Math. Z. 250, 475-493 (2005) Mathematische Zeitschrift

DOI: 10.1007/s00209-005-0764-2

The Neumann-Siebenmann invariant and Seifert
surgery

Masaaki Ue

Department of Mathematics, Kyoto University, Kyoto, 606-8501, Japan
(e-mail: ue@math.kyoto-u.ac.jp)

Received: 18 May 2004; in final form: 27 October 2004 /
Published online: 25 February 2005 — © Springer-Verlag 2005

Dedicated to Professor Yukio Matsumoto for his 60th birthday

Abstract. We discuss some relations between the invariant originated in Fukumoto-
Furuta and the Neumann-Siebenmann invariant for the Seifert rational homology
3-spheres. We give certain constraints on Seifert 3-manifolds to be obtained by
surgery on knots in homology 3-spheres in terms of these invariants.
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In this paper we consider a Seifert rational homology 3-sphere S equipped
with spin structure ¢ and the Neumann-Siebenmann invariant 7z(S, ¢), which is an
integral lift of the Rochlin invariant of (S, ¢) (see §3 for the definition). In case of a
Seifert integral homology 3-sphere u(S,c) 1is equal to Fukumoto-
Furuta invariant up to sign [4], and is a homology cobordism invariant [6]. In
case of a spherical 3-manifold we define an analogous invariant § (S, ¢) originated
in Fukumoto-Furuta’s theorem, which is also equal to (S, ¢) (if S is a lens space
L(p, q) then §(S, c) is represented by a o-function o (g, p, £1), [7]). In this paper
based on Saveliev’s observation on Seifert integral homology 3-spheres [6], we
extend the results in [6] and [8] to general Seifert rational homology 3-spheres.
In Theorem 1 we show the spin homology cobordism invariance of the Neumann-
Siebenmann invariant of Seifert rational homology 3-spheres. In Theorems 2 and
3 we give some constraints on Seifert rational homology 3-spheres to be obtained
by surgery on knots in homology 3-spheres in terms of the Neumann-Siebenmann
invariants. These theorems generalize the results in [8], where similar constraints
on spherical 3-manifolds obtained by surgery on knots are discussed.

A lot of results have been proved about obtaining Seifert 3-manifolds by sur-
gery on knots, in particular, hyperbolic knots in S>. The cases of integral surgeries
are of particular interest since it is conjectured that no non-integral surgery on a
hyperbolic knot in $3 could yield a Seifert 3-manifold. As integral surgeries are
concerned, our result (Theorem 2) only gives a constraint for even surgeries, in
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which case our condition is independent of the knot type. We note that the value
of the Neumann-Siebenmann invariant of a Seifert 3-manifold obtained by an odd
surgery on a knot in 3 certainly depends on the knot type. Nevertheless our results
lead to some interesting conclusions. For example, Dean [2] proved that for any
given integers p, q, r with gcd(p, g) = 1, there exists a Seifert 3-manifold with
three singular fibers with multiplicity p, ¢ and r that is obtained by an integral
surgery on a hyperbolic knot in 3 (see also [5]). On the other hand for any integers
P, q,rsuchthat gcd(p, g, r) = 1 and the number of even integers among {p, g, r}
is 0 or 2, Theorem 2 provides infinitely many Seifert 3-manifolds with three singu-
lar fibers of multiplicities p, g, r and with even cyclic H] that are not obtained by
integral surgery on knots in S3 (see §5). Throughout the paper we denote by K p/q
a p/q surgery on a knot K in an integral homology 3-sphere M. We note that the
number of the spin structures on K/, is 1 if p is odd and 2 if p is even. We also
assume that a Seifert 3-manifold considered in this paper is orientable and has an
orientable base 2-orbifold unless otherwise specified.

Acknowledgements. The author thanks Professors K. Motegi, Y. Yamada and the referee
for their useful comments on surgery problems and suggestions on the preliminary draft
of this paper.

1. Main results

In [6] itis proved that the Neumann-Siebenmann invariant of Seifert integral homol-
ogy 3-spheres is a homology cobordism invariant. The following result generalizes
this to Seifert rational homology 3-spheres.

Theorem 1. Suppose that for given Seifert rational homology 3-spheres with spin
structures (S;, ¢;) (i = 1, 2) there exists a spin cobordism (W, ¢) suchthat b, (W) =
0and 3(W, c) = (81, c1) U —(82, ¢2). Then 1(S1, c1) = (S2, c2).

In particular for a Seifert Z, homology 3-sphere (in this case the spin struc-
ture is unique), the Neumann-Siebenmann invariant is a Z; homology cobordism
invariant. The proof is based on Proposition 3, which was observed by Saveliev in
case of Seifert integral homology 3-spheres. This proposition is also used to give
some conditions on fz(S, c¢) for a Seifert 3-manifold S to be obtained by surgery
on knots in homology 3-spheres in Theorems 2 and 3 below. In Theorem 2 the
condition is given in terms of the o function o (g, p, —1), whose value is easily
computed recursively as is stated in §2, Remark 2 (see also [4]). These results have
been proved in [8] for spherical 3-manifolds.

First we note that a spin structure ¢ on K/, for a knot K in a homology 3-
sphere M is determined by giving a Z, value c(w) for the meridian p of K, which
corresponds to a spin structure on M \ K. This structure extends to a spin structure
on K/, if and only if pc(u) + pg = 0 (mod 2). Hence if p is even c() may be
arbitrary, while c¢(u) = g (mod 2) if p is odd .

