional (normal, symmetric Poincaré) pairs, which fits

23
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112-5p.61

11 Exact sequence of L-groups

by definition into a long exact sequence via the maps

NL™(R) L"(J) ————— 5 " Y(R)

(@, (@7, x)) ——— (0= C, (p,7,x),0)
(C — Dv (550’ 67) 6X)7 90) — (07 90)'

Cobordism of pairs is defined using triads of structured chain complexes. You find a short
definition below and more details in [Ran81, §2].
The second natural one-to-one correspondence 112 defines an isomorphism

L*(J) = Ln-1(R)
which gives us the desired exact sequence. O
Remark. As a different approach one can consider instead of J the symmetrization map
1+t: L,(R) — L"(R),
b (L+1)(4)

and identify the relative term with the normal L-group by the following one-to-one correspon-
dence proved in [Ran92, Prop. 2.8 (i)]:

homotopy equivalence classes | | homotopy equivalence classes
of n-dimensional (symmetric, <  of n-dimensional normal
quadratic) Poincaré pairs complexes (C, (¢,7, X))-

Room service 11

aring with involution ": R — R;r — T,i.e.itsatisfies1 = 1,7 =r,7s =srand7 + s =T7+5
forr,s € R.

a chain complex of finitely generated projective left R-modules.

the dual chain complex with (C~*) := (C_;)* and differential df = (—)*(d{)*.

short for the chain complex of Z[Z,]-modules C* @ r C where the Z-action swaps the

factors.

chain complex of right R-modules obtained from a chain complex C' of left R-modules

using the involution of R.

€(f)| the algebraic mapping cone with € (f) == D), ® Cy_; and differential d* () (z,y) :=
(dP(x) + f(y), —d(y)) for a chain map f:C — D.

the free resolution of the trivial Z[Z,]-chain module Z; given by the Z[Z,]-chain complex

S 22— Z[Z] —— 0
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11 Exact sequence of L-groups

—

W | the complete resolution of the trivial Z[Zs]-chain module Z; given by the Z[Z.]-chain

1+t 1-t

complex ... Y Z]Zs) = VAV

Z[Zs]

W%, We,, W% |  denote for a chain complex C the abelian group chain complexes
W#C = Homg, (W,C ® C),
Wy C =W ®zz,) (C® C),
W*%C = Homyg,(W,C @ C),

an n-symmetric chain complex consisting of a chain complex C and an n-symmetric

structure ;
Poincaré means ¢ : C"~* — C is a chain equivalence.

a cycle, called an n-symmetric structure

an n-quadratic chain complex consisting of a chain complex C' and an n-quadratic

structure 1;
Poincaré means the symmetrization (1 + ¢)(¢)o: C"~* — C'is a chain equivalence.

a cycle, called an n-quadratic structure on C;

can be represented by a set {ps: C"*7* — C, | s > 0}.

structure (p, 7, x)-

an n-normal chain complex consisting of a chain complex C' and an n-normal

an n-normal structure with
RS W%n an n-symimetric structure,
v E /W%(C’ "), a cycle called chain bundle,
X € /W%HH a chain satisfying dy = J(p) — $°8"y.

L™(R)| the cobordism group of n-symmetric Poincaré chain complexes over R.

L,(R)| the cobordism group of n-quadratic Poincaré chain complexes over R.

the cobordism group of n-normal chain complexes over R.

of n-dimensional structured chain complexes:

(CA) ~ (C',N) <= there is an (n + 1)-dimensional structured (Poincaré) pair
(CaC" = D,oNAD =N,

where Poincaré is only required in the symmetric and quadratic case.
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11 Exact sequence of L-groups

placeholder for a symmetric ¢ resp. quadratic ¢ or normal structure (¢, v, x). We
call a pair (C, \) a structured chain complex and a triple (C' — D, 0\, X) a structured pair.

ﬂ (f:C = D,dp, ) ‘ an (n + 1)-symmetric pair with

- f:C — D achain map

- (C, ) an n-symmetric chain complex

- 0p € VV%(D)HJr1 such that d(6p) = f”%(yp) which is equivalent to (Jp, ¢) is a cycle in

Cg(f%)n-‘rl-
Poincaré means (6o, po f*): D"T1=* — €(f). is a chain equivalence.

ﬂ P w(C) — W”(D) ‘ the chain map induced by a chain map f: C — D; explicitly
gvenby(f%( )s = fosf*: D" = D.

ﬂ (f:C — D,oy, ) ‘ an (n + 1)-quadratic pair with
- f:C — D achain map
- (C, %) an n-quadratic chain complex

- 0 € W (D), such that d(09)) = fo (¢)).

Poincaré means the symmetrization is Poincaré, i.e.
(L +t)d¢p0, (L +t)pof*): D" =% — €(f). = (D, Ci_1) is a chain equivalence.

ﬂ fop: Wo (C) — We (D) ‘ the induced chain map

ﬂ (f:C = D,(8p,8v,5x), (©,7, X)) ‘ an (n + 1)-normal pair with

- (C, (¢,7, x)) an n-normal chain complex
- (f:C = D, dp, ¢) an n-symmetric pair [(n+1)]
- (f,b):(C ,7) (D, 6v) a map of chain bundles

~ dx e W*(D),,
% —~% n /\Oo
J(6p) — o (87F16%) + [ (x — Bo (8™b)) = d(dx) € WH(D), ..

5 a chain such that

1 % W%(C) » W%(C) | the induced chain map

L (£,0):(C7) > (C'7)
be W%(C'*)1 a 1-chain such that f%(’y) — " =d(b).

a map of chain bundles where f: C — C’ a chain map and

the relative L-group of J: L"(R) — NL"(R) is the cobordism group of (normal,
symmetric Poincaré) pairs (f: C — D, (d¢p, 67, 0x), ¢).

J:L™"(R) — NL"(R) ‘ roughly induced by j: W*C — W*%C; see (111) for more details of

how a normal structure (¢, v, x) is obtained from a symmetric Poincaré chain complex (C, ¢).
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11 Exact sequence of L-groups

ﬂ (f:C — D,(0p,07,0%), %) ‘ an (n + 1)-dimensional (normal, symmetric Poincaré) pair
with
- (D, é¢p,0v,dx) an (n + 1)-normal chain complex
- (f:C — D, (¢, p)) an n-symmetric pair [(n+1)]
— ¢ a chain equivalence.

Cobordism | of n-dimensional structured pairs:

(e ER D, ~ (C iR D', 6N,N) <= there is an (n + 1)-dimensional structured
(Poincaré) triad

)

(CHC" A= N)~— (D& D' 6x—6N)

7| M“u@y\j k

(C,00) —————— (E,6%))
g

where Poincaré is only required in the symmetric and quadratic case.

ﬂ T=(f,f,9,9":h, (0,0, 60,00 5%¢)) ‘ an (n + 2)-dimensional symmetric triad, i.e. a

commutative square of chain complexes and chain maps

C%D

e

D' ——F
g

with

- h:gf ~¢'f':C — E.4; achain homotopy

- (f:C = D,dp,p)and (f':C — D', §¢', p) being n-symmetric pairs [(n+1)]

- 6% € W%(E),.;2 a chain such that

d(520)s = g (6¢)s — g% (59)s + g F'pah* + hip f*g* + 7 ().

Poincaré means (f: C — D, dp,¢) and (f': C — D', 6¢’, ¢) are Poincaré and

f"PUh*JFéﬁPO/gI* 0 f
wof*g"
The quadratic case is analog but uses symmetrization for the definition of Poincaré.

52@0
< Spog” ) (BT L @(T) =€ ((9' h) E(f) — %(g)) is a chain equivalence.

’ 1+ t: Wy C — W?C ‘ the symmetrization map defined by
141 ifs=0
u+wwn={< o

0 otherwise
induces a map of L-groups 1 +¢: L,,(R) — L"(R).
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12 Exact sequence of homology L-groups

12 Exact sequence of homology L-groups
Porter

In 11 we have introduced the L-groups L"(R), L, (R), NL™(R) for chain complexes of modules
over a ring R with (Poincaré) duality structures and proved that they fit in an exact sequence.
Now we need a more systematic way to distinguish such duality structures with a different type
of Poincaré duality, especially local and global Poincaré duality. For this purpose we generalize
the concept of L-groups from chain complexes of R-modules to chain complexes of objects of an
additive category. To achieve this we first need a notion of a chain duality for additive categories
in order to define A-structures on the chain complexes. For such an additive category A with
chain duality we can then define an algebraic bordism category A that establishes a certain flavour
of Poincaré duality by fixing a subcategory P of the category of chain complexes in A. Then a
structured chain complex (C, A) in A is called Poincaré if the algebraic mapping cone of X is in IP.

Take for example the algebraic bordism category A(Z) with free Z-modules as underlying
additive category and choose IP to be the category of contractible chain complexes. Then a Poincaré
space X with its Poincaré duality chain equivalence - N [X] provides a symmetric Poincaré chain
complex in A(Z).

As in 11 or more precisely 112, we identify certain relative L-groups as absolute L-groups
via algebraic surgery. With a special choice of algebraic bordism categories that encode local
and global Poincaré duality we obtain a braid of exact sequences of L-groups. Some of these
L-groups have a homological description and eventually lead to the desired diagram.

A lot of new terms are used in this section: L-groups of algebraic bordism categories and
L-spectra and connective versions of them, X-based chain complexes for a simplicial complex
which we will call mosaicked chain complexes and sophisticated versions of chain duality on
them, and, finally, generalized homology groups of spectra of A-sets. You find short definitions
in the room service below. For more motivational background have a look at the elevator to
the basement (p. 110). At this stage we only put together the puzzle of exact sequences and
identifications. The details of these definitions will become more important on the deeper levels.

The main source for all these constructions is [Ran92, Part I]. For the full and corrected details
for the transition from L-groups to generalized homology groups consider [LM09].

12 Exact sequence of homology L-groups [Ran92, Proposition 15.16]
The diagram

aN
—  H,(X;L*) —— H,(X;NL*) —— H,,_(X;L,) ——

~ 1 1

VL™"(X) ——— Sp(X)
is commutative and exact in the top row.

121 Exact sequences for inclusions of bordism categories [Ran92, Prop. 3.9]
An inclusion functor (A, B, Q) — (A, B, P) of algebraic bordism categories induces the following long exact sequences in
symmetric, quadratic and normal L-groups

. — Ln(B,Q) — Ln(B,P) — Lp_1(P,Q) — Ln_1(B,Q) —> ...,

... — NL"(B,Q) — NL"(B,P) — L,,_1(P,Q) — NL"~1(B,Q) —» ....
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12 Exact sequence of homology L-groups

122 Quadratic assembly isomorphism [Ran92, Proposition 15.11]
Let X be a simplicial complex and A = A(Z). Then for n > 5 we have

Ln(A{1)gX) & Ly (Zn).

|| 123 (13) L-spectra and homology [LM09, Remark 16.2][Ran92, Proposition 15.9]
Let X be a simplicial complex and A = A(Z). Then we have the following equivalences

Ln(A(1) LX) = Hn(X;Le),
NL™(A(0)LX) = Hn(X;L®),
NL™(A(1/2)n X) = Hy(X;NL®).

| [124 — [Ran92, Prop. 5.11] Local chain duality
The contravariant functor T : Ax X — B(AX), Tu (3, ex Mo)s(T) = (T(D, <z Mz)s_ |7 defines a chain duality
on A X . -

Proof 12

We could think of the top row as induced by the fibration sequence of spectra 1411 but the whole
diagram is part of a braid of L-groups of certain algebraic bordism categories. This braid is
constructed using long exact sequences of triples:

Let A be an additive category with chain duality and let Q C P C B be subcategories of
the category B(A) of bounded chain complexes in A. They define algebraic bordism categories
(A,B,P) and (A, B, Q). In the remainder we will usually omit the A in the notation of an algebraic
bordism category. So L(B, P) will denote the L-group of structured chain complexes in A that
are objects in B and are P-Poincaré.

By 121, we have for an inclusion functor (A,B,Q) — (A,B,P) the following long exact se-
quences for symmetric, quadratic and normal L-groups.

co.— L"(B,Q) —— L"(B,P) — L" }{(P,Q) — L" }(B,Q) — ...,
ee.— L,(B,Q) — L,(B,P) — L, 1(P,Q) — L,,—1(B,Q) — ...,

...— NL"(B, Q) —> NL"(B,P) — Ly_1(P,Q) — NL" (B, Q) —> ...

The quadratic term in the sequence of normal L-groups allows us to create a commutative braid
as shown below using the quadratic exact sequence for the inclusion functor

i) (B,Q) — (B,P)
and the normal exact sequence for the inclusions

(i) (B,Q) — (B,P) (iii) (B,P) — (B, B) (iv) (B,Q) — (B,B).
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12 Exact sequence of homology L-groups

NL™(B,Q) NL"(B, B) Ln_1(B,P)
NL™(B, P) Ln_1(B,Q)
Ln(B,P) Ln-1(P,Q) NL™"'(B,Q)

(@) \_/

To plait our algebraic surgery braid we take the following ingredients: In the remainder, the
underlying additive category is the additive category of X-based free Z-modules

A=7.X

with the chain duality T, from 124. You find the motivation for this definition in the elevator to
the basement. This chain duality on Z, X allows us to talk about structured Z, X -chain complexes
(C, X) where the Poincaré duality map is given by A\g: X"TC — C.

We use the following subcategories of the category of chain complexes in Z, X .

B for B(Z) X = B(Z.X), the X-based bounded chain complexes of free Z-modules.
G forB(Z)gX = {C € B | A(C) ~ %}, the globally contractible chain complexes of B.
L forB(Z), X :={C € B | C(0) ~ %, 0 € X}, the locally contractible chain complexes of B.

As a further refinement, we have to take connective versions of these categories. Then, with the
inclusions

(@ (B(1),L(1)) — (B(1), G(1)) (iif) (B(0), G(1))
(i) (B(0),L.(0)) — (B(0), G(1)) (iv) (B(0),1{0))

4
CRC
ChC
B
==

and the obvious identification L(0) = (1), we get the braid

/\/\

NL™(B(0), L.(0)) NL™(B(0), B(1)) Ly—1 (B(1), G(1))
NL™ (B(0), G(1)) /Lnl'(JB(l)JL(l))
Ln(B(1),G(1)) Ln-1(G(1), L(1)) NL™! (B(0), L(0))

~_ 7 ~_ -
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12 Exact sequence of homology L-groups

Let A = A(Z) be the algebraic bordism category of free Z-modules. By 122 and 123 the L-groups
of these algebraic bordism categories can be identified as follows. Note that an algebraic bordism
category with local or no Poincaré duality (denoted by an L resp. N subscript) is necessary to
obtain the corresponding L-groups as a generalized homology group.

La(B(1),G(1)) =t L,(A1)¢X) = L,(Zn), 122-5p.65
La(B(1),L(1)) =t L,(A();X) = Hn(X;La), 123-5p.65
NL"(B(0),1(0)) :=: NL"(A(0)LX) = Hn(X;L®),

NL™(B(0), B(1)) =t NL"(A(1/2)y X )= H,(X;NL®).

For the two remaining L-groups we make the following definitions.

NL™[B(0), G(1)) :=: NL"(A(1/2)¢X) = VL"(X)
Loo1(G{1), L(1)) = S, (X)

We end up with the braid
J
H,(X;L*) H,(X;NL*) L, 1(Zx)
/ o5 /
VL™(X) H,_1(X;L,)
/ oy / 1+t
L, (Zr) Sn(X) H,_1(X;L*)
w/ \/
where the center square is exactly the commutative diagram we were looking for. O

Room service 12

Algebraic bordism categories and L-groups
L™(A)| the cobordism group of n-symmetric chain complexes (C, ¢) in A.
L,(A)| the cobordism group of n-quadratic chain complexes (C, ¢) in A.

NL™(A)| the cobordism group of n-normal chain complexes (C, (¢, 7, x)) in A.
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12 Exact sequence of homology L-groups

ﬂ A= (ACP,(T,e) ‘ an algebraic bordism category, usually denoted by A or (A, C,P), con-

sists of full additive subcategories P C C C B(A) where P is closed under weak equivalences
and mapping cones, i.e.

- ¢(f:C — D) € P for any chain map finP,
and additionally any C' € C satisfies

- €@1d:C = C)eP,

- €(e(C): T?(C) = C) € P.

additive category
the category of bounded chain complexes in A.

chain duality on A where T': A°? — B(A) is a functor and e: 72 — 1 a natural

transformation with e4: T2 A =, Aand ercayoT(ea) = 1. for A c A.

an n-dimensional structured chain complex in A = (A, C,P), i.e. a chain com-

plex C € C with an n-dimensional IP-Poincaré structure \.

placeholder for a symmetric ¢ resp. a quadratic ¥ or a normal structure (¢, v, x).

P-Poincaré

stands for g in the symmetric and normal case and for
(1 +1t)(¢p0) in the quadratic case.

is what a structured complex (C, \) is called if 9C := S71€(\g) € P.

of n-dimensional structured chain complexes in A:

(C,N) ~ (C",N) == there is an (n 4 1)-dimensional structured pair
(CoC"— D,5AXd—N)in A.

f:(C—= D,6\A)in A ‘ astructured pair with C, D € B, Ais P-Poincaré and € (d Ao, Ao f*) €
P.

Mosaicked algebraic bordism categories

‘ ANZ)=(A(Z),B(Z),C(Z)) ‘ denotes the algebraic bordism category with

the additive category of finitely generated free left Z-modules.

the category of bounded chain complexes in A(Z).

the category of contractible chain complexes in A(Z).

A{q) for A = (A, C,P) and ¢ € Z the g-connective algebraic bordism category (A, C(q),P(q))

32



12 Exact sequence of homology L-groups

C(q)| thesubcategory of chain complexes of C that are homotopy equivalent to g-connected

chain complexes.

A(1/2)| denotes for A = (A, C,P) the algebraic bordism category (A, C(0),P(1)).

ALX | for A= (A C,P)denotes (A, X,C X, P X, (T, e.)), the X-mosaicked algebraic bor-
dism category of A = (A, C,P) with local Poincaré duality.

AgX | for A =(A,C,P)denotes (A.X,CrX,PcX, (T\, es)), the X-mosaicked algebraic bor-
dism category of A = (A, C,P) with global Poincaré duality.

]

AnNX | forA=(A,C,P)denotes (A, X,CX,CrX, (T, e.)), the X-mosaicked algebraic bor-
dism category of A = (A, C,P) with no Poincaré duality.

additive category of X-based objects in A, i.e.

Obj, x = { Z M, | M, € A, M, = 0 except for finitely many 0’},

ogeX
Mors, x (Y Mz, Y N7) = { > fro | (fro: Mo — N;) € MorA(Mo,NT)},
ceX T€X TZO}(
o,TE

where X is a simplicial complex.

ﬂ CrX:= {C chain complexin A, X | C(s) € Cforallo € X} ‘ for a category C of chain com-

plexes in A.

ﬂ CgX:= {C chain complexin A, X | A(C) € C} ‘ for a category C of chain complexes in A.

H A:AX — A(Zr) ‘ the assembly map defined by > M, — @ Mys)

ceX FexX

where p: X — X is the universal covering.

defined for a chain duality 7: A — B(A) as the mosaicked chain duality A, X —
B(A.X) with (T.(3 e x Mo))r (1) = (T( D, <z M7))r—ir)-
short for A(Z). X, the additive category of X-based free Z-modules with ‘non-decreasing’

morphisms 2. fro: > Mo — > N-
where ( fm,:T%/Z7 — N’ﬁ%re Z-mb8lile morphism.

short for B(Z), X = B(Z.X), the X-based bounded chain complexes of free Z-modules.

short for B(Z) X = {C € B(Z) | C(0) ~ * forall c € X}, the locally contractible chain

complexes of B.

short for B(Z)cX = {C € B(Z) | A(C) =~ x}, the globally contractible objects of B(Z).
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L-spectra

’ L*(A),Le(A),NL*(A) ‘ (2-spectra of pointed Kan A-sets defined for an algebraic bordism
category A by

L*(A) = {L”(A) In e Z,L"(A)® = {n-dim. (C, ) in ALM}} ,
Lo(A) = {Ln(A) |n € Z,Lo(A)®) = {n-dim. (C, %) in ALM}} :
NL*(A) = {NL"(A) | n € Z,NL"(A)*®) = {n-dim. (C, (¢, 7, x)) in ALAFT"} 1.
face maps are induced by face inclusions 9;: A¥~* — A*, base point is the 0-chain complex.

a simplicial set without degeneracies, i.e. a functor A — Sets, where A is the

category of finite sets {0, ...,n}, n > 0 and order-preserving injections and Sets the category
of sets and functions.
Kan

is what a A-set X is called if every map A} — X extends to a map A™ — X; this
property is necessary to do homotopy theory on A-sets .

A= A" —

((A™)™ U 9;A™) |  the subcomplex of A™ obtained by removing the interior
of A™ and a single face of A”.

K® | the set of k-simplices of a simplicial complex K.

the standard n-simplex with ordered simplices 0 <1 < ... <n

*1 ALX | for A = (A,C,P) denotes (A*X,CEX,PLX, (T*,e*)), the X-mosaicked algebraic
bordism category of A = (A, C,P) with local Poincaré duality.

short for A(Z)* X, the additive category of X-based free Z-modules with non-
increasing’ morphisms 2. fro: >, Mz = > Nz
where (f,.,: My — N, Jafe Z-m&diile morphidm.

additive category of X-based objects in A, i.e.

Obj,.y = { Z M, | M, € A, M, = 0 except for finitely many 0'},
oeX
Mory-x (Y Mz, Y Nz)

{ > frol (fro:My — Ny € MorA(MU,NT)},
ceX TEX

<o
o,1eX
where X is a simplicial complex.

complexes in A.

ﬂ CLX:= {C chain complex in A*X | C(0) € Cforallo € X} ‘ for a category C of chain




13 The visible mosaicked signature

defined for a chain duality 7': A — B(A) as the mosaicked chain duality A*X —
B(A™X) with (T (3, e x Mo))r(7) = (T(D 57 M7)) |-

L*(0)| short for L*(A(Z)(0))
Lo.(1) | short for Le(A(Z)(1))

NL*(1/2) | short for NL*(A(Z)(1/2))

13 The visible mosaicked signature
Porter

In this section we gather the necessary results to construct the visible signature that produces the
total surgery obstruction.

The visible mosaicked signature sgn¥* (X) is a refined version of the normal mosaicked sig-
nature sgnY** (X) for the case that X is a Poincaré space rather than just a normal space. So
we get something which is globally Poincaré, something in NL"(AgX) = VL™(X) instead of
NL™(AnX). The mosaicked visible L-groups VL"(X) are related to the visible L-groups of a
group ring as defined in [Wei92]. See [Ran92, Remark 9.8] for more details. We will use the
following four equivalent descriptions of sgn¥™" to get from the original definition to the one
we will actually use to explicitly construct signatures, but be aware that there is a lot of material
involved to get from (i) to (iv).

Let X be an n-dimensional simplicial Poincaré space with Spivak normal fibration vy : X —

BSG.

(i) Structured chain complex description
In order to get an element to play with in the braid of exact sequences we want our signature

sen¥° (X) € NL"(An X)

to be anormal chain complex mosaicked over X representing a cobordism classin NL™(Ay X)
which means no Poincaré duality chain equivalence is required.

(ii) Homological description
The isomorphisms from 1232 allow us to consider signatures as elements in generalized
homology groups with coefficients in L-spectra, i.e.

sgn¥* (X)) € H,(X;NL®).

(iii) Cohomological NL-cycle description
In order to work with a specific element and be able to make identifications we use a
cohomological description. Using S-duality we obtain such a cohomological description
of sgn¥*. More precisely, for m large enough such that X embeds into 9A™+!, we can
represent sgnY"" by an assignment

XNV = {0 — sgn¥E° (o) e NLU7 17D | 5 e X}
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that has to satisfy certain boundary relations and is called an NL*-cycle. We see the equiv-
alence to the homological description as follows: A clever construction of an S-dual of X

with the homotopy type of Th(r) makes obvious that an NL®-cycle is an equivalent descrip-
tion of a map sgufyy,y € H™ "(Th(v); NL*). Then S-duality gives sgn¥"" = S(sgnrjl,)) €
H,(X;NL*).

(iv) Geometrical constructive description

In order to actually construct our signature out of the geometric input of a simplicial
Poincaré space X we assign to each simplex a normal space with respect to the simplicial
structure of X. This means we assign to each simplex in X a simplex in the spectrum of
geometric normal n-ads considered as a spectrum of pointed A-sets:
QN
X% = {0 (X(0), v(0), pl0)) € (2

n—m

ym=loD) | 5 ¢ X} ,

The relative normal construction yields a map sgnN*": Q) — NL® and eventually we
define the normal signature to be

sgn¥- (X) = sgny™" ([X]?).

The visible L-group VL™(X) = NL"(A¢X) cannot be described as a homology group so we
cannot go through the steps above to get a visible signature sgn’’. Instead we have to check that
the construction of sgn¥* produces an element in VL™ (X) if X is Poincaré. In fact, we define
sgnY¥L" only for the case that X is Poincaré. For a more general treatment, where X is allowed to
be a normal space see [Ran11, Errata for page 103]. All the material used in this section is based
on the last chapters of part one of [Ran92].

13 The visible mosaicked signature [Ran92, Example 9.13]
For an n-dimensional finite simplicial Poincaré complex X there is a visible signature

as a refinement of a normal signature

sgn'(X) € NL"(AgX) = VL™(X)

sgn¥L° (X) € NL™(An X).
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131 (15) E.-cycles [Ran92, Prop. 12.8]
Let X be a finite simplicial complex and m € N large enough such that there is an embedding of X into 9A™+ 1. Then an
n-dimensional E-cycle [K|E of X in OA™ 1 defines an element in Hy, (X; E).

132 (15) Normal cycles [KMM13, Construction 11.1, 11.2 and 11.3]
Let X be a finite simplicial Poincaré space of dimension n embedded into DA™ for an m > n large enough. There is an
n-dimensional Q n-cycle, i.e. a collection of assignments

(X1 = {0 a(0) = (X(0),1(0), p(0)) € (R, "1V |

o€ X, 0;z(c) =x(6;0) forallo,6,0 € X,0<i<m— |o'|} .

123 (13) L-spectra and homology [LM09, Remark 16.2][Ran92, Proposition 15.9]

H,(X;NL®) & NL™(A(1/2) y X)

141 (13, 15) Signature spectra maps [Ran79]

There is a map of spectra sgnY=" : Q) — NL®.




13 The visible mosaicked signature

Proof 13

We start with developing the definition of the normal mosaicked signature sgn¥" . Let X be
a finite simplicial Poincaré space of dimension n embedded into JA™*! for an m > n large
enough. By 132, there is an n-dimensional £ y-cycle, i.e. a collection of assignments

(X% = {0 2(0) = (X(0), v(0), p(0)) € (@N_,,) "1 ‘

o€ X, 0z(c) =x(d;0) forallo,6;0 € X,0<i<m— |O’|}.

As proven in 131 this is via S-duality essentially the same as a representative of a homology class
in H,,(X; Q). Applying the normal signature map sgnd =" : Q) — NL® produces an NL*-cycle
[X]NL* € H,(X;NL®). Finally, we use the isomorphism H,, (X;NL®) = NL"(AyX) we have
already encountered in 12 and which is proved in 123 to obtain our normal mosaicked chain

complex sgn ¥
The assembly of sgn¥L" is given by A(sgnYE' (X)) = sgnd&*(X) = (C(X), (0, 7,x)) €
NL™(Zm). But X was Poincaré and hence ¢ = con% ([X]) is a chain equivalence. So, actu-
ally, we have a well-defined element

sgn'd (X) == sgn¥¥ (X) € VL™(X) = NL" (A X)

if X is Poincaré. O

Room service 13

For the definition of algebraic bordism categories, L-groups and L-spectra see the room service

of 12 on page 31.

(Y,v,p)| ann-dimensional normal space consisting of a topological space Y together with an
oriented k-dimensional spherical fibration v: Y — BSG(k) and a map p: S"™* — Th(v).

‘ [K|®e H,(K;E) ‘ an n-dimensional E-cycle of a simplicial complex K C §A™*! defined by
a collection {[K]E(o—) ceE™ D |5 e K} such that 8;[K]E(0) = [K|E(8;0) if 6,0 € K and 0

otherwise.

short for NL®(A(Z)(1/2)).

of pointed Kan A-sets .

ANZ)=(A(Z),B(Z),C(Z)) ‘ denotes the algebraic bordism category with

— A(Z) the category of finitely generated free left Z-modules,
IB%(Z) the bounded chain complexes in A(Z),
C(Z) the contractible chain complexes of B(Z).

‘A:A*X — A(Zw)‘ the assembly map definedby > M, — @ M)
oeX Fex

where p: X — X is the universal covering.
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NL*(A)= {NL"(A) | n € Z,NL"(A)®) = {n-dim. (C, (¢,7,)) in ALAF+"}} ‘ an Q-spectrum



14 Canonical L-orientations

Q)| the Q-spectrum of Kan A-sets defined by
(Q@NY®) = (X ax,v,p) | (n+ k) — dimensional normal space (k + 2)-ad, i.e.
Xar = (X,00X,...,0,X)st. X N...NKX =10,
v: X — BSG(r) an (r — 1)-spherical fibration,
p: AR Th(v) s.t. p(9;, A" ) € Th(v|s,x) }
The face maps 9;: (2Y)*®) — (QY)*~Dare given by
0i(X) =(0X, 0,XNX,...,00XN0_1X, ;X NOnX,...,0,X NKkX).

‘ sgnNL*: QN — NL*| the normal signature map; based on the normal signature sgn}:".

14 Canonical L-orientations
Porter

In this room we construct the L-orientations which will be related to the corresponding L-
signatures in the next room.

We obtain these orientations with respect to the L-spectra L* and NL* from orientations with
respect to the Thom spectra MISG and MSTOP. Since any spherical fibration o and topological
bundle 3 is a pullback of the universal one, we obtain canonical orientations u“(«): Th(a) —

MSG (k),u”(8): Th(8) - MSTOP (k) and u“/* (8, h): Th(vx) — MS(G/TOP)(k).
Composed with the Pontrjagin-Thom equivalences and the signature maps these Thom spectra
orientations yield the desired L-spectra orientations. The Pontrjagin-Thom equivalence 25797 ~
MSTOP is obtained from topological transversality of Kirby-Siebenmann [KS77] and Freedman-
Quinn [FQ90]. The normal transversality used for the equivalence QY ~ MSG is defined
explicitly in [Ran11] by (Y, v, p) — u%(v) o p. The inverse is given by mapping p to (BSG,vsq, p).

14 Canonical L-orientations [Ran79, p. 284-289][Ran92, 16.1(ii)][KMM13, Prop. 13.3 and
13.4]

(i) For a k-dimensional Z-oriented spherical fibration o.: X — BSG(k) there is a canonical NL®-

orientation
unrs (@) € H*(Th(a); NL®).

(ii) For a k-dimensional Z-oriented topological bundle 5: X — BSTOP(k) there is a canonical

Le®-orientation
ur«(8) € H*(Th(8); L*).

(iii) For a k-dimensional Z-oriented topological bundle §: X — BSTOP(k) together with a homo-
topy h: J(f) ~ vx there is a canonical NL /L-orientation

uNYY (B h) € H*(Th(vx); NL/L®).

They are related via J(u™" (8)) = uN¥* (J(B)) and uNV/L* (8, h) = (uNV* (h), ul" (B) — u" (vx)).
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14 Canonical L-orientations

141 (13, 15) Signature spectra maps [Ran79]
The relative symmetric and relative normal construction induce maps of spectra

sgn%‘; QSTOP 1 sgngL. QY - NL°,
sgngL/L :n—1QlSTOP NL/L®, and

sgn?z‘ ol STOP Lo (1).

| [142 — [KS77, Essay IIII[FQ90, chapter 9][Ran92, Errata]] Transversality
There is topological and normal transversality which induce homotopy equivalences

Z:Q5TOP ~ MSTOP, c¢:QY ~MSG and ¢/ ') STOP ~ Ms(G/TOP).

Proof 14

First, we need orientations with respect to the Thom spectra MSG, MSTOP and MS(G/TOP).
Any spherical fibration a: X — BSG(k) is a pullback of the universal fibration vs¢ via the clas-
sifying map a. The induced map on the Thom spaces Th(«) — Th(yse) = MSG(k) defines a
canonical MSG-orientation u“(a) € H*(Th(a); MSG). Likewise, we get a canonical MSTOP-
orientation u” (3) € H*(Th(3); MSTOP) for a topological bundle 3: X — BSTOP. The homo-
topy h gives us a spherical fibration over X x I with the canonical orientation u“ (h) which we
view as a homotopy between the orientation J(u”(3)) and J(u” (vx)). We obtain a MS(G/TOP)-
orientation u®/T (3, h) == (u®(h),u” (8) —u” (vx)) € H*(Th(vx); MS(G/TOP)). The homotopy
inverses of the transversality homotopy equivalences c: QY = MSG, ¢: Q577 =, MSTOP
and ¢/¢: 2 1Q0STOP 5 MS(G/TOP) of 142 composed with the signature maps sgnk’, sgnN**
and sgnh /" give the canonical orientations ™" 4~* and «™N%/X*_ In the symmetric case there
is an explicit construction of ¢ and we have

- uT (B)o— . e sgnf _
u™" : Sing(Th(B)) ——— Sing(MSTOP (k)) —— Q5T0F =2 1~k
p: AF — Th(B) ———— uT(B) o pt Mkt (Car,par)

where Max = (M,9oM,...,0, M) is a manifold k-ad obtained by making p := u” () o p trans-
verse to BSTOP (k) € MSTOP (k) and by taking preimages, i.e. set M := p—!(BSTOP(k)) and
0;M = (pla,an) "1 (BSTOP(k)). Use the symmetric construction in the shape of the symmetric
signature map from 141 to obtain the symmetric algebraic chain complex (Car, par) in Z* X A™.

In the other cases we have to be content with the existence of inverses ¢! and ¢/¢~! but this
will be enough for our purposes. The u®* and «N** orientation fit into the following commutative
diagram.

W Sing(Th(8)) “— %5 Sing(MSTOP (k) —-—s QSTOP 29, p -k

R

sgng

uNE*: Sing(Th(J(8))) ——— Sing(MSG (k)) —= Qv NL "
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14 Canonical L-orientations

Room service 14

vx:X — BSG| the Spivak normal fibration of X, i.e. an oriented (k¥ — 1)-spherical fibration

of an n-dimensional Poincaré space X for which a class a € m,44(Th(vx)) (k > n + 1) exists
such that (o) Nu = [X]. Here u € H*(Th(vx)) is the Thom class and h: 7. (-) — H.(-) is the
Hurewicz map.

BSG | the classifying space of stable Z-oriented spherical fibrations.

BSTOP | the classifying space of stable Z-oriented topological bundles.

MSTOP | the Thom spectrum of the universal stable Z-oriented topological bundles over the

classifying space BSTOP with the k-th space the Thom space MSTOP (k) = Th(ysrop(k)) of
the universal k-dimensional bundle vsrop (k) over BSTOP.

the Thom spectrum of the universal stable Z-oriented spherical fibrations over BSG

with the k-th space the Thom space MSG(k) = Th(vsg(k)) of the universal k-dimensional
spherical fibration vy (k) over BSG(k).

MS(G/TOP) | the fiber of J: MSTOP — MSG.

Q)| the Q-spectrum of Kan A-sets defined by
(QNY®) = (X ax,v,p) | (n+ k) — dimensional normal space (k + 2)-ad, i.e.
Xar = (X,00X,...,0,X)st. X N...NOKX =10,
v: X — BSG(r) an (r — 1)-spherical fibration,
p: AR Th(v) st p(9;A™ 7)) € Th(v|s,x) }
The face maps 9;: (2Y)*) — (QY)*~Dare given by
8:(X) = (X, X N X, ..., X N0 X, B X N1 X,...,0:X NIpX).
QJTOF | the Q-spectrum of Kan A-sets defined by
(QSTOPY®) — (M, 0yM,...,8:M) | (n + k) — dimensional manifold
(k + 2)-ad such that oM N ... N M = (}.
The face maps 9;: (Q57OF)*) — (QITOP)(k=1) are given by
0:(M) = (9: M, 9;M MM, ..., 0;M 09—y M, O:;M N dip1 M, ..., 0:M N 9 M).

51-1(N.STOP
L]

the Q2-spectrum of A-sets obtained as the fiber of canonical the map of spectra

QTP - al.

an E-orientation of a Z-oriented spherical fibration v: X — BSG(k) is an element

uB(v) € H*(Th(v); E) such that u® (v) restricts to a generator of H*(Th(v,,); E) for each fiber v,
of v.

40



14 Canonical L-orientations

‘ u®(B)e H*(Th(B); MSG) ‘ the canonical MSG-orientation of 3 which is a map on the Thom

spaces Th(3) — Th(ys¢) induced by the classifying map of a k-dimensional Z-oriented spherical
fibration 5: X — BSG(k).

u (a)e H*(Th(a); MSTOP) ‘ the canonical MSTOP-orientation of o which is a map on the

Thom spaces Th(a) — Th(ysrop) induced by the classifying map of a k-dimensional Z-oriented
topological bundle a: X — BSG(k).

’ uG/T(v,h)e H*(Th(vx); MS(G/TOP)) ‘ the preferred lift of u” (v) for a bundle reduction v

of the Spivak normal fibration vx, determined by the homotopy h:Th(vx) x [0,1] — MSG
between J(v) and J(vx).

short for L* (A(Z)(0)).

NL*| short for NL*(A(Z)(1/2)).

| NL/L":= Fiber(J: L* — NL*). |

ﬂ L*(A),NL*(A) ‘ 2-spectra of pointed Kan A-sets defined for an algebraic bordism category

A by
L*(A) = {L"(A) | n € Z,L"(A)® = n-dim. symmetric complexes in ALA*},

NL*(A) = {NL"(A) | n € Z,NL"(A)*®) = n-dim. normal complexes in ALAk+”}
face maps are induced by face inclusions 0; + A*=1 — A* the base point is the 0-chain

complex.

ALX | for A = (A,C,P)denotes (A*X,CEX,PLX, (T*, e*)), the X-mosaicked algebraic
bordism category of A = (A, C,P) with local Poincaré duality.

short for A(Z)* X, the additive category of X-based free Z-modules with ‘non-

increasing’ morphisms > fro: >, Mz — > Nz
where (f;,: M, — N Jafe Z-mdatile morpﬁ)s{m

ﬂ CEX:= {C chain complex in A*X | C(c) € C forallo € X} ‘ for a category C of chain

complexes in A.

ﬂ ANZ) = (A(Z),B(Z),C(Z)) ‘ denotes the algebraic bordism category with

(A
— A(Z) the category of finitely generated free left Z-modules,
— B(Z) the bounded chain complexes in A(Z),
— C(Z) the contractible chain complexes of B(Z).
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15 Orientations and signatures

H A=(ACP (T, e)) ‘ an algebraic bordism category, usually denoted by A or (A, C,P),
consists of full additive subcategories P C C C B(A) where P is closed under weak
equivalences and mapping cones, i.e.

- ¢(f:C — D) € P for any chain map finP,
and additionally any C' € C satisfies

- %@1d:C = C)eP,

- 6 (e(C): T?(C) = C) € P.

A{g)| for A =(A,C,P)and g € Z the g-connective algebraic bordism category (A, C(q), P(q))

C(g)| the subcategory of chain complexes of C that are homotopy equivalent to ¢-

connected chain complexes.

A(1/2) | denotes for A = (A, C,P) the algebraic bordism category (A, C(0),[P(1)).

singular simplicial complex

15 Orientations and signatures
Porter

In this room we identify the L-spectra orientations with the corresponding signatures. For a given
Poincaré space X the orientations u"’ (vx) € H*(Th(a); L*) and uN¥" (vx) € H*(Th(B); NL*)
are defined combining the Thom spectra orientations u“ and u” with transversality and the
signature maps sgn) =" and sgnk’. The signatures sgn¥*" (X) € H,(X;NL®) and sgn¥’ (X) €
H,(X;L*(0)) are defined by applying the same signature maps sgny*" and sgn§’ to Q.- and
QSTOP_cycles [X]2 and [X]2" 7", But these cycles actually define elements in the cohomology
groups of an S-dual of X, more precisely simplicial maps ™ /X — QY, resp. ™ /X — Q5T0F,
We used S-duality to consider these maps as elements in the homology groups of X. So at the
end we only have to prove that transversality mediates between Thom orientations u“, T and
bordism cycles [X]? and [X]2"°".

There are no new substatements in this room. It is more or less only a matter of putting all the
definitions and the statements used for these definitions together.

15 (16) Orientations and signatures [Ran92, Proposition 16.1]

(i) Let X be an n-dimensional Poincaré space with Spivak normal fibration vx : X — BSG. Then
we have S(unr(vx)) = sgn¥¥ (X) € H, (X;NL®).

(ii) Let U be a topological bundle reduction of the Spivak normal fibration vx : X — BSG of X and
f: M — X its associated degree one normal map. Then we have S(uy,(vx)) = sgn% (X) €
Hp(X;L5(0).

(iii) Let f: M — M’ bea degree one normal map of n-dimensional simply-connected topo-
logical manifolds with M' triangulated, corresponding to a pair (8,h) with §: M’ —
BSTOP and h: J(8) ~ vyy. Then we have S(uNV/V*(B,h)) = sgnlz\vljrf/v (f) e

Hy(M’; NL(1/2)/L{0)*®).
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15 Orientations and signatures

I | 131 (15) Ee-cycles [Ran92, Prop. 12.8]
Let X be a finite simplicial complex and m € N large enough such that there is an embedding of X into OA™+1. Then an
n-dimensional E-cycle [K]|E of X in OA™ 1 defines an element in H, (X; E).

L]

1311 (132, 15) Simplicial dual complex [Ran92, §12]
There is an isomorphism of simplicial complexes ®: (OA™+1)/ =5 (5™ such that for each o* € X™ we have

B(D(o, 0A™ L)) = .

[ | 132 (15) Normal cycles [KMM13, Construction 11.1, 11.2 and 11.3]
Let X be a finite simplicial Poincaré space of dimension n embedded into DA™ for an m > n large enough. There is an
n-dimensional €2 n-cycle, i.e. a collection of assignments

X2 = {o = 2(0) = (X(0), 1(0), p(0)) € (W) ™1 |

o € X, 0iz(0) = 2(8;0) forall o,8;0 € X,0< i< m— \a|} .

[ | 2221 (15) (normal, manifold)-cycles [KMM13, Construction 11.9]

Let f: M — M’ bea degree one map of n-dimensional topological manifolds such that M’ is triangulated. Then there is a
—1N,STOP_

10, cycle

A= 1 QI.\I,STOP

(/]

7191.\1,STOP

€ Hn(M/; 271Q05TOP)

such that sgn%® (X) = sgng® ([f]” ) € Hyp(X;Le(1)).

141 (13, 15) Signature spectra maps [Ran79]

The relative symmetric and relative normal construction induce maps of spectra
sgna. QITOF 1,20y, sgngl‘. ) - NL*,
senh /L0 5-1QNSTOP L NIL(1/2)/L(0)®,  and

sgna' 2 Zflﬂlj’STOP — Le(1).

Proof 15

For simplicity we assume that we have a simplicial structure on X itself rather than using a
homotopy equivalence r: X — K and preimages of dual cells.

Let m > 0 be large enough such that we have an embedding X C JA™*!. Recall that for a
Poincaré space the Thom space is an S-dual. Hence the S-dual X* := ¥™ /X as constructed in 1312
gives a simplicial description of the Thom space Th(vx ). The equivalence X /X =~ Sing(Th(vx))
is given by o* — (p(0): A" — |0*|/|X| ~ D(vx(0)) Ux ~ Th(vx(c))) for * € ™. See 132 for
more details.

The definition of the signatures sgn ¥~ and sgn%” via the cycles [X]? and [X]%" 7" implicitly
used S-duality. In fact, for Q, = 7, 21Q0STOP these cycles define simplicial maps

[X*]Pe = STHIX]P) € HM (S, X3 Q)

given by o* — [X]2 (o).

Let 0* € ¥ be an r-dimensional simplex. The diagram below proves part (i). The diagram
commutes because the homotopy equivalence ¢ between Q) and MSG is based on the same
classifying map for vx which defines the u“-orientation. The only difference is that fora o* € ™
the orientation uses the classifying map for vx while c restricts the classifying map to vx (.. But
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15 Orientations and signatures

p(o) lives over X (o) anyway.

X Ll Qv wf L NL(1/2)
{ ot . J S (X@)wx(@)0)
Sing Th(vx) —oux) Sing MSG(n —m)
o) | »u (1 )op() = u (ux (#))op(0)
qsTor

€ H™ (2™ X;Q5TOF). But this
time a map p(0): A" — Th(vx) is not explicitly part of the data. The simplicial map [X MR
defined by o* +— M (c) ar where M (o) - is the (m — n)-dimensional manifold r-ad obtained as
preimage of D(o, X) C Th(7x) under the projection pr: ¥™ — ¥™ /X after making pr transverse
to the dual cells of X.

Let pr, be the restriction of pr to M(c)ar. It is covered by a map of stable (micro) bundles

UM(o)ar — Vx- The following diagram proves the statement.

In the second case we have a simplicial map [X*]

QSTOP < NL®
X+ [X"] QTSL’Z%P gha Ln—m<0>

—ou®(w
Sing Th(7x ) —— ") Sing MSTOP (n — m)
In order to see that it commutes we have a look at a single simplex in the diagram below. Recall
1311—p.73  that under the isomorphism ® of 1311 the dual cell D(co, X) is mapped to |c*|. The MSTOP-
orientations are given by the classifying maps and 7,;(,),. was obtained as a pullback of u” (7x )
along pr,. Hence we have pr, o u” (Ux) = u” (Ta1(5) 00 )-

o M(0)ar

I UT(VM(G)Ar

(A" —— [M(0)al|
lprs )
* r * u Wrx
(A" = |o*[) (A o]

f\/ISTOP(n —m))

MSTOP(n —m))

When we consider the fibers £~ 103577 and NL(1/2)/L(0)* and the corresponding orienta-
tions and signatures, the first two cases yield the commutative diagram
N,STOP NL/L®

(= e sgng,

X+ y—-1N.STOP

n—m

~J C/ElN
—ou®/T(vx)

Sing Th(vx) ——— = Sing MS(G/TOP)(n — m)

NL(1/2)/L{0)"~™

which proves case (iii). O

Room service 15

For the definitions of the involved spectra see the room service of the preceding section.
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15 Orientations and signatures

Cycles

manifold k-ad consisting of a manifold M and submanifolds dyM, . .., 05 M such that
M N...NoM = 0.

