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Introduction

The algebraic theory of torsion developed here takes values
in the absolute Kl—group Kl(A) of a ring A, with & torsion invariant
T(f) € Kl(A) for a chain equivalence f:C——D of finite chain complexes
of based f.g. free A-modules with zero Euler characteristic.

Whitehead [24] defined the torsion 1(C) € Kl(A) of a
contractible finite chain complex C of based f.g. free A-modules,
assuming (as we do here) that A is such that f.g. free A-modules have
well-defined rank: The algebraic mapping cone C(f) of a chain
equivalence f:C———>D of finite chain complexes of based f.g. free
A-modules is a contractible chain complex, so that the torsion
T(C(f)) € Kl(A) is defined. However, the expected sum formula for the

composite gf:C —+D ——E of chain equivalences f:C——D, g:D —E
T(C(gf)) = t(C(£f)) + 1(C(g)) € Kl(A)
only holds in general on passing to the reduced Kl-group
Ky (d) = coker (K (Z) ——K (A)) = K (A)/{1(-l:A—>a)} .
The reduced torsion of the algebraic mapping cone
T(E) = T(C(f)) € K (B)

is the torsion invariant usually associated to a chain equivalence f.
In particular, the Whitehead torsion T(f) €Wh(m) (m = ﬂl(X)) of a
homotopy equivalence f:X——Y of finite CW complexes is the image of
T(F:c(X)—aC(¥)) € I?l(z[n]) in the Whitehead group
Wh(m) = KI(Z[W])/{iN}. The theory of torsion developed here can be
used in certain circumstances to lift the Whitehead torsion to an
absolute torsion invariant T(ffe Kl(z[n]), which enters into product
formulae for Whitehead torsion.

The Euler characteristic of a finite chain complex C of

f.g. free A-modules is defined as usual by

x(€) = ] (-)'rank,(c) € z

fh~718

The complex C is round if
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The assumption on A that f.g. free A-modules have well-defined rank
ensures that KO(Z)-——aKO(A) is injective, so that the Euler

characteristic may be identified with the absolute projective class
x(C) = [C)] € Z = KO(E) < KO(A)

The absolute torsion of a chain equivalence f:C ——D of

round finite chain complexes of based f.g. free A-modules is defined
in §4 by a formula of the type

T(f) = 1(C(f)) + Bt (-1:A——>A) € K, (A)

1
with the sign term B = O or 1 depending only on the ranks (mod 2) of
the chain modules of C and D. It is quite reasonable that a Kl—valued
invariant should only be defined when Ko—valued obstructions vanish!
Actually, the absolute torsion is also defined if C,D are such that
the Euler characteristic is O(mod 2). For contractible C,D the torsion

of £ is just the difference of the torsions of C and D

T(f) = 1(D) - T(C) € K, (A) .

l(
The main result of Part I is the logarithmic property of

absolute torsion with respect to composition
T(gf:C—>D ——E) = 1(f:C——>D) + 1(g:D—>E) € Kl(A)

As such this is not very prepossessing. The applications of absolute
torsion are more interesting, but will be dealt with elsewhere.
Parts II and III will deal with products and lower K-theory. Some
of the applications to L-theory are contained in a forthcoming joint
paper with Ian Hambleton and Larry Taylor on "Round L-theory".

The following preview of the applications of the absolute
torsion to topology may help to motivate the paper.

Define a connected finite CW complex X to be round if
Xx{X) = 0 € Z and the cellular f.g. free Z[ﬂl(X)]~module chain :complex
C(X) of the universal cover X is equipped with a choice of base in the
canonical class of bases determined by the cell structure of X up to the
multiplication of each base element by tg (ge'nl(x)). Thus C(X) is a
round finite chain complex of based f.g. free Z[nl(X)]—modulesr

The absolute torsion of a homotopy equivalence f:X——Y of round finite

CW complexes is defined by
T(f) = 1(F:C(X)——C)) € K (Zn(X)]),

and 1is such that the reduction T(f)(SWh(ﬂl(X)) is the usual Whitehead

torsion of f. A round finite structure on a topological space X is an

equivalence class of pairs
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(round finite CW complex K, homotopy equivalence f : K——>X)

under the equivalence relation

(K, £f) ~ (K',f") if T(f'_lf:K——arX———éK') =0 ¢ Kl(Z[nl(X)])

For example, the mapping torus of a self map ¢:X— X of a finitely
dominated CW complex X

T(z) = Xx [0,11/{(x,0) = (¢(x),1)]|x€x}

has a canonical round finite structure, by a generalization of the
trick of Mather [9])], with T(fzg:Y——>Y) a round finite CW complex in
the round finite homotopy type of T(z) for any domination of X

(Y, f:X——>Y,g:Y¥Y—>X,h:gf=1:X—X)

by a finite CW complex Y. (Furthermore, if X = M is an infinite
cyclic cover of a compact manifold M with :X——X a generating
covering translation then the projection T(g)——M is a homotopy
equivalence such that the Whitehead torsion TEEWh(nl(M)) is the N
obstruction of Farrell [3] and Siebenmann [20] to fibering M over S,
giving M the finite homotopy type determined by a handlebody

decomposition and assuming dim(M) » 6). The product structure theorem

is that the product FxB of a finitely dominated CW complex F and a
round finite CW complex B has a canonical round finite structure,
such that the absolute torsion of a product homotopy equivalence is

given by
T(fx b:FxB——>F'xB') = [F]Rt(b)
€ Kl(Z[ﬂl(F><B)])= Kl(Z[ﬂl(F)]EZ[ﬂl(B)]) '

with [F] = [F'] € KO(Z[ﬂl(F)]) the absolute projective class and
T(b) € Kl(Z[ﬂl(B)]) the absolute torsion. The circle

st - T(id. : {pt.}—>{pt.})
has the canonical round finite structure in which the base elements
51643(§1)i = Z[nl(sl)] = Z[z,z_l] (i = 0,1) are such that
aet) =% - 0.

For any finitely dominated CW complex F the product round finite
structure on F x Sl = T(l:F—>F) agrees with the mapping torus round
finite structure. Ferry [4] defined a geometric injection

1

B' : Ro(z[n])»———swmnxz); [F]——T(1 x-1:Fx 8§ ——-—)FxSl)

for any finitely presented group 7, with [F]GEEO(Z[n]) the wall

finiteness obstruction of a finitely dominated CW complex F with
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nl(F) = 7, The image of B' consists of the elements 1€ Wh (7 x Z)
invariant under the transfer maps associated to the finite covers of Sl.
The map vl:Sl————>Sl reflecting the circle in a diameter has absolute

torsion

(=18t — sty = t(czimizz Y iz 2 T € Kl(z[z,z‘l]) ,

so that by the product structure theorem B' is given algebraically by

B' = -Rt(-z) : K(Z[n])r——>Wh(nx2Z) ;

[P]p————»T(-z:P[z,z—l]—————?P[lenl])

with [P] the reduced projective class of a f.g. projective Z[n]-module P.
Thus B' does not coincide with the traditional algebraic injection of

Bass, Heller and Swan [2]
B = -B7(z) : R (Z[n])—— Wh(nx2Z) ;
(P] ——> 1(z:P{z,2 "] ———>Plz,z 1]) .
The recent algebraic description due to Llck [8) of the transfer map

1
pi:Kl(Z[nl(B)])—————»Kl(Z[ﬂl(E)])induced in the Kl—groups by a

Hurewicz fibration

P
F E B

with finitely dominated fibre F allows the product structure theorem

to be extended to the twisted case: the total space E of a fibration
with finitely dominated fibre F and round finite base B has a canorical
round finite homotopy type, and if

£
For——————F'

b
B———>B'

is a fibre homotopy equivalence of such fibrations the homotopy

equivalence e:E-~——E' has absolute torsion

T(e) = pj(T(b)) € K (Z[ny(E)])
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The absolute torsion of a round finite n-dimensional geometric

Poincaré complex B is defined by

T(B) = t([B]n-:CE" T ——>C(B) € Kk (Zlr) (B)])

1 ¢

"I (B). The Poincaré complex

satisfying the usual duality 1(B)* = (-)
version of the twisted product structure theorem is that the total

space of a fibration F——> E —P B with a round finite n-dimensional
Poincaré base B and a finitely dominated m-dimensional Poincaré fibre F
is an (m+n)-dimensional Poincaré complex E with a canonical round finite

structure, with respect to which the torsion of E is given by

|
T(E) = Pl(T(B)) € KI(Z[WI(E)])
In particular, for the trivial fibration E = F xB this is a product
formula
T(F xB) = [F]RT(B) € Kl(Z[TTl(FxB)]) .

