
VECTOR FIELDS ON MANIFOLDS1 

EMERY THOMAS 

INTRODUCTION. We discuss in this paper various topics involving 
continuous vector fields on smooth differentiable manifolds. In each 
case the underlying idea is the same: we aim to study geometric 
properties of manifolds by means of algebraic invariants. The proto
type for this is the theorem of H. Hopf [27] on vector fields. 

THEOREM OF H O P F . A compact manifold M has a vector field without 
zeros if and only if the Euler characteristic of M vanishes. 

Recall tha t the Euler characteristic of M, xM, is defined by 

xJf = Z(-1)'** 
*-o 

where n = dim M and 6» = ith Betti number of M ( = dim of Hi(M; Q)). 
Thus the geometric property of M having a nonzero vector field is 
expressed in terms of the algebraic invariant xM. We will discuss 
extensions of this idea to vector ^-fields, fields of ^-planes, and folia
tions of manifolds. 

All manifolds considered will be connected, smooth and without 
boundary; all maps will be continuous. For background information 
on manifolds and vector fields see [30], [34] and [67]. 

1. The index of a tangent ê-field. By a tangent k-field on a mani
fold M, we will mean k tangent vector fields Xi, • • • , Xk, which are 
linearly independent at each point of M. If a ê-field is defined at all 
but a finite number of points, we will say that it is a è-field with finite 
singularities. In this section we discuss an algebraic invariant, the 
index, which measures whether or not one can alter a fe-field so as to 
remove its singularities. 

To define the index we assume that the manifold M has been given 
a simplicial triangulation so that each point of singularity of the 
è-field lies in the interior of an w-simplex, where m = dim M. Let p 
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Research, and the National Science Foundation for support of the research activity 
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be a point of singularity, say in the interior of a simplex <r. The tan
gent bundle of M restricted to a is isomorphic to the product bundle 
<r y>Rm. We now assume that M is an oriented manifold, and the above 
isomorphism is then taken to be orientation preserving. For each 
point q in <r— {p} we can regard (Xi(q), • • • , Xk(q)) as an ordered 
set of k linearly independent vectors in Rm—that is, as a point in the 
Stiefel manifold Vm,k. Since the fe-field is defined on the boundary of 
<r, <r, we obtain in this way a map à—>Vm,k. But à is an oriented 
(m — l)-sphere, and so the homotopy class of this map is an element 
of the homotopy group irm-i(Vm,k). This class is defined to be the 
index of the fe-field a t the point p. Finally, we define 

Index (Xi, • • • , Xk) = ^ Index at p, 
v 

where the sum is taken over all the singular points of the &-field. Thus, 

Index (Xi, • • • , Xk) G aw-i(7m,*). 

In general the index may change if the orientation of the manifold 
is reversed. (See, for example, Theorem 5 in this section; also, note 
§6.) 

The definition of the index is really a special case of the idea of the 
obstruction to a cross-section of a fiber bundle, developed by Steenrod 
[65, §§29-34]. From this point of view one sees that the index is inde
pendent of the choices made in its definition, apart from the choice 
of orientation. 

The geometric significance of the index is given by the following 
result: 

Let M be an m-manifold and let (Xi, • • • , Xk) be a k-field on M 
with finite singularities. Then Index (Xi, • • • , Xk) = 0 if and 
only if there is on M a k-field without singularities which agrees 
with (Xi, • • • , Xk) on the (m — 2)-skeleton of M. 
For a proof see [65, §34.2]. This result enables us to split into two 

parts the problem of whether a manifold admits a &-field without 
singularities. 

(1) Does M admit a fc-field with finite singularities? 
(2) If so, how does one compute the index? 
In this section we restrict attention to the second of these ques

tions; the first question will be dealt with in §2. (We simply remark 
in passing that there is no lack of examples of manifolds admitting 
è-fields with finite singularities; e.g., every (k — l)-connected manifold 
has such a fe-field.) 

We now compute the index of a fe-field for & = 1, 2. A 1-field X is 
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simply a field of nowhere zero tangent vectors. Since Vm,i has the 
homotopy type of the sphere 5 m _ 1 and since 7rm_i5w"~1«Z, we regard 
Index (X) as an integer. The theorem of Hopf, given in the Intro
duction, now takes on the more precise form: 

THEOREM 1 ( H O P F ) . Let M be a compact manifold and let X be a 
1-ûeld on M with finite singularities. Then, Index X — Euler character
istic of M. 

For a modern proof of Hopfs theorem, see [43]; also [30, p. 258]. 
We now consider 2-fields with finite singularities, on manifolds of 

dimension m\ until the end of the section we assume that m>4. The 
index of such a 2-field is an element of the homotopy group 7rm_i( Vm,2)> 
a group which depends on the parity of m as shown below (see [50 ]) : 
For tn^5, 

*w-i(yM(f) = Z2 iim odd, 

— Z ® Z2 iim even. 

We begin with the case m odd, and so the index is simply a mod 2 
integer. To compute this we consider separately the cases m = 3 mod 
4 and m=l mod 4. 

THEOREM 2. Let M be a compact orientable manifold of dimension m, 
where m = 3 mod 4 and m ^ 7 . If (X\, X2) is a 2-field on M with finite 
singularities, then Index (Xi, X2) = 0 as a mod 2 integer. 

The proof is given in [74]. 
To discuss the case m=l mod 4 we need to introduce additional 

invariants. First, for any manifold M we have the Stiefel-Whitney 
classes, 

(see [30], [43], [7l] for definitions). Recall that a manifold M is 
orientable if and only if WiM=0. Further, an orientable manifold is 
called a spin manifold if w2M=0. (This implies that the structure 
group of the tangent bundle of M can be taken to be the Spinor group. 
See [45].) Our result for w = 1 mod 4 requires that M be a, spin mani
fold. We also will need the mod 2 semicharacteristic, jUM, introduced 
by Kervaire [31 ]. Suppose that dim M = 2 g + l ; we define 

&M = i (dim Hi(M; Z2)) mod 2. 
i=«0 

Thus, jltM is a mod 2 integer. 
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THEOREM 3. Let M be a compact spin manifold of dimension m, where 
m=l mod 4 and m è 5. If (Xi, X2) is any 2-field on M with finite singu
larities\ then 

Index (Xh Xt) = frJf, 

as mod 2 integers. 

The proof is given in [76]. 
REMARK (ADDED APRIL 2, 1969). M. Atiyah has informed me of 

recent research of his on the vector field problem, using the Atiyah-
Singer Index Theorem [5]. Given a compact, orientable manifold M 
define the real Kervaire semicharacteristic, k(M), by 

KM) = ( E b2p) mod 2, 

where 6» denotes the ith betti number of M. Atiyah proves: Let M be 
a compact, orientable (4ft+1)-manifold, k>0, and let (Xi, X2) be a 
2-field on M with finite singularities. Then, 

Index (Xly Xt) = k(M), 

as mod 2 integers. 
Note that this result does not require i f to be a spin manifold. The 

relation with Theorem 3 is given by the formula 

k(M) - %2M = w2(M) U w4*-i(M); 

see a forthcoming paper by Lusztig, Milnor, and Peterson. 
We now consider 2-fields on even dimensional manifolds. As re

marked above, the homotopy group Tm-i(Vm,*) is isomorphic to 
Z®Z2, when m is even, and so we write the index with two compo
nents 

Index (Xi, X2) = (Z-Index (Xu X2), Z2-Index (Xu X2)). 

As in the case of Hopfs theorem, one can show that 

Z-Index (Xh X2) = XM, 

at least when M is orientable. Our concern here is the calculation of 
the Z2-Index. 

THEOREM 4. Let M be a compact orientable m-manifold, where m = 2 
mod 4 and m ^ 6 . If (Xi, X2) is any 2-field on M with finite singulari
ties, then 

Z2-Index (Xu X2) = 0, 

as a mod 2 integer. 
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The proof is similar to that of Theorem 2 and is found in [74]. 
We are left with the case dim M=0 mod 4. For such manifolds 

(assuming they are compact and oriented) one defines an integral 
invariant, the signature of M, written aM. (Following recent usage 
[5], [33] we call a M the signature rather than the index of M, as in 
[24].) I t is easily shown that aM=xM mod 2. 

The following result has recently been obtained by D. Frank [13]. 
(ADDED IN PROOF. M. Atiyah, using the Atiyah-Singer Index 

Theorem, has obtained this result independently.) 

THEOREM 5 (FRANK-ATIYAH). Let M be a compact, oriented manifold 
of dim 4fe, k> 1, and let (Xi, X2) be any 2-field on M with finite singu
larities. Then, 

Z2-Index (Xu Xt) = (i(*M - ( - l )*x l f ) ) mod 2. 

The choice of sign is normalized by choosing generators for 
ir«_i(F«fj) so that the Z2-index (Xu X2)=0, for a 2-field on CP2k. An 
earlier result, with more restrictive hypotheses, is given in [76]. 

Notice that in this theorem, in contrast with Theorems 1-4, the 
Z2-index depends upon the choice of orientation, provided that %M 
is an odd integer. (We are using here the fact that aM changes sign 
when the orientation is reversed, whereas xM is independent of the 
orientation.) 

We summarize the results on 2-fields in the following table. Here 
M is a compact, orientable manifold, with a definite choice of orienta
tion when dim M = 0 mod 4. 

TABLE 1. THE INDEX OF A 2-FIELD 

dim M 

w s l mod 4 
W52 mod 4 
tn=3 mod 4 
w=4 mod 4 

1Tm-l(Vm,%) 

Zt 
z®z% 

Zt 
z®z2 

Index 

kM 
(xM, 0) 

0 
(XM, (i(<rM-(-l)k

xM)) mod 2) 

An important fact shown by Theorems 1-5 is that the index of a 
fe-field, for k = 1 and 2 and for the manifolds given in these theorems, 
is independent of the choice of &-field. 

