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2 BORIS VAILLANT

1. INTRODUCTION

This paper is a translated and revised version of the author’s Diploma
thesis [Va]. The starting point is Atiyah’s work [A] on the index theory
for elliptic operators on coverings of compact manifolds M.

Every elliptic differential operator P € Diff*(M; E, F) on sections of
hermitian vector bundles E, F' over a compact manifold is invertible
upto a smoothing operator and has a well-defined index.

In the case of a regular covering M — M with an infinite group of
deck transformations I' and lifted vector bundles E, F, P, the lifted
operator P can have essential spectrum down to 0 and is in general
not Fredholm. It is however still possible to define the I'-trace of a
I'-equivariant operator K on M as the integral of its local trace over a
fundamental domain F

trr(K) = / te([K](z, 2))de.
f
The operator P is then T-Fredholm’ and has a well defined I'-index

indp(P) = trp(N(P)) — trp(N(P*)).
It is shown in [A] that

indp(P) = ind(P). (1.1)
In this paper, we will look at I'-index Theorems for coverings N —
N, where the base manifold N is noncompact but still has bounded
geometry.
The simplest case of a noncompact manifold with bounded geometry
is a manifold N with cylindrical ends M x [0, oo[. If we have a Clifford
bundle (E,hF), also with a product structure over the cylinder, the
Dirac operator D on E will in general not be Fredholm but still have
finite dimensional null space and co-null space. For dim(N) = 2n the
well-known formula of Atiyah, Patodi and Singer describes its L2-index:

h—% — /N A(N)Ch(E/S) + %n(DM)

Here, n(D™) is the Eta-invariant of the restriction D™ of D to M. Die
LHS is known as the modified L*-index of D.

The main result shown in this paper is the analogous formula for the
(L?)-T-index of the Dirac operator D on E — N. The proof, given in
Chapter 6, combines the methods for the proof of the L?-index theorem
developped in [Me], [Mue2] with the heat kernel methods used in the

L*ind(D) +
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proof of the I'-index theorem in [Rol]. The terminology is developped
in Chapters 2 to 4.

We start in Chapter 2 by restating the purely functional analytic de-
scription of operators on I'-Hilbert modules from [Br|, [Sh2]. This is
the natural context to develop the notion of the ['-trace trr. We give
the definitions of some classes of I'-operators on I'-Hilbert modules such
as I'-trace class- and I'-compact operators, and describe them in terms
of their spectral properties.

Chapter 3 gives an outline of the analysis on manifolds of bounded
geometry as found in [Sh1], [Bul]. Following [Rol], we prove the central
estimates for heat kernels of elliptic operators. A cornerstone of the
proof of the L?-I'-index theorem will be the introduction of a spectral

modification D" + f (EM) of D™ and we formulate the theory and the
estimates for such 'generalised elliptic’ operators whenever possible.

The results of Chapters 2 and 3 will then be applied in Chapter 4 to
elliptic I-differential operators P on coverings of compact manifolds
M. The focus will be on a proof of the existence of the I'-Eta-invariant

nr (EM +f (EM)) for spectral modifications of the Dirac operator over
M.

Finally, Chapter 6 gives the details of the proof of the L2-I'-index the-
orem 6.11 for Dirac operators over manifolds with cylindrical ends.
First, under the condition that

0 is an isolated point in the spectrum of D" (1.2)

the analysis follows the lines of the classical case described in [Me]. In
the general case, a spectral modification D, ,, of the Dirac operator D
is introduced for which (1.2) holds. The main task is then to set up a
good book-keeping procedure to compare the I'-dimensions of the null
spaces of Eﬁ,u and D.

This work is the result of a project to better understand the ubig-
uituous condition (1.2) that appears in all generalisations of the L2-
index theorem. Using the book-keeping procedure developped in 6.2
the main result would also follow from the similar result for manifolds
with boundaries given in [Ra]. In view of the I'-signature theorem,
the approach given here might perhaps be considered to be the more
natural one.

Thanks are due to Werner Miiller who started me on this project and
whose work on Eta-invariants is at the center of many of the develop-
ments given here, as well as to Paolo Piazza and Thomas Schick who
by their kind interest revived this work. Special thanks also to Mrs.
Liitz who reteXed the original manuscript.
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2. OPERATORS ON HILBERT ['-MODULES

This Chapter describes some of the (spectral) theory of operators on
Hilbert spaces with an equivariant action of a discrete group I'. Much
of this material can be found in [Sh2] and [Br].