Theorem 2. (1) Let K be a knot in a Z. homology 3-sphere M that bounds an acy-
clic 4-manifold. Suppose that K , 4 is Seifert for pg = 0 (mod 2), p # 0. Then
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for a spin structure ¢ characterized by the equation c(i) = 0 for a meridian |
of K,

E(Kp/q» C) = _U(Q, P, _1)
(2) In particular if K, is Seifert with p even and p # 0, then
(K p, c) = sgn p for the same c.

Theorem 3. Let K be a knot in any Z homology 3-sphere M, and suppose that both
Ky, and K, are Seifert for some nonzero integers o; with a1 < op. Then

(1) For spin structures cy, ¢ on Ko, and K, characterized by c1(n) = ca(u)

=1,

o) —arora) —az — 16 ifajay >0,

(Kyy, c2) —0(Kgy, c1) = {al—a2+20rot1 — a4+ 18 ifayas < 0.

(2) Moreover if a; = ay = 0 (mod 2), then for ¢, # cy, c), # ¢ (characterized
1 2
by i (n) = ¢4 () = 0),

_ , _ /_J0or —16 ifajay >0,
WKy, ©3) = (K, €)= {20r 18 ifajon < 0.

Remark 1. (1) In [8] we showed that if the resulting manifolds are spherical then
the values oy —ap — 16, o —ap + 18 in (1) and —16, 18 in (2) in the statement
of Theorem 3 never occur. But these extra values actually occur if the resulting
manifold is a non-spherical Seifert 3-manifold (see §5, Remark 5).

(2) The existence of irreducible Seifert integral homology 3-spheres (for example
those with exactly three singular fibers) never obtained by surgery on knots in
§3 seems to be still unknown. According to Theorem 2, if 1/g surgery on a
knot K in S3 is Seifert then its Neumann-Siebenmann invariant (in this case
the spin structure is unique) must be zero if ¢ is even, while we have no such a
criterion if g is odd. In fact the i invariant of K, for g odd depends on K (the
simplest such examples are given by S3 and (2,3, 7), which are obtained by
1 surgery on the unknot and the figure-eight knot respectively). But it not clear
what kind of knot invariants should be related to the @ invariant.

2. The o-invariants and the Fukumoto-Furuta invariant

We define an integer invariant §(S, ¢) for a spherical 3-manifold S and its spin

structure c¢ as follows.

Definition 1 ([7]).(1) For a spin 4-manifold Y with Y = S, b1 (Y) = 0, a closed
4-orbifold Z = cSU(—Y) has a spin structure, where ¢S is a cone over S. Then
the index of the spin Dirac operator on Z is given as follows by the V-index
theorem.

ind Dz = —(sign Z + 6(S, ¢))/8 = (signY — §(S, ¢))/8.

Here signZ is the signature of Z and §(S, c) is a contribution from the singu-
larity of Z and depends only on (S, c).
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(2) 8(S, ¢) (mod 16) is the Rochlin invariant of (S, ¢) due to the fact that ind Dz
is even.

Our results in this paper are based on the following “orbifold 10/8-theorem”.

Theorem 4 (Fukumoto-Furuta [3]).(1) Fora closed spin4-orbifold Z withbi(Z) =
0, we have either ind Dz = 0 or

1-b(Z)<ind Dz <b"(Z) — 1.

(2) (The vanishing theorem) If b (Z) < 2 and b~ (Z) < 2, then ind Dz = 0.
In [7] we have a complete list of the values of §(S, ¢).

Remark 2. A lens space L(p, q) is obtained by —p/g-surgery on a trivial knot
in $3 and its spin structure ¢ is represented by assigning a mod 2 value c(u)
for a meridian p of the trivial knot satisfying pc(u) = pg (mod 2). Then the 6-
invariantof L(p, q) isrepresented by a o -functiono (g, p, 1) sothaté(L(p, q), ¢)
= o(q, p, (=)W1 Here 0 (q, p, €) for ged(p, q) = 1, € = %1 is originally
defined as a contribution from the cone over L(p, g) to the index of the Dirac
operator over a spin 4-orbifold, and is uniquely determined and computed by the
following recursive formulae.

(1) o(g+cp,p,e) =0(q, p, (=1)).

(2) G(_Q’ P, 6) = U(CI’ —D E) = _O(Q’ P, €)~

B3)o(g,1,¢) =0.

@ o(p,qg,—1)+0(q, p,—1) = —sgn pqgif p+¢g = Imod 2.

See [4], [8] for the more detailed properties of o (g, p, £1).

Next we consider a rational homology 3-sphere M that bounds a 4-orbifold X
with spin structure ¢ whose singularities are all isolated.

Definition 2. We define 5 (X, c) to be a sum of 5(S, c|s), where S runs over all the
links of the isolated singularities of X and c|g is the spin structure on S induced
from c.

Then sign(X) + 6(X, ¢) is considered to be the Fukumoto-Furuta invariant for
(M, X, c) since for any spin 4-manifold ¥ with Y = M whose spin structure
restricted on M coincides with that induced from ¢, we have

sign(X) + 8(X, ¢) = —8ind Dxy(—y) + sign(¥).