We emphasize a t this point that Hopfs theorem holds even for 
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nonorientable manifolds—using cohomology with local coefficients 
one shows that the index of a 1-field is still given by the Euler charac
teristic (see [65, §39.7]). On the other hand, in Theorems 2-5, we 
have assumed at least orientability of the manifold. Thus an out
standing problem is to compute the index of a 2-field on a nonorient
able manifold. But here an interesting fact emerges. The index of a 
2-field on an odd-dimensional nonorientable manifold is not necessarily 
independent of the choice of a particular 2-field. In fact one can prove 

THEOREM 6. Let M be a compact m-manifold, where m is odd and 
m>:5, such that (wiM)2?£0. Suppose that M admits a 2-field with finite 
singularities. Then for any class u^Hm~2(M; Z2) one can find a 2-field 
(Xit X2) with finite singularities such that 

Index (XhX2) = ( W I M 2 - « ) [ M ] . 

In particular, both 0 and 1 will occur as the index of a 2-field. 

(If M is an w-manifold and v^Hm(M; Z2), we let v[M] denote the 
value of the class v on the mod 2 generator of Hm(M; Z2).) 

On the other hand, if (w1M)2 = 01 one can show that the index of a 
2-field is independent of the choice of field. Thus we have 

Problem 1. Let M be a compact odd-dimensional nonorientable mani
fold such that (wiM)2 = 0. Compute the mod 2 integer which is the index 
for any 2-field on M with finite singularities. 

The case of 2-fields on even-dimensional nonorientable manifolds 
seems much more difficult, because in the fibre bundle required for 
the problem the fundamental group of the base acts nontrivially on 
the fiber. 

Problem 2. Let M be a compact even-dimensional nonorientable mani
fold and suppose that M has a 2-field with finite singularities. 

(a) Determine whether the index is independent of the choice of 2-field. 
(b) Compute the Zi-index of a 2-field. 
When dim ikf = 1 mod 4 we have had to require that M be a. spin 

manifold in order to compute the index of a 2-field. Thus for this 
dimension one has the following simpler version of Problem 1. 

Problem 3. Let M be a compact m-manifold, where m = l mod 4. 
Suppose that WiM = 0 but that WiMj&§. Compute the index of a 2-field 
on M with finite singularities. (One can show that the index is inde
pendent of the choice of 2-field.) 

REMARK (ADDED APRIL 2, 1969). This problem has now been 
solved by M. Atiyah. See the remark following Theorem 3. 

Low DIMENSIONAL MANIFOLDS. SO far we have assumed that our 
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manifolds have dimension at least five. We now consider lower 
dimensions. 

Dimension M = 2. I t is easily shown that M has a 2-field with finite 
singularities if and only if WiM=0. Suppose this is the case. The 
index of such a 2-field then lies in 7Ti(SO(2)) « Z , and a simple argu
ment shows that the index is given by the Euler characteristic of M. 

Dimension M = 3. One can show that M has a 2-field with finite 
singularities if and only if (wiM)2 = 0. The index of a 2-field takes 
values in 7r2(F3,i) («7r2(SO(3)), which is zero. 

In particular, every orientable 3-manifold is parallelizdble (i.e., has a 
3-field), a result due to Stiefel [68]. 

Dimension M = 4. The index of a 2-field here (assuming M orient
able) has been computed by Hirzebruch-Hopf [26]; their results will 
be discussed in §3. 

2. The span of a manifold. We now shift our emphasis away 
from the index of a fe-field, and consider instead simply the question 
of whether a manifold admits a è-field without singularities. In other 
words, for k>2 we will be less concerned with computing the index 
of a fc-field than with finding sufficient conditions for the index to 
vanish. To facilitate the discussion we make the following definition. 

DEFINITION 1. We define the span of a manifold M to be the maxi
mal number of linearly independent vector fields on M. 

Thus span M ^ k if and only if M has a ife-field without singularities. 
The central problem of &-field theory is the following 

Problem 4. Express the span of a manifold in terms of "familiar" 
algebraic invariants of the manifold. 

The notion of a "familiar" invariant is, of course, relative; we give 
a list of some invariants a t the end of the section. Also we propose 
several conjectures related to Problem 4. 

Throughout this section we restrict attention to compact mani
folds; very little is known in the noncompact case. 

We wish to relate the material on the index, given in the preceding 
section, to the problem of determining the span of a manifold. To do 
this we need to know when a manifold has a &-field with finite singu
larities (see (1) in §1). More generally, suppose that M has been tri
angulated so as to be a simplicial complex. We then ask: When does 
there exist a k-field over the i-skeleton of M, M*, l ^ i ^ d i m Ml The 
relevant facts are these [65, §38]. 

Let m — dim M and choose k so that 1 g k ^ m. 
Fact 1. The Stiefel manifold Vm,k is (m—k — 1)-connected. Thus M 

has a fe-field over Mm~~k. 
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Fact 2. Suppose that k^2. Then M has a fc-field over Mm~k+1 if 
and only if 

Wm-k+iM = 0 if m — k odd, 

d*wm^kM = 0 Mm — k even and M orientable. 

Here 5* denotes the Bockstein cohomology coboundary operator 

associated with the exact sequence 

and so ô*wm-kME:Mm~k+1(M; Z). (If m — k even and M is nonorient-
able, a similar result holds using a twisted Bockstein operator; see 
[65], [61 ] . Also, in the literature 8 ^ , - M is often written as W2i+iM.) 

Now it is a striking fact, due basically to Wu [86], that certain 
Stiefel-Whitney classes of a manifold always vanish. Specifically, 
one can show (see [40 ], [41 ]) 

Fact 3. Let M be a compact, orientable m-manifold, m à 3. Then, 

Wm-iM = 0 if m = 3 mod 4, 

ô*Wm-.2M = 0 if m even. 

If M is compact and dim M = m, then the (tn — 1)-skeleton of M 
has the homotopy type of the space obtained by removing one point 
from the interior of each m-simplex of M. Thus, combining Facts 2 
and 3, we have: 

Let M be a compact, orientable m-manifold, m ^ 3 . 77^# M has a 
2-fteld with finite singularities if m is even, or if m = 3 mod 4, or if m 
= 1 mod 4 and wm-iM=0. 

We now can use Table 1 in §1 to determine whether span M ^ 2 
for ikf a compact, orientable manifold. 

TABLE 2. SPAN I f ^ 2 

dim Jkf( = w) 

w s l mod4 
» a 2 mod 4 
f»s3 mod 4 
w s 0 m o d 4 , m > 4 

Necessary and sufficient 
conditions for Span M**z2 

wm_i = 0, fcifcf = 0 
XM=0 

M always has span ^ 2 
xK=0,<rAf=0mod4 

One can continue for a ways in this fashion, giving necessary and 
sufficient conditions for M to have s p a n è 3 , etc., and we indicate 
such results later in the section. However, a t this point we give ex
amples of manifolds for which Problem 4 has been completely solved. 

We consider first the «-dimensional sphere, 5 n , for n = l , 2, • • • . 
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Now for n even x ^ ^ O and so by the Hopf theorem, Span Sn = 0. 
We suppose then that n is odd. 

For each odd positive integer n, we define the Hurwitz-Radon 
number h(n) as follows: 

Write 
n+ 1 = (2a + l)-2«+4d 

where a, c, <2g:0 and erg3. Define 

*(«) = 2C + 8J - 1. 

THEOREM 7 (HURWITZ-RADON). jFor n odd, Span Sn^h(n). 

The proof of the theorem occurs in two parts: the first by Hurwitz 
in [28], [29], and the second by Radon in [55]. For a modern proof 
(using group representations) see Eckmann [12]. 

A few scattered results on Span Sn were obtained in the 1930*8 and 
1940's (e.g., see [ l l ] , [82], [83]). The next result of generality was 
proved by Steenrod and J. H. C. Whitehead in 1951 [66], 

THEOREM 8 (STEENROD-J. H. C. WHITEHEAD) . Let n be an odd 

integer, and write 

n + 1 = (odd integer) • 2«. 

Then, Span Sn<2*. 

We say that an n-manifold M is parallelizable if Span M = n. Theo
rem 8 implies: If Sn is parallelizable, then n = 2q — l. Classically, one 
knows that S1, S3 and S7 are all parallelizable. The solution to the 
parallelizability of spheres was given in 1958 independently by 
Kervaire [32] and Milnor [44], using deep results of Bott [8]. 

THEOREM 9 (KERVAIRE, MILNOR) . The sphere Sn is parallelizable 
if and only if, n = l, 3, or 7. 

Finally, the complete solution to the problem of Span Sn was given 
by Frank Adams in 1962 [2] (see also [30]). 

THEOREM 10 (ADAMS). Let n be an odd integer. Then 

Span.Sn g h(n). 

Therefore, by Theorem 8, 

SpanSn = h(n). 

To give the proof, Adams defined cohomology operations for a 
new cohomology theory, X-theory, developed by Atiyah and 
Hirzebruch [4]. 
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Thus Problem 4 is solved for Sn; the only invariant required is the 
dimension, n. 

The standard representation of Sn as the space of unit vectors in 
Rn+i giVes an immersion of Sn in Rn+l, with a trivial normal bundle. 
In general we call an w-manifold M a ir-manifold if there is an immer
sion of M in Rn+1 with trivial normal bundle. I t turns out that Prob
lem 4 has been solved for x-manifolds. 

THEOREM 11. Let M be a compact ir-manifold of dimension n ^ 1. 
(a) Either M is parallelizdble or Span ikf = Span Sn. 
(b) If n is even, then M is parallelizable if and only if xM=0. 
(c) If n is odd and n^l, 3, or 7, then M is parallelizable if and only 

if&M = 0. 

Part (a) is proved in [lO] and, by a somewhat different method, in 
[73]. Parts (b) and (c) are due to Kervaire [31 ], with a different 
proof given by Bredon-Kosinski in [lO]. 

A theorem of Hirsch [23] enables one to formulate an equivalent 
definition of a 7r-manifold : M is a 7r-manifold if and only if the tangent 
bundle of M becomes trivial by taking the Whitney sum of it with a 
trivial line bundle. This implies that if M is a 7r-manifold, we obtain 
a parallelizable manifold by removing a single point from M. And 
so we take this as the defining property for a broader class of mani
folds than 7r-manifolds. We call a (compact) manifold M almost-
parallelizable if we obtain a parallelizable manifold by removing a 
single point from M. To tell whether an almost-parallelizable mani
fold is in fact a 7r-manifold, we need a new set of invariants, the 
Pontrjagin classes. These are integral cohomology classes 

W G ^ ( I ; 2 ) , k£ 0. 