The torsion of the circle Sl with respect to the canonical round finite

structure 1is

1sh =tz s = iz, ) € k(@I (8D 1) = K @Iz,
so that for any finitely dominated m-dimensional Poincaré complex F
wExsh) = (F1er(st) = [FIRT(-2) = B'([F})
€ Ky (z[7mxz]) = K (ZIr]iz,z "]) (1 = 7 (F))
with B':K (Z([7])——K. (Z(1]1{z,2 *1) ; [Pl——1(-2:P[z,2 “]—Plz,2 1]

0 1
the absolute version of the injection g':KO(Z[n])»—~?Wh(an)

described above. More generally, the mapping torus T(z) of a self

. . . ) 1
homotopy equivalence [:F—=>F is the total space of a fibration over S
P
F T (1) st

such that ﬂl(T(C)) = nxaz (a=¢g, : m—>m), and T(z) is an
{(m+l)-dimensional geometric Poincaré complex with a canonical round
finite structure with respect to which

TT(E)) = py(sh) = T(-28:C(F) (2,2 ') ——C(F) lz,27 1))

€ K z[nxazzn = Kl(ZZ[ﬂ]a[Z,Z 1)

1 ¢

(gz = zal(g) (ge€m, T:a CF)——>C(F))
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The algekraic theory of surgery of Ranicki [17] has a version
for round finite algebraic Poincaré complexes, corresponding to the
variant L-groups of Wall [22] in which only based f.g. free modules of
even rank are considered (cf. the joint work with Hambleton and Taylor
mentioned above). In particular, the round L-theory shows that the

algebraic injections of Ranicki [16]

B Lmr——Lf, (nxz) (k) = (h,s) or (pih))
do not coincide with the geometric injections
B' i L) (m——LS (nx2) 5 ol ((£,0) :M —X) 0% ((£,b) xL:MxsT—>xxs™)

of Shaneson [19] (for (h,s)) and Pedersen and Ranicki [l14] (for (p,h)).
The algebraic expression for B' is given by product with the round
finite symmetric Poincaré complex of Sl, defined using the canonical
round finite structure on Sl.

This paper is a sequel to the algebraic theory of the Wall
finiteness obstruction developed in Ranicki [18]. As there we work with
chain complexes in an arbitrary additive category A, although the case
A = {based f.g. free A-modules} for a ring A is the one of main interest

In §1 the isomorphism torsion group Kiso(ﬂj of an additive
category f is defined by analogy with the automorphism torsion group
K§Ut(ﬁ) = Kl(ﬁJ, using all the isomorphisms infl. §2 is devoted to
the isomorphism torsion properties ot the permutation isomorphisms
MON — N®M ; (X,¥)+—>(yV:X). §3 deals with the torsion of con;ractible
chain complexes. In §4 there is defined the tcrsion T(f)(EKiSO(AJ of a
chain eqguivalence f:C——>D of finite chain complexes in A which are
round, that is [C] = [D] = O € K (®). In §5 it is shown that if A is
such that stably isomorphic objects are related by canonicalAstable
isomorphisms then Kl(ﬂj is canonically a direct summand of Kiso(ﬂ).

In particular, such is the case for A = {based f.g. free A-modules},
allowing the definition of the absolute torsion T(f)éEKl(A) = Kl(A)

for a chain equivalence f:C——D of round finite chain complexes of

based f.g. free A-modules.

I am grateful to Chuck Weibel for a critical reading of an
earlier version of the paper, and for several suggestions of a
categorical nature (such as the use of permutative categories to
avoid potential problems with coherence isomorphisms).

Contents .
iso

150w

§1. The isomorphism tcrsion group K
§2. Signs

§3. Torsion for chain complexes

§4. Torsion for chain equivalences

§5. Canonical structures



205

§1. The isomorphism torsion group Kiso(ﬁ)

In order to define the torsion of a chain equivalence it is
necessary to first define the torsion of an isomorphism. To this end we
shall now define the isomorphism torsion group K'S°(A) of an additive

1
category, by analogy with the automorphism torsion group Kiut(JU =Kl(JU.

Let then A be an additive category, with direct sum @.

isomorphism Kiso(fh
The torsion group is the abelian
. aut
automorphism K] (A

isomorphism f£f:M ——> N
group with one generator T1(f) for each in‘A,
automorphism £:M—M

subject to the relations

T(gf:M—> N ——>P) T(f:M——>N) + T(g:N ——>P)

i)
T(GE MM —— > M) = T(f) + 1t(g), T(ifi T:M'—sM—3M—3M') = 7(£)
T(EBF' :MOM'— >NON') = T(f:M——3N) + T(F':M'— 3N')

ii)
2(T(fefaf':Me;aM'____—>Me1>M') = T(f:M——>M) + T(f':M' —>M')

The automorphism torsion group K?Ut(ﬂ) is just the Whitehead
group of A in the sense of Bass [1,p.348]. There 1is defined a forgetful
map

aut iso

K]' () ——> K (R i T(E) T (£)

which in certain circumstances {investigated in §5 below) is a split
injection.
Remark: In order to avoid having to keep track of the coherence
isomorphisms (M®N)®P—>M® (NSP) in Kisoﬁﬂ) we shall assume that A is
a permutative category, so that (M@N)®P = M®(N®P). There is a .standard
procedure for replacing any symmetric monoidal category by an equivalent
permutative cateqgory {(cf. Proposition 4.2 of May {10]).

(]

Let now t be an exact category. The torsion group Kl(f)

was defined by Bass [1,p.390] to be the abelian group with one

generator T(f) for each automorphism f:M——>M jjlﬁﬂ subject to the

relations
i) 1(gf:M—>M) = T{£:M—>M) + T{(g:M —»M)
ii) T(f":M"—a3M") = T(f:M—M) + T(f':M'——3 M') for any

automorphism of a short exact sequence in t
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i J
0 > M > M" > M' >0
fl £ fi
i J
0 —3> M > M" — M' 5> O

An additive category~A'can be given the structure of an
exact category by declaring a sequence in A
i 3
0 > M > M" >M!' > O

to be exact if ji = 0 : M——>»M' and there exists a morphism
k : M' ———>M" such that

) 3k = Ly, M ——
ii) (i k) : M&M'———>M" is an isomorphism.

We shall always use this exact structure.

Weibel [23] showed that the torsion group Kl(A) of an
additive category A with the above exact structure agrees with the
. _ 1 .
case i = 1 of the general definition Ki(ﬁ) = ni+l(B; ) (i3 0) due
to Quillen (Grayson [6]) of the algebraic K-groups of an exact

category X.

Proposition 1.1 (Bass [1,p.397]) There is a natural identification

of torsion groups K§Ut(ﬂ) = KlLA) for an additive category A.

Proof: In order to verify that the natural abelian group morphism
t -
KIVT () —— K ) 5 () ——y T(E)

is an isomorphism it suffices to show that for any morphism e:M'——M

in A the elementary automorphism

1 e
£ =< > : MGM' ———> MeM '

0 1
is such that T1(f) = 0 € KTUt(A). The automorphisms

1 0o 1

g = O 1 O MOM ' @M ———— > MaM ' &M
0 1
1 0

h = 0O 1 o : MOM'OM ——— > MoM 'eM
0O e 1

are such that
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£01, = ghg"lh‘l : M&M'OM ———> MM ' M

(a particular example of a Steinberg relation). It follows that

TE) = T(fely) = t(ghg *h Yy =0 e K3U*

(R) .