We note that if M is a Z homology 3-sphere then this invariant is equal to the
Fukumoto-Furuta invariant w(M, X, c¢) originally defined in [4] up to multiplica-
tive constant. The value of the Fukumoto-Furuta invariant depends on the choice
of (X, ¢) in general. But if M is a Seifert 3-manifold this invariant is related to the
Neumann-Siebenmann invariant of M defined in the next section by some canonical
choices of (X, ¢) (see Proposition 3 in §3).
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3. The Neumann-Siebennmann invariant

Let S be a Seifert 3-manifold over an orientable 2-orbifold with |H; (S, Z)| < oo.
Then the base orbifold of S is a 2-orbifold S2(py, ..., p,) of genus O with n singu-
lar points whose multiplicities are py, ..., p, respectively for somen > 0, p; > 1
(i =1,...,n). Then S is represented by (unnormalized) Seifert invariants of the
form

S={(lab)’(PLQI),--w(anCIn)} (1)
with
e(S) :=—(b+Y (qi/p)) #0. )

If b = 0 then the term (1, ) is omitted. Here H; (S, Z) is generated by the general
fiber 4 and the cross sectional curves go, g1, - - ., g With the following relations.

go+bh=pigit+qh=0 (=1,...,n),
go+gi+--+g,=0. 3

Then S is represented by a framed link £(S) with n 4+ 1 components such that
their meridians correspond to 4, g1, ..., g, with framings —b, p1/q1, ..., Pu/qn
respectively. We describe the spin structure ¢ on S by assigning the Z;-values
c(h), c(g;) for the meridians /, g; (which corresponds to the spin structure on the
complement of the link £(S)) satisfying the following conditions:

— Z c(gi) + be(h) = b (mod 2),

i=l1
pic(gi) +gic(h) = p;ig; (mod 2). 4

If we replace g; by g/ = g — a;h with Y} a; = 0 fori = 0,...,n, then the
corresponding Seifert invariants are given by

{(1,b+ao), (p1,g1 +aip1), ..., (Pn, Gn + anpu)}-

Note that S also bounds a plumbing P (I") for some integrally weighted tree I".
We can assume without loss of generality that I" is star-shaped with n branches,
which corresponds to the above Seifert invariants as follows. The central vertex
(denoted by vg) has a weight —b, and the weights of the vertices in the ith branch
(denoted by vi, ceey v,"{’_) are aﬁ, ceey oe,ii respectively for some k; satisfying

i

pi/qiz[a§1~--vaki]::ali_i—l (5)

Here a; can be chosen so that

| > 2 forall j if p; > |gil.
i] (6)

o =0,]af| =2 forj=2 if p; <lgil.
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Then S = 0P (I") is represented by a standard framed link picture £(I") corre-
sponding to I', where we denote the link component corresponding to the vertex v;
by the same symbol and the meridian of v; by ;. A spin structure con § = 9 P(I')
is also represented by assigning a Z value c( ) for each meridian ( ; satisfying
the conditions described in (7) below. The two representations of the spin structure
¢ of § associated with £(S) and £(I") are related as follows (see [6]).

Proposition 1. Let g; be the meridian of the component with framing p; /qi of L(S)
and p; be the meridian of the component with framing o} in the ith branch of L(I).
Then for any spin structure c on S, the assignments c(g;) and c(u’i) coincide.

Proof. The meridian of the component corresponding to the central vertex vg of
L(T) is the general fiber /& of S. We can see easily that p; y,’] + g;h is null homol-
ogous in a solid torus in d P(I") and that £(S) and L£(I") are identified so that g;
corresponds to uil. Therefore c(g;) = c(u’i). m]

For given (S, ¢) and P(I") with d P(I") = S, there exists a unique characteristic
element called a spherical Wu class w(T', ¢) € H»(P(I"), Z), which is described as
follows. If we denote the zero section of the 2-disk bundle over the 2-sphere corre-
sponding to the vertex v; (with weight n ;) by the same symbol, then Hy (P (I'), Z)
is generated by v; whose intersection form is given by

n; ifi = j,
vi-vj =41 if i # j and v; and v; are connected by an edge,
0 otherwise.

Then the spherical Wu class w = w(T, ¢) is defined to be

w(l,¢) =Y c(uj)v; € Hy(P(T), ),

where the coefficient c(i ;) is an integer O or 1 according to the mod 2 value of
c(u ;) and satisfies

w-vj =v;-v; (mod 2). @)

The set of v; with c(u ;) # 01is called a Wu set. It is easy to see that the Wu set
contains no v;’s corresponding to the adjacent vertices simultaneously. Now we
can define the Neumann-Siebenmann invariant (S, ¢) as follows.

Definition 3 (The Neumann-Siebenmann invariant).
n(S,c)=sign PI') —w-w e Z.

It is known that (S, ¢) depends only on (S, ¢), although the choices of P(I") with
S =3P (") and w(T, ¢) are not unique.

If S is an integral homology 3-sphere, then (S, c) is divisible by 8 and usually
(S, c¢)/8 is called the Neumann-Siebenmann invariant.

Proposition 2 ([6] for lens spaces, [7] for the general cases). If S is spherical,

5(S, ¢) = (S, o).
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We note that w(—S, —c) = —u(S, ¢) (and that §(S, ¢) has the same property).
The following proposition generalizes the observation by Saveliev [6].

Proposition 3. For a Seifert Q homology 3-sphere S and its spin structure c, there
exist spin 4-orbifolds (X +, c4), (X—, c_) with isolated singularities such that

(D) 9(X+, cx) = (S, 0),
(2) sign X4+ + 8(X 4, c4) =sign X_ 4+ 5(X_, c—) = u(S, o),
) bi(Xy) =b1(X_)=0,b4(Xy) = landb_(X_) < L

Here §(X 4, cy) is defined in Definition 2.

Remark 3. If S is spherical, we can put X, = X_ = ¢S. If S is not spherical, the
above X4 can be chosen so that they have only isolated singularities whose links
are lens spaces. As is seen in the proof below, we can put X = X_ if either p; is
even for some i or the spin structure c satisfies c¢(h) = 0 for the general fiber 4. In
this case b4 (X+) = 1,0_(X1) = 0if e(S) > 0,and b4 (X1) = 0,b_(X1) =1
if e(S) < 0.