‘ [K|®e H,(K;E) ‘ an n-dimensional E-cycle of a simplicial complex K C dA™*+! defined by
a collection {[K]E(a) cEMID | 5 e K} such that 9;[K|E (o) = [K]¥(4,0) if 6,0 € K and ()

otherwise.

:x‘ [X]"7" e H,(X; QSTOP) ‘ an n-dimensional 257" -cycle which assigns to each o €

X c OA™T! the (m — n)-dimensional manifold (m — |o| + 2)-ad M|o] = [X] (o) =
pr=Y(D(o, X)) € (Q3F9P)(m=lo]) ysing a simplicial Pontrjagin-Thom construction for pr: ©™ —

Y™ /®(X) ~ Sing(Th(vx)).

sTOP
Q.

= [X]2' € H,(X;QY)| ann-dimensional Q) -cycle which assigns to each o € X a (m — n)-

dimensional normal (m — |o| + 2)-ad (X|[o],v(0), p(c)) as constructed in 132.

T AZ T e 7, (X 21l STOP) | a Q) -cobordism class of 2579 -cycle for a degree

one normal map f:M — M’ which assigns an (m — |o])-ad (W(0), ¥5(,), p(f(0)), M(o) I
M (o)) to each o € M’ (see 2221).

~

fa= U,ex flo]: M[o] — X[o]| the decomposition of a degree one normal map FiM —

X into degree one normal maps f[a] = f| F-1(X[o) of (n — |o|)-dimensional manifold
(m — |o|)-ads.

Signatures

sgnNL° (X):= sgnNL* ([X]2) € H,,(X;NL*) = NL"(AxX)| the X-mosaicked normal signa-

ture defined here only for an n-dimensional Poincaré space X.

. L] STO . . .
sen’ (X):= sgn& ([X]?’T P) € H,(X;L*) =2 L"(ALX)| themosaicked symmetric signature

for a Poincaré space X with a degree one normal map FiM = X.

Sn-1QN.STOP
L]

seny M (F)= senp (1]

signature over X defined for a degree one normal map f+M — M’ between manifolds (see 2221).

) € H,(M';NL/L®*)| themosaicked normal/symmetric

Orientations

an E-orientation of a Z-oriented spherical fibration v: X — BSG(k) is an element

uB(v) € H*(Th(v); E) such that u®(v) restricts to a generator of H*(Th(v,); E) for each fiber
v, of v.
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15 Orientations and signatures

:>’ uNE* (B)e H*(Th(B); NL®) ‘ the canonical NL*-orientation for a k-dimensional Z-oriented

spherical fibration 3: X — BSG(k) given by the composition

u(B) el N senht k
Th(8) 25 MSG(k) < @V, 22 NL*(1/2).

u®(B)e H*(Th(B); MSG) ‘ the canonical MSG-orientation of 3 which is a map on

the Thom spaces Th(5) — Th(vysg) induced by the classifying map of a k-dimensional
Z-oriented spherical fibration 5: X — BSG(k).

é’ u (@))€ H*(Th(a); L*) ‘ the canonical L*-orientation for a k-dimensional Z-oriented topo-
logical bundle o: X — BSTOP(k) is given by the composition

u” (a)

¢ S, nL.
Th(a) “%) MSTOP(k) s QSTOP 5, 1k ().

uT ()€ H*(Th(a); MSTOP) ‘ the canonical MSTOP-orientation of o which is a map

on the Thom spaces Th(a) — Th(ys7op) induced by the classifying map of a k-dimensional
Z-oriented topological bundle a.: X — BSG(k).

=1 NV (0, h)= NV (), u (a) — u* (7x)) € H*(Th(a); NL(1/2)/L(0)*)
the canonical NL(1/2) /L(0)*-orientation given by the composition

wG’T (@)

sonNL/L
Th(a) ——2% MS(G/TOP)(k) — SN STOP 22, N1,(1/2)/L(0):
for a k-dimensional Z-oriented topological bundle a: X — BSTOP(k) together with a
homotopy h: J(a) ~ J(Tx)

uS/T (v, h)e H*(Th(vy); MS(G/TOP)) ‘ the preferred lift of u” () for a bundle reduc-

tion v of the Spivak normal fibration vx, determined by the homotopy %: Th(vx ) x [0,1] —
MSG between J(v) and J(vx).

’ X*=(¥m/®(X))"| asimplicial S-dual of X (see 1312).

the Thom spectrum of the universal stable Z-oriented spherical fibrations over BSG

with the k-th space the Thom space MSG (k) = Th(ysc(k)) of the universal k-dimensional
spherical fibration ysc (k) over BSG(k).

MSTOP | the Thom spectrum of the universal stable Z-oriented topological bundles over the

classifying space BSTOP with the k-th space the Thom space MSTOP (k) = Th(ysror(k)) of
the universal k-dimensional bundle ystop (k) over BSTOP.

BSG | the classifying space of stable Z-oriented spherical fibrations.

BSTOP | the classifying space of stable Z-oriented topological bundles.
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16 The homotopy pullback square

16 The homotopy pullback square
Porter

In this section we finally establish the link to the bundle reductions. We have to show that a
certain diagram is a homotopy pullback. This is done by proving that the induced map on the
fibers of the vertical maps induces an isomorphism on homotopy groups, namely the surgery
obstruction isomorphism as briefly mentioned in [Ran79, p.291].

16 The homotopy pullback square [Ran79, p.291][KMM13, Prop. 13.7 ]
The following diagram is a homotopy pullback square:

L

BSTOP —22_, BL*G

1 e

BSG —22___BNL°G

161 Fibration sequence of classifying spaces [Ran79, p.290[KMM13, Prop. 13.6]
There are the following homotopy fibration sequences of spaces:

Lo(1) ~ NL/L® — BL*G — BNL*G
and Lo(1) ~ NL/L° — L® — NL®,

15 (16) Orientations and signatures [Ran92, Proposition 16.1]
(i) Let X be an n-dimensional Poincaré space with Spivak normal fibration vx : X — BSG. Then we have
S(unr(vx)) = sga¥™" (X) € Hn(X;NL®).

(ii) Let U be a topological bundle reduction of the Spivak normal fibration vx : X — BSG of X and fiM — Xits
associated degree one normal map. Then we have S(ur,(vx)) = sgnI)‘(. (X) € Ho(X;L®).

(iii) Let f:M — M’ bea degree one normal map of n-dimensional simply-connected topological manifolds with
M’ triangulated, corresponding to a pair (8, h) with B: M' — BSTOP and h: J(B) ~ vys. Then we have

S@NL/E (8, ) = sgniy /™ (F) € Ha(M';NL/L?).

A29 (221, 23) Mosaicked quadratic signature [Ran92, Example 9.14]
Let f: M — X be a degree one normal map from a closed topological manifold to a Poincaré space both of dimension n. Let
r: X — K bea map to a simplicial complex K. There is a mosaicked quadratic signature

sgn%‘{‘ (f) € Ln(AgK)

with A(sgng‘(‘ (f) = sgné‘; . If X is a manifold, there is a refined version

sgni‘ (f) € Ln(ALK).

162 Mosaicked normal/symmetric signature
NL/L® 0

Let f: M — X bea degree one normal map and X triangulated. There is a normal/symmetric signature sgn'y,

such that %(sgngL/L' H) = sgn%}' 7).

163 Assembly isomorphims for simply-connected manifolds
Let M be a simply-connected n-dimensional manifold. Then the assembly map A: H,, (M, L) — Ly (Z) is an isomorphism.

Corollary
| 164 (22) Quadratic signature isomorphism
The quadratic signature defines an isomorphism sgné‘/ToP :[X; G/TOP] = HO (X;Ls).
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22-5p.51

16 The homotopy pullback square

Proof 16

There will be no change of the connectivity conditions made on the involved spectra so we omit
them in the notation. The symmetric spectrum is always 0-connected, the normal spectrum
1/2-connected and the quadratic spectrum is supposed to be 1-connected.

In the commutative diagram that we want to prove to be a homotopy pullback, we have, on
the left hand side, the fiber G/TOP and on the right hand side 161 identifies the fiber as Lo(1).

We show that the induced map ®: G/TOP — Lg(1) induces isomorphisms ®,,: [S™, G/TOP] =N
[S™, Lo(1)] on the homotopy groups for all n > 0 and hence is a homotopy equivalence.

As a first step, we point out that the surgery obstruction map realizes an isomorphism between
these two groups. Then it remains to show that the induced map @, is actually the same map.

An element in [S™, G/TOP] is given by a topological bundle a:: S™ — BSTOP together with a
null-homotopy h:S™ x I — BSG of J(«). It is equivalently given by a degree one normal map
fiM — sm using the well-known isomorphism .4 (S™) = [S™, G/TOP]. It is also known that
the surgery obstruction map 6 = sgn;* : A (S™) — L,(Z) is an isomorphism for n > 1. On the
other side we have the chain of isomorphisms

[S™, Lo(1)] & H(S™ La) = H¥(Th(J(a)); Le) = H,(S™ Ls) 25 L, (Z).

The maps T and S are the Thom and S-duality isomorphisms. That the assembly map A is an
isomorphism follows from the proof of 22 for the special case that X is the manifold S™. We can
choose fj to be the identiy so that the commutative diagram, that we use there simplifies to

N (X)

gxl s

4
H,(X;Ls) —— L,(Z)

We prove in 22 that sgny* is an isomorphism. In this simply-connected case sgnl* isomorphism
as well because of 1631 and therefore A is an isomorphism.

Remark. There is the subtlety that we use in 22 the homotopy equivalence between G/TOP
and L (1) which might look like a circular argument. But we do not have to use the map ®
induced by the homotopy pullback with which we deal here. Instead we use the homotopy
equivalence Sing G/TOP ~ L(1) explicitly given as follows: A k-simplex A* — G/TOP can
also be described as a map f: M — A* and we assign to it the quadratic chain complex sgnk; (f)-
This induces on homotopy groups the surgery obstruction isomorphism 7, (G/TOP) — L, (Z)
of 1631.

In the proof of 22 we identify the assembly with the surgery obstruction map because of 1221.
A simplex Hence we can take for f; the identity.

It remains to show that this composition commutes with ®, more precisely that Ao .SoT o
i0o®(a,h) = sgné;r(f) but we will work in the actual fiber NL/L*® of L* — NL*® and use the
identification of the fiber with the quadratic spectrum L, at the very end. The situation is
summarized in the following diagram.
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16 The homotopy pullback square

[S",G/TOP] —2— [$", NL/LY]

= l{SoToz
N (S™) H,(5";NL/L*)
0(f)=s n?' e 2
(F)=senz™( )l algebraic lin
Ly, (Z surgery L(J)

We need to have a closer look at how the element ®(a, h) € [S™; NL/L"] is obtained from
(a, h) € [S™; G/TOP]. The map sgnls (a):S™ — BL*G is given by the pair (J(a),u™" (a)) and
similarly the map sgn¥™* (h): S x I — BNL®G is given by the pair (h, uNY (h)). By the fibration
sequence L® — BL*G — BSG we obtain from « a map a®:S" — L% because of the null-
homotopy &: J(a) ~ pt in BSG. Similarly, with the fibration sequence NL® — BNL*G — BSG
we obtain from h a map h®: S" @ I — NL® which is a null-homotopy of J(a®). Together, they
yield a map (a®,h®): 5™ — NL/ L’ using the second fibration sequence from 161.

Now we extend the diagram from above. Because L* and NL® are ring spectra, the orientations
uNE* (v ) and " (7x ) induce Thom isomorphisms. The fiber NL/L* is not a ring spectrum but
a module spectrum over L*. Hence uN** and u"" also induce a compatible Thom isomorphism
in NL/L®. Together with S-duality and assembly maps we obtain

(S, NL/L]
HO(S";NL/L*) ——— H%(S";L*) —— H(S"; NL*)
Uy NL/L® | Uutt | UuNL® |
H*(Th(a); NL/L®*) —— H*(Th(a); L*) —— H*(Th(a); NL*)
S| S| = S|
H,(S";NL/L*) —— H,(S"; L*) —— H,,(S";NL*)

A= A= Al

L(J)* = L, (Z) ——— L"(Z) NL™(Z)
where all homomorphisms are induced by maps of spaces.

We want to identify the element we obtain from («, ) in L, (Z). Via the Thom isomorphism
we obtain the orientation uNY/1" (a, h) in H*(Th(a); NL®). Applying S-duality yields by 15 (iii)
the normal/symmetric signature sgnl;g‘ /L (f) of the corresponding degree one normal map 7.
By 162 this is, via algebraic surgery, the same as the mosaicked quadratic signature sgns 2
which has the property that assembly leads to sgn}* (f). Hence the effect of algebraic surgery on
the (normal, symmetric Poincaré) pair A(sgnl;g‘ /L (f)) in L(J)" is sgny® (J?) More explicitly, «
leads to the element sgnk” (S™) in NL"(Z) and the relative term obtained from («, h) is given by
(sgndlL" (M(f)),sgnk. (M) — sgnk: (S™)). The identification with sgn* (f) is carried out in 1621.

O
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16 The homotopy pullback square

Room service 16

short for L*(0),L4(1), and NL*(1/2) respectively.

L*(q), Ls(q), NL*(q) ‘ short for L*(A(Z)(q)), Le (A(Z){q)), NL*(A(Z)(q)).

ﬂ AZ) = (A(Z), (Z),(C(Z))‘ denotes the algebraic bordism category with

— A(Z) the category of finitely generated free left Z-modules,
— B(Z) the bounded chain complexes in A(Z),
— C(Z) the contractible chain complexes of B(Z).

C(q)| the subcategory of chain complexes of C that are homotopy equivalent to

g-connected chain complexes.

A(1/2)| denotes for A = (A, C,P) the algebraic bordism category (A, C(0), P(1)).

| NL/L":= Fiber(J: L* — NL*).|

H J:L"(R) — NL"(R) ‘ roughly induced by j: W*C — W%C; see (111) for more details of
how a normal structure (¢, v, x) is obtained from a symmetric Poincaré chain complex (C, ¢).

L(J)™| the relative L-group of J: L"(R) — NL"(R) is the cobordism group of (normal,
symmetric Poincaré) pairs (f: C' — D, (dp, 57, 0X), ¢).

L",L,,NL™| are the cobordism groups of symmetric Poincaré, quadratic Poincaré, normal

chain complexes.

the component of 1 € Z in L°.

NL®| the component of 1 € Z in NL®.

6(f)| Wall's surgery obstruction for a degree one normal map f:M — X.1Itis an element in

LY(Z[m(X)]) and if n > 5 it vanishes if and only if f is cobordant to a homotopy equivalence
M = X.

A (X)| thenormal invariants of a geometric Poincaré complex X. An element of .4#"(X') can

be represented in two different ways which are identified via the Pontrjagin-Thom construction:

- by a degree one normal map (f,b): M — X from a manifold M to X or

— by a pair (v, h) where v: X — BSTOP is a stable topological bundle on X and h: J(v) ~ vx
is a homotopy from the underlying spherical fibration of v to the Spivak normal fibration
vx of X.
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21 The algebraic surgery exact sequence

’ 4NL/L® (a7 h)= (uNL‘ (h), b’ (a) e (PX)) c Hk(Th(Oé)é NL/L-)

the canonical NL/L*-orientation given by the composition

wG/T (o s .nNL/L‘ B
Th(a) “——% MS(G/TOP)(k) — £~ 1QNSTOP %, Ny, /,7F,
for a k-dimensional Z-oriented topological bundle o: X — BSTOP (k) together with a homotopy
h:J(a)~ J(Tx)

21 The algebraic surgery exact sequence

21 The algebraic surgery exact sequence [Ran92, Prop. 14.7]
There is a long exact sequence

A o5, I A
..— H,(X;L,) — L, (Z7) —=5 S, (X) — H,—1(X;Le) — ...

Proof 21

The existence of this long exact sequence is a direct consequence of the proof of 12. The following  12—p.28
exact braid was constructed there and the sequence we are looking for is a part of it.

J

22 Coset step
Porter

For a degree one normal map €: M — M’ between manifolds M and M’ the quadratic signature
sgny® (¢) considered as a map .4 (M') — L, (Zr) immediately factors through the assembly map
A:H,(M';Ls(1)) = L, (Zr) using the mosaicked quadratic signature sgn%s, (€) € L, (A, M') =
H,(M';L4(1)). But we need the same statement for a degree one normal map f:M — X witha
Poincaré space as target. Thus, the output of the quadratic signature sgn* (f) is only globally
Poincaré and hence lives in L, (A X). The solution for obtaining a quadratic chain complex in
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22 Coset step

L, (ALX) is to fix a degree one normal map fo: M — X and to work relatively to Jo. This is the
core of the following proof.

22 Coset step
—sgny* (A (X)) is a coset of im(A) in L, (Zn) where A: H, (X; L) — L, (Zn) is the assembly
map.

221 Difference of quadratic signatures [KMM13, section 14.5]
Let fi: M; — X with i = 0, 1 be two degree one normal maps. Then the difference of their mosaicked quadratic signature
defines an element

sgn’y® (1) — sgn® (Jo) € Ln(ALX) = Hn(X;La(1))
such that A(sgng‘(‘ (fl) = sgng‘(' (]?0)) = sgn%‘;r (ﬁ) - sgn%‘; (ﬁ)) € Ly (Zr).

222 (normal, manifold)-cycles for Poincaré spaces [KMM13, Lemma 14.16]
Let f; == (f;, fi): M; — X with i = 0, 1 be two n-dimensional degree one normal maps from topological manifolds to
Poincaré spaces. Then there exists a ¥ 1 Ql.\T’STOP—cycle

1QI:I.STOP

€ Hn(X; 2~ 1QYSTOr)

—lnl.\T,STOP

[F1, fol™~

such that sgn’y® (f1) — sgn’y® (fo) = seng® (1, fol* ) € Hn(X;Le(1)).

223 (normal,manifold)-cycles and MSTOP-orientations
Given a degree one normal map fo: M — X, there is a commutative diagram

[_ J?]2—1511.\1,5'11013'
N (X) = Hn(X;271Q05TOF)
Jt(—,fm ST
] .
[X; G/TOP] —— o(x; n-103STOP) Y0, (m(ux); 510N STOP)

2—1QN‘STOP
.

ie. [, fol = S(T(t(~, fo)) UuT (n0)).

224 Classification of normal invariants [Wal99, chapter 10]
Let X be a Poincaré space and fo € A (X) a degree one normal map. Then there is a bijection

t(—, fo): N (X) =5 [X; G/TOP].

164 (22) Quadratic signature isomorphism
The quadratic signature defines an isomorphism sgng’/TOP :[X; G/TOP] = HO (X;Le(1)).

Proof 22

221—-p.86  Fix a degree one normal map Jfo: My — X for the rest of the proof. By 221, for any degree one

normal map f:M — X the difference sgn’e (f) — sgne (fo) defines an element in H,, (X; Lo (1)).
We write sgn’y® ( -, fo) for short of sgn’y® (- ) —sgn’* (fo). The assembly map applied to sgn’* (-, fo)
returns the quadratic signature sgny* (f) — sgny* (fo). Hence, we have to show that in the com-
mutative diagram below the vertical map sgn'y* (-, fo) is a bijection.

N (X)

~ \ —~

sgni® (- afO)J sgnye (-)—sgnyr (o)

A ¥
H,(X;Le(1)) —— L,(Z[m X])
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22 Coset step

This is done by decomposing sgn%* (-, fo) into four maps which fit into a diagram as follows.

I —~ ‘/V(X) N,STOP
= ¢(—.fo)

[X;G/TOP]

r

o~
o e
SelG /Top

HO(X; Lo (1)) «———HO(X,; 5 1QYSTOF)

Le

sgng;
—Unuk® (o) UUTM

H"(Th(vx); Le(1)) H*(Th(vy); 5~ 1Y -STOP)

sgng,
7i S —dual S—d&

H,(X;Le(1)) Hy(X; 2 10NSTOP)

L
sgng®

We verify that the top left corner of the diagram commutes by proving that all other paths in the
diagram commute. Then it suffices that the four maps on the left hand side of the pyramid are
isomorphisms.

Commutativity. The map
I': G/TOP — £71QySTOP

in the diagram is defined as follows. It associates to an [-simplex f:M — Alin G/TOP an
I-simplex of £~ 1QN5TOF which is an (I + 1)-dimensional /-ad of (normal, topological manifold)
pairs (. (f), M 11 —A!) where the normal structure comes from the bundle map f.

The proof of 16 shows that the quadratic signature map sgnIé’/TOP : G/TOP — L¢(1) can be
thought of as a composition of the two maps

I': G/TOP — x~1Q)STer and sgngt - D TLOQNSTOP L 10(1).

Hence, the triangle at the peak of the pyramid in the diagram above commutes. The square
beneath the peak commutes because of the naturality of the cup product with respect to the
coefficient spectra and because the canonical L®-orientation of a stable topological bundle is the
image of the canonical MST OP-orientation.

The commutativity of the bottom square follows from the naturality of the S-duality with
respect to the coefficient spectra.

The proof that the outer rounded square commutes, i.e.

-~ ~ _s—10N,STOP
sgny’ (-, fo) = sgng*([—, fo]®

);

and that the upper right hand corner commutes, i.e.

-~ E*lﬂl.\I,STOP

[, fol = S(T(@) Uu” (),

will be given in the next level in the sections 222 and 223.
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22 Coset step

Bijectivity. The bijectivity of the first map ¢(—, fo) N (X) = [X; G/TOP] is a well-known
224—p.94  fact. We provide some comments on that in 224. As for the second map sgny* : [X; G/TOP] =N
164—p.86  HY(X;L4(1)), the isomorphism is a consequence of the proof of 16 as stated in 164.
The third map is given by the cup product with an L®(0)-orientation. Recall that L, (1) is a
module spectrum over the ring spectrum L*(0). The cup product

— U —: HP(X;La(1)) ® HY(Th(€); L*(0)) — H?*9(Th(¢); La (1)),
TRQYyr——axJy

is given by the composition

2 Uy:Th(€) 2 X4 ATh(E) 22% L, (1) A LI(0) — Ly q(1).
In this special case where y is an L*® (0)-orientation the cup product gives the Thom isomorphism
HP(X; Lo(1)) = HPH9(Th(E); L (1)).
The last map of the composition is the S-duality isomorphism. O

Room service 22

A(X)| the normal invariants of a geometric Poincaré complex X. An element of .4#'(X) can

be represented in two different ways which are identified via the Pontrjagin-Thom construction:
- by a degree one normal map (f,b): M — X from a manifold M to X or
— by a pair (v, h) where v: X — BSTOP is a stable topological bundle on X and h: J(v) ~ vx
is a homotopy from the underlying spherical fibration of v to the Spivak normal fibration
vx of X.

‘ u* (a)e H*(Th(a); L*) ‘ the canonical L*-orientation for a k-dimensional Z-oriented topolog-

ical bundle o.: X — BSTOP(k) is given by the composition

uT (a ¢! S ng‘i. _
Th(a) % MSTOP(k) £ QSTOP *%i, k().

’ uT ()€ H*(Th(a); MSTOP) ‘ the canonical MSTOP-orientation of o which is a map on the

Thom spaces Th(a) — Th(ysrop) induced by the classifying map of a k-dimensional Z-oriented
topological bundle a: X — BSG(k).

A:Th(v) ~ > 2 o ~Th(v) A X, |  the generalized diagonal map where V' is the map-

ping cylinder of the projection map of v and 0V the total space of v.

F= (f,f):M — X | an n-dimensional degree one normal map, i.e. a commutative square

vy —n with f: M — X a map from an n-dimensional manifold M to an n-

! dimensional Poincaré space X such that f.([M]) = [X] € H,(X), and
J ; J f:va — vx stable bundle map from the stable normal bundle vy, : M —
M —— X BSTOP to a stable bundle vx : X — BSTOP.

sgn’e (/)€ Ln(AgX)| the mosaicked quadratic signature over X constructed in the following

way: make f transverse to the dual cells D(c, K), then each o-component is defined as the
quadratic pair signature sgn®s (f[o], f[o]).
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23 Subset step

Sgné}Top : G/TOP — Lo(1) the quadratic signature induced by the pullback square of 16.

’ sgnfy 1 QITOP — Le(0) ‘ the symmetric signature map defined for a k-simplex by Xar +

sgnk’ (Xan).

the Q2-spectrum of Kan A-sets defined by
(QSTOPYK) — (M, 8y M, ..., 0:M) | (n + k) — dimensional manifold
(k 4 2)-ad such that oM N ... N M = 0}.

The face maps 9;: (Q57OF)(*) — (QSTOP)(k=1) are given by
8Z(M) = (81'M, oM NOM,...,0;MNO;_1M, 8iMﬂ8i+1M,...,8iMﬂ8kM).

51-1(N.STOP
[ ]

the Q-spectrum of A-sets obtained as the fiber of canonical the map of spectra

QSTOP Qb

23 Subset step
Porter

Recall the algebraic surgery braid from 12:

Hn(X7L.<O>) H7L(X7NL.) Ln—l(Zﬂ-)
= \ / %) /
Lo (Z7) Sn(X) Hy_1 (X;L*(0))

The aim here is to show that the subset of L,,(Zr), consisting of all quadratic signatures sgny;* (f)
produced by degree one normal maps f:M — X between manifolds and X, is a subset of the
preimage of the total surgery obstruction s(X) € S,,(X) under the boundary map 5. : L,, (Zx) —
Sn(X) = L,,—1(G(1),L(1)). The total surgery obstruction was defined as the image of the visible
signature sgn”(X) under the boundary map 9% : VL™(X) — S,,(X). The visible signature was
defined as the normal signature sgn¥“" applied to the special case that X is a Poincaré space.
Hence, the mosaicked normal structure produced by sgn¥" is globally Poincaré (i.e. Poincaré
after assembly) and lives in NL"(AgX) =: VL™(X) instead of NL"(AxX) = H,(X;NL*).
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A29-5p.136
1221—[Ran92]

23 Subset step

In the final version of the braid as displayed above, L, (A¢X ) was replaced by L,,(Zx) using
the algebraic 7-m-Theorem 1221. For the proof we need to go back to L,,(A¢X) and work over
algebraic bordism categories and consider instead the boundary map

0F : Ln(B(1), G(1)) = Ln-1(G(1),L(1)).

Therefore we need a mosaicked quadratic signature sgn&'(f) € L,(B(1),G(1)) which is
mapped to sgn;;r(f) € L, (Zr) under the algebraic m-m-isomorphism. This is obtained by the
spectral quadratic construction.

Now the key to the proof of 23 is that the quadratic boundary of the normal signature sgn¥" (X)
can also be obtained by using the spectral quadratic construction. We will prove this explicitly
for the absolute case. The fact that this holds also for the relative and the mosaicked case is a
consequence of the long and technical proof of Theorem 7.1 in [Wei85b]. We will use this as a
black box.

The original source for this room is [Ran81, section 7.3 and 7.4] with additional contributions
from [Ran92, p.192] and [Wei85a, Wei85b]. Most of the details we give here can also be found in
[KMM13, section 14.1 to 14.4].

23 (221) Subset step
—sgnzs (N (X)) C 8§W‘1(5(X)) where (9% : Ly(Zm) — S, (X) is the boundary map from the
surgery braid.

A29 (221, 23) Mosaicked quadratic signature [Ran92, Example 9.14]

Let f: M — X bea degree one normal map from a closed topological manifold to a Poincaré space both of dimension n. Let
r: X — K beamap to a simplicial complex K. There is a mosaicked quadratic signature

sgnrl‘{‘ (f) € Ln(AcK)
with A(sgni‘ (f)) = sgnIZ‘;r . If X is a manifold, there is a refined version

sgnII‘(' (]?) € Ln(ALK).

| [1221 (23) — [Ran92, Thm. 10.6]] Algebraic 7-7-Theorem
The assembly map A: Ln(AgX) — Ly (Zm) defined by M — @ M (p(c)) is an isomorphism for n € Z.
FeX

|| 231 The absolute case
Let g: N — Y be a degree one normal map from a Poincaré space N to a normal space Y both of dimension n. There is a
homotopy equivalence of quadratic chain complexes

h: 09 sgnle () = —0N sgnlE* (V) € L1 (Zn).

232 The relative case
Let (6g,9): (N, A) — (Y, B) be a degree one normal map from a Poincaré pair (N, A) to a normal pair (Y, B) both of
dimension (n + 1). Then there is a homotopy equivalence of quadratic pairs

h: 8% sgnle (65,9) ~ —8% sgnNL° (Y, B).

Proof 23

Note that there is a mosaicked quadratic signature sgn’® (f) € L,(AcX) such that A(sgn%® (f)) =
sgné‘;(f) € L, (Zr) and recall that in this case the assembly map A: L, (A¢X) — L, (Zn) is an
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23 Subset step

isomorphism. So it suffices to show
0F sen’yr (F) ~ —0F sgn¥* (X) =: s(X). (23.1)
To demonstrate the general scheme of the proof in detail we deal in 231 with the absolute case
o Sgné‘;(]?) ~ —9N sgnd (V) € L, (Zn)

where Y is a normal space. In the mosaicked version we only consider Poincaré spaces but in the
subdivision each piece (X[o], 09X [o]) is only a normal pair in general. So we need the relative
statement 232

0% sgnls (65,9) ~ —0N sgnN¥ (Y, B)

for (Y, B) a normal pair and (§g,g): (N, A) — (Y, B) a degree one normal map from a manifold
with boundary to a normal pair. This can be generalized for k-ads to obtain the mosaicked
version (23.1). We obtain a collection of (n — |o|)-dimensional quadratic (m — |o|)-ads indexed by
simplices of Y and produced by the relative spectral quadratic construction. Now for each simplex
we apply the relative statement 232. We start with the top dimensional simplices. Inductively, we
can make all the homotopy equivalences fit together. O

Room service 23

sgn’e (/)€ Ln(AgX)| the mosaicked quadratic signature over X constructed in the following

way: make f transverse to the dual cells D(o, K), then each o-component is defined as the
quadratic pair signature sgn®s (f[o], 9 f[o]).

— f==(f,f):M — X | ann-dimensional degree one normal map, i.e. a commutative square

vy —n with f: M — X a map from an n-dimensional manifold M to an n-

dimensional Poincaré space X such that f.([M]) = [X] € H,(X), and
J ¢ J f:vm — vy stable bundle map from the stable normal bundle vy, : M —
M —— X BSTOP to a stable bundle vy : X — BSTOP.

ﬂ sgns (09,9)= (f:C — D, 6, 1) ‘ the quadratic pair signature for a degree one normal

map (4g,9): (N, A) — (Y, B) from a Poincaré pair (N, A) to a normal pair (Y, B) defined as
follows.

The maps 0T :=Tpn o Th(g)/Th(9g9)*: (Th(vy)/Th(vg))" — ZP X,
I :=T4 o Th(dg)* X' Th(vp)* — XPA,
induce chain maps gi:C" =¥ (Y, B) — C(N)

g:C" " (B) = C(A).

The chain complexes C = %(dg'), D = €(g') are defined as the mapping cones on the
induced maps and the pair structure (§¢,¢) = cong}b;’rw. (uy, ) is obtained from the relative

spectral quadratic construction applied to the S-dual of a choice of the Thom class u(vy).

the quadratic boundary signature for an n-dimensional normal space (Y, v, p)
is an (n — 1)-quadratic chain complex (9C’, 9¢') in L,,_1(Z) (see B27).
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23 Subset step

the semi-stable map obtained for an n-dimensional

" ryim SL(A o p): Th(v)* — SPY,
normal space (Y, v, p) with an N-dimensional S-dual Th(v)* of its Thom space and p =
N — (n+k).

dgn's (Y, B)| the quadratic boundary pair signature for an n-dimensional pair of normal
spaces (Y, B) is the (n — 1)-quadratic Poincaré pair (0C(B) — 0+C(Y), (64, %)) obtained by
using the boundary construction and the spectral quadratic construction (see B28).

an n-dimensional degree one normal map

| (fle]. 0flo])= ((Flol, flo)), (9f[c], Of[0]))

(f.0F)
(VX|X[0']a VX|8X[U])

(va | ario]s v lono])

(f,01)
(Mlo],0M[o]) = (f~1, 0f =) (Xo], 0X [o])——— (X[0], 0X[0]),
denoted (f[o], df[o]): (M[o],0M]o]) = (X|[o], 0X[o]) for short, from an (n—|o|)-dimensional
manifold with boundary to an (n — |o|)-dimensional normal pair obtained from a degree

one normal map f after making f transverse to a K -dissection J,, . X[o] of X .

is defined for a map r: X — K to a simplicial complex as the preimage of the
dual cell D(o, K) after making r transverse. If X is a simplicial complex itself, choose r to
be the identity. The subdivision X = (J_ ., X|[o] is called a K-dissection of X.

’ sen¥F(X)e VL™(X) ‘ defined for a Poincaré space X as the normal signature sgn¥=" (X).

N

sgnNL* (X):= sgnNL* ([X]2) € H,(X;NL®) = NL"(AyX)| the X-mosaicked normal sig-

nature defined here only for an n-dimensional Poincaré space X.

sgnNL": Q) — NL*| the normal signature map; based on the normal signature sgn}'™".

an n-dimensional Q)Y -cycle which assigns to each 0 € X a (m—n)-

[X]% € H,(X; Q)
dimensional normal (m — |o| 4+ 2)-ad (X[o], v(0), p(0)) as constructed in 132.

the Umkehr map of a degree one normal map f:M — X of Poincaré

(X)) = C(M)
spaces M and X. We obtain a stable equivariant map F': Sk X — SFM, for some k € N and

define f' as the composition C'(X) =X S*C(2kX ) & nkC(SkDM,) x, C(M).

a chain map called relative spectral quadratic construc-

condy )P C(X, A) » €y
tion; defined for a semi-stable map of pairs (G, F'): — (X, A) — XP(Y, B) (see A25).

A25—p.133
here short for the algebraic bordism category (Z..X,B(1), G(1)).

here short for the algebraic bordism category (Z.X,B(1), B(0)).
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23 Subset step

short for B(Z);, X = B(Z.X), the X-based bounded chain complexes of free Z-modules.
short for B(Z)¢X = {C € B(Z) | A(C) ~ *}, the globally contractible objects of B(Z).

short for B(Z), X = {C € B(Z) | C(c) ~ * forall & € X}, the locally contractible chain
complexes of B.

C(gq)c C| thesubcategory of a category of chain complexes C restricted to chain complexes

which are homotopy equivalent to g-connected chain complexes.
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Level 3 and 4

In the elevator

At this level of detail we stop ordering the rooms by level and group the rooms together with
their subrooms of the next level. We now come to theheart of the proof that will involve a lot of
technical details. For non-experts we recommend to have a look at the basics explained in the
basement. Based on the construction introduced there the following concepts are developed and
used in this level:

— the relation between structured pairs and structured chain complexes using algebraic
surgery in order to establish certain fibration sequences and exact sequences (111, 112)

— the construction of L-spectra (123, 1231,1232)

— an explicit simplicial description of elements in homology groups with coefficients in
L-spectra (131,1311,1312)

Further on we use these constructions in order to deal with signatures and orientations. Even-
tually, a crucial detail in the proof is that we play with three different ways of how we obtain
a quadratic signature. They enable us to switch from the purely algebraical defined object to a
more geometrical approach using cobordism of mapping cylinders.

degree one S-duality stable quadratic
normal map Umkehr map chain complex
f: F:3PX — YPM
f:M— X : T quadratic (C’ 77[1)
construction —
\)‘ nL‘ (]/l‘\)
semi-stable spectral 58Nz
Umkehr map _— duadratic ‘
mapping r Th( )* i construction
cylinder w - Yw
P(W/(MILX))
S-duality algebraic
surgery
(normal, Poincaré)
pair
(W, M 11 X) \ (normal, Poincaré
normal/symmetric symmetric)

signature

pair (f:C —
D, (5,6v,6x), )
111 Poincaré symmetric and Poincaré normal
Porter

In contrast to the symmetric and quadratic L-groups, for the normal L-groups we do not require
the normal complexes to be Poincaré, i.e. that ¢ is a homotopy equivalence. The reason is the
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112 Quadratic and (normal, Poincaré symmetric)

following statement that a Poincaré normal complex would carry the same information as a
symmetric one. This establishes a map from symmetric to normal L-groups.

111 Poincaré symmetric and Poincaré normal [Ran92, Proposition 2.6 (ii)]
There is the following natural one-to-one correspondence of homotopy equivalence classes.

n-normal n-symmetric Poincaré
chain complexes - chain complexes
(Oa (%%X)) (C, (p)

such that g is a chain
homotopy equivalence

Proof 111

In order to obtain the symmetric Poincaré chain complex just pick (C, ¢) from the normal chain
complex (C, (¢, 7, x)). For the other direction we construct a normal structure for a symmetric
Poincaré chain complex as follows. By definition, being Poincaré means ¢ is a chain equivalence.
Using a chain homotopy inverse %o~ of 55”* we obtain a chain bundle € W%(C”_*)O as the
image of ¢ € W”(C), under the composition

§—"n ==

S~ ox%—1
W% C, & W*C, Z— WH(E"Cm),, =— WH(C™),.

The chain homotopy 75 o (G5°) ! ~ 1 yields the chain x € W”C,, 1, the last missing piece for
a normal structure on C. O

112 Quadratic and (normal, Poincaré symmetric)

112 (121, 1411, 164) Quadratic and (normal, Poincaré symmetric) [Ran92, Proposition 2.8
(ii)]

There is the following natural one-to-one correspondence of cobordism classes.

n-dimensional . (n — 1)-dimensional
(normal, symmetric) pairs < guadratic chain complexes

(f:C = D, (8¢,6v,0x),¢) (€, v)

Additionally, if (C, ) is Poincaré, then (C', ") is Poincaré and vice versa.

| B1 (112,11, 121) Algebraic surgery [Ran92, Def. 1.12]

Let (C, ) be an n-symmetric chain complex. The effect of algebraic surgery of an (n+1)-symmetric pair (f : C — D, 5, ¢)
on (C, ) is an n-symmetric chain complex (C’, ¢'). It is Poincaré if and only if (C, ) is Poincaré. Moreover, we have
oC ~ aC".

(f:C — D,dp,p)

n-symmetric chain n-symmetric chain
complex (C, ) g gy complex (C', ¢")

The same construction works for quadratic chain complexes as well.
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Bl—p.143
B24—p.152

121 Exact sequences for inclusions of bordism categories

L B24 (112, 231) Quadratic boundary for normal

An n-normal chain complex (C, (¢,~, x)) € NL™(Zx) has an (n — 1)-quadratic Poincaré boundary

N (C, (¢,7,X)) = (8C,09)
which defines a map 8N : NL™(Zrn) — Ln—1(Zm); (C, (0,7, %)) — (8C, ).

Proof 112

Let (f:C — D, (0yp,67v,0x), ¢) be a (normal, symmetric) pair. Perform algebraic surgery with
the symmetric pair (f: C — D, dp, ) on (C, ¢) to obtain a symmetric chain complex (C’, ¢'). A
diagram similar to that used in the proof of B24 yields the quadratic Poincaré structure (replace

PR —
Po” by pp7).

For the other direction we start with an (n — 1)-quadratic chain complex (C’,¢’). The cor-
responding n-dimensional (normal, Poincaré symmetric) pair is then given by (C’ — 0,0, (1 +

t)y). O

Room service 112

‘ (f:C — D, (d¢p,06v,6x), (©,7,X)) ‘ an (n + 1)-normal pair with

C, (¢,7,x)) an n-normal chain complex

f:C — D,dp,p) an n-symmetric pair [(n+1)]
= (f,b):(C,v) = (D, ) amap of chain bundles
- dx € /V[7%(D)nJr2 a chain such that

J(0¢) — Bgo  (8718y) + FH(x — 507 (8"8)) = d(3x) € W (D)

- (
- (

n+1°

o= ev,(dp,p) ~ (;{ff"*) :D"* - %(f)| a chain map defined for an n-symmetric pair
(f:C = D,dp, ).

121 Exact sequences for inclusions of bordism categories

121 Exact sequences for inclusions of bordism categories [Ran92, Prop. 3.9]
An inclusion functor (A, B, Q) — (A, B, P) of algebraic bordism categories induces the following long
exact sequences in symmetric, quadratic and normal L-groups

..— L"(B,Q) —— L"(B,P) — L™ }(P,Q) — L™ !(B,Q) — ...,
..— L,(B,Q) — L,(B,P) — L,_1(P,Q) — L,_1(B,Q) — ...,

..— NL"(B,Q) — NL"(B,P) — L,,_1(P,Q) — NL"1(B,Q) —....

A functor F': A — A’ of algebraic bordism categoriesinduces a map of L-groups.

[’ [1211 — [Ran92, Prop. 3.8]]
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121 Exact sequences for inclusions of bordism categories

| 112 (121, 1411, 164) Quadratic and (normal, Poincaré symmetric) [Ran92, Proposition 2.8 (ii)]
There is the following natural one-to-one correspondence of cobordism classes.

n-dimensional -1 (n — 1)-dimensional
(normal, symmetric) pairs — quadratic chain complexes
(f:C = D, (8¢,6v,0x), ) ((eiR7D)

Additionally, if (C, ) is Poincaré, then (C',+)") is Poincaré and vice versa.

| B1(112, 11, 121) Algebraic surgery [Ran92, Def. 1.12]

Let (C, ) be an n-symmetric chain complex. The effect of algebraic surgery of an (n+1)-symmetric pair (f : C' — D, d¢, )
on (C, ) is an n-symmetric chain complex (C', ¢'). It is Poincaré if and only if (C, p) is Poincaré. Moreover, we have
aC ~ aC".

(f:C = D,dp, )

n-symmetric chain n-symmetric chain
complex (C, ) < itd complex (C',¢")

The same construction works for quadratic chain complexes as well.

Proof 121

A functor F': A — A’ of algebraic bordism categoriesinduces a map of L-groups. For an arbitrary = 1211—[Ran92]
functor F' there are relative L-groups L™ (F'), L,(F) and NL™(F') which fit into the long exact
sequences

oo Ly (A) —— Ly (A) Lo(F) Ln_i(A) — ...,

oo L(A) —— L(A) L*(F) LY A) — ..,

oo — NL"(A) —> NL™(A’) — NL"(F) — NL* Y (A) —> ...

Similar to the proof of the long exact sequence of L-groups in 11 we get a localized sequenceby  11—p.23
replacing the relative term. For the special case that F': (A, B, Q) — (A,B,P) is an inclusion of

algebraic bordism categories, i.e. Q C P C B, we prove that the relative L-groups are given as

follows.

@) L™(F) = L""}(A,P,Q),
(ﬁ) Ln(F) = Lnfl(Av ]Pv Q),
(iii) NL"(F) = L,_1(A,P, Q).

In the symmetric case (i) an element in L™ (F') is an n-symmetric pair (f: C — D, dp, ) in (A, B, P)
such that (C, ¢) is an (n — 1)-symmetric chain complex in (A, B, Q). We define the map

L"(F) = Ln-1(A,P,Q) by (f:C = D,dp,0) = (C',¢)

where (C’, ¢’) is the effect of algebraic surgery on (f: C — D, dp, ¢). By Bl, algebraic surgery = Bl—p.143
preserves the homotopy type of the boundary of C. Hence (C’, ¢') is Q-Poincaré and defines an
elementin L™ (A, P, Q).

The quadratic case is analog. In the normal case we additionally use 112 to obtain a quadratic =~ 112—p.61
structure. O
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121 Exact sequences for inclusions of bordism categories

Room service 121

’ A= (ACP,(T,e)) ‘ an algebraic bordism category, usually denoted by A or (A, C, P), consists

of full additive subcategories P C C C B(A) where P is closed under weak equivalences and
mapping cones, i.e.

- ¢(f:C — D) € P for any chain map f in P,
and additionally any C' € C satisfies

- ¢@1d:C - C)eP,

- €(e(C):T?(C) = O) e P.

a functor of algebraic bordism categories is a covariant functor of additive cate-
gories, such that

- F(B) e B forevery Be B

- F(C) e forevery C € P

— for every A € A there is a natural chain map G(A):T'F(A) — FT(A) such that

7 Fr(4) LY Fro(a)

T’G(A)l Fe(A)J

T2P(A) A, pa)

commutes and € (G(4)) € P'.

(C,A\)inA| an n-dimensional structured chain complex in A = (A, C,P), i.e. a chain complex

C e C with an n-dimensional P-Poincaré structure \.

f:(C = D, 6\ N)in A ‘ a structured pair with C, D € B, X is P-Poincaré and €' (0 Ao, Ao f*) € P.

placeholder for a symmetric ¢ resp. quadratic ¢ or normal structure (¢, v, x). We call a
pair (C, \) a structured chain complex and a triple (C' — D, §\, \) a structured pair.

Ao stands for ¢ in the symmetric and normal case and for
(14 t)(2)o) in the quadratic case.

is what a structured complex (C, \) is called if 9C := ¥71€(\g) € P.

’ L™(A), Lp(A), NL™(A) ‘ the cobordism groups of n-dimensional symmetric, quadratic, and

normal chain complexes in A respectively.

of n-dimensional structured chain complexes in A:

(C\) ~ (C', ) = there is an (n + 1)-dimensional structured pair
(CaC" = D,6AAd —X)in A.

’ L™(F),L,(F),NL"(F) ‘ n-dimensional relative L-groups consisting, up to cobordism, of pairs

((C, M), (F(C) = D,dA, \)) where (C, \) is an (n — 1)-dimensional structured chain complex in A
and (F(C) — D, ), A\) an n-dimensional structured pair in A’.

64



122 Quadratic assembly isomorphism

122 Quadratic assembly isomorphism

We only provide a comment on the connectivity condition here. The main work is done in the
algebraic w-m-Theorem due to Ranicki.

122 Quadratic assembly isomorphism [Ran92, Proposition 15.11]
Let X be a simplicial complex and A = A(Z). Then for n > 5 we have

La(A(1)aX) = Lo (Zn).

L

[1221 (23) — [Ran92, Thm. 10.6]] Algebraic 7-w-Theorem
The assembly map A: L (AgX) — Ln(Zr) defined by M — @ M (p(7)) is an isomorphism for n € Z.
FeX

Proof 122

In fact, the more general result holds that A: L,,(A{q)¢X) — L, (Zm) is an isomorphism for
n > 2¢. In this situation the forgetful map L, (A{¢)¢X) — L, (A¢X) has an inverse defined
by sending an n-quadratic chain complex (C, ) € L,(AcX) to the quadratic chain complex
obtained by algebraic surgery below the middle dimension using the quadratic pair (C' — D, 0, )
with

D — C, if2r>n+1
" 10 otherwise

Composed with the isomorphism from 1221 we obtain the desired isomorphism. O

Room service 122

A{@)¢X | There short for A(Z)(q)eX = (Z.X,B(q),G(q), (Tk,es)), the g-connected algebraic

bordism category of X -based free Z-modules with global Poincaré duality where ¢ > 0. For an ar-
bitrary algebraic bordism category A = (A, C, P, (T, e)) defined as (A, X, C{q) . X, P(q)c X, (T, e+)).