2.1. Hilbert I'-modules and the I'-dimension function. We start
with some terminology

Definition 2.1. (a) A free Hilbert T'-module is a unitary right T'-

module of the form V @ L*(T), where V is a Hilbert space.

(b) A (projective) Hilbert I'-module is a Hilbert space H with a uni-
tary right action of I', along with a T'-equivariant imbedding
H — VYV ® L*(T) into a free Hilbert T'-module.

(¢) A morphism of Hilbert I'-modules Hy, Ho is a bounded I'-equivariant
operator A € B(H1, Ha). We denote the space of all such mor-
phisms by Br(Hq, Ha).

Denote by try : B(V),+ — [0, 00| the usual trace on the Hilbert space
V. We will now analyse the properties of the trace on the von Neumann
Algebra Br(V @ L*(T)) = B(V) ® L(T) of endomorphisms of the free
Hilbert I'-module V ® L?(T") that is induced by t¢ry and trr.

On Br(V ® L*(T)), we have the unique fn.s trace try @ trp which
we simply denote by trpr Also, for a projective Hilbert I'-module H,
the I'-embedding H — V ® L*(T") gives a I'-embedding of operators
Br(H) — Br(V ® L*(T")). Through this embedding, we can define a
trace trr on Br(H). It is shown in [Sh2], that this definition is in fact
independent of the projective embedding.

Lemma 2.2. For each (projective)Hilbert I'-module there is a canonical
fn.s. trace trp on Br(H). For a free Hilbert module H = V @ L?*(T)
with orthonormal basis (¢V; ® ¥)jener, and elements A € Bp(H)4 this
trace can be calculated by

trr(A) =) (AY; @ €, @ €)
jeN
|
Using the trr on H, a I'-dimension function on I'-invariant subspaces
V C 'H can be defined. First, note thate the closure cl(V) is I'-invariant
and denote the orthogonal projection onto cl(V) by Ey € Br(H). The
[-dimension of V is then defined by

dimp(V) := trp([cl(V)])

The f.n.s.-property of trr implies the following properties for dimr :
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Lemma 2.3. (a) dimp(V) € [0, 00] and dimp(V) =0 <V = {0}
(b) Let (V;)ien be an increasing family of I'-invariant subspaces of
H. Then dimp(|JV;) = lim dimp(V;).
(c) Let (V;)ien be a decreasing of I'- invariant subspaces of H. Then
(d) dimp is additive: dimp(Vy @ Vs) = dimp(Vy) + dimp(Vs).

2.2. Classes of I'-operators. As in classical Hilbert space theory, we
can introduce different sub-classes of the endomorphisms Br(H) of a
Hilbert I'-module H.

Write R(A) for the projection onto the image A

R(A) = inf{P | P projection in Br(H) with PA = A},

and denote the projection onto the null space of A by N(A). From the
polar decomposition of A we obtain

Lemma 2.4. (a) Let ~ denote the equivalence of projections in in

Br(H). Then for every A € Br(H)

R(A) ~ R(A") =1— N(A).
(b) Let A € Br(Hi,Hz) be a quasiisomorphism of Hilbert I'-modules,
i.e. N(A) =0 and R(A) = Hs. Then
dimp(Hl) = dlmr(HQ)
We now define as usual

Definition 2.5. Let 'H, H1, Ha be Hilbert I'-modules.

(a) BL(H1, Hy) == {A € Br(Hi, Hs) | trp(R(A)) < oo} are the
['-operators of finite I'-rank.

(b) The space B (Hi, H2) = Kr(H1, Ha) of I'-compact operators is
the norm closure of BI’f(Hl,Hg).

(c) BE(H) := {A € Br(H) | trr(AA*) < oo} are the T-Hilbert-
Schmidt operators.

(d) BE(H) = BA(H)BA(H*) = {A € Br(H) | A =>"", SiTy with
S;, T, € BE(H)} are the T-trace class operators.