The rest of this section is devoted to the proof of Proposition 3. Hereafter we
assume that n > 3 since if n < 2 then S is a lens space. To obtain the orbifolds
in Proposition 3 we use the following constructions. Start with the star-shaped
weighted tree I' with S = 9 P(I"). In the rest of this section we always assume that
the weights aj. of I" satisfy the conditions (6). Let ['g = UFf) be a subgraph of '
consisting of a disjoint union of subtrees F(i) with no multivalent vertices such that
there are no edges that interpolate between them. Suppose that BP(Ff)) is a lens
space for each i (this is the case unless d P (1"6) is §2 x S1). Then we can construct
an 4-orbifold X from P(I") by replacing P(I‘é) naturally embedded in the interior
of P(I") by the cone over 8P(F6). Let 7(I") and I(I'g) be the intersection forms
of P(I') and P(I"p) respectively.

Proposition 4. There exists a matrix P € GL(rankH>(P(T")), Q) with det P =
1 such that "PI(I')P is a direct sum of I(I'g) and a matrix B with rational
entries, which represents a rational intersection form of X. In particular signX +
> sign P(Ff)) = sign P(T").

Proof. This is proved essentially in the same way as in [6]. The second claim also
follows from the Novikov additivity of the signature. See [6] for the details. O

To construct X+ more concretely we consider the following two cases.

3.1. The case when p; is even for some i

We can assume that p; is even. Then since pic(g1) + gic(h) = p1q1 (mod 2)
and ged(p1, q1) = 1, we must have c(h) = 0. Therefore the Wu set for the corre-
sponding P (I") does not contain the central vertex vy. Thus we define ' to be the
disjoint union of n branches Fé that is obtained from I' by removing v and all the
adjacent edges. Then 8P(F6) is the lens space L(p;, —g;) and we can construct X
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from P(I") by deleting P(Fé) and replacing it by the cone over L(p;, —¢g;). Then
X has a spin structure since I'g contains the Wu set and hence the spin structure
c on dP(I') extends to that on the complement of P(I'g) and the induced spin
structure on 8P(1"(")) (which we denote by c;) extends to that on the cone over it
(see [7]). If we denote by w; the sum of the elements of the Wu set contained in
Ff), then w; is a spherical Wu class for (P(Ff)), ¢;) and w is the sum of w;. In this
case b1 (X) = 0 and bp(X) = 1. Moreover we have an element z € H>(X, Q)
suchthatz -z = —b — ) ¢i/pi = e, and hence sign X = sgn e. By Proposition 4
sign X = sign P([')—) sign P (F?). On the other hand by Saveliev’s observation
[6] we have 6(3P(F(i)), ci) = sign P(Fé) — w; - w;. Hence we have

sign X = sign P(I) — > "(w; - wi + 8(L(pi — q1). ¢i))
= sign P(0) —w - w — Y 8(L(pg, —qi), ¢i)
since w - w = Y w; - w;. Therefore we have
sign X +8(X) = u(S, ¢).

Hence in this case it suffices to put X, = X_ = X.

3.2. p; is odd for every i

In this case we have c(g;) + gic(h) = ¢; (mod2) and Y 7_,c(gi)
+ bc(h)=b (mod 2). Suppose that c(h) = 0. This is the case when c(g;)= g;
and Y g; = b (and |H (S, Z)| is even). Then we can choose the spin orbifold
X just as in the first case and put X1 = X» = X. Suppose that c(h) = 1. Then
we must have c(g;) = 0. Thus by Proposition 1 we can see that the Wu set for the
corresponding P (I") contains the central vertex vg but does not contain the adjacent
vertices whose weights are a’i. We define the subtree 1"(1) as the union of vg and all
the vertices in the first branch and the edges connecting them. Also we define the
subtree Fé for i > 2 as the union of all the vertices in the ith branch except for the
first vertex with weight a’i and the edges connecting them. Then the disjoint union
Iy of F6 contains the Wu set. Moreover since

[—b,otll,...,(){,il]=—b—q1/[71,

we see that 8P(Fé) is the lens space L(bp1 + g1, p1) (note that bpy + g1 # 0).
Likewise since

[b. ....ap 1= qi/(@]qi — pi)

fori > 2 we see that 8P(F6) is the lens space L(q;, pi —a’iqi). We denote by X the
orbifold obtained from P (I") by deleting P(Fé) fori > 1 contained in the interior
of P(I") and attaching the cones over BP(FB). Then as in the first case the spin
structure ¢ on S extends to that on X. Moreover b1 (X) = 0and bp(X) =n—1. We
will construct such 4-orbifolds in two ways corresponding to the different choices
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of the Seifert invariants and will obtain the desired orbifolds X . To this end we
first observe sign X. We can see that I (I") is congruent to a diagonal matrix with
diagonal entries

a,ii, [a,ii_l,a,ii], ceey [ai, . ..,oz,i[] =pi/gi (i =1,...,n),
—b =" qi/pi = ().
Likewise 1 (I‘é) is congruent to a diagonal matrix with diagonal entries

[, @y 1 G =2, k)
ifi > 2 and

[<b.aj,...ooq ] el G=1,... k)

ifi = 1.
Note that by arranging the Seifert invariants so that |b| is sufficiently large
relative to g1/ p1, we can assume that

sgn [—b, Olll, ~~-’0‘111] =sgn — (b +q1/p1) = sgn e(S). ®)

Thus under this condition we can see by Proposition 4 that b (X) (resp. b~ (X)) is
the number of the positive (resp. negative) values among

