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FIRST SYMPLECTIC CHERN CLASS AND MASLOV INDICES

V. G. Turaev UDC 517.43

An explicit formula is given in this paper for a two-dimensional cocycle in the bar
resolution of the group G==SPWWR), which represents the first Chern class of the
natural n-dimensional complex vector bundle over B&Y . It is shown that this co-

cycle is closely connected with the Maslov indices of Lagrangian subspaces ofﬂ&".

1. Introduction

The present paper is a continuation of a version of the author's note [17] and contains,
in particular, detailed proofs of the theorems announced in {17]."

1.1. Nature of the Results. Let §& _==5P,(w, R) be the symplectic group (where w3 1)

and [ be its universal covering with the natural group structure. The fundamental group
%, (G) is isomorphic to Z and in what follows it is identified with Z (cf. point 1.3). The
present paper is devoted to the study of the two-dimensional cohomology class of the group G,

corresponding to the exact sequence

0—Z G G—s1.

This class is denoted by u and is an element of the group Ha(Gg; Z ), where for a topological

group L, we denote by L® the same group with the discrete topology and where the action of
¥

G on Z is trivial. It is easy to describe the class u in terms of the standard theory of
characteristic classes: it is equal to the first Chern class of the complex vector bundle
obtained from the real vector bundle over‘B(}s(==K (Gs,l)), associated with the universal
principal 6" -bundle and the action of G on R**, introduced by the natural complex structure
(cf. {2, 3], and the Appendix). Up to sign the class u can be described as the image under

the canonical homomorphism Ha(BG i L) — H? (B Gg} Z) of a generator of the group Ha(BG’j
Z)=1.

In the paper we consider the question of finding an explicit formula for a two-dimen-
sional cocycle in the bar resolution of the gmmq)&i which represents u. This question is
not new, cf. point 2, "History of the Question." The interest in it is due, in the first
place to interest in the broad scheme of constructing explicit cocycles representing non-
trivial cohomology classes of Lie groups and algebras, and secondly, to the specific role
which the class u and its reduction mod2 play in the theory of representations of Lie groups
and in the theory of symplectic and metaplectic structures.

Translated from Zapiski Nauchnykh Seminarov Leningradskogo Otdeleniya Matematicheskogo
Instituta im. V. A. Steklova AN SSSR, Vol. 143, pp. 110-129, 1985.
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Even for well-studied groups and their cohomology classes the construction of explicit
cocycles representing these classes is not a mechanical matter and usually requires addi-
tional considerations. Here the role of such considerations is played by the following ob-
servation concerning elementary cobordism theory. Let V be a closed orientable smooth mani-

fold of dimension Aw +2 with m > 0. Let & be the group of orientation-preserving diffeo-
morphisms V—sV. The torus of the diffeomorphism §:V —V [the manifold Vx[04]/wx0 = {

(@)*}  for@ €V ] is denoted by vip . 1ff, %EQ, then N(f,q‘) denotes the result of gluing
the lower bases of the cylinders V({)x[0,1] and V(%)"[O-,i] to the upper base of the cylinder
‘V({%}X[O,H according to the following rule: we identify axlx0 EV({‘)X 0 with x t;l x le
V(W) x| and wxlx0 eV(%)xo with G,x(t/a)x_[e\[(f%)xl, where & €V and t € [0,1]. Tt is
casy to verify that: (i) N ($,4) is a compact orientable (4w'+4) -dimensional manifold, whose
boundary is equal to the disjoint union of V(D. V(Q) s and\/q %)',(H) if he &, then the

result of gluing N(; ,%) with N ({%, M) along the common component of the boundary to the

torus V({od) is homeomorphic with the result of gluing N (%,k) with N(§, %h) along V (% 1,11) .
In view of (Vi) and the additivity of the signature, the function 4: Qf—~*az , assigning to
the pair {;% thesignature of the appropriately oriented manifold N({,a), satisfies the rela-
tion &({,%)-+&,({%,h)=ob(£, gh) + \L(%,‘ﬂ), i.e., 4 is a two-dimensional cocycle (cf. [12]).
It turns out that the construction made can be modeled algebraically. This leads to a map
¢:G*——~7Z, where G=5p(w,R) and w=1,2,.... Modeling the proof of the additivity of the
signature one proves that ¥ is a cocycle. As'it turns out, ¥ represents 4yl € He (Gs} Z) .
Modifying ¥ somewhat, one can also construct a cocycle representing u.

Along with the cocycle ¥, in this paper we study its primitive 4525-———a-2, which is
a one-dimensional cochain, whose coboundary is equal to the 1ift of ¥ to G , so that if q is
the projection § — G and Fy, Fr € G, then

¥(4(F)), §(Fa)) = P(FY+P(R)-P(F,Fy). (1)

The existence of the cochain @ follows from the equation.q*(u)-o, and its uniqueness from
the equation H' (Gs; Z) =0 (this Lie group G is simple). It turn out that ¥ and ® are

closely connected with the Maslov indices of Lagrangian spaces.