The relation between the Pontrjagin classes and span M is the 
following. 

Fact 4. Let M be an w-manifold and let i be a positive integer such 
t h a t 4 i ^ w . UPiM^O, then Span M^n-2i. 

See [30] and [43] for a discussion of these classes. 
I am indebted to D. Frank for pointing out to me the following 

result. 
Let M be an almost-parallelizable n-manifold. Then M is not a 

ir-manifold if and only if n=0 mod 4 and PkMj*0, where n = 4Jt. 
Consequently, the following result, together with Theorem 11, 

essentially solves Problem 4 for almost-parallelizable manifolds. 

THEOREM 12. Let M be an almost-parallelizable manifold of dimen
sion 4fe, &>4, such that PkM?*0 and xM=0. Then Span M — 2k —\ 
or 2k. 
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PROOF. Let D denote a small closed 4&-disk in M. If we collapse 
M—D to a point, we obtain a 4&-sphere; let p: M-+Sik denote the 
collapsing map. By hypothesis the tangent bundle of M, TM, is trivial 
over M—D. Thus there is a 4&-plane bundle £ on S4k such that 

(*) TM - P% 

Since PkM^O, we have by Fact 4 that Span M^2k. Now the Pon-
trjagin classes of a manifold are, by definition, the Pontrjagin classes 
of the tangent bundle TM. And by naturality of these classes, PkM 
= £*P*£, which means that Pk^O. For such bundles over S4*, 
Barratt and Mahowald (see [ó] and [38]) have shown that the bun
dle has precisely 2& —1 linearly independent cross-sections. But 
relation (*) implies that Span M ^ n o . of linearly independent cross-
sections in £ = 2& — 1 . Thus, Span M = 2k — 1 or 2k, as claimed. 

Apart from these results on almost-parallelizable manifolds (in
cluding, of course, the particular cases of the spheres and 7r-mani-
folds), no solution of Problem 4 has been given for a large class of 
manifolds. The following two results enable one to give an upper 
bound to Span M for certain manifolds. 

Let k be a positive integer. We say that a manifold M is k-
connected mod 2 if Hi(M; Z2) = 0 , for 0<i^k. 

THEOREM 13. Let n be an odd, positive integer, and write 

n + 1 = {odd integer) • 2q. 

Suppose that M is a compact n-manifold which is 2q~1~connected mod 2 
and with w2

qM=0. If Span M^2q, then faM=0. 

The proof is given in [14]. Since ^2<Sn7^0, the theorem is a gen
eralization of Theorem 8. 

Consider now oriented manifolds M with dim Af=0 mod 4; recall 
that a M denotes the signature of M [24]. Given a positive integer r, 
define an integer ar as follows: 

r 

ar 

1 

1 

2 

2 

3 

4 

4 

8 

5 

8 

6 

8 

7 

8 

8 

16 

and ar+s = 16ar, r> 1. 

THEOREM 14 (MAYER-FRANK) . Let M be a compact, oriented 4k-
manifold, k>l, and let r be a positive integer. If span M>r, then 

<TM = 0 mod 2ar. 
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This result can be obtained using the theorems of Mayer in §3 of 
[41a]. (I am indebted to M. Atiyah for pointing this out.) D. Frank 
has obtained a similar result using a slightly different approach. 

CONJECTURES ON SPAN M. Let n and k be integers with 2^k<n/2. 
Suppose that M is an orientable w-manifold with the following 
properties: 

(A) M is a t least (k — 2)-connected. 
(B) w*_iAf = 0, wkM = 0. 
(C) If n — fceven, then wn-kM = 0. If w —feodd, then o*wn-k-iM = 0. 

For manifolds satisfying these conditions, the following conjectures— 
relating Span M to the integer k—seem reasonable. 

n odd. 
CONJECTURE 1. If * g Span Sn, then Span M^k. 
CONJECTURE 2. If &>Span Sn, then Span M^k if and only if %%M 

= 0. 

n even. 
CONJECTURE 3. If n=2 mod 4, /Aew Span M^k if and only if 

XM=0. 
CONJECTURE é.Ifn=0 mod 4, n>4, then Span M^kif and only if 

%M = 0 and aM= 0 mod 2a*, zekere ak is the integer given above Theorem 
14. 

As justification for the conjectures, they are known to be true in 
the following cases: 

(i) TT-manifolds, by Theorem 11. 
(ii) Almost-parallelizable manifolds of dim 4k with Pjt^O, by 

Theorem 12. 
(iii) Since 2«>Span 5 n , Theorem 13 is a weak corroboration of 

one implication in Conjecture 2. 
(iv) Conjecture 4 is stated to fit precisely the results given in 

Theorems 5 and 14. 
(v) Finally, for low values of k, the conjectures have been verified 

as follows [74], [75], [76], [81 ] : 
CONJECTURE 1. n=S mod 8, k = 2, 3; 

w = 7 mod 8, k = 2, 3, 4, 5, 6. 
CONJECTURE 2. n=l mod 4, & = 2, 3; 

w = 3 mod 8, & = 4, 5, 6. 
CONJECTURE 3. n=2 mod 4, £ = 2, 3, 5, 6. 

CONJECTURE 4. w = 0 mod 4, k = 2; n = 0 mod 8, & = 3, 4; 

w=0 mod 16, k = 5. 
Of the four conjectures, the first is the most likely to be true. I will 

be quite surprised if it should be proved false. Conjecture 2 has been 
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verified only for low values of k% where Theorem 13 still applies— 
that is, if 

n + 1 = (odd integer) • 25, 

with l^qg3, then Span Sn = 2 * - 1 . On the other hand, if n = 32k 
+ 15, fe^O, then Span 5 n = 8. Thus, the first place to test Conjecture 
2 is the following 

Problem 5. Let M be a compact 7'-connected n-manifold, with w=15 
mod 32. Suppose that WsM = 0, w/n-9.M = 0 and that faM = 0. Determine 
whether or not Span Mè9. 

Conjecture 2 would imply that Span Mè9. 
Conjecture 3 is made simply on the basis of results obtained so far; 

if it is false, some interesting new invariants of manifolds should play 
a role. 

REMARKS. 1. Hypothesis (B) is frequently redundant, given 
hypothesis (A). For by Wu [85], unless k — 1 (respectively k) is a 
power of two, one always has wk-iM = 0 (respectively, wkM — Q) 
since by (A), WiM = • • • = ^ _ 2 A f = 0 . Also, work of Strong [69] 
shows that if k is greater than nine, then one always has Wk-iM 
= wkM = 0, given (A). 

2. The conjectures given here are a revision of conjectures given 
in [81 ] . In particular, Conjecture 4 is new, based on the work of 
Frank. 

STRONGER CONJECTURES. I t is quite possible that some of the 
conjectures are true with weaker hypothesis than those given in 
(A)-(C). An example is to assume simply 

(A') M is (k — 2) -connected mod 2. 
In fact the results given under (v), are proved assuming (A') a t most. 

An even stronger conjecture is to make no connectivity assumption 
on M, and replace (B) simply by 

(B') wiikf= • • • =wkM = 0. 
I think it highly likely that Conjecture 1 remains true under these 

hypotheses, and so I make this a separate conjecture. 
CONJECTURE 5. Let M be a compact n-manifold, n oddt and let k be a 

positive integer such that &^Span Sn. If WiM= • • • =WkM=0, then 

Notice that hypothesis (C) has been omitted. The reason is that 
one can prove quite easily, using the theorem of Wu [86], that : 

Fact 5. Suppose that M is a compact w-manifold such that 

W\M = • • • = W2rM = 0, 
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where r is an integer such that 1 ^2 r ^w. Let k be the unique integer 
such that 

0^k< 2***, n = k mod 2r+\ 

Then, 
Wn-iM = 0 for 0 ^ i < k and 8*wn-kM = 0. 

Notice that by Fact 5, hypothesis (C) is not needed for Conjecture 
1. Conjecture 5 has been verified for k = 2 (see Table 2) and for k = 3, 
as we now state. 

THEOREM 15. Let M be a compact spin manifold with dim M^3 
mod 4. Then span M^3. 

The proof is given in [75]. 
On the other hand, it is not possible to rephrase Conjecture 2 using 

only hypothesis (B), as the following example shows. 
Let n = 2q — 1, where q è 5, and consider real projective w-space, Pw. 

One has that 
WiPn = 0, for i ^ 1 

and an easy calculation shows that %tPn = 0. On the other hand 
Span P n = Span Sn. 

Low DIMENSIONAL MANIFOLDS. So far in discussing Problem 4, we 
have assumed that our manifolds have arbitrary dimension. It turns 
out that if we consider only manifolds of dimension g 7, a complete 
solution to Problem 4 can be given for most such manifolds. The 
only restrictions needed are: 

(a) the manifolds are orientable, 
(b) in some cases one needs spin manifolds, 
(c) in other cases one needs to assume the H*(M\ Z) is without 

torsion. 
For the details, see [79]. 
A LIST OF INVARIANTS. In Problem 4 we asked for an expression of 

Span M in terms of familiar algebraic (and numerical) invariants of 
M. For the results obtained so far, we have used the following in
variants: 

the dimension of M, 
the Euler characteristic of ikf, %M, 
the mod 2 semicharacteristic, faM, 
the real Kervaire semicharacteristic, kM, 
the signature of M, <sM> 
the Stiefel-Whitney classes of M, WiM, 
the Pontrj agin classes of M, P{M. 

Also, the Hurwitz-Radon numer h(n) is referred to in Conjectures 
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1-5. An interesting question is whether the solution of Problem 4 will 
ultimately require more invariants than those listed above. 

3. Fields of tangent fe-planes. Suppose that a manifold M admits 
a &-field without singularities, say (Xu X2, • • • , Xk)> At each point 
x in M, the tangent vectors Xi(x), • • • , Xn(x) then span a fe-dimen-
sional linear subspace of the tangent space of M at x. Thus the &-field 
gives rise to a field of tangent ^-planes on M. Moreover an ordering 
of the vectors in the &-field gives rise to a natural orientation for the 
&-plane field. In this section we consider the question: When does a 
manifold admit a field of oriented tangent fe-planes? 