123 L-spectra and homology

We prove in this room that certain L-groups are obtained as homology groups. Note that the
second line in the display below is not a typo. It is a consequence of 111 which says that normal
Poincaré is the same as symmetric Poincaré.

123 (13) L-spectra and homology [LM09, Remark 16.2][Ran92, Proposition 15.9]
Let X be a simplicial complex and A = A(Z). Then we have the following equivalences

Ln(A1) LX) = Hp(X; Le(1)),

NL™(A(0),X) = H,(X;L*(0)),
NL™(A(1/2)nX) = H,(X;NL®).
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1232—p.70
1231-5p.67

111—p.60

123 L-spectra and homology

[ | 1231 L-spectra [Ran92, Prop. 13.4]
There are Q-spectra of pointed Kan A-sets

L*(A) :={L"(A) |n €2}, Le(A):={Ln(A)|neZ}, NL*(A):={NL"(A)|neZ}
with homotopy groups
mn (L (A)) =2 L™(A), 7n(Le(A)) = Lp(A), mn(INL®(A)) =2 NL™(A).

| 1232 L-spectra and smash products [LMO09, Remark 16.2][Ran92, Prop. 13.7]
Let K be finite simplicial complex and A an algebraic bordism category. Then
K+ A L.(A) ~ L.(ALK)
K+ A L.(A) = L.(ALK)
K4 ANL®*(A) ¥~ NL* (AN K)

Proof 123

We obtain our result immediately from 1232 and 1231. In the quadratic case we have

1231
o~

Ln(ALX) 2 1 (Le(A) 2 10 (Ky ALa(A)) = Hy(X, Lao(A)).

The third case is analog. For the second one use in addition the fact that by 111 there is a
one-to-one correspondence between chain complexes in NL" (A X) and L™ (A X). O
Room service 123

A@)X | Thereshortfor A(Z){(¢) X = (Z.X,B{q),L(q), (T4, e.)), the g-connected algebraic bor-

dism category of X-based free Z-modules with local Poincaré duality where ¢ > 0. For an arbi-
trary algebraic bordism category A = (A, C, P, (T e)) defined as (A, X, C{q) . X, P(q) . X, (T, e4)).

[~

A(1/2)nyX | There short for (Z.X,B(0),B(1), (Tk, e)), the 1/2-connected algebraic bordism

category of X-based free Z-modules with no Poincaré duality. For an arbitrary algebraic
bordism category A = (A, C,P, (T, e)) defined as (A, X,C(0) . X, C(1) . X, (T}, ex)).

short for B(Z) X = B(Z.X), the X-based bounded chain complexes of free Z-modules.

short for B(Z), X := {C € B(Z) | C(0) ~ * forall o € X}, the locally contractible chain
complexes of B.

C(g)| thesubcategory of chain complexes of C that are homotopy equivalent to g-connected

chain complexes.

ﬂ CrX:= {C chain complexin A, X | C(c) € Cforallo € X} ‘ for a category C of chain com-

plexes in A.

66



1231 L-spectra

short for A(Z).X, the additive category of X-based free Z-modules with non-
decreasing’ morphisms > fro: >, My — 3 N:
where (f; ,: M, — N, Yate Z-mS&dle morpfﬁsxm.

| L*(q),La{q). NL*(q) | short for L*(A(Z)(g)), Lu(A(Z)(q)). NL*(A(Z) (q)).

1231 L-spectra
Porter

We want to construct L-theory spectra whose homotopy groups are the L-groups in order to
obtain signatures as elements in generalized homology theories. The technology used for the
construction are A-sets, i.e. simplicial sets without degeneracies.

We recall the basic definitions. Let A be the prototype of a simplicial complex, i.e. the category
with

obja: sets [n] :={0,...,n} forn >0,

mora ([n], [m]): strictly order preserving functions [n] — [m].

A A-set X is a contravariant functor from A to the category of sets. We denote by X*) = X ([k])
the k-skeleton and call the elements k-simplices. A map of A-sets is a natural transformation.
Remark.
— An alternative description for a A-set X is a sequence of sets X(*) k& > 0 with maps
9i: X*) — x (k=1 (0 < i < k) such that 9;0; = 9;_,0; when ever j < i.

— A simplicial complex with ordered vertices defines a A-set, but not the other way round.
Consider the circle as standard one simplex where the vertices are identified. It is no longer
a simplicial complex because the faces of the one simplex are not unique but it is a A-set.
However, one can take a subdivision to obtain a simplicial complex.

— Simplicial maps in general do not yield maps of A-sets, e.g. the map which collapses the
standard one simplex to a vertex.

In order to do homotopy theory we have to introduce fibrant A-sets, which are called Kan
A-sets after [Kan55]. Let A7 be a simplicial complex obtained from the standard n-simplex A™ by
removing the interior and the i-th face. A A-set satisfies the Kan condition if each map f: A} — X
extends to a map f:A™ = X. With Kan A-sets we can define homotopy groups and loop spaces
and construct spectra. More details on the definitions are in the room service section below. The
original source is [RS71]. Summaries of the topic related to our setting can be found in [RW07]
and [Ran92, §11].

1231 L-spectra[Ran92, Prop. 13.4]
There are Q-spectra of pointed Kan A-sets

L*(A) ={L"(A) |[n€Z}, L¢(A):={Ln(A)|neZ}, NL*(A):={NL"(A)|neZ}
with homotopy groups

Tn(L*(A)) 2 L"(A), mp(Le(A)) = L,(A), m(NL®(A)) = NL"(A).
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1231 L-spectra

Proof 1231

We only consider the symmetric case. For the proof of the Kan extension see [Ran92, Prop. 13.4].
Below we repeat the proofs for the Q2-spectrum property and the identification of the homotopy
groups.

For the Q-spectrum property we will see that in fact (L"+*(A))®*) and (QL"(A))*) are different
descriptions of the same A-set . Be aware that the indexing is reversed compared to the usual
way, namely, if E is any of the spectra above we have E,, ;| ~ QE,,.

Let A be an algebraic bordism category and K a finite pointed A-set. There is a one-to-one
correspondence between m-dimensional simplices in A* and (m + 1)-dimensional simplices in
QA" realized by mapping a simplex o = {ig, ..., i} in A* to & == {ig, ..., im, m + 1} in QAF,
Here is an example for k = 1:

0
0 S~y 02
[
01 & ]
1y 12
0

This leads to an isomorphism between L™ *1(A) and QL"(A) as follows. Let (C, ¢) bean (n+1)-
symmetric chain complex in ALAF which is a k-simplex in L"T1(A). Then (C’, ¢'), defined by

; k

(C@).6@) = {(C(‘”’ ) e
(0,0) ifo € doAFTTU{k+ 1},

is a symmetric chain complex in AL (AL 9y AR U {k + 1}) = AL (QAF), which is a k-simplex
in QL™ (A). Because of the dimension shift of the underlying simplices, the symmetric structure
©p(3): C'mHIel(G) = crtitlel(q) #(), C(o) = C'() is now n-dimensional on C’. To make
this clear: ¢ was (n + 1)-dimensional, meaning (n + 1)-dimensional on 0-simplices. Then ¢’ is
trivial on all 0-simplices and (n + 1)-dimensional on 1-simplices and hence considered as an
n-dimensional structure on the whole chain complex C’.

The proof of 7, (L*(A)) = L™(A) is essentially the same story. A k-simplex in 7, (L™ (A)) is
an m-dimensional symmetric chain complex (C, ¢) in ALK with C(c) = 0 forall ¢ € K with
lo| < n. There is only one non-trivial column chain complex in C, namely C(7) for the top-
dimensional simplex 7 with |7| = n. This means that (C(7), ¢(7)) is an (n + m)-dimensional
symmetric chain complex in A. The homotopy relation corresponds to the cobordism relation;
hence m,(L*(A)) = Tp4m (L™ (A)) = L™(A). O

Room service 1231

for A = (A, C,P) denotes (A*X,CLX PLX, (T*, e*)), the X-mosaicked algebraic bor-
dism category of A = (A, C,P) with local Poincaré duality.
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1231 L-spectra

A*X | additive category of X-based objects in A, i.e.

Obj,.y = { Z M, | M, € A, M, = 0 except for finitely many a},
oceX

Mors-x(3° Ms, Y- N2) = { Y fro | (fr: My — Ny) € Mory (M, Ny) |
ceX T€X TSGX
o, TE

where X is a simplicial complex.

ﬂ CLX:= {C chain complex in A*X | C(c) € Cforallo € X} ‘ for a category C of chain com-
plexes in A.

defined for a chain duality 7: A — B(A) as the mosaicked chain duality A*X —
B(A*X) with (T*(Egex MU))T(T) = (T(@Q; M‘F))THT\'

‘ Le(A),Ls(A),NL*(A) ‘ Q-spectra of pointed Kan A-sets defined for an algebraic bordism
category A by
L*(A) = {L"(A) |n ez, L"(A)® = {n-dim. (C,¢) in ALM}} ,

Lo(A) = {Ln(A) |n € Z,L,(A)® = {n-dim. (C, %) in ALM}} ,

NL*(A) = {NL”(A) | n € Z,NL"(A)® = {n-dim. (C, (¢, 7, x)) in ALA’“JF”}} ;
face maps are induced by face inclusions 9;: A*¥~! — A* base point is the 0-chain complex.

a simplicial set without degeneracies, i.e. a functor A — Sets, where A is the

category of finite sets {0, ..., n}, n > 0and order-preserving injections and Sets the category
of sets and functions.

the base point simplex in a pointed A-set given in every dimension with 9,0 = .

ﬂ A-map f: K — L‘ a natural transformation, i.e. a collection { frn: K™ — LM | n > 0}
such that 9; o f, = 0; 0 fri1.

Kan| iswhata A-set X is called if every map A} — X extends to a map A™ — X; this
property is necessary to do homotopy theory on A-sets .

A= A" — ((A™)™ U §;A™) ‘ the subcomplex of A™ obtained by removing the interior
of A™ and a single face of A”.

an Q-spectrum of pointed Kan A-sets, like L*(A), Lo (A), NL*(A), is a sequence E,, of

pointed Kan A-sets together with homotopy equivalences E,, = QE,, ;. Note that the
indexing is reversed compared to the usual convention.

QK:= K5'| theloop A-set; can be expressed as the A-set with n-simplices
‘ {O' € K<n+1) ‘ 8081 .. .&La = @ S K(O),&H_la = @ S K(n)}
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1232 L-spectra and smash products

the pointed A-set with base simplices in all dimensions and only one additional

simplex in dimension n.

the function A-set with n-simplices the A-maps K @ A™ — L; face maps are
induced by 9;: A" — A"7L,

the geometric product A-set with one p-simplex for each equivalence
class of triples

(m-simplex ¢ € K, n-simplex 7 € L, p-simplex p € A™ x A™),

subject to the equivalence relation generated by (o, 7, p) ~ (¢’, 7/, p’) if there exist
A-maps f: A™ — A™ g: A" — A" such that o = f*o’, 7 = g*7/, (f X 9).(p) =
/

o
the product for ordered simplicial complexes with 0-simplices K (*) x
L) and vertices (ag, by), - - - , (an, b, ) span an n-simplex if and only if ag < ... <

an,bg < ... < by and (arabr) # (ar+17br+1)-

\ Tn(E)i= Tpin(B_y) \ forn,k € Z,n+k > 0.

H T (K)=[0A" ! K] ‘ the pointed homotopy groups; can be expressed as the set of equi-

valence classes {o € KM | 9,0 =0,0<i< n} with o ~ 7 if there exists p € K@+ with
faces dyp = o, O1p = 7 and ) otherwise. The composition is defined by oy - 01 = 7 if there
isa p € K("*t1 with faces o¢, o1, 7 and §) otherwise.

homotopy of A-maps ‘ a homotopy between two A-maps fy, f1: K — L is a A-map
h:K®A' - Lwith h(oc ®1) = fi(oc) € L™ (¢ € K™ i =0,1).

’ KNL=K®L/(K®0,Ulx ®L) ‘ the smash product of pointed A-sets.

(K= (1,50 A" x K (")/.)|  the geometric realization of a simplicial complex K with ~ the

equivalence relation generated by (a,;0) ~ (J;a,0) (a € A" ' ¢ € K™) with§;: A""! —
A" (0 < i < n) the inclusion of the i-th face.

1232 L-spectra and smash products
Porter

We only give the foundational idea as suggested in [Ran92, p.140]. For a complete account we refer
to [LMO09]. There is also a different approach by Weiss [Wei92] which proves that the homology
groups H,(X;L.(Z)), H,(X;L*(Z)), H,(X;NL*(Z)) are induced by homotopy invariant and
excisive functors from X to Lo (A X), L*(A; X ) and NL*(AxX) and hence they are natural in
X.
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1232 L-spectra and smash products

1232 L-spectra and smash products [LM09, Remark 16.2][Ran92, Prop. 13.7]
Let K be finite simplicial complex and A an algebraic bordism category. Then

K, ALg(A) = Ly (ALK)
K. AL*(A) ~ L*(ALK)
K. ANL®(A) ~ NL*(AyK)

Proof 1232

We only deal with the quadratic case. The symmetric and normal cases are analog. We use an
embedding i: K — dA™!  (m € Nlarge enough), the supplement construction K and the
simplicial complex ¥ in order to decompose the equivalence we want to prove into the following
three equivalences

(a) — m 7a c
Lo(ALK) = Lo(AL(E™, 8(K))) © Lo(A) 20 g ALy (A).

(3) ALK =AM, B(K))

There is a one-to-one correspondence between k-simplices o in 9A™ ! and (m — k)-simplices in
X by definition. It can be refined to a one-to-one correspondence between k-simplices of K and
(m — k)-simplices of ™ \ ®(K). The equivalence follows from the property that o < 7 in K if
and only if o* > 7* in ¥™ \ ®(K) and the analogous opposite between the chain dualities T and

T.

(b) Le(ATK) ~L4(A)E+

The basic idea is that in the category ALK every morphism M(c) — N(r) has the prop-
erty that the target simplex 7 is contained in the source simplex ¢. Hence we can split an
n-quadratic chain complex (C,v) in ALK into a collection of n-quadratic chain complexes
{(Cs,v,) € ALAI?l | 5 € K} over standard simplices such that the (C,, %,,) are related to each
other in the same way the corresponding simplices are related to each other in K, i.e. C;(0;0) =
Cy,0(0;0) for all ¢ € K. The complex (C,,1,) is a |o|-simplex in L,,(A) and the compatibil-
ity conditions are contained in the notion of A-maps. Hence (C, ) is the same as a A-map
f: K4 — L, (A) with f(o) = (Cy,90).

In [LM09] it is shown that this leads to a homotopy equivalence Lo(ALK) ~ Lo (A)%+ by
identifying a k-simplex in L,, (A" K) which is an n-quadratic chain complex in A* K A™ with an
n-quadratic chain complex in A” (K ® A™) which is by the argument above a A-map K ® A™ — L,
and hence a k-simplex in L,, (A) &+,

(¢) Lo(A)E"2E) ~ K ALy,(A)
This equivalence is a spectrum version of the isomorphism of 1312. O

Room service 1232

For details on A-sets and spectra see the room service of the previous section.
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131 FE,-cycles

a simplicial complex dual to JA™*! with one k-simplex o* for every (m — k)-simplex o
in 9A™*! and face maps

9y ()R = {0* o€ (aAmH)(m—k)} S (E™)ED oy (50)° (0<i<k)
i.e. if the (m — k)-simplex o is spanned by the vertices {0,1,...,m + 1} \ {jo,...,Jjr} than o*
is spanned by the vertices {jo, ..., ji} and 9;(c*) = (§;0)* = (c U {i})* = o\ {Ji}-

the dual k-simplex with 9;0* = (6;0)* for a (m — k)-simplex o € OA™T1.

‘ K=K =+ 9A™*! ‘ the supplement of K embedded into 9A™*! for m € N large enough.

N

L+ K={o'€L'| novertexof o’ liesin K'} = U, ¢ ,¢rc D(0,L) CL"| thesupplement

of a subcomplex K of a simplicial complex L, i.e. the subcomplex of L’ spanned by all of the
vertices of L' — K'.

&: (dA™F1Y =5 (xm) | anisomorphism of simplicial complexes that maps dual cells in 9A™

to simplices in £*. For more details see 1311.

defined for a chain duality 7: A — B(A) as the mosaicked chain duality A, K — B(A.K)
with (T.(3 e x Mo))r(7) = (T(Dr<z Mz))r—|r-

defined for a chain duality 7': A — B(A) as the mosaicked chain duality A*K — B(A*K)
with (T (3, e Mo))r(7) = (T(B757 M) vz

131 E,-cycles
Porter

The outcome of this statement is an explicit and handy description of elements in H,,(X; E) called
E-cycles. We think of homology as cohomology of the S-dual in order to get A-maps as elements.
Then a subtle combinatorial construction of the S-dual enables us to define the maps actually on
the simplices of X instead of the S-dual of X. More precisely, in order to determine an element
in H,(X;E) we have to assign for each o € X an (m — |o|)-dimensional simplex in E,,_,, such
that a reversed boundary relation is satisfied.

The crucial ingredient for this construction is the manner in which the two simplicial complexes
OA™*! and ¥™ are related to each other. First, there is the duality relation coming immediately
from the definition of ¥™; that is ¥™ has one k-simplex o* for each (m — k)-simplex o of JA™ !
and o* is a face of 7* if and only if 7 is a face of ¢.

OA3 0 32

PADN

28— (123)"
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131 E,-cycles

But when we pass on to the barycentric subdivision of 9A™ ! and X, we get another relation:
An isomorphism & of simplicial complexes which identifies dual cells in 9A™ ! with simplices
in the non-subdivided complex ¥£™. The reference for this is [Ran92, §12].

131 (15) E,-cycles [Ran92, Prop. 12.8]
Let X be a finite simplicial complex and m € N large enough such that there is an embedding of X
into OA™ L. Then an n-dimensional E-cycle [K|® of X in OA™ ! defines an element in H,,(X; E).

1311 (132, 15) Simplicial dual complex [Ran92, §12]

There is an isomorphism of simplicial complexes ®: (DA™ +1) = (™)’ such that for each o* € ™ we have

®(D(o,0A™ 1)) = o*.

1312 (15) Simplicial description of homology [Ran92, Proposition 12.4]
Let E be an Q-spectrum of Kan A-sets and K a finite simplicial complex. Then for m € N large enough such that there is
an embedding K C 9A™ 1 we have

S:Hp(K;E)~ H" ™2™ &(K);E).

Proof 131

We use the dual simplicial complex of 1311 to define, with the data of an n-dimensional E-cycle
[K]®, a A-map
[X|B(o) o€ K

(X", ®(X)) — Ep_pm; o {@ i K

and hence an element in H™~"(X™, &(X); E). By 1312, this is via S-duality isomorphic to
H,(X:E). O
Remark. We can define two E-cycles 2 and z; to be cobordant if there isa A-map y: (X™, ®(X))®
A = (Ep_pm, ) such that y(o x i) = 2;(c) € EI"")7 for 0 € X and i = 0, 1. This corresponds
to the homotopy relation of A-maps and thus there is a one to one relation between cobordism
classes of n-dimensional E-cycles in X and elements of H, (X; E).

Proof 1311 (Simplicial dual complex)

Define ®: (0A™*1) — (¥™)' for an n-simplex ¢ = {69,...,5,} to be the n-simplex ®(c) =
{60%,...,0,*} where 69 < ... < §,, and hence 6¢* > ... > 5, *. Therefore, a dual cell D(s, K),
consisting of all simplices {6¢,...,d,} such thato < gy < 01 < --- < 0, gets mapped to the
subcomplex (c*)" consisting of the simplices {5¢*,...,6,"} witho > 0¢* > 01" > --- > g,*. See
the picture below for an example for m = 2. O

(aAS)/ i) (22)/

D(O,@AS) —

1 (123)*
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131 FE,-cycles

Remark. The isomorphism ¢ induces a homeomorphism of geometric realizations with the
property |®(D(o, K))| = [A™171].
Proof 1312 (Simplicial description of homology)

We think of K embedded in ¥™ via the isomorphism ®. The complex X /®(K) is the quotient
of ¥ by the complement of a neighborhood of K. This is a well-known construction of an
m-dimensional S-dual of K, which is proved in detail for example in [Whi62, p. 265]. The con-
struction there provides an explicit simplicial construction of the reduced diagonal map A’ : ¥ —
K, A (2™/®(K)). On spectrum level, after reindexing the spectrum F,, := (E,,_,,, ()*"®(K))
it gives a map of A-sets

F, = (K AEp_ )" ~Qn(Ky AE,_p) ~ (KL AE),
that maps a p-simplex o: ™ A AP — E,,_,, to the composition
s AP, AN g A (mme(R)) A AP, 9 K AE,
and induces the Alexander S-duality isomorphism on the generalized homology groups.
H™ (™ &(K);E) = m,(F) = 7,(K+ AE) = H,(K;E)

See [Ran92, §12, especially Remark 12.5] for more details. O

Room service 131, 1311 and 1312

an  ring spectrum of Kan A-sets, e.g. NL*® or L°.

QK:=KS" | theloop A-set; can be expressed as the A-set with n-simplices
{oe KD 950, ...0,0 =0 K© 0,10 =0€ KM}

the pointed A-set with base simplices in all dimensions and only one additional

simplex in dimension n.

’ [K|Be H,(K;E) ‘ an n-dimensional E-cycle of a simplicial complex K C §A™*! defined by
a collection {[K]E(o) eE™ 17D 5 ¢ K} such that 9;[K|E(c) = [K]E(6;0) if 5,0 € K and

otherwise.

’ H,(K,E)=m,(Ky ANE) = limg 141 (K+ ANE_j) ‘ the E-homology groups for a locally finite
A-set K.

‘ H"(K,E):=n_,(EX+) = [K,E_,)] ‘ the E-cohomology groups for a locally finite A-set K.

for a A-set K the pointed A-set with n-simplices K™ U {}} (n > 0).

m the base point simplex in a pointed A-set given in every dimension with 9,0 = 0.
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132 Normal cycles

‘ KNL=K®L/(K®0,Ulg®L) ‘ the smash product of pointed A-sets.

’ K=K +9A™*! ‘ the supplement of K embedded into 9A™*! for m € N large enough.

B

L+ K={c"€L"| novertexof o’ liesin K’} =, ¢ ,¢x D(0,L) CL"| thesupplement

of a subcomplex K of a simplicial complex L, i.e. the subcomplex of L’ spanned by all of the
vertices of L' — K.

®: (9A™+1Y = (xm) | anisomorphism of simplicial complexes that maps dual cells in JA™+1

to simplices in ¥"*. For more details see 1311.

the boundary of the standard simplex.

a simplicial complex dual to JA™ ! with one k-simplex o* for every (m — k)-simplex
o in GA™*! and face maps

B;: (Zm)®) = {a* o€ (aAmH)(m*k)} Sk ot (80) (0<i < k)
i.e. if the (m — k)-simplex o is spanned by the vertices {0, 1,...,m + 1} \ {jo, ..., Jjx} than
o* is spanned by the vertices {jo, ..., jx} and 0;(c*) = (6;,0)* = (c U {j:})* = o™ \ {4:}.

the dual k-simplex with 9;0* = (§;0)* for a (m — k)-simplex o € JA™ 1.

(m—k)

;0 (DA™Y — (QA™HH) TV given by

O':{0,...,m+1}\{j0,...7jk}i—)O’U{ji} (]0 <j1<"'<jk)

where {0,1,...,m + 1} are the vertices of OA™ 1,

132 Normal cycles
Porter

In this room we construct an important geometric ingredient for the total surgery obstruction.
We prove that we can subdivide a Poincaré space X in pieces of normal spaces in such a way
that we can apply the normal signature in order to obtain a mosaicked normal signature sgny*"
producing something in the algebraic bordism category A¢ X that will be used for the definition
of the total surgery obstruction. The existence of such a signature was claimed in [Ran92, Example
9.12] and a few more details are given in [Ran11, Errata for p.103]. The details of the geometric
construction below have been already published in [KMM13, section 11].

132 (15) Normal cycles [KMM13, Construction 11.1, 11.2 and 11.3]
Let X be a finite simplicial Poincaré space of dimension n embedded into OA™T for an m >> n large
enough. There is an n-dimensional € n-cycle, i.e. a collection of assignments

X]% = {0 2(0) = (X(0), ¥(0), p(0)) € ()™ ~1V |

o€ X, Oix(o) =x(0;0) forall o,0,0 € X,0<i<m— \U|}.
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132 Normal cycles

L 1311 (132, 15) Simplicial dual complex [Ran92, §12]

There is an isomorphism of simplicial complexes ®: (DA™ +1)/ N (™)' such that for each o* € X™ we have

&(D (o, 0A™ 1)) = 5.

Proof 132

Let (X, vy, p) be the associated normal space of the Poincaré space X where vx is the Spivak
normal fibration of X with fiber S~ " and p: S™ — Th(vx) the Pontrjagin-Thom collapse map.
We have to construct for o € X an (n—|o|)-dimensional normal space z(c) = (X (o), vx (o), p(0)).
The first two entries of the triple z(o) are defined as follows

X(o) = |D(o, X)),
v(o) =vx oind: X (o) — X — BSG(m —n —1).

For the definition of the remaining map p(c): A™~1?l — Th(rv(s)) we need some ideas from
[BM52, §2] about supplements of simplicial complexes together with the crucial insight from
[Ran92, p.123] into how dual cells in 9A™*! can be identified with simplices in an appropriate
dual complex ¥™. We do not need these constructions in all generality but only the special case
where X is embedded into 9A™*! for some m > 0. For simplicity we abbreviate the supplement
OA™T! = X by X.

Every simplex of 9A™*! which is neither in X’ nor in X is the join of a simplex of X’ and a
simplex of X. Thus there is an embedding [0A™!| — | X| * | X|. Using this embedding we get
a description of |9A™*!| in coordinates (,t,y) where z € |[X|,y € |[X|and 0 <t < 1. Ift = 0,
then (x,t,y) € | X|, whileif t = 1, then (x,t,y) € | X|. Let

)
t< =%,
-2

i1
_2 .

Then N and N are closed neighborhoods of | X | and | X | and [0A™"!| = NUN. There are obvious
deformation retractions r: N — |X|and 7: N — | X]|.

For m large enough the homotopy fiber of the projection map 9r:ON = NN N — X is
homotopy equivalent to S™~"~! and the associated spherical fibration is the Spivak normal
fibration vx. In more detail, there is a (D™~ ", S™~"~1)-fibration p: (D(vx), S(vx)) — X and a
homotopy equivalence of pairs h: (N,0N) — (D(vx), S(vx)) such that the following diagram
commutes

N = N = { (o) € oA™Y

N :=N(X) = {(a:,t,y) € [oA™ |

(N,ON

) ———" s (D(vx), S(
\X/

The map p is now an honest fibration.
Let c: N — x be the collapse map. We recover px by

vx))

px ST |0A™ T = NUN 2% D(vx) U {*} = Th(vx).
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132 Normal cycles

Now, we use the data above to get a dissection of px in accordance with the dissection | J,, .y X (o)
of X. Foro € X let

f(a) = NN (X(0) = [X]),

N(o) =N (X (o) * X))

Then we have the dissection N = | J,. x N (o) and the deformation retraction r restricts for each
N(o) to a deformation retraction

r(o) = 7’|N(U) :N(o) = X (o).
and N (o) U N(o) = |D(o,0A™TY)].

The isomorphism ® from 1311 gives us already the right source D(o, JA™*+1) =2 A™~lol for
the map p(o).

1311-p.73

For the target Th(v (o)) we have to solve the problem that, in generalm the projections 9r(c): IN (o) =

N(o)N'N(c) = X(o) do not give a spherical fibration and especially not (o). We defined v(o)
as pullback of vy along the inclusion X (¢) < X. The associated disc fibration D(v(0)) is a
pullback as indicated by the following diagram.

l”

[X(0)] —— X

Since the two compositions N (o) — | X (¢)| = |X|and N(o) = N — D(vx) — | X| commute we
obtain the dashed map p(N(o0)): N(o) — D(v(0)).

Let ¢(0): N(0) — {x} be the collapse map. Finally, we define

h(o)Uc(o)

plo): Aml7l > N (o) UN(0) D(v(0)) U{x} =2 Th(v(s)). O

Room service 132

(Y,v,p)| ann-dimensional normal space consisting of a topological space Y together with an

oriented k-dimensional spherical fibration v: Y — BSG(k) and a map p: S"** — Th(v).

D(o,K)| dualcell of asimplex ¢ in a simplicial complex K is the subcomplex of the barycentric
subdivision K’ defined by

D(o,K)={0¢01...0, |0 <op <01 <...<0p}.
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141 Signature spectra maps

L+ K={c"€L"| novertex of o’ liesin K"} =, ¢, ,¢x D(0,L) CL"| the supplement of
a subcomplex K of a simplicial complex L, i.e. the subcomplex of L’ spanned by all of the vertices
of L' — K'.

’ K=K +9A™T! ‘ the supplement of K embedded into 9A™T! for m € N large enough.

&: (9A™F1Y = (xm) | anisomorphism of simplicial complexes that maps dual cells in 9A™

to simplices in ¥"*. For more details see 1311.

the first barycentric subdivision of a simplicial complex K.

the vertex in K’ given by the barycenter of the simplex o € K.

|K|*|L|| thejoin of two topological spaces X and Y obtained from X x I x Y by identifying

xx0xY witheforallz € X and X x 1 x y with y for all y € Y [Whi50, p. 202, III]. Thus each
point of X * Y lies on a unique line segment joining a point of X to a point Y.

’ [K|®e H,,(K;E) ‘ an n-dimensional E-cycle of a simplicial complex K C JA™*! defined by
a collection {[K]E(U) eE™ 1D |5 e K} such that 8;[K]E(0) = [K|E(6;0) if 6,0 € K and 0

m

otherwise.

Q)| the Q-spectrum of Kan A-sets defined by
(QNYE) = {(Xax,v, p) | (n+ k) — dimensional normal space (k + 2)-ad, i.e.
Xar = (X,00X,...,0,X)st. X N...NKX =10,
v: X — BSG(r) an (r — 1)-spherical fibration,
p: AR Th(v) st p(9;, A" 7)) € Th(v|s,x) }
The face maps 9;: (2Y)*) — (QY)*~Dare given by
0i(X) = (09X, 0,XNX,...,00XN0_1X, 0 XNOnX,...,0,XNKkX).

141 Signature spectra maps
Porter

The L-spectra are constructed using chain complexes over Z*A*. So for the signature maps we
need mosaicked signatures slightly different from sgn%” and sgnﬁl‘/ L* as constructed for example
in A17 or A29. Instead of the dual cells we have to use the simplices itself in the construction. We
provide some details for the symmetric case. The normal case is much more complicated and we

refer for it to [Wei85b].
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141 Signature spectra maps

141 (13, 15) Signature spectra maps [Ran79]
The relative symmetric and relative normal construction induce maps of spectra

sgng 2 QfTOP — L*(0), sgngl‘. 2 in — NL°,
sgnh /L% n-1QNSTOP _y NIL(1/2)/L(0)°,  and

sgng‘ 3 E_lﬂl:mTOP — Lo(1).

1411 (161) L-spectra fibration sequences [Ran92, Prop. 15.16]
There are homotopy fibration sequences

Lo ~NL/L* 25 1* L, NL® and  Le(1) ~ NL(1/2)/L(0)° - L*(0) -5 NL®.

L]

112 (121, 1411, 164) Quadratic and (normal, Poincaré symmetric) [Ran92, Proposition 2.8 (ii)]
There is the following natural one-to-one correspondence of cobordism classes.

n-dimensional 1-1 (n — 1)-dimensional
(normal, symmetric) pairs A quadratic chain complexes
(f:C = D, (8¢,67,6x),¢) (9"

Additionally, if (C, ) is Poincaré, then (C',+)") is Poincaré and vice versa.

Proof 141

(a) sgnk :QSTOP 5 Le(0)

Let Max = (M,00M, ..., 0xM)be an (n+k)-dimensional manifold k-ad and denote by M,, foro €
AF the boundary component of M« which corresponds to o. Let Cax be the chain subcomplex
of the singular chain complex C (M) consisting of simplices that respect the k-ad structure such
that each singular simplex is contained in some M,. It is still chain homotopy equivalent to
C(M) but can now be considered to be a chain complex in Z*A* by Cax (o) = C(M,, M, ). The
dual chain complex T*Cxx is given by T*Cak (o) = C1?I=*(M,,). A generalization of the relative
symmetric construction Al4 gives a chain map

oar:XTRC(M, M) — W*(C(M)) over Z* A*
which, applied to the fundamental class [M] € C), (M, M), produces an n-symmetric chain
complex (Cax, par) in ALAF because the maps
Par(0)o: C"FHTI (M) — C(M,, 0M,)

are given by taking the cap products with the fundamental classes [M,] € C,,_j4|o| (M, OM,)
and hence are chain homotopy equivalences with contractible mapping cones.

Since the geometric input yield only chain complexes concentrated in non-negative degrees,
the connectivity requirement is fulfilled.

(b) sgndL": QY — NL®

For the second case use the relative normal construction. The full details can be found in [Wei85b,
section 7]. Why we can expect to obtain a 1/2-connective normal chain complex is explained in
[Ran92, p. 178].

(c) sgnh™/L" . n-1QNSTOP _ NL(1/2)/L(0)° and sgnke : 5—1QNSTOP _ 1,(1)
The existence of these maps follows from (a) and (b) and the fibration sequence of 1411. O
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141 Signature spectra maps

Proof 1411 (L-spectra fibration sequences)

112—p.61 By 112, we can identify the fiber of the map L* — NL* with L, using algebraic surgery. In the
connective case the 1-connective Poincaré structure in NL*® ensures that we obtain something in

L.(1). O

Room service 141 and 1411

manifold k-ad consisting of a manifold M and submanifolds 0y M, ..., 0 M such that
oMnN...NnoM = 0.

for A = (A, C,P) denotes (A*X,CLX PLX, (T*, e*)), the X-mosaicked algebraic bor-
dism category of A = (A, C,P) with local Poincaré duality.

| L*(g),La(), NL*(q) | short for L*(A(Z){q)), La(A(Z) (@), NL* (A(Z) (0)).

ﬂ ANZ)= (A(Z),B(Z),C(Z)) ‘ denotes the algebraic bordism category with

— A(Z) the category of finitely generated free left Z-modules,
— B(Z) the bounded chain complexes in A(Z),
— C(Z) the contractible chain complexes of B(Z).

A{g)| for A =(A,C,P)and g € Z the g-connective algebraic bordism category (A, C(q), P(q))

A(1/2)| denotes for A = (A, C,P) the algebraic bordism category (A, C(0), P(1)).

C(g)| the subcategory of chain complexes of C that are homotopy equivalent to ¢-

connected chain complexes.

] NL(1/2)/L{0)*:= Fiber(J: L*(0) — NL®)

H J:L™"(R) — NL"(R) ‘ roughly induced by j: W*C — W%C; see (111) for more details of

how a normal structure (¢, v, x) is obtained from a symmetric Poincaré chain complex (C, ¢).

QJTOP | the Q-spectrum of Kan A-sets defined by
(QSTOPYR) — (M, 8oM, ..., 8: M) | (n+ k) — dimensional manifold
(k + 2)-ad such that oM N ... N M = 0}.

QY|  the Q-spectrum of Kan A-sets defined by
(QMY®) = {(Xax,v, p) | (n+ k) — dimensional normal space (k + 2)-ad, i.e.

Xar = (X,00X,...,0,X)st. X N...NKkX =10,

v:X — BSG(r) an (r — 1)-spherical fibration,

p: A"TEET 5 Th(v) s.t. p(Q; A" ) € Th(v

x) }
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161 Fibration sequence of classifying spaces

21NSTOP | the Q-spectrum of A-sets obtained as the fiber of canonical the map of spectra

QTP S Qb

161 Fibration sequence of classifying spaces

161 Fibration sequence of classifying spaces [Ran79, p.290[KMM13, Prop. 13.6]
There are the following homotopy fibration sequences of spaces:

Lo(1) ~ NL(1/2)/L(0)° — BL*(0)G — BNL*G
and Lo(1) ~ NL(1/2)/L{0)° — L®(0) — NL®(1/2).

[1611 — [May?77, section III.2]]
For an Q ring spectrum E with o (E) = Z there is the following homotopy fibration sequence

Eg - BEG — BSG.

1411 (161) L-spectra fibration sequences [Ran92, Prop. 15.16]
There are homotopy fibration sequences

Le ~ NL/L® =5 1* L NL®  and  Le(1) ~ NL(1/2)/L(0)° 25 L*(0) -4 NL°.

Proof 161

Both spectra L*(0) and NL*® are ring spectra with 7y = Z. Consider the sequence of 1611 for
these spectra together with the map J between them. We obtain a diagram as follows with an
induced map on the fibers.

Le (0) — NL#(1/2)

|

BL*(0)G —’— BNL*G
BSG =  BSG

From 1411 we have the fibration sequence L(1) ERaN L%(0) XN NL%(1/2). Replace the sym-
metrization map (1 + ¢) by the map given on the I-simplices by

(146): Lo(l) — Le(0),
(C.) = (L+1)(C,9) + (C(A), conZ, ([AT])).

It maps the component of 0 in Ly(1) to the component of 1 in L°(0). We obtain the fibration
sequence
Lo(1) — L®(0) — NL®(1/2). O
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162 Mosaicked normal/symmetric signature

Room service 161

i:Eg — BEG| Ifc: X — Eg is amap theni(c): X — BEG is given by the pair (¢, ug(i(c)))

. . A ensF (1)
with ug(i(c)): Th(e) = X1 ATh(e) —— Eg A E;, — Ey.

the component of 1 € Z for an Q ring spectrum E with mo(E) = Z, e.g. L®(0) or
NL®(1/2).

the classifying space of spherical fibrations with E-orientation; a map X — BEG is

given by a pair (v, u®) with v a spherical fibration and «® an E-orientation.

an E-orientation of a Z-oriented spherical fibration v: X — BSG(k) for a ring spec-

trum E, is a homotopy class of maps u¥(v): T(v) — E such that for each z € X the restric-
tion u®(v), : T(v,) — E to the fiber v, of v over z represents a generator of E*(T(v,))
E*(S*) which under the Hurewicz homomorphism E*(T(v,)) — H*(T(vx); Z) maps to

the chosen Z-orientation.

’ J:L™(R) — NL"(R) ‘ roughly induced by j: W*C — W"%C; see (111) for more details of how

a normal structure (g, 7, x) is obtained from a symmetric Poincaré chain complex (C, ¢).

162 Mosaicked normal /symmetric signature

162 Mosaicked normal/symmetric signature
Let f: M — X be a degree one normal map and X triangulated. There is a normal/symmetric

signature sgngL/L. (f) such that %(sgngL/L. (f)) = sgnk‘ (f).
L

1621 Alternative quadratic signatures [KMM13, Example 3.26][Ran81, Prop. 7.4.1][Ran92, Remark 2.16]
[WeiSSb, Theorem 7.1]

Let f: M — X be a degree one normal map of n-dimensional Poincaré spaces with Spivak normal fibrations vas and vx.
Let W = . (f) be the mapping cylinder. The quadratic boundary pair signature dgnls applied to the (n + 1)-dimensional
(normal, Poincaré) pair of spaces

Z = ((W,MI0X),@ww,vmux), (pw,pm1x))
gives a quadratic pair 9gnle (Z) = (i:0C" — OD',96v’, 04" such that the following equivalences hold:

o ~ (1) 2 o/ P
gsgn/1% () © (0, 5%') 2 sgnkz (F):
If [ is replaced by a degree one normal g: N — Y from a Poincaré space to a normal space the same construction yields a
quadratic pair such that

BsgnNE* (§) = (9D, 5¢") = senly* ().

Proof 162

-~

For each 0 € X we have a map f[o] which yields an (n + 1 — |o|)-dimensional pair of normal
(m — |o|)-ads

(Wlo), Mlo] L X[o], v, p(F(0)))-

1621—p.84 The statement of 1621 generalizes to the relative case. Use the quadratic pair signature sgnls
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162 Mosaicked normal/symmetric signature

on one side and on the other take the complete boundary pair of sgn™N“/1* instead of only the

effect of algebraic surgery. We obtain equivalences
O sgnE" (flo) = ognlss (Wlo], Mlo] 11 X [o]) = sgn’s (flo).
Hence, the boundary of the pair

sgny™ (W(o], M[o] I X[o]) = (sgnly” (Wlo]), sgnpyy” (Mlo]) — sgndly” (X[0]))

gives a quadratic chain complex that coincides with the o-component of sgn* (). O

Room service 162

sen¥ /2 ()= senn M ()22 ") € H,(M/;NL/L*) |  the mosaicked normal/symmetric

signature over X defined for a degree one normal map f:M — M’ between manifolds (see
2221).

TR e By (X 21N STOPY | a QN -cobordism class of 25797 -cycle for a degree

one normal map f:M — M’ which assigns an (m — |o|)-ad (W (o), v, p(f(o)), M(o) 11
M(o)) to each 0 € M’ (see 2221).

T sgngl‘/ L* y-1QSTOP | NL(1/2)/L(0)° | thenormal/symmetric signature map induced

by the maps sgn} ™" and sgnk’ and the fibration sequence of 161.

sgn’e (/)€ Ho(X;Lo(Z))| the mosaicked quadratic signature over X defined as follows. Make

[ transverse to the dual cells D(c, K). Then each o-component is the quadratic pair signature
sens (flo], 0f[o]).

’ sgnNL/LY(Y, X)= (f:C — D, (6, 0v,0x),¢) € L(J)" ‘ the normal/symmetric pair signature,

defined for a pair of (normal, Poincaré)-spaces (Y, X) by (D, (§p,5v,dx)) = sgnd** (V) and
(C, ) = sgni (X).

dgn™s (Y, B)| the quadratic boundary pair signature for an n-dimensional pair of normal

spaces (Y, B) is the (n — 1)-quadratic Poincaré pair (0C(B) — 0+C(Y), (0¢,)) obtained by
using the boundary construction and the spectral quadratic construction (see B28).

the relative quadratic boundary construction, produces for an n-normal pair an (n — 1)-
quadratic Poincaré pair usually denoted (0f:9C — 0D, 0(6%, ¥)).

|%:NL/L* - L,

here the map defined by algebraic surgery (see 112).

Fa= Usex flo]: M[o] — X[o]| the decomposition of a degree one normal map fiM = X

into degree one normal maps flol =l F-1(x[o)) Of (n — |o|)-dimensional manifold (m — |o|)-ads.

83



1621 Alternative quadratic signatures

Xlo]| is defined for amap r: X — K to a simplicial complex as the preimage of the dual

cell D(o, K) after making r transverse. If X is a simplicial complex itself, choose r to be the
identity. The subdivision X = J,, ., X|[o] is called a K-dissection of X.

1621 Alternative quadratic signatures

Porter

The proof is taken from [KMM13, Example 3.26], based on [Ran81, Prop. 7.4.1] and [Ran92,
Remark 2.16] and also uses [Wei85b, Theorem 7.1].

1621 Alternative quadratic signatures [KMM13, Example 3.26][Ran81, Prop. 7.4.1][Ran92,
Remark 2.16][Wei85b, Theorem 7.1]

Let f: M — X bea degree one normal map of n-dimensional Poincaré spaces with Spivak normal
fibrations vy and vx. Let W = . (f) be the mapping cylinder. The quadratic boundary pair
signature 9gn™s applied to the (n + 1)-dimensional (normal, Poincaré) pair of spaces

Z = ((W,M I X),(vw,vaux), (pw, priix))

gives a quadratic pair dgn"s (Z) = (i:0C" — 0D, 05, 0') such that the following equivalences
hold:
s/ (F) 2 (0D, 00/) 2 sgniz (F).

If fis replaced by a degree one normal g: N — Y from a Poincaré space to a normal space the same
construction yields a quadratic pair such that

BsgnN¥ (§) = (D', 6¢') = sguly (9).

B28 (1621, 232) Quadratic boundary pair signature
Let (Y, B), v, (py, pB)) be an n-dimensional pair of normal spaces. There is a quadratic boundary pair signature

agne (Y, B) = (85:0C" — dD', (96v, 8p))

producing an (n — 1)-quadratic Poincaré pair.

[16211 — [Ran81, Prop. 7.3.1 (iv)]] Property of the spectral quadratic construction for stable maps
Let T'y : X — XPY be a semi-stable map. If there is a space Xq such that T'y : ¥P Xg = X — XPY is in fact a stable
map, then

conff;y =eg o0 con#y

where e: C(Y') — € (vyy ) is the inclusion.

Proof 1621

B28—p.157 The equivalence (1) stated in 1621 is immediately from B28. Recall that the effect of algebraic

surgery is the same as the target part in the boundary pair.
We now prove the second equivalence. The bundle map f induces the k-dimensional spherical

fibration vy over W, and pys and px induce the map
PMILX : (Dn+1+k, Sn+k) — (Th(Vw), Th(l/]\,{]_[x)).

Denote by jpr: M — W the inclusion and by pr: W — X the projection which is a homotopy
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1621 Alternative quadratic signatures

equivalence. From the first equivalence we already know that 371 (¢;-) is equivalent to the
chain complex of dgn’* (Z). The following commutative diagram identifies =1 (%€';- ) with the
!

underlying chain complex and ¥~ (*) of sgné‘;(f).

C(W)r+i—+ 25 C(W, M 11 X)

-

wolnr

ok [~ C(M)Hr 2 (M)
C(

, I

Xy X o)

Next we identify the quadratic structures. Using the homotopy equivalence jx and S-duality we
recognize the diagram above induced by the following diagram of spaces.

Th(vw)* —2s S2(W/(M 11 X))

lTh(jM)* lﬁ

Th(pry )" (=~ Th(va)* W—f> DIV

TT(f) ) FT

Th(vy)* —=—— ¥PTIX

It identifies the semi-stable map I'yy with the stable map F'. Hence we can use the property 16211
of the spectral quadratic construction to obtain

con?lw = eg; 0 con'.
The Thom class u(v(W)) restricts to u(vx ) and hence the duals u(vy)*and u(vyx) = XX are also
identified. The uniqueness of desuspensions gives the identification of the equivalence classes of
the quadratic structures ey con}fi([X ) ~ 0.
The proof for g where the target of the map is only a normal space is almost the same with the
only difference that the map |y, which replaces | x, is no longer an equivalence. O

Room service 1621

sgnke ()= (C,4) = (€("), e, con's([X])) € L (Zx)| ann-quadratic chain complex, called quadratic

signature, where F': SPX | — XM is the stable map obtained from the degree one normal
map f by equivariant S-duality (see A26).