We recall that if there is fixed in a 2n-dimensional real vector space H a nonsingular
skew-symmetric form, then a subspace of the gpace H, which coincides with its annihilator
with respect to this form, is called Lagrangian. The Lagrangian subspaces constitute a

closed submanifold A of the Grassmanian of n-dimensional subspaces of the space H (cf. {71}.
The Maslov indices of Lagrangian subspaces are three interconnected cbjects (cf. {7, 9, 10]):
the function on the set of curves in /A with values in the group of half-integers, corre-
sponding to a fixed Lagrangian space ke ,is the Maslov index of curves with respect to k
(the index of a curve in A , whose ends coincide or are transverse to k, is an integer); the
ternary Maslov index (index of inertia) T:A sA*A ——7.; the binary Maslov index w: xR —
Z , where 7{ is the universal covering manifold of A [we recall that oy (A) =Z']. We shall
follow the definitions of the binary and ternary Maslov indices used in {10]; the correspond-
ing functions in [7, 9] are obtained from these by linear transformations. The first twe of
the functions listed can be calculated in terms ‘of the third. Namely, if q is the covering
K —~ A, then: the Maslov index of a curve in A with respect to keAiis equalto (I/2)[m(K,,
K)-m(K,,K)] , where Ko and K,, respectively, are the beginning and end of an arbitrary lift
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of the curve to h and K is any element of the set q*(k) (cf. [9, 161); for any K, K, K, e}

T((K0), 4(Ka),q (KaD)=m{Ky,Ko)-#u(K, K )+ (Ky Ks) (2)

(Leray's formula [9]).

Arnol'd [1] proved that the Maslov index of curves relative to any ke A, considered as
a singular cocycle on A, represents a generator of the group HI(A;Z) =7 . It turns out
that T and m also admit interpretations in terms of homology theory. Namely, we consider
maps ¥ : G —=Z and ¥ G -~——> Z, defined, respectively, by the formulas Y‘P({;,fa,fs)x
9 (ﬂ_l{a,' ’;;l £5) and {F(E,Fa)#p(ﬂ‘l&) , where {;,7,,{5€ G and F, e & . According to [12,
D; 158], W is the two-dimensional cocycle in the homogeneous generators of the bar resolu-

£

tion of the group Gs, corresponding to ¥ |, and iff is a primitive of it. Thus, for any

'gls’?azj(‘?ng# eG , and Fi;Fa:Fsé'G’v
W fof) W ) Y Uudanfa)-W (e, £, 1) =0, (3)
WP, 4R (R) - TR, ) -T (R, F) + B (R, Fy), (4)

where q is the projection §f —»G. In [9, 16] a family of smooth imbeddings A—G was con-
structed. It is proved here that if ¥ is any of these imbeddings, then the function Wo (=
Yx¥) N —Z s independent of the choice of § and is equal to 2T . If F:’[\i -——-—"’6‘ is
the imbedding induced by Y, then the function W e ([l F),:Ka ———> 7 is equal to &M . Thus, up
to multiplication by a constant, the cochains W and iF are, respectively, extensions of the
binary and ternary Maslov indices to the symplectic group and its universal covering. This
point of view reveals the nature of Leray's formula (2), which turns out to be a specializa-
tion of the assertion "the coboundary of the cochain ¥ is equal to the lift of W to G v

The familiar formula

t(ki:k?.)kfﬁ) - t(kisz)kﬂ)'Hv (ki)ka)kb)—r(kﬁkz’)k"} =0 (5)

for any kj, ks, ks, ks € A is a specialization of the assertion "¥ is a cocycle." Another
well-known formula in the theory of Maslov indices is the Souriau formula, which is a conse-
quence of the calculation of the values of the cochain ¥ given below.

1.2, History of the Question, The question of finding an explicit cocycle representing
u has been studied by a number of authors. Dupont, and independently Guechardet and Wigner,
constructed the same cocycle, which represents the image of the class u under the natural

3 2 g
homomorphism H(6"; Z)— H (G5 R) (cf. {3, 5, 6]). An explicit formula for this cocycle is
given in [3, p. 152]. This formula is rather complicated and includes taking the logarithm
of matrices of operators, raising them to real powers, and integration. If n = 1, Guechardet

and Wigner gave a simple explicit formula for an integral cocycle representing u (cf. [6, p.
2891).

For any n, a cocycle G® —— > 7 representing 4u was constructed by A. Weil in the course

of constructing the Shale—Weil representation of the metaplectic group. Later, Lions proved
that this cocycle is defined by the rulel(L%)r+‘U(k,{(k), {%,(kD, vhere k is a fixed La-

grangian space (cf. [10]1). To different k there correspond cocycles obtained from one an-
other by transport by inner automorphisms of the group G. As is evident from what was said
in point 1.1 (cf. also point 1.4), the Weil —Lions cocycles can be expressed in terms of the
cocycle ¥ constructed in this paper by means of a simple formula. The author does not know
whether ¥ can be calculated from the Weil—Lions cocycles {although the invariance of ¥ with
vespect to inner automorphisms of the group G suggests that ¢ can be calculated in terms of
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che Weil —Lions cocycles over A), In particular, knowledge of only one of the Weil —Lions
cocycles does not permit one to see the phenomenon described at the end of point 1.1 directly.

The interrelations of the Dupont and Guechardet —Wigner cocycles on the one hand, and the
Well—Lions cocycles and the cocycle ¥ on the other hand are unclear to the author.