The spaces thus-defined share a number of the properties of their clas-
sical counterparts

Lemma 2.6.  (a) BL(H), BL(H), BA(H), BX(H) are two-sided *-ideals
(b) Bi(H) = {A € Br(H)| trr(JA]) < oo}
(c) B(H) € Bi(H) € BE(H) < B (H).
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(d) A€ Bi(H) & |A] € BE(H), * = f,1,2,00.

Remark 2.7. Let A, B € Br(H) be two self adjoint operators, and let
B be T'-trace class. Then A has a unique decomposition A = AT — A~
into a sum of positive operators A%, || AT ||<|| A ||, and

ltrr(BAB*)| = |trr(BA* B*) — trp(BA™B*)]
< sup{trp(BA*B*), trr(BA~B*)} < trr(BB*) || A || .

For positive B we note especially |trr(AB)| < trp(B) || A || .

2.3. The spectrum of I'-operators. In the following, let H be a
Hilbert I'-module, and 7" : 'H D dom(T) — 'H a not necessarily
bounded I'-operator on H. Thus, the domain of T is I'-invariant, r(y)dom(T") C
dom(T), and Tr(y)y = r(y)Ty for all v € I',v € dom(T') ( T is said to

be affiliated to Br(H)). For selfadjoint 7" the projection-valued mea-

sure is denoted by Er(U) € Br(H). For each Borel set U C R we
denote the corresponding spectral subspace by Hr(U) := im(Er(U)).

From the results of Section 2.1 we deduce that

prr(U) = tre(Er(U)) = dimr(Hr(U))

defines a Borel measure on R whose support is the spectrum spec(7T)
of T. If f:R — [0, 00] is a bounded Borel function, we have

/RdeF,T = trp(f(7)),

where we allow both sides of the equation to equal cc.
The I'-spectral measure ppp gives a rough but useful classification of
the spectrum of T.

Definition 2.8. specr (1) := {A € R | Veso pirr([A — €, A +¢]) = oo}
15 called the I'-essential spectrum of T.

This can be used to obtain the following simple spectral characterisa-
tion of I'-compact operators

Proposition 2.9. Let A, S be selfadjoint I'-operators on H. Let S be
bounded.

(a) S € BL(H) = specy(S) C {0}.

(b) S is I'-compact < specy. .(S) C {0}.

(c) Let S beI'-compact. Then (A+S is selfadjoint and) specy ,(A+
) = specy . (A).
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Proof. (a) is obvious. (b): ‘=‘ Choose S compact and selfad-
joint. First note that S can be approximated by selfadjoint elements
in BL(H). For A € specr .(9) and € > 0 the space Hg(J]A — €, A +¢[) is
of infinite I'-dimension. Then choose a selfadjoint F' of finite I'-rank,
such that || S — F ||< €. For every ¢ € Hg(JA — €, A + €[) we then have

H(E=NelI<IS=Flllell+ 11 (s=Mell<2e ¢,

thus Hs(JA — e, \ + €[) C Hpr(]JA — 2¢, A + 2¢[), so the RHS must have
infinite I'-dimension. Using (a), this implies A = 0.

* < °: Let specp(5) C {0}. Since S is bounded, the projections
Eg¢(R—]—¢, €]) must be of finite I'-rank for every ¢ > 0. Thus SEgs(R—|—
€, €]) gives a norm-approximation of S by I'-finite operators for ¢ — 0.
(c): We show specy ,(A) C specy .(A+S). To do this, let A € specy. .(A),
i.e. we have dimp(HA(JA — €, A +¢€[)) = oo for all € > 0. Now consider
the set

Ge:={peHa(A—eA+e)) ||| Sell<el ¢}
= Hi(QN— e A+ €e]) N Hs(] — €, €])

But Hs(] —¢, €[) is of finite I'-codimension, and therefore G. is of infinte
I-Dimension. By construction, G C Hays(JA — 26, A + 2¢[) thus A €
specp (A +5).

|

2.4. I'-Fredholm operators and the ['-index. Here we look at I'-
Fredholm operators and their properties. Again, this closely follows
the lines of the Hilbert space analogue. As usual, denote by H, H1, Hs
Hilbert I'-modules.

Definition 2.10. An operator F' € Br(H1, Hs) is called I'-Fredholm if
there are G € Br(Hs, H1) and K; € Kr(Hy), Ky € Kr(H2), such that

Denote by Fr(Hy, Hs) the space of T'-Fredholm operators Hi — Ha.