’ 9C:= 271 (o) ‘ the boundary chain complex.

ppe=ev,.(0p,p) ~ (jg’;f.’*) :D"™* = %€(f)| a chain map defined for an n-symmetric pair
(f:C = D,ép, ).
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164 Quadratic signature isomorphism

‘ wr=ev;(dp, ) ~ (dpo, fo): €(f)"* =D ‘ a chain map defined for an n-symmetric pair
(f:C = D,op,p).

o= (14") 187 1e% (), eq (1)) | the quadratic boundary structure.

Iy:=SY(Aop):Th(v)* — XPY, | the semi-stable map obtained for an n-dimensional nor-

mal space (Y, v, p) with an N-dimensional S-dual Th(v)* of its Thom space and p = N — (n + k).

dgn™ (Y, B)| the quadratic boundary pair signature for an n-dimensional pair of normal

spaces (Y, B) is the (n — 1)-quadratic Poincaré pair (90C(B) — 04+C(Y), (63, )) obtained by
using the boundary construction and the spectral quadratic construction (see B28).

164 Quadratic signature isomorphism

164 (22) Quadratic signature isomorphism
The quadratic signature defines an isomorphism sgné'/TOP :[X; G/TOP] = HO(X;L4(1)).

L

112 (121, 1411, 164) Quadratic and (normal, Poincaré symmetric) [Ran92, Proposition 2.8 (ii)]
There is the following natural one-to-one correspondence of cobordism classes.

n-dimensional 1-1 (n — 1)-dimensional
(normal, symmetric) pairs v quadratic chain complexes
(f:C — D, (0¢,67,6x),¢) (C’ ")

Additionally, if (C, ) is Poincaré, then (C', ") is Poincaré and vice versa.

Proof 164

16—p.47  This statement is part of the proof of 16. We only have to replace NL/L® by L, using 112. Then

112-5p.61

both sides are the fibers of the homotopy pullback there and we proved that the induced map on
these fibers is an isomorphism and agrees with sgn*. O

221 Difference of quadratic signatures

221 Difference of quadratic signatures [KMM13, section 14.5]
Let f;: M; — X with i = 0, 1 be two degree one normal maps. Then the difference of their mosaicked
quadratic signature defines an element

sgne (f1) — sgnls (fo) € Ln(ALX) = H,(X;Lo(1))

such that A(sgn’s® (f1) — sen’y (fo)) = sengz(f1) — senfs(fo) € Lo (Z).
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221 Difference of quadratic signatures

| A29 (221, 23) Mosaicked quadratic signature [Ran92, Example 9.14]
Let f: M — X be a degree one normal map from a closed topological manifold to a Poincaré space both of dimension n. Let
r: X — K be a map to a simplicial complex K. There is a mosaicked quadratic signature

sguy? (F) € La(AGK)

with A(sgnl)‘(' (f) = sgné‘; (f). If X is a manifold, there is a refined version

sgn® (f) € Ln(ALK).

| [2211 — [RW90, Prop. 2.91]
A chain complex C over Z« X is contractible if and only if C (o) over Z is contractible for all o € X.

| 23 (221) Subset step
— sgn;‘;r (A(X)) C 8ZQ7T*1 (s(X)) where 82( : L (Zm) — Sn(X) is the boundary map from the surgery braid.

Proof 221

The mosaicked quadratic signature sgn’* (f) produces an n-quadratic chain complex in A¢X.
In order to obtain an element in Ay X it has to be locally Poincaré. Using 2211 this is equivalent

to the boundary being contractible. So it is enough to prove that both signatures sgn’y* (fo) and
sgn’e (]?1) are represented by quadratic chain complexes with homotopic boundaries. But this
follows immediately from the equivalence 23.1 in the proof of 23 where it was shown that the
boundary of the mosaicked quadratic signature for a degree one normal map is the total surgery
obstruction, which depends only on the homotopy type of X. O

Room service 221

ApX | for A= (A, C,P)denotes (A, X,C X, P X, (T,,e.)), the X-mosaicked algebraic bor-
dism category of A = (A, C,P) with local Poincaré duality.

for A = (A,C,P) denotes (A, X,CrX,PcX, (T, e.)), the X-mosaicked algebraic bor-
dism category of A = (A, C,P) with global Poincaré duality.

88 :L,(B(1),G(1)) = L,—1(G(1), (1)) = S,,(X) | the boundary map induced by the bound-

ary construction 99.

\ 0 : NL™(B(0), G(1)) = VL™(X) = L,_1(G(1),L(1)) = S, (X) \ the boundary map induced

by the boundary construction 9.

’ sen¥F(X)e VL"(X) ‘ defined for a Poincaré space X as the normal signature sgn¥%" (X).

L %

sgnNL* (X):= sgnNL* ([X]?) € H,,(X;NL®) = NL"(AyX)| the X-mosaicked normal sig-

nature defined here only for an n-dimensional Poincaré space X.
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2221-5p.90

222 (normal, manifold)-cycles for Poincaré spaces

sgn’e (/)€ Ln(AgX)| the mosaicked quadratic signature over X constructed in the following

way: make f transverse to the dual cells D(o, K), then each o-component is defined as the
quadratic pair signature sgn®s (f[o], f[o]).

222 (normal, manifold)-cycles for Poincaré spaces

Porter

We generalize the construction of Eilﬂ.N’STOP—cycles from 2221 for degree normal maps with

target Poincaré spaces. This is achieved by using two maps and gluing their mapping cylinder
together so that we get rid of the Poincaré spaces and the remaining boundary components are
manifolds.

222 (normal, manifold)-cycles for Poincaré spaces[KMM13, Lemma 14.16]
Let f; = (f;, fi): M; — X withi = 0,1 be two n-dimensional degree one normal maps from
topological manifolds to Poincaré spaces. Then there exists a £~ Q5 STOP cycle

»n—-1QN,STOP
L]

[.]?1’}\'0] S Hn(X;Z_lﬂ.N,STOP)

such that Sgnk'(]?l) — sgni‘(ﬁ)) = sgng'([ﬁ, fo]zflnlj’smp) € H,(X;Le(1)).

| 2221 (15) (normal, manifold)-cycles [KMM13, Construction 11.9]
Let f: M — M’ be a degree one map of n-dimensional topological manifolds such that M’ is triangulated. Then there is a

Z*IQI.\I’STOP—cycle
mz_lny,STOP c Hn(M/;Z—lﬂET,STOP)
such that sgn* (X) = sgnke (1= 2°"%7) € H,(X; Lo (1)).

| 1621 Alternative quadratic signaturesl KMM13, Example 3.26]Ran81, Prop. 7.4.1IRan92, Remark 2.16]Wei85b,
Theorem 7.1]

Let f: M — X bea degree one normal map of n-dimensional Poincaré spaces with Spivak normal fibrations vy and vx.
Let W = . (f) be the mapping cylinder. The quadratic boundary pair signature dgnls applied to the (n + 1)-dimensional
(normal, Poincaré) pair of spaces

Z = (W,M IX),(vw,vmux), (pw,prmiix))
gives a quadratic pair Ognle (Z) = (i:0C" — dD',96v’, 0+)') such that the following equivalences hold:

gL/ (F) © (007, 59) 2 sgnlz ().
If  is replaced by a degree one normal §: N — Y from a Poincaré space to a normal space the same construction yields a
quadratic pair such that
&sgnNV" (9) = (9D, 59') = sgnlye (3).

Proof 222

Let W; = .#(f;) be the mapping cylinders for i = 0, 1.
We start with defining [f1, fo]* 'Y Ttisbased on the definition 2221 of (normal, manifold)-

~

cycles [f ]Zflﬂlj'smP for degree one normal maps between manifolds. Now the target is only a
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222 (normal, manifold)-cycles for Poincaré spaces

Poincaré space. Hence the dissections

7= U Fil0). £i(0)): Mi(o) = X (o)

oceX

for i = 0, 1 give rise to cobordisms of Q) -cycles

]9 = {o = (Wi(0),v(bi(0)), p(bi(0))) | o € X}

but not of Eilﬂlj’STOP—cycles since the ends of the cobordisms given by X are not topological
manifolds. But these ends are equal for ¢ = 0, 1 and so we can glue the two cobordisms together
along these ends and we obtain for each o € X the (n + 1 — |o|)-dimensional pair of normal
(m — |o|)-ads

(Wi(0) Ux (o) Wol(0)f, Mi(o) L =Mo(0), v(bi(0)) Uny,, ¥(bo(0)), p(b1(0)) Up(o) p(bo(0)))

1Q£V,STOP

which now fit together to produce a 3~ -cycle. This gives the desired signature

—1N,STOP
il

1, f2] € Hy(X; 271 5107).

Now consider the left hand side of the equation we want to proof. By definition, each summand
sgn’e (fi) ona simplex ¢ is given by the quadratic pair signature sgn’s (f(0),8f(c)). But 1621
gives an alternative description, namely we obtain sgn’* (f) (o) via algebraic surgery on the alge-
braic normal pair extracted from the geometric normal pair (W; (o), M;(c) Il X (o)). Subtracting
the signatures sgn’y* f) corresponds to taking disjoint union of these normal pairs and reversing
the orientation on the one labeled with i = 0. Denote the o-component by

Z(o) = (Wi(o) I =Wy(o), M1(o) I X (o) I —My(0o) I —X (0)).

On the other side of the equation the underlying normal pair for each simplex o of the just
defined £~ 15T signature is given by

(Wi(o) Ux (o) Wolo), Mi(o) I —Mo(0)).

But there is a geometric cobordism between these two pairs that induces an algebraic cobor-
dism between the algebraic normal pairs [f1, f2]= % " (¢) and sgnNE* (Z(0)). The image of
[f1, f2]2719T’STOP under the map sgn* : s STOP L, (1) as well as sgn’ (f1) — sgn (fo)

are both obtained from these pairs via algebraic surgery. Thus they are cobordant. O

Room service 222

sgn’e (/)€ Ln(AgX)| the mosaicked quadratic signature over X constructed in the following

way: make f transverse to the dual cells D(o, K), then each o-component is defined as the
quadratic pair signature sgn®s (f[o], 9 f[o]).
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2221 (normal, manifold)-cycles

— (flol, 0f1e))= ((flol, flo), (8flc], f[c])) | an n-dimensional degree one normal map

(f,0f)

(var|mio)s Varlantio)) (vx|x[o]s VX lox[0])

(M[o], 0M[o]) = (f 1,8 1) (X[o], X [o])— 22— (X[o], 0X o),

denoted (f[o],df[o]): (M]o],0M[o]) — (X[o],0X|[o]) for short, from an (n— |o|)-dimensional
manifold with boundary to an (n — |o|)-dimensional normal pair obtained from a degree one
normal map f after making f transverse to a K-dissection | J, ., X[o] of X .

‘ [K|Ee H,(K;E) ‘ an n-dimensional E-cycle of a simplicial complex K C dA™"! defined by
a collection {[K]E(U) eE™ 17D 5 e K} such that 9;[K1®(0) = [K]E(d;0) if ;0 € K and )

n—m

otherwise.

$1-1N.STOP
L ]

the Q2-spectrum of A-sets obtained as the fiber of canonical the map of spectra

QSTOP 5 OF .

sgnie - X1QSTOP 5 L,(1) | the quadratic signature map given by the normal/symmetric
signature map and the identification NL(1/2)/L(0)? ~ L4(1).

’ sgnl (69,9)= (G':C" — D', 6¢',¢") ‘ the quadratic pair signature for a degree one normal
tmap (09,9): (N, A) — (Y, B) from a Poincaré pair (N, A) to a normal pair (Y, B) (see A28).

Iy:=S"1(Aop):Th(v)* — XPY, | the semi-stable map obtained for an n-dimensional

normal space (Y, v, p) with an N-dimensional S-dual Th(v)* of its Thom space and p =
N — (n+k).

2221 (normal, manifold)-cycles
Porter

From a degree one normal map F: M — M’ between topological manifolds we obtain a (normal,
topological manifold) pair (M(f), M IT M') which we can consider as a simplex in »-1Q)sToP
and which leads to a (normal, symmetric Poincaré) pair, i.e. a simplex in NL(1/2) /L{0)°.

2221 (15) (normal, manifold)-cycles [KMM13, Construction 11.9]
Let f: M — M’ be a degree one map of n-dimensional topological manifolds such that M’ is triangu-
lated. Then there is a Eilﬂ.N’STOP—cycle

~5s1—1N,STOP
slal

[f]

such that sgnke (X) = sgnke ([f1= 2%7") € H,(X;La(1)).

c Hn(Ml, E_lﬂl:I’STOP)
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223 (normal,manifold)-cycles and MSTOP-orientations

Proof 2221
We can assume that f is transverse to the dual cell decomposition of M’. Consider the dissection

M= M) [=J F0) fe): M) = M(o)

oceM’ oeM’

where each (f(o), f(o)) is a degree one normal map of (n — |o|)-dimensional manifolds (m — |o|)-
ads. We obtain an assignment which associates to each ¢ € M’ an (n + 1 — |o])-dimensional pair
of normal (m — |o|)-ads

0 5 (W(0), w50y, p(F(0)), M(e) TT M (0).
These fit together to produce an 2 -cobordism of Q579F-cycles or equivalently a ¥~ 1Q)5TOF.

cycle providing us with an element

’\E—IQT,STOP

(/]

Composing with the normal signature map sgnN*": Q) — NL® produces a NL*-cobordism,
which can be seen as an (n + 1)-dimensional (normal, symmetric Poincaré) pair over Z, X

c Hn(X, Eflﬂl:l,STOP).

seny /YT (F) = sgng (1 T9TT) € Ho (X3 NL(1/2) /L(0)°).

Adapting the proof of 1621 shows that the quadratic chain complex over Z, X obtained this
way coincides with the quadratic signature sgn’y* (f). O

Room service 2221

’ sgnNL*: QN — NL*| the normal signature map; based on the normal signature sgn)".

sgn?L/L. (= sgngL/L. ([f]= 287"y € H,(M’; NL/L*) |  the mosaicked normal/symmetric

signature over X defined for a degree one normal map F: M — M’ between manifolds (see 2221).

\ NL(1/2) /L(0)*:= Fiber(.J: L*(0) — NL*)

’ [K|Be H,(K;E) ‘ an n-dimensional E-cycle of a simplicial complex K C 9A™*! defined by
a collection {[K]E(o) ceE™ D5 ¢ K} such that 8;[K]E(0) = [K]E(6;0) if §;0 € K and 0

n—m

otherwise.

223 (normal,manifold)-cycles and MSTOP-orientations
Porter

To show that the diagram below commutes we use once again canonical orientations. This time
with respect to the MS(G/TOP) spectrum, the fiber of J: MSTOP — MSG. It comes into play
using the Pontrjagin-Thom map. We will relate both paths in the diagram to the same orientation
u®/T. But for a start we will work with the push-forward living in MSTOP and then refine the
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223 (normal,manifold)-cycles and MSTOP-orientations

statement to MS(G/TOP) by using the homotopies of the alternative description for elements in
A (X) and [X; G/TOP] (see 224).

In order to make the formulas less space-consuming we use T for MSTOP, G /T for MS(G/TOP)
and G for MSG

223 (normal,manifold)-cycles and MSTOP-orientations
Given a degree one normal map fo: M — X, there is a commutative diagram
N,STOP

[ o)™ '

N (X) H,(X; 51O STOF)

lt(f@ ST

T uT (v
[X;G/TOP] 5 Ho(x; 510N STOP) " 1k (T (1y); 510N STOP)

= ,STO
]Z 191.\1, TOP

= S(T(t(—, fo)) U™ (v0)).

2231 [KMM13, Prop. 14.19] N R
Let X be an n-dimensional Poincaré space, fo: Mo — X, f: M — X degree one normal maps and v, vy : X — BSTOP
topological bundle reductions of the Spivak normal fibration vx . Then we have

ie. (= fo

L]

ZflnN,STOP
.

S@S/T (v, h), (vo, ho)) = IF, fol € Hn(X; G/T).

[

15 (16) Orientations and signatures [Ran92, Proposition 16.1]

(iii) Let f: M — M’ bea degree one normal map of n-dimensional simply-connected topological manifolds with M’
triangulated, corresponding to a pair (8, h) with B: M' — BSTOP and h: J(B) ~ vx. Then we have

SNV (8, h)) = sgn /™" (F) € Ho(M'; NL(1/2)/L(0)°).

Proof 223

LQN.STOP

Use the Pontrjagin-Thom map >~ ~ G/T to consider I" as a map

[X;G/TOP] — H°(X;G/T).

Now let (7, h) represent an element of [X; G/TOP] and set (v,h) = (¥ ® vy, h @ h) so that we
2231—p.93  have t((v, k), (10, ho)) = (7, h). Apply 2231 to rewrite the claimed formula as

—1oN,STOP
ST,

ST, fol ) = uS/T (v, h), (o, ho)) = T(7, h) UuT (1)

where f, fo € N (X) are the degree one normal maps represented by (v, h) and (v, ko). Recall
that h: J(7) ~ ¢ and that there are canonical orientations u” (v) and u”(¢) and the homotopy
uC(h):uC(J(v)) ~ uC(e). Then T maps to (7, k) to the unique lift of u” () — u” (¢) determined
by the homotopy % and given by the pair (u? (v) — uT (¢),u%(h)). Define I to be the composition

1x;G/TOP] & HO(X; G/T) ™% HO(X;T)
which is given by forgetting the homotopy u“ (h), i.e.

(@, h) =uT (7)) —ul (e): Th(p) ~ X¥A!, ~ Th(e) — T.
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223 (normal,manifold)-cycles and MSTOP-orientations

The Thom isomorphism
—uul(n): H°(X;T) — H*(Th(vx); T)
applied to u” (7) is given by the composition

T@)AuT (vo)

Th(vo) 2 X'X, A Th(rg) = TAT S T.

From the relationship between Whitney sum and the cross product and the diagonal map we
obtain that

ut'(v) = uT (@) Ut (1) and u” (19) = u” (e) UnuT ().
Subtracting these equations we obtain
ul (v) —u” () =T(@,h) Uu” ().

Now the left hand side lifts to u%/” ((v, h), (v, ho)) using the null-homotopy J (u” (v) — u” (1))
coming from hUhg: J(v) ~ J (). On the right hand side we have the null-homotopy & : J(7) ~ e.
Applying the cup product with u” (1) to this null-homotopy corresponds to taking the Whitney
sum with vy and produces the homotopy h @ id,, : J(¥) ~ J(14). Now the claim that

uC'T (v, h), (vo, ho)) = T(7,h) Uu” ()

follows from the Spivak normal fibration’s property that fiberwise homotopy equivalences of
stable topological bundle reductions are stably fiberwise homotopic. O

Proof 2231

This follows from 15 (iii). We only have to omit the signature map sgngL/ L m-1lisToP 15—p.42

NL(1/2) /L(0)°which we used to push the equivalence forward from X ~1QY5T°" ~ G/T to
NL(1/2)/L(0)° and we have to replace the cycle [f]= """ and the orientation u%/7 (v, h)
by the generalized versions [f, fo]® 2" and u®/T((v, h), (vo, ho)) for pairs of degree one
normal maps with targets Poincaré spaces. O

Room service 223 and 2231

’ uT (a)e H*(Th(a); T) ‘ the canonical T-orientation of o which is a map on the Thom spaces

Th(a) = Th(ysrop) induced by the classifying map of a k-dimensional Z-oriented topological
bundle a: X — BSG(k).

’ uS/T (v, h)e H*(Th(vx); G/T) ‘ the preferred lift of u” (v) for a bundle reduction v of the

Spivak normal fibration vx, determined by the homotopy h: Th(vx) x [0, 1] — G between J(v)
and J(vx).

’ uS’T((v,h), (1o, ho))€ H*(Th(rx); G/T) ‘ the preferred lift of u” (v) — u” (1) for two bundle

reductions v, vy of the Spivak normal fibration vx. The lift is obtained from the homotopy
ho U h: Th(vx) x [0,1] — G between J(v) and J(1p). If X is a manifold with a preferred
topological bundle 7y, define u%/7 (v) = u%/T (v,7x).
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224 Classification of normal invariants

S:[Y,Z] =[SV, X AY]| the S-duality isomorphism; for an N-dimensional S-duality map

a:SY — X AY and an arbitrary space Z defined by S(v) = (idy AY) o «; denotes the induced
isomorphism S: HN~*(X;E) = H,(X, E) as well.

A:Th(v) ~ =N XY~ Th(v) A X, | the generalized diagonal map where V' is the map-

ping cylinder of the projection map of v and 0V the total space of v.

224 Classification of normal invariants

We give a brief construction of this equivalence. The details can be found in [Wal99, chapter 10].

224 Classification of normal invariants [Wal99, chapter 10]
Let X be a Poincaré space and fo € A (X) a degree one normal map. Then there is a bijection

t(—, fo): N (X) = [X; G/TOP].

Proof 224

An element in the set [X; G/TOP] of homotopy classes of maps from X to G/TOP can be
represented by a pair (7, h), where 7: X — BSTOP is a stable topological bundle on X and
h:J(V) ~  is a homotopy from the underlying spherical fibration to the trivial spherical fibration
represented by the constant map.

Anelement f € .4 (X) whichisa degree one normal map f:M — X canalsobe represented by
a pair (v, h) where v: X — BSTOP is again a stable topological bundle but this time h: J(v) ~ vx
is a homotopy to the Spivak normal fibration vx. These two descriptions of .4 (X)) are identified
by using the Pontrjagin-Thom construction.

The set [X; G/TOP] is a group under the Whitney sum operation and by using the pair
description we can define an action on 4" (X) by

[X;G/TOP] x H(X) — N (X),
((375), (V7 h)) L (ﬁ@ I/,E@ h).

This action is free and transitive and hence any choice of an element foe N (X) gives a bijection
[X; G/TOP] =2 A (X). We denote the inverse by

t(=, fo): N (X) = [X;G/TOP]. O

231 The absolute case

231 The absolute case
Let g: N — Y be a degree one normal map from a Poincaré space N to a normal space Y both of
dimension n. There is a homotopy equivalence of quadratic chain complexes

h:99 sgn;’ @) = —0N sgndX(Y) € L1 (Zr).
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[ | B23 (231) Quadratic boundary

[ | B24 (112, 231) Quadratic boundary for normal

231 The absolute case

For defining the left side

A27 (231) Quadratic signature for normal target spaces [Ran81, Prop. 7.3.4 (iv)]
Let g: N — Y be a degree one normal map from an Poincaré space to a normal space both of dimension n. There is a
quadratic signature

sgnle (§) = (C', %) = (€(g'), con?, (u3;,))

producing an n-quadratic chain complex (not necessarily Poincaré) such that (1 4 t)(¢') = e(g%,’ (en)-

An n-quadratic chain complex (C, ) € Ly (Zm) has an (n — 1)-quadratic boundary

82(C,9) = (8C, 89) = (S~ € (po), (1) 1 (87 1% (), e (¥))
where p = (1 + t)4.

For defining the right side

A33 (231) Normal signature [Ran80b, §9[Wei85a, Theorem 3.4]
Let (Y, v, p) be an n-dimensional normal space. There is a normal signature

sgnZNﬂL. (Y) € NL™(Zm)

producing an n-normal chain complex (C, (¢, 7, X))-

An n-normal chain complex (C, (¢, 7, x)) € NL™(Zx) has an (n — 1)-quadratic Poincaré boundary

Y (C, (g, 7, %)) = (9C, 09)
which defines a map 8~ : NL™(Zx) — Lp_1(Zn); (C,(p,7,%)) = (8C, ).

For identifying both sides

B27 (231) Quadratic boundary signature [KMM13, Constr. 3.25][Ran81, Prop. 7.4.1][Wei85b, Theorem 7.1]
Let (Y, v, p) be an n-dimensional normal space. The quadratic boundary signature

dgns (V) = (8C",09') € L—1(Zm)

produces an (n — 1)-quadratic Poincaré chain complex such that (9C", 0y") = O (sgn)* (Y)) € Ly—1(Zn).

2311 Property of spectral quadratic construction [Ran81, Proposition 7.3.1 (v)]
Let F: X — XPY and F': X' — XPY be semi-stable maps fitting into the following commutative diagram

x —EL svry
! F/ !
x' Ty soy

inducing the commutative diagram of chain complexes

S-PE(X) L B(Y) — 2(f)
lgx ng (93/ g(;{)
n-rE(x!) L By —L s ().

Then the spectral quadratic constructions of F and F' are related by

! —(9y © ! / 4
cony, ogx = ( 0 gx )% ocony, +(e)o ocong  of.
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231 The absolute case

Firstly, denoting 9% sgn* () by (9C", 6¢') and 9" sgn}’™" (V') by (9C, ¢), we identify the chain
complexes 9C and JC". The next step is the identification of the quadratic structures §¢ and 1"
on these chain complexes.

Proof 231 - The boundary chain complexes

Recall that ¢ in (C, (¢, 7, X)) == sgn)’* (Y) is the symmetric structure produced by applying the
symmetric construction con} to a fundamental cycle [Y].

Consider the following commutative diagram where all sequences are cofibrations and the
map 4 is the induced map.

) s oy

| bk

“(g) 2 O(N) — L C(Y)
Ld
216 (g) —— (g'

The diagram induces a homotopy equivalence € (1) — % (o) in the lower right corner. Using the
Poincaré duality of N we obtain in the lower left corner of the diagram the homotopy equivalence

<(<Pg)0 o ) () = O @ C(Y)umr = C(N) @& OV )t = 2714 (g).

Composed with ;1 we recover the map ¢} : € (¢")"~* — €(g'). We end up with a homotopy
equivalence
B :BOC =€ (ph) = € (1) = €(po) = LOC

which satisfies the equation

€g' 0 €y O h'=goeg, (231.1)

g

as we see in the right square of the following braid. We will need this equation later for identifying
the boundary structures.
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231 The absolute case

On the left hand side of the braid we obtain the homotopy equivalence we are looking for,
h:0C" = 571 (gh) = B (0) = OC,

which is related to &’ by —X(h) = &’ due to the sign conventions used for suspensions. O

Room service 231

’ IC= Y7 € (o) ‘ the boundary chain complex produced by 8~ sgn)I* (V).

o=con} ([Y])| thesymmetric structure produced by the symmetric construction for Y and
part of the normal signature sgn)* (V).
ON'|  the quadraticboundary construction, produces for an n-normal chain complex (C, (¢, 7, X))

an (n — 1)-quadratic Poincaré chain complex denoted (9C, 0v); induces a map NL"(R) —
L,,_1(R) (see B24).

ﬂ senL* (V)= (C, (9,7, X)) € NL"(Zx) ‘ an n-normal chain complex called the normal sig-
nature of Y (see A33).

Y= (Y,v,p)| ann-dimensional normal space.

’ oC'= 2716 (o) ‘ the boundary chain complex produced by 99 sgn* 3.

the symmetric structure given by the symmetrization of the

= (Lt € WH(E(g)),
quadratic structure ' of sgn;' (©).

W the quadratic boundary construction, produces for an n-quadratic chain complex

(C',4") an (n — 1)-quadratic Poincaré chain complex denoted by (0C*, 9v') (see B23).

] sgn;' (9)= (C*,¢')| an n-quadratic chain complex, called the quadratic signature of 7 (see

A27).

the chain complex produced by the quadratic signature sgn;' ().

¢

the chain map given by the composition C(Y)"~* £ C(N)"—* Lowo, C(N).

pn= conf([N]) € W*(C(N))

o]

T yt= con?: (up,) € We,(%(g")),, | then-quadraticstructure produced by the spectral quadratic

construction, part of the quadratic signature sgn;' g.

(g,9)| adegree onenormal map g: N — Y from a Poincaré space N to a normal space Y’

both of dimension n.
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B27—p.155

231 The absolute case

e:C — % ()| theinclusion; with a map «: C — D as subscript e, denotes the inclusion
D — %(a).

’ p:€(pog) = XC**
tion €' (a) — XC.

the projection; with a map a: C' = D as subscript e, denotes the projec-

Proof 231 - The boundary structures

Instead of the quadratic structure 0 of the quadratic boundary of the normal signature of
sgn)I* (V') we use the equivalent quadratic structure 9¢’ of the quadratic boundary signature

8gné‘7‘r (Y). It is obtained in a similar way as 07!, namely by using the following cofibration
sequence of chain complexes

("s")

S W, (9C) ~24 SWHAC) © Wy (20C) —— L w(sac)
O - — — — — — 5 (09!, S00) —— (8(8)) — (1 + £)Sa') = 0
o'+ — ——— — = (0p, SOY) ——— (8(0p) — (1 +1)S0Y) =0

where S01' and S0y are defined as follows
S0Y = (ey),, (W) € Wy (29CY),, = Wy, (80C),,
SOy = con?; (u(v)*) € Wy (£00),,

They satisfy the equations
(1L +8)80y! = (1+t)(eyy),, () = e (L +)0') = el o' = 8(9¢')
(1+1)Soyp = (e%)%(cp) = 8(9¢)

and hence define the preimages 9y’ and ' as indicated above.

Thus, in order to identify the quadratic boundary structures 0y’ = —d1' it is enough to identify
the symmetric boundary structures ¢ = —J¢' and the suspended quadratic boundary structures
SOp = —Soy'.

We begin with the symmetric components d¢' and dy. By the properties of the quadratic
signature (coming from the basic properties 2311 of the spectral quadratic construction) we have
the following description of the symmetric structure

¢l =(1+1)y = ef(pn)

and by the naturality of the symmetric construction we have

v =9"(p(N)).
So the symmetric boundaries are both given by ¢y in the following way:

0p' =871l (o) =871l oefipn) € WH(ETIE(¢), s
and dp =871l (p) =87 Z’Oog “(on) e WH(ET'E(9)),_ -
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231 The absolute case

From the right square of the commutative braid we get the following equation for the suspended
boundaries.

(0)*8(9¢') = (W)* 0 e oelf(on) = e, 0 9" (o) = 8(Dy)
Because of the injectivity of the suspension map and the sign conventions, we have h”(dy') =
—0p.
Now it remains to identify the quadratic structures S9v' and S9+. The quadratic signature 1
was obtained by applying the spectral quadratic construction con#{ of the semi-stable map

I Th(vy)* =9 Th(vy)* —2 PN,

to the S-dual u(vy)* of the Thom class of vy. Similarly, we get the quadratic signature ¢ by
'

applying the spectral quadratic construction cony. = of the semi-stable map
I'y: Th(l/y)* —_— EPY+

to the same Thom class u(vy)*. Now we use 2311 for the following diagram.

Th(vy)* - SPN,

Jid Fpg

Th(ry)* —— TPY,

On the chain level we get the induced diagram

!

SPC(Th(vy)*) —— C(N) —— €(+')
}d 2 l(%* V)
S PC(Th(vy )*) —2 OY) —5 € (vy)

Via S-duality and Thom isomorphism (see the diagram B27.1 in B27) this is equivalent to

!

g'

oY)+ C(N) “(g")
J{id e (90* (1))
C(Y) = =2 O(Y) —% € (0)

We end up with the relation conf’. = (% 9), oconfs +(ex,)q,0con¥,, og'. However, the stable map

¥Pg comes from a map of spaces g: N — Y and hence congp ;=0 The following commutative
diagram remains.

!
con”z’|

CY)" ™ —— Wy (€(d)),

9+ 0
% l(o 1)%

W% (%(WO))W,
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231 The absolute case

From the braid we get the identification A (W oe,r ), . Hence we obtain that
0 1/, 0’ %

h'o (SOY') = h'y 0 (e ), (¥')
= (' o egy),, conth (u(vy)")

= conf’, (u(vy)")

= S50. O

Room service 231

o= ( 1?)71 (D', SOY') € Wy, (C") | the (n — 1)-quadratic Poincaré structure of 9% sgn;' (9).

dp'= 5_16?0(90!) e W?(0C"),,_,| the (n—1)-symmetric boundary structure of (C", ¢') (see
B21).

SOU'= (e,),, (V) € Wy (S0C"),

the (n—1)-quadratic Poincaré structure of 9V sgn)’I* (), equivalent to 9. (see symmetric-
B24 and B27).

o' = ( 1? ) -1 (D¢, con#; (uz.)) the (n — 1)-quadratic structure produced by the quadratic

vy

boundary signature dgn;>.

dp'=871et (p) € W*(DC),_, ‘ the (n — 1)-symmetric boundary structure of (C, ).

SoyY= con?; (u(v)*) € Wy (£00),,

’ §:W*C — R~'W*%(20)) ‘ the suspension map; defined by (8(¢))x == pr_1.

‘ L+t: Wy C — W*C ‘ the symmetrization map defined by
141ty ifs=0
(1+ 1)), = {< o

0 otherwise
induces a map of L-groups 1 + ¢: L,,(R) — L"(R).

(0C,0p) | the symmetric boundary of an n-symmetric chain complex obtained from algebraic

surgery on the pair (0 — C, ¢,0),i.e. 00 = X71€(pg), dp = 8 1e”(p) where e: C — €(py) is
the inclusion (see B21 for more details).

con}@! .C (X)pts = Wo(€(f)) a chain map called the spectral quadratic construction; defined

for a semi-stable map F': X — ¥PY where f: é(X)er* — 5(EPY)p+* ~ C(Y) is the chain map
induced by F.
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232 The relative case

con’: C(X) = W (C(Y))| achain map called quadratic construction; defined for a stable

map F': ¥PX — ¥PY of pointed topological spaces X, Y.

232 The relative case

The relative case is, in principle, analog to the absolute case 231. We do not give an explicit
definition of the normal pair signature sgn™N"" and the quadratic boundary 9% of a normal pair.
Instead we use the boundary pair signature and refer to the proof of [Wei85b, Theorem 7.1] for
the validation that this is a homotopy equivalent replacement.

232 The relative case
Let (8g,9): (N, A) — (Y, B) be a degree one normal map from a Poincaré pair (N, A) to a normal
pair (Y, B) both of dimension (n + 1). Then there is a homotopy equivalence of quadratic pairs

h:0% sgn’s (63, 9) ~ —0% sgn™¥" (¥, B).

A28 (232) Relative quadratic signature for normal target spaces [Ran80b, Prop. 6.4]
Let (6g,9): (N, A) — (Y, B) be a degree one normal map from a Poincaré pair (N, A) to a normal pair (Y, B) both of
dimension n. There is an n-quadratic pair called the relative quadratic signature

sgnly (69,9) = (G':C' = D', (69!, 9")).

such that
(L+ (8%, 9') = epr 17 0 conpf P (IN, A)).

B25 (232) Quadratic boundary pair
Let (G':C' — D' (8¢',4") be an n-quadratic pair and (5¢',¢') = (1 + t)(6¥',¢') and <p’d =
(8, G'oh): € (G~ — D'. Then

( 06':0C - 0D, (86" s (gh) — T (L),
a5y, = (1)~ (5—1(6?& 50", (e*”!c;! )os69'),
o' ) (397 6 B (e)nt) )

defines an (n — 1)-quadratic Poincaré pair called the boundary and denoted 9.

[2321 — [Wei85b, Theorem 7.1]]
For a normal pair (Y, B), v, (py, pB)) there is a normal pair sgn™N“* such that the following homotopy equivalence holds.

aN sgnﬁl‘. (Y, B) ~ 8gn1_‘: (Y, B)

where dgnTe (Y, B) is the boundary pair signature as defined in B28.

B28 (1621, 232) Quadratic boundary pair signature
Let ((Y, B),v, (py, pB)) be an n-dimensional pair of normal spaces. There is a quadratic boundary pair signature

dgn®s (Y, B) = (8j:0C" — D', (35, 8))

producing an (n — 1)-quadratic Poincaré pair.
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232 The relative case

H 2322 Property of the relative spectral quadratic construction
Let (0F,F): (X, A) —» XP(Y,B) and (6F',F'): (X', A’) — ZP(Y’, A’) be semi-stable maps of pairs of spaces fitting
into a commutative diagram as follows
A - SPB
I x 2 sy T
Ga exd , Loy Gp
L x 2E sy
J )\1/
Al - SP B

and inducing the commutative diagram of chain complexes

z-rE(4) : &(B) - “(f)

N x \(ij)
o Sf = de
LTPC(X) o) €(6f)
\‘ . 61.1) \ . (de,e) \‘ o
ETPE()) ¢(i) €(i, )
ga d9x (69x.94) 9B Sgy b9y ,98) ((3g9y:9B),(69x,94))
LPE()) %(i') (i, 5")
/ (CRYI) / (¢’ ,e") /|
»PO(X) c(Y) “(5f')
j’/‘ 5f 7; se’ /
~ ~ (3"
LTPC(A) C(B) ¢(f')
f/ e/
Then the relative spectral quadratic constructions of (§F, F) and (§F', F") are related by
i a2l dgy 0 ! !
cong;{i,’fﬁ,, o(dgx,g94) = < 0 98 Sax O > o congfﬂ’ﬁ’ +(5e',e')% o conécwy’t/’GB o(of, f).
0 9ga

Proof 232

We start with recalling the definitions of the involved structured chain complexes. Then we
proceed with identifying the underlying chain complexes of 9% sgn®s (97,9) and dgn™: (Y, B)
before we finally prove that the quadratic structures are homotopic.
We will use the following notations.
A—s N
The foundational maps of spaces are lg 5 and we use the same notation for the induced
By

C(A) —— C(N)
maps of chain complexes lg Jf;g . Denote the symmetric structures obtained
C(B) —1— o(Y).

from the relative symmetric construction for the fundamental classes of (Y, B) and (NN, A) by
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232 The relative case

(0, ) = congﬁf’]’;’([Y]) and (N, pa) = conf\}ff([N]). By C6 we obtain maps

Ty : (Th(vy)/Th(vp))* — XPY
I'p: Y 'Th(vp)* — YPB,,

with induced chain maps

(v : C((Th(vy)/Th(vp))")— C(Y))

(v8:C(E™'Th(vp) )pse  — C(B))

1

(i€ ()" = C(Y),
(p0:C(B)""" = C(B)).

1

Using the degree one normal map (69, g): (N, A) — (Y, B) and C5 we get a similar pair of maps
denoted

I}y =Ty o (Th(6g)/Th(g))*: (Th(vy)/Th(vg))* — S"N,
I’y =T40Th(g)*: >~ !'Th(vg)* — YPA,

with the induced chain maps 7y and 7% and the chain homotopic versions
g; . Cg(])n—* (69*79*) (gn—*(z) ((5¢N)0,(¢A)Oi) C(N),
g (B) L onir(a) A oa),

We denote the n-quadratic Poincaré pair of the right hand side of the homotopy equivalence that
we are aiming to prove by

ogn (Y,B) = ( 9j:27'0C = S7'€(po) — 0;D =€ (;),
(000, 00) = cond? ¥ (v, )* € €(Djo)n ).

On the left hand side we use the n-quadratic pair [(n+1)]

sgni‘(&ﬁ, 9)=( G:C = %(gl) — D= ‘K(g;),

(60", 9') = cont’ /% (uy,") € C(Glo)nsr )

and the symmetrization (3¢', ¢') = (1 +t)(6¢',¢") € %(G!%),LH of its quadratic structure to
define the n-quadratic Poincaré pair

99 sgnl (69,9) = ( 0G":0C" == S7'C (p}) = 0 D' = 1€ (1),
(960", 0') € €(9G %) )-

Identification of the chain complexes. We use the following diagram of cofibrations analog to the
absolute case
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231—p.94

B28—+p.157

232 The relative case

0 C<B)n—1—* C(B)n—l—*

/ / g' / ®o

0 ¢ ¢G)"

L) — o) T |— o)
B / / . / (232.1)
S-1€(8g) C(N) cy)

/zl%@) a d/%(g!) / (1) ~ (o)

93

=-1¢(5g) o %(g!) E(6p) ~ ()

At the bottom we recover in the induced maps p and Jp the duality maps
o€ (g)" T = (g
e AN

that were used to produce the boundary chain complexes dC* and 9 D*. Note that the back side

of the cube is exactly the diagram from the absolute case 231. So again, with some inspection
!

and using Poincaré duality of A we can identify ¥~1%(g) ~ €(¢')"**! and p ~ ¢}, and hence
we obtain a homotopy equivalence
W 2OC = € (ph) ~ € (po) = 2AC.

Analogously, at the front of the cube we get a homotopy equivalence which identifies ju and
go!G! and so we obtain from

P i C(G)" " = O(N)"™ & C(Y)es1 & C(B). & C(A)" ' & C(B).ss
= C(Y)wr1 ® C(N)
= £71¢(3g) " 4(g)
in the bottom right corner at the front of the cube the homotopy equivalence
Sh': 20 D' = € (pr) — €(p;) = $0;D.
The sign conventions for suspensions lead to homotopy equivalences
(6h, h): (D D', 0C") — (9;D,0C)
with X (6h, h) = —(0h', 1).
Identification of the quadratic structures. The pair (d¢p, ) denotes the symmetric pair structure
obtained by applying the relative symmetric signature sgn to (Y, B). The Poincaré quadratic
structure of the quadratic pair dgn™: (Y, B) is given by (%) (T, ®) with
U = (S90¢, SO) = S99 (51,0 = conp” ¥ (uyy )"
© = (000, 0p) = 0%(0pp) =81 +1)(T)
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232 The relative case

We want to identify this palr with the quadratlc structure of the boundary of sgns (67, g). The

quadratic structure (51/) ') of the pair sgns (67, §) is produced by the relative spectral quadratic
T, 11/’, In order to obtain a Poincaré quadratic structure on the boundary we
have to apply the map (e > ejf. ): € (jo) — € (20G'y) induced by the following diagram.

construction con

¢(d") —S € () — < ¢(GY
“eh o ‘ (ew; ol

@ (gh) =25 ¢ (k) 229 @(20GY

We denote the Poincaré quadratic structure of 9 sgn®s (57, 9) by

(0604 09') = (,8,) 7" (@', 0
with

= 509 (504, 0') = (5000, S9) = (% %) o conll ¥ ()"
G! 0 " B

o
= 05,(6p' @) = (00¢,0¢")  =8""o(1+1)(T).

So, using this notation we have to proof ¥ ~ ¥' and ® ~ &'

We start with the symmetric structures ® and ®'. According to its definition the relative
spectral quadratic construction for the semi-stable map (I'y, I'g) fits into a commutative diagram
as follows.

C(B) =" —— CO(B)y —2+ % (0)

Ip~vB~¢0 f
Pj J aj N N
€))7 — C(Y)n ——C(¢))n W*( (o))
Y YY 2Pj ~
Ep]* €;j €gj > ~ N Bj%
£\ —x (ewjvevo) bo
¢(p;") " — (J)n %(05)n W (6 (¢)),,
~ (90]’90(]) N ~
o) AN N %
= co ivéw N N €03
C(Th(VY)*)n+p+* , h X (e?j’ezjo) > oA
. (%) ¢(957)
N
N 14t
EXERTIEEAN
conp 't N
N .
€ (0jy)
st * % % %) *
We have 8@ = (1+1t) conp ¥ (uny,*) = (€2, %) o conysf o(0,%0) (uny, )

= (el el ) (6, ).
= (el el )0 (597, 9") (0N, pa)
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232 The relative case

where the last step uses the naturality of the symmetric construction, i.e. that (6g%, g%) o
S, S,
conly £ ([IN)) = con?if (V).
For @' the basic property of the relative spectral quadratic construction leads to

S(I)! = (etp! %’69’95%) © (1 + t)(5¢!,’¢!)

G!

) o ! ! o ) 0 o S, [ *
(ew!G!V’e%V)(l + ) (6,0 = (ewg!°77esa67)(e;,e§) o conz'f o(g;, ) (Uny ™).

We end up with the following description of both symmetric structures in terms of (¢, pa).

8(@') = (¢ o (5w, o cli(oa))

1
a! i ¥o

$(®) = (e 069" (5pn), el 0 g% (pa))

The identification of the second components is literally the same as in the absolute case. The cube
below adapted from the lower right cube in (232.1) identifies both components via the homotopy
equivalences h' and &'.

“; (232.2)

By the injectivity of the suspension map 8 and the sign conventions for suspensions we obtain
d ~ —'

Now it remains to identify the quadratic components ¥ and ¥'. We apply 2322 to the following
diagram.

S1Th(vp)* SPA,
Th(j)"

Py

(Th(vy)/Th(rg))* ——s PN,

id Jid JE”&Q »Pg

(Th(vy)/Th(vg))* — s SPY,

nPj
27irp

S~1Th(vp)* SPB,
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232 The relative case

The inner square of the induced diagram of chain complexes looks as follows

(Vv vB) v

S-P%/(Th(j)*) C(i) —3 C (v, ~}g) = € (i, Th(j)*)

5g. 0 6g. 0
|+ (8s.) (G

_ ey (VY 5YB) N v ovB . N
SPE(Th(j)*) =24 () % (vy,7v8) ~ €(j, Th(j)*)

and we obtain
St ey sy syt 59,9 Lot
conp o(id,id) = AN o conpy -‘1-(67‘,773)% 0 CONy, 5,y sy o(vy,VB)-
01/ 9

The relative quadratic construction for a stable map ¥?(dg, g) that comes from a map of spaces
(09, g) vanishes and the following diagram remains:

1 1
sl !
con’¥ ¥,

rl, !

C(Th(vy))pir = €(G'y)

6g« O
\ J 0 g«
R 10
conpy 01/

€ (0ig)

5g« O
From 232.2 we get the identification < 0 9 : (1))7 = (0h',h)g o ((ew})%, (ey))%). Hence we

obtain

(81!, 1)y (U) = (81, 1) © (€1 )50 (e )56) © compl o (u(ry))

= conp’ ¥ (u(vy)*) =v. O

Room service 232

’ (f:C = D,dp, ) ‘ an (n + 1)-symmetric pair with
- f:C — D achain map
- (C, ¢) an n-symmetric chain complex
- dp € W%(D)nJrl such that d(6p) = f%(yp) which is equivalent to (Jp, ¢) is a cycle in

Cg(f%)n-‘rl-
Poincaré means (6o, po f*): D" 1% — €(f). is a chain equivalence.

‘ (f:C — D,oy, ) ‘ an (n + 1)-quadratic pair with
- f:C — D achain map
- (C, %) an n-quadratic chain complex

— 09 € Wo (D), such that d(0v) = fo (1)
Poincaré means the symmetrization is Poincaré, i.e.

(L+t)d¢0, (1 +t)pof*): D" — €(f)s = (D, Ci_1) is a chain equivalence.
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232 The relative case

sgnls (05,9)= (G':C' — D', 69", o) ‘ the quadratic pair signature for a degree one normal
map (69,9): (N, A) — (Y, B) from a Poincaré pair (IV, A) to a normal pair (Y, B) (see A28).

dgn™s (Y, B)| the quadratic boundary pair signature for an n-dimensional pair of normal

spaces (Y, B) is the (n — 1)-quadratic Poincaré pair (0C(B) — 0+C(Y), (d3,v)) obtained by
using the boundary construction and the spectral quadratic construction (see B28).

0% | the relative quadratic boundary construction, produces for an n-quadratic pair an (n — 1)-

quadratic Poincaré pair usually denoted (0f:9C — 9yD, 0(5%, ¥)).

(0f :0C — 04+ D, 04+, 0p) ‘ the symmetric boundary of an n-symmetric pair [(n+1)](f: C —
D, 6y, ¢) not necessarily Poincaré. It is an n-symmetric Poincaré pair with
- (0C, dyp) the symmetric boundary of (C, ¢)

- opD=(( 2] s ()

f o

- 3f =10 0] :0C= Cr_"_l D cr—r-1 Dr+1 eD" " cr—r-1 = 8f*D
0 1

(0C,0¢) | the symmetric boundary of an n-symmetric chain complex obtained from algebraic

surgery on the pair (0 — C, ¢,0), i.e. 3C = L1 (), dp = 8 'e”(p) where e: C — €(yy) is

the inclusion (see B21 for more details).

Wir,s]| the Z[Zs]-module chain complex

1+(—)°t 14(—) D¢ 14+(—) ¢
-0 Z|Zs) A2y e Z[Zs) 0---

with W(r,s], =0forn > sandn < r.

G':C' — D'| the map obtained from the relative quadratic signature.

‘ g C(B)" 1 = C(A) ‘ the chain map given by the composition (¢p)g o g.

‘ gi:C(Y)" ™ — €(i) ‘ the chain map given by the composition ¢; o ¢* foramap i: B — Y the

inclusion.

gi-:C(Y,B)"* — C(N) ‘ the chain map given by the composition ¢;+ 0 (dg, g)* withi: A — N

the inclusion.
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In the elevator

In the elevator

Forms on chain complexes

The rooms in the Basenment introduce the foundational algebraic concepts and contstructions
we use all over in the hotel, in particular all those kinds of different signatures that we use to
produce elements in different types of L-groups.

We motivate here the setting in which these signatures live, namely the L-groups for chain com-
plexes with their three different flavours - symmetric, quadratic and normal - and the following
steps of generalization of this concept:

1. L-groups for additive categories with chain duality instead of R-modules.

2. Structured complexes which are Poincaré with respect to an algebraic bordism category
instead of just requiring a chain equivalence to the dual chain complex.

3. A kind of controlled algebraic bordism categories which realize local Poincaré duality.

These steps are necessary to define the mosaicked signatures that will finally realize the total
surgery obstruction.

We are interested in Poincaré spaces and manifolds and their differences. It turns out that
we already find in chain complexes an algebraic tool which is almost powerful enough for our
purposes. But we need some additional structures on the chain complexes.

The extrinsic motivation for the three different structures symmetric, quadratic and normal
is the existence of the signatures in the picture below. Basically, a chain complex with an n-
symmetric (Poincaré) structure ¢ represents a space X with a (fundamental) cycle [X] € C(X),
and a chain complex with a normal structure (¢, v, x) represents a normal space (Y, v, p). There is
no direct geometric interpretation for quadratic structures but we are able to construct quadratic
structures out of degree one normal maps.

Poincaré space symmetric Poincaré structure
oy
X p € WAC(X)n
degree one normal map quadratic Poincaré structure
~ ~ ey !
fiM— X ¥ € Wy C(f)n

normal structure
~y (()0777)() € W%C(X)n &
(Y,v,p) % — %
W (C(X)™)o & W*C(X)nt1

normal space

where m = 71 (X) in the first case, 7 = 71 (M) in the second and 7 = 71 (Y) in the last one and all
spaces are of dimension n.

The conceptional idea behind these structure on chain complexes is to develop L-theory for
chain complexes instead of modules motivated by Quillen’s approach to algebraic K-theory. The
original (quadratic) L-groups were defined by Wall using quadratic forms. We are now going to
retrace the quadratic and symmetric forms in the definition of the chain complex version of the
L-groups.

Let M be a free R-module. A bilinear form over R is an element in Hompg (M, M*) or, using the
adjoint description, in (M®M)*. TheinvolutionT: (M@M)* — (MM)*, TN (z,y) = Ay, z)
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Symmetric structures

defines a Zs-action on bilinear forms. A symmetric form can then be considered as a Z,-fix point
which is an element in Homgjz,)(Z, Hom(M, M*)) and a quadratic form is a Z,-orbit which is
an element in Z ®zz,] Hompg (M, M*).

This translates almost immediately to chain complexes but we would like to obtain cup products
as symmetric forms. This makes two adjustments necessary: Firstly, we have to use a dual
description in order to get the right source and target. So we consider an element in (C ®r C') =
Homp(C~*,C) as a form on a chain complex C. The involution is given by

T:C®C—CoC; zoy— (—1)y e

Secondly, we need a homotopy invariant notion. Hence instead of fixed points and orbits we
consider homotopy fixed points and homotopy orbits. So a symmetric form on a chain complex
C, which we call a symmetric structure on C, is defined to be a cycle in Homgjz,|(W,C ®@g C)..
Accordingly, a quadratic structure is a cycle in (W ®zz,] C ®g C).. In the next subsections we
provide more details about structures on chain complexes.

Symmetric structures

An n-symmetric structure p € Wo,(C(X)),, = Homgz,)(W,C(X) ® C(X)) for an n-dimensional
Poincaré space X is meant to encode the Poincaré duality of X. On the chain level Poincaré
duality means that there is a fundamental cycle [X] € C(X),, such that the cap product

NX]:C(X)"™ = C(X).
is a chain equivalence. In general we can define for each ¢ € C(X),, a chain map
No:C(X)"™ = C(X)..

Using the slant isomorphism, - N o corresponds to an element ¢, in C(X) ® C(X) and as a first
step to the construction of symmetric structures we can make the ad hoc definition of a chain
map

con?: C(X) — C(X)@C(X); 0 ¢,

We have a closeer look at this. In homology we almost immediately recover con¥’ induced by the
diagonal map d: X — X x X. For that, recall the definition of the cap product, for example as
given in [Mas91, XIIL.3]:

N HP(X) @ Hy(X) — Hy—p(X),
u®v— u\dy(v)

which involves the slant product
\:HP(X) ® Hy(X x X) — H,_,(X),
which is induced by the chain map
\: CP(X) @ Cy(X x X) — Cqp(X), u®v— u\\((v)

where (: C(X x X) — C(X) ® C(X) is the Eilenberg-Zilber chain map and the chain map
\:CP(YV)® [C(X)®C(Y)], = C(X),_p is defined by f@a®b — (—1)l*fla® f(b) with
f(b) = O for [o # |f].
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Symmetric structures

Using the general adjoint isomorphism Hom(B ® A, C) = Hom(A, Hom(B, C)) we can rewrite
the slant product as the homomorphism

\:Hg(X x X) = Hom(H?(X), Hy—p(X)).
Precomposed with the diagonal map we get the cap product

H, () —2 s Hy(x x %) % Hom(HP(X), H,_ (X))

) q—p

b N

which looks as follows on the chain level:

C(X)y 25 Cy(X x X) & (C(X) ® C(X))g - Hom(CP(X), Cyyp(X)).
We recover con’’ as the composition ¢ o d, but it has a defect compared to its geometric origin,
the diagonal map d. We lost the symmetry in the target: Let t: X x X — X x X be the switch
map t(z,y) = (y,x). Then d is fixed under the Zs-action by ¢, but for d. we have to take a cellular
approximation of the diagonal map d which is not symmetric. Moreover, consider the following
diagram where T: C,, ® C, — C, ® C, is givenby 2 @ y + (—1)*llVly @ z.

conf?: O(X) —2 O(X x X) — C(X) @ O(X)

SN
conf?: O(X) —2 O(X x X) — C(X) ® O(X)
The diagram does not commute on the nose but the Eilenberg-Zilber map is constructed using

the acyclic model theorem [EM53] and the uniqueness part of the theorem provides at least a
natural chain homotopy

cony:(od, ~(ot,od, ~To(od,:C(X)— C(X)®CX).
Returning to the isomorphic description of C ® C as Hom(C*, C) the definition of T' changes to
T: Hom(C*,C) — Hom(C*,C); ¢ .

We consider for a cycle o € C(X) the chain map \\ ocon¥’ (6) = \\ood.(c): C(X)"* = C(X).«
and denote it by ¢o, which will serve as the seed of a symmetric duality structure on C(X) for
o. It grows to a countable collection of higher chain homotopies. First we include in the data of
a symmetric structure for o the chain homotopy ¢; = \\ o con’y (0): ¢y =~ T'po. Now ¢; itself
is again chain homotopic to T'p; and there is a chain homotopy s : ¢1 ~ T'¢; and so on. So we
define a symmetric structure as a collection of chain homotopies with increasing degrees

o= {ps:C"T"* 5 C, | s > 0}. (232.3)

The dimension of a symmetric chain complex (C, ¢) is the degree of the original seed, the possibly
Poincaré duality map ¢g. We call (C, ¢) a symmetric Poincaré complex if ¢y is a chain equivalence.

To justify the condensed algebraic definition of ¢ as an element in Homgz,|(W,C ® C) we
have a look at the geometric background. Let Zy act on X x X via t. A Z,-equivariant map
w: 8% =J;" 5" — X x X is the same as
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Quadratic structures

apointwy € X,

a path wy: [0, 1] — X from wy to twy,

a homotopy ws:wy =~ tw; relative {0, 1},

a homotopy ws: wy =~ twy and so on ...

Observe that W = C(S5%) is the cellular Z[Zs]-module chain complex of S> = (e Ute®) U (e! U
te') U... with de’ = e'~t —te'~1. A cycle ¢(-) € Homgz,| (W, C ® C) is essentially the same as
the collection ¢ of higher homotopies. For that consider the following diagram.

Z|Zs) — 7z — T Ty 0

RS S

|
—— (00— (C20O) 1 —— (C2C)yy —— (C®C)py

‘ [ +
[ <+ o
+ Pr — — = — 2> 90—Tpo

P2l — — — — 2o1+Tpr

Evaluating ¢(-) on the generator of Z[Z,] together with the cycle condition we get the adjoint
description of the symmetric structure as defined in 232.3:

o(1) = {ps € (C®C)s | d“®C(ps) = ps_1 £ tps_1,5 >0}

Note that these higher homotopies become important to define a gluing operation for chain
complexes which is needed to prove that cobordism is an equivalence relation on chain complex
level.

Quadratic structures

An n-quadratic structure ¢ € Wy, C(X),, is a refinement of a symmetric structure. Similarly to
the symmetric structure a quadratic structure can be described as a collection of chain maps

= {¢s:C"*F 5 C. — | s <0}

but this time with a decreasing instead of an increasing degree. It becomes a symmetric structure
via the symmetrization map (1 + t). Non-trivial quadratic structures occur when we start with a
stable map

F:3FX - 5hy

between pointed spaces X and Y. We get such a map for example for a degree one normal map
f:M — X by using S-duality.
On chain complexes a stable map F' gives us a chain map

FO0(X) 25 5HOErx) B nroEhy)) 25 o).

But since f is not induced by a map of spaces it might not commute with the symmetric con-
struction but the difference f” con% — con{. f will become null-homotopic after k-fold suspension
because we recover the map F:

85 (f% con% — con? f) = (F/ con?, ,, — con%,, F.): C(X) = W*(C(Y)).

©
SkX SRY
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Quadratic structures

The algebraic situation is summarized in the diagram below with a commuting outer square but
the inner square does not necessarily commute.

]
con_ .

YkC(2FX) =X YW (C(BRX)) .
\cm I W)

o I lf% F%
con?,

C(Y) ———= W*(C(Y))

\\\\\\§f\\$
con?

-1(C(ZFY)) Elak STEWR(C(ERY)

Now we use the fact that the short exact sequence of chain complexes

0 w%C W0 —— YWy, C — 0

induces in homology the long exact sequence of Q-groups

e Qo1 (C) —— QM (C) —— Q(C) —— Qn(C) —— - -

and that the hyperquadratic Q-groups are the stabilization of the symmetric (J-groups via the
suspension map §: Q"(C) — Q" 1(2C):

Q"(C) = colim Q" (x*0).
k—o0

We obtain the following diagram where the diagonal maps come from the diagram above and
the horizontal line is the long exact sequence of ()-groups.

Hy 1k (C(2FX)

| % ® ©
v f7 con —cony f
con},
4

e Qu(C(Y)) ———3 Q(C(Y)) — QM (C(Y) — -

IS

QHH(C(ZMY)

The image of f% con% —con{ f vanishes in @”(C(Y)) and because X is Poincaré we have
H,(X) = Z. Hence the exact sequence gives us a lift to ,,(C(Y")). Additionally, on the chain
level there is a preferred choice of the null-homotopy 8*(f” con% — con{. f) ~ 0 which defines a
map

con’: C(X) = W (C(Y)),

the quadratic construction.
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Normal structures

Example. We give a geometric example where we need suspension to obtain a map that is
compatible with the symmetric construction. Denote by T' the torus S' x S' and by M the
2-sphere ‘with ears’ S' vV 5? vV S. They both can be equipped with a CW-structure with one 0-cell,
two 1-cells a and b and one 2-cell z. On the chain level we obtain a chain map f: C(T) — C(M)
by sending generators to generators. This does not commute with the symmetric construction
because on C(M) the cup-product of the generators a and b vanishes whereas on C(T) we
obtain the generator x. But after suspension there is a homotopy equivalence F': X7 — XM and
hence the induced map on the suspended chain complexes is compatible with the symmetric
construction.

Normal structures

Normal structures are related to normal spaces. A normal space is a generalization of a Poincaré
space. It becomes important when we compare the local structure of a manifold and a Poincaré
space. Locally, a manifold has still Poincaré duality whereas a Poincaré space is locally only a
normal space.

weaker
—_—

global geometric object | manifold Poincaré normal

local algebraic structure | Poincaré normal normal

A normal space is a triple (Y,v, p) consisting of a space Y with a k-dimensional oriented
spherical fibration v and a map p: S"** — Th(v) to the Thom space of v. This triple together
with the Hurewicz homomorphism % and a choice u(v) € C*(Th(v)) of the Thom class of v
determines a fundamental class

[Y] = u(v) N h(p).

The cap product with the fundamental class does not need to be a chain equivalence in contrast
to when Y is a Poincaré space. The dimension of a normal space is the dimension of the source
sphere of p minus the dimension of the spherical fibration and agrees with the dimension of the
fundamental class.

A normal structure is a 3-tuple (¢, v, x) where ¢ € W%C, is a symmetric structure, v €
W%(C’ *)o a chain bundle and x € W%(C’ )n+1 @ chain which relates v and ¢. They represent the
following geometric data.

(chain complex) C+—Y (space)
(symmetric structure) v «—[Y] (fundamental class)
(chain bundle) Y v (spherical fibration)
(link between ¢ and ) X —p (link between [Y] and v)
J(p) = dx + (") [Y] = u(v) N h(p)

For a normal space (Y, v, p) with fundamental class [Y] and a choice of the Thom class u(v) €
C(Th(v)) we obtain a normal structure in the following way:.

Cc=C (}7), the (cellular) chain complex of the universal cover.

¢ = con{ ([Y]), the symmetric construction applied to [Y].

v = con) (u(v)), using the chain bundle construction as defined in A3.
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Additive categories with chain duality

Additive categories with chain duality

Let A be an additive category and B(A) the bounded chain complexes in A. Our duality structures
live in W”C = Homgz,| (W, C @4 C) resp. in We,C and W%C. So for a chain complex C' € B(A)
we have to make sense of C' ®, C and give it a Zs-action.

For A the additive category of free R-Modules we have the chain dual 7'(C') :== C~* which is
related to the tensor product via the slant isomorphism

—\—: C®r D — Homg(TC, D),

z@y— (f = f(z)-y)

and satisfies 7%(C) = C. So we need a functor 7:B(A)®? — B(A) together with a natural
transformation e: T2 — 1 such that

ec:T?C =NYe!
eT(C) o T(EC) =1.

Then we define
C ®p D := Homuy(TC, D).

The missing part is now a Zs-action on C ®4 C but T" gives a natural map
T: Homy (C, D) — Homu (T(D), T(C))
of chain complexes. This induces the maps

(ec)«

TC,D :C Ry D= HOHlA(TC, D) 1} HomA(TD,TQC’) e HOHIA(TD, C) =D®yC
and
Tp.c:D @y C = Homy (TD, C) L5 Homy (TC, T2D) % Homy (TC, D) = C @4 D

with TC’,D o TD,C =id = TD,C o TC’,D-

Hence Toc: C ®4 C — C ®4 C is an involution which makes C @, C' a Z[Zz]-module chain
complex.

We will encounter chain dualities where the dual of a single chain module is allowed to be a
chain complex. So we actually define a chain duality as a functor

T:A% — B(A)

which induces a functor
T:B(A) = B(A)

via the total complex of the double complex T(Cy) j for C € B(A).
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Algebraic bordism categories

Algebraic bordism categories

Algebraic bordism categories are designed to capture the zoo of different (Poincaré duality)
structures and especially the different local (Poincaré duality) structures in one homogeneous
concept. Varying these algebraic bordism categories we can organize these structures in a braid
of exact sequences as shown in 12.

We defined a structured chain complex (C, \) to be Poincaré if the algebraic mapping cone
% (o) is contractible. We would like to have a more flexible concept of being Poincaré. Instead
of requiring ¢'(\o) to be contractible we rather choose a distinguished subcategory P C B(A) of
chain complexes and call (C, A) to be P-Poincaré if €' (\g) € P. We formalize this in the definition
of an algebraic bordism category A = (A,C,P, (T, ¢)), usually denoted by A or (A,C,P). It
consists of full additive subcategories P C C C B(A) where P is closed under weak equivalences
and mapping cones, i.e.

1. €(f:C — D) € P for any chain map f in P,
and additionally any C' € C satisfies

2. ¥(id:C - C) e Pand

3. €(e(C):T?(C) = C) e P.

Local chain duality

For K a triangulated manifold we get (n — |o|)-dimensional manifolds D(o, K') with boundary
0D(0, K) = Us<,D(1, K) for all simplices o € K. We would like to encode the Poincaré duality
of all these manifolds D(o, K) in one single chain complex. Therefore we define A, X to be the
additive category with objects and morphisms given by

Obj, v = { Z M, | M, € A, M, = 0 except for finitely many a},

oeX
Mor, x (3 Mz, > N2) = { Y fror | (fr: My = Ny) € Mora (M, V) },
geX T€X T>0

o,7e€X

where X is a simplicial complex.

Analogously, there is a category A*X with the same objects but the components f, ; of a
morphism are restricted to the case 7 < . They are used for the construction of L-spectra but
now we concentrate on the first lower star case*.

A chain complex in the category A, X consists of chain complexes C(¢) for each o € X with
additional maps C'(¢),, = C(7)n—1 in each degree n and for all simplices o < 7.

**To justify the position of the star note that the morphisms in A, X behave covariantly compared to the morphism in
A where as the morphisms in A* X are contravariantly compatible.
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Local chain duality

Example. Let X = A! be the standard one simplex. A chain complex C in A, X looks as follows.

a b
Cla) Cle) )
Co= ( Cla) C)s

: N/
o

J+ v

C()Z ( C(a C(

I

Q
Q
<=

()1

<;

: =

The property of the differentials that d o dy,—1 = 0 is passed on to the columns so that each
column chain complex separately is a chain complex.

For a given chain duality 7" on A the induced chain duality T, in A, X is defined as follows.
Note that ) indicates an object in A, X and € defines an object in A. We use the notation M,
for a single A-object in an A, X-object M and C(¢) for the A-chain complex obtained from an
A, X-chain complex C by restricting in every degree the chain modules C, to (Cy),-

To:AX = BAX), T My)(r)s =T(EP Mz)sr.

ceX <7

To explain the purpose of this definition we decompose T : A, X — B(A,X) into the following
three functors

7oA X 25 aex T ax S B(ALX)

where T* is the chain duality induced by T" on AxX, the subcategory of A, X with non-trivial
morphisms only between the same simplices. The other two functors -, and + will be defined
and explained in the following example.

Remark. Now we obtain with T, a chain duality where the dual of a chain module is a chain
complex. We use the total chain complex T (C),, = @ T.(C))s to define the dual of a chain
complex C.

n=r—s

Example. Let K be an n-dimensional triangulated manifold and C' the chain complex in Z, X
with C(o) = C(D(0),0D(0)) the simplicial chain complex of the dual cell D(o, K) relative
boundary. Let (T, e) be the standard duality of Z-modules given by T'(M) := Homyz (M, Z). The
dual chain complex 7, (C) is designed in such a way that an n-symmetric Poincaré structure
o : X"T,(C) — C restricted to po(0): X"T,(C)(c) — C(o) for a simplex ¢ € X can encode the
Poincaré duality map of the dual cell D(o, X) itself.
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To achieve this, the definition of T}, has to deal
with three difficulties which we will explain
now with a simultaneous look at a 1- and a
0-simplex of K.

(1) The dual cell D(o,K) is a manifold
with boundary, hence, Poincaré duality
of C restricted to C(o) means in fact
Poincaré-Lefschetz duality.

Solution:

C(0) is the cellular chain complex of D(o, K')
relative boundary. So for its Poincaré-
Lefschetz dual we collect the boundary
components. The boundary consists of the
dual cells of the simplices that o is a face of.
So we define C® = C (o) == P, C(7).

T>0

(2) After applying the chain duality of A
to C¢, the reversed maps would be no
longer morphisms in A, X.

Solution:

The target C@® of a differential d. , is now
also part of the source C@. So we can
assemble the differentials between different
columns in the source columns by defining
dso = @ dr, and d7s, =0 for 7 # 0.

o<t

(3) The dual cell D(o,K) is an (n — |o])-
dimensional manifold. So n-dimensional
duality on C should be an (n — |o]|)-
dimensional duality on C(o).

Solution:

We shift each column chain complex C(o) ac-
cording to the dimension of ¢ into the right
position such that a chain map ¢:7,(C) — C
of degree n is in fact a chain map of degree
n — |o| on Ty (C)(c) — C(o). So we define
CHo)n = C(0)n_|s| and introduce projec-
tions as the new maps between the columns
in T,.(C).

Local chain duality

C:
C(a)1 C(e)l
da.a deye
C(a)o C(e)o
|
CC) H
Cla)1 @ e Clen
C(a)o @ C(e)o\ C(e)O
|
T(Ce)

T(da,a)T\T(d ) TT(de,e)
TC(e)o
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Local chain duality

For A* X the motivating picture is that the Poincaré duality restricted to a simplex is meant
to encode the Poincaré duality of the simplex itself. So everything is reversed. The boundary
is coming from the faces of o so ¥ collects all chain complexes C(7) with 7 < ¢ and Poincaré
duality of ¢ is o-dimensional so T shifts the chain complex accordingly. We use the notations
C@p= @ C(r)r and CT(0) = C(0) k4|0 to define

o<t

(T*C) o)k = ("o T o ¥ )(C(0))k = T(ED C(T))ktio-

o>T

Room service

’ con%: C(X) — W7(C(X)) ‘ a chain map called symmetric construction; defined for a topo-

logical space X.

con’: C(X) — We(C(Y))| achain map called quadratic construction; defined for a stable

map F': ¥PX — ¥PY of pointed topological spaces X, Y.

con): C*(Th(v)) — w%(C (X)™*)y| a chain map called chain bundle construction; defined

for a k-dimensional spherical fibration v.

using the involution of R.

€(f)| the algebraic mapping cone with € (f)x := Dy ® Cx_; and differential d¢ /) (z,y) =
(dP(z) + f(y), —d®(y)) for a chain map f:C — D.

the generator of Zy; acts on C ®x C via t(z @ y) = (—)*Wly ® r and on C ®, C via
tx®y) =Tcc(z®y).

’ Tep:CRy — DRy ‘ amap defined as the composition Homy (T'C', D) z, Homy (T'D, T?C) %
Homy, (TD,C).
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A Constructions and signatures

A Constructions and signatures

Porter

In the following rooms we introduce the plant of constructions which produce algebraic structures
out of geometric data. The basic machines are the following three constructions which produce
symmetric and quadratic structures and chain bundles'. For certain geometric input these
constructions are used to construct symmetric, quadratic and normal signatures as elements in
appropriate L-groups.

symmetric construction .
X con?, ~ p € WH(C(X)),
quadratic construction
F:YPX — YPY~r con” > € Wy (C(Y)),,
F

chain bundle construction
cony

v: 7 — BSG (k)] N e WHRC(2)),

where X and Y are topological spaces, F' a map of suspended pointed topological spaces and
v:Z — BSG(k) a spherical fibration with Z a finite CW-complex. There is a variant of the
quadratic construction for a semi-stable map

spectral
F: X — YPY~~———~] quadratic construction | _ ' € Wy (€(f)),

w!
cony,

where f: é(X)er* — C(Y), is the chain map induced by F'.

The symmetric construction con% is a consequence of the Alexander-Whitney diagonal ap-
proximation C'(X) — C(X) ® C(X). It commutes with maps induced by maps of topological
spaces and with suspensions of chain complexes but not with chain maps in general. This leads
to the definition of the quadratic construction con% which measures the failure of the symmet-
ric construction to commute with a chain map f:C(X) — C(Y) derived from a stable map
F:¥PX — ¥PY. The chain bundle construction con} for a spherical fibration v combines the
symmetric construction for the Thom space of v with Thom- and S-duality equivalences.

For some special geometric input these constructions give rise to elements in L-groups in all

HThe chain bundle construction appears in the original literature as hyperquadratic construction.
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A Constructions and signatures

flavours. Here is an overview.

)
con’y

U

P— Poincaré symmetric
. ) symmetric signature hai 1
Poincaré space X Le NS chain complex
A15-p.126 e (C, ) € L"(Zr)
con’,
; U : Poincaré quadratic
degree one normal map quadratic signature hai
~ ] L AN chain complex
A26-p.133 fiM =X SgN7 (C, ) € L (Z)
cony & cony,
4 1
i 1 normal signature norma
geometric normal space | I8 L chain complex
A33-5p.139 (¥, p) S8z (C, (9,7, X)) € NL"(Zn)
For the quadratic signature there is a generalization for degree one normal maps with target
normal spaces using the spectral quadratic construction. The outcome is a non-Poincaré quadratic
complex and thereby not an element in an L-group but it will be used to tessellate quadratic
mosaicked signatures.
con?:
L/ .
uadratic signature quadratic
degreegnj&\efnor?al map |14 L.g s chain complex
A27—p.134 gy = S8l (C', ")
There are also relative versions of the constructions which give rise to relative signatures.
con‘;X“”“"
12
relative symmetric Poincaré symmetric pair
Poincaré pair (X, B)~—~—~~ R PPN
A15—p.126 signature sgn™ (f:C = D,dp, )
Oth,ip
con’y
degree one normal map ﬂ
£ 1) relative quadratic Poincaré quadratic pair
" (6. J): (M, 4) - (X, B)___|relative quadratic| _Poincaré q P
—p.133 from a manifold pair signature sgns (f:C = D,éy,y)

to a Poincaré pair
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5,7y Sp,p
cony """ & cony/

normal pair
(Y, B),v,(pv,pB))

relative normal
signature sgn™"

normal pair
(f:C — D,
((8,67,0x), (#,7, X))

o o

st 1!
T!

I

con

degree one normal map
(69,9): (N, A) = (Y, B) ___|
from a Poincaré pair

relative quadratic
signature sgn®s

quadratic pair
(G':C = D00, 9)

to a normal pair

The relative versions for pairs can be generalized for ads. So for subdivided versions of the
geometric input from above we have the mosaicked signatures. Let M/, X and Y be as above but
equipped with a map r to a simplicial complex K.

manifold M

Poincaré space X

degree one normal map
M M

degree one normal map
M — X

normal space Y’

Poincaré space X

locally Poincaré

mosaicked ™ symmetric chain complex
symmetric in L"(ALK)
signailjre globally Poincaré
SUEK o~~~y symmetric chain complex
in L"(AgK)
locally Poincaré
mosaicked ™~~~ quadratic chain complex
quadratic inL,(ALK)
mgna;ure globally Poincaré
SgNg" L~ ~~~quadratic chain complex
in L, (AcK)
(non-Poincaré)
mosaicked [ normal chain complex
normal in NL"(AnK)
i t
mgns;s.r ¢ globally Poincaré
S8l K r~~~~~»normal chain complex
in NL"(AcK)
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A Constructions and signatures
Al Symmetric

The symmetric construction con is a direct consequence of the Alexander-Whitney diagonal
approximation C'(X) — C(X) ® C(X) which gives a chain map

con%: C(X) — WA(C(X)).

Evaluated on a cycle [X] € C(X), we get an n-symmetric structure ¢,, = con([X]). The
symmetric construction commutes with maps induced by maps of topological spaces and with
suspensions of chain complexes but not with chain maps in general. This leads to the definition
of the quadratic construction in the next section A2.

The original source for the symmetric construction is [Ran80a, §1]. There you find the details
for the equivariant version which we omit here and for the properties listed below which we will
not verify here. The symmetric construction is based on the Eilenberg-Zilber map and acyclic
models. You find more details on that in [EM53] or in standard textbooks like [DKO01, §3].

A1 Symmetric construction [Ran80b, Prop. 1.2]
Let X be a topological space with the singular chain complex C(X). There is a natural chain map

con% : O(X) — W*(C(X)).

Properties

[A12 — [Ran80b, Prop. 1.1]]
The symmetric construction is functorial with respect to maps of spaces, i.e. let f: X — Y be a map of topological spaces.
Then the following diagram commutes.

o(x) =5 W o(x)

J«f J’f%
con?

CY) — W%(C(Y))

[A13 — [Ran80b, Prop. 1.4]]
The symmetric construction commutes with algebraic and geometric suspension up to a chain homotopy I x .

Cu(x) — R W (X)) B S (X))

CO"EX

C11+(ZX) LIWR(C(TX))

Variations

A14 Relative symmetric construction [Ran80b, Prop. 6.1]
Let (X, A) be a pair of topological spaces and i: C'(A) — C(X) the induced chain map. There is a chain map

condd {6 (i) — € (i%).

compatible with con%.

Signatures
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A Constructions and signatures

A15 Symmetric signature
Let X be an n-dimensional Poincaré space. There is a symmetric signature

sgnl” (X) € L"(Zn)

producing an n-symmetric Poincaré chain complex (C, ¢).

A16 Relative symmetric signature
Let (X, A) be an (n + 1)-dimensional Poincaré pair. There is a relative symmetric signature

sgns (X, A)

producing an (n + 1)-symmetric Poincaré pair (f : C — D, d¢, ¢).

A17 (15, 16) Mosaicked symmetric signature [Ran92, Example 6.2 and 9.13]
Let X be an n-dimensional Poincaré space and r: X ~ | K| a map to a simplicial complex K. There is a mosaicked symmetric
signature

sgnrf(. (X) € L"(AgK)

such that A(sgn}‘(’) = sgn%; (X) € L™(Zx). If X is an n-dimensional manifold there is a refined version

senl’ (X) € L"(ALK).

Proof Al (Symmetric construction)

[A11 — [DKO1, §31]
There are two functors

F:(X,)Y)—»C(X xY) and F'1(X,)Y)—» C(X)®C(®Y)
from the category of pairs of spaces to the category of chain complexes which are naturally equivalent, i.e. there exist natural
transformations : F — F' and (™1 : F' — F so that for any pair (X,Y") the composites
CX x Y) 5 O(X) ® C(Y) S C(X x V)
and
C(X)®C(Y) S (X x V) S o(X) @ C(Y)

are chain homotopic to the identity. Moreover, any two choices of ¢ resp. ¢~ 1 are naturally chain homotopic.

Choose an Eilenberg-Zilber map (A11)

Co:C(X x X) = C(X) ® C(X).

It is natural in both factors and Z,-equivariant up to homotopy with respect to the switch action
on the factors. This means the following diagram commutes up to chain homotopy.

O(X x X) = C(X) ® C(X)

‘tC\R 1 t
JSWI h Cj \\\—) J/
C(X x X) —*5 0(X) ® C(X)

The chain homotopy ¢1: C(X x X) — (C(X) ® C(X))s+1 is again Zs-equivariant up to a chain
homotopy (2. This collection {¢,, | » > 0} of chain homotopies defines in fact a map

CS C(X X X) — HomZ[Z2](W/,C X O)

Composed with the geometrically induced diagonal chain map d,, the Eilenberg-Zilber map
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defines an Alexander-Whitney diagonal approximation, our symmetric construction

conf: C(X) 45 C(X x X) S WH(CO(X)). 0

Proof Al4 (Relative symmetric construction)

We obtain the chain map con} X466 — % (i) immediately by the naturality of the symmetric
construction Al:

@ ® ,
con con’% | cony” S

WH(C(A)) ——s W(C(X)) —— € (%)

Proof Al5 (Symmetric signature)

Let X be the universal covering of an n-dimensional Poincaré space X and 7 = 7 (X). The
symmetric construction conf? yields a chain map of Zm-modules. Applying Z &z, - we obtain
the equivariant symmetric construction, a chain map of chain complexes of abelian groups

con?: C(X) = W(C(X)) = Homgz, (W, C(X) @zr C(X)).

Evaluate the equivariant symmetric construction on a fundamental cycle [X] to define ¢ =
con% ([X]). Inspection of the symmetric construction shows that the map of Zr-module chain
complexes ¢g: C(X)"* — C(X), is given by taking cap product with [X] and thus a chain
homotopy equivalence. We define the symmetric signature of X to be

sgny, (X) = [(C(X), 9)] € L™ (Z).
The cobordism class in L™(Z) does not depend on the choice of [X]. O

Proof A16 (Relative symmetric signature)

Use the relative symmetric construction of A14 to generahze the symmetric signature sgn. for
pairs to obtain the relative symmetric signature sgnl O

Proof A17 (Mosaicked symmetric signature)

By topological transversality we can make r transverse to the dual cells D(o, K). We obtain a
K-dissection X =, X[o] where X[o] = r~!(D(0, K)).

Let C(X) be the subcomplex of the singular chain complex of X such that the image of each
singular chain is contained in some X [o]. This chain complex is chain homotopy equivalent to
the full singular chain complex. We consider C'(X) as a K-mosaicked chain complex in B(Z. K)
by defining

C(X)(o) = C(X[o],0X]o])
foro € K.
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The relative symmetric construction A14 can be generalized to a chain map
confX : O(X) — W*(C(X))

over Z,X. Evaluated on a cycle [X] € C(X), it produces an n-dimensional K-mosaicked
symmetric structure ¢ = con?* ([X]) and hence an n-dimensional K-mosaicked symmetric
chain complex (C(X), px) in AgK whose o-component

px(0)o: C"* 1717 (X[0]) = C(X[0], 80X [0])

is the cap product with the class [X[o]] := 0,([X]). The cobordism class of (C(X), ¢k ) does
not depend on the choice of the fundamental class and hence defines an element sgn%’ (X) in
L"(AgK).

If X is a manifold, then each X[o] is an (n — |o|)-dimensional manifold with boundary and
hence satisfies Poincaré duality. If we use the fundamental class [X] to obtain ¢, then ¢ (0)o
is the cap product with the fundamental class [ X [o]] and hence a homotopy equivalence. The
symmetric signature refines to an element

senk (K) € L"(ALK). O

Room service Al

C(X)| thesingular chain complex for a space X.

the generator of Zy; acts on C ®@p C via t(z ® y) = (—)*ly ® z and on C ®, C via
tz@y) =Toc(r®y).

a functor defined for a chain complex C by W% (C) = Homygz,(W,C ® C).

the free resolution of the trivial Z[Z,]-chain module Z; given by the Z[Z;]-chain complex

2 202, 5 2 2] —— 0

structure ;
Poincaré means ¢y : C"~* — C is a chain equivalence.

an n-dimensional Poincaré space, i.e. a finite CW complex together with an orientation

homomorphism w: m(X) — {£1} and a fundamental class [X].
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[X]| fundamental class for an n-dimensional Poincaré space X is a cycle in the cellular

Zm-chain complex C,,(X) which represents an n-dimensional homology class in H,,(X;Z")

such that - N [X]: C"*(X) — C,(X) is a Zr-chain homotopy equivalence where X is the
universal covering.

Xlo]| 1isdefined for amap r: X — K to a simplicial complex as the preimage of the dual cell

D(o, K) after making r transverse. If X is a simplicial complex itself, choose r to be the identity.

The subdivision X = J, ., X[o] is called a K-dissection of X

’ 0y: C(K) — XlolC(0) ‘ chain map defined for each simplex o = (vg, v1,...,v|s|) in K by the
composition

CK) = 3 Cm)n 22 Clog)n 25 Clo1), 25 ... 22 Clo)s

TEK

with o; = (vo,...,v;) and d; = d;”7/ the relevant component of dfﬁﬁl :C(K)p—js1 —

C(K)n—; (see [Ran92, Def. 8.2]).

(vo, V1, ., 05) defines a simplex spanned by the vertices vy, ... ,v;.

for A = (A, C,P) denotes (A, X,Cp X, PeX, (T, e.)), the X-mosaicked algebraic bor-
dism category of A = (A, C,P) with global Poincaré duality.

ArX | for A = (A,C,P)denotes (A, X,CrX,Pr X, (Ty,e.)), the X-mosaicked algebraic bor-
dism category of A = (A, C,P) with local Poincaré duality.
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A2 Quadratic

We give a short introduction on how quadratic structures are obtained, followed up by an overview
of different variants of quadratic constructions, their properties and the signatures derived from
them.

A stable map F': ¥ X — ¥PY defines a chain map

—P

FroX) 25 nrosrx) L nrosry) 25 o)

which is not (necessarily) induced by a geometric map X — Y. Hence we get a non-trivial chain
map
% ocon%(X) —con%(Y)o f,: C(X) = WH(C(Y))

in the symmetric world measuring the square’s failure

con% (X)

C(X) ——=W%C(X)
| 7
n% (Y
Co(v) )W% ()
to commute. The stabilized term 8(f” con% — conf f) ~ F/f con¥, , — conZ,, F. vanishes be-

cause we recover the geometrically induced chain map F,. The suspension homomorphism is an
isomorphism for structures in 7. The short exact sequence

0 — Wy C(Y) = WEC(Y) = WEC(Y) = 0

together with the fact that the suspension homomorphism & is an isomorphism on W leads to
a preferred lift in Wy, the quadratic construction

con’s(X): C(X) = Wy (C(Y))

with the property that (1 + ) - con4(X) = f% o con% (X) — con%(Y) o f: C(X) = W*(C(Y)).

This can be applied in the following geometric situations. For a degree one normal map FiM —
X between manifolds or Poincaré spaces we obtain a stable Umkehr map F': ¥P X — XPM |
so that we can use the quadratic construction directly to define a quadratic signature for FoI
the target space is normal, we obtain only a semi-stable Umkehr map. For this case we need a
variant of the quadratic construction, the spectral quadratic construction A24 in order to obtain
the signature as defined in A27.

The quadratic construction was introduced by Ranicki in [Ran80b] and with corrected details
defined in [Ran81].

A2 Quadratic construction [Ran80b, Prop. 1.5][Ran81, p.30]
Let F: ¥PX — ¥PY be a map of pointed topological spaces. There is a chain map

con?: C(X) = W (C(Y))

such that (1 +t) o con's = f% con% — con?, f.

{ Properties
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[A22 — [Ran80b, Prop. 1.5 (iii)]]
For another map G : PY — XP Z of pointed topological spaces we have congop = g% Con}{i + condG) f.

Variations

A23 Relative quadratic construction
Let (j: A — X)and (i: Y — B) be pairs of of pointed topological spaces and (6F, F'): (X3P X,XPA) — (XPY,XPB)a
map. Then there is a chain map

con§ @ € (5) — € (iey)

; ; v
compatible with con .

A24 (A27) Spectral quadratic construction [Ran81, Proposition 7.3.1] _ _
Let F: X — XPY be a semi-stable map between pointed topological spaces and f: C(X)py« — C(Y ')« the induced chain
map. There is a natural chain map
1 =
confe : C(X)pte = W ()
such that !
(1+1¢) ocon}g =% ocony of

where e: C(Yx) — €(f) is the inclusion.

A25 (A28, B28, 232) Relative spectral quadratic construction [Ran81, Proposition 7.3.1]
Let (6F, F): (N, A) — XP(Y, B) be a semi-stable map between pairs of pointed topological spaces inducing the following
commutative diagram of chain maps.

E(A)pr. —— E(B) ¢(f)
J{j l J(m
E(N)pre —L— E(v) (9)

o

~ SHf)  ~
OGN, Aypre 210 B(Y, B) —— (5, 4)
There is a chain map Con(SF };’b C(N, A) = €((, o)
such that (1+¢t)o congfﬂ Fw %o conw 2 o(8f, f)-
Signatures
=Y

A26 Quadratic signature [Ran80b, p.229]
Let f: M — X be a degree one normal map between n-dimensional Poincaré spaces. There is a quadratic signature

sgnZ *(f) € Ln(Zm)

producing an n-quadratic Poincaré chain complex (C, ).

A27 (231) Quadratic signature for normal target spaces [Ran81, Prop. 7.3.4 (iv)]
Let G: N — Y be a degree one normal map from an Poincaré space to a normal space both of dimension n. There is a
quadratic signature

sgnle (§) = (C',¥) = (€(g"), conts, (u3,))

producing an n-quadratic chain complex (not necessarily Poincaré) such that (1 + t)(¢') = e?} (on)-

130



A Constructions and signatures

A28 (232) Relative quadratic signature for normal target spaces [Ran80b, Prop. 6.4]
Let (0g,9): (N, A) — (Y, B) be a degree one normal map from a Poincaré pair (N, A) to a normal pair (Y, B) both of
dimension n. There is an n-quadratic pair called the relative quadratic signature

sgns (63,9) = (G': ' — D', (84, 4)).

such that
(1+ )89, 8') = egr 17 0 conpf P ([N, A)).

A29 (221, 23) Mosaicked quadratic signature [Ran92, Example 9.14]
Let f: M — X be a degree one normal map from a closed topological manifold to a Poincaré space both of dimension n. Let
r: X — K be a map to a simplicial complex K. There is a mosaicked quadratic signature

sgnf? () € Ln(AGK)

with A(sgnl)}' (f) = sgné‘; (f). If X is a manifold, there is a refined version

sgnf® (f) € Ln(ALK).

Proof A2 (Quadratic construction)

[ | [A13 — [Ran80b, Prop. 1.4]]
The symmetric construction commutes with algebraic and geometric suspension up to a chain homotopy I' x .

0. () —5 Wi e(x) — 5 m-WHREO(X))
Jz x\“ lx%
C1+(SX) “orEx SIWR(C(EX))

A21 Stable symmetric is hyperquadratic [Ran80a, p.106]
We have a chain homotopy equivalence
colim 8P (W% C) ~ W% C.

p—r0o0

Suppose that pin F: ¥?X — YPY is large enough such that 8?(f% con% — con. f) is stable,
if necessary suspend F. The following pullback gives us a chain complex C(X) homotopy
equivalent to C'(X).

C(X) —— C(X)
Jf lZPF*oEX
C(Y) —= %PC(ZPY)

A model for C(X) is the desuspended mapping cone = 1€ (C(X)®C(Y) — XPC(XPY)). From
the properties of the symmetric construction A13 we have a natural chain homotopy

Py :2C(X) = WH(C(2X))

n+1
up to which the following diagram commutes.
So(x) —Z) |y soix))
sz lxx%
CEX) —EX % c(nx)
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Now we consider the following diagram.

17

NPC(SPX) SPC(SPY)

\/\/

COIIX COHY

» P con? 2P conf

=P X ZPY

W% (C(X)) W%(C(Y))

l(ZxP)% (Zyp)%l
% (- (BT
W(SPC(SP X)) — 5 W% (S-PC(SPY))

5P (F%)

SPW%(C(SPX)) STPWH(C(ZPY))

The lower trapezoid commutes strictly and on the left and right hand side we recover the diagram
from above. Start a diagram chase with an element (z,y, z) in the pullback C(X),, where 2 €

YPC(XPY)is a (n + 1)-chain connecting = € C(X),, and y € C(Y),. It leads to an element in
the fiber of 87 : W”C(Y) — S PW%(XPC(Y)). Using the equivalence of A21 and the cofibration

sequence W, (C) — W%(C) — /W%(C’) we identify the fiber with Wy, C(Y') and hence obtain a
quadratic structure. O

Proof A21 (Stable symmetric is hyperquadratic)

For W%C the suspension map §: WeC — E_ll//V\%(EC)) is a chain equivalence and we have
hocolimy, ¥ ~*Wy, X*C ~ 0. Hence we obtain from

0— s WHC —— s W ———— 3 SWy O ———— 0
Js’“ Jsk Jsk
00— SFWH(SEC) —— SFWH(SEC) —— Sk 1y, (SFC) —— 0
that W%C ~ =k W% 5kC which proves the statement. O

Proof A23 (Relative quadratic construction)

The construction of A2 can be generalized to the relative case. O
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Proof A24 (Spectral quadratic construction)

The existence of the spectral quadratic construction con, can be read off the following commuta-

tive diagram.

f_jner(X) - _
Hop(X) —L s Hpp(57Y) % mw) s
Jconf} lconzpy cony, JIH
QU(C(X)) —5 Qrir(C(7Y)) 2 QU (C(Y)) — QU ([))
\ \ J JJ
n(5-PG(X)) s O E(Y)) —s OB ()

The functor C' — Q"(C) is a generalized cohomology theory on the category of chain complexes
[Wei85a, Theorem 1.1]. So the last row is exact and the right column is also exact due to the long
exact sequence of Q-groups. O

Proof A25 (Relative spectral quadratic construction)

The existence of the relative spectral quadratic construction con SF, ;z; follows immediately from
the naturality of the diagram used to construct the spectral quadratlc construction A24. O

Proof A26 (Quadratic signature)

C (AA26) Umkehr maps [Ran80b, Prop. 4.2]
Let f: N — X be a degree one normal map between Poincaré spaces both of dimension n. There is a stable geometric Umkehr
map

F: EPX+ — ZpN+
such that SPf 4 o F ~ id: $PX | — YPX | and such that the induced chain map Fi.: C(SPX 1) — C(SPNy) is
chain homotopic to the composition

(ex)5 "

7o) cx)m— L5 ovyn— 880, o,

From the degree one normal map f N — X of n-dimensional Poincaré spaces we obtain a
stable equivariant Umkehr map F: ¥?X | — ¥+ N, of the universal coverings X and N by using
equivariant S-duality as described in [Ran80b, §3]. Similarly to the symmetric case there is a
equivariant version of the quadratic construction for F

con?: C(X) = W (C(N)).

Evaluated on a fundamental cycle [N] it gives rise to an n-quadratic structure ¢ = con’([X]) €
Wo, (N ) The stable map F' induces the Umkehr chain map

o) 25 wroErX L) B s ro(srN,) 25 o).

With the inclusion map e: C (N) = E(f") we push ¢ forward to a quadratic structure on the cone
of f' and eventually define the quadratic signature sgny* (f) as the n-quadratic Poincaré chain
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complex cobordism class
(@ (f), entp)] € L (Zlm (X))).
The cobordism class is independent from the choice of the fundamental cycle. O

Remark. If M is an n-dimensional oriented manifold then the quadratic signature only depends
on the normal cobordism class of f in the set of the normal invariants .4 (X) and provides us
with a map

sgnys: N (X) — Ly, (Zn).

Proof A27 (Quadratic signature for normal target spaces)

A24 (A27) Spectral quadratic construction [Ran81, Proposition 7.3.1] _ _
Let F': X — XPY be a semi-stable map between pointed topological spaces and f: C(X)p4« — C(Y)« the induced chain

map. There is a natural chain map
1

con, :5(X)p+* — Wy (€(f))
such that !
1+¢)o con}{i =e%o COH;’; of

where e: C(Ya) — €(f) is the inclusion.

C3 (A27) Umkehr map for normal targets
Let g: N — Y be a degree one normal map from a Poincaré space N to a normal space (Y, v, p) both of dimension n. There
is a semi-stable geometric Umkehr map

I Th(vy)* — SPN,

such that the induced chain map ~' : C(Th(vy)*) — C(SPN ) is chain homotopic to the composition
g o) Ly oy N0, oy

where o = con’, ([N]).

Basically we obtain (C', ') by applying A24 to C3. Use the chain map ¢' from C3 to define

C' == %(g"). The spectral quadratic construction con?: from A24 evaluated on the S-dual of a
Thom class u,, produces the quadratic structure ¢)' € Wy, % (v'). By C3 we have 7' ~ ¢' and hence

P %

we can consider ' as a structure on C". The property (1 +¢) conf, = e’f o conf; 0y' from A24

F!
together with the chain homotopy ¢' ~ +' and the fact that g is of degree one yields that

1+t = (1+1) coniﬁ’!‘ (u,*) = e:ﬁ’ con¥ ([N]) =: eZ}gpN. O

Proof A28 (Relative quadratic signature for normal target spaces)

C5 (A28) Relative Umkehr maps for normal targets

Let (69,9): (N, A) — (Y, B) be a degree one normal map from a Poincaré pair to a normal pair both of dimension (n + 1)
withj: B — Y and i: A — N the inclusion maps. There are semi-stable geometric Umbkehr maps Ty, , T, F!Y,  Which fit
into the following commutative diagram

@

S1Th(vp)* — (Th(vy)/Th(vg))* —— Th(vy)* ——— Th(va)*

! ! ! !
JFB JFY J(FY’B lEFB
J

SPAy ——— 3PN, —— 3 FPN/A— wptlA,
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| C5 (A28) (cont.)
and the induced chain maps

v C(Th(vp)*) L O(zPHiAy)
vy : C((Th(vy) /Th(vp))*) — C(SPNy)
vy,5: C(Th(vy)*) — C(SPN/A)

are chain homotopic to

g!: C(B)"Jrl** g C(A)n+1—* (¢B)o C(A)
g e LheEn o)

gl OV 2L oNynr BT ),

| A25 (A28, B28, 232) Relative spectral quadratic construction [Ran81, Proposition 7.3.1]
Let (6F, F): (N, A) — XP(Y, B) be a semi-stable map between pairs of pointed topological spaces inducing the following
commutative diagram of chain maps.

= f =

C(A)pts C(B) ¢ (f)
Jj l J(m’)
E(N)pye —L— E(v) #(g)

~ J/ 6f.f) ~ J e J .
C(N7 A)P+* E— C(Yv B) — (5(3’ Z)

ovl oyt 5

There is a chain map congp i :C(N,A) = €((3,7)0)
0 4l o
such that (1+1t)o congii Wo=e%o con{?i¥ o(8f, f).

Letbe (dp(N), p(A4)) = conf\“,‘j;f([N , A]) the symmetric structure obtained from a fundamental
cycle [N, A] and denote

ghon1H(BY 9 omm 1o (4) 2R o4

g'L L E () (69".9") & (5) (60(N)o,¢(A)os) C(N).
We define the chain complexes C* and D' of sgns to be the mapping cones %'(¢') and €'(g}) with
the induced map G'.

Cn1=(B) L C(4) —— 2 (g)

};* | k o

(i) —— C(N) —— % (g))
We want to use the relative spectral quadratic construction to obtain the quadratic structure. By
C6 we obtain the necessary semi-stable maps

. (Th(39)/Th())"
)" s (

T : (Th(vy)/Th(vps Th(vy)/Th(va))* —2% SPN,

IS~ Th(vg) 9% 5-1Th(va)* 145 srA,
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with induced chain maps

7 : C((Th(ry)/Th(vs))*) = C(N)
Y C(Th(vp)*)prs = C(A).

The construction is now analog to the absolute case A27 and summarized in the following diagram

OBt M C(Th(vg) — C(Th(vs)" )y
g
\ . N o
C(4) = C(XPAL) Th(s)*
C nex —Yulvy/ve) ~ Ntk S-dual =~ ¥
(Y, B) ~— C(Th(vy)/Th(vp)) l 2 C((Th(ry)/Th(vg))")p
$ J( - B (4
O(N). . (SN )y
From the relative spectral quadratic construction confff’! ff’,l evaluated on an S-dual Thom class

u(vy)* we get a quadratic structure (69", ¢') € €((7y,75)y,)- By C6 we have (v, 75) ~ (95, ')
and hence (G': C' — D', (6¢',1")) is a well-defined quadratic pair. With the property (1 +
DO, 9 = ey ) o con‘srﬂi,’lig o(v4,v%) of A25 we obtain the relation (1 + t)(6¢',¢') =

e 10 con?\f:f([]\f, A]).

9,9
Note that the outcome is usually not Poincaré so sgn® does not produce an element in an
L-group but it is used to define the mosaicked quadratic signature sgn%. O

Proof A29 (Mosaicked quadratic signature)

A29 (221, 23) Mosaicked quadratic signature [Ran92, Example 9.14]

Let f: M — X be a degree one normal map from a closed topological manifold to a Poincaré space both
of dimension n. Let r: X — K be a map to a simplicial complex K. There is a mosaicked quadratic
signature

sgu (f) € La(AcK)
with A(sgn% (f) = sgné‘;(f). If X is a manifold, there is a refined version

sgnke () € Lo(ALK).

We start with the case that X is a manifold and then provide a few comments about the Poincaré
case.

Manifold case Make f transverse to the K-dissection of X. Then we can consider f as a collection
of degree one normal maps (f[o],df[o]): (M[o],0M[o]) — (X[o],0X[o]) between manifolds
with boundary (o € K). The relative quadratic construction cong}{i:}@ of A23 can be generalized

for the stable Umkehr map F': ¥?X | — Y, of f to a chain map

conhX : C(M) — Wy (C(X))
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over Z,K. Evaluated on a fundamental class [X] € C(X), it gives an n-dimensional K-
mosaicked quadratic structure ¢ 5 = con's* (f) whose components for each ¢ € K are quadratic
pairs (Clo] — Dlo], (§¢,v)) obtained from the relative quadratic construction con%:ﬁ (flol, fl0a])
evaluated on the fundamental classes [X[o], 9X[c]]. We obtain an n-quadratic chain complex

(C(X),¥K) in AL X where
(1 + 1)k (0))o: X" TC(X)(0) = C(X[o])" ™" = C(X)(0) = C(X]o], 0X]0])

equals the cap product with [X[o], 0.X [o]] which realizes the Poincaré-Lefschetz chain homotopy
equivalence.

The cobordism class of (C(X), ¢ k) does not depend on the choice of the fundamental class
and hence this construction defines a quadratic signature

sgnI)‘(‘ (f) € L,(ALX).

Poincaré space case If X is only a Poincaré space, we use in principal the same construction as
in the manifold case. An important difference is that (X[o], 0X[o]) is now only a normal pair
and there is no stable Umkehr map but by C5 we obtain at least a semi-stable Umkehr map. So
we have to generalize the relative spectral quadratic construction to a chain map over Z, X to
obtain a K-mosaicked quadratic structure 1 k. The o-components (C(X)(o), ¥ (X)(0)) are given
by the the relative quadratic signature for normal spaces sgns (f[o], df[c]). Assembly produces
the quadratic Poincaré structure A(y) = con;ﬁ([X ]) on X. Thus sgn* ( A) is globally Poincaré and
hence a chain complex in Ag X. O

Room service A2

~ ~

(flo], 0fle))= ((flol, flo]), (8f[o], df]c])) | ann-dimensional degree one normal map

(f,0F)
(var|mio)y vl ontio)) (vx|x[o]s VX |ox[0])

(f,0f) l

(Mlo],0M[o]) := (f =1, 0f ~1)(X[o], 0X [o])——— (X0}, 0X[0]),
denoted (f[o], df[o]): (M][o],0M]o]) — (X]o], 0X[o]) for short, from an (n — |o|)-dimensional
manifold with boundary to an (n — |o|)-dimensional normal pair obtained from a degree one
normal map 1 after making f transverse to a K-dissection J,, ., X[o] of X .

is defined for a map r: X — K to a simplicial complex as the preimage of the dual

cell D(o, K) after making r transverse. If X is a simplicial complex itself, choose r to be the
identity. The subdivision X = |, X[o] is called a K-dissection of X.

[Y]| fundamental class for a normal space (Y, v, p) is a cycle in C,,(Y) which represents an

n-dimensional homology class in H,,(Y;Z") given by [Y] = u(v) N h(p) where h is the Hurewicz
homomorphism. If Y is a Poincaré space, then the term fundamental class implies that v and p
have been chosen in such a way that - N [Y]: H* *(Y) — H,(Y) is an isomorphism.
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denotes for a chain complex

Ciooi— 3 (Cn)y 20, S (0 ) 2, $7 (0, ), Et)e,

oceX ceX ceX
in A, X or A*X the chain complex in A given by

Clo):... — (Cn)o Un)ow, (Co1)e Un-tow,

(Crn)y Ln2oy

(C,¢)in A | a quadratic chain complex which is P-Poincaré and C € C.

A3 Normal

This section gives a basic introduction into the way of how normal chain complexes are obtained
from geometric input. The first step is what we call here the chain bundle construction. It was
introduced by Ranicki in [Ran80b, §9] as hyperquadratic construction. We restrict ourselves
to the non-equivariant case here. To complete a chain bundle to a normal structure we need a
symmetric structure as well and relate it to the chain bundle by a certain chain. We do this in a
sketchy way for the absolute case. The construction of the normal signature in full generality as
stated in A34 and A38 is extensive and complicated. We refer to [Wei85a, Wei85b] for the full
details.

A3 Chain bundle construction [Ran80b, Prop. 9.1]
Let v: X — BSG a k-dimensional oriented spherical fibration. There is a chain map

con): C*(Th(v))* = WH(C(X)™*),.

Properties

|| [A31 — [Ran80b, Prop. 9.1 (ii)]l
The chain bundle construction is functorial with respect to maps of spaces, i.e. let f : M — X be a map of finite CW-complexes.
Then the following diagram commutes

o(x) X, W (o (x) )

Lk

o(v) < W (o))

I | [A32 — [Ran80b, Prop. 9.1 (iii)]l
The symmetric construction commutes with algebraic and geometric suspension up to a chain homotopy T"x .

C(X) Lgﬂ W%(C(X)~*) —23 S=1TW%(20(X) ™)

COI]ZX

Crir (DX) STIWR(C(EX)7)

Signatures
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A33 (231) Normal signature [Ran80b, §9[Wei85a, Theorem 3.4]
Let (Y, v, p) be an n-dimensional normal space. There is a normal signature

sgnd™" (V) € NL"(Zn)

producing an n-normal chain complex (C, (¢,7, X))-

[A34 (232) — [Wei85a, Theorem 3.5 and 7.1]] Relative normal signature
Let ((Y, B), v, (py, pB)) be an n-dimensional pair of normal spaces. There is a normal pair signature

senNM° (v, 4)

producing an n-dimensional normal pair (f:C — D, (6@, 6v,0x), (¢, 7, X))-

[A38 — [Ran92, Example 9.15][Wei85a, Theorem 7.1]] Mosaicked normal signature
LetY = (Y;Yo,...Yn, v, p) bea normal (n+ 2) -ad. There is a mosaicked normal signature sgn}b}L. (Y) € NL"(AgX).

Proof A3 (Chain bundle construction)
The definition of con} involves the following maps.

The suspension homomorphism §: W*C — S~1W%(2C).

The S-duality equivalence C(Y) = C(Y*)N~* for a choice of an N-dimensional S-dual
Y* of Y for some N. There is a m-equivariant version of S-duality as well but for simplicity
we restrict ourselves here to the non-equivariant case.

— The Thom chain equivalence T": C(Th(v))™ = C(Y) k=,

The symmetric construction con : C'(X) — W”(C(X)) of Al.

The chain map j: W*C — W%C induced by the inclusion W”% — W,

The composition of the S-duality and the Thom equivalence defines a chain homotopy equivalence
ST:C(Th(r)*) = C(Th())N=* = C(Y)N k=

We use the induced map ST%: W% (C(Th(v)*)) y_, — WH(C(Y)N~F=*),_, together with the

composition

WH(C(Y)N=F=*) g —Ls WYYV ),

g§—(N—k) — Lk
WH(C(Y) ™),

to define con? = 8§~ (V=% o J o ST*. O

Proof A33 (Normal signature)

Let Y be a finite CW-complex and (Y, v, p) an n-dimensional geometric normal space with a
choice of the Thom class u(vx) € C(Th(vx)) whose associated fundamental class is denoted [Y].
We would like to construct an n-normal chain complex (C, (¢, 7, x))-
We make two simplifications: We construct only a chain bundle homology class instead of
a cycle in the corresponding chain complex and we work in a non-equivariant setting, thus
construct only an element in NL"(Z).
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We define the underlying chain complex as C = C(Y’) and use the symmetric construction
Al—p.125 from Al for the definition of ¢ = con% ([Y]). The Thom class has an N-dimensional S-dual

A3-p.138  u(v)* € C(Th(v)*)y_ for some N. We apply the the chain bundle construction from A3 to
obtain v = con) (u(v)*).
It remains to relate J(y) and @B%(S"’y) via a chain x. The commutativity of the following

diagram shows that they agree in homology which proves the existence of a chain x € W% (C Jn1

such that d(x) = J(¢) — @B%(S”fy). Recall that we applied the symmetric construction to the
fundamental class [Y] to obtain ¢ and so the chain map ¢ is the cap product with [Y]. For a more
explicit construction and a proof that y can actually be chosen in a canonical way (see [Wei85b,

§71).

Y] e Hn(Y) ]”\ Pmm;éjuality HO (Y) &) Hk (Th(l/)) % Hka(Th(l/)*)

@ ®
con% J(conﬂ‘(u)*

P QMC(Y)) QN RN F) = QN H(C(Th(r)V ) £ — QN (C(Th()"))

(
8 w5 O (C(Y)~*
Q(C(Y) i Q" (C( (C(Y)™) 2~

J(@)=30"(8™)

Room service A3 and A33

’ con% : C(X) — W*(C(X)) ‘ a chain map called symmetric construction; defined for a topo-

logical space X.

con): C*(Th(v)) — W (C(X)™™),| achain map called chain bundle construction; defined

for a k-dimensional spherical fibration v.

’ J:L"(R) — NL"(R)| roughly induced by j: W*C — W%C; see (111) for more details of how

a normal structure (g, 7, x) is obtained from a symmetric Poincaré chain complex (C, ¢).

Q",Q,,Q"| the n-dimensional Q-groups defined for a chain complex C' by
Q(C)" = H,(W"C),
Q(C)n = Hn(WyC),
Q(C)" = H,(W"0).
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W%, We,, W% |  denote for a chain complex C' the abelian group chain complexes
W*C' := Homg, (W,C & C),
Wo,C =W ®zz,) (C® C),
W% = Homgz,(W,C @ C).

the free resolution of the trivial Z[Z,]-chain module Z; given by the Z[Zs]-chain

1-t

complex ... BN Z|Z5) Z|Z5) 0

—~

| W | the complete resolution of the trivial Z[Z,]-chain module Z; given by the Z|Z,]-chain

1-t 1+t 1-t

complex ... AN Z|Z5] Z|Z5) Z|Z5)]

’ f2W(C) — W”(D) ‘ the chain map induced by a chain map f:C — D; explicitly given
by (/7 (@), = fioaf: D" = .

’ $:W*C — 2~'W%(2C) ‘ the suspension map; defined by (8(¢))x = ¢x—1 if £ > 1 and zero
otherwise; induces a map Q"(C)) — Q"*(SC) and an isomorphism Q"(C) = Q"+1(SC).
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B Algebraic surgery and algebraic boundaries

Algebraic surgery is the algebraic analogue of geometric surgery. The relation between the
algebraic and the geometric approach can be seen as follows. Let A/’ be the manifold obtained by
surgery on a manifold M and let W be the cobordism between M and M’ given by the trace of
the surgery. We get the diagram displayed on the left hand side below. The algebraic version can
be described with the diagram on the right hand side.

C(M) — C(W, M) - o) c— b e
N, N, 2T
C(W, MU M) €(f)
., / 1 /6'@0
C(M'") 5 C(W, M) ¢ — Dt («pof*)

First of all, algebraic surgery is used in [Ran80b] to concentrate finite chain complexes in one
degree which leads to the equivalence between the algebraic L-groups and Wall’s L-groups. But
there are other important aspects. A special application of algebraic surgery gives rise to the
boundary construction that relates relative terms to absolute terms, e.g. (normal, symmetric
Poincaré) pairs to quadratic chain complexes, and is used to establish the long exact sequences of
L-groups.

B1 (112, 11, 121) Algebraic surgery [Ran92, Def. 1.12]

Let (C, p) be an n-symmetric chain complex. The effect of algebraic surgery of an (n + 1)-symmetric
pair (f:C — D, g, @) on (C,p) is an n-symmetric chain complex (C',¢"). It is Poincaré if and
only if (C, ¢) is Poincaré. Moreover, we have OC ~ 0C".

(f:C — D,dp,¢)

i
n- symmetrlc cham aloebraic sureer n-symmetric chain
complex (C VV\* < sery M complex (C', ¢")

The same construction works for quadratic chain complexes as well.

B2 Boundary (Definition)

The boundary (0C, OX) of an n-dimensional structured chain complex (C, \) defined as the effect
of algebraic surgery of the pair (0 — C,(X,0)) on (0,0) is a chain complex OC with an (n — 1)-
dimensional Poincaré structure which is symmetric if X is symmetric and quadratic if X is quadratic or
normal.

B3 Algebraic Thom construction [Ran80a, 3.4][Ran92, Prop. 1.15]
There is the following one-to-one correspondence of homotopy classes:

n-dimensional _ n-dimensional
symmetric Poincaré pairs — symmetric complexes
(f:C = D,0A ) (€, ¢")
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P[_roof B1 (Algebraic surgery)

B11
LetC Ly D % Ebe cofibration sequence of chain complexes. Then there is a cofibration sequence

W7*C - W?*D - W*E xper (D® E) - SW*C — SW”D

A triple (z,z,y) withe € W*(E)p,z € (E® E)nt1,y € (D ® E)p with z:ev(z) ~ (e ® id)(y) defines an
n-symmetric pair (f: C — D, d¢, @) and the up to homotopy commutative diagram

@= *

Cn—l—* En—* pn—x* on—*

ev(p)=¥Po ev; (8, p)y™ evr (8p,0)>Y ev(p) %P0
f e

C D E Cn—l

An analog statement holds for the quadratic case.

We define the effect of algebraic surgery of a pair (f: C' — D, dy, ¢) on an n-symmetric chain
complex (C, ¢). The resultant n-symmetric chain complex will be denoted by (C’, ¢'). For the
pair (J¢, ¢) we have the chain map ¢+ = ev,(dp, p): D" =* — €(f). The chain complex C” is
given by $71% (-~ ) and yields a map f/: C" — D""!'~*. We obtain the n-symmetric structure
¢" on C" as follows. Apply B11 to the cofibration sequence

' Lpries P S so
to obtain the new cofibration sequence
W*C' — W7D — p— sw%c!

with P := W%Cg(f) XE(£)@C (f) (DnJrli* RE(f))-
We show that the triple (6¢/¢, (d¢/¢)1,e) defines an element in the pullback P.

P——D*®%(f)

l prf* ®id

WAE(f) —= € (f) @€ (f)

The first entry d¢ /¢ is the Thom structure as constructed in B3 and the chain map e: D — %(f)
is considered as an element in D* ® €(f). With - == ev;(dp, @), s = ev,(dp, p) we recover
do/pand e in €(f) ® €(f) as the compositions ¢+ o e and e* o ¢ which are homotopic via
3 /1.

()i LD

]

Dn+1 * Cg(f

Push it forward in the cofibration sequence above to obtain the symmetric structure ' € SW*C".

It remains to show that ¢ is Poincaré if and only if ¢’ is Poincaré. For the pair (f:C — D, d¢p, ¢)
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Bl1—p.144 we obtain the following diagram from B11.
Cn s %(f)n—i—l—* e” D7L+1—* f* CTL+1—*

l“"o ; l‘Pf lw* l«po

(&

C D Cg(f) Cnfl

For the cofibration /
' L priir 2 g(f) S Gpgpe) = 2O

Bl11—p.144 we obtain from B11 a similar diagram. They can be combined to a diagram as follows.

¥— — — — 5 ¥vo c’
I
I f
3
cn—* cg(f)nqtlf* Dn+17* Cn+1f*

c—71 p Z(f) sC

C/n+17* EC/

We see that , is a chain equivalence if and only if ¢’ is one and also that (9C, dp) = X1 () ~
Y1y = (0C, dp)’ holds. O
Proof B11

We want to replace ¢'(f%) in the cofibration sequence

% €% 0y 0y Ly
Whe L WD I (%) SW%C —— SW%D

by a homotopy pullback. Consider the following diagram where all vertical and horizontal
sequences are cofibrations.

cocceD o CoF
f@id \@)K‘ S

D®G—aD®D

e®id e®id

id ®e

E®FE
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B Algebraic surgery and algebraic boundaries

The total cofiber €' (f ® f) of the upper left square of the map f ® f is homotopy equivalent to
the pullback P of the lower right square.

Notice that W (—) does not respect cofibrations but Hom(WW, —) does. Hence, by applying
Hom(W, —) to the cofibration in the diagonal of the diagram above we obtain the cofibration

%
sequence W*C L2 W%D — Hom(W,%(f ® f)) and the equivalence €(f%) = Hom(W, % (f
f)). Now rewrite the homotopy pullback

Cfof)— DOE ¢fef)— (E®D)s (D E)
ZJ lid@e as l - J{
EeD - peopE E®QE—— (EQE)® (EQE)

and apply again Hom(W, —). Use Shapiro’s Lemma for the entries in the right column to obtain

C(/")——DOE

| |

W*(E) - E®E.

So we can replace % (f”) by the homotopy pullback P := W#*FE x gy D ® E to obtain the
cofibration sequence

% Y%
W% W%D W%E x por D © E —— SW%C =1 sw%p.

Now we want to construct a symmetric pair out of a triple (x, y, z) € P,. From the cofibration
above we obtain an (n — 1)-symmetric structure ¢ := ¢”(z,y, 2) € YW %(,, and a null-homotopy
5p: B f%(¢) =~ 0 which defines an n-symmetric pair (f:C' — D, 5, ¢).

For a chain complex C' resp. a chain map f:C — D we have the following evaluation maps

ev:W”*C - C®C = Hom(C™, C); © Y
ev: 6 (f*) — €(f ® f) = Hom(D*, D) @ Hom(C*, C),_1; (0, ) = (8o, @o)

Consider the following diagram.

wre L wrp I g 40!

C ~
f@id /@ / /

C®C—>D®D*>C5 f®f
id®f f®1d id ®

-

CxD~ S E®D

The null-homotopic compositions (id ®e) o (id ®f) and (e ® id) o (f ® id) (the dashed arrows
in the diagram) induce maps r and {. We denote by ev, and ev; the compositions r o ev and
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B Algebraic surgery and algebraic boundaries

loev. Wehave y ~ ev, (0, p) € (D® E), and y* ~ ev;(dp, ¢) € (E ® D),,. Considered as maps
D"=* — FEand E"~* — D they fit in the desired diagram.
Replacing Hom(W, —) by (W ® —) proves the quadratic case. O

Room service B1 and B11

’ (f:C — D,dp, ) ‘ an (n + 1)-symmetric pair with
- f:C — D achain map
- (C, p) an n-symmetric chain complex
- dp € W%(D)n+1 such that d(6p) = f”%(yp) which is equivalent to (J¢p, ¢) is a cycle in

Cg(f%)n+1-
Poincaré means (6o, o f*): D" 1% — €(f). is a chain equivalence.

’ (f:C — D,oy,) ‘ an (n + 1)-quadratic pair with
- f:C — D achain map
- (C,4) an n-quadratic chain complex
- 09 € Wo (D), such that d(09) = fo (1))
Poincaré means the symmetrization is Poincaré, i.e.
(L+t)dp0, (L +t)pof*): D" =% — € (f)s = (D, Ci_1) is a chain equivalence.

e:C = € ()| theinclusion; with a map «: C — D as subscript e, denotes the inclusion

D — % (a).

fdoe:@(f) oD €(f) 2 6()]

eoid:DO?(f) = C() @ E())]

‘ ev:W”*C - C®C ‘ the evaluation map given by ¢ — ¢g.

’ ev:C(f*) - €(f)® D ‘ the left evaluation map for a chainmap f: C' — D givenby (d¢p, ) —

Pf-

’ ev,:C(f*) = DRE(f) ‘ the right evaluation map for a chain map f:C — D given by
(0@, ) = @y

Q= ev,(dp,p) ~ (;f}&) :D"* =€ (f)| a chain map defined for an n-symmetric pair

(f:C = D,op,p).

‘ wr=ev;(dp, ) =~ (d0po, fo): € (f)"* =D ‘ a chain map defined for an n-symmetric pair
(f:C — D,op,p).

‘ S/ WPE(f) ‘ the image of a symmetric pair structure as constructed in B3.
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B2 Boundaries

B2 Boundaries

Porter

There are various types of boundary constructions that are special cases of algebraic surgery.
They produce out of n-dimensional non-Poincaré structured chain complexes new Poincaré chain
complexes of one dimension less. Note that in the normal case the boundary becomes quadratic.

n-dimensional
symmetric
(C,e)

quadratic

(C,9)

normal
(Cs (@,7:x))

(n — 1)-dimensional

boundary construction
o5

Poincaré symmetric

(0C, 0yp)

boundary construction
o%

Poincaré quadratic

(0C, o)

boundary construction
aN

Poincaré quadratic

(0C, o)

There also boundary constructions for pairs.

n-dimensional

symmetric

(f:C — D,op,p)

quadratic

(f:C—= Do) T 50

normal
(f:C = D, (dp,67,0x)

(e x)

boundary pair
construction

0%

boundary pair
construction

—

boundary pair
construction

o5

hmmn

s

e

(n — 1)-dimensional
Poincaré symmetric pair
(0f:0C —
Oy D, 9509, dp)

Poincaré quadratic pair
(of:0C —
8f*D7 8f*51/)78¢)
Poincaré quadratic pair

@f:0C —

These boundary constructions are used to define special variants of signatures that we use in
some proofs. The boundary constructions are purely algebraically defined whereas the following
boundary signatures produce structured chain complexes out of geometrical input.

n-dimensional
normal space
(Y,v, p)

normal pair
(Y, B)

(normal, Poincaré)
pair (Y, B)

boundary signature

(n — 1)-dimensional
Poincaré quadratic

Ogni; (9C", 0u")
s quadratic
relative (f:C = D, o, v)
boundary signature
8gn1_‘; Poincaré quadratic

(f:C = D,dy,9)

We apply these signatures in 1621 and 2321 to obtain alternative descriptions of the quadratic
signatures for degree one normal maps.
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B2 Boundaries

B2 Boundary (Definition)

The boundary (0C, OX) of an n-dimensional structured chain complex (C, \) defined as the effect
of algebraic surgery of the pair (0 — C, (X, 0)) on (0,0) is a chain complex OC with an (n — 1)-
dimensional Poincaré structure which is symmetric if X is symmetric and quadratic if X is quadratic or
normal.

Symmetric boundary constructions

B21 Symmetric boundary
An n-symmetric chain complex (C, p) € L™(Zw) has an (n — 1)-symmetric Poincaré boundary

as(cv ) = (9C, 0p)

such that eg’o (p) = 8(0¢p) where e: C — € (o) = S™10C is the inclusion.

|| B22 Symmetric boundary pair [MR90, Proof of Prop. 3.8]
Let (f:C — D,dp,¢) be an n-symmetric pair. There is an (n — 1)-symmetric Poincaré pair (0f: 0C —
Of= D, (00, 0p)) called the symmetric boundary pair.

Quadratic boundary constructions

|| B23 (231) Quadratic boundary
An n-quadratic chain complex (C, ) € Ly (Zr) has an (n — 1)-quadratic boundary

89(C,9) = (9C, 89) = (S (o), (%) " (87e% (), e (¥))
where o = (1 + t).

| B24 (112, 231) Quadratic boundary for normal
An n-normal chain complex (C, (¢,~, x)) € NL™(Zx) has an (n — 1)-quadratic Poincaré boundary

N (C, (¢,7,x)) = (8C,09)
which defines a map O : NL™(Zr) — Ln—1(Zm); (O, (,7,X)) = (0C, ).

[ | B25 (232) Quadratic boundary pair
Let (G':C' — D' (8¢',4") be an n-quadratic pair and (5¢',¢") = (1 + t)(8¢',9") and ¢, =
(60h, G'ph) : €(GHY"=* — D'. Then

( 8G':8C" — 8 D, ( 0G': S () — TG (),
a6y’ = (1)t (gfl(ef,cl 5", (%!G! )or '),
61’[}! ) (lgt)_l (Sil(ezo!‘ﬁ!)y(ewe)%w!) )

defines an (n — 1)-quadratic Poincaré pair called the boundary and denoted 29,

Boundary signatures

|| B27 (231) Quadratic boundary signature [KMM13, Constr. 3.25][Ran81, Prop. 7.4.1[Wei85b, Theorem 7.1]
Let (Y, v, p) be an n-dimensional normal space. The quadratic boundary signature

dgnke (v) = (8C",8¢') € Ly—1(Zm)

produces an (n — 1)-quadratic Poincaré chain complex such that (C’, 9v') = oV (sgnZNWL‘ (Y)) € L1 (Zm).

| B28 (1621, 232) Quadratic boundary pair signature
Let ((Y, B), v, (py, pB)) be an n-dimensional pair of normal spaces. There is a quadratic boundary pair signature

ognle (Y, B) = (05:0C" — dD', (96v, 9p))

producing an (n — 1)-quadratic Poincaré pair.
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B2 Boundaries

P[_romc B21 (Symmetric boundary)

B11
LetC Ly D % Ebe cofibration sequence of chain complexes. Then there is a cofibration sequence

W%*C - W?*D - W?E xper (D® E) = SW*C — SW”D

A triple (z,z,y) withe € W*(E)n,z € (E® E)nt1,y € (D @ E)n, with z:ev(x) ~ (e @ id)(y) defines an
n-symmetric pair (f : C — D, 8¢, @) and the up to homotopy commutative diagram

Cnflf* En—* e’ Dn—* 7 on—*
ev(p) = Po evy (8, p)=y™ evr (8p,) =Y ev(p) 2P0
C ! D c E Cn—l

An analog statement holds for the quadratic case.

We give the explicit construction below but note that the boundary is obtained as the effect of
algebraic surgery on (0, 0) by the pair (0 — C, (¢, 0)).

Let (C, ¢) be an n-symmetric chain complex. We define the chain complex of its symmetric
boundary as 9C' = £716(¢,), the homotopy fiber of the possibly Poincaré duality map ¢,. We
obtain the (n — 1)-symmetric structure dyp as follows. Use B11 for the cofibration sequence

oC — ¢ H 0 —55 300
to obtain the cofibration sequence

W?9C"™* — W”C xcge (C"* @ C) = SWRIC — SWPom—*

P
where P is the homotopy pullback
P C"* ®C =Hom(C,(C)
l J{@o"@id
w”*C id C ®C = Hom(C"*,0).

The triple (¢, ¢1,id) defines an element in P and the pushforward in the cofibration sequence
defines an element dp € SW”9C. In this situation the commutative diagram from B11 looks as
follows.

acm crtl—= __ s — 3y ——
S P
00 — Ly g1+ C »oC

Hence J¢y is a chain equivalence. The equivalence eff’o (p) = 8(9y) is obtained from the following
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B2 Boundaries

commutative diagram.
P——— SW"oC

J(%@,id) I SJ/ > O
e%

W*C —2° s W*%aC
M

Proof B22 (Symmetric boundary pair)

Let (0C, 0¢) the symmetric boundary of (C, ¢) as defined in B21. Recall the commutative diagram
that we used to define algebraic surgery.

0C — — — om0

I

I

+ .

Cr* —— G(f)r I DLy Ol
f

Pf P J/sao

c D <(f) e

Po

Cln+17* EC’

We define 0y« D = C'"~* where (C’, ¢’) is the effect of algebraic surgery of the pair (f:C —
D,ép, ) on (C, ). From the diagram above we obtain the cofibration sequence
)

oc

8f* D 8f* D
B11—p.144  Analogously to the absolute case B21, using B11 we obtain from the triple (¢’, ¢'1,id) €
W01 D" X g . pn-sgo,. pr-- (Op+ D @ 95 D" ™) = SW*OC — LW D
the symmetric structure 99’ ~ dp € SW”*9C. The null-homotopy 50y’ : 9% (9¢') ~ 0 we obtain

in SW%9;. D completes the symmetric pair structure (59¢’, d¢'). The commutative diagram
from B11 proves that the pair is Poincaré:

" Y

oCn—1—x (6f*an*)n7* ¢ af*an* 85) HOm—*

ev(0p ) ~0p,  evi (609,09’ )~id ev,(80¢’ 00’ )~id* ev(9¢' )~y
o

ac S 9pD— 9 D 00,

O
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Proof B23 (Quadratic boundary)

B21 Symmetric boundary
An n-symmetric chain complex (C, p) € L™(Zm) has an (n — 1)-symmetric Poincaré boundary

8%(C,p) = (8C, dyp)

such that eZ"O (p) = 8(0¢) where e: C — €(po) = L™LOC is the inclusion.

Let (C, ¢) be an n-quadratic chain complex. From the symmetric chain complex (C, ¢ = (1+t)%)
we obtain the symmetric boundary (0C, 0¢) with

dp =8 1e” () e W*(8C)
and there is also the quadratic structure
Soyp = e%(l/)) S W%(ZaC)

on the suspended boundary such that (1 + ¢)S9y = 8(d¢). From the following cofibration
sequence of chain complexes

1+t
S Wy, (9C) &) SWH(OC) @ W, (£00) — S (sac)

oY —————-= + (0p, SOY) + 0

we get a quadratic structure 0y € Wy (0C),,_, unique up to equivalence. Define (0C, 9v)) as the
quadratic boundary of (C, ). O

Room service B21, B22 and B23

the suspended chain complex C shifted one to the left, i.e. ¥C,, = C,,_1,d*¢ = —d°.

’ P w(C) — W”(D) ‘ the chain map induced by a chain map f:C — D; explicitly given
by (f*(¢))s = fps[": D"**7* = D.

(f:C = D,dp,p) ‘ an (n + 1)-symmetric pair with

- f:C — D achain map
- (C, ¢) an n-symmetric chain complex
- dp € W%(D)nJrl such that d(6p) = f”(p) which is equivalent to (5, ¢) is a cycle in

<g(f%)n+1-
Poincaré means (6o, o f*): D" =% — €(f). is a chain equivalence.

(0C,0¢) | the symmetric boundary of an n-symmetric chain complex obtained from algebraic

surgery on the pair (0 — C, ¢,0), i.e. IC = X71% (), Op = 8 1e”(p) where e: C' — €(py) is
the inclusion (see B21 for more details).

e:C = %(po)| theinclusion; with a map «:C — D as subscript e, denotes the inclusion
D — € (a).
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112—p.61

B241—p.153

B24 Quadratic boundary for normal

§:W*C — L W(2(C)) ‘ the suspension map; defined by (S(¢))x == pr_1.

B24 Quadratic boundary for normal
Porter

This is a special case of the one to one correspondence between (normal, symmetric) pairs and
quadratic chain complexes one dimension lower proven in 112. Just consider (C, (¢,7, x)) as a
pair (0 — C, (¢,7, x),0). In fact, the following relation holds. An n-symmetric chain complex
(C, ) has an (n — 1)-quadratic boundary (0C, 0¢) if and only if the symmetric structure can
be extended to a normal structure (¢, 7, x). But we need only the transition from normal to
quadratic. We will deal only with elements in Q-groups. For the construction of explicit cycles
see [Wei85b] especially sections §4 and §5.

B24 (112, 231) Quadratic boundary for normal
An n-normal chain complex (C, (¢,v,x)) € NL™(Zm) has an (n — 1)-quadratic Poincaré boundary

N (C, (¢,7,X)) = (8C, o)

which defines a map O~ : NL™(Zw) — Ln_1(Z7); (C,(¢,7,X)) — (0C,00).

B241 Exact sequence of QQ-groups
For a chain complex C' there is an exact sequence of Q-groups

e —Qn(0) EQr0) L G (0) S Quoi(C) S ..

B21 Symmetric boundary
An n-symmetric chain complex (C, @) € L™(Z) has an (n — 1)-symmetric Poincaré boundary

95(C,p) = (9C,09)
such that ef{}o (p) = 8(0¢p) where e: C — % (o) = L™1OC is the inclusion.

Proof B24

Let (C, (¥,7, x)) be an n-normal chain complex. We take the symmetric boundary (9C, d¢) of its
symmetric structure. Consider the following commutative diagram. We want to relate 9+ in the
upper left corner with v in the lower right corner. The right column in the diagram is exact in
Q"(C) and the top row is a part of the long exact sequence of Q-groups .
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B24 Quadratic boundary for normal

ov e B Qo) —L @i (o0)

Opl| > J(0p)
T 8 $l

_QM(xaC) —1— Q"(20C)._
(@) T . b eI (p)

g% ~

Q"(C) —L1— Q)
2 > J(p)

9

— %
w0’

QM(Cm) =40 (Cc) |2

IR

From the symmetric structure  we obtain the symmetric boundary structure 9%y = 81 (e”(p)) €
Q" 1(9%C) . A diagram chase gives the equation

eI () = 8(J(9%9)) € Q"(%(0))-

It follows that 9% phasapreimage in Q,,—1(9°C) if and only if J () has a preimage in Qr(Cm*) =
Q"(C~™). The first preimage is equivalent to the existence of a quadratic refinement 9+ of 9
with (1 + )0y = J¢. The latter preimage is equivalent to the existence of a normal refinement

. — Y on
(0,7, x) of ¢ with dx = J(p) — 0 ™'8" (7). O
Proof B241 (Exact sequence of Q-groups)
The Q-groups sequence is the long exact homology sequence of the the short exact sequence
0= W%C = WHC — SWy,C — 0
induced by the short exact sequence

0= Y W 5 W = W — 0. O

Room service B24

the symmetric boundary of an n-symmetric chain complex obtained from algebraic

surgery on the pair (0 — C, ¢,0), i.e. 9C = X716 (), 0p = 8~ 1e” () where e: C — €'(pp) is
the inclusion (see B21 for more details).

the inclusion; with a map «: C' — D as subscript e,, denotes the inclusion

D — F(a).

Q",Q,,Q"| the n-dimensional Q)-groups defined for a chain complex C by

Q(C)" == H,(W"(C),
Q(C)yn = Hp,(Wy,C),
Q(C)" == H,(W"C).
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B24 Quadratic boundary for normal

= W% Wy, W% |  denote for a chain complex C' the abelian group chain complexes

W*C = Homgz,(W,C & C),
Wy, C =W ®gzz, (C®C),
W%e = Homz[ZQ](W, C®C).

—

| W | the complete resolution of the trivial Z[Zz]-chain module Z; given by the Z[Zs]-chain

1-t 1-t

1+t Z[ZQ] At

complex ... i Z|Z5] Z|Z5)

the free resolution of the trivial Z[Z,]-chain module Z; given by the Z[Z5]-chain

complex ... S 2]Z9) =5 7[Z4) 0

(C,(¢,7,x))| ann-normal chain complex consisting of a chain complex C' and an n-normal

structure (¢, 7, x)-

(©,7,X) an n-normal structure with
p e W%n an n-symmetric structure,
v E€ W%(C ), a cycle called chain bundle,

X € /W%n+1 a chain satisfying dx = J () — $7°8™.

— xe W%(0) a chain satisfying dy = J(¢) — 7(8").

n+1

j:W%C — W%C|  induced by the projection W — W, inducesa map of Q-groups j: Q" (R) —
Q" (R).

’ 1+t:Wo,C — W C ‘ the symmetrization map defined by
14ty ifs=0
(1+0), = {( )

0 otherwise
induces a map of L-groups 1 +¢: L, (R) — L"™(R).
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B25 Quadratic boundary pair

B25 (232) Quadratic boundary pair
Let (G':C' — D', (8¢',4")) be an n-quadratic pair and (5¢', ¢") = (1 + t)(6¢',¢') and oL, =
(60, G*oh): € (G * — D'. Then

(96 act — oD, ( 8GH371%(ph) - T (0,
651/)1, — (1-Si-t)—1 (3—1(62",@5@!)’ (e%!)%awm
o) (1) 7 BB (o)t )

defines an (n — 1)-quadratic Poincaré pair called the boundary and denoted 9<..

Proof B25

Define 0C' = € () and 0 D' = €(pg:) and get the map OG' by the following diagram of
cofibrations.
C!n—*—l %(G')n—* D!n—»<

Loo ch! l(sagz,wo)

' < D' (G
-
oct — 24,9 p! (0G")

We obtain a quadratic structure S0(6v, %) = ((eg, )%, (€p)%) (81, 1) € €(0G'y). The zero
component (1 + ¢)S9(d1, 1)) is null-homotopic and hence we can desuspend it to 9(dy, ) =
8 1o (1+t)SA(d¢, ). From the short exact sequence we obtain

a0, v) = (13) " (8(d, 0), SA(EY, 1)) O

B27 Quadratic boundary signature

B27 (231) Quadratic boundary signature[KMM13, Constr. 3.25[Ran81, Prop. 7.4.1IWei85b,

Theorem 7.1]
Let (Y, v, p) be an n-dimensional normal space. The quadratic boundary signature

agnke (V) =: (C", ') € Ly_1(Z)

produces an (n — 1)-quadratic Poincaré chain complex such that (9C",0v") = ON (sgn)" (V) €
Ln— 1 (Zﬂ') .
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C4—p.165

A33-5p.139
B24—p.152
A24-5p.132

B27—p.155

B27 Quadratic boundary signature

| C4 S-duality (Umkehr map of the identity)
Let (Y, v, p) be an n-dimensional normal space. There is a semi-stable map

Fy 8 Th(l/y)* = EpY+
such that the induced chain map vy : C(Th(vy )*) — C(SPY 1) is chain homotopic to
(py)o =conf([Y])o: C(Y)"™* = C(Y).

A24 (A27) Spectral quadratic construction [Ran81, Proposition 7.3.1] _ _
Let F': X — XPY be a semi-stable map between pointed topological spaces and f: C(X)p4« — C(Y)« the induced chain

map. There is a natural chain map
1

con, :5(X),,+* — Wy (€(f))
such that !
(1+1t)o con}{i =e%o COH;’; of

where e: C(Ya) — €(f) is the inclusion.

Proof B27

Let (C, (¢,7, x)) denote the n-normal chain complex sgnY** () with ¢ = conf ([Y]) and denote
its quadratic boundary 9" sgn)** (Y) as constructed in B24 by (9C' = =% (¢y), 9). Define the
¥
Ny

chain complex of dgni*(Y) to be dC" := %~1% (yy ). By A24 we have that (1 +t) co ; (u()*) =
e”(¢) € W% (7y),, . Hence we can use the exact sequence

1+t
=W, (9C) ) SWHAC") & W (500" — W% (o0

to define the quadratic structure of dgnj* (V) to be 9y’ = (14*) % (), con#ly (u(v)*))
Now let N be large enough such that there is an N-dimensional S-dual Th(v)* of Th(v) and set
p = N — (n+ k). From the proof of C4 we obtain the following homotopy commutative diagram.

—Uu(v)

C(Y)"* ——=% C(Th(v))" -+ T2 O(Th(v)*) s

};0 lw (B27.1)

~ sP ~

CY)=0c(Yy) C(EPY ) pya

~

It identifies the (suspended) chain complexes € (¢g) ~ €' (vy) of the two boundaries dgn,* (Y")
and 9" sgn¥* (V). Inspection shows that the combination of the diagrams used for the normal
signature A33 and its quadratic boundary B24 describes the same reason for the existence of 9’
as the diagram for the spectral quadratic construction A24 together with the cofibration sequence
used to obtain 0. O

Room service B27

dgnr*(Y)| the quadratic boundary signature for an n-dimensional normal space (Y, v, p) is

an (n — 1)-quadratic chain complex (9C’, 0¢’) in L,,_1(Zx) (see B27).

oC"'= X716 (vy) ‘ the chain complex of the quadratic boundary signature dgn;s.
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o= ('4) " (9, conl (u,)

boundary signature dgnZ:.

I COH}@! :6(X)p+* — We (€(f))

B28 Quadratic boundary pair signature

the (n—1)-quadratic structure produced by the quadratic

a chain map called the spectral quadratic construction;

defined for a semi-stable map F': X — ¥”Y where f: C~‘(X)p+* — E'(EPY)p+* ~C(Y)is
the chain map induced by F.

ﬂ vy : C(Th(¥)*)ptp = C(Y) ‘ the chain map induced by the semi-stable map I'y of an

n-dimensional normal space (Y, v, p) with Th(v)* the N-dimensional S-dual of Th(v)

andp=N — (n+k).