(1
Example Let A be an associative ring with 1 such that f.g. free
A-modules have well defined rank (e.g. a group ring Z([n]). Let A be the
additive category of based f.g. free A-modules and A-module morphisms.
The automorphism torsion group of A is just the usual Whitehead group

of A
R39S () = K (A = K (&) = GL(A)/E(A)
iso
1 iso
summand, with the natural map Kl(A)————«)Kl (A) split by the surjection

The isomorphism torsion group K (A) contains Kl(A) as a direct

K150 —» K (A) ; T(£:M —3N) —— T((£;))
sending the isomorphism torsion 7 (f:M——3N) eKiso(ﬁ) to the torsion
r((fij)) € Kl(A) of the invertible nxn matrix (fij) [S GLn(A)

(n = rankAM = rankAN) representing f.
[]

iso(ﬁo of an additive category

A is considerably larger than the automorphism torsion group Kl&R}, and

The isomorphism torsion group K

is introduced here for the sole purpose of providing a home for the
torsion t(f) € Kiso(ﬁ) of a chain equivalence.

§2. Signs

In dealing with the torsion of chain complexes and chain
eguivalences we shall be making frequent use of the following elements
in KiSO(JU.

The sign of an ordered pair (M,N) of objects of Ais the
isomorphism torsion
0 1

e{M,N) = 1{ ( 1

N>: MON — > N@M) € KL1SO(A)

lM 0

Example Let f = {based f.g. free A-modules}. The sign of objects M,N
in A is given by
e(M,N) = rank, (M)rank, (N)t(-1:A —>A) € Ky (A) K °°(A) ,

depending only on the parities of the ranks of M and N.
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Proposition 2.1 The sign function (M,N)+———>¢(M,N) has the following

properties, for any additive category A :

i) €(M®M',N) = €(M,N) + €(M',N) € Kiso(}‘(),

ii) e(M,N) = e(M',N) € Kiso(ﬂ) if M is isomorphic to M',
iii) e(M,N) = -e(N,M) € K1°°(R),
iv) e(M,M) = T(-1_:M—>M) € K:°°(A .

M 1

Proof: i) For any objects M;M',N of 4

N
€ (MBM',N) = T( lM 0 O
0 lM‘ o]
o] 1> (o 1>
N N
lM@<1M, 0 lM 0 eBlM'
M&M' &N > MONOM' —————— 3 NOMSBM ')

= e(M,N) + €(M',N) € Kiso(ﬁ)

ii) Let £f:M——>M' be an isomorphism inAl, and let N be an object.

It follows from the commutative diagram of isomorphisms inA
0] lN
1, ©
MON —————— N&M
1. ef
N <o 1N> N
1.,0
MUON — s NeM!

fol

that

€e(M',N) - ¢(M,N) = T(lN@f) - T(f@lN)
= T(f) - 1(f) = O € K:iLSO(R)
iii) For any objects M,N in-A

il

o 1y o 1y
e{M,N) + e(N,M) T : MON ——>NOM) + 1 ( : NGM —5 MON)

lM (0] lN 0]
@] lM 0] lN
= 1 =1 MOGN ——— MON)
1.0 1.0 MoN
N M
=0 e K °PW
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iv) It is immediate from Proposition 1.1 and the identity

(G OENEDE D) e

that
iso

T(<—l O>: MOM >MOM )} = 1(-1:M—>»M) € Kl (A)

i

e(M,M)

o 1

[]
The isomorphism class group KO(A) of an additive category.A

is defined as usual to be the abelian group with one generator [M] for
each isomorphism class of objects M inf, subject to the relations
[MON] = [M] + [N] € KO(ﬁ) .

Example The projective class group of a ring A is the isomorphism class
group of the additive category P = {f.g. projective A-modules},
Ky(a) = KO(P) -
[1
Example The isomorphism class group KO(R) of the additive category
R = {based f.g. free A-modules} is such that there is defined an
isomorphism

Ko(ﬁ) —> Z ; [M] +——+rankA(M)

{assuming as always that the rank of a f.g. free A-module is well
defined).
(]

Proposition 2.2 Sign defines a symplectic form on the isomorphism

(A) of an additive category A taking values in the
iso

120w

class group KO

isomorphism torsion group K

iso
1

Proof: Immediate from Proposition 2.1.

€ : K (A)QKO(A)————éK

0 (A) ;5 MIBIN]—— e (M,N)

[]
The reduced isomorphism torsion group 6f A is the gquotient

group of KiSO(JD defined by

R1%7() = coker (e:K, (R BK, A) ——> K5O (A)) .
Example The reduced isomorphism torsion group RS W) of

1
A = {based f.g. free A-modules} contains the reduced torsion group

R () = coker (Ky (Z) —— K| (A)) = Ky (A)/{1(-1:A—>A)} as a direct
summand, with the natural map Rl(A)-—~»RiSOLﬁ); T(f)—>T (f) split by

(SRR —» & (A) 5 T(EM—s N —> T(Eg )

(1<1i,34n = rank, (M) = rank,(N)).
(]



210

§3. Torsion for chain complexes

Let iso(A) denote the set of isomorphisms in an additive
category A, and let K be an abelian group. A function t1:iso(A) ——>K
is logarithmic if for all (f:M~—3N), (g:N—>P) € iso(A)

t(gf) = 1(f) + 1(g) € K
A function T:iso(A)—>K is additive 1if for all (f:M—>N),
(£':M'—=N') € iso(A)
T(EBf') = T(f) + T(f') € K
The isomorphism torsion function

T - iso(ﬂ)—————-)KiSO(A) i fe— T(f)

is both logarithmic and additive, by construction, and is universal

with respect to functions with these properties.

We shall now define logarithmic torsion functions
T:is0(&)~——3K for various additive categories ¥ of chain complexes in
an additive category A (with morphisms either chain maps or chain
homotopy classes of chain maps), such that K is one of the Kl—groups
of A considered in §§1,2. In general these torsion functions will not
be additive.

We refer to Ranicki [18] for an exposition of the chain
homotopy theory of chain complexes in an additive category A, adoptlnc
the same terminology and sign conventions.

Let Z(ﬂ) be the additive category of finite chain complexes
in A

a d
C: ...—=>0 —->Cn ’Cn—l

and chain maps.
The torsion of an isomorphism f:C——=D in T(A) is defined
by

T(f) =
r

il ~18

r iso
O(—) T(£:C_—>D ) € K; Ay .

Proposition 3.1 The torsion function

T iso(}f(ﬂ))——)KiSO(ﬁ) 7 £ ——> T (f)

is logarithmic and additive.
Proof: Immediate from the logarithmic and additive properties of

T:iso(.A)——-»Kiso(ﬁ).
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The torsion of a contractible finite chain complex C in &

is defined by

0 0 .
t(Cc) = r(@+r = T 4 O ..
O T 4 .
Cogq = C10C,8Cd...——C_ = C8C,8C,6...)
iso
€ KT,

using any chain contraction I':0 = 1:C—>C of C. The morphism

d+l: € >C is an isomorphism since there is defined an
odd even
inverse
1 o o . -1 a0 )
_l FZ l O s e 1" d .
L . o o
CeVen = CO$C2$C4®. .. ——écodd = Clec3@c5@_ L.

If T':0=1:C——>C is another chain contraction of C the morphisms
defined by

A= (F' =TT : C,—>C_ . (ry0)
are such that

Ad - daA r*-rT: Cr————>Cr+l

(r%0)

(defining a homotopy of chain homotopies A:T =T':0= 1:.C—>C).

The simple automorphisms

1 (e} ) e
A 1 (o} RN
h =
even 0] A 1
= _—> =
Ceven CO$C2®C4@... Ceven CO®C2®C4® ,
1 Q e} N
1 e} .
h =
odd 0] A 1

.
.
.