From this definition and the ideal property of Xr(H) we deduce that the
space of [-Fredholm operators Fr-(H) is closed unter the *-operation
and under concatenation of operators. It is also easy to see that Fr(H)
is an open subset of Br(H).

Contrary to their classical counterparts, I'-Fredholm operators usually
do not have a closed image, their essential spectrum can contain 0.
However, a version of the spectral description of Fredholm operators
also holds in the I'-case.
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Proposition 2.11. The following statements are equivalent for a I'-
operator F' = Br(Hy, Hs):

(a) F is I'-Fredholm.
0 ¢ specp (F*F) and 0 ¢ specp (F'F™).

(b)
0 F 0

(c) 0 ¢ specr, (F 0 ) , where (F 0 ) € Br(Hi ® Ha).

(d) N(F) is a projection of finite I'-rank in Hy and there is a pro-

jection E in Hy of finite I'-rank, such that im(1—FE) C im (F).

Proof. This follows essentially like in the classical case.

Definition 2.12. Let F' € Br(H1, Ha) be I'-Fredholm, E and as before.
Then trp(N(F)) < oo and tr(l1 — R(F)) < trr(E) < oo. We can
therefore define the I'-index of F' as

indp(F') := trp(N(F)) — trp(1 — R(F)).
The I'-index shares the algebraic properties of the classical index:

Proposition 2.13. For operators S,T € Fr(H),K € Kr(H) the fol-
lowing holds true

(a) indp(S*) = indp(95).

(b) indp(ST) = indp(S) + indp (7).

(c) 1ndp(5 + K) = indp(S) especially indr(1 4+ K) = 0.
(d) indr : Fr(H) — C is locally constant.

Proof The proof of these statements is analogous to the classical proofs
and can all be found in [Br].

|
An unbounded, closed I'-Operator T' : Hy; D dom(T) — Ha is called
I-Fredholm, if the bounded TI-operator T : (dom(T), || - ||7) — Ha is
I-Fredholm. Here, || - ||r is the T-graph norm. We will frequently
use a Zy-graded version of Proposition 2.11(c). An unbounded, closed,
odd T-Operator on a Zs-graded Hilbert I'-module H = Ht & H~
called I'-Fredholm, when the (unbounded) operator T+ : HT — H™ is
I'—Fredholm. The I'-index of T is then defined as indp(T") := indp (7).

Proposition 2.14. Let H = HT@®H™ be a Zy-graded Hilbert I'-module,
and T an unbounded, closed, odd I"-operator on H. Then the following
two statements are equivalent

(a) T is I'-Fredholm.

(b) 0 ¢ specp ().
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3. MANIFOLDS OF BOUNDED GEOMETRY

This Chapter describes some of the methods of the analysis of differ-
ential operators on manifolds of bounded geometry. The results in this
Chapter will be applied in the next Chapter to differential operators
on covering manifolds. Most of the concepts presented here are well-
known and can be found in different variations in [Shl], [Bul], [Rol],
[Lo3], [Ei].

3.1. Basics. A not necessarily compact riemannian manifold N of di-
mension n is said to be of bounded geometry if the injectivity radius
i(N) of N is positive, and the curvature RV and all of its covariante
derivatives are bounded. A hermitian vector bundle £ — N is of
bounded geometry, if, in addition, the curvature F'¥ and all of its co-
variant derivatives are bounded. Manifolds of bounded geometry admit
systems of local coordinates that have uniform C*°-estimates [Ei]:

Lemma 3.1. Let E — N be of bounded geometry. Fix a constant
ro < i(N) and choose a ’good’ trivialisation of E, i.e. E is trivialised
via radial parallel transport over each ball B(z,1).

(a) The metric tensor g has bounded C*°-norm w.r.t. all normal
coordinate neighborhoods B(x,rg), independent of x. All deriva-
tives of coordinate change maps ®,, between such normal neigh-
borhoods B(x,ro), B(y,ro) are uniformly bounded independent
of x and y.

(b) In each normal neighborhood B(z,1¢) with a ‘good’ trivialisa-
tion of E, the local connection form has bounded C*-norm in-
dependent of x. All derivatives of transition maps V,,, between
the trivialisations over B(z,1¢), B(y, o) are uniformly bounded
independent of x and y.