Notice that an oriented &-plane field defines an oriented &-plane 
bundle, which is a sub-bundle of the tangent bundle of M; and con
versely. Moreover, if we assume M has been given a Riemannian 
metric then a &-plane sub-bundle of TM has a naturally defined com
plementary bundle of dimension ra — k (m = dim M), which we call 
the normal bundle to the &-plane field. (This normal bundle will play 
an important role in the following section.) 

As with vector ^-fields, one can define a è-plane field with finite 
singularities. The method of §1 then associates with such a field an 
index which is an element of xm_1(Gm,jfc). (Here we are assuming that 
w = dim M and we let Gm,k denote the Grassmann manifold of ori
ented ^-dimensional linear subspaces of Rm. See [65].) 

Now a field of oriented 1-planes is simply a tangent 1-field on M, 
which we have already considered. Thus we restrict attention to 
oriented fe-plane fields with k^2. For simplicity we will leave off the 
word "oriented, " though this will be assumed throughout the section. 

We shift the problem slightly, as follows. Let rj be an (oriented) 
bundle over a manifold M, where dim rj < dim M. 

Question 1. Does 77 give rise to a k-plane field on M (& = dim rj)? That 
is, is rj isomorphic to a sub-bundle of TM? 

By considering a particular bundle rj it turns out that the fibration 
involved has fiber the Stiefel manifold Vm,k rather than the Grass
mann manifold Gm,k (m = dim M). But this is a great advantage, since 
Vm,k is (m — k — 1)-connected, while Gm,h is jus t 1-connected [65] (see 
[78] for details). In particular, the bundle rj gives a &-plane field on 
the (m — k) -skeleton of M. We now compute the obstruction to 77 
giving a &-plane field on Mm~k+1; this will be a class in 

H^k^(M;irm-k(Vm,k)). 

Let J be a vector bundle over a complex X. We denote by [£] the 
stable bundle determined by £—i.e., [£] is an element in the reduced 
real K- theory group KÖ(X) (see [4]). Since the Stief el-Whitney 
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classes are stable invariants we can consider the classes w»-[{], i ^ O . 
Now let £ and rj be two bundles over X. We set 

0<(S,v) = **,([€]- W), i > 0 , 

where the minus sign is taken in the group KÖ(X). If X is a manifold 
M, we set 

0*0?) = Oifa, v), i è 0. 

THEOREM 16. Let M be a compact orientable m-manifold and let t\ be 
an oriented k-plane bundle over M, Kk<m. Then rj gives a k-plane 
field over the (m — k + 1) -skeleton of M if and only if 

9m-k+i(v) = 0 , m — k odd, 

ô*dm-k(y) = 0 , m — k even. 

The proof is given in [78, Theorem 1.4]. 
For the rest of the section we restrict attention to the case m even 

and k = 2. One then has the result 

THEOREM 17. Let M be an orientable m-manifold, m even, and let rj 
be an oriented 2-plane bundle over M. Then d*0m-2(v) = 0 and so TJ gives 
a 2-plane field with only finite singularities on M. 

If m = 4 the result is given in [26]. Also, if 77 is trivial, then 0m_2(??) 
= wm-zM> and the result is given in [41 ]. For a proof in general, see 
[77, §4]. 

Thus with each oriented 2-plane bundle rj over an even-dimensional 
manifold M we can associate an index: 

Index (rj) G Trm-i(Vm,2) (m even). 

This group is as follows. 

7r8(F4,2) « Z 0 Z, 

Tm-liVm.t) « Z @ Z2, M > 4. 

(See [50].) 
2-PLANES ON 4-MANIFOLDS : THE WORK OF HlRZEBRUCH AND HOPF. 

Hirzebruch and Hopf have solved completely the problem of com
puting the index to a field of 2-planes with finite singularities on an 
orientable 4-manifold. As noted above, the index is given by a pair 
of integers. We proceed to describe their result. 

Let M be a compact, 4-dimensional oriented manifold. Let H 
denote the free abelian group H2(M; Z)/Torsion subgroup. The 
orientation gives an isomorphism H*(M; Z)^Z and Poincaré duality 
then gives a symmetric nonsingular bilinear form 
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S:H® H-+Z. 

The signature of M, crM, is by definition the signature of S. For any 
such form S, one readily proves: 

there is a class w^H such that 

(*) S(w, x) s S(x, x) mod 2 for all x G B. 

Given one class w satisfying (*), then a second class w'Ç^H satisfies 
(*) if and only if w' = w+2y, for some yÇEH. Thus the set of vectors 
w satisfying (*) is a coset W of H/2H. We denote by £2 the set of 
integers S(w, w), for w&W. (In case H = 0, we set 0 = {o}.) 

THEOREM 18 (HIRZEBRUCH-HOPF) . Let M be a compact, ^-dimen
sional oriented manifold. Then M has a field of 2-planes with finite 
singularities. The index of such a field is given by a pair of integers 
{a, b). The following integers, and only these, occur as the index for some 
2-plane field on M: 

a = \{a — 3a — 2%), b = J(/5 — 3a + 2%), for arbitrary a, ft G ®-

Here a = <r(M) ( = signature of M), x = x ( ^ ) ( = Euler characteristic 
of M). The theorem is proved in [26]. 

REMARK. Since a and b are integers, so must be the expressions 
(rearranging terms slightly) 

1(« - *) - i(* + x), iO* - *) - «o- - x). 
Now x=0" m o d 2, since each is simply the mod 2 value of the second 
Betti number of M. Thus the fact that a and b are integers is equiva
lent to saying that 

y = <r mod 4, for all y Ç f l . 

In fact, one has a stronger result 

7 = 0 - mod 8, for all 7 G Œ. 

See [25, p. 90] for a proof. 
ADDENDUM ON 2-FIELDS. Hirzebruch and Hopf also compute (in 

[26]) the index of a 2-field with finite singularities on an orientable 
4-manifold M. Since 7^(^4,2) ~Z@Z, the index is again given by a 
pair of integers, (a, b). 

THEOREM 19 (HIRZEBRUCH AND H O P F ) . M admits a 2-field with 
finite singularities. The following pairs of integers, and only these, occur 
as the index f or such a 2-field: 

a = \(a - 3a - 2X), b = \{a - 3a + 2X), 

for all a G o . 



660 EMERY THOMAS [July 

2-PLANE FIELDS ON COMPACT ORIENTABLE W-MANIFOLDS, M EVEN 

AND > 4 . Let rj be a 2-plane field with finite singularities on M, where 
dim M = m, m even and > 4 . The index of rj is then an element of a 
group isomorphic to Z@Z2, and so has two components: the Z-index 
and the Z2-index. We are able to give a complete computation of the 
Z-index; the Z2-index is known only in certain cases. 

Now an oriented 2-plane bundle rj over a complex X is completely 
determined by its Euler class x(v)^H2(X; Z). This is because the 
classifying space BSO{2) is an Eilenberg-MacLane K(Z, 2)-space. 
Suppose that X is an orientable manifold M of dim 2q and let u be a 
class in H2(M; Z). Define 

6(u) = £ w2jM U u* G H2^2(M; Z2) 

where the summation is taken over all nonnegative integers i and j 
such that i+j = q — l (dim M = 2g). One easily checks that 

00) = 62q-2(v), 

where rj is the oriented 2-plane bundle with x(v) —M- Thus, by Theo
rem 17, ô*0(u)=Q—i.e., 0(u) is the mod 2 reduction of a class in 
H2«~2(M; Z). 

Given classes vE:Hr(M) Z) and w(EH*(M\ Z), where r + s = dim j ^ 
define an integer T(v, w) by 

T(v, w) = (?;U w)-[lf] , 

where we now suppose that M is oriented, and [M] denotes the 
integral generator in H2q(M) Z), corresponding to the orientation. 

Our result is (see [77]) 

THEOREM 20. Let M be an m-dimensional oriented manifold, where m 
is even and > 4 , and let u be a class in H2(M; Z), Then the following 
integers, and only these, occur as the Z-index of 2-plane fields on M with 
finite singularitiest and with Euler class u, 

XM ~ T(u, v), 

where v runs over all classes in Hm~2(M; Z) such that v mod 2 =0(u). 

Notice that T(u, v) = — T( — u, v), and so the set of integers occur
ring in the theorem is independent of the choice of orientation for M. 

In general we are unable to compute the Z2-index of a 2-distribu-
tion rj with finite singularities. However, one can show [77, Theorem 
1.3] that if dim M=2 mod 4 and if x(rç)^0 mod 2, then the Z2-index 
of r\ is zero and so we have 
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THEOREM 21. Let M be an oriented m-manifold, where w==2 mod 4, 
and let uÇzH2(M; Z). Then there exists a 2-plane field (without singu
larities) on M, with Euler class 2u, if and only if there is a class 
vEHm-2(M; Z) such that 

u mod 2 = wm-2(M), and 2T(u, v) — %M. 

We have used here the fact that B(2u) =wm^M. 
To give an example, it turns out that Theorems 20 and 21 suffice 

to classify 2-plane fields on complex projective space CPm (of 2m real 
dimensions). Let xÇzH2(CPm\ Z) denote the canonical generator. 

THEOREM 22. Let m and s be integers with m^3. Then there is a 
2-plane field on CPm with Euler class sx if and only if the following 
conditions are satisfied. 

(i) m is odd, say m = 2q—1 ; 
(ii) s is even; 
(iii) there is an integer t such that 

t == q mod 2 and st = 2q. 

PROOF. We use the following easily derived facts. 
(i) 0(x)=mxm~1 mod 2. 
(ii) 9(0) = G > + > w - 1 m o d 2 . 