Codd = C1®C3®C5$...——————>Codd = C1®C3®C5®‘..

are such that the diagram of isomorphisms
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da+T

Codd Ceven

odd heven
a+r'

—_—
Codd Ceven

commutes up to a simple automorphism of the type

1 O (0]
? 1 O
(@+T) " *h7  (a+Tyn = 20?2 1
even odd ) :
COdd = C1®C3®C5®...—————>Codd = Cl$C3$C5®... .
As usual, simple means T = 0. It follows that the torsion of C is

independent of the choice of chain contraction I', with

_ . _ . iso
T(C) = T(d+F.Codd————)Ceven) = 1(d+T 'codd____>ceven) € Kl (A)

Example For f = {based f.g. free A-modules} the component of the
isomorphism torsion T(C) € KiSO(A) in the automorphism torsion group
is the torsion T(C)tSKiUt(A) = Kl(A) originally defined by

Whitehead [24], with C a contractible finite based f.g. free A-module
chain complex.

(1

Proposition 3.2 The torsion of an isomorphism £:C——D of contractible

finite chain complexes in an additive category & is given by

T(f) = T(D) - T(C) € Kiso(ﬁ)

Proof: Given a chain contraction FC:O *1:C——>C of C define a chain
contraction of D by
1

FD = ffcf : O 1 : D—>D
There is then defined a commutative diagram of iscomorphisms in A
dc+1‘C
J = = - s e
Codd Cl®c3@c5e"'-————____——)Ceven CO®C2$C4@
fodd = fl®f3®f5®... feven = fO@f2$f4®...
dD+FD
= .« o o = . e o
Dodd D1®D3$D5® ———————————)Deven DO®D2@D4®

so that
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(D) - 1(C) = T(dD+I‘D:DOdd———>Deven) - r(dC+I‘C:Codd——-¥ Ceven)
= T(fev<—:-r1:Ceven Deven) - T(foddzcodd Dodd)
= 1(f) € KI°°W).

1
(]

The intertwining of finite chain complexes C,D in A is
the linear combination of signs defined by
_ . _ iso
B(C,D) = igj(e(c?_i,nzj) €(Chiy1iDpy4y)) € KpT (A
This invariant plays an important role in gquantifying the failure of
‘the torsion of chain complexes to be additive. Note that g(C,D) is
the difference of the torsions of the permutation isomorphisms

(C®D) —> C @D and (CG)D)O —> C @DO

even even ~even dd odd dad-

Proposition 3.3 The torsions of contractible finite chain complexes

in an additive category ﬂ:appearing in a short exact sequence
i J
o} > C > C" c!' > 0

are related by the sum formula

T(C") = 1(C) + T(C") + E (-)rT((i k)=Cr$C£~——*C;) + B(C,C")
r=0
iso
€ K] R

with {k:C;————»C;lr y O} ‘any sequence of splitting morphisms such that
jk =1 : C;———»C;_ (r 0) and each (i k):CKQBCLi——>C; (r20) is an
isomorphism.
Proof: Consider first the special case
l)'C——)C"=CEBC'
o/ " Tr r rr '
. [T 1 1
(0 1) : Cr CrGBCr—————->Cr ;

-
1]

.
Il

k =(O>: C'l——»C" = C 8C' ,
r r r r

1
so that
d e
(LR . 0o t n = ]
d o a'/ Cp = Cp8C,—>Cry = G186
for some morphisms e:Cé———%»Cr_l {r ;l} such that de + ed’ = O.

Given chain contractions of C and C'
r+0=1:C———sC , ' : 01 : C'l—>aC'
define a chain contraction of C"

r“~:o0=1:¢C"——>C"
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by

I -T(el'+le)
o= 1 Cl = C 8C! ————>C}

p— L}
o . r+1 = Cr+1®C

r+l

There is then defined an isomorphism of short exact sequences in A

j
odd N " odd N v
> Coaa > Coaa

i

0> CO > O

dd

a+r dll+1‘\ll d|+1—|l

i j
even even
- > ; Y
© Ceven Ceven Ceven >0 !

so that

T(C") = T(A"4T":iCh > CL )

dad even
N LI ]
)+ r(d'+r .Co

1

. 3 pu——e ]
T(d+r'codd 'Ceven aad Ceven)

+ t((1i k : C 6C! —>C?
(¢ even even) “even' -even even)

i . ' "
oaa Koad) * C0aa®daa > Claa)

= T(Q) + T(C) + B(C,C) € KW

verifying the sum formula in the special case.

T(

In the general case let C" be the finite chain complex
defined by
_ (i k) a" (i k)7t

a" Cr = Cr€BCr > Cr )Cr_l — C

) ~ n
r—l$cr—l Cr—

1
so that there are defined an isomorphism of chain complexes
(1 k) : C" ——>C"

and a short exact sequence of contractible finite chain complexes

i _ 3
0 > C > C* > C! > 0
with
_ (l _
1 = o Cr——>C =C]:€9Cr B
J = (0 1) : Cr = Cr$Cr ——)Cr .

By the special case

T(C") = 1(C) + T(C') + g(C,C') € KiSO(JU

and by Proposition 3.2
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ey - 1@ = ¥ (9% (i k) :c eCc —C") € K% .
£ ror r 1
r=0
The sum formula in the general case follows.

[

~1sS0

The reduced torsion T(C) € Kl (A) of a contractible finite
chain complex C in A is the reduction of the absolute torsion

T(C) € Kiso(k). The intertwining term 8(C,C') in the sum formula of
Proposition 3-.3 vanishes in the reduced torsion group, so that

()T ((i k):C_@&C' ——>C") € R1°°
o r r r 1

T(C") = 7T(C) + T(C") + ()

N1 8

r

Remark For A = {based f.g. free A-modules} the sum formula for
reduced torsions in ?l(A) was first obtained by Milnor [11}, and the
sum formula for absolute torsions in Kl(A) was first obtained by
Fossum, Foxby and Iversen [5].

[1

Let tf(JU be the additive category of finite chain complexes
in A and chain homotopy classes of chain maps, i.e. the derived category.
The isomorphism set iso(tf(ﬁ)) consists of the chain homotopy classes
of chain eguivalences. The appearance of the intertwining term B(C,C")
in the sum formula of Proposition 3.3 implies that it is not in general

possible to extend the universal isomorphism torsion function

T iso——> K1) ;£ (D)

to an additive function |
. £ i
T iso (PN (A) —— K157
such that féor every contractible finite chain complex C in A

T(0——3C) = 1(C) € Kiso(ﬁ) .

If there were such an extension, and if C,C' are contractible finite
chain complexes in A such that B(C,C') # O € Kiso(ﬂ), then

T(0 —— C8C") T(CBC")

T(C) + T(C') + B(C,C")

Z 1(0 —>C) + 1T(0 —>C") € Kiso(.}l) ’

a contradiction.
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Example Let A = {based f.g. free A-modules} for some ring A (such as

a group ring Z(n)}) for which Z ——>A ; 1+——>1 induces an injection
Kl(Z) = er-—>Kl(A) ; 1 (-l Z—>Z)—> 7 (-1:A ——> A)

The contractible finite chain complexes in A defined by

1
cC - ... —> O > A —» A ~—> O
1

c': ... >0 —> 0 > A > A
are such that g(C,C') # O € Kiso(ﬂ), with automorphism torsion
component

B(C,C') = 1(-1:A—>A) £ O € K‘i‘“t(ﬁ) = K ().
(On the other hand g(C',C) = 0 € Kiso(ﬁ)).

(1

In §4 below we shall define a logarithmic torsion function
T:iso(gr(ﬂ))——~—+ KiSO(A) on a certain full subcategory gr(ﬁ)<ftf(ﬂ).
We shall be making frequent use of the following properties of B.
Proposition 3.4 The intertwining function (C,D)—>g(C,D) € Kisocﬂ)
is such that
i) B(C®C',D)
ii) B(C,D&D'")

g(C,D) + g(C',D) .
g(C,D) + g(C,D") ,

iii) g(C,D) - B(D,C) + § (-)Te(C_,D )
r=0 rr
= E;(Ceven’Deven) - E(Codd’Dodd) '
. by r _ _
iv) B(C,8C) + KZO( ) el(C,C 1) = e(C ,Cprgq) where SC = C _y,
v} B(sC,C) = E(Codd’ceven) ’
Vl) B(SCISD) = _B(CID) ’
vii) B(C,D) = B(C',D') if C is isomorphic to C' and D is isomorphic
to D'.