1.3. The Cocycle ¥ . Let H be a finite-dimensional real vector space, let B:HxH—R
be a nonsingular skew-symmetric form, and let G a group of linear automorphisms of the space

H, containing B. The presence of the form B permits one to fix an isomorphism Z —— o, (G),
wiich is necessary for defining the class u (cf. point 1.1; —u corresponds to the other iso-
morphism). If (1,5 €Hywith B(a,b) =1, then the isomorphism with which we are concerned takes
1 into the homotopy class of the loop [0,2 ] — G, which makes correspond to the number t
the homomorphism H—H , which is the identity on the B-annihilator of the plane Ro +Rb and
rotates this plane clockwise through the angle t [so that a goes into ¢05(1)a -5 ()b and b
into sin(Ha +cos(t)B 1.

For ¥,0‘€G‘ we define a binary real-valued form on the space ({-1)(H)N (%—U(H) (where
1 denotes the identity homomorphism'H —H ) by the rule

(a,by— B (-1 @) (a-17" (@) +a, ). (6)

It is proved below that this is a well-defined symmetric biliear form. Generally it is de-
generate. We denote by ¥ the map G%*-—> 7, which associates with the pair {,CX, the signa-
ture of the form (6) (i.e., the signature of its quotient by the annihilator).

THEOEM 1. The map § is a cocycle and represents 4u.

It follows from Theorem 1 that the cocycle ‘?/4 with values in @ represent the image
of u under the inclusion homomorphism HZ(GS}Z)—-’HZ(GS} G). We construct an integer-valued
cocycle which represents u.

It is proved below that forfE_Gr , the annihilator with respect to the form B of the
space ([-1)(H) is equal to Kev (}=-1). Hence, if {#1 and ®i,..-, L) are elements of the
space H, whose images under the homomorphism {-i form a basis for the space (f-1)(H), then

the determinant of the matrix

18 Gy, (F-D@)),  Wj =10
is different from zero, and its sign is consequently independent of the choice of %y,..-,¥%d.
Let & (§) =1, if this determinant is positive, and &({)=-! otherwise. Let g(l) =1 We
denote by ¢' the cocycle lf—g: 6> —17 , where SJ'. 6*—7 is the coboundary of the cochain

b dim (-D(H+e(f)-1:6 —Z .

THEOREM 2. The cocycle W4 assumes integral values and represent u.

COROLLARY. For any # >»2 the cocycle \P'/l}v (wwd/ W) represents u(mod w) € Hz,'(('z-s; Z/wZ).

We note that M/(mod,Z)=uTz(‘g) , where ¥ is the vector bundle over R GY with fiber H, asso-
ciated with the universal principal G® -bundle and the natural action of G on H. Apparently
explicit cocycles representing gy, (§) were not known. It is interesting to note that the
author has been unable to find an explicit formula in the literature for a cocycle repre-
senting the class Wz of the universal flat n-dimensional vector bundle, or, what is the same,

the class in H* (50 (W)s{;‘Z/Z Z), corresponding to the extension Spiw (W) of the group 50 ().
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1.4. Maslov Indices and the Cochains Y and P . Let H, B, and G be the same objects as

in point 1.3. Let A be the manifold of Lagrangian subspaces of the space H. If k, , kg,
kse A, then T (ky, k,, ky) is the signature of the symmetric bilinear form A on (k,+k,)N ky »
defined by the following formula: if @, be (kg +ka_)(\ ka and x is an element of the spacel K,
such that a-%® €k, then‘A(a,G)r. B(OC,?)) . That the form A is well-defined, symmetric, and
biliear, follow from the fact that if ‘g € ka and ?J'ti ek, , then

5(%;6)‘v5(‘1;0‘)-=8(m~a, § »%) =0,

If k; and k, are transverse, the definition of the Maslov index given coincides with the ordi-
nary one {cf. [7, 9, 10]). In general it is equivalent with the definition of Kashiwara (cf.
[10]), but seems more convenient to the author.

Let O{X——» N be the universal covering. It is easier to define the binary Maslov in-
dex M:’K_a — Z axiomatically with the help of the following theorem.

THEQOREM 3. There exists a unique function w:A° - 7, satisfying (2) for any K;,K, K, e
r , which is locally constant on the set of pairs K;, K, € A such that 4 (Ks) is transverse
to g (K,).

This theorem was proved by Leray in somewhat restricted form [9]: he considered the Mas-
lov index only for pairs Ky, K, »such that §(Ki) is transverse to Q((Ka).

We define the natural imbedding A — G , mentioned in point 1.1. For this we fix a com-
plex structure on H, compatible with B, i.e., a homomorphism v:H —=H, preserving B, such

that 4*=-1 and B(bw,2)> 0 for any nonzero & €H . As is easy to verify, the form

(,b) —B (b, B) + B (a,8): H* —¢ (7)
is Hermitian. We fix a basis @i,..., wof the space H over { , which is orthonormal with
respect to this form. According to {9], for any ke there exists a unitary operator ¥I
H—H [i.e., one which preserves the form (7)], such thatk={ (Ra,+... + Ro,). Here, if
%:H —— H is a linear operator over {, , defined with respect to.tﬁe "basis Gy,..., Uy by the
matrix which is the transpose of the matrix of the operator f with respect to the same basis,
then the composgition §°a/ is independent of the choice of f, and the rule k- ;ifo(:x defines
an imbedding A — G. We denote it by § . [The image ¥ (A) is the set of unitary operators,
defined with respect to the basis %;,...; &% by symmetric matrices.] Since ¥ induces an iso-
morphism N (A)—M(G) (cf. [1]1), the composition §eq : N — G 1ifts to an imbedding A — G .
We denote such a 1ift by I'. Let ¥ and ¥, respectively, be the maps 'ql,h,{g) l—-"?(ﬂi {z
1) 6% —Z and (F,F, )—@(FF): G —2Z.
THEOREM 4. For any k, .k, k,€ A and K ,K,eX
TCky ke ke) =5 W (F (ko) ¥ (ka), ¥ (ko) (8)
(K, Ky ) =+ (1K), M (Ke). 9)
It is interesting to note that like ¥ and m, the functions ¥ and T{} are skew-symmetric

(change sign under the interchange of two variables).