(Recall that w2i(CPm) = Gî+1)#* mod 2.) Suppose first that m is even. 
By the above formulae, T(u, v) is even for all v such that v mod 2 
= 0(u). But x(CPm)=m + l and so is odd in this case, so that xM 
—T(u, V)T*0. Thus there can be no 2-plane field when m is even. 
Suppose then that m is odd. If s is odd, then by (i) 0(sx) =B(x) ^ 0 and 
so T(sx, v) is an odd integer for all v such that v mod 2=0(sx). But 
x(CPm) is now even and so again xM—T(u} Z>)T^0. The result for m 
odd and 5 even follows from Theorem 21. 

Our lack of information about the Z2-index leaves open the follow
ing problem. 

Problem 6. Let M be a compact orientable m-manifoldy where m is even 
and greater than five. Let rj be a 2-plane field on M with finite singular
ities. Compute the Z2-index of rj. (If M^2 mod 4, assume that x ^ ^ O 
mod 2.) 

ODD-DIMENSIONAL MANIFOLDS. For compact manifolds of dimension 
4k+3, k^O, we have obtained a complete solution to the problem of 
2-plane fields. 

THEOREM 23. Let M be an orientable m-manifold with m=3 mod 4 
and let rj be an oriented 2-plane bundle over M. Then rj gives a 2-plane 
field on M if and only if 0m-2(v) = 0. In particular, if w$\ = 0, then rj 
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gives afield of 2-planes on M. 

The proof is given in [78, § l ] ; a somewhat weaker result is also 
proved there for manifolds of dimension 4&+1. 

O P E N QUESTIONS. We simply indicate a number of topics about 
which practically nothing is known: 

(i) fe-plane fields on nonorientable manifolds, 
(ii) nonorientable &-plane fields on manifolds, 
(iii) &-plane fields on orientable manifolds, with k^3. 

Of course, there is the information on the first obstruction given in 
Theorem 16. Also, on topic (iii) a partial result for k = 3 is given in 
[78, § l ] . But otherwise, to my knowledge, nothing is known about 
these topics. In the light of Theorem 14 the following problem looks 
interesting. 

Problem 7. Let M be a compact oriented manifold with dim M"=0 
mod 4. Suppose that M admits a family of tangent k-planes, k^2. What 
then can be said about the signature of M> aM? 

REMARK (ADDED A P R I L 2, 1969). M. Atiyah has recently informed 
me of research germane to Problem 7. For example, Atiyah shows 
that if M admits a family of 2-planes, then xM is even and xM^aM 
mod 4. Also, if M admits r independent oriented plane fields, each 
with dim = l mod 4, then a M has divisibility properties similar to 
those given in Theorem 14 (for an r-field on M). 

4. Foliations. Suppose that a manifold M has a field of tangent 
^-planes. We now regard such a field as a section 5 in the bundle with 
fiber Gm,k associated to the tangent bundle of M (m = dim M). In 
particular, we say that the field is smooth if the section 5 is a smooth 
map. Let N be an injectively immersed submanifold of M. We say 
that N is an integral submanifold of s if for each point x in N, the 
tangent space to N a t x is the fe-plane s(x). 

DEFINITION 2. A smooth &-plane field s is said to be completely 
integrable if through each point in M there is an integral submanifold 
of s. 

An integrable fe-plane field is also called a foliation (this is equiva
lent to the local product condition of the classical definition [56]) and 
the maximal connected integral submanifolds are called leaves. The 
leaves of a foliation partition the manifold. 

A fundamental result on foliations is the theorem of Frobenius 
[67, p. 132]. 

THEOREM OF FROBENIUS. Let s be a smooth k-plane field on a mani
fold M. Then s is completely integrable if and only if f or every pair of 
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vector fields X and Y on M, such that X(x), F(#)£s(#) for all x(EM, 
one has [X, Y](x)E:s(x). 

Here [X, Y] denotes the Lie bracket of vector fields [67]. There is a 
dual formulation of the theorem in terms of differential forms, [67, 
p. 134]. Using the theorem one can show, for example, that if T:M 
—>N is a smooth fiber bundle, then the fibres of ir are the leaves of a 
foliation of M. (The foliation is simply "the bundle along the fibres." 
See [6, §7.4].) 

We consider in this section some basic questions about foliations. 
Question 2. Suppose that a manifold M has a k-plane field. 
(a) (Reeb [56].) Does M then admit a k-plane field that is completely 

integrable—i.e., a foliation? 
(b) (Haefliger [17].) Under what conditions is the given k-plane 

field homotopic to a foliation? 
(c) If M has a k-dimensional foliation, then is every k-plane field on 

M homotopic to a foliation? 
Reeb remarks, in [56], that the answer to (a) is probably negative, 
in general. Using a recent result of Bott we will give an example 
where the answer is indeed negative. When k = 1 (and M is compact), 
(c) has an affirmative answer, by the classical existence theorem for 
ordinary differential equations (e.g., see [34]). We will discuss recent 
results of J. Wood, which give an affirmative answer to (c) for k = 2 
and M a compact 3-manifold—assuming that the normal bundle of 
the foliation is trivial. On the other hand, the recent work of Bott 
enables one to give examples where (c) has a negative answer. As to 
(b), it begins to appear that the normal bundle of the fe-plane field 
may be the determining factor as to whether the field is homotopic 
to a foliation. 

I am indebted to J. Wood for several useful conversations about the 
material in this section. 

An (w--fe)-plane field on an n-manifold will be called a plane field 
of codimension k. Most of the positive results on foliations concern 
plane fields of codimension one. Following Wood [84] we say that a 
manifold M satisfies condition H if it has the following property. 

Condition H. Every plane field of codimension one, with trivial 
normal bundle, is homotopic to a foliation. 

THEOREM 24 (WOOD). Every compact 3-manifold satisfies Condition 
H. 

(The existence of a foliation of codimension one on an orientable 
3-manifold was proved by Lickorish [35] and Novikoff-Zieschang 
[47].) 
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Wood also gives higher dimensional examples of manifolds satisfy
ing condition H. 

THEOREM 25. Let M be a compact manifold with a foliation s, of 
codimension 1, which has a trivial normal bundle, and let C be a non
empty disjoint union of circles, each transverse to s, such that Hi(C) 
—*Hi(M) is onto. Then M satisfies Condition H. 

The proof is given in [84, Theorem 9.4]. For example, consider the 
product SXXM. This has the product foliation, with leaves xXM for 
each xÇzS1. Wood shows that the condition given in Theorem 25 is 
satisfied, thus proving 

COROLLARY 1. For any compact manifold M, the manifold S*XM 
satisfies Condition H. 

For a second example, suppose that I f is a simply connected com
pact manifold, with vanishing Euler characteristic. Then M has 
precisely two homotopy classes of vector 1-fields (assuming dim M 
> 3 ) , and hence two homotopy classes of plane fields of codimension 
one. Suppose that one of these classes contains a foliation. Using 
Theorem 25, Wood shows that the other class does also [84, Theorem 
9.5], and so we have 

COROLLARY 2. Any simply connected compact manifold with a folia-
Hon of codimension one satisfies Condition H. 

So far we have considered foliations on compact manifolds. For 
noncompact (i.e., open) manifolds Phillips' work on submersions 
[52 ] gives strong results on foliations. (A submersion from M to N is 
a smooth map ƒ which, a t each point x of M, maps the tangent space 
of M a t x onto the tangent space of N a t ƒ(#)•) Phillips shows that if 
an open manifold has a vector &-field, then this field is homotopic to 
the gradient è-field given by a submersion M—*Rk. (We assume here 
that M has been given a Riemannian metric.) In particular, the plane 
field of codimension k orthogonal to the vector è-field is homotopic 
to a foliation. 

THEOREM 26 (PHILLIPS) . Let M be an open manifold. Then every 
k-plane field on M, with trivial normal bundle, is homotopic to a foliation. 

Now every open manifold has a vector 1-field and hence a plane 
field of codimension one with a trivial normal bundle. Thus, by 
Theorem 26, an open manifold satisfies Condition H. However, 
Phillips proves in addition (see [53]) that a plane field of codimension 



1969] VECTOR FIELDS ON MANIFOLDS 665 

one is homotopic to a foliation, even if the normal bundle of the field 
is not trivial. 

THEOREM 27 (PHILLIPS) . On an open manifold, if the structure group 
of the normal bundle of a plane field reduces to a discrete group, then 
the plane field is homotopic to a foliation. In particular, every plane field 
of codimension one is homotopic to a foliation. 

CONJECTURES ON FOLIATIONS. On the basis of the results described 
above, I think that the following conjecture is reasonable. 

CONJECTURE 6. Let M be a compact manifold with a foliation of 
codimension one, such that the normal bundle of the foliation is trivial. 
Then every plane field of codimension one, with a trivial normal bundle, 
is homotopic to a foliation. 

As to the existence of a foliation of codimension one, we consider 
the problem from the following point of view. Let M be a compact 
manifold with xM=Q and let Mo denote the open manifold obtained 
by removing a point from M. By Theorem 27, Mo has a foliation of 
codimension one, call it s. One can now try to follow the procedure 
given in §1—attach to s an algebraic "index" which measures whether 
or not s, restricted to some suitable subspace of M0, can be extended, 
as a foliation, to all of M. 

In spite of the uncertainty of getting positive results by this proce
dure, the following conjecture still seems to me to be reasonable, 
although not as likely as Conjecture 6. 

CONJECTURE 7. Every compact manifold with vanishing Euler char
acteristic has a foliation of codimension one. 

The first place to test the conjecture is the odd-dimensional spheres. 
Problem 8. Let n be an odd integer greater than three. Does Sn admit a 

foliation of codimension one? 
A. Phillips has pointed out that no example is known, other than 

Sz, of a compact, simply connected manifold with a foliation of co-
dimension one. Thus, as a generalization of Problem 8, we have 

Problem 9. Give examples of compact, simply connected manifolds 
(of d i m > 3 ) , with a foliation of codimension one. 

REMARK (ADDED IN PROOF). J. Wood has pointed out that examples 
can be constructed by taking the product of S* with a simply 
connected manifold. Thus, the problem really is to find other types 
of examples. 

NONEXISTENCE OF FOLIATIONS. T H E THEOREM OF BOTT. Up to now 

there has been no way to study foliations using the familiar algebraic 
invariants of topology. However, in a recent lecture, R. Bott an-
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nounced a theorem which gives an algebraic tool for showing the 
nonexistence of certain foliations. 