{lof. oh. ... e 110 =2}
On the other hand we can replace the Seifert invariants (1) by
{(1,0). (p1.4D). (P2.93). - - (Pu=1. 41D (Pn. 4)}
such that
41 =91, 4/ =q +Npi @<i<n—1), gy =gn— (1 =2)Npy

without changing the value of b + ¢1/p1. Hence by choosing N appropriately we
can arrange the Seifert invariants in two ways so that they satisfy (8) and either
gi >0for2 <i<n-—1landg, <0,0org; <0for2 <i<n-—1landg, >0
(note that we have assumed that n > 3). Now noticing

sgnlof, ..., o} ] = sgn (pi/qi) = sgn q;.

we have two spin 4-orbifolds X+ corresponding to the above two choices of the
invariants satisfying b*(X,) = 1 and b~ (X_) = 1. As in the first case we can see
that

sign X4 +8(X4) =sign X_ +6(X-) =7(S, o).
Thus X are the desired orbifolds.
4. Proofs of the main theorems

In this section we prove the main theorems.
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4.1. Proof of Theorem 1

We can assume that b1 (W) = 0 (perform spin surgery on W to kill by (W) if
necessary). Let (th, ci) and (Xi, ci) be spin 4-orbifolds bounded by (S, c1)
and (52, c2) respectively provided by Proposition 3. Consider two closed spin 4-
orbifolds X1 with b1 (X+) = 0 defined by

Xs,ep) = (XL, —cH U =W, -0 U (X2, ),
X_,eo)= (XL, —eHu(=w, —o)u(x2, ).
Then
ind Dg, = —(sign(X}) — sign(X1) + 8(X3. c}) —8(x". c1))/8
is equal to
ind Dy = —(sign(X2) — sign(X}) + 8(X2, %) — §(XL, c}))/8.
Here we note that § (—X, —c) = —3(X, ¢). Moreover by Theorem 4 either ind Dy .
=0or | —b~(Xy) <ind Dg, <b*(Xx) — 1. But
bT(Xp) =bT (XD +b7(X1) <2
and
b= (X0) = b~ (X*) +bT (X)) <2,

and hence we must have ind Dz, = 0 since ind Dy, is even. This implies that

T(S1, c1) = sign(X1) +8(XL, cb) = sign(X3) + 8(X1, 1) = [W(S2, c2).

4.2. Proof of Theorem 2

Suppose that M bounds an acyclic 4-manifold W, and K/, for a knot K in M
is a Seifert 3-manifold S. We denote by Mg the complement of the knot K in a
homology 3-sphere M and let 1 and A be the meridian and the (preferred) longitude
of K. We construct a certain spin 4-orbifold X, which is essentially the same one as
is given in the proofs of the main results in [8]. Let A be the 2-simplex with edges
ej (j = 1,2, 3) and construct a 4-manifold X of the form

X=T>xAUMg x e)U(D>x S' x e3) U(D? x S x e3). 9)

Here Mk x e; and dD? x S' x e; are glued with T? x ej C T2 x AA(j =
1,2, 3) respectively via the following identifications. Let 1o = S' x % and A =
% x S'in 72, and mj = 9D? x x and Lj =% x S1in the D? x S! factor (which
we denote by (D? x Sl)j) of D? x S x ej for j = 2, 3. Then these curves are
identified so that
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w = o, A= )L(),
my = puo +qro, €2 =rug+ sk,
m3 = o, L3 = ho,

where r and s are integers with ps—gr = 1. Then X is oriented so that d X consists of
the three components —M = —MgU—(D%x 83,8 = Kpig = MygU(D?x Sh,,
and L(g, —p) = (D* x §1)3 U —(D? x §'),. In the third component we identify
(D? x S')3 with the complement of the trivial knot in > so that (£3, m3) correspond
to the meridian and the longitude of the trivial knot. Thus the resulting manifold is
the g/ p-surgery on the trivial knot, which is L(g, —p). Note that the above X is
the same as the one constructed in the proof of the main theorem in [8]. It is easy to
see that b1(X) = 0, b(X) = 1, and the self-intersection number of the generator
of Hy(X) is pq. We also see that the spin structure on 7' determined by the values
c(mo) and c(rp) extends to that on X if and only if

c(po) = c(rp) =0 (mod 2),
pc(po) + ge(hg) + pg = 0 (mod 2).

Hence if pq is even (hereafter we assume this condition) then we have a spin
structure ¢ on X defined by the above equation. The restriction of ¢ on M induces
the unique spin structure on M, which extends uniquely to that on W. Moreover
(S, c|s) bounds two spin 4-orbifolds (X 4, c+) provided by Proposition 3. Thus we
can construct closed 4-orbifolds of the form

X:=XUWUcL(q, p) U (—Xy).
We can see that ¢ extends to a spin structure on X + and we have
ind Dy, = —(sign X —sign X4 — §(X+, c+) +8(L(q, p),¢))/8.

Again by Proposition 3 and Theorem 4 we have ind Dy = ind Dy, which is
either 0 or satisfies 1 — b~ (X+) < ind Dg, < b*(X) — 1. On the other hand

bHX_)—1=bT(X)+b (X_)—1<1
since bT(X) < 1 and b~ (X_) < 1, and likewise
1—b (X)) =1-b"(X)—bH(X;) > —1

since b~ (X) < 1 and b (X ) < 1. Therefore ind Dy, = 0 since this value must
be even. It follows that

(S, ¢) = sign X4 + (X, cx) = 8(L(g, p), ¢) +sign X
=0a(p,q, (=) 4 sen pg = —o(q, p, —1).

The last equality is deduced from the reciprocity of o (g, p, —1) (see [8]). This
proves Theorem 2. O
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4.3. Proof of Theorem 3

First we construct a 4-manifold X as in (9), where T? x ejand 0Mk X ey, aD? x
Slxe ; are identified as follows (we use the same notations as above).
M = o, A= )\.0,
my = oo + Ao, €2 = —po,
m3 = ajpo + Ao, €3 = —puo.