1.5. Calculation of the Cochains ¥ and P on the Unitary Group. Let G be the sub-

group of the group G consisting of automorphisms of the form (7) (the unitary group). We

denote by Gy the subgroup of the group Go *» R consisting of those pairs (h, d), such that
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det [, = ei%. The projection @%)———7 Gy is the universal covering and hence lifts in a natural
way to a monomorphism 'Go —+ & . We denote it by ¥ . We define the function |/ W:R-—7Z7 by
the formula: if me€Z, then W (W &)= 2w and Ju,((m/gr (mq)m’))__-zm .

THEOREM 5. If (b, d) e;t;d and if 9,,...,9, are real numbers such that et ...;eLeW

are the eigenvalues of the operator h (counting multiplicities), then
® gk d/))=i(é9rd)—2ﬁﬁ(@m/2)- (10)
: FANT= V=1

COROLLARY. Let |, g€ Go and let 9,,...,0,, be real numbers such that 8it.+@py=0ggur...+0ay,
and that the collections

9 i9 i
eif.., ei0n] T citun] f oidoun  itan}

are, respectively, collections of eigenvalues of the operators f, g, and fg. Then

9(,9) = 2[2 p(0u/2)= 2oy p(8u/2)].

1=2u+l
COROLLARY (Souriau's formula, cf. (10, 161). Let Ki,Ko €R; M(Ky) =1 (n,dn)c v =42}

04,..., 9y be real numbers such that ety cey e "9 are eigenvalues of the operator M:th and

9 *. +@n = d« d/ Then ‘VW(KL,Kz)— 'LZZ' (@“L/Z)

1.6. Remarks. ‘1. The function qJ:G-——vz constructed here has a number of remarkable

properties: one can recover the Maslov indices from ®; ® is a Borel function; ® is in-
variant with respect to inner automorphisms of the group G (cf. point 3.3 also). One can
hope that @ is connected with the generalized character of the Shale—Weil representation
(cf. (8]).

2. Since the Weil —Lions cocycles (cf. point 1.2) represent 4u and the values of these

dimH
2

cocycles do not exceed # — in modulus, the real class u is represented by cocycles

whose values do not exceed n/4 in modulus. It follows from this that the norm of the class u
in the sense of the theory of bounded cohomology does not exceed n/4. The estimate Hwﬂ<:(aw—
1)/ 2 was noted previously (cf. [4]). It seems likely that Jul=w/4 (for n = 1 this is so, cf.
(141).

3. 1In [13] the Maslov index of a triple of positive Lagrangian subspaces of a complexi-
fied symplectic vector space is defined entirely implicitly. It satisfies (5) and for real
Lagrangian spaces it coincides with the ordinary Maslov index. It would be interesting to
construct a cocycle related to this generalized index in the same way that ¥ is related to T .

4. We note the definite parallelism of the present paper with Novikov [15], where, like
here, considerations which relate to cobordism theory were reduced to a purely algebraic con-
struction, which turned out to be connected with the Maslov indices.

1.7. When this paper was already finished, it became known to the author that the cocy-
cle ¥ was considered previously by Meyer [18]. In [18] an assertion was also formulated
which isequivalent with our Theorem 1 (this assertion is unproved in [18], where Meyer refers
the reader to his dissertion for a proof). The cocycle ¥ and the relation with the Maslov
indices are missing from [18].

2. Proof of Theorems 1 and 2
2.1. LEMMA. For any { , %Eiﬁ'the form (6) in ({—U(H)(\(%-ﬂ) (H) is well-defined, sym-

metric, and bilinear, so that Y is a well-defined map.
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Proof. It suffices to prove that for any 1{ € (G the form

N -4
(b —B (-1 @+ as2, b)
in ({_1)@-\) is well-defined, symmetric, and bilinear. These properties follow from the fact
that @‘f(m)"m and ?)r—,{(tﬂ)—% , with x, {}E H, then

B(w+o/a,8) =5 B[ (@ re, (- =5 Bl () +
*EBOpH @)= FB(H ey @) -w) =By 2,00,
2.2. LEMMA. Tf[e(G, then the annihilator of the space Key (f-1) with respect to the

form B is equal to ({-1)(H).
Proof. If %,%EH , then

B(f(®)-,4) =B(§(m),4-{(4).