Proof: These properties of B follow from the properties of the sign
function (M,N) p—— ¢(M,N) obtained in Proposition 2.1.
(1
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§4. Torsion for chain equivalences

The algebraic mapping cone of a chain equivalence f:C—D
is a contractible chain complex C(f). The torsion T(f)(SKiSO(A) will
now be defined in the case when C and D are finite complexes such that
[C}] = [D] = O € KO(A), as the sum of the torsion 1(C(f)) and a sign
term.

The algebraic mapping cone C(f) of a chain map £:C——>D

in A is the chain compiex in A defined as usual by
a. (- te
d =P
C(f)
C

C(f) = D _@&C —> C(f) =D
r rr

-1 r-1 r-1

A chain map f is a chain equivalence if and only if C(f) is chain
contractible.

A chain homotopy in A
g: £f=f'":C~———>D
determines an isomorphism of the algebraic mapping cones

h : C(f) —> C(f")

with
1 (=) %g '
h = : C(f)_ =pDec _,——>C(f") =D&C _,
0 1
(The sign convention is that dDg + gdc = f' - f : Cr—————>Dr).

Proposition 4.1 The algebraic mapping cone C(f) of a chain equivalence

f:C~——D of finite chain complexes in A is a contractible finite
iso

chain complex C(f) in A such that the torsion T(C(f)) € Kl (A) is a
chain homotopy invariant of £, with 1(C(f)) = t(C(f')) for chain

homotopic f£,f':C——>D.
Proof: Given a chain homotopy g:f = f':C —>D apply Proposition 3.2
to the isomorphism h:C(f)—> C(f') defined above, to obtain

T(C(f")) - T(C(f)) 1(h)

) Loih:iC(f) —>C(£") )
re

(-)
o r r

0 e k1%
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The following results determine the behaviour of the
torsion T(C(f)) €‘Kiso(ﬂ) under the composition and addition of chain

equivalences.

Proposition 4.2 i) The torsion of the algebraic mapping cone C(gf) of

the composite gf:C——>D-——">E of chain equivalences f;C——>D,

g:D—>E of finite chain complexes in A is given by
T(C(gf)) = T(C(£)) + T(C(9)) + Y(C,D,E) € K] T (A) ,

with the sign term y defined by

y(C,b,E) = B(E,SC) - B(D,SC) - B(E,SD)
* <€“'):eve‘n’codc]) E(Dodd’ceven))
* (E(Deven’Eeven) - E(Dodd'Eodd))
* (E(Codd’Eeven) - E(Ceven’Eodd))
* (E(Deven’Dodd) - E(Deven’Deven))

€ im(e : K. (f)BK (ﬁ)————»Kiso

o (A))

C

ii) The torsion of the algebraic mapping cone C(f®f') of the sum
f6f':CO6C'——> D®D' of chain equivalences £:C——>D, £':C'——> D' of
finite chain complexes in A is given by
T(C(fBf')) = T(C(£f)) + T(C(f')) + B(D®SC,D'®SC")
v . , iso
+ 1 (9)e(C,_1.Dl) €RITA .

r=0

iii) For a chain equivalence f£:C —>D of contractible finite chain

complexes in A

T(C(f)) = (D) - T(C) + B(D,SC) € KiSO(JD .

iv) The torsion of the algebraic mapping cone C(l) of the identity

chain map 1:C——=C on a finite chain complex C in A is given by

= _ iso
T(C(l)) = B(C,8C) + £(C_34'Coaa’ e(ceven,codd) € K (A)

Proof: i) Given a chain complex C let 2C be the chain complex
defined by

a = . _ _
Qc dC : ch - Cr+l > ac, 4 = Cr .
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Given chain equivalences f:C——D , g:D——E of finite

chain complexes in A define a chain map
h : QC(g)——>C(f)
by

o -1
h =( ) : 9C(g), = E 80 ————> C(f) = D 6C__;

The algebraic mapping cone C(h) is a contractible finite chain complex

which fits into two short exact sequences of such complexes

i J
0 —>C(f) C(h) -+ C(q) 0
il jl
O0——» C(gf) > C(h) C(-15:D—>D) ——>0
with
1
i = o : C(f)r———>C(h)r = C(f) 8C(g) ,
j = (0 1) : C(h)r = C(f)rEBC(gu)[———)C(g)r '
0 0
0] 1
1' = L o : C(gf)r = Erﬂ)Cr_l———————->C(h)r = DrQCr_leEr®Dr_l ,
0 f
1 0 0 0
it o=
o =~f (6] 1
C(h), = D& _,®E 6D ,——>C(-1) =D6D , .

The morphisms j,j' are split by the morphisms

o]
k = ( ): C(g)r——————)C(h)r = C(f)[@C(g)r ’

1
1 0
o 0
k' =
0 0
o 1

C(-1,), = D @& _,———C(h), = D &C _,6E @D
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and
1 0
T((1 k) = (o l>: C(f) ®C(g) ——>C(h) = C(f) 8C(g) ) =0,
o o 1 o©
o] 1 o o
T((ii kl) =

) = E_&C ®D_&D
r r ror

D r-1 -1
——————éC(h)r = Dr®c'r—l®Er@Dr—l)
= iso
= e(Ereacr_l,Dr) + e(E ,C _q) € Ky (R

Applying the sum formula of Proposition 3.3 twice
T(C(F)) + T(C(q)) + ¥ (=) t((i k) :C(f) ®C(g) ——>C(h) )
r=0

T(C(h))

+ B(C(£),C(q))

= T(C(gf)) + T(C(-1L)) + B(C(gf),C(-1p))
+ I ()t k'yiC(gf) 8C(-1p) —>C(h) )
r=0
e k1%°W

Eliminating T(C(h)), substituting the values obtained above for
T((1i k)), T((i'" k')) and also

I ~18

T(C(—lD)) = ¢(D D ) -

r
- (D _,D
even’' “even ) ( !

1)
o r-1

r
T({C{f).C(g)) = B(D®SC,E®SD) ,
T(C(gf) ,C(~1)) = B(E®SC,DBSD) € Kiso(ﬂj

leads to the required expression for T(C(gf))EEKiSO(ﬁ)-

ii) The algebraic mapping cone C(f®f') of the sum f&f':C6C'——>DOD'
of chain equivalences fits into a short exact sequence of contractible
finite chain complexes
i 3
0 ————> C(f) —— > C(fef") > C(f"') O

with
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1 0
o o
i =
o 1
o o
- = 1 = 1 1
: C{f), =D _®C _|——C(f6f') = D OD!&C _ 6C. , ,

0 1 o] 0
j =
o 0] o 1

' = 1 ' 4 = Tl
C(f®f') = D @D'®C _,8C!_,——>C(f') = D&C! ) .
Define a splitting morphism for j by
0 0]
1 0]
k =
e} e}
0] 1
1 = 1 ) ) = ] t
C(f') = D®C!_;———>C(f0f') =D OD&C _,eC' , ,
with
1 6} o} 0
0] 0] 1 0
T((i k) =

0 0 0 1

: C(£) ®C(£') = D ®C__,8D'®C’ .
———> C(fef') = D @D 8C ,6C' ;)
iso
1

It is now immediate from the sum formula of Proposition 3.3 that

= e(c__;,Dl) € K77

T(C(f®f')) = T(C(f)) + T(C(f')) + B(D®SC,D'dSC")
+ 1 (=)%ec,_ )0l € k17O®)
r=0

iii) Set E = O in the composition formula 1i).

iv) Set £ =1 : C—>D=C, g=1:D=C~———E =2C in the

composition formula i).
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The reduced torsion of a chain equivalence f:C———>D of

finite chain complexes in A is defined by

T(£) = () e R
that is the reduction of the absolute torsion T(C(f)) € KiSO(JD of the

algebraic mapping cone C(f).

Example For A= {based f.g. free A-modules} the automorphism
component ?(f)EEKl(A) of the reduced torsion is just the torsion
of a chain equivalence f:C—>D in the sense of Whitehead [24] and
Milnor [11].