Then dX consists of =Ky, = —Mg U —(D? x §hs, Ko, = Mg U (D? x SYy,,
and L(cs — a1, 1) = (D? x S1)3U —(D? x S'),. In the third component we have
the identification of the form

my =m3 — (a2 — ay)l3,

and hence the third one corresponds to the —(ap — «1)-surgery on the trivial knot
in §3, which is L(ay — a1, 1). Next we examine the topology of X. Consider the
connecting homomorphism

§: Hy(X,T? x A) — H\(T? x D)

in the exact sequence for (X, T2 x A). Then via the excision Hy(X, T? x A) is
isomorphic to Z3, which is generated by the meridian disks Dl.2 of (D? x S'); and
the Seifert surface Sx of K. Thus we have

H;(X) = coker §
= Z7 (1o, 20} /{0 = a1 1o + ho = a2/t + A0 = 0} = Zgcd(ay,a0).
Likewise we have
Hy(X) =ker§ = Z,
which is generated by aé(D_,z, — Sg) — o (D% — Sk) for o] = a;/ ged(ay, a2). If
we consider z = az(D§ — Skx) — o (D% — Sk ) we have
2-2= —ot%otl +0512(x2 = —aja(op —ay),

and hence sign X = —sgnojaa (2 —o1). Next we consider the condition on X to be
spin. Start with the spin structure on T2, which is determined by c(uo), c(ro) € Z5.
To extend this spin structure to those on Mg and (D? x S!); (i = 1,2) we must
have
c(Ag) =0 (mod 2),

aic(pup) +c(hg) +a; =0 (mod 2) (i =1, 2).
Thus we can see that the spin structure on T? given by c(ug) = 1 and c(X9) =0
extends to the spin structure ¢ on X. Now we construct two closed 4-orbifolds with
b1 = 0 as follows.

Xy =XUXLU@EX2)U(~cL(@ — a1, 1),

X_=XUX!' U(=X2)U(=cL(@ — a1, 1)),
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where X7, are the spin 4-orbifolds with spin structure ¢ provided by Proposition
3 for K, ;- Then c also extends to the spin structures on X 1. Moreover we deduce

from the equation 1z(Kq,, ¢) = sign Xi + S(Xi, ci) that
ind Dz =ind Dy
= —(sign X + (Kq,, ¢) — i(Kq,, ¢) = 8(L(a2 — o, 1), 1))/8.

Again either this value is zero or satisfies 1 —b~ ()?i) < ind D;(i <bt ()?i) —
1. We have the following inequality according to the sign of

sign X = —sgn ojo2 (a2 — o).

(1) The case when ojop(crp — «q) > 0. Then since b7 (X) = 0 and b= (X) = 1,
we have

bHX) —1=bT0+ b7 (XD +b7(X2) —1<0+14+1-1=1,
and
1-b" (X)) =1-b"(X)—b (X)) =bpT (X)) >=1-1-1-1=-2.
It follows that either ind Dy L= 0 or
—2 < ind D;(i <1,

and hence ind Dy . is either O or —2.

(2) The case when ajoa (g — ) < 0. Then since b7 (X) = 1 and b~ (X) = 0 we
have

Xy —1<l414+41-1=2,
1-b (X_)>1-0—-1—1=—1.

It follows that either ind Dy =ind Dy = 0or
4 _
—1 <ind D)?i <2,
and hence ind Dy L is either O or 2.
Now since

S(L(cta — oy, 1),¢) =0, — ay, (_1)(C(M)—1))
0(1 - (az - al)saz — o, _1)

=—0c(y—o;—l,ao —a1,—1) =0y —a; — 1,
(see Remark 2 or [4]) and (K, ¢;) = sign X’i + 5(Xii, cii) we see that
(Kay, €2) = 1(Koy, c1) = —(a2 —a1) or — (a2 — o) — 16
if ajop(ar — ap) > 0, while

W(Ka,, 2) — (K, c1) =2 — (a2 —ay) or 18 — (ap — )
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if oy — 1) < 0. Here the spin structure ¢; on K, is given by ¢;(n) = 1
for the meridian p of K and hence is different from that given in Theorem 2 in
the case that o; is even. If both «; and ay are even then the spin structure ¢’ on
T2 determined by /(o) = ¢’(Ag) = 0 also extends to that on X +. We denote
by ¢! the spin structure induced on K, (which satisfies cl/. (u) = 0 for the merid-

ian 1 of K). In this case §(L(az — a1, 1), ¢) = o(1, a2 — ay, (=)< WO~y =
o(l,ay — a1, —1) = —sgn(ap — 1) = —1. It follows that if ¢jr > 0, we have

(K, ¢y) — i(Kay¢)) = O or — 16,
while if jay < 0, we have
(K. ¢) — Fi(Kays €}) = 2 or 18,

Note that if M bounds an acyclic 4-manifold then the cases with values —16 and
18 do not occur by Theorem 2. This proves Theorem 3. O

5. Some remarks

Now we give some remarks and examples derived from the main theorems.

Corollary 1. Suppose that k copies of a Seifert 3-manifold with spin structure (S, c)
bounds a Q-acyclic spin 4-manifold for some k. Then [ (S, c¢)| < 8.

Proof. Let (W, c) be a Q-acyclic spin 4-manifold with (W, ¢) = k(S, ¢). Then

for spin 4—orbif9\1ds (X4, cq) with 9(X4, c1) = (S, ¢) provided by Proposition

3, we can put X4+ = W U k(—X41), for which we have either ind D;(i =0

or 1 —b_(Xy) < indDg, < b*(X+) — L. Since ind Dg, = ind Dg =

—(0—k7z(S, ¢))/8, bT(X_) < k,and b~ (X) < k, we have either Z(S, ¢) = O or
1 —k <ku(S,c)/8 <k-—1.