[
In the following, let N, E' be of bounded geometry and choose a fixed

ro < i(IN). We will always use a 'good’ trivialisation of £ over normal
neighborhoods B(x,ry). Now define

UC®(N) :={f € C®°(N)| || VV*f ||oe < C(k) for all k € N}
UT(N,E) :={¢ € (N, E)| || VF*¢ || < C(k) for all k € N} etc.

Equivalently, a section ¢ is in UT if £ and its derivatives are uniformly
bounded in any local normal coordinate neighborhood U (and a corre-
sponding 'good’ trivialisation of F) independent of U.

As usual, Sobolev spaces H¥(N), k > 0, can be defined as the comple-
tion of C'°(N) with respect to the norm
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k
| f ||§{k(N):: Z | V7 f H%2(N, ®IT*N)
j=0

The negative Sobolev space H (N is then just the dual H*(N). Sim-
ilar definitions apply for spaces of sections over N.

Using a uniformly bounded partition of unity (within a ’good’ triviali-
sation of E as before), the Sobolev norms for Sections f € C®(N, E)
can locally be described as follows

|| / |§{S(N,E)N Z || oif |
jEN
We will use a variety of notations for the same space H*(N, E) £ H*(N)
£ H*(E) £ H* etc., depending on which part of the information is
important in the particular context.
The following version of the Sobolev inequalities is now easy to prove
along the lines of its classical counterpart.

Proposition 3.2. (Sobolev) Let k € N and s > k +n/2. Then there
is a continuous embedding H*(N, E) — UC*(N, E).

The algebra UDiff*(N, E) of uniform differential oprators is generated
by the uniform Sections ® € UI'(N, End(FE)) and the covariant deriva-
tives VL along uniform vectorfields X € UT'(N,TN). A differential op-
erator P is uniform if and only if its local symbol and all its derivatives
are uniformly bounded with respect to a ’good’ system of coordinates of
N and E. The operator P € UDiff*(N, E), maps UC'(N, E) continu-
ously to UC'"*(N, E) and maps H*(N, E) continuously to H*"*(N, E).
Note that the uniformity of the estimates for P is essential for this to
hold! Uniform pseudodifferential operators can be defined in a similar
manner.

A uniform differential operator P of order k on E is uniformly elliptic, if
its principal symbol o(P) € UI'(T*N, 7* End(E)) has a uniform inverse
outside of an e-neighborhood of the null section in 7*N. The construc-
tion of a parametrix for such operators can then also be performed in
a uniform manner and one can use this to show

Proposition 3.3. (Garding) Let T € UDIiff*(N, E) be a uniformly
elliptic differential operator. Then

2
HS(Ujv(cN) ’

| & |gser,my < C(s, k)| @ lasvey + 1| T s v,m))

(3.3)
for p € C*(N,E), s €R.
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n
In Chapter 6 we will be working with spectral modifications of the
Dirac operator that are not pseudo-differential operators but which
still share a number of their mapping properties. We introduce the ac-
cording spaces of operators here. A bounded operator T': C°(N, E) —
C>(N, E) with Schwartz-kernel [T], is called an operator of order k €
Z, if it has extensions into all spaces B(H*(N, E), H*"*(N,E)),s € R.
As a (possibly unbounded) operator on L?*(N, E), T is closable. To
simplify things a bit we will always ask that 7" map components of
N;, of N to themselves: T(C®(N;, E)) C C°(N;, E)'. Obviously, all
uniform (pseudo-) differential operators of order k are in Op*(N, E).
We put the obvious family of norms onto the space Op*(N, E') and also
write Op™> = (,cy Op™". An operator T € Op*(N,E), k > 1, will
be called elliptic, simply when it satisfies the Garding-inequality (3.3).
Note that if T € Op*(N, E) is elliptic and U € Op°(N, E), then T + U
is also elliptic. Also, if T € Op*(N, E) is elliptic and selfadjoint, then
all spectral projections of T are in Op°(N, E). We note

Proposition 3.4. Let T € Op*(N, E) elliptic and formally selfadjoint,
k> 1. Then T is essentially selfadjoint and (without a different nota-
tion for the closure of T') dom(T) = H*(N, E).