[

Proposition 4.3 i) The reduced torsion function

7 oiso(3T ) ——RI%P%)  f— T(D)

is logarithmic and additive.

ii) The reduced torsion of an isomorphism f:C ——D is the reduction

of the absolute torsion T(f) = z (—)rT(f:Cr———»Dr) € Kisohﬁ), that is
r=0

[ee] .

T(f) = ¥ (-)fT(f:c——D ) € KI%°W) .
= r r 1
r=0

iii) The reduced torsion of a chain equivalence f:C ———D of

contractible finite chain complexes is the difference of the reduced

torsions of C and D

T(f) = T(D) - T(C) € Riso(.e) .

Proof: i) Immediate from the formulae of Proposition 4.2, since all the
sign terms vanish on passing to the reduced torsion group Risogk).

ii) Define an isomorphism of contractible finite chain complexes
18f : C(f)———> C(1:D ~—D)

and apply Proposition 3.2.
iii) Apply the logarithmic property of T given by i) to the composite

£f:C ¢} —> D

(up to chain homotopy).
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The class of a finite chain complex C in A is the element

of the isomorphism class group of A defined by

©

- .\ r _ _
[cy = rzo( )TIC, ) = [C 0] - [Cugq) € KglA)

a chain homotopy invariant of C.

Example For A = {based f.g. free A-modules} the class of a finite

chain complex C is just the Euler characteristic of C
[ee]

r
[C] = y(C) = rEzo(—) rank, (C ) € Ry(A) = Z .

A finite chain complex C in A is round if
[C] = 0 € Ko(ﬁ.)
In particular, a contractible finite chain complex is round.

The torsion of a chain equivalence f:C——D of round

finite chain complexes in A is defined by

T(£) = T(C(E)) - §(D,SC) € K% .

‘Remark This formula can be used to define the torsion 7 (f) EKiSO(.A.)
of a chain equivalence f:C——D of any finite chain complexes in A,
but the resulting function T:iso(tf(.ﬂ))-——»Kiso(A) is neither
logarithmic nor additive (cf. Proposition 4.2, and the Example just
before Proposition 3.4). There does not appear to be a reasonable
way to define either a logarithmic or an additive torsion function
T:iso(ff(ﬁ))-—) Kiso(ﬁ) in general.
{1

Let Kr (A) be the additive category of round finite chain

complexes in A and chain homotopy classes of chain maps, a full

subcategory of the derived category L‘f(./l) .

Proposition 4.4 i) The torsion function

T iso (PN ) ——KI U fey T ()
is legarithmic, that is t(gf) = 1(f) + 1(9).

ii) The torsion function T:iSO(tr (.}U)—»Kiso(ﬁ) is not additive in

general, with the torsion of a sum f@®f':C8C'——>DOD' given by
iso
1

iii) The torsion of an isomorphism f:C——D of round finite chain

T(f®f') =-1(f) + t(f') - B(C,C') + B(D,D') €K (R)

complexes agrees with the previous definition
iso

] (A .

T(f) = ) (-)yft(f:c —>D ) € K
£=0 r r
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iv) The torsion of a chain eguivalence f:C—~—>D of contractible
finite chain complexes is the difference of the torsions of C and D
iso
w(f) = «(D) - «(C) € K77 (A)
v) The torsion of a chain equivalence f:C————D of round finite chail
complexes which fits into a short exact sequence

f g
o) c 5D E o)

is related to the torsion of the contractible finite chain complex E
by the formula

(-)"T((£ B):C 8B —>D ) + B(C,E) € K°°(H)
0 rr r
with {h:Er——+Dr|r » 0} splitting morphisms for {g;Dr———+Er|r>(H.

T(f) = 1(E) +

ne-18

r

Proof: i) For round C,D,E the sign term y(C,D,E}) in the composition
formula of Proposition 4.2 i) is given by

v(C,D,E) = B(E,SC) - 8(D,SC) - B(E,SD) € K;°°(A) .
ii) By the sum formula of Proposition 4.2 ii)

T(f®f') = T(C(fBEf')) - R(DBOD',SCHBSC')

T(C(£f)) + T(C(f')) - B(DBD',SCBSC')

+ B(D®SC,D'®SC') + | (-)'e(C, _y,D))
r=0

T(C(E)) + t(C(£'y) - B(D,SC) - B(D',SC")

- B(C,C") + B(D,D")
(by Proposition 3.4)
= t(f) + t(f') - B(C,C") + B(D,D") € K~ (A)

iii) Given an isomorphism f:C———D of round finite chain complexes

in A define an isomorphism of contractible finite chain complexes

£' = 10f : C' = C(f) ———> D' = C(1,:D—>D)
By Proposition 3.2
T(D') - 1(C) = [ (5)fr(f:Cc]—>D))
r=0
ST (F .
réo( ) T(18f:D &C | — DrQ)Dr_l)
= _ r R
= rzo( ) T(f.Cr_l———+Dr_l)
= - v _\r i is0
=~ Z () Fr(£:c——Dp ) € K °%A) .

r=0
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By the logarithmic property of torsion proved in i)

T(f) = 1(f) - T(lD)
= (t(C') - 8(D,8C)) - (T(D') - B(D,SD))
= 1(C") - 1(D")
- ? .\ r i 1s0
L (=) T(f.Cr-———"Dr) € Kl (A)
r=0
iv) Immediate from the logarithmic property of t applied to the
composite o:c —f5p —0, noting that T(C—0) = -1(C) € K% .

1
v) Apply the sum formula of Proposition 3.3 to the short exact sequence
of contractible finite chain complexes
i J
0 ‘*C(lc) > C(f) ——— > E ————> O

with

£ 0
1 = : = —_— =
i < }. C(lC)r CIGBCr C(f)r Dr®Cr

0 1 -1 -1
i = (g 0) C(f), = D &C _|—E,
to obtain
g . f O h)
T(C(£)) = T(C(L1.)) + T(B) + rEO(—) T(<O 1 o)iC,9C, (8B ——D 6C__,)

+ B(C(Ly),E)

B
B(C,5C) + T(B) + | ()"(T((f h):C BE ——D) + e(C _),E))
r=0

+ B(C®SC,E) € Kiso(ﬂ)

It follows that

T(f) = t(C(£)) - B(D,SC)
= 1(B) + } (=)'1((f h):C ®E —>D ) + B(C,E)
r=0 r r r
+ (8(SC,E) - 8(E,8C) + [ (m1Te(c,_,.E)) € KI%®)
r=0

By Proposition 3.4 iii)

v r
B(SC,E) - B(E,SC) + r_Z;O<—) €(C _1/E )

= ¢(C ) — e(C

odd’Feven even’Eodd)

=0¢€ Kiso(ﬂ) (since C,E are round).
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An element XGKOW is even if
e(x,y) = 0 € Ko(ﬂ) ’

for every yGKO(A). The even elements of KO(.R) define a subgroup,
the kernel of the adjoint map of the sign form of Proposition 2.2

Ko (R) —> Hom,, (Ko () K150 () 5

(M] —— ([N]——> e (M,N)) .
Example For A = {based f.g. free A-modules} the isomorphism
Koy ———2z ; [M] - (N] s rank, (M) - rank, (N)

sends the subgroup of even elements in K. (R) to the subgroup 2Z<C Z of

0]
even integers.

(1

A finite chain complex C in A is even if the class (C] €Ky
is even. In particular, a round finite complex is even, since OGKO(,A_)
is an even element.

Let 'Ce(d\) be the additive category of even finite chain
complexes in A and chain homotopy classes of chain maps. Thus & W is
a full subcategory of ng(Jl) , and " (A) is a full subcategory of £%(R).

The torsion of a chain equivalence f:C ——=D of even finite
chain complexes in R is defined in exactly the same way as for round

complexes, by the formula
T(f) = t(C(f)) - B(D,SC) € K

Proposition 4.5 The torsién function T:i'so(&e(‘A_))—%K]l_so(Jl)

has all the properties stated for :iso (&' (ﬁ))——ﬂ(iso(ﬂ) in
Proposition 4.4, in particular the logarithmic property.
Proof: The proof of Proposition 4.4 depended on the sign properties

of round complexes which are the same for even complexes.