Let £ be a vector bundle over a complex X. Denote by i£*(£) 
C.H*(X; Q) the subring of the rational cohomology of X generated 
by the Pontrjagin classes of £. (We regard each class P;£ as a rational 
class via the natural inclusion ZCQ.) Notice that R*(%) = i?*(£©en), 
where en denotes the trivial bundle of dimension n. Thus i?*(£) de
pends only upon the stable class of £. 

THEOREM 28 (BOTT). Let M be a compact orientable manifold and 
let t] be an orientable (n — k)-plane field on M. Consider the quotient 
bundle TM/V. If V is homotopic to a foliation of M, then Rj(rM/v) = 0 
forj>2k. 

Of course the theorem gives information only when k^\ dim M 
and when there is a t least one class P^TM/V)^®- In particular, the 
theorem gives no information when k = 1—the case of codimension 
one that we have considered above. 

In §3 we showed the existence of certain 2-plane fields on CPm, 
for m odd. By putting a Riemannian metric on CPm, one then ob
tains, for each 2-plane field, a complementary (2m —2)-plane field. 
Using Bott 's result, we will show that no such (2m — 2)-plane field 
can be a foliation (for m>3). 

EXAMPLE 1. (a) For m odd, CPm has plane fields of codimension 2, 
but no foliation of codimension 2 (assuming m>3). 

(b) Let M=SlXSlXCPm. Then M has a foliation of codimension 
two. On the other hand, for m^3, M has a plane field of codimension 2 
which is not homotopic to a foliation. 

Thus (a) and (b) provide negative answers to parts (a) and (c) of 
Question 2. 

To see (a), let rj be a plane field of codimension 2 on CPm ( = M) 
and let £ be a complementary 2-plane field: 

TM — £ © 77. 

Now XM^m + l^O, and so x £ ^ 0 , since XTM^X^XV- Thus x% = sx, 
s5^0, where x generates H2(CPm, Z). Since £ is an orientable 2-plane 
bundle, Pi£=x(£) 2 = *2*2, and so 

PI(TM/V) = s2*2-

Therefore, if m>3, 

(PI(TM/V))2 = *4*4 * 0, 
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and so by Theorem 28,77 can not be homotopic to a foliation. For (b), 
let M = S1XS1XCPm, m^3. Then rM = TCPm@2e, where e denotes 
the trivial line bundle. Let f denote the orientable 2-plane bundle 
over CPm such that xt = %- Then, (see [43]), TM=(m + l)^. Let 
77 = wX• Then rj is a plane field of codimension two on M with PI(TM/V) 
= x2. Thus by the same argument as above, rj can not be homotopic 
to a foliation. On the other hand, M does have a foliation of codimen
sion 2 given by the product decomposition (S1 X S1) X CPm. 

FOLIATIONS OF DIMENSION TWO. The positive results we have 
discussed so far have all been either in codimension one or dimension 
one. For foliations of dim k, with 1 <fe<dim M — 1, essentially noth
ing is known concerning Question 2, except now the information 
given by Theorem 28. We now consider the case k = 2, where Theorem 
28 gives no information. 

In §3 we gave sufficient conditions for some manifolds to admit a 
2-plane field—in particular we gave a complete classification of 
2-plane fields (thought of simply as 2-plane bundles) on CPm. Let 
xE:H2(CPm; Z) denote the canonical generator. Recall that for m 
odd, there is always a 2-plane field with Euler class 2x. 

EXAMPLE 2. For m odd, CPm admits a 2-dimensional foliation with 
Euler class 2x. 

PROOF. Let m = 2k+i. Recall that one has a smooth fibration 

52 _!» cP2k+1 ^ QPk 

[62, p. ISO]. Thus, 

r(CP2*+1) = o-2 © T*r(QPk), 

where cr2 denotes "the bundle along the fibers" (see [6, §7.4]). Since 
i*<T2 = r(S2) and xOS2)=2, the result follows from the fact that the 
bundle along the fibres, of a smooth fibration, is a foliation. 

Now Theorem 22 shows that for k>l, CP2k+1 has a 2-plane field 
with Euler class sx, where s>l. 

Problem 10. Let s be an integer greater than one such that CP2k+1 has a 
2-plane field with Euler class sx. Determine whether CP2k+1 has a folia
tion with this Euler class. 

Suppose that a compact manifold M admits a vector 2-field 
(Xi, X2) (cf. §§1, 2) ; let s denote the 2-plane field spanned by (Xu X2). 
This seems to be an especially interesting type of 2-plane family to 
study, from the point of view of foliations. A possible conjecture is 
that every such (trivial) 2-plane field is homotopic to a foliation, 
but a t present we really have no information on this question. One 
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also can make the complementary conjecture: every plane field of 
codimension two, with trivial normal bundle, is homotopic to a folia
tion. By Theorem 26, the foliation has but a single point of singular
ity. Also, Theorem 28 imposes no conditions since the normal bundle 
is trivial. 

4-DIMENSIONAL MANIFOLDS. Let M denote a compact, oriented 
4-manifold, and let M0 = M—pt. M0 has a 2-plane field s, which on M 
is a 2-plane field with one singularity. Suppose that the 2-plane field 
on Mo is integrable. We define the index of this foliation to be the in
dex of the 2-plane field s, which is a pair of integers as given in 
Theorem 18. S. S. Chern has suggested the following problem. 

Problem 11 {Chern), For which pairs of integers (a, ô), as given in 
Theorem 18, does Mo have a 2-dimensional foliation with index (a, &)?. 

Consider, for example, the complex projective plane CP2. Set 
P0=CP2—pt. Using Theorems 18 and 26 one obtains: 

The following pairs of integers occur as the index of a 2-dimensional 
foliation on P 0 : 

(k2 + k - 2, k2 + k + 1), k G Z. 

FOLIATIONS OF SPHERES. Reeb [56, p. 112] defined a foliation of 
codimension one on 5 s , which has played a crucial role in subsequent 
work on foliations, (e.g., see [35], [84]). Now Sz is parallelizable, 
which suggests that the next simplest manifold to study is S7, which 
is also parallelizable. In particular S1 has fe-plane fields for l g f e ^ 6 . 
As always, the line fields are integrable. From the fibration 

one obtains a 3-dimensional foliation of S7. Now 5 s has a foliation of 
dimension 2, but it is not clear whether this can be extended to give a 
foliation of S1. 

Problem 12. Determine whether S7 has foliations of dimensions 2, 4, 5, 
or 6. In particular is there a 2-dimensional foliation which gives a folia
tion of each fiber? 

More generally, one has the fibration [65] 

S*-+S4***-> QPh, 

thus giving a foliation of dimension 3 of 54ft+3. 
Problem 13. There are precisely 4 homotopy classes of 2-plane fields on 

54Aj+3, k^l. Determine which of these contain foliations. 
This, of course, is a special case of Question 2 for k — 2y M = S*k+z. 
COMMUTING VECTOR FIELDS. Following Milnor [36] we say that a 

manifold M has rank^k if there is a fe-field X\> • • • , Xk on M such 
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that 

[Xi, X,] = 0, for all 1 g i} j â *. 

By the Frobenius Theorem if rank M2: k, then M has a foliation of 
dimension k spanned by the &-field. Also, the additive group Rk acts 
differentiably on M so that each orbit has dimension k. 

Some results are known on rank M. For example [36], 

THEOREM 29 (LIMA). Rank S* = 1. 

More generally, Novikoff has proved [47] 

THEOREM 30 (NOVIKOFF) . If Mz is a closed orientable manifold with 
noncontractible universal covering space, then rank M = 1. Furthermore, 
if TiMn is finite, or if T2M

n ?*0, then rank M^ n — 2 for n^3. 

See also [58], [59], [60]. 
For a manifold M define the Euler-Poincaré polynomial by 

X*(0 = £ bA 
where 6» is the ith. Betti number of M. Thus X ^ = X M ( — 1), and so 
XM = 0 if and only if — 1 is a root of Xar(0-

CONJECTURE 8 (LIMA). If rank M> 1, then —lis a multiple root of 
Xu(t). 

REMARK. I have recently been informed of the following result by 
H. Rosenberg, R. Roussarie, and D. Weil. 

A compact, orientable 3-manifold M has rank 2 if and only if M is a 
nontrivial torus bundle over the circle. Since all compact, orientable 
3-manifolds have rank^l and since the 3-torus {i.e., the trivial 2-torus 
bundle over the circle) has rank 3, the problem of determining the rank is 
solved for closed, orientable 3-manifolds. 

Note that these results corroborate Conjecture 8 in dimension 3. 
We now consider a somewhat more general notion than that of 

commuting vector fields. Let (Xi, • • • , Xk) be a &-field on a manifold 
M. Suppose there are constants y abc, l^a,b, c, ^k, such that 

(*) [Xa,Xb] = ^yabcXe. 
c 

The symbols Xi, considered abstractly, generate a fe-dimensional Lie 
algebra g. A theorem of Palais [51, Corollary 2, p. 82] asserts that: 
there is a simply connected Lie group G whose Lie algebra is isomor
phic to 9, and a smooth action of G on M such that the orbits of this 
action have dimension k. 

To put it differently, condition (*) implies, by the Frobenius 
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Theorem, that the fe-field spans a foliation. By Palais' Theorem, the 
leaves of this foliation are homeomorphic to G mod a discrete sub
group. 

Out of all this one obtains the following, rather grandiose, problem. 
Problem 14. Let (Xif • • • , Xk) be a k-field on a manifold M. Deter

mine whether or not the k-field gives a Lie algebra, as in (*). In particu
lar, for k = 2 and 3, find necessary conditions on M (keeping in mind 
Theorem 30) for the k-field to give a nontrivial Lie algebra. 

5. Methods. The theorems given in §§1-3 fall under the general 
heading: determine whether a given fiber bundle has a cross-section. 
In these theorems the bundle is always one associated to the tangent 
bundle of a manifold—with fiber either the Stiefel manifold Vm,k or 
Grassmann manifold Gm,k- Steenrod's book [65] gives the classical 
approach to obstruction theory for cross-sections to fiber bundles. 