[
3.2. Smoothing operators. Let again T' € Op*(N, E) be elliptic and
formally selfadjoint. Following Proposition 3.4 we can interpret T as
a selfadjoint operator with dom(T) = H*(N, E). In this Section, we

analyse the properties of operators of the form f(7') for a sensible
choice of function f. The most sensible spaces of such functions are

RB(R) := {f : R — C Borelfuntkion | |(1 + 2*)*?f(2)|s < 00, k € N}
RC(R) :={f: R — Cstetig | [(1 + 2>)*?f(x)|s < 00, k € N}

The function space RC(R) with the family of seminorms |(1422)*/2 f(2)|s
is Fréchet. For f € RB(R) and [ € N, the operator T'f(T') is bounded
on L*(N, E) and we find using the Garding-inequality (3.3)

I FT)Y Nlmen< CU Z 1T AT M2y < OO N1 2w Z |2 oo

for any ¥ € C®(N, E) Here we have made the simplifying (but by

no means essential) assumption that 7 is of order 1. Using the duality
(H*)* = H° one can show for all k,l € Z,l > k :
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Ik Ik
I £ o< CLR) DI T HTW ey < CLE) | ey Y 12" floo,
i=0 1=0

from which it follows that the map

RC(R) — B(H*(N, E), H'(N,E)) f+~— f(T)
is continuous for all k, [l € Z, especially RC(R) — Op~*°(N, E) contin-
uously. The kernels of such operators are smooth.

Proposition 3.5. Set L :=[n/2+1],]l € N. Then the Schwartz-kernel
map

18 continuous.

Proof. We simplify notation a bit by forgetting about the coefficient
bundle, i.e. E = {0}. Choose r,s € N with r + s < [, and an elliptic
selfadjoint operator @ € UDiff'(N). Then

3.2
VLV o, w0)] < O || VEIT) o, ) [laeseo

33 L+s _
<O | VAT (w0, ) [l
§=0

Setting &;(y) = Vi [TQ’](z0,y) we can do the same estimate again

16 Py = / VI TQ (0, )6 (4)dy = |V (TQE;) (o)

<O || TQE || e
< C(
<C

D TQ lse.aaren |l &5 Mz
O T Nlsa-r— mrenll & Nz
Together
L+s
VaVs T (@0, y0)| < CU) D N TQ Nlswemreny< CO) | T lpgaa-2-s 2 -
=0
This implies that Op=2L~!(N, E) — UCY(N x E'X E*) is continuous.

Corollary 3.6. (a) [f(T)] e UC®(NxN, EXE*) for f € RB(R).
(b) The corresponding map RC(R) — UC*(N x N,EX E*) is
continuous.



INDEX THEORY FOR COVERINGS 13

3.3. Finite propagation speed estimates for the heat kernel.
Sofar, for T" as in Section 3.2, we have no estimates on [f(T)] at in-
finity. For differential operators P € UDiff(N, E') which are uniformly
elliptic and selfadjoint, such estimates can be obtained by using fi-
nite propagation speed methods. For this, we again assume that P
is of order 1. From the formal selfadjointness of P we find for any
el (N,E):

(PE,&)p—(§, Pp=d(§,0(P){)E (3.4)

The expression |0(P)|s, 7+ NoEnd()(2) is known as the propagation speed
of P in x. The maximal propagation speed of P on N is then ¢ =
c(P) := sup{|o(P)|2(z) | x € N} : Using the spectral theorem, we
know that for each § € C°(N, E) there is a unique solution &(t) =
e'¢y € L2(N, E) of the wave equation % —iPE =0, £(0) = &. Using
3.2 and 3.3 it is easy to see that £(t) € UC™(N, E). The following
Lemma states, that £(t) 'propagates’ with finite speed:

Lemma 3.7. (‘Energy estimate‘) For a sufficiently small A € R
an all x € N the norm || £(t) || 2(B(,a—ct)) @5 monotonously decreas-
ing in t. More specifically, P has propagation speed limited by c, since
supp(&) C B(x,r) implies supp(&(t)) C B(x,r + ct).

Proof. This is proved using (3.4) as in [Rol, Proposition 5.5]. See also
the proof of Lemma 6.1

|
The finite propagation speed of P can be used to obtain estimates
for more general f(P) and [f(P)]. Using the above Lemma for £ €
L3(N, E) with supp(§) C B(z,r) we know

supp(e”*'€) C B(w,r + ¢[s]).