Hence ({-1)(H) is contained in the space Aumg(Ker({-1)) and for dimensional reasons coincides
AN &

with it.
2.3, LEMMA. Iff,q, heG , then

ﬁf({ﬁ)+«f@%,k}=‘?({,%h)+l?(%,k). (1)
Proof. We denote by E the subspace of the space H@ H @ H, consisting of triples (04, @,
5), such that dy+0,*r0s =0, ¢, €([-1)(H), aze (Cé —1)(H)1a,56(h,-1)(H) . We denote by .E; and E, the
subspaces of the space E defined, respectively, by the equations: ¢i; =0 and g3=0. We denocte
by E, (respectively, by E4) the subspace of the space E, consisting of triples (Q“a&,QQEE,
such that Gfa‘(qf%’{'”) (x) and G/5=({4}~'1)(‘®) for some ®eH [respectively, such that 04*@9,‘
9)(&3) and (LZ=(%~{)('JC) for some x&H ]. We define the map P:E*E ~—=R by the rule

g)«“/uaa;(la)a(aisgz:ga)) = B(({—i)’l(ai),?)l) +
+B((q4) 02, b2) +BU-1)(@a), ) +B(asby)-BCar by,

As is easy to verify
B (a5, b,)-B(0a b= L[ Blas )+ B, 83+ 8 (0s, By) +B (s, be) +B (B0

Hence, as is clear from the proof of Lemma 2.1, §§ is a well-defined symmetric form. It is
proved below that: (i) the signatures of the restrictions of ¥ to E, . E ,.Ea and E, are
equal, respect:}vely, to ‘?(%7&))\?(;,3)) ‘VU ) (}h) , and \@q%,h); (i) Aw"’ﬁ) (El NE)=E;+Ey
and Awwm(EaF\Eg)%Ea*E.q. It follows from (ii) that the signature of the form .§) is <7ual to
the sum of the signatures of the forms SD{EL and D} g, and is also equal to the sum of the
signatures of the forms D |E, and D | Eq-

Hence (11) follows from (i). We prove (i). We denote the form (6) in ,Hz{)(H)n(%»})(H)
by Q,ﬁ,g() . Obviously the map

W > (%,-, 0): (§- H(H) n(%ﬁi)(H) —E,
is an isomorphism, carrying Cq,%) and 9 ‘:Ez . Hence the signature of the form w‘Ea is equal
to ‘QU; 305) One proves analogously that the signature of the form g)“ig is equal to \p(%,h,)[,

Obviously the image of the space E, under the projection (w,, Gy, 0,3) >0y E—>H is

equal to (f‘i)(H)ﬂ(%&\'l)(H) . If (w;,ola,a,ﬁ),,(-gl,az,ﬁs) € E,, where a0 =({-1) (), a,a=(%h,—-k)(%),
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a5,=(%—.1)({1) with X, f € H, then
Do, 5,0), (B b, 0= B b1+ B (h(9), ) + By 0s)+ By, b3 -Baz, by -
=Bl b+ BCh(, borby)-B (0 by =B a-h(y)- a0 br) = Bleyeaa,b) = c (4, gh)as,bo).

It follows from this that the form C({,qlh) is isomorphic with the quotient of the form m"Ea
by some subspace of the annihilator. Hence the signature of the form fbh:_a is equal to

‘P(][‘]qlw). Analogously one proves that the signature of the form ®|E, is equal to \Puq“ﬁ)
We prove (ii). As is easy to verify, E/N E3={(0,(q‘n-h)(m) , ({1,—1)@))‘ x e Ket (%1,1,_.1)}, and
E1+E5={(81,P)a,$3)€ E ’ 61 E(alﬂ/—l)(H)} . If xekKev (%{m -1)and § = (8, 62’33) € B, then

D((0, (g W)@, (h-)@),b) = BChiw), b)) + B (w,B) +

+B (k) -,bs)-Blahim)- b)) = B (b, b e by) ¢

+B(W(m-ghw,b) =-B(gh@),b) =-B (e b).
Hence the inclusion f)eAwwm (ElnE3) is equivalent with the inclusion &1 c A"%B(Ke"’ (%%_1»
and by Lemma 2.2, equivalent with the inclusion BL‘E E,+E, The equation A”‘“fﬂ)(’Ean E,')=
E,+E4 is proved analogously.

2.4, LEMMA. If]f, j€ (G, then the annihilator of the form (6) is equal to (%‘U(K%x
(fg-1).

Proof. The fact that the space (q—l)(Ke’b({Q‘—l» is contained in the annihilator of the
form (6), is verified without difficult. We prove the opposite inclusion. Let z be an ele-
ment of this annihilator and let T &(} -7 (2) and y e ((}—.1)’”j (2). Then T+{+Z€ Awwg ((§-
HDIH) N (q—l)(H)) . By Lemma 2.2 the latter space is equal to Ket({-1)+ Kev(q-1)s so that
(IJ+Q*+Z —~a+b for some we Ke'g;(_f_—l) and § e Ket ((14) . Here Z=(<}—1)(%_ﬁ) and %-B € Ket «x
(fg-1), since f%(ﬁ*b#(%(%)r% = {(wz—%)ﬂ(a—m}=a—f(ao)=a,—w5.z =1ﬂ—3,

2.5. LEMMA. (i) For any integers p, q, r, and s, the function\() ;(}2‘ ——> 7 is constant

on path connected components of the set
{(1,9)€ 6| dim ($-1)(H)=p, dim (g-D(H) =g,
disw (§-1)(H) =, dim (F-1)(HIN4-L(HD -5}

(ii) The function § is a Borel function.

Proof. Point (i) follows from Lemma 2.4, point (ii) from (i).