In either case we have (S, ¢)| < 8. m]

Remark 4. Under the same assumption (S, ¢) = 0 if either S is a Seifert integral
homology 3-sphere (since (S, ¢) is divisible by 8) [4], or S is spherical (since we
can put X+ = ¢S in this case) [7].

Corollary 2. Suppose that K is an amphicheiral knot in S3, and K p 15 a Seifert
3-manifold over an orientable orbifold for p > 0. Then for a spin structure c on
K, determined by c(u) = 1 for the meridian y of K, we have

w(Kp,c)=1—por9—p.
Moreover if p is even
E(Kp, ) =1

for the spin structure ¢’ different from the above c.
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Proof. Note that K, = —K, for the mirror image K* of K. Hence if K is am-
phicheiral, then K_, = —K,. Furthermore if we denote by c the spin structure on
K, determined by c(u) = 1 (mod 2) for the meridian u of K, then —c on — K,
is also the spin structure on K, with the same property. Thus by Theorem 3 (and
by its proof) we have

2u(Kp,c) =p(Kp,c) —m(K_p,—c)=2—2porl8—2p.

The second claim in the case that p is even is deduced from Theorem 2 since the
spin structure ¢’ different from c is the same as that given in Theorem 2. O

Remark 5. In [8] we showed that if K is amphicheiral and hyperbolic then K, is
never spherical by using the fact that the value 9 — p in the first claim does not
occur together with Boyer-Zhang’s result [1] on finite surgery. But the value 9 — p
actually appears when the resulting manifold is a non-spherical Seifert 3-mani-
fold. For example, let K be the figure eight knot (which is amphicheiral). Then
Ky =%(2,3,7),and t(2(2, 3,7), ¢) = 8 for the unique spin structure c.

We can show by the main theorems that certain Seifert 3-manifolds are not
obtained by integral surgery on knots in S>. First of all, H; (S, Z) must be cyclic if
S is obtained by surgery on a knot in a homology 3-sphere.

Proposition 5. Let S be a Seifert 3-manifold over an orientable 2-orbifold
52 (p1, .-, pn) with e(S) # 0. Then H\(S,Z) is cyclic (of order |[] pie(S)|)
if and only if

ged([] peli#p=1
ki, j
Proof. We can assume that the Seifert invariants of S are given by (1) with b = 0.
The presentation matrix of Hi(S, Z) is given by the (n + 1) x (n + 1) matrix (c;;)
satisfying

piifi=j<n,

gi ifi <nand j =n+41,
1 ifi=n+1landj <n,
0 otherwise.

Cij =

Then det(c;;) is equal to | [] pie(S)| = [ Y/ P1 ... Pi=14i Pi+1 - - - Pnl. Next let
A;j be the n x n minor of (¢;;) obtained from (c;;) by deleting the ith row and the
jth column. Then H; (S, Z) is cyclic if and only if

ged(A;j | Ajj #0) = £1.

It is easy to see that

[1pi ifi=j=n+1,
[Tisi Pr(e(S) +qi/pi) ifi = j <n,

Ajj = il—[k;eipk ifi <nandj=n+1,
£ [Txi Pr ifi=n+1land j <n,

+q; Hk;éi,j Pk ifi,j <nandi # j.



490 M. Ue

Since ged(pj, gj) = 1 we have

ged(Aip) = ged([ [ pioay [ prli # 5 =eed([] pacli # ).
ki ki, j ki, j
Thus we obtain the required result. O

In particular if n = 3 then H{ (S, Z) is cyclic if and only if gcd(p1, p2, p3) =1
(see [5]). Next we examine the value of (S, ¢) according to the parity of p; for a
suitable choice of the Seifert invariants of the form (1). We use the notations in the
previous sections.

5.1. The case when p; is even for some i

First note that from the relations (4) on ¢ we deduce that if p; is even then g; is
odd and hence we must have c(h) = 0. We can also arrange the Seifert invariants
so that |g;| < p; for every i and if p; is odd then g; is even (replace ¢; by g; £ p;
if necessary). Then we must have c(g;) = 0 if p; is odd. Moreover we can also
assume that c(g;) = 0 evenif p; is even since if we replace g; by g; ==/ if necessary
then c(g; £ h) = c(g;) + 1. It follows that ¢(g;) = 0 forevery i and b = ) c(g;)
is even. Under these conditions we obtain the plumbing P (I") with spherical Wu
class w = 0 bounded by (S, ¢) whose weights of the vertices on the branchs in I'
are given by even nozero integers Ol;- with

pilgi =laj, ..., o]

i

Note that since |o¢§.| > 2 we have
sgn[aj-, 0‘;+1’ R a,’;l_] = sgn a; (10)
for all i, j. Thus as in the proof of Proposition 3 we have
T(S. ¢) = sign P(I) =sgn e(S) + Y _sgn o’
= sgn e(S) = ) olai, pi, — 1.

Note that under the above conditions on the Seifert invariants | H; (S, Z)| is odd if
and only if p; is even for just one i. We can also see by Proposition 5 that H1 (S, Z)
is even cyclic if and only if the number of i with p; even is 2. In this case we have the
representation of (S, c¢) such that p; > |g;|, p; and g; have opposite parity for all
i, piisevenfori = 1,2, p; isodd fori > 3, b is even and ¢ = 0. Under these con-
ditions the other spin structure ¢’ on S is given by ¢’(g1) = ’(g2) = 1,¢'(gi) =0
fori > 3 and ¢’(h) = 0. Hence by replacing g; by g; + sgn (g;)h fori = 1, 2, we
have another representation of S of the form

{(17 b + €1 + 62))7 (plv q1 — elpl)v (PZ» q2 — 62[’2)’ (p37 CI3)7 ] (pnv Qn)}

for which ¢’ = 0, where €; = sgn (g;). Then as before we have

(S, ') = sgn e(S) = Y o(gi —€ipi, pi. —1).