This can then be plugged into the spectral representation
F(P) = (2 [ Flopereas,
R

valid for all f € S(R). Thus
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| F(PYE oo oy = (27)"72 / F(s)*Peds |l v—sio)
<l em) [ Fleeeds o)
R—1Ig

(3.5)
<@ ¢l [ 1T
R—1Ig
Here, we have set Ig :=] — %, RC_T [,or Ip = 0 if R <r. Thus, for s

in I the solution e**”¢ has not yet left B(x, R).

Proposition 3.8. For a sufficiently small r1, and all x,y € N set
R(z,y) := max{0,d(z,y)—r1}. Then, writing L := [n/2+1], I(x,y) :=
| — Rlag) R(xy [ for all f € S(R), we have the estimate

[

2L+1+k

VLVELF(P)) ()] < C(PL ko) Z / 79 (s)]ds.
—I(z,y)

Proof. Using the same technique as in the proof of Proposition 3.5, we
obtain

L+l L+k

VLV (P)(o,90)|< C D> | PPHF(P) 2o /20,02 (Bwor /2)
i=0 j=0

2L+1+k

Z / \Ps)as.

(35
< C

[ |
We now want to use this result to obtain specific estimates for the heat
kernel [f(P)] = [e7*F"]. It is well-known that

! a2 2N ey
e\ g5 ) ¢
C(k)
t(k+l)/2

f®(s) =

L Hy (s (A1) /) (/40

where Hj, is the kth Hermite polynomial. This is even for even k and
odd for odd k, and using

(3] s/2
_ 22 —u? s _ay2 < S ]R
€ dxée y ye = 27@6 ’ S,Uu,Y,a € Ry,
u

one obtains
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/ yse_dey :/ yse_ey26_(1_ﬁ)y2dy < C’(s,e)e_(l_ﬁ)“Q.

Using Proposition 3.8 and setting R = R(z,y), A = 2L + 1+ k, we get

VLV PTe )|
A+n 0o

<C) " / [H (s (48) /)| e= /G022 (41) 71245
j=m R/c

A+m

<oy i /
j=m

R/2c\/t

H(z)|e " dx (3.6)

oo

< 06_R2/562t Aifbt_jﬂ < C(]{Z, l,m, P)t_m£26;R2/602t, t>1T

- = C(k,l,m, P)e™®/6<t d(z,y) > 2r,t € R,.
This is only useful away from the diagonal. We will obtain estimates
for [e=*7*] in a neighborhood of the diagonal N x N and for small ¢
from the corresponding estimates for operators on compact manifolds.
To do this we need a ’relative’ version of Proposition 3.8. Let Nj, N,
be manifolds and E; — Ni, Fs — N, hermitian vector bundles, all of
them of bounded geometry. On these we consider as before formally
selfadjoint, uniformly elliptic differential operators Py, P, of order 1.
We assume that all these structures are isomorphic over an open set
N1 D U C Ns, i.e. there is a commutative diagram of isometries

N13U1 LUQCNQ

I [

P
E1|U1 — E2|U2

such that P, = ®P,®~ ! over U,. Usually, we will not make these isome-
tries explicit, but simply write U = Uy = Us, Ei|ly = FEs|y etc.. Now
write ¢ = ¢( Py, P») for the maximum propagation speed of both opera-
tors P;, P,. We then have the following relative variant of Proposition
3.8, see [Bul]:

Proposition 3.9. Let ro > 0. For z,y € U we write Q(x,y) =
max{min{d(z,0U), d(y,0U)} — 13,0} and J(z,y) :=| — M, @[
Then for f € S(R) :
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VeV (L (PO)(, y) = [f(Po)](z, )]

2L+1+k

< C(Pyk,1,1) Z/ fU )|ds.

Proof. The proof is analogous to the one of Proposition 3.8. The only
thing to note is that the differences of operators can be estimated by

| (g(P1) — 9(P2))&; | 22(Bao.ra/2))

— || (2m) 2 / G() (€57 — *P)Eds || 12(0amras2)

—em [ s
R—J(z0,90)[

The last equality holds, because d(supp(;),0U) > Q(z,y), and there-
fore uniqueness of the solution of the wave equation implies e**"1¢; =
e*2¢; as long as |s| < Q(x,y)/c.