[



227

Given an object A of A and an integer n »0 define the
elementary contractible finite chain complex in A

1
A{n,n+l) : ...——> 0 A A 0 v

concentrated in degrees n,n+l. For any finite chain complex C in A

the inclusion

1
i = ( ) : C ————>CBA{n,n+tl)
o}

is a chain equivalence such that

. _ n _
T(C(1)) = T(C(Lo)) + ()T (e(C _1,B) ~ €(C ,A) + e(C 1.A))

€ im(e:Ky (R EK A —>K % W)

and such that for round finite C

i) = I () ferc,,m) € k]

r>n+l

(A)

Working exactly as in Whitehead [24] (the special case

A= {based f.g. free A-modules}) it can be shown that the reduced
torsion T(f) = T(C(f)) € iiso(ﬂ) of a chain equivalence f:C—*D of
finite chain complexes in R is such that T(f) = O if and only if
there exist elementary complexes Ai(mi,mi+l) {1€igp),s Bj(nj,nj+l)
(1 €£€J €9) such that the chain equivalence

q
lAi(mi,mi+l) — D' = D$jZlBj(nj,nj+l)

f&0 : C' = C®
i

[[Narer 1re)

is chain homotopic to an isomorphism f£':C'—» D' such that

~ t . 1 _ ~igo
T(f .Cr———)Dr) =0 € Kl () (r 20)

There does not appear to be a corresponding interpretation of the
189(A) of a chain

1
equivalence f£:C-——>D of round finite chain complexes, except in the

vanishing t(f) =0 of the absolute torsion 1(f) €K

trivial case when the classes [Cr]’[Dr]G K.(A) (r »0) are all even

0
and the siagn terms vanish.
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§5. Canonical structures

The isomorphism torsion group Kiso(ﬁ) is too large (and

insufficiently functorial) for practical applications, as compared to

the automorphism torsion group Kaut(A) = K. (A). We shall now investigate

(
1 1
structures on an additive category A which ensure that the natural map

Kl(.A)——>KiSO(.A) is a canonically split injection, with a splitting
map Kiso(ﬂ)——>Kl(A) allowing an automorphism torsion component

TaUteKl(}L) to be split off from any isomorphism torsion 1.€ Kiso(ﬁ) .

A canonical structure ¢ on an additive category HAis a

collection of isomorphisms {¢ :M ——N}, one for each ordered pair

M,N
(M,N) of isomorphic objects in R, such that

i) ¢M,M=1:M———>M,

ii) (bM,P = ¢N,P¢M,N M——>»N——>P ,

= MBM' —— > NON' .

L) byemt nent = O, n®Mr, N

Example Let A = {based f.g. free A-modules}, assuming (as always) that
A 1is such that f.g. free A-modules have well defined rank. Based f.g.
free A-modules M,N are isomorphic if and only if they have the same

rank, n say, in which case there is defined a canonical isomorphism
n n

o,y P M— N Jaxe—>Tay (2 €2
r=1 r=1
with (Xl’x2"""xn) ’ (y'l,yz,...,yn) the given bases of M,N.
The collection ¢ = {d)M N} defines a cancnical structure on A .
14

[

Proposition 5.1 A canonical structure ¢ on an additive category A

determines a splitting of the natural map Kl(A)—)KJl_SO(fL)

K359 — > K (A TUEM— N) ——> T(0y (Fill—sN — M)
iso _
so that Kl (A) = Kl(ﬁ,)e)?

Proof: Trivial.

In fact, canonical stable isomorphisms are sufficient
to split Kl(A)——>KiSO(A), as follows.
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A stable isomorphism between objects M,N in an additive

category A

[f] : M—>N

is an equivalence class of isomorphisms f:M&X——>N®X under the

equivalence relation

(f:MOX —3NOX) ~ (g:MBY ——> N@®Y) if the automorphism
o 1
Y -1
f@lY lNEB (lx o ) g G)lX
h : MBXOY ————> NOXDY > NOYDHX ———> MOY DX
o 1
X
1@ ( )
M lY e}
> M@X8eY
is simple, that is t(h) = O € Kl(A).

Proposition 5.2 Stable isomorphisms are the morphisms of a category
A%, with the same objects asA.

Proof: The composite of the stable isomorphisms
[f] : M —>» N , [g] ¢+ Ne———> P
is the stable isomorphism
[gl[f] = [e] : M———>P
represented by the isomorphism
O lY
N 1@ <1 o) 901,

e : MOX@Y ——— > NOXSY ———X~———) N@YDX —— > POYDX

o 1
X
lpe’(l o)

Y —> PEXBY

[]
Although the stable category A® is not additive it is
possible to define the sum of stable isomorphisms [f]:M—>N,

[f'] :M'—> N' to be the stable isomorphism

{f1®(£f'] = [£"] : MBM' ————>»NON'
represented by the isomorphism
O lX
1M® <lm' o > @lX, fof’

£" ¢ MeM'sXex' > MOXOM 'HX ' ————— > NBXON'DX'

o 1,
1y® 1,0 &Ly

— NON'OXeX'
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isomorphism [f]:M——N
The torsion of a stable
automorphism [f]:M—>M

is defined by

T (£:MOX —>NOX) € KO (R)

T([f]) = T(f:MOX —>MBX) € Kiut(ﬁ)

T{[£f])

W

Kl(ﬁ) '
using any representative isomorphism f. In both cases
T([gl [£f1) = t([£]) + T(lgl) , T([E1B[£']) = T((f1) + T([£"'])

A canonical stable structure [¢] on an additive category A

Oy N]:M-———»N}, one for each
’

ordered pair (M,N) of stably isomorphic objects in A, such that

is a collection of stable isomorphisms {[

D Loy, = (L] £ H—m
1i) I¢M,P] = M’N,P]N’M,N] M——3N-—3P ,
1i1) [oygy ,nen') = (oM, n!®000 ! ¢ MEM' —> NON'

Thus [¢] is a canonical structure on the stable category-ﬂs. An actual
canonical structure ¢ on A determines a canonical stablée structure [¢]

on A with

[0y, N = [Oyex,nex! * M * N

for any objects M,N,X -in# such that M®X is isomorphic to N6&X.

Proposition 5.3 A& canonical stable structure [$] on an additive

iso

category A determines a splitting of the natural map KlL&)———;Kl (A)
Kiso(m_ﬂ_;r(l(\}\) P TE M N) b T ([ ] [E]:M—>N—>M)

so that Kiso(_ﬁ) = Ky (R)®?.
Proof: Trivial.
[
An additive category A which is equipped with a sufficiently
‘additive "Eilenberg swindle" has a canonical stable structure, .as
follows.
A flasque structure {%,0,p} on an additive category A

consists of
i) an object $M for each object M of R,
ii) an isomorphism Oy MOIM —— IM for each object M of A,
iii) an isomorphism pM,N:Z(MQN)————ézMQZN for each pair of
objects M,N in&, such that
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Lyen® M, n
-
Oygy | MON®I (MON) MONS MO IN
(o} 1
hit
19 ( ) ol -1
M 1N o IN 0M®0N pM,N

——> MOIMON®IN —————FIMOIN ———> I (MON) .

The terminology derives from Karoubi [7,p.147].

An additive category A admits a structure {I,c} satisfying i)
OLA) = 0, or
equivalently if each object M is stably isomorphic to O. The isomorphisms
:MBIM——>»IM represent stable isomorphisms [oM]:M-————?O.

and 1i) (but net necessarily iii)) if and only if K

M
Example If A is an additive category with countable direct sums then
KOLA) = O by the original Eilenberg swindle (cf. Swan [21,p.66]), which

is incorporated in the flasque structure {I,0,p} defined on A by

0

i} TP = 'P = PGPOP®... ,
1

ii) op : P&IP ——> 1P ; (x,(yl,yz,...))p———»(x,yl,yz,.q

iii) L(P®Q) ——> ZPBIQ ;

((Xl,yl) ’ (X2,y2) ,--.)"‘—'7( (Xllle'-°) I(yllyZl-..)) .