The Neumann-Siebenmann invariant 491

5.2. The case when p; is odd for every i

We can also arrange the Seifert invariants so that |¢;| < p; and g; is even. Thus
we must have ¢(g;) = 0 and b(c(h) + 1) = 0. Under these conditions we have
|H{(S,Z)| = b (mod 2). Moreover H{ (S, Z,) is Z if b is even and 0 otherwise.

(1) The case when c(h) = 0. This case occurs only when |H; (S, Z)| is even. Then
(S, ¢) bounds a plumbing P(I") with spherical Wu class w = 0 of exactly the
same type as in the first case. The formula for 7z(S, c) is also the same.

(2) The case when c(h) = 1. This case occurs not depending on the parity of
|H1(S, Z)|. In this case we have the continued fraction expansion

pi/gi = ey, 0, ... ;]

with O{l]' odd, a;'. even and nonzero for j > 2. (If we write p; /q; = « — p/q;
then we can replace it by either « + 1 — (p; 4+ ¢;)/q; ora — 1 — (p; — q;)/q;
if necessary). We note that under the above condition we also have the relation
(10) even if ai = =£1. Thus we can see that (S, ¢) bounds a plumbing P(I")
such that the spherical Wu class w is given by the central vertex with weight
—b and the weights of the other vertices are given by aj. above. Therefore

(S, c) =sgne(S) —{—ngn (x; —w - w = sgn e(S) +ngn a; + b.

Finally we show the existence of Seifert 3-manifolds not obtained by inte-
gral surgery on knots stated in the introduction. That is, we can see that for any
(p1, p2, p3) with ged(p1, pa2, p3) = 1 such that the number of i with p; even is
either O or 2, there exist infinitely many Seifert 3-manifolds over S2( D1, P2, P3)
with H even cyclic that are not obtained by integral surgery on knots in S3. We
will give the Seifert invariants of such examples as follows. We denote by ¢ the spin
structure defined by ¢ = 0 with respect to the given representation and the other
spin structure by ¢’.

5.2.1. The case when p1, p> are even and p3 is odd
(1) The case when p3 = 4k — 1 for some k. Consider

) S={1,b),(p1, ), (p2, 1), (p3,2)}, (beven).

Then according to the above calculation we have (S, ¢) = sgn e(S) + 4 for ¢
define by ¢ = 0. The other spin structure ¢’ is defined by ¢’ = 0 with respect to
the Seifert invariants of the form

Gex) {0, b +2), (p1, 1 = p1), (P2, 1 = p2), (p3,2)}

and we have 7u(S, ¢’) = sgn e(S)+4— p;— p>. Hence unless p; = p; = 2, nei-
ther (S, ¢) nor (S, ¢’) is £1if b > 0 (and sgn e(S) = —1).If py = pp =2
we consider

S={(1,b),2,1),2,-1), (4k — 1,2)}, (beven).

Then we have u(S,c) = (S,c¢) = sgn e(S) + 2. Thus if b < 0, then
(S, c) =mu(S,c") =3.
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(2) The case when p3 = 4k 4+ 1 for some k. Unless p; = pp = 2, consider S
represented by () with b < 0. Then we have (S, ¢) = sgn e(S) +2 =3 and
(S, )y =sgne(S)+2—p1 — pr=3—p1— p2.If p; = pr =2, consider

S={(,0),2,1),2, 1), (p3, p3— 1)}, (beven, b <0).

Then we have (S,c) = sgn e(S) + 4k + 2 = 4k + 3, and u(S,c) =
sgne(S)+4k —2 =4k — 1.

5.2.2. The case when p; is odd for every i

(1) The case when p; = 4k; + 1 fori = 1, 2, 3. We consider

S ={(1,0), (p1,2), (p2,2), (p3, p3 — D}, (beven, b > 0).

Then we have (S, ¢) = sgn e(S) + 4kz = 4kz — 1. As is explained above
considering the continued fractions of the form

k) +1)/2 = 2k + 1,2], (ks + 1)/2 = [2k> + 1, 2],
(4k3 + 1)/4ks = [1, —4k3],

we have (S, ¢’) = sgne(S) + b +4 = b + 3 for ¢’ # c.
(2) The case when p; = 4k + 1, p» = 4k, + 1, and p3 = 4k3 — 1. We consider

(* * *) S = {(19 b)v (plv 2)7 (PZ» 2)7 (p31 2)}, (b even, b < _6)
Then we have (S, ¢) = sgne(S) + 2 = 3. Since
(4ks — 1)/2 = [2kz — 1, =2],

we have (S, ¢’) =sgne(S) +b+4=>b+5forc #c.

(3) The case when p; = 4k1 + 1, p» = 4ko — 1, and p3 = 4k3 — 1. Again consider
S of the form (x * *) with b > 2. Then we have (S, ¢) = sgn e(S) + 4 = 3,
and (S, c) =sgne(S) +b+2=>b+1.

(4) The case when p; = 4k; — 1 fori = 1, 2, 3. We consider S of the form (x )
with b > 2. Then we have (S,c) = sgn e(S) + 6 = 5, and (S, ) =
sgne(S)+b=>b—1.

In either case we have a Seifert 3-manifold S for infinitely many choices of b
such that the Neumann-Siebenmann invariant of S is not 1 for any choice of spin
structures. It follows from Theorem 2 that S is not obtained by an integral surgery
on a knot in S°.
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