[ |
This result can now again be applied to the heat kernel, yielding in the
same manner as in (3.6) for z,y € U and d(x,0U),d(y,0U) > ry :

VLV (1Pye () — [Pye ) (z.p))|

< {C(k7 l7 m, Pl)t_m/2e_Q(m7y)2/662t’t > T

C(k,1,m, Py)e Quw)?/6t ¢ ¢ R (3.7)

We finish this Section by adding a result on the t — co asymptotics
of the heat kernel. We know from Corollary 3.6 that the projection
N(T) := Er(0) onto the null space of an elliptical and selfadjoint
operator T' € Op*(N, E) has kernel [T] € UC™.

Proposition 3.10. Fort — oo the kernel [e='T"] converges in C*°(N x
N,EX E*) to [N(T)].

Proof. This is shown in [Rol, Proposition 13.14].
H

3.4. Families of operators. A uniform family of differential oper-
ators on an open subset U C R is a uniform differential operator
P £ (P,)uev € UDiff*(N x U, E), which is uniformly tangential to
N. Locally this means that the symbols of the uniform differential op-
erators P, on N have derivatives ( in N and U) of any order that



INDEX THEORY FOR COVERINGS 17

can be estimated uniformly in ’good’ normal neighborhoods, inde-
pendent of u and the choice of neighborhood. such uniform families
can therefore be seen as UC™-families u — P, € Op*(N, E) with
P! 2 P'(u) := [0y, P]|.

For a given such family of elliptic and selfadjoint operators T : u —
T, € Op*(N,E) we consider the family e~'™* £ (4 — e 'T¥). Its
derivative along u has a well-known representation.

tT2

Proposition 3.11. (Duhamel formula) e™"*" is a differentiable map

U C R nach Op=>°(N, E), and

t
(@) =~ [ e I, + T s
0

Corollary 3.6 implies the differentiability of s — e~*7¢ as a map from

R, to Op~°. To make sense of the integral at ¢t — 0, we also need

Lemma 3.12. Let K € Op~*(N, E). Then the maps [0, oco[— Op~°(N, E),
S > Ke_STE, and s — e T K are differentiable.

Proof. This is a simple exercise. Just note that (1 +72)" (57" — 1)
converges in norm to 0 for s — 0.

[ |
Proof. The proof of 3.11 follows the lines of the classical case by proving
first continuity and then differntiability of the family directly from the
definitions.

|

4. COVERINGS OF COMPACT MANIFOLDS

Following Atiyah’s article [A] we will now apply our methods to Hilbert
['-modules stemming from coverings of a compact riemannian manifold.
Section 3.3 introduces the I'-Eta-invariant from [ChG], [Ra] and anal-
yses its properties using the methods of [Muel].

Start with a manifold N and a vector bundle E of bounded geometry.
We agree to understand by a covering of N a I'-principal bundle 7 :
N — N. This is what we mean when referring to I' as the ’covering
group’.

Fix a fundamental domain F C N. For L C N, we write the lift as
L :=m1(L) qnd define F(L) to be F ) L. The lift of the vector bundle
E to N is denoted by E, and £ : N — E is meant to refer to the lift
of the section £ : N — E etc.. From the bounded geometry of N, E it
follows immediately that N, E also have bounded geometry.
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4.1. Coverings and Hilbert I'-modules. We show that the Sobolev
spaces over N can be interpreted as Hilbert I'-modules. First, note
that

L*(N,E) = L*(F,E|r) ® L*(T) (5 — Y lre 7‘1>
vyerl
is an isomorphism of (right) I-modules (i.e. (£v)(z) = &(zy™1). ) Thus,
L*(N,E) is a free Hilbert I-module.
For Sobolev spaces other than L? the above map is not usually an
isomorphism. However, for s > 0 the map

HS(N>E) - Hs(f>E|.7:) ® L2(F)
is still an isometric imbedding, which is the requirement for H*(N, E)

to be a Hilbert I'-module.
We now have the following generalisation of Rellich’s Lemma:

Proposition 4.1. (Rellich) Let f € C®(N) a compactly supported
function. For s,s' € R and s