°p,0 °

In particular,\ﬂ = {projective A-modules} is an additive category with
countable direct sums, for any ring A.

[
Remark In the above example ¥ can be extended to an exact endofunctor

I : A——>A such that ¢ defines a natural equivalence of functors
o : 1,00 rI i A—" A,
by defining I(f:P ——Q) to be
If : IP —— 3 2Q ; (xl,xz,...)h————+(f(xl),f(Xz),---) .

It follows that K, (A) = O. A flasque category in the sense of Karoubi [7]
is in particular an additive category A for which there exists an exact
endofunctor I: A—>A such that 1g®J is naturally equivalent to L. Such
structures were considered in connection with formal delopping procedures
abstracting the Bott periodicity theorem. Ir the lower algebraic K-theory
examples below the flasque structures {I,c,p} are such that I does not

in general extend to morphisms, and the flasque structure only guarantees

that K

¢ = O for the additive categories A in question.

[]
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Proposition 5.4 A flasque structure {Z,c,p} on an additive category A

determines a canonical stable structure [¢] on A by

- -1 .
[¢M,N] = [ON] [oM] : M — 0 >N ,
so that the natural map K, (R) %—misom) splits and Kiso(ﬁ) = Ky (A 82,
Proof: The stable isomorphism [¢M N]:M—————-?N is represented by the
r
isomorphism
-1
oy®lsy Lym®y
¢M N MOIMBIN ——M IMOIN — > IMONBOIN
r

o Iy ol
1.0

M

NOIMOIN

The conditions i) [¢M M] = [lM], i1) oy P} ] for a

oy, p) IOy, n

canonical stable structure [¢] are clear from the definition of the
stable category A (Proposition 5.1). As for the additivity condition

iii) | 18 this follows on observing that the

Omomt , nonwtd T Loy, gl®L0y. ]

isomorphism

o, ®0y, N
£ : Z(MBM')®I (NON') —> FMOIM' OINOIN'

0 1
IN
1. @ Bl _,
oM (lzm' o > IN

—> IMOINGIM'BIN'

is such that there is defined a commutative diagram of isomorphisms

in A

Lyem  Of
MOM' @5 (MBM') &5 (NON') Y MOM ' OIMBINOIM ' @IN ',
oM’ , NON O, 500, N
Lygy ®f
NON'®5 (MOM') O (NON ') > NON ' OIMBINGIM'OIN’

Thus [¢] is a canonical stable structure on~H, and Proposition 5.3
applies.
{]
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Flasque structures arise naturally in lower algebraic
K-theory, as follows.

Given a ring A letlki(A),fPi(A) (i »1) be the additive
categories defined by Pedersen [12). The objects of ﬁ}(A) are Zl—graded

A-modules

M= ] M)
JEZ,

with each M(J) a f.g. free A-module. The morphisms of ﬁi(A) are the

A-module morphisms

£= ) LfW@,K M= |  MIJ)—N =] . N(K)
J,KeZ Jez

which are bounded in the sense that there exists an integer s » O such
that
£(J,K) =0 : M(J)——N(K) if J = (§y,3pr--0rdy) ¢ K = (kKyskyrenosky)
are such that max{[jr—kr[[l< r<i} >s .

?i(A) is the idempotent completion of ﬁ}(A), with objects (M,p) the

2

projections p = p M——-»M in ti(A)’ and morphisms

£ : (M,p) —(N,q)

defined by morphisms f:M—>N in ﬁ}(A) such that qfp = £ : M—N.
Also, let fb(A) = {f.g. free A-modules}, and let4?o(A) be the
idempotent completion of ﬁb(A), so that up to natural egquivalence

P (a) = {f.q. projective A-modules}
The main result of [12] is that there are natural identifications

= P = i
Ky (F 1 (A)) = Ky(P, (A)) = K_,(A)  (i320)

with K_,(a) (i 21) the lower algebraic K-groups of Bass [l].
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Example The bounded Zl—graded A-module category Ei(A) (1 1) admits
a flasque structure {I,o,p}, with

0 if jl =-1,0
Jl_l
EM(3yrdpeeeidg) = ¥ M(KiGpreeendy) if 321
k=0
-1
1 M(Kedgseeesdy) if 3, € -2
_ 2 1 1
k—jl+l
Oy ¢ M(]l'jzl---,]i)@ZM(Jl,jzr---,]i)—>ZM(Jl+l,]2,---rJi) ;
(xj ,(xo,xl,...,xj _l))r—————é(xo,xl,...,xj ) if jl> 0]
1 1 1
OM : M(jlrj2l--or]i)@ZM(]lrjzl-o-lJi)__—_$ZM(jl+lr]21---rji);
(X- I(X' P X I---IX_ ))F——*—*(X~ IR l---rx_ ) if j ES _ll
iy jl+l 31+2 1 3y jl+l 1 1
AN T
ou N ${MBN) —— IMOIN ; ﬁ(xk,yk)-——wﬁxk,;yk) .

This flasque structure {for which I am indebted to Chuck Weibel)
determines by Proposition 5.4 a canonical stable structure ([¢] on,&i(A),

and hence a direct sum decomposition

iso _ paut
K] (]:i(A)) = Ky ().?i(A))fB?

aut

The automorphism torsion component T(C) € Kl (ti(A)) = Kl—i(A) of the

iso

isomorphism torsion t1(C) € Kl (Ei(A)) of a contractible finite chain

complex C in‘ti(A) is an absolute version of the reduced torsion

invariant T(C) € ?l_i(A) (= K (A) for i1i>1) obtained by Pedersen [13].

1-1
In particular, for i = 1 the splitting map is given explicitly by

K50 (k) (a) ——»k3UE () = Ko (A)

(0]
s+1 -1

T{(f:M——N) ——[( ¥ M(J))InE
3o 3

8

S-:l
Y1 -0 ) M(3)]
o j=0

) 1
2

with s3% 0O a bound for f_l:N————aM, such that

_l S
£O(N(I)) € 7 M(j+k) (iez) .

k=-s
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The flasgue structure isomorphisms oM:MeBZM——?ZM are such that

IM(j), and ot

has bound s =1, so that the
o M

18

oy (I M(3)eIM(3)) =
j=0 j

(F, (&) has image O in K$"S(f) (A)) =K (A).

(]

iso

isomorphism torsion T(OM) €Kl

Given a filtered addiltive category A let ‘I:i (A) (12 0) be the
filtered additive category of Zl—graded objects in A defined by
Pedersen and Weibel [15], with £ (A) =A, and let B (R) (i»0) be the
idempotent completion of Ei(m . By the main result of [15] there are

natural identifications of algebraic K-groups

K (E

n+l W) =K (P, ) =K ;P (RA) for n,iz0

i+l n

K (E; (1)) for ny1l

= Kn_i(}{) for n-1i 21

with the higher K-groups defined using the split exact structure, and
the lower K-groups K_j(?o(ﬁ)) (j 1) as defined by Karoubi [7].

Example The bounded ZZl—graded category ti (A) (i21) admits a flasque
structure {%,0,p}, defined exactly as in the previous Example, which

is the special case A= {f.g. free A-modules}. The splitting map for
aut iso

Ky >———->Kl in the case i = 1 is given by
iso . aut _ o .
K17 (B (A) ———»K]7 (B (W) = Ky (P A))
s—1 -1 s—1
T(E:M—N) ——— [ § M), £ p ,f1 -1 § M(3), 1]
j:—s N J-_—O
with p N the projection
N
P,:N= [ NG ———nN; [ x(G)— ] x(d)
N J==e Jj=- 3=0
and s 30 a bound for f_l:N—————)M,
_l 5
£O(N(I)) € ] MGI+k) (e z)
k=-g

iso
1
the most significant one, since 'Ei (A = kl(z;

Again, T{oy) €K (g’l {(A)) has image OGK?Ut(Zl(A)). The case 1=1 is

i_l(Jl)) for iz1.
[]

A more detailed account of the applications of the

algebraic theory of torsion to lower K-theory will appear elsewhere.
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