In recent years a different approach to obstruction theory has 
evolved, initiated by the work of Postnikov [54]. There are two im
portant aspects to this more recent approach: 

(i) the classifying bundle, and 
(ii) the Postnikov resolution of a map. 

We proceed to comment briefly on each of these. 
We emphasize that, in what follows, only the homotopy-theoretic 

methods of §§1-3 will be discussed. The results given in §4 require 
rather different techniques, which will not be considered here. 

T H E CLASSIFYING BUNDLE. Let n be a fixed, positive integer and 
consider w-plane bundles over CW-complexes. For such bundles one 
has a classifying bundle yn (over a base space Bn) with the following 
property. 

Fact 6. Given an w-plane bundle £ over a complex X there is a map 
ƒ (unique up to homotopy) from X to Bn such that £ is equivalent to 
the bundle induced by ƒ from yn, f*yn (see [30]). 

The space Bn is the Grassmann space of w-dimensional linear sub-
spaces in countably infinite dimensional Euclidean space. See [30 ] , 
[43] for details. 

Let k be an integer with 0<k^n. With each w-plane bundle £, 
with projection W.E-+X, we associate a bundle £(&), with projection 
T(k):E(k)-+X, and with fiber Fn,*. The space E(k) is defined to be 
the space of all points (x, Vi, • • • , Vk), where x^X and where 
Vu • • • , Vk are linearly independent vectors in the w-dimensional 
vector space w~1(x). The map 7r(&) is simply the projection on the 
^-coordinate. Notice that £ has k linearly independent cross-sections 
if and only if £(&) has a single section. (In a similar fashion one can 
define the associated bundle with fiber G»,*.) 
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As above, suppose that £ is equivalent to the bundle / * 7 n . Then 
£(&) is equivalent to the bundle ƒ *yn(k). Let irn(k): En(k)-*Bn denote 
the projection for yn{k). Then ƒ *yn(k) (and hence £(&)) has a section if 
and only if there is a map g: X—*En(k) such that irn{k)o g=f: X—>J5n. 

See [30], [43] for details. 
Summing up then, we have reduced the cross-section problem to 

the problem of lifting a map to the total space of the classifying 
bundle. We now turn to a study of this problem. 

T H E POSTNIKOV RESOLUTION OF A MAP. We change the notation 
slightly. Let x be a map from a space T to a space B. Given a m a p / : 
X—>B we are now studying the problem : determine whether ƒ lifts to 
T—i.e., does there exist a map g: X-+T such that Tg—f? We begin by 
observing a situation where this problem has a simple solution. 

For the rest of the section we suppose that all spaces have a base-
point (written *) and that maps and homotopies preserve basepoints. 
Let C be a space; define the path space PC to be the space of all maps 
?r: I-+C such that X ( 0 ) = * 6 C . Let p: PC-+C be the map X-»X(1). 
Then one can easily show (e.g., see [64, p. 99]) that p is a Hurewicz 
fibration (i.e., that p has the homotopy lifting property for all spaces 
[64]). Now let 6: B—*C be a map and let T: EQ-*B be the fiber space 
over B induced by 6 from p. Thus Ee is the subspace of B XPC con
sisting of all pairs (b, X) such that 6(b) =X(1). We call 0 the classifying 
map for TT. 

LEMMA 1. Let X be a space and f a map from X to B. Then f lifts to 
Ee if, and only if, the map Oofis null-homotopic. 

We rephrase the result slightly. For any pair of spaces K and L we 
denote by [K, L] the homotopy classes of maps from K to L. Given a 
third space M and a m a p / : K—>L we denote by 

ƒ*: [L, M] -» [K, M] 

the set map defined by 

ƒ*[<•>]= [ » o / ] , 

where œ: L—*M and [.. ] denotes homotopy class. (In what follows it 
will simplify matters if we abuse the notation and let o> stand for both 
the map and the homotopy class: thus the above equation becomes 

f*0) = 0) Of.) 

In this notation Lemma 1 becomes: 
ƒ lifts to Ee if and only if f*0 = 0, where 0 denotes the homotopy 

class of the constant map. 
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We now come to the important idea of the Postnikov resolution. 
Suppose that w: T-+B is any map, and suppose that we have a se
quence of spaces and maps 8 = (Eiy pit g»), i^l, giving a commutative 
diagram, as shown below. (That is, we assume that pi o gf=g»-_i, for 
i^2, and pioqi=w.) 

DEFINITION 3. 8 is a Postnikov resolution of T if the following con
ditions obtain: 

(1) there is a sequence {rn} of integers with 

1 ^ fi < ri < • • • < r» < • • • , 

such that the morphism 

qrn * : *i(T, *) -> Wi(Ern, *) 

is bijective for Og i<n and surjective for i = n. 
(2) For each n}£lt there is a space Cn and a map 0»:En-i-*C» such 

that the map ƒ>„: En—»En-i is the fibration with classifying map 0». 
(We set £ 0 = 5.) 

From property (1) one easily deduces the following 
Fact 7. Let 8 be a Postnikov resolution of ir, as given above. Sup

pose that X is a finite-dimensional complex and ƒ a map X-*B. Then 
ƒ lifts to T if and only if ƒ lifts to Ern, where n = dim X. 

Thus we have reduced our problem to a finite succession of liftings, 
each of which can be studied by using Lemma 1. 

Suppose that / l i f ts to Ek~i (k^l). Define 

»*(/) = U g*fc C [X, Ck], 

where g runs over all liftings of ƒ to Ek-i. By Lemma 1 we have 

LEMMA 2. ƒ lifts to Ek if and only iff lifts to E*_i and 0&k(f). 

In principle, then, the lifting problem is solved—assuming we have 
the resolution 8 and assuming we can compute the sets 0k(f). 
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We now discuss these two assumptions. 
EXISTENCE OF THE POSTNIKOV RESOLUTION. Suppose that T: 

T—*B is a fibration such that T and B are CW-complexes. (Up to 
weak homotopy type, any map can be altered to satisfy these hy
potheses; see §§2.8.9 and 7.8.1 in [64].) We assume moreover that the 
fiber of 7r, F, is 1-connected and that the fundamental group of B acts 
trivally on the homotopy groups of F. 

THEOREM 31 (POSTNIKOV, J. MOORE) . There exists a Postnikov 
resolution f or ir. 

Postnikov proved this for the case B is a point [54]; Moore then 
proved the general case, in the setting of semisimplicial complexes 
[46]. Hermann [20] gave the proof for an ordinary fibration, as did 
Eckmann-Hilton (see [22]). (The condition that F is 1-connected 
can be somewhat relaxed; see the proof of the theorem given by 
Spanier [64, §8.3].) 

By the proof given for the theorem, each space Cr is an Eilenberg-
MacLane space K(wrF, r + 1 ) . Thus given a complex X and a map 
ƒ : X-^Er-i, 6r(f) is a collection of cohomology classes in Hr+1(X; irrF). 
Thus for the Postnikov resolution to be a successful tool we must 
deal with the following problem. 

Problem IS. Give a general method for computing the cohomology sets 

We indicate below a partial solution to this problem. 
REMARK. Recently Mahowald [37], [15] has introduced several 

important modifications in the construction of a Postnikov resolu
tion. In particular he shows that often one can take the spaces Cr to 
be products of several Eilenberg-MacLane spaces. For an expository 
treatment of Postnikov resolutions, see [72, §§1—5 J. 

CALCULATION OF POSTNIKOV INVARIANTS. We consider a schematic 
version of this problem, as shown in the following diagram. (In gen
eral we set K8=K(Z2, s), s^, 1.) 

Kn-l 

w 
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Here w is an arbitrary map (between complexes) and w is a class in 
Hn(B) (mod 2 coefficients) such that T*W = 0. p is the fibration with 
w as classifying map and g is a lifting of TT, so that p o q = ir. Kn-i 
= ÜKn and i denotes the fiber inclusion. Finally, 0 is a class in Hn+k(E) 
such that g*0 = O. Given a complex X and a m a p / : X-+B such that 
f*w = 0, we define 

8(f) = U g*0, 
Q 

where g runs over all liftings of ƒ to E. Thus, Q(f)<ZHn+k(X) and 
Problem 15 becomes 

Problem 16. Compute the set 6(f). 
We now make several simplifying assumptions. 
(1) 0<&<connectivity of B<n. 
(2) T*Hn+k(B)=Hn+k(T) (mod 2). 
(3) Kernel 7r* = kernel ƒ>*, in dimension n+k. 
Let i denote the fundamental class of 2C»_i, tG-H"n""1(jBTn-i). By (1) 

there is an operation a in the mod 2 Steenrod algebra, A^ such that 
(4) i*0=m. 
DEFINITION 4. A class F £ i ? * ( I 0 will be called a generating class 

for 0 if the following conditions are satisfied: there exist operations 
]8, 7i, • • • , Yr, 8i, • • • , ôr in A2 such that 

(A) w=pV, 8 , 7 = 0 , l^igr, 
(B) a0+£<7<8< = O. 
REMARK. Relation (B) can be either an actual relation in the alge

bra A% (i.e., a "stable" relation) ; or it may simply be a relation among 
cohomology operations which holds on all cohomology classes with 
degree less than a given integer. We illustrate both possibilities in 
the examples given below. 

Adams [ l ] has defined the notion of a secondary cohomology 
operation associated with a relation in A2. Let $ be an operation 
associated with (B). Then <E> is defined on those cohomology classes 
u of a space X such that (3u = Q and S^u = 0, l^i^r. Moreover, if we 
set 

Indet*(X; 3>) = aH*(X) + £ yiH*(X)9 
i 

then $(u)eH*(X)/lndet*(X; $ ) . Notice that by (A), * is defined 
on p*V and 7r*F. The following result is a special case of Theorem 
5.9 in [74]. 

THEOREM 32. Suppose that lndetn+k(T; *) = 7r*Indetn+*(jB; * ) . 
Then for any class mÇ;Hn+k(B) such that 7r*m£$(7r*F), we have 
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0 + p*ntE $(j>*V). 