I'y:=S"Y(Aop): Th(v)* — XPY, | thesemi-stable map obtained for an n-dimensional

p=N—(n+k).

normal space (Y, v, p) with an N-dimensional S-dual Th(v)* of its Thom space and

A:Th(v) ~ > EN

VXV
VxoVv

~Th(v) A X, | thegeneralized diagonal map where V/

S:Y, 2] = [SN, X A Y]

is the mapping cylinder of the projection map of v and 0V the total space of v.

the S-duality isomorphism; for an N-dimensional S-

duality map a: SV — X AY and an arbitrary space Z defined by S(v) = (idy A7y)o
«; denotes the induced isomorphism S: HY~*(X; E) = H, (X,E) as well.

a: SN = X A Y‘ an N-dimensional S-duality map, i.e. the slant product

maps

a([SYD\: GV 5 C(Y) and  a.([SY)\-: C(Y)V* = C(X)

are chain equivalences.

’ con% : C(X) = W7(C(X)) ‘ a chain map called symmetric construction; defined for a topo-

logical space X.

’ §:W%C — L 'W*(20)) ‘ the suspension map; defined by (8(¢))x = @r—1.

B28 Quadratic boundary pair signature

pair signature

B28 (1621, 232) Quadratic boundary pair signature
Let (Y, B),v, (py, pB)) be an n-dimensional pair of normal spaces. There is a quadratic boundary

agns (Y, B) = (9j:9C" — OD', (953, b))

producing an (n — 1)-quadratic Poincaré pair.
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B28 Quadratic boundary pair signature

Cé6 Relative S-duality
Let (Y, B),v, (py,pB)) be an (n + 1)-dimensional pair of normal spaces with j: B — Y the inclusion map. There are
semi-stable geometric Umkehr maps I'y , I' g, I'y, g which fit into the following commutative diagram

S Th(vp)* — (Th(vy)/Th(vp))* — Th(vy)* —— Th(vp)*

SPB,—— 1 yswy, — ySWY/B—3 PR,

and the induced chain maps

75 :C(Th(vp)*) — &(zP1By)
vy : C((Th(vy)/Th(vs))*) — C(SPY4)
vv,5: C(Th(vy)*) — &(sPY/B)

are chain homotopic to
(eB)o: C(B)" 17" = C(B)
0 EG) = C(Y)
o CY)"™ = €().

A25 (A28, B28, 232) Relative spectral quadratic construction [Ran81, Proposition 7.3.1]
Let (6F, F): (N, A) — XP(Y, B) be a semi-stable map between pairs of pointed topological spaces inducing the following
commutative diagram of chain maps.

E(A)pr. —L— E(B) ¢(f)
J l J(m)
F(N)pre —L— E(v) (9)

ot

(N A)ppr —— C Y, B) —— %6(j,1)

There is a chain map conéF I;’b C(N, A) = €((, J)og)
such that (1+¢t)o conéﬁ;};‘" =e%o cony W o(6f, f).
Proof B28
Let j: C(B) — C(Y) be the inclusion and denote by (¢, p) € €(j*),, the symmetric structure

obt

ained by applying relative symmetric construction coniﬁf’]’f to the fundamental class ([Y, B]).

Define the underlying chain map of dgn® (Y, B) to be the map dj induced by the following
diagram.
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B3 Algebraic Thom construction

Now we are looking for an n-quadratic structure
(96, 0¢) € €(0joy)n = Wy (9;-D),, & W (9C),, ;.
From C6 we obtain the maps

Ty : (Th(vy)/Th(vg))* — XPY 4

I'p: Y 'Th(vp)* — LPB,,
with the induced chain maps vy and g that are chain homotopic to ; and ¢g. So the relative
spectral quadratic construction A25 produces a quadratic pair structure

]

(560, S0) = cond ¥ (u,)*

i C((yy, 1) )n = € (05, 00)9p)n = C((@5-) g )n = € (Ofop)n = Wer(€(4)),, ® Wes (' (00)) 1/
which can be read off the following diagram.

“ o
4a; J

CB " —— G —— () = )"

®j ‘(9917#/70) J *= ( ;sf;* )
(
)

C(B)—L—cCY)—L %) = @)

L, |

\
\
20 e
(o) ———C(pj) — — »¢(X0)) =~ €
Consider both components separately. The same argument as in the absolute case B27 yields desus-
pended structures 93¢’ = (1§t)_1 (06, S61)') and Y = (1?)_1 (0, Sv") where (93¢, D) is
the symmetric boundary pair from B22. O

<

Room service B28

e:C —= % (po)| theinclusion; with a map a: C — D as subscript e, denotes the inclusion
D — % ().

B3 Algebraic Thom construction
Porter

In geometry we can pass from (X, A) to X/A and obtain equivalent chain complexes. The
algebraic analogue for algebraic complexes is to pass from &' (f”) to W% (f). We would like to
understand this passage.

B3 Algebraic Thom construction [Ran80a, 3.4][Ran92, Prop. 1.15]
There is the following one-to-one correspondence of homotopy classes:

n-dimensional _ n-dimensional
symmetric Poincaré pairs — symmetric complexes
(f:C = D,5X ) (€, ¢")
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B21—p.149

B3 Algebraic Thom construction

H B21 Symmetric boundary

An n-symmetric chain complex (C, p) € L™(Zw) has an (n — 1)-symmetric Poincaré boundary

as(cv ) = (9C, 0p)

such that eg’o (p) = 8(0¢p) where e: C — € (o) = L™1OC is the inclusion.

Proof B3

Given an n-symmetric Poincaré pair (f:C — D, dyp, ) we want to construct an n-symmetric
chain complex (C’, ¢'). Define C' = %(f). The symmetric structure ¢’ € W*%(f) on C’ is
obtained as follows.

Note that W”(—) is compatible with chain homotopies but not with cofibrations. Hence we
obtain from the cofibration C' %5 D % (f) a null homotopy j%:e” f* = (ef)” =~ 0 but the
cofiber (f%) is not chain equivalent to W”(%'(f)). But at least we obtain a map TR A ) —
W”%%(f) induced by the null-homotopy ;*:

f%

w*c W”D ¢(f%)
% %
J Jéj%
W E (f)

Denote by d¢/¢ the image of (3p,¢) € €(f”), under ®;%. There is a canonical choice of ® s
that gives the explicit description §p/p = % (5¢) + j7% (). Define ¢’ = 5 /.

Now conversely, given an n-symmetric chain complex (C, ¢). We use the boundary construc-
tion of B21 to obtain an (n — 1)-symmetric Poincaré chain complex (9C, 0¢). Then g: (0C —
C™*,(0,0¢)) defines an n-symmetric Poincaré pair.

We have (X714 (0C — C"7*),0/9¢) ~ (C, ). For the other equivalence (f:C — D, dp, ) ~

(g: 06 (f) = S 1€(€(f)"* (0¢/@o, C(f) — €(f)"*,(0,0p/p)) use that we started with a
Poincaré pair and the following up to homotopy commutative diagram.

Cn—l—* %(f)n—* € pDn—x* cn—*
:J@o :l@f\(}cp/g@)l :Jﬁf* :Jtpo
c—L p—< % Cr
The homotopy equivalence of pairs involves the definition of triad which is given below. O
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B3 Algebraic Thom construction

Room service B3
is the chain map induced by a null-homotopy v: Boa ~ 0, fitting in the following diagram

with
X225y —%(a)

and givenby ¢ (o) — Z; (y,2) — B(y) + v(z).

’ (f:C = D,dp,0)~(f:C"— D', é¢,¢")| twosymmetric pairs are homotopy equivalent if

thereisatriadT" = (f, f/, g, ¢'; h) such that g and h are homotopy equivalences and (g, ¢'; h)% (b, ) =
(0¢",¢")

ﬂ T=(f,f,9,9":h, (0, 60,00";52%¢)) ‘ an (n + 2)-dimensional symmetric triad, i.e. a com-

mutative square of chain complexes and chain maps

C%D

f g
D' ——FE
g

with

- h:gf ~¢'f':C — E,4; achain homotopy

- (f:C—=D,ép,p)and (f':C — D', §¢', p) being n-symmetric pairs [(n+1)]

— 0%¢p € W”(E), 42 a chain such that

d(0%p)s = 9" (30")s — g%(09)s + g f'psh™ + hips f* g + h% ().

Poincaré means (f: C — D, dyp, ) and (f': C — D', 0¢’, ¢) are Poincaré and

f’WOh*+5tp0/g/* 0 f
wof*g"
The quadratic case is analog but uses symmetrization for the definition of Poincaré.

52%00
( Spog” ) (BT 5 @) =F ((9, h) E(f) — ‘K(g)) is a chain equivalence.

1 (9,91 )*: W% (Hom 4(D*, D). & Hom 4(C*, C)._1) — W (Hom (D", D'). & Hom (C"*, C").. )
givenby (8¢, s) — (9% (80s) £hs f*g* £ g 0sh* £h%(Tips_1), f' (¢s)) (see [Ran81, p.42])

pr=ev,(0p, @) ~ (;f;) :D"* - €(f)| a chain map defined for an n-symmetric pair

(f:C = D,dp, ).

’ pr=evi(dp, ) =~ (0po, fo): €(f)"* =D ‘ a chain map defined for an n-symmetric pair
(f:C = D,dp, ).
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C Umkehr maps and S-duality

C Umkehr maps and S-duality
Porter

The important insight we gain from the following results is that Poincaré duality can be seen as
S-duality together with Thom equivalence. The proof is taken from [Ran80b, Prop. 4.2] but we
restrict ourselves here to the non-equivariant case in order to neaten up the notation. We refer
to [Ada74] for more details on S-duality and to [Ran80b, §3] for a full treatment of equivariant
mS-duality.

C (A26) Umkehr maps [Ran80b, Prop. 4.2]
Let f: N — X be a degree one normal map between Poincaré spaces both of dimension n. There is a
stable geometric Umkehr map
F: EPX+ — EPN+
such that ¥Pf o F ~id:¥PX | — ¥PX | and such that the induced chain map F, : CNY(E”XJF) —

C(XPN ) is chain homotopic to the composition

o) B2 ooy £y oy B oo,

[C2 — [Ada74]] S-duality properties
For N large enough the following holds.

(i) For every finite CW-complex X there is an N-dimensional S-dual, which we denote X *.
(if) The suspended S-dual ¥ X* is an (N + 1)-dimensional S-dual of X.
(iii) For any space Z and a S-duality map o: SN — X A X* we have isomorphisms
S:X,Z1 2 [SN,ZAX*] y=a\y=(yAidxs)oa
S X*,Z) =[SV, XANZ] v a\y=(idx Ay) o
(iv) Amap f: X — Y induces a map f*:Y™* — X* via the isomorphism

[X,Y] = [SY, Y A X] [V X

(v) If X =Y — Zisa cofibration sequence, then Z* — Y* — X* is a cofibration sequence.

Variations

C3 (A27) Umkehr map for normal targets
Let g: N — Y be a degree one normal map from a Poincaré space N to a normal space (Y, v, p) both of dimension n. There
is a semi-stable geometric Umkehr map
I':Th(vy)* — SPN,
such that the induced chain map ~' : C(Th(vy)*) — C(SPN ) is chain homotopic to the composition

g o)+ L oy N0, oy

where o = cony ([N]).

C4 S-duality (Umkehr map of the identity)
Let (Y, v, p) be an n-dimensional normal space. There is a semi-stable map

Fy:Th(Vy)* — EPY+
such that the induced chain map vy : C(Th(vy)*) — C(SPY L) is chain homotopic to
(y)o = con{ ([Y])o: C(Y)" ™" = C(Y).
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C Umkehr maps and S-duality

C5 (A28) Relative Umkehr maps for normal targets

Let (69,9): (N, A) — (Y, B) be a degree one normal map from a Poincaré pair to a normal pair both of dimension (n + 1)
with j: B — Y and i: A — N the inclusion maps. There are semi-stable geometric Umkehr maps T, 'y T,  which fit
into the following commutative diagram 7

2

S 1Th(vg)* — (Th(vy)/Th(vg))* ——s Th(vy)* —— Th(va)*

lr’B lr’y J{F!Y_B lZF!B

SPAL d PN, SPNJA —s $ptlA,

and the induced chain maps

vp:C(Th(vp)*) — C(zPtlAy)
oy - E(Th(vy )/ Th(vp))*) — C(EPN4)
.5 C(Th(vy)*) — C(SPN/A)

are chain homotopic to
g': C(B)rH1—= _9 C(A)rt+1-* (¢B)o o(A)
gé: C)* 9,9) A0 ®i ()
5

g ) Loy 2 %),

C6 Relative S-duality
Let (Y, B), v, (py,pB)) be an (n + 1)-dimensional pair of normal spaces with j: B —'Y the inclusion map. There are
semi-stable geometric Umkehr maps I'y , I g, I'y, g which fit into the following commutative diagram

%

S Th(vp)* — (Th(vy)/Th(vp))* — Th(vy)* —— Th(vp)*

PR, ! TPY, YPY/B — 5 SP+1B,

and the induced chain maps

vB:C(Th(vp)*) — C(ZPTIBy)
vy : C((Th(vy ) /Th(vp))*) — C(ZPY} )
Yv,5: C(Th(vy)*) — C(ZPY/B)

are chain homotopic to
(¥B)o:C(B)"*'™* = C(B)
0 €GP = C(Y)
o OV S E().

Proof C

We denote the stable homotopy classes of pointed maps from N to X by [N, X]. Since N and
X are both Poincaré we have for k large enough normal structures

(vx:X — BSG(k), px:S™™* — Th(vx))

and (vn: N — BSG(k), py: S™* — Th(vy))
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C Umkehr maps and S-duality

and S-duality maps
an:S"F 5 N, ATh(vy) and ax:S" - X\ ATh(vy).
The composition

[Th(vy), Th(rx)] 27 (974, Thivy) A NL] S (x Ny]
of the S-duality isomorphism from C2 (iii) evaluated on Th(g): Th(vy) — Th(vx) yields the
stable map F': ¥P X — YPN .
Working round the stable homotopy commutative diagram

Grtktp Zrax

& SPA

EpTh(Vx)

SPX | ATh(vx) -SSP X, A Th(vx)

id ZpTh(Q)T %7 £+ ATh(g)
YPTh(vy) P f 4 Aid

y{

Pax SPN . A Th(vy)
id ATh(g)

Sn+k+p

EPOcX

SPX ., ATh(vy) Faid SPN, ATh(vx)

we obtain that
((BPfy o F) Aid) o (BPax) ~ (SPax): S"HETP 5 P X . ATh(vy).
By C2 (ii) the map ¥Pax is also an S-duality map and it follows that
SPf, 0 F ~id: XPX, — SPX
for p large enough. From the homotopy commutative diagram

*

(ex)" (en)o

10X 4) = C(X) =5 C(X)" ™ ——— C(N)"" — = C(N) = C(N4)
ThomT"‘ ThomT"
3 ~ n+k—*Th(§) ~ n+k—x* D
=% |~ C(Th(vx)) — C(Th(vy)) SR |
E: é(sz+)p+* (PN 4 )t
we gain the induced Umkehr chain map f': C(X) — C(N). O
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C Umkehr maps and S-duality

Proof C3

Now, because Y is only normal, the S-dual of its Thom space is not Y itself. So we have to use an
unspecific S-dual Th(vy)* for one of the S-duality maps

an:S"TFP 4 N A Th(vy) and ay : S"TFP s Th(vy)* A Th(vy)
with p chosen large enough. Analogously to C, the composition

[Th(vx), Th(vy)] 207 (5748 Th(vy) A SPN L] 227 [Th(vy)*, SPN ]
applied to [Th(g)] produces a stable map I'': Th(ry)* — XPN .
We loose the upper left corner in the homotopy commutative diagram above but S-duality
and Thom equivalence still give rise to the induced Umkehr chain map ¢': C(Y)"™* — C(N).

gy —L oy 2L o) = GV

S-dual
Thom | =~ Thom | >~ =

C(Th(vy )=+ 2, G(Th(yy )+ 5o |~

S-dual

V!ZG(Th(VY)*)p-&-* C(EPN 1 )pts

Proof C4
In this case we use the S-duality map S"***? — Th(v) A Th(v)*. From C2 (iii) we have an
isomorphism

S~ (8™ F Th(v) AY L] = [Th(v)*, ZPY 4]

that yields a map I'y = S~'(A o p): Th(v)* — £PY ;. From the homotopy commutative diagram
in C remains

(py)o:C(Y)"" —— C(Y) = C(Y )

ThomTN

é(Th(Vy)*)n+k—*

y

7Y:5(Th<yY)*)p+* C(EPY 1 )pis

1
™
3

which identifies the chain maps vy and (¢y )o. If Y is Poincaré, then p can be chosen to be 0 and
vy and XY to be the identity. We recover the Poincaré duality map (¢y )o as the composition of
S-duality and Thom equivalence. O
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C Umkehr maps and S-duality

Proof C5 and C6

Choose p such that there is an S-duality map S"*+*+7: Th(ry) A Th(vy)*. In the absolute case we
used the generalized diagonal map A: Th(v) — Th(v) A X, and the one-to-one correspondence
S~1:[S"* Th(v) A X,] = [Th(r)*, XX, ] to obtain a map I' == S~1(A o p): Th(v)* — S X,.
Now we have three diagonal maps

AliTh(l/B) — Th(VB) A B,
AQITh(Vy)/Th(Z/B) — Th(Vy)/Th(VB) A Y+7
As:Th(vy) — Th(vy) AY/B

and the one-to-one-correspondences from C2 (iii)

[S"+* Th(vg) A By] = [Th(vp)*, P+ B.],
[S™H4+L Th(vy) /Th(v) A Yi] = [(Th(vy)/Th(vg))*, SPY.],
[Sn—i-k-‘rl,Th(yy)/Th(yB) AY/B] = [(Th(vy)*,SPY/B],

which induce the duality maps
YT'p =S (A, 0pp): Th(vg) — XPTB,
I'y =5 '(Az 0 py/pp): (Th(vy)/Th(vp))* — SFY,
FY,B = S_I(Ag o py/pB) : Th(Vy) — ZP(Y/B)
From C2 (v) we obtain the desired commutative diagrams. The chain homotopy equivalences

for the corresponding chain maps are obtained by adapting the diagrams of C4 and C3 to the
relative case. O

Room service C
for a A-set K the pointed A-set with n-simplices K™ U {#}  (n > 0).

Th(¢)| the Thom space of a vector bundle &, i.e. the quotient of disk and sphere bundle

D(&)/5(&). This agrees with the mapping cone of the projection map S(£) — X which gives rise
to a general definition of the Thom space for a spherical fibration v: E — X as Th(v) := C(v).

(Y,v,p)| ann-dimensional normal space consisting of a topological space Y together with an

oriented k-dimensional spherical fibration v: Y — BSG(k) and a map p: S"** — Th(v).

’ (Y, B),v, (py,pB)) ‘ an (n + 1)-dimensional geometric normal pair consisting of
— a finite CW pair (Y, B) with

an oriented (k — 1)-spherical fibration v: Y — BSG(k)

— amap (py, p): (D", S"K+1) 5 (Th(v), Th(v]))

and (B, v|p, pp) an (n — 1)-dimensional normal space.
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f=(f,f):M - X| an n-dimensional degree one normal map, i.e. a commutative square

vy —n with f: M — X a map from an n-dimensional manifold M to an n-

f dimensional Poincaré space X such that f.([M]) = [X] € H,(X), and
l P f:vay — vx stable bundle map from the stable normal bundle vy, : M —
M —— X BSTOP to a stable bundle vx : X — BSTOP.

a degree one normal map (g, g): X — Y between an n-dimensional Poincaré space X and

anormal space Y.

A:Th(v) ~ > EN o ~ Th(v) A X4 |  the generalized diagonal map where V' is the map-

ping cylinder of the projection map of v and 9V the total space of v.

’ Yx:C(X) = X71IC(2X) ‘ the natural suspension chain equivalence obtained from acyclic

models.

denotes for a map a: SV — X A'Y the two geometric slant products [X, Z] — [S™, Z A
Y];v = (yAid)oa)and [Y, Z] — [SN, X A Z]; v+ (id AY) o a) (see [Ran80b, §3]).

‘ wr=evi(dp, ) =~ (6po, fo): € (f)"* = D ‘ a chain map defined for an n-symmetric pair
(f:C — D,op,p).

pr=ev,(0p,p) ~ (;f]?) :D"* - €(f)| a chain map defined for an n-symmetric pair

(f:C = D,dp, ).
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Tree of definitions

Geometric foundations

M()
C(f)

the mapping cylinder (X x [0,1] 1Y)/ (3 1)~f(s) foramap f: X — Y.

the mapping cone (X x [0, 1] 1Y)/ 4.0\~ (2",0),(2,1)~f(z) foramap f: X — Y.

S:Y, 7] = [SN, X AY]

a:SY — X AY and an arbitrary space Z defined by S(y) = (idy Av) o «; denotes the induced

isomorphism S: HN=*(X: E) = H,(X,E) as well.

a:SN 5 XAY ‘ an N-dimensional S-duality map, i.e. the slant product maps

a (S C(X)N 5 O(Y) and  a ((SV)\-: C(Y)V* = O(X)

are chain equivalences.
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Tree of definitions

Th(¢§)| the Thom space of a vector bundle ¢, i.e. the quotient of disk and sphere bundle
(

D(&)/S(€). This agrees with the mapping cone of the projection map S(§) — X which gives rise
to a general definition of the Thom space for a spherical fibration v: E — X as Th(v) :== C(v).

:>‘ u(v)e H*(Th(v)) ‘ the Thom class of an oriented (k — 1)-dimensional spherical fibration

v: X — BSG(k) resp. an oriented k-plane bundle v: X — BSO(k) that defines isomorphisms
via the cup and cap products u(v)N-: H.(Th(v)) — H._(X)and u(v)U-: H* — H***(Th(v)).

:>’ u(v)*€ HYN=¥(Th(v)*)| the N-dimensional S-dual of a Thom class.

Zm-chain complex C,, (X) which represents an n-dimensional homology class in H,, (X;Z")

such that - N [X]: C"*(X) — C,(X) is a Zn-chain homotopy equivalence where X is the
universal covering.

an n-dimensional homology class in H,,(Y;Z") given by [Y] = u(v) N h(p) where h is the
Hurewicz homomorphism. If Y is a Poincaré space, then the term fundamental class implies
that v and p have been chosen in such a way that -N[Y]: H* *(Y) — H.(Y) is an isomorphism.

(X,0X)| ann-dimensional geometric Poincaré pair (X, 0X) is a finite CW pair together with
an orientation homomorphism w: 71 (X) — {£1} and a fundamental class [X] € H,(X,0X;Z")

such that the cap products — N [X]: H *(X) = H,_.(X,0X) are isomorphisms and 0.X is an
(n — 1)-dimensional Poincaré space.

’ ((Y,B),v, (py,pB)) ‘ an (n + 1)-dimensional geometric normal pair consisting of
— a finite CW pair (Y, B) with

an oriented (k — 1)-spherical fibration v: Y — BSG(k)

amap (py,pp): (D™, §"HE+1) — (Th(v), Th(v|p))

and (B, v|p, pp) an (n — 1)-dimensional normal space.
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Tree of definitions

of normal spaces:
there is a normal pair (W, Y 1Y, vy, pw) such that

(Yov,p) ~ (Yt p) = vwlY = v, vw|Y’ =1/ and the following compatibility
with the collapse maps p and p’ is satisfied:

Let Y© be an open collar of the boundary Y in W and c: Th(vw)/Th(rv) — Th(vw)/(Th(v) U
(Th(vw) — Y°) ~ S A Th(v) the projection which collapses everything outside of Y. Then we

require c o pyy = id Ap: S* A S* =5 S¥+1 — Th(vy)/Th(r) — S* A Th(v) and analogously for
Y’ and p'.
the S-dual of X.

E the universal covering of X.

F= (f,f):M — X | an n-dimensional degree one normal map, i.e. a commutative square

VM
M

deg(f) the degree of a map f: M — X of connected n-dimensional geometric Poincaré
complexes; defined as the integer satisfying f.([M]) = deg(f)[X] € H,(X;Z)

dimensional Poincaré space X such that f.([M]) = [X] € H,(X), and
f:vm — vx stable bundle map from the stable normal bundle vy, : M —

——n with f: M — X a map from an n-dimensional manifold M to an n-
f
L X BSTOP to a stable bundle vx : X — BSTOP.

= (6, ):(M,A) = (X,B)| adegree one normal map from a manifold with boundary to a

Poincaré pair (X, B) both of dimension (n + 1).

a degree one normal map (g, g): X — Y between an n-dimensional Poincaré space X and

anormal space Y.

‘ (09,9): (X, A) = (Y, B) ‘ a degree one normal map from a Poincaré pair (X, A) to a normal
pair (Y, B) both of dimension (n + 1).

vx:X — BSG| the Spivak normal fibration of X, i.e. an oriented (k¥ — 1)-spherical fibration

of an n-dimensional Poincaré space X for which a class & € m,+(Th(vx)) (k > n + 1) exists
such that h(a) Nu = [X]. Here u € H*(Th(vx)) is the Thom class and h: 7. (-) — H.(-) is the
Hurewicz map.

the trivial spherical fibration over X.

the topological bundle lift of the Spivak normal fibration vx. If X is a manifold Tx is the

stable normal bundle of X.

r': G/TOP — E‘lﬂON’STOP associates to an [-simplex f:M — Alin G/TOP an [-simplex

of £-105TOP which is an (I 4 1)-dimensional i-ad of (normal, topological manifold) pairs
(A (f), M 11 —A!) where the normal structure comes from the bundle map f.
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A:Th(v) ~ ¥ 2, o ~Th(v) A X, | the generalized diagonal map where V is the

mapping cylinder of the projection map of v and 9V the total space of v.

Constructions from the classical surgery theory

A (X)| thenormal invariants of a geometric Poincaré complex X. An element of .4 (X) can

be represented in two different ways which are identified via the Pontrjagin-Thom construction:
— by a degree one normal map (f,b): M — X from a manifold M to X or
— by a pair (v, h) where v: X — BSTOP is a stable topological bundle on X and h: J(v) ~ vx

is a homotopy from the underlying spherical fibration of v to the Spivak normal fibration
Uvx of X.

Z(X)| thestructureset, i.e. the set of equivalence classes of homotopy equivalences f: M — X
from closed manifolds to X where two maps fy: My — X, fi: M1 — X are equivalent if there
exists a cobordism (W, My, M;) together with a homotopy equivalences F': W — X x [0, 1] such
thatF\MO = foZMO — X X {0} al’ldF|]V[1 = fltMl — X X {1}

0(f)| Wall’s surgery obstruction for a degree one normal map f:M — X.Itis an element in

LY (Z[m(X)]) and if n > 5 it vanishes if and only if f is cobordant to a homotopy equivalence
M = X.

LY(R)| the Wall surgery groups of quadratic forms for n even resp. of formations for n odd
where R is an associative ring with unit and involution.

LY (R)| the2k-dimensional Wall surgery group of quadratic forms is defined as the abelian

group of equivalence classes [(F, ¢)] of non-degenerate (—1)*-quadratic forms (F, ¢) such
that F is a finitely generated free R-module. Two such forms (F, ¢) and (F”, ') are equivalent
if they are isomorphic up to stabilization with hyperbolic forms, i.e. there are integer u, v’ > 0
such that

(F,0) ® Ho(R)" = (F',u') & Ho(R)".
Addition is given by the addition of quadratic forms.

L%, (R)| the (2k+1)-dimensional Wall surgery group of quadratic formations is de-

fined as the abelian group of equivalence classes [( P, ¢; F, G)] of (—1)*-quadratic formations
(P, ¢; F,G) such that P, F, and G are finitely generated free R-modules. Two such formations
(P,¢; F,G) and (P',¢; F', G') are equivalent if there exists (—1)**!-quadratic forms (Q,u)
and (Q’, ') with finitely generated free R-modules ) and @’ and finitely generated free
R-modules S and S’ such that

(P, F.G) & 0(Q,u) & (H.(S); $,5") = (P, s ', ') & (Q', /) & (HL(S'); S, (8')").
Addition is given by the sum of quadratic formations.
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Tree of definitions

H.(P)| the standard hyperbolic e-quadratic form for a finitely generated projective R-
module P is given by the R-module P & P* and the R-homomorphism

* 0 0 * id@e(P) * 5\ * *\
¢:(PoP) ~— Ly pr g p MO, prprye _ (pg pry,

t(—, fo): A (X) = [X;G/TOP] | the inverse of the bijection [X; G/TOP] = .# (X) induced by

the action of [X; G/TOP] on .4 (X) (see 224)

[X;G/TOP]| homotopy class of maps from X to G/TOP.

Algebraic foundations

@ a chain complex; either an element in B(R) or, more generally, in B(A).
B(R)| the category of bounded chain complexes of finitely generated projective left R-modules.

a ring with involution ~: R — R;r — T, i.e. it satisfies 1 = 1,7 = r,7s = 5T and

r+s

T+ 3sforr,s € R.

B(A)| the category of bounded chain complexes in A.

additive category

the reduced chain complex of a nonnegative chain complex C is defined by C,, = C,, for

q # 0and Cy = ker(¢). For a singular chain complex A(X) the augmentation : Ag(X) — Z is
defined by (o) = 1 for every singular O-simplex o; resp. for a simplicial chain complex Cy(K)
by e(v) = 1 for every vertex v of K.

C~*| the dual chain complex with (C~*); := (C_j)* and differential d{ = (—)*(d$)*.
the suspended chain complex C shifted one to the left, i.e. ¥C,, = Cp,—_1, d=¢ = —(c°.

the desuspended chain complex C shifted one to the right, i.e. X~1C,, = Cp,11.

A(f)| the algebraic mapping cylinder with .Z(f); = Dy & Cy & Ci_1 and differential
A (z,y,z) = (dP(z) + f(y),d (y) — 2z, —d°(z)) for a chain map f:C — D.

€(f)| the algebraic mapping cone with € (f)x == Dy ® Cx_; and differential d¢ /) (x,y) =
(dP(z) + f(y), —d®(y)) for a chain map f:C — D.
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(T,e)| chain duality on A where T': A°? — B(A) is a functor and e: 7% — 1 a natural trans-

formation with e4: T2A =» A and ep(ayoT(ea) = 1. for A € A.

W%, W, W% | denote for a chain complex C the abelian group chain complexes
W% = Homg,(W,C @ C),
Wo,C =W ®zz,) (C @ C),
W%C = Homgz,|(W,C ® C).

the free resolution of the trivial Z[Z]-chain module Z; given by the Z[Zs]-chain complex

2 7202, 5 2z —— 0

—

1 W | the complete resolution of the trivial Z[Z;]-chain module Z; given by the Z[Z5]-chain

1-t 1+t 1-t

complex ... i Z|Z5) Z|Zs]

modules using the involution of R.

the Hom-complex for chain complexes C, D; defined by Hom(C, D),, =
@D, -, Hom(Cyp, Dg) and d(f) = dp f — (-1)" fdc.

:>’ P w?(C) — W”*(D) ‘ the chain map induced by a chain map f: C — D; explicitly given
by (f*(¢))s = feosf*: D7 = D.

:>’ fo: Wy (C) = We (D) ‘ the chain map induced by a chain map f:C — D

- FRW%(C) — W%(C)|  the chain map induced by a chain map f:C — D

~1Q",Q,,Q"| the n-dimensional Q-groups defined for a chain complex C' by
Q(C)" = Hy(WHC),
Q(C)n = Hp(Wy,C),
Q(C)" = H,(W*C).

Wir,s]| the Z[Zs]-module chain complex

14(-)°t L)t L)+t

-0 Z|Zs) Z|Zs) Z|Zy) ———0---
with W(r,s], =0forn > sandn < r.

C(X)| thesingular chain complex for a space X.
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I chain complex with
P

Z = (e) forn=1,
In=SZxZ={e1,es) forn=0; di:Z—ZXxXZerre —e
0 otherwise

Chain complex maps

1L+t:Wy,C — W%C ‘ the symmetrization map defined by
{(1 +t)o ifs=0

0 otherwise
induces a map of L-groups 1 +t: L,,(R) — L"(R).

the generator of Zy; acts on C ®g C via t(z @ y) = (—)*IWly @ 2 and on C @, C via
tlx®y) =Tec(z®y).

’ §:W*C — R 'W(2C) ‘ the suspension map; defined by (S(¢))r = ¢r—1 if £ > 1 and zero
otherwise; induces a map Q" (C) — Q" (XC) and an isomorphism Qn(C) S Qrti(zo).

‘ \:C® D — Hom(C*, D) ‘ the slant chain map defined by f @ (z ® y) — f(z).y.

e:C — F(po) the inclusion; with a map a: C — D as subscript e, denotes the inclusion
D — € ().

‘ p:€(po) = XC™*| the projection; with amap a: C — D as subscript e, denotes the projec-

tion ¢ (a) — EC.

’ Yy :C(Th(¥)*)pip = C(Y) ‘ the chain map induced by the semi-stable map I'y of an n-dimensional
normal space (Y, v, p) with Th(v)* the N-dimensional S-dual of Th(v) and p = N — (n + k).

fC(X) = C(M)| the Umkehr map of a degree one normal map f:M — X of Poincaré

spaces M and X. We obtain a stable equivariant map F': $kX, — $*M, for some k € N and

define f' as the composition C(X) 225 S—*C(SFX ;) & ©kC(SFM,) Zx, C(M).

’ (:C(X xX)—>CX)®C(X) ‘ Eilenberg-Zilber map

’ ev:W*C - C®C ‘ the evaluation map given by ¢ — .

’ ev:€(f%) = €(f)® D ‘ the left evaluation map for a chainmap f: C' — D givenby (¢, ) +
‘ P
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wr=evi(dp, ) ~ (dpo, fo): €(f)"* = D ‘ a chain map defined for an n-symmetric pair
(f:C = D,op,p).

a%g®fyﬁ%uv®p\

’ ev,:C(f*) = D %E(f) ‘ the right evaluation map for a chain map f:C — D given by
(0@, ) = @y

| o= ev,(6p,p) ~ (j(;'ofo* ) :D"* - %(f)| achain map defined for an n-symmetric pair
(f:C = D,dp,¢).

ﬂﬂ%ﬁ@ﬁ%D@%m‘

is the chain map induced by a null-homotopy 7: § o a ~ 0, fitting in the following diagram
with
X225y —%(a)

s
\7\1}3 Y
s P

% v

and given by ¢ (o) — Z;  (y,x) — B(y) + v(x).

’ Dy : C(K) — 2l1C(0) ‘ chain map defined for each simplex o = (vg, v1,...,|,|) in K by the
composition

CK) = 3 Cm)n 22 Clog)n L5 Cloy), 25 ... 2L

TEK

C(0)n—0o

with o; = (v, ...,v;) and d; = d,”"7/"" the relevant component of dgiljil :C(K)p—jy1 —

C(K)n—; (see [Ran92, Def. 8.2]).

(vo,v1, ..., 05) defines a simplex spanned by the vertices vy, ..., v;.

’ th: € (f7%) — WP(€(f)) ‘ the map from the algebraic Thom construction.

‘ Yx:C(X) = T7IC(2X) ‘ the natural suspension chain equivalence obtained from acyclic

models.

’ Y ETIO(EX) = O(X) ‘ the desuspension chain equivalence; note that it is not natural in
X.
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Structured chain complexes

structure ¢;
Poincaré means ¢, : C"~* — C is a chain equivalence.

structure 1;
Poincaré means the symmetrization (1 + t)(¢)o: C™* — C is a chain equivalence.

pe Wy (C),
can be represented by a set {p;: C"~*~* — C, | s > 0}.

a cycle, called an n-quadratic structure on C;

(C, (2,7, X))
structure (¢, 7, x)-

an n-normal chain complex consisting of a chain complex C' and an n-normal

an n-normal structure

a cycle, called an n-symmetric structure.

ve W% (C™),| acycle called chain bundle

xe W%(C) a chain satisfying dx = J(¢) — 7(8"y).

n+1

L™(R)| the cobordism group of n-symmetric Poincaré chain complexes over R.
L,(R)| the cobordism group of n-quadratic Poincaré chain complexes over R.

the cobordism group of n-normal chain complexes over R.

Cobordism | of n-dimensional structured chain complexes:

(O ) ~ (O, N) = there is an (n + 1)-dimensional structured (Poincaré) pair
(CaC' — D,OX B —N),

where Poincaré is only required in the symmetric and quadratic case.

placeholder for a symmetric ¢ resp. quadratic ¢ or normal structure (¢, v, x). We
call a pair (C, \) a structured chain complex and a triple (C' — D, 0\, X) a structured pair.
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ﬂ (f:C = D,dp, ) ‘ an (n + 1)-symmetric pair with
- f:C — D achain map
- (C, p) an n-symmetric chain complex
- dp € W%(D)nJrl such that d(6p) = f”(p) which is equivalent to (J¢p, ¢) is a cycle in
G )1

Poincaré means (6o, po f*): D"17* — €(f). is a chain equivalence.

ﬂ (f:C — D,éy, ) ‘ an (n + 1)-quadratic pair with
- f:C — D achain map
- (C, ) an n-quadratic chain complex
- 09 € We (D), such that d(09) = fo (1)
Poincaré means the symmetrization is Poincaré, i.e.
(L +t)d¢0, (1 +t)pof*): D"1=* — €(f)s = (D, Ci_1) is a chain equivalence.

ﬂ (f:C — D, (d¢p,6v,6x), (©,7:X)) ‘ an (n + 1)-normal pair with
- (C, (p,7, x)) an n-normal chain complex

- (f:C — D, dp, ¢) an n-symmetric pair [(n+1)]

- (f,b):(C,v) = (D, ¢6y) amap of chain bundles

- 0x € /1/17%(D)nJr2 a chain such that

% —~% en %
J(3p) — 8o (8"F167) + [ (x — G (™)) = d(6x) € W (D)

1 (£:):(C7) = (C'7)
be W%(C*)l a 1-chain such that f%(~) — v/ = d(b).

n+1°

a map of chain bundles where f:C — C’ a chain map and

L(J)*| the relative L-group of J: L"(R) — NL™(R) is the cobordism group of (normal,
symmetric Poincaré) pairs (f: C' — D, (dp, §v, 6X), ¢).

ﬂ J:L"(R) — NL"(R) ‘ roughly induced by j: W*C — W%C; see (111) for more details
of how a normal structure (¢, v, x) is obtained from a symmetric Poincaré chain complex

(C, ).

j:W%C — W%C'| induced by the projection W — W, induces a map of (-groups
J:Q"(R) > Q"(R).

ﬂ (f:C — D, (d¢,0v,5x),») ‘ an (n + 1)-dimensional (normal, symmetric Poincaré) pair
with

- (D, 0p,0v,0x) an (n + 1)-normal chain complex

- (f:C = D, (¢, ¢)) an n-symmetric pair [(n+1)]

— o a chain equivalence.
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Cobordism | of n-dimensional structured pairs:

(C EN D, 6\ ) ~ (C RN D' 6N, N) = there is an (n + 1)-dimensional structured
(Poincaré) triad

(67)

0 !

(CaCr— )T De D, sx—s\)
fl \’\\M\\ﬁ\\,¥\§ lg

(C,00) —————— (B, 6%))
g

where Poincaré is only required in the symmetric and quadratic case.

ﬂ L= (f,f",9,9';:h, (0,0, 0p,0¢";6%p)) ‘ an (n + 2)-dimensional symmetric triad, i.e. a

commutative square of chain complexes and chain maps

C$>D

|
f g
D'——FE
g
with
- h:gf ~¢'f':C — E.;; achain homotopy
- (f:C = D,dp,p)and (f':C — D', 0¢', ¢) being n-symmetric pairs [(n+1)]
- 6%p € W%(E), 42 a chain such that
d(0%¢)s = g7 (6¢)s — 9% (59)s + g [/ @sh™ + heos f*g* + D% (p)s.
Poincaré means (f: C — D, ¢, ) and (f': C — D’,5¢’, ) are Poincaré and
52@0

dpog” . +2— — "h) . ; i i

<f,%hf£§%,g,* > (B2 5 @) = ((90 f) E(f) — ‘K(g)) is a chain equivalence.
wof"g”

The quadratic case is analog but uses symmetrization for the definition of Poincaré.

a morphism of n-symmetric chain complexes consisting of a chain

(10:(Cop) = (C )
map f:C — C' together with a chain y € (W% (C")),+1 such that ¢’ — f(p) = dx.

(f:C = D,0p,¢) = (J':C" = D',6¢', )
thereisatriadT" = (f, f/, g, ¢; h) such that g and h are homotopy equivalences and (g, ¢'; h)%(&p7 p) =
(0¢', ')

’ (g,9": R)%: W% (Hom (D*, D), @ Hom4(C*,C)s_1) = W% (Homy (D"*, D), ® Hom 4 (C"*, C”)*#)
given by (6., ¢.) = (9% (5ps) & hpa f*g" & ['g'pah™ £ W% (Tip,_1), [ (.)) (see [Ran81, p.42])

two symmetric pairs are homotopy equivalent if

»(C EN D,0,p)= (571 (ps+),¢")| an n-symmetric chain complex, the effect of algebraic

surgery on an n-symmetric pair [(n+1)](f: C — D, d¢, ¢) (see Bl).
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Boundary constructions

(C',¢")| symmetric chain complex obtained from algebraic surgery (see Bl

pr=ev,(0p, @) ~ (5:’]?) :D"* — ¥(f)| a chain map defined for an n-symmetric pair
(f:C — D,op,p).

’ pr=evi(dp, ) =~ (6po, feo): € (f)"* = D ‘ a chain map defined for an n-symmetric pair
(f:C = D,dp, ).

9%|  the symmetric boundary construction, produces for an n-symmetric chain complex an
(n — 1)-symmetric Poincaré chain complex usually denoted (0C, 0¢) (see B21).

the symmetric boundary of an n-symmetric chain complex obtained from al-

gebraic surgery on the pair (0 — C,,0), i.e. 90C = 716 (), dp = 8 1e”(p) where
e:C — € (o) is the inclusion (see B21 for more details).

0C:=X"1€(pg) ‘ the boundary chain complex.

dp=8"1e%(p) ‘ the symmetric boundary structure.

e:C — %(po)| the inclusion; with a map a: C — D as subscript e, denotes the
inclusion D — €' («).

= 95 | the relative symmetric boundary construction, produces for an n-symmetric pair an

(n — 1)-symmetric Poincaré pair usually denoted (0f:0C — 0¢D, 0(d¢, ¢)).

(Of:0C — 04« D, 0+ 0, 0p) ‘ the symmetric boundary of an n-symmetric pair [(n+1)](f: C —

D, ¢, ¢) not necessarily Poincaré. It is an n-symmetric Poincaré pair with
- (0C, 0y) the symmetric boundary of (C, ¢)

- 95D = %((ﬁfﬁﬂ) D" 5 B(f))

F o0
- 9f = (o 0] :0C =Crpy ®C "1 = D,y & D" @ C" 1 = 9. D.
0 1

9% |  the quadratic boundary construction, produces for an n-quadratic chain complex (C*, ")
an (n — 1)-quadratic Poincaré chain complex denoted by (0C*, 9v') (see B23).

is the quadratic boundary of an n-quadratic chain complex, (see B23).

AC=S"1((1+t)(¢)o) ‘ the boundary chain complex.
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L

= ( 1§t )_1 (S_le%(go), e (1)) the quadratic boundary structure.

:> the relative quadratic boundary construction, produces for an n-quadratic pair an
(n — 1)-quadratic Poincaré pair usually denoted (0f: 0C — 0D, 0(0v,)).

= 88 :L,(B(1),G(1)) = L,—1(G(1),L(1)) =S,(X)| theboundary map induced by the bound-
Lary construction 9%.

8% :Ly(Zm) — S,(X)| the boundary map obtained from 8g by using the assembly
isomorphism L,,(B(1), G(1)) = L, (Z) (see 1221).

ON'|  the quadratic boundary construction, produces for an n-normal chain complex (C, (¢, 7, X))

an (n — 1)-quadratic Poincaré chain complex denoted (9C, 0¢); induces a map NL"(R) —
L,_1(R) (see B24).

:> the relative quadratic boundary construction, produces for an n-normal pair an (n—1)-
quadratic Poincaré pair usually denoted (0f:9C — 9;D, 0(5v, 9)).

ﬂ 0N : NL™(B(0), B(1)) = H,(X;NL*) = L,,_; (B(1),L(1)) = H,_1(X;Ls(1)) \ the boundary
map induced by the boundary construction 9.

= 0Y : NL"(B(0), G(1)) = VL"(X) — Ly _1(G(1), (1)) = S,(X) | theboundary map induced
by the boundary construction 9" .

Ogny*(Y)| the quadratic boundary signature for an n-dimensional normal space (Y, v, p) is
an (n — 1)-quadratic chain complex (0C’, 0¢’) in L,,_1(Zx) (see B27).

ﬂ oC"= S € (vy) ‘ the chain complex of the quadratic boundary signature dgnZ?.

o= (1) - (O, con?; (u*))| the(n—1)-quadratic structure produced by the quadratic

vy

boundary signature dgn,:.

= dgn's (Y, B)| the quadratic boundary pair signature for an n-dimensional pair of normal
spaces (Y, B) is the (n — 1)-quadratic Poincaré pair (0C(B) — 04+C(Y), (64, %)) obtained by
using the boundary construction and the spectral quadratic construction (see B28).
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Algebraic bordism categories

‘ A= (AC/P, (T, e)) ‘ an algebraic bordism category, usually denoted by A or (A, C, P), consists
of full additive subcategories P C C C B(A) where P is closed under weak equivalences and
mapping cones, i.e.

- €(f:C — D) € P for any chain map f in P,
and additionally any C' € C satisfies

- ¢(id:C - C) P,

— €(e(C):T?(C) = C) € P.

’ ANZ) = (A(Z),B(Z),C(Z)) ‘ denotes the algebraic bordism category with
(Z) the category of finitely generated free left Z-modules,

- A
— B(Z) the bounded chain complexes in A(Z),
— C(Z) the contractible chain complexes of B(Z).

F:A— A’ afunctor of algebraic bordism categories is a covariant functor of additive cate-

gories, such that
- F(B) e B forevery Be B
- F(C) e P forevery C € P
— for every A € A there is a natural chain map G(A):T"F(A) — FT(A) such that

7 F7(4) LY P2 a)

T’G(A)J Fe(A)l

T27(A) 2, pa)
commutes and ¢ (G(A4)) € P'.
(C,\)inA| an n-dimensional structured chain complex in A = (A, C,P), i.e. a chain complex

C € C with an n-dimensional P-Poincaré structure \.

f:(C = D6\ N)in A ‘ a structured pair with C, D € B, X is P-Poincaré and &' (0 Ao, Ao f*) € P.

placeholder for a symmetric ¢ resp. quadratic ¢ or normal structure (¢, v, x). We call a
pair (C, \) a structured chain complex and a triple (C' — D, §\, \) a structured pair.

stands for ¢( in the symmetric and normal case and for

(1 +t)(¢po) in the quadratic case.

is what a structured complex (C, \) is called if 9C == X71€ () € P.

’ L™(A), Lp(A), NL™(A) ‘ the cobordism groups of n-dimensional symmetric, quadratic, and

normal chain complexes in A respectively.

of n-dimensional structured chain complexes in A:

(CN) ~ (O, ) = there is an (n + 1)-dimensional structured pair
(CoC" — D,6AXD—N)in A.
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‘ L™(F),L,(F), NL"(F) ‘ n-dimensional relative L-groups consisting, up to cobordism, of pairs
((C,N), (F(C) = D, A, \)) where (C, \) is an (n — 1)-dimensional structured chain complex in A
and (F(C) — D, ), \) an n-dimensional structured pair in A’.

ApX | for A = (A,C,P)denotes (A, X,CrX,Pr X, (Ty,e.)), the X-mosaicked algebraic bor-
dism category of A = (A, C,P) with local Poincaré duality.

[ ]

AcX | for A = (A,C,P)denotes (A.X,CrX,PcX, (T, e.)), the X-mosaicked algebraic bor-
dism category of A = (A, C, P) with global Poincaré duality.

[~

AnX| for A= (A,C,P)denotes (A, X,CrX,CrX, (T, e,)), the X-mosaicked algebraic bor-
dism category of A = (A, C,P) with no Poincaré duality.

additive category of X-based objects in A, i.e.

Obj, x = { Z M, | M, € A, M, = 0 except for finitely many a},
oeX

MorA*X(Z MEF» Z N%:) = { Z f’T,O‘ | (f’T,G':MO' — NT) € MOIA(MJ7NT)}7

geX TeX T>0
o,TeX

where X is a simplicial complex.

ﬂ CrX:= {C chain complex in A, X | C(c) € Cforallo € X} ‘ for a category C of chain com-

plexes in A.

C(o) denotes for a chain complex
Cioo > 3 (Cady ZE0 37 (Cor)y By 37 (0, ey

oceX ceX ceX
in A, X or A*X the chain complex in A given by

Clo): .. — (Co)y L2y (0 y), Loty

ﬂ CeX:= {C chain complex in A, X | A(C) € C} ‘ for a category C of chain complexes in A.

defined for a chain duality 7: A — B(A) as the mosaicked chain duality A, X —
B(A.X) with (T (X, x Mo))r(7) = (T(Dr<z M))r—7|-

short for A(Z). X, the additive category of X -based free Z-modules with ‘non-decreasing’

morphisms >_ fro: > Mo — > N:
where ( fT’,,:Tﬁ/Y(r — J\ffj)e()re Z-mbatile morphism.

A(R).X | isthe additive category of X-based free R-modules.
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ALX | for A = (A,C,P) denotes (A*X,CLX,PLX, (T*, e*)), the X-mosaicked algebraic bor-
dism category of A = (A, C,P) with local Poincaré duality.

additive category of X-based objects in A, i.e.

Obj,., = { Z M, | M, € A, M, = 0 except for finitely many a},

ceX
Mors-x (D Mz, > N2) = { Y fro | (friri Mo = N;) € Mora (M, No) },
geX TeX JTTSGUX

where X is a simplicial complex.

A(R)*X | isthe additive category of X-based free R-modules.

ﬂ CL'X:= {C chain complex in A*X | C(c) € Cforallo € X} ‘ for a category C of chain com-

plexes in A.

defined for a chain duality T: A — B(A) as the mosaicked chain duality A*X —
B(A*X) with (T*(3_, e x Mo))r(7) = (T(D,57 M7))rtr)-
short for A(Z)* X, the additive category of X-based free Z-modules with ‘non-increasing’

morphisms >_ fro: > Mz — > N
where ( fTJ:T%/TU — N’S)%re Z-mbatile morphism.

Simplicial constructions and Delta sets

the standard n-simplex with ordered simplices 0 < 1 < ... <n.
the boundary of the standard simplex.

D(o,K)| dualcell of asimplex o in a simplicial complex K is the subcomplex of the barycentric
subdivision K’ defined by

D(J,K):{anl...ar|a§00<01<...<or}.

K®) | the set of k-simplices of a simplicial complex K.

a simplicial complex dual to A™*! with one k-simplex o* for every (m — k)-simplex o

in 9A™T! and face maps

i (™)) = {o* o (aAmH)(m—k)} S (EME-D; ot (8i0)° (0<i<k)
i.e. if the (m — k)-simplex o is spanned by the vertices {0,1,...,m + 1} \ {jo,...,Jjx} than o*
is spanned by the vertices {jo, ..., Jjr} and 9;(c*) = (0;,0)* = (e U{j;})* = o™ \ {Ji }-
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the dual k-simplex with 9;0* = (6;0)* for a (m — k)-simplex o € JA™ 1.

|K|*|L|| thejoin of two topological spaces X and Y obtained from X x I x Y by identifying

xx0xY withzforallz € X and X x 1 x y withy forall y € Y [Whi50, p. 202, III]. Thus each
point of X * Y lies on a unique line segment joining a point of X to a point Y.

the first barycentric subdivision of a simplicial complex K.

the vertex in K’ given by the barycenter of the simplex o € K.

‘ L+ K={o'€L'| novertexof o’ liesin K'} = U, ¢, ,¢r D(o,L) C L' ‘ the supplement of

a subcomplex K of a simplicial complex L, i.e. the subcomplex of L’ spanned by all of the vertices
of L' — K'.

‘ K=K + 9A™T! ‘ the supplement of K embedded into 9A™*! for m € N large enough.

o~

®: (9A™H1) = (¥™)'|  anisomorphism of simplicial complexes that maps dual cells in JA™ !

to simplices in ¥"*. For more details see 1311.

| X= (27 /2(X))

a simplicial S-dual of X (see 1312).

is defined for a map r: X — K to a simplicial complex as the preimage of the dual cell

D(o, K) after making r transverse. If X is a simplicial complex itself, choose r to be the identity.
The subdivision X = |J, . X[o] is called a K-dissection of X.

Fa= Usex flo]: M[o] — X[o]| the decomposition of a degree one normal map fiM — X

into degree one normal maps flo] = i F-1(x[o)) Of (n — |o|)-dimensional manifold (m — |o|)-ads.

manifold k-ad consisting of a manifold M and submanifolds dyM, ..., 0 M such that
AoMN...NoM =1.

—~ —~

(flol, 0f[e))= ((flo], flo]), (Of[o],0f[c]))| an n-dimensional degree one normal map
(£,87)

(VX|X[a]7 VX|8X[U])

J

(M[o],0M[o]) = (f~1,0f ~)(X]o], 0X[o]) (X[o], 0X[o]),
denoted (f[o],0f[0]): (M[o],0M[o]) — (X]o],0X[o]) for short, from an (n — |o|)-dimensional
manifold with boundary to an (n — |o|)-dimensional normal pair obtained from a degree one
normal map [ after making f transverse to a K-dissection X[o]of X .

(Vs | mio)> varlome))

(f,0F)

ceK

a simplicial set without degeneracies, i.e. a functor A — Sets, where A is the category

of finite sets {0, ...,n}, n > 0 and order-preserving injections and Sets the category of sets and
functions.
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‘ A-map f: K — L| anatural transformation, i.e. a collection { f,,: K™ — L™ | n > 0} such
that 82 o fn = 81 ] fn+1-

Kan| iswhata A-set X is called if every map A? — X extends to amap A™ — X this property

is necessary to do homotopy theory on A-sets .

for a A-set K the pointed A-set with n-simplices K™ U {#}  (n > 0).

A= A" — ((A™)™ U 9;A™) ‘ the subcomplex of A™ obtained by removing the interior of

A™ and a single face of A™.

an Q-spectrum of pointed Kan A-sets, like L*(A), Lo (A), NL*(A), is a sequence E,, of

pointed Kan A-sets together with homotopy equivalences E,, — QE, ;. Note that the index-
ing is reversed compared to the usual convention.

QK:=KS"| theloop A-set; can be expressed as the A-set with n-simplices
{O’ € K(n+1) ‘ 6061 . .8na = @ S K(O),6n+10 = @ S K(n)}

the pointed A-set with base simplices in all dimensions and only one additional

simplex in dimension n.

the function A-set with n-simplices the A-maps K @ A" — L; face maps are
induced by 9;: A™ — A™7L,

the geometric product A-set with one p-simplex for each equivalence class
of triples

(m-simplex ¢ € K, n-simplex 7 € L, p-simplex p € A™ x A"),

subject to the equivalence relation generated by (o, 7, p) ~ (¢/, 7, p’) if there exist
A-maps f: A™ — A™ g: A" — A" such that o = f*o/, 7 = ¢g*7/, (f xg)(p)=p.

the product for ordered simplicial complexes with 0-simplices K () x L(©)

and vertices (ag,bo), - - -, (an, by) span an n-simplex if and only if ag < ... < ay, by <
. < bn and (ar, br) 7é (G/r+17 br+1).

’ Tn(B)i= 7k (E—k) ‘ forn,k € Z,n+k > 0.

H 7, (K)= [0A™ !, K] ‘ the pointed homotopy groups; can be expressed as the set of equi-

valence classes {o € K | ;0 = ,0 < i < n} with o ~ 7 if there exists p € K("*1) with
faces dpp = 0, O1p = 7 and () otherwise. The composition is defined by oq - 01 = 7 if there
isa p € K("t1 with faces 0¢, 01, 7 and () otherwise.
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H homotopy of A-maps ‘ a homotopy between two A-maps fy, fi: K — L is a A-map
h:K®A' — Lwith h(oc ®1) = fi(o) € L™ (¢ € K™ i =0,1).

’ KANL=K®L/(K®0, Ul ® L) ‘ the smash product of pointed A-sets.

(K= (I],50 A" x K ")/ )| the geometric realization of a simplicial complex K with ~ the

equivalence relation generated by (a,9;0) ~ (J;a,0) (a € A" ' 0 € K™) with §;: A"~! —
A™ (0 < i < n) the inclusion of the i-th face.

Spectra

an 2 ring spectrum of Kan A-sets, e.g. NL® or L°.

the component of 1 € Z for an Q ring spectrum E with 7(E) = Z, e.g. L®(0) or NL®(1/2).

’ H,(K,E)=7,(K+ ANE) = limy mpy1(K4 AE_j) ‘ the E-homology groups for a locally finite
A-set K.

’ H"(K,E)=n_,(EX+) = [K,,E_,] ‘ the E-cohomology groups for a locally finite A-set K.

’ L*(A),Ls(A),NL*(A) ‘ (2-spectra of pointed Kan A-sets defined for an algebraic bordism

category A by
. o n n (k) _ : : LAk
L*(A) = {L (A) |neZ L"(A)Y ={n-dim. (C,p)in A¥A }} ,

L.(A) = {Ln(A) |n € Z,Lo(A)®) = {n-dim. (C, %) in ALM}} :

NL*(A) = {NL”(A) | n € Z,NL"(A)® = {n-dim. (C, (¢, 7,)) in ALM+"}} :
face maps are induced by face inclusions 9;: A¥~! — A*, base point is the 0-chain complex.

L@ for A = (A, C,P) denotes (A*X,CEX,PL X, (T*,e*)), the X-mosaicked algebraic
bordism category of A = (A, C,P) with local Poincaré duality.

additive category of X-based objects in 4, i.e.

Obj,.y = { Z M, | M, € A, M, = 0 except for finitely many a},
oceX

Mory-x (Y Mz, S N7) = { 3N fro | (frw: My = Ny) € MorA(MU,NT)},

geX TEX <o
o,1eX

where X is a simplicial complex.

ﬂ CLX:= {C chain complex in A*X | C(c) € Cforallo € X} ‘ for a category C of chain

complexes in A.
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short for L*(A(Z)) = L*(A(Z), B(Z), C(Z))
short for Le(A(Z)) = Lo (A(Z), B(Z), C(Z))

NL*| short for NL*(A(Z),B(Z),B(Z))

\ NL/L*= Fiber(J:L* — NL?)

L*(0) | short for L*(A(Z)(0))

L.(1) | short for Le(A(Z)(1))

Z

L*(1/2) | short for NL*(A(Z){(1/2))

ﬂ ANZ) = (A(Z),B(Z),C(Z)) ‘ denotes the algebraic bordism category with

— A(Z) the category of finitely generated free left Z-modules,
— B(Z) the bounded chain complexes in A(Z),
— C(Z) the contractible chain complexes of B(Z).

for A = (A, C,P) and ¢ € Z the g-connective algebraic bordism category (A, C(q),P(q))

C(q)| the subcategory of chain complexes of C that are homotopy equivalent to g-

connected chain complexes.

A(1/2)| denotes for A = (A, C,P) the algebraic bordism category (A, C(0), P(1)).

| NL(1/2)/L(0)*:= Fiber(J: L*(0) — NL?)

QFTOP | the Q-spectrum of Kan A-sets defined by

(QSTOPYK) — [(M, 8y M, ..., 0 M) | (n + k) — dimensional manifold

(k + 2)-ad such that oM N ... N M = 0}.
The face maps 9;: (Q57OF)%) — (QITOP)(E=1) are given by
37(M) = (8ZM, ;M N 60M, . ,3,;M N 81’—1M, oM N 6‘i+1M, . ,3,;M N (9kM)

QY| the Q-spectrum of Kan A-sets defined by
QM) = {(X ax, v, p) | (n+ k) — dimensional normal space (k + 2)-ad, i.e.
Xpr = (X,80X,...,00X) 8.t. X N...N X =0,
v: X — BSG(r) an (r — 1)-spherical fibration,
p: AR Th(v) s.t. p(9; A" ) € Th(v|o,x) }
The face maps 9;: (2Y)® — (QY)*~Dare given by
0;(X)=(0;X, ;X NpX,...,0,XN0_1X, 0, XNh1X,...,0; X NOwxX).
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21QYSTOP | the Q-spectrum of A-sets obtained as the fiber of canonical the map of spectra

QSTOP S .

denotes the Thom spectrum of a spherical fibration ».

the Thom spectrum of the universal stable Z-oriented spherical fibrations over BSG

with the k-th space the Thom space MSG(k) = Th(vsg(k)) of the universal k-dimensional
spherical fibration ygg (k) over BSG(k).

MSTOP | the Thom spectrum of the universal stable Z-oriented topological bundles over the

classifying space BSTOP with the k-th space the Thom space MSTOP (k) = Th(ysror(k)) of
the universal k-dimensional bundle ystop (k) over BSTOP.

MS(G/TOP) | the fiber of J: MSTOP — MSG.

Orientations

’ u®(B)e H*(Th(B); MSG) ‘ the canonical MSG-orientation of 3 which is a map on the Thom

spaces Th(3) — Th(ysq) induced by the classifying map of a k-dimensional Z-oriented spher-
ical fibration 8: X — BSG(k).

‘ uT ()€ H*(Th(a); MSTOP) ‘ the canonical MSTOP-orientation of o which is a map on the

Thom spaces Th(a)) — Th(ysrop) induced by the classifying map of a k-dimensional Z-oriented
topological bundle a: X — BSG(k).

’ uS/T (v, h)e H*(Th(vx); MS(G/TOP)) ‘ the preferred lift of u” (v) for a bundle reduction

v of the Spivak normal fibration vx, determined by the homotopy &: Th(vx) x [0,1] - MSG
between J(v) and J(vyx).

| uC/T((v, h), (vo, ho))€ H*(Th(vx); MS(G/TOP)) | the preferred lift of u” (v) — u (vp) for
two bundle reductions v, vy of the Spivak normal fibration vx. The lift is obtained from the

homotopy ho U h:Th(rx) x [0,1] - MSG between J(v) and J(vp). If X is a manifold with a
preferred topological bundle Ty, define u®/” (v) = uS/T (v, Tx).

m an E-orientation of a Z-oriented spherical fibration v: X — BSG(k) is an element

uB(v) € H*(Th(v); E) such that u®(v) restricts to a generator of H*(Th(v,,); E) for each fiber v,
of v.

an E-orientation of a Z-oriented spherical fibration v: X — BSG(k) for a ring spectrum

E, is a homotopy class of maps u®(v): T(v) — E such that for each z € X the restriction
uB(v),: T(v:) — E to the fiber v, of v over z represents a generator of E*(T(v,)) = E*(S*)
which under the Hurewicz homomorphism E*(T(v,)) — H*(T(vx); Z) maps to the chosen
Z-orientation.
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u (o) H*(Th(a); L*) ‘ the canonical L*-orientation for a k-dimensional Z-oriented topo-

logical bundle a: X — BSTOP(k) is given by the composition

uT (@)

¢ s nL.
Th(a) “% MSTOP(k) < QSTOP %89, —k )

the transversality homotopy equivalence ¢: Q579" ~ MSTOP.

ﬂ uNE* ()€ H*(Th(B); NL®) | the canonical NL*-orientation for a k-dimensional Z-oriented
spherical fibration 8: X — BSG(k) given by the composition

uG(B) C71 N sg‘ngL. —k
Th(8) 2 MSG (k) < @V, =22, NL~*(1/2).

the transversality homotopy equivalence c: 2" ~ MSG.

N (0, h)= (N (R), u (a) — u (7x)) € HY(Th(a); NL(1/2)/L(0)°)
the canonical NL(1/2)/L(0)-orientation given by the composition
WG/ T (o sanNL/L®
Th(a) “—— MS(G/TOP)(k) — S~1QNSTOP 2% N1(1/2)/L(0):
for a k-dimensional Z-oriented topological bundle a: X — BSTOP (k) together with a homo-
topy h:J(a) ~ J(Ux)

the classifying space of stable Z-oriented topological bundles.

BSG| the classifying space of stable Z-oriented spherical fibrations.

BSO | the classifying space of stable Z-oriented vector bundles.

vsa | the universal spherical fibration over the classifying space BSG.

the universal bundle over the classifying space BSTOP.

BEG| the classifying space of spherical fibrations with E-orientation; a map X — BEG is

given by a pair (v, u®) with v a spherical fibration and «® an E-orientation.

Signatures

‘ con%: C(X) — WH(C(X)) ‘ a chain map called symmetric construction; defined for a topo-

logical space X.

= coni‘?j € (j) — €(j%)| achain map called relative symmetric construction; defined for a

pair of spaces j: A = X
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E)’ con§¥ : C(X) = W7(C(X)) ‘ a chain map over Z, X called the mosaicked symmetric con-

struction; defined for ointed CW complexes X together with a map r: X — K to a simplicial
Al7—p.126 complex K (see Al7).

conlﬁ :C(X) = Wy (C(Y))| achain map called quadratic construction; defined for a stable

map F: ¥PX — ¥PY of pointed topological spaces X,Y".

| con%”}fi :6(j) = Wy (€ (in))| achain map called relative quadratic construction; defined

for a stable map (0F, F): (¥PX,¥PA) — (XPY, XPB) of pairs of pointed topological spaces
jiA—=Xandi:B =Y.

| con% : C(X) — We (€ (i) | achain map over Z, X called the mosaicked quadratic con-

struction; defined for a stable map F': ¥? X — ¥PY of pointed CW complexes together with a
A29—-p.136 map r: X — K to a simplicial complex K (see A29).

con}{i! :C(X) pix — Wo(€(f))| achainmap called the spectral quadratic construction; defined

for a semi-stable map F': X — XPY where f: 5’(X)p+* — é(EPY)er* ~ C(Y) is the chain
map induced by F.

cong%’;’d’!) . ZJ*PCN'(X7 A) — £(j, @')% a chain map called relative spectral quadratic con-
A25—p.133 struction; defined for a semi-stable map of pairs (G, F): — (X, A) — XP(Y, B) (see A25).

con): C*(Th(v)) — W (C(X)™™),| achain map called chain bundle construction; defined

for a k-dimensional spherical fibration v.

sgnk” (X)= (C,¢) = (C(X),con% x([X])) € L"(Zr)| ann-symmetric chain complex, defined

for an n-dimensional Poincaré space X, called the symmetric signature.

sgn' (X, B)| relative symmetric signature

TOP

sgnk’ (X)=sgn&’ ([X]?f )€ Hy(X;L*) =2 L"(ALX)| the mosaicked symmetric signa-

ture for a Poincaré space X with a degree one normal map fiM = X.

sgn%‘;(f): (C, ) = (€("), e con'a([X])) € Ln(Z7)| ann-quadratic chain complex, called quadratic

signature, where F: Y7 X , — S M is the stable map obtained from the degree one normal
map f by equivariant S-duality (see A26).

f:C(X) = C(M)| the Umkehr map of a degree one normal map f:+M — X of Poincaré

spaces M and X. We obtain a stable equivariant map F': $¥ X, — $# M, for some k € N and
~ ~ —_— »ot —~
define f' as the composition C'(X) =2 S—kC(2kX ) £ S—kC(SkDM, ) =X O(M).
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i (9)=

(C'vh

Poincaré space N to a normal space (Y, v, p).

Tree of definitions

the quadratic signature for a degree one normal map g: N — Y from a

the chain complex produced by the quadratic signature sgn:;' (9)-

the chain map given by the composition C(Y")"

Y'= con

b (s

V) € Wy (€(g)

n

9

construction, part of the quadratic signature sgn;‘ ©).

— L oy 0 o,

the n-quadratic structure produced by the spectral quadratic

’ sgn®s (69,9)= (G':C" — D', 6¢*,¢") ‘ the quadratic pair signature for a degree one normal

map (6g,9): (N, A) —

1: B — Y the inclusion.

(Y, B) from a Poincaré pair (N, A) to a normal pair (Y, B) (see A28).
the chain complex obtained used for the quadratic pair signature.

g (YY) — €(i) ‘ the chain map given by the composition ¢; o dg* for a map

wr=ev;(dp, ) =~ (0po, fo): €(f)"* =D ‘ a chain map defined for an n-symmetric

pair (f:C — D,dp, p).

Sgng‘(' (f) €

L,(AcX)

the mosaicked quadratic signature over X constructed in the follow-

ing way: make f transverse to the dual cells D(o, K), then each o-component is defined as
the quadratic pair signature sgn®s (f[o]

,0fo)).

’ senl* (V)= (C, (¢,7, X)) € NL™(Z) ‘ for an n-dimensional normal space (Y,v, p) is an n-

=Y

=Y

sgnNL° (Y, B)

normal chain complex, called normal signature (see A33).

relative normal signature

sgn YL

(X):= sgng ™" (1X]°

Y) € Hu(X;

NL*) = NL"(Ax X)

the X-mosaicked normal sig-

nature defined here only for an n-dimensional Poincaré space X.

’sgnNL/L (Y, X)=(f:C = D,(6p,67,5x),¢) €

defined for a pau‘ of (normal, Poincaré)-spaces ( Y, X) by (D

(C, ) = sgnf (X).

=

NL/L®
sgn'y

(/)=

NL/L*
sgh,

ik

IQI:T,ETOP

) € H,(M'; NL/L*)

:>’ sen'F(X)e VL™(X) ‘ defined for a Poincaré space X as the normal signature sgn¥%" (X).

)" ‘ the normal/symmetric pair signature,

, (8¢, 67,6x)) = sgndL"(Y) and

the mosaicked normal/symmetric

signature over X defined for a degree one normal map f: M — M’ between manifolds (see

2221).
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‘ [K]Ee HH(KQ E)

‘ an n-dimensional E-cycle of a simplicial complex K C JA™T! defined by
a collection {[K]E(o) ceE™ 1V |se K} such that 9;[K|E(c) = [K]E(6,0) if ;0 € K and

n—m

otherwise.

’ [X*E:X* - E ‘ the simplicial map defined by E-cycle [X]E via o* — [X]E(0).

[(X]%'e H,(X;QY)| an n-dimensional 2 -cycle which assigns to each ¢ € X a (m — n)-

dimensional normal (m — |o| 4+ 2)-ad (X[o],v(0), p(c)) as constructed in 132.

eI e g (X, 1N STOPY | a @ -cobordism class of Q57OF -cycle for a degree one

ik
normal map f:M — M’ which assigns an (m — |o])-ad (W(0), v5(,) p(f(o)), M(c) 1 M(0)) to
each o € M’ (see 2221).

[F, 1= 18" e 1y (X, 210N STOPY | a QY -cobordism class of Q579P-cycle defined for

degree one normal map with target Poincaré spaces (see 222 for more details).

[ M]ﬂfTopg H,(M;Q5TOP)|  an n-dimensional 279P-cycle which assigns to each ¢ € M

the (m — n)-dimensional manifold (m — |o| + 2)-ad M (¢) = D(0, K) (o, M).

sSTOP
Q.

X1y

€ H,(X;QSTOP)|  ann-dimensional 2579F-cycle which assigns to each o0 € X C

STOP
Qu

OA™ ! the (m—n)-dimensional manifold (m—|o[+2)-ad M[o] := [X] (0) = f~YD(o, X)) €

(Q5TOP)(m=l|7l) which is a normal cobordism of manifolds.

[ X]ﬂf “remw, (X;Q5TOPY | an n-dimensional 2579F-cycle which assigns to each o € X C

OA™ ! the (m—n)-dimensional manifold (m—|o|+2)-ad M o] == [X] (0) =pr ' (D(0,X)) €
(Q5TOPY(m=lel) ysing a simplicial Pontrjagin-Thom construction for pr: 2™ — Y™ /®(X) ~
Sing(Th(vx)).

sSTOP
n-

[X]2| Let X be an n-dimensional finite Poincaré simplicial complex with the associated

n-dimensional normal space (X, vy, px) and an embedding X C OA™*!. We use the geometric
normal signature of X over X sgn} as an element of H,(X; Q1"), but we construct and think of it as
an element of H™~ (Y™, X; QL):

X]% (mm X)) -

{<X<o>,u<a>,p<a>> € (@) mleh g exm
o _
0 ce X
where

X(o) = |D(o,X)|

v(c) = wvxoinc: X(o) C X - BSG(m —n—1)

and is given by collapsing A™ 1.
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’ sgnk’: QSTOP 5 L*(0) ‘ the symmetric signature map defined for a k-simplex by Xax +

sgngk (Xar).

sgnge : X1Q0STOP 5 L,(1) | the quadratic signature map given by the normal/symmetric
signature map and the identification NL(1/2)/L(0)° ~ L(1).

‘ sgnh*: QY — NL*

the normal signature map; based on the normal signature sgn}*".

sgngl‘/ L -1y sToP NL(1/2)/L(0)°| the normal/symmetric signature map induced

by the maps sgnN ™" and sgn§’ and the fibration sequence of 161.

Leta: X — BSTOP atopological bundle, then we define the composition sgnk’ oa: X —
BNL*G to be the map which is represented by the pair (o, u™" (a)).

Let 3: X — BSG aspherical fibration, then we define the composition sgn¥** 03: X —
BNL*G to be the map which is represented by the pair (o, uNL" (5)).

The total surgery obstruction

‘ s(X)= 0 sgn¥F(X) € S, (X) ‘ the total surgery obstruction

Sp(X):= Lp_1(Z.X,G(1),L(1)) ‘ the n-dimensional structure group of X. An element in

S, (X) is represented by an 1-connective (n — 1)-quadratic chain complex in Z, X which is
globally contractible and locally Poincaré.

VL™"(X):= NL"(Z.X,B(0),G(1)) ‘ the n-dimensional visible L-group of X. An element in

VL"(X) is represented by an n-dimensional 0-connective normal chain complex in Z, X
whose underlying symmetric structure is locally 0-connective and globally Poincaré.

short for A(Z). X, the additive category of X-based free Z-modules with ‘non-
decreasing’ morphisms > fro: > My — 3 N-
where (f;,: My, — N )Tgr”e Z-mSddle morpfﬁsxm.

g-connected chain complexes.
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Tree of definitions

short for B(Z) X = {C € B(Z) | A(C) =~ «}, the globally contractible objects of

chain complexes of B.

\ HX):= I(s(X)) \

H I:Sp(X) = Hpo1(X;Le(1)) ‘ group homomorphism, see room 12.

‘ A:Hy(X;Lo(Z)) — Lp(Zr) ‘ the assembly map definedby > . C(0) — @

p: X — X is the universal covering.

56;(0(]9(5)) where

Iy:=S"1(Aop):Th(v)* — XY, | the semi-stable map obtained for an n-dimensional nor-

mal space (Y, v, p) with an N-dimensional S-dual Th(v)* of its Thom space and p = N — (n + k).
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Surgery dictionary

Surgery dictionary

Hotel KMM Ranicki  Weiss  Definition
t T T T generator of Z;
T T T T chain duality
w*Cc w*c  W*C  W&C  Hom(W,C® C)
f7 f% f7 f7 W*C — W”%(D)induced by f:C — D
f fo fo Wo,C — Wy (D) induced by f:C — D
% g F% f W%C — W%(D) induced by f:C — D
fe /W%(D_*) — /W%(C_*) induced by f:C — D
by by Yy algebraic suspension XC}, = Cy_1, Xdj, = —dj_1
b algebraic suspension with Xdj, = (—)*d;_;
S algebraic suspension with ¥dj, = dj—1
by by by geometric suspension X = X A §*
Yx Yx suspension chain equivalence C(X) — X~ 1C(ZX)
8 S S S suspension map W”C — S-1W%(2(C))
S S S-duality isomorphism [, Z] = [SN, X A Y]
S skew-suspension map Q"(C,¢) — Q"%(SC, —¢)
€(f) C(f) C(f) Cone(f) algebraic mapping cone
B(4A) B(A) B(A) Ca category of f.g. projective bounded left A-modules
Hotel KMM Ranicki  Definition
con'y (%) px symmetric construction
conﬁ P 0y quadratic construction
con} Vo Ox chain bundle (hyperquadratic resp. ) construction
sgnk’ sign}’ o* symmetric signature in L™ (R)
sgn’e signe o quadratic signature in L, (R)
o* hyperquadratic signature in L"(R)
sgnNL” signij” a* normal signature NL"(R)
L,NL L,NL L,NL L-spectra
(A,C,P) (A,B,C) (A,B,C) algebraic bordism category
7. X Z.(X) A(Z).(X) additive category of Z-modules over X
B B B(Z,X) category of bounded chain complexes in Z, X
L C C(Z).(X) locally contractible chain complexes in Z, X
G D C(Z,X) globally contractible chain complexes in Z, X
AL X AZ).(X) A(Z).(X) algebraic bordism category with local Poincaré duality
AcX AZ)(X) A(Z,X) algebraic bordism category with global Poincaré duality
AnX ANZ)(X) AZ,X) algebraic bordism category with no Poincaré duality
sgnk’ signg o* symmetric signature in L™ (A X)
sgn’e sign’y® O quadratic signature in L,, (AL X)
sgn¥° signNE’ o* normal signature in NL™(An X)
sgnkt sign iy~ o* visible symmetric in signature in VL™ (X) = NL"(AcX)
o o o simplex
o* o* o* dual simplex
o o o barycenter of a simplex
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Table of notations

Table of notations
Symbols
[-] cycle 169
> S-dual 170
o) effect of algebraic 178
surgery
X universal covering 170
\ slant chain map 174
f Umkehr map of f 190
[-]® E-cycle 192
[-*]® S-dual E-cycle 192
STOP .
[-]5% manifold cycle 192
[ normal cycle 192
[-]2'257°"  (normal,manifold) cycle 192
(k) set of k-simplices 183
| -] geometric realization 186
C k- join 184
+ supplement 184
B supplement 184
0 base simplex 74
4 pointed space 185
A
a\— geometric slant product 167
A additive category 172
A(Z) additive category 32
A(R) additive category
AX additive category 182
A assembly map 194
B
B(A) category of bounded 172
chain complexes in A
B(Z) additive category 32
B(Z) additive category 32
B(R) category of bounded
chain complexes in R
B chain complex category 193

196

B{(q) chain complex category 193
BEG classifying space 189
BSTOP classifying space 189
BSTOP classifying space
BSG classifying space 189
BSO classifying space 189
C
C(f) geometric ~ mapping 168
cone
€(f) algebraic mapping cone 172
C(X) singular chain complex 173
C reduced chain complex 172
c— dual chain complex 172
(C,p) symmetric chain com- 176
plex
(C = D,dp,p)
symmetric pair 177
(C, ) quadratic chain complex 176
(C = D,64,%)
quadratic pair 177
(C. (p,7, %))
normal chain complex 176
(C = D, (6p,67,0x), (¢,7: X))
normal pair 177
o chain complex 191
C(o) column of mosaicked 182
chain complex
CrX category of chain com- 182
plexes
CeX category of chain com- 182
plexes
con' symmetric construction 189
coni@ quadratic construction 190
conyé! spectral quadratic con- 190
struction
cony chain bundle construc- 190
tion
conigjf relative symmetric con- 189

struction



0,

struction

congpp relative quadratic con- 190
struction

cond " relative chain bundle
construction

cong%’w! ) relative spectral 190
quadratic construc-
tion

con¥* mosaicked symmetric 190
construction

con}™ mosaicked quadratic 190
construction

o barycenter 184

Car chain complex k-ad

C(q) chain complex category 59

c topological transversal- 189
ity

c normal transversality 189

D

deg(f) degree of a map 170

dc differential

A" standard simplex 183

D(o,K) dual cell 183

xm dual standard simplex 183

A generalized diagonal 171
map

oC boundary chain com- 179
plex

Oy symmetric boundary 179
structure

oY quadratic ~ boundary 180
structure

(0C,0¢)  symmetric boundary 179

(0C,0¢)  quadratic boundary 179

ol symmetric boundary 179
construction

a9 quadratic boundary con- 179
struction

oN normal boundary con- 180

Table of notations

o5, relative symmetric 179
boundary construction

0% relative quadratic 180
boundary construction

8% boundary map induced 180
by boundary construc-
tion

8g boundary map 180

oL boundary map 180

o boundary map 180

dgnL: quadratic boundary sig- 180
nature

dgnle  relative quadratic 180
boundary signature

E

E Omega ring spectrum 186

Eg connected component 186

e chain complex inclusion 179

F

7 degree one normal map 170

f7 chain map induced by f 173

f% chain map induced by f 173

77 chain map induced by f 173

(f,x) map of symmetric chain 178
complexes

(f,b)  map of chain bundles 177

F functor of algebraic bor- 181
dism categories

fA dissected map 184

G

g degree one normal map 170

~ chain bundle 176

Ty chain map 174

I'y map of spaces 194

G chain complex category 194

G(g)  chain complex category 193
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Table of notations

r map 170
Ysa universal spherical fibra- 189
tion
YSTOP universal bundle 189
H
H.(P) hyperbolic  quadratic 172
form
Hom(C,D) Hom chain complex 173
H,(K,E) homology group 186
H"(K,E)  cohomology group 186
I
1 map of L-groups 194
J
J map of L-groups 177
J chain map 177
K
K simplicial complex
K’ barycentric subdivision =~ 184
L
A chain complex structure 181
LY (R) Wall’s surgery L-groups 171
L"(R) symmetric L-group 176
L,(R) quadratic L-group 176
NL™(R) normal L-group 176
L™(A), L, (A), NL™(A)
L-groups of algebraic 181
bordism categories
L™(F),L,(F), NL"(F)
relative L-groups 182
A=(ACP, (T,e))
algebraic bordism cate- 181
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gory

A(R) algebraic bordism cate-
gory of R-modules
A(Z) algebraic bordism cate- 187
gory of Z-modules
Aq) g-connected algebraic 187
bordism category
AcX mosaicked  algebraic 182
bordism category with
global duality
ArX mosaicked algebraic bor- 182
dism category with local
duality
AnX mosaicked algebraic bor- 182
dism category with no
duality
ALX comosaicked algebraic 186
bordism category
A} simplicial horn 185
L* symmetric L-spectrum 187
L, quadratic L-spectrum 187
L*(A),Lo.(A),NL*(A)
L-spectra 186
L*(0) 0-connective spectrum 187
L.(1) 1-connective spectrum 187
L® connected component 50
L® connected component 50
L chain complex category 194
L{q) chain complex category 194
M
M(f) geometric ~ mapping 168
cylinder
AM(f) algebraic mapping cylin- 172
der
Max manifold k-ad 184
MSG Thom spectrum 188
MSTOP Thom spectrum 188
MS(G/TOP)
Thom spectrum 188
N




N (X) normal invariants 171

vx Spivak normal fibration 170

N natural numbers

NL™(R) normal L-group 176

NL™(A) normal L-group 31

NL* normal L-spectrum 187

NL/L*® normal/symmetric 187
L-spectrum

NL*(1/2) 1/2-connective  spec- 187
trum

Ux bundle 170

@)

QJTor geometric spectrum 187

QY geometric spectrum 187

n-1QSToP geometric spectrum 188

P

® symmetric structure 176

Y quadratic structure 176

(0,7, X) normal structure 176

X quadratic structure 191

o simplicial isomorphism 184

Q

Q",Qn, Q" Q-groups 173

D chain complex projec- 174
tion

R

R real numbers

R ring with involution 172

S

L (X) structure set 171

S S-duality isomorphism 168

Yx
I
Sing

xC

Table of notations

suspension chain equiv-
alence

desuspension  chain
equivalence

singular simplicial com-
plex

suspended chain com-
plex

desuspended chain com-
plex

suspension map
symmetric signature
quadratic signature
normal signature
symmetric pair signa-
ture

normal pair signature
quadratic pair signature
normal/symmetric pair
signature

quadratic pair signature
mosaicked symmetric
signature over X
mosaicked normal sig-
nature over X
mosaicked quadratic sig-
nature over X
mosaicked visible signa-
ture over X

mosaicked  normal/-
symmetric signature
symmetric  signature
map

quadratic signature map
normal signature map
normal/symmetric sig-
nature map

quadratic signature map
map induced by sym-
metric signature

dual simplex
algebraic

group

structure

175

175

42

172

172

157
190
190
191
190
191

57
191

191
190

191

191

191

191

193

193
193

193

55
193

184
193
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Table of notations

s(X) total surgery obstruction 193
T
Th(¢) Thom space 169
0(f) Wall’s surgery obstruc- 171
tion
(T,e) chain duality 173
T, chain duality 182
T* chain duality 183
¢HX) 194
8]
u(v) Thom class 169
u(v)* S-dual Thom class 169
uB(v) orientation 188
u(B) MSG-orientation 188
ul () MSTOP-orientation 188
uS/T(v,h) MS(G/TOP)- 188
orientation
UG/T((Va h)7 (VOa hO))
MS(G/TOP)- 188
orientation
u (o) L*-orientation 189
uNE (B) NL*-orientation 189
uNL/L® ( a, h)
NL/L*-orientation 189
\Y
VL"(X) visible L-group 193
\4Y
w free resolution 173
w complete resolution 173
W%, We, W7
functors of chain com- 173

plexes
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X Poincaré space 169
(X,0X) Poincaré pair 169
X chain 176
X|o] dissected space 184
Y
(Y,v,p) normalspace 169
((Y7 B)v v, (,DY, PB))

normal pair 169
Z
Z integers
Z.X additive category 193
X additive category 183



Zusammenfassung

Diese Arbeit beschiftigt sich mit dem totalen Chirurgiehindernis und der dafiir notwendigen
algebraischen Variante der Chirurgietheorie fiir topologische Mannigfaltigkeiten.

Die grundlegende Fragestellung in der Chirurgietheorie ist, wann ein CW-Komplex homo-
topiedquivalent zu einer Mannigfaltigkeit ist. Der urspriingliche Chirurgieansatz, wie er von
Browder, Sullivan, Novikov und Wall entwickelt wurde, verwendet daftir geometrische Opera-
tionen auf Mannigfaltigkeiten, die den Homotopietyp der Mannigfaltigkeiten verandern. Unter
bestimmten Voraussetzungen kann man fiir einen CW-Komplex X potentielle Kandidaten fiir
homotopiedquivalente Mannigfaltigkeiten finden. Ob so ein Kandidat dann tatsdchlich mittels
chirurgischer Eingriffe an den Homotopietyp von X angepasst werden kann, wird von einem
algebraischen Hindernis erfasst.

Die algebraische Chirurgie, die von Andrew Ranicki entwickelt wurde, definiert ein alge-
braisches Aquivalent der geometrischen Chirurgieoperationen, so dass man von Anfang an
direkt zur Algebra tibergehen kann. Es ermdglicht den gesamten Chirurgieprozess einschlieflich
aller zusitzlichen Voraussetzungen, die in der geometrischen Variante notig sind, in einem
einzelnen algebraischen Hindernis zusammenzufassen, dem totalen Chirurgiehindernis. Das
totale Chirurgiehindernis ist fiir einen endlichen n-dimensionalen Poincaré CW-Komplex X
definiert und zwar als ein Element s(X) in einer abelschen Gruppe S,,(X) mit der Eigenschaft,
dass es fiir n > 5 nur dann verschwindet, wenn X homotopiedquivalent zu einer geschlossenen
n-dimensionalen topologischen Mannigfaltigkeit ist. Dieses Resultat geht im Wesentlichen auf
Andrew Ranicki zuriick sowie auf Beitrdge von Michael Weiss und erstreckt sich {iber mehrere
Artikel und zwei Biicher aus den 80er und 90er Jahren.

Die vorliegende Arbeit leistet folgende Beitrage zu diesem Theorem und der zugrundeliegen-
den Theorie:

1. Sie tragt die unterschiedlichen Quellen zu einem in sich geschlossenen Werk zusammen, in
dem das totale Chirurgiehindernis konstruiert und seine Eigenschaften bewiesen werden.
An einigen Stellen in der Literatur sind Beweise von einigen Behauptungen nur ansatzweise
oder tiberhaupt nicht ausgefiihrt. Wir liefern hier mehr Details mit dem Ziel bestehende
Zweifel an der Theorie auszurdumen. Dazu gehoren die folgenden Punkte:

— Wir zeigen, dass fiir eine normale Grad-eins-Abbildung f:M — X die quadratische
Signatur sgnIZ";r(f) und der quadratische Rand des (normalen, Poincaré) Paares des
Abbildungzylinders von f den gleichen quadratischen Kettenkomplex erzeugen. Das
wird in [Ran81, p.622] behauptet, aber dort wird mit Proposition 7.4.1 lediglich eine
Grundidee des Beweises gegeben.

— Wir konstruieren die normale Signature sgn¥" fiir einen Poincaré-Komplex X, deren
Existenz in [Ran92, Example 9.12] behauptet wurde (siehe auch [Ranl1, Errata for
p-103]).

— Wiridentifizieren in Beweis 16 bestimmte induzierte Abbildungen mit der Chirurgiehin-
dernisabbildung. Dies wurde in [Ran79, p.291] behauptet ohne Details auszufiihren.
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Die Aussage von 16 findet sich auch in [Ran92, Prop. 16.1], wo der Beweis zwar
skizziert, aber fiir weitere Details auf [Ran79] verwiesen wird.

— Wir haben versucht die expliziten Matrizen der Originalliteratur zu vermeiden und
soweit wie moglich einen koordinatenfreien Zugang zu diversen algebraischen Kon-
struktionen zu entwickeln. Der Ansatz, der dabei fiir die algebraische Chirurgie und
die Randkonstruktionen in B verwendet wurde, basiert auf Ideen von Jacob Lurie
[Lurll].

Diese Resultate sind in Zusammenarbeit mit Tibor Macko und Adam Mole enstanden und
wurden im Miinster Journal of Mathematics bereits verdffentlicht [KMM13].

2. Auflerdem versucht diese Arbeit den sehr umfangreichen Beweis leichter nachvollziehbar zu
prasentieren. Dafiir wurde bewusst vom konventionellen Aufbau mathematischer Arbeiten
abgewichen und aufbauend auf Ideen von Uri Leron [Ler83] Alternativen gesucht, auch mit
dem Ziel die vielfaltigen Moglichkeiten zu nutzen, die eine computergestiitze Présentation
erdffnen. In Hinblick auf die Promotionsordnung mussten allerdings papiertaugliche
Kompromisse gefunden werden. Das Ergebnis versucht vor allem zwei Schwierigkeiten
eines mathematischen Schriftstiickes zu begegnen, namlich dass

a) ein, insbesondere in diesem Fall, hochgradig verzweigter Inhalt, durch ein lineares
Medium vermittelt werden muss und dass

b) je nach Leser und Leseabsicht sehr unterschiedliche Anforderungen an die nétige und
erwiinschte Detailtiefe gestellt werden.

Der Beweis ist deshalb in mehrere Levels unterteilt, die zunehmend mehr (technische)
Details liefern. Definitionen und Erlduterungen sind jeweils getrennt von den eigentlichen
Beweisen aufgefiihrt. In der elektronischen pdf- und web-Version sind diese Abschnitte
und Levels alle durch Links verkniipft. Fiir die Papierversion wurde versucht mit einem
ausgekliigelten Nummerierungssystem die Beziehungen der einzelnen Beweisteile trans-
parent zu gestalten und eine Anordnung zu finden, die die Umblatter- und Sucharbeit
minimiert. Das ist auch mit ein Grund fiir den Umfang dieser Arbeit, da viele Definitionen
und Aussagen wiederholt werden, wenn sie gebraucht werden.

Die Arbeit ist wie folgt aufgebaut: Die Lobby, enthélt eine allgemeine Einfithrung in die Thematik;
in der Rezeption wird das Theorem {iber das totale Chirurgiehindernis préasentiert und genauer
ausgefiihrt wie der Beweis bzw. das Hotel aufgebaut ist. Das Hotel hat vier Stockwerke und einen
Keller. Das erste Stockwerk beweist das Theorem und verwendet dafiir Aussagen, die in den
dartiber liegenden Stockwerken bewiesen werden. Im Keller sind die grundlegenden Aussagen
und Konzepte ausgefiihrt, die tiberall im Hotel verwendet werden.

Zu jedem Stockwerk gibt es einen Fahrstuhl, der eine Einfithrung in das folgende Stockwerk
gibt. Jedes Stockwerk ist in mehrere Zimmer unterteilt. Jedes Zimmer beweist eine Aussage,
die im darunterliegenden Stockwerk verwendet wurde, wobei die Zimmernummer genauer
bezeichnet wie diese Aussage im Beweis verankert ist. Mit jedem Stockwerk wird eine Ziffer
angehédngt, so dass zum Beispiel die dreistellige Zimmernummer 342 bedeutet, dass diese Ausage
im dritten Stock bewiesen wird und im zweiten Stock fiir Aussage Nummer 34 verwendet wird.
Jedes Zimmer hat neben dem eigentlichen Beweis tiblicherweise einen vorangehenden Portier-
Abschnitt und einen nachfolgenden Zimmerservice-Abschnitt. Der Portier fiihrt in das Zimmer
ein, indem er die Beweisidee zusammenfasst und Referenzen auflistet. Der Zimmerservice liefert
tiir alle im jeweiligen Zimmer verwendeten Begriffe die Definitionen.
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