2.6. LEMMA. Let: H—C, B:H®*—>R be the form (ab) — Tw (ab); G be the group
of automorphisms of the form B. Then the group of rotations of S' is contained in G and the
restriction of ¥ to §* represents the image of the class 4u under the restriction homomor-
phism'Hz(CTF', Z) —'—"Ha-(( 51>s} Z ). This image is an element of infinite order.

Proof. Since the inclusion 51_—.6 is a homotopy equivalence, the restriction of W to
5y represents its class, corresponding to the exact sequence () —Z-—R— 3‘__.. 0, in which
the projection R —, 51 is defined by the rule t —e?" | This class is represented by the
COCYCle’b:S‘,‘S‘ _;___Z . defingd by the formula '1,(‘[,%) =5(1) +s(?‘)v_5q%) » Where 5(84"‘) .=°L/2m‘
for 4 €.[0,2%). Thus, for 4,p€(0,27),
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Woipy ] 0y if drp<aw
v(e™, ") L, i d+pmay
Obviously if 4 =0 orP =0, then ‘P(e-“') ei’P) =0 . LetQ <d,p< 2% . Then the form (6) with
{ ~e** and %=ei'P is defined on the whole space H=( by the formula

(@ b) — Imf((e"-1)*r (e®-1)" +1) aB]

As is easy to verify, (e“‘.—i)’in-(i/g) -—(i,/a)d%(&/g) for any 4 € ®. Hence the values of the
form (6) for @ =4,b8=i, and 0 =i, b=t , are equal to 0, and for @=b0~1and aw=b=}are
equal to —-ia-(ct% (df2) + d,% (Ja/a)) The last number is positive, if 4 +p > 2w, equal to O,
if 4 +p =2% , and negative, if L +p < 2¥%. Thus, for &,PE[O,ZUT)

0, if L =0 or P=0,or
Vd, V‘P — L +p =2

*P(e , ) -2, if 4,>§,p>0 and £ +p <2

2, if 4+p>ay
It follows from this that for any JJ,PE[O,ZW)

(9-4)(e*e®?) = (") r0 (') - (e "),
where W is the map of s'_.7 which carries 1to 0 and the other elements of the group s to
5

—2. Hence, y and 4r represent the same element of the group H (sh) i 4).

The last assertion of the lemma follows, for example, from the fact that if the element
of the group H?‘((SA)S; 'Z ) with which we are concerned had finite order m, then its restric-
tion to a cyclic subgroup of the group 8' of order relatively prime to m, would equal 0, i.e.,
would correspond to a split extension, which is obviously not so.

2.7. Proof of Theorem 1. It follows from the results of [11] that the two-dimensional

Borel cohemology group H; (G- ;' Z ) is isomorphic to How (\fllri (G), Z) = 7, where the image of the
natural homomorphism Hg (6;Z) ——>-H2‘(GS;Z) is generated by the class u. Since by Lemma 2.3
and point (ii) of Lemma 2.5, ¥ is a Borel cocycle, ¥ represents mu for some integer m. It
follows from Lemma 2.6 that m = 4.

2.8. Proof of Theorem 2. By Theorem 1, ¢' is a cocycle which represents 4u. Since G

is a simple Lie group, H, ((}_5')- Z)=0 , and consequently the group HZ(G_S; Z) is torsion-free.
Hence to prove the theorem it suffices to prove that ¥'(G?*) c 4Z. We prove that if {', a’e('x
and ,Ke’b(%—l) = Ke'b(f%'—l) =0, then 'P'({,%) € %Z . The general case will follow from this:
for any {;‘}GG’ one can find an element h of the group G such that 1 is not an eigenvalue of

the operators h, gh, and fgh, and hence
¢'(1g) =9G o+ 0.9l -¥ (g b e b2

Let {,ge G and let Km,(%-l)s Ke-p({%-i);-(). We denote by C the form (6) in({-1)(H).
By Lemma 2.4, the form C is nonsingular. We calculate its determinant (which is an element
of the set {;—,l,i} ). Let %y,...,%J be elements of the space H, whose images under the homo-
morphism,-[ -l constitute a basis of the ;pace ({—1) (H) . Obviously

C (=D, D) =B -0 (g™ 11 (-0, (f-D(p) =
~B((g -1 (g4 D), (-1)0wp)-
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Since the homomorphism (%‘i)-i(‘ﬁf-ﬁ) is the identity onKey ({ -1), it follows from this that
the determinant of the form C is equal to the product of the determinant of the homomorphisms
adl y QA -1, and the number ¢ (f). This product is equal to E(D 8(%) 8( f%) , since det(% 1) =
& (Q) and det(%{ _-L)=det(f%-l)=-a(.f%) . Obviously, if del ¢'=1, then the number of negative
squares in the diagonal representation of the form C is even, and if det ¢ = -1, then this
number is odd. Hence the signature { (-f, %) of the form C is congruent modulo 4 with dw({—
L)(H) + det C-1. TFrom this, in view of the evenness of the numbers 5(.1“)'—1 ) 5(9)-_—1 , and
5(4‘%)_1 ,» the following congruences modulo 4 follow:

€)= dim (F-1)(H)re (P e(g)e(fg) -1 =
= dim (f-1)(H)+ dim (g -1) (H)-dim (fg-1)(H) +6(D-4+€(9)-1 - (e (J9)-1).
Hence ‘{"(«F,%’) e4l.

3. Proof of Theorems 3, 4, and 5
3.1, LEMMA. If under the conditions of poinf 1.4, k,kl,,,.,km e\ with w »!, then

dim (3 Kev (0™ 1 (ke)-1) = 2.0 (k 1 ky 0.0 Kun).

Proof: cf. (9, p. 35].
3.2, Proof of (8). It follows from Lemmas 2.5 and 3.1 that the number Y (¥ (kL)J ¥ (ka),

¥ (ka)) does not vary under continuous deformation of the complex structure and basis in H,

used in defining the imbedding ¥ . Since the space of complex structures on H, compatible
with B, is path connected (cf. [7]), and since for a fixed complex structure the space of
orthonormal bases is aso path connected, it suffics to prove (8) for any one complex struc-
ture and one basis.

We set M=M(kiﬂka) and W =(dj,m/H)/2 . It is easy to construct a symplectic basis
Wy, Wi, ©uy Y for the space H, such that %®y,..., Lwis a basis for Ky and ¥,y X,
%mﬂ y- -1 Yn is a basis for K, . We introduce a complex structure on H by the formula
Vg =~ Y1 and i,!ﬂ,.,, =%y, where 4y ={,.., W . Obviously this complex structure is compatible
with B and ®,,.--y ¥w is a basis for H over , , which is orthonormal with respect to the form
(7). Let XA——> G be the imbedding corresponding to this complex structure and this basis,
We set fq =1 (ky) with v = 1,2,%, and we calculate IH(H ,h, fg) [in our notation it is easier
to calculate this number than W (1,,1,,1,) 1. As a direct calculation shows, {; =1 and te
is given in the basis ¥;,..., Xy be the diagonal matrix in which the first m diagonal elements
are equal to 1 and the other # - are equal to —1. Let Z be a unitary operator carrying k,
into ky . We represent Z in the form X +¥Y , where X and Y are operators H -— H which are
linear over € , whose matrices in the basis %,,...; ¥4 are real (or, equivalently, X (k;) C
ki, Y (ki) € ki), Then

' 1,=22' =27 =(2-Z)Z  ri=20 Y (X-1Y) " 41

We denote the space ua—l)(H) n(f,-1)(H) by E. Obviously E =79M €Cxy, NY(H) and hence

E=(Eﬂk,) ® (Eﬂ i/ki). By definition ‘P(£3,£1 ' @s) is the signature of the form
(ob) B @ (st @, b) - £ —R.
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We denote this form by C. Obviously if @ €f and de (%.—1)—1 (a) » then -wfe € (;;}-—l)'i (a)
and ~(0/2)+d 40 =d + PY(R-1Y @A) = X (X-1Y) (@) . Thus, if a.B€E and @ -2iY(@) withzeH,
then C(&,?)) =B(X(x),8). It follows directly from this that the spaces ENk, and Enik; are
orthogonal with respect to C. Since multiplication by i leaves the form C invariant, its
restrictions to ENk, and EAik, are isomorphic. Hence the number “§(£z,¥1;¥5) is equal to
twice the signature of the restriction of C to ENik;. We show that this signature is equal
to T (ks ky,ks).

By definition, T(k,,k;,ks) is the signature of the form A on (ki +ky) N ky, defined
by the rule: if &, h g ('klfkra)n k, and x is an element of the space ki such that A-X € K, ,
then A {q}&) ~ B (x,b). We denote by p the projection H =k, ik, —ik,. Since ky=(X +
LY)(ke), p((kyvko)nk,) =Enik;. If a,be(kirk,)nk, and@ =(x+iY)(®) withx e kK, ,» then
C(P((L),P(ﬁ)) =(’,(LY({L'),P(6))=—£: B(X(-’l}),P(G)) =-%A((1,3). The assertion required follows from this.

3.3. LEMMA. Let 0:G -G be the projection and f be an element of the group G, such
that Ket (}-1)=0. Then: (i) in some neighborhood of 1 in G the map Fe—9(};4(F) is equal
to ®°; (ii) if Fye qﬁl(]f) , then @ is constant in some neighborhood of the element Fo .

Proof. TIf ,q,he G are sufficiently close to 1, then by Lemma 2.5, ‘Pﬁ«f%,k)= ‘(’(f,k) .
Hence, i

0, h) =08+ 0 CE ) -9 k).

Comparison of this formula with (1) shows that the map F —>®(F) - ¢(}, g (F)) is a local
homomorphism of a neighborhood of 1 to Z . Since G is semisimple, this homomorphism is zero.
(i) follows from this. Point (ii) follows from (i) and (ii).

3.4. Proof of Theorem 3 aﬁd (9). If two functions satisfy the conditions of the theo-

rem, then their difference, say x, is locally constant on the set of transverse pairs, and
satisfies the relation X (K;,K,)=X (K, Ks)-%(Kz, Ks). Since for two Lagrangian spaces one
can find a third, transverse to both of them, it follows from this that x is locally constant
everywhere, and hence, constant andiequal to zero.

To prove (9) and the existence of a function m, it suffices to prove that the map ﬁfo(rx
F):KF-——+‘Z. satisfies the conditions of Theorem 3. (2) follows from (4) and (8). The local
constancy follows from Lemma 3.1 and point (ii) of Lemma 3.3.

3.5. Proof of Theorem 5. By Lemma 3u3,(P(%(h7dD,= W(—i,h) for (M,d)in some neighbor-
hood of the identity in ﬁ%). By definition, ¢(-i, h) is equal to the signature of the form
(a,ﬁ)r—»B((k—U'ka)i~a/a,5) in (W-1)(H). The calculation of the values of this form on eigen-

vectors over £ of the operators h, analogous to that done in point 2.6, shows that in some

basis over R of the space H this form is given by a diagonal matrix, whose diagonal elements
run twice over the set{—d,(%(e,b/z)|1= L,o,n; 0, & m‘Z} . Hence, if lei-f_l"_‘f’@n|<9" and if s
of the numbers®y,... .,0, are positive, and ¢ are negative, then Y (-1, h)=2-5). It is easy
to verify that iffdi,ieih,“,f@nl<q1/a,, then the right side of (10) is also equal to 2(L-5).
Thus, (10) is valid for (h,d) in some neighborhood of the identity. To prove (10) in com-
plete generality it suffices to prove that if this formula is true for (h,d}, then it is also
true for (h* 2d).

As follows directly from the definitions, \Q(M,_,h)=‘0(’l,h). Hence ¢ (h, h) = (V... +Vy),
where: ¥, = 0 , if the number d%>(@t/2) is undefined or equal to zero;y, ={, ifli? (ei/h) < 0
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Yy =-1, if M(91/2)> 0. It is easy to verify that Vo= w(@y) -2 (04/2). By (1),

O (g (W, 2d)) = 2 (g (b, dh)) - 0Ch, ) —a[—%—(é 91—&)'-%;#(9%/2)] —aéw -
-z éaem—z&)—zé Ww(By,).

APPENDIX. THE CLASS u IS THE CHERN CLASS
Let G be the group of real-linear automorphisms of the form Lw (Z_ﬂ_', Zq Z.) in c" .
T=1

Let{Le_Hz(Gs3Z) be the class corresponding to the universal covering'a._+G»and the isomor-
w —
phism Z — M (@), defined by the form Inw<;§§ Zy Zz) (cf. points 1.1 and 1.3). We con-

sider the maps jiBﬁﬁ—»BG and e:BU (W) —> BG, induced, respectively, by the identity map of
the group G and the inclusion of the unitary group in G. Since U(w) is a maximal compact
subgroup of the group G, e is a homotopy equivalence. Let pP:BG ——>BU(#) be a homotopy
inverse.
THEOREM. If ¢, € H*(BU(#); Z)is the first universal Chern class, then (pojycy=u.
This theorem is well known (cf., e.g., [2]). Here is the outline of one possible proof.
Since H*(BU (W);Z)=0, where U (%) is the universal covering of the group U(#), the lift of
the class (POD* (Cy) to H*(G";Z) is equal to 0. Hence, (P°J)*(CL) =Ml , where me Z
The equation wm =1 is proved with the help of reduction to 51 (cf., points 2.6 and 2.7), con-
sidering the standard model of the space ES(S‘)sand taking into account the fact that if W =1

the class ¢; is the Euler class.
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CLASSIFICATION OF ORIENTED MONTESINOS LINKS BY INVARTANTS
OF SPIN STRUCTURES

V. G. Turaev UDC 515.162

In this paper we give the isotopy classification of oriented Montesinos links. The
definition of the invariants of links needed for this and the proof of the classi-
fication theorem are based on a new construction, which establishes a correspon-
dence between orientations of a link {<$" on the one hand, and spin structures on
the two-sheeted branched covering of the sphere, branched over %, on the other.
New numerical invariants of spin structures on three-dimensional Seifert marifolds
are introduced in the paper; these invariants are used to classify the Montesinos
links.

The Montesinos links constitute an extensive class of links in the three-dimensional
sphere, including, in particular, all pretzel links and links with two bridges. This class
of links was introduced by Montesinos [11] in 1973 and was subjected to intensive investiga-
tion in the following decade (cf. [1-4, 12, 14]). 1In his unpublished paper [4], Bonahon
gave the complete isotopy classification of Montesinos links in the category of nonoriented
links. In the present paper we establish a theorem of isotopy classification for oriented
Montesinos links. The definition of the invariants of oriented links necessary for this
classification (and also the proof of the classification theorem) are based on a new con-
struction, which leaves the realms of the theory of Montesinos links far behind. This con-
struction establishes a correspondence between orientations of links, on the one hand, and
spin structures on the two-sheeted branched covering of the sphere, branched over this link,
on the other.

1. Montesinos Links

1. Terminology and Notation. We recall the definitions we need from knot theory. Let
a and B be relatively prime integers with & » | and let wh_“,owy be integers such that

AR |
Lo,
'(La"l
w3+-
. - 1
(_i)udaw

A rational tangle of type (a, B) [rational tangle of type (a, B)] is the following one-dimen-
sional submanifold of the three-dimensional ball (see Fig. 1). (In Fig. 1,%=%,0,=3, G,=-2,

Ug=-2 4 Wy=1 , Qg =3, OQg=-3,0,=-4 d=545p=152.) Tt is known that a rational tangle of type

Translated from Zapiski Nauchnykh Seminarov Leningradskoge Otdeleniya Matematicheskogo
Instituta im. V. A, Steklova AN SSSR, Vol. 143, pp. 130-146, 1985.

0090-4104/87/3703-1127$12.50 © 1987 Plenum Publishing Corporation - 1127