By naturality of secondary operations we obtain at once 

COROLLARY 3. Let X be a complex and ƒ : X-+B a map such that 

Suppose that 

aH^iX) 3 X) 7iHn+k-c<(X), 
i 

where Ci = degree 7*. Then 

6(f) + {fm\ = *(f*V), 

where {. . } denotes the coset in Hn+k(X) with respect to the subgroup 
aHn-l(X). In particular, if 0G$(7r*F), then 

6(f) = *(f*v). 

We give two examples to illustrate the corollary. Both deal with 
the question : when does an w-dimensional vector bundle £ have two 
independent cross-sections? If £ is over a complex X then by using 
the classifying bundle we can regard J as a map X-+Bn; and hence 
£ has two independent sections if and only if it lifts to En{2). Now 
one can show that the space En(2) has the same homotopy type as 
J5n-2, with the natural map T: Bn-2—*Bn playing the role of the pro
jection En(2)-*Bn. Thus we study the lifting of £ to -Bn_2. 

We now assume that n is odd. The fiber of 7r is the Stiefel manifold 
Vn,2—a space which is (» — 3)-connected, with Tn-2Vnt2~irn-iVn,2 = Z2 
(see [6S], [50]). A Postnikov resolution for w can be constructed 
following Theorem 31 ; the first stage is given below: 

K 7 

E _ 1 _ _ K 
n 

\> 

Bn-i n Bn wn_l K„_i 

Here w„_i denotes the universal Stiefel-Whitney class in i?B_1(J3„) 
(see [72]). 

(**) 
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LEMMA 3. The map q and the class 0 can be chosen so that 
(1) q*6 = 0, i*6 = Sqh. 
(2) If X is a complex of dimension^n and £: X—*Bn is a bundle 

such that 70n_i(£) = 0 , then £ has two independent sections if and only if 

0 G 0(0 C E«(X). 

Notice that if we restrict £ to X n _ 1 , then by (2) £ has two indepen
dent sections. Thus 0(£) represents the "index" to a 2-field defined 
over Xn~l—i.e., if X is a manifold M and £=TM, then B(rM) repre
sents the index to a 2-field with finite singularities. 

Depending on whether n = l or n^3 mod 4, we give two methods 
of using Corollary 3 to compute 0(£). 

EXAMPLE 1. w==3 mod 4. 
In order to use Corollary 3 we must verify hypotheses ( l )-(3) . 

Now (2) and (3) are satisfied, while (1) is not. To overcome this prob
lem we assume: in diagram (**) the spaces Bj (j = n, n — 2) are taken 
to be the classifying spaces for spin J-plane bundles—i.e., bundles £ 
such that Wi% = #/2£ = 0. Bj is then 3-connected (j ̂  4) and so hypothesis 
(1) is satisfied. 

LEMMA 4. Suppose that J5n_2 and Bn, in diagram (**), denote classi
fying spaces for spin bundles. Assume that n^3 mod 4, n>3. Then 
wn-z(EHn~z(Bn) is a generating class for 6. 

PROOF. By Lemma 3, a = Sq2. We take 

p = Sq2, Ti = Sq\ 6x = Sq*Sq\ 

Then, (A) is satisfied because (setting w = 4s+3) , 

Sq2Wi8 = WAS+2, Sq^q^As = 0. 

(We use here the fact that Bn is the classifying space for spin bundles.) 
And condition (B) is fulfilled, since one has the relation 

(BO Sq2Sq2+Sq1(Sq2Sq1)=01 in A2 [3]. 
Let $ be a secondary operation associated with relation (B'). One 

can show that 0£$(7r*W4«) and so we can take m = 0 in Theorem 32. 
Applying Corollary 3 we obtain 

THEOREM 33. Let X be a complex of dimension 4 s + 3 and let £ be a 
(As+3)-plane bundle over X such that 

W& = W2% = W42+2? = 0. 

Suppose that 

Sq2H**+l(X) 3 SqlH**+2(X). 
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Then 0(£) =*(w48f) in H48+z(X)/Sg2H^1(X). Thus % has two inde-
pendent sections if and only if 0£<ï>(«;4»£). 

We have computed 0(£) in terms of the operation <£. But this is a 
real gain, for one has several methods available for computing second
ary operations. (A trivial example: if mis£ = 0, then 0(£) =<£(w4s£) 
=$(0) =0.) In particular, if X is a spin manifold with £ its tangent 
bundle, then one can show that OG<i>(^4s5). This proves that a spin 
manifold of dimension 4 s + 3 has span ^ 2. 

REMARK. Hypothesis (1) made above is unduly restrictive. In fact 
the theory can be developed without it. One replaces the ordinary 
Steenrod operations with twisted cohomology operations. (See [16] 
and [42]; an exposition of these is given in [74, §4].) Using these 
operations one can continue to define a generating class and prove the 
analogue of Theorem 32, without assuming hypothesis (1). By this 
method one establishes Theorem 2 in its full generality, without the 
assumption (made above) that M is a spin manifold. For complete 
details, see [74]. 

EXAMPLE I I . w = l mod 4. Set w = 4 s + l , s ^ l . The method given 
in Example I will no longer work, because w±8-% is not a generating 
class for 0. We describe here a second method. 

With each w-plane bundle £ over a space X one associates a new 
space Z?, the Thorn space of £. (Roughly speaking T% is the "disk" 
bundle of £ with the "sphere" bundle collapsed to a point. See [30], 
[64] for details.) H*(Ti;) is a free module over H*(X) on one genera
tor U&Hn(TX). (Uis called the Thorn class [30], [7l].) We assume 
now that our bundles are oriented w-plane bundles; the class U can 
now be taken as an integral cohomology class. 

In diagram (**) we now take £»_2, Bn to be classifying spaces for 
oriented bundles. Let 

T = T(yn), T = T(**yn). 

The map ir induces a map TV: T'—^T. Consider the following dia
gram : 

tr 

ê v 

i S I. 

/ I' 
T' • - T »~ Ka,+i 

TV U • u>4s 
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Here p is the induced fibration with U-w^ as classifying map. Since 
7T*tt/4« = 0, one has that (TTT)*(U-W48) = 0, and so IV lifts to a map 
q\ Î is the fiber inclusion and ê is a class in HS8+2(Ê). 

Let £:X—»i?4»+i be an oriented bundle and let t: Tt;—>T be the 
induced map on Thorn spaces. 

LEMMA 5. There is a class ê in HS8+2(Ê) (defined independently of X) 
so that 

(1) î*ê = Sqh,q*6* = 0. 
(2) Suppose that 2048£ = O, so that 0(£) is defined. Then, t lifts to E 

and 6 (t) = £/x-0(£), where Ux denotes the Thorn class of £. 

Since multiplication by Ux gives an isomorphism in cohomology, 
to compute 0(£), it suffices to compute Ux-0(t;), i.e., 0(t). 

(The idea of "lifting the Postnikov invariant to the Thorn space,? 

is given by Mahowald-Peterson in [39]. For a general treatment of 
the matter, see [76, §6].) 

LEMMA 6. U is a generating class for ê. 

PROOF. Now p is induced by the class U-ww But by Thorn [71 ], 

U • w4s = Sq*8U; 

thus, in (A) above, we take p — Sq**. By Lemma 5, a = Sq2. But by 
the Adem relations [3], one has 

(*) Sq2Sq** = 0, 

on integral cohomology classes of degree g 4 ^ + 1 . Thus relation (*) 
satisfies hypothesis (B), and so U is a generating class as claimed. 

Let Q be a secondary cohomology operation [ l ] associated with 
relation (*). One can show that 0 can be chosen so that 

(TTT)*(U - w2wi8+1) G Ü(TT*U) 

(see [39]). Thus we can take m = WiW^^i in Theorem 32. As a result 
we obtain 

COROLLARY 4. Let X be a complex and % an oriented (4s+l)-plane 
bundle over X such that w4s£ = 0 and Sq2H88(T(£)) = 0. Then 

Ux (»•(£) + w»(Ö • wu-i(Ö) = Ü(UX), 

where Ux denotes the Thorn class of £. 

To utilize the corollary, we must calculate the operation Q on Ux* 
This has been done in two different situations. 
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(1) Suppose that X is a compact orientable manifold Mf and that £ 
is the normal bundle to an immersion of M in Rs*+2. Then, Î2( Ux) = 0 
and so we obtain 

«(Ö = w2(Ö • w<*-i(Ö. 

This type of calculation has been exploited by Mahowald-Peterson 
[39] to obtain immersion theorems for manifolds, using the theorem 
of Hirsch [23]. 

(2) Suppose that M is a compact spin manifold and that £ is the 
tangent bundle of M. By definition, w2M ( = W2%) = 0, and so Corollary 
4 reads UM(0(TM)) =&(UM)- One can show (see [76]) 

THEOREM 34. ÇI{UM) = UM(X2M-IX) where 11 is the generator of 
Hé'+1(M; Z2). 

Therefore, we obtain 8(TM) =faM*ix> and so faM is the index of a 
2-field on M, as given in Theorem 3. For a detailed discussion of this 
method, see [76] and [80]. 

6. Corrigenda. This is an appropriate place to correct errors in my 
previous papers. 

(i) On p. 86 of [76], it is not correct to say that the index " . . . is 
independent of the orientation of Mn (see also p. 148 of [80]). In 
particular, Theorem 5 in this paper is an example of the dependence 
of the index on the choice of orientation. I t is true, however, that the 
theorems given in [76] and [77] are independent of the orientation. 

(ii) Theorem 6.7 of [8l] is incomplete for the case r = 4. The error 
lies in the fact that 7^+2(^+3,4) is Z20Z2, rather than Z2. As a result, 
an additional obstruction occurs in dimension w. However, this can 
be evaluated by a tertiary operation exactly as in Theorem 4.6 of 
[75]. In particular, this obstruction is zero for the tangent bundles 
of the manifolds considered in Theorem 1.2 [81 ], and so Theorem 1.2 
remains true. The method of proof is that of Theorem 1.3 in [75]. 

(iii) Because of the use made of the Serre isomorphism theorem 
in [72], the hypotheses given on p. 12 of [72] (first sentence) should 
be strengthened to include: E and B are 1-connected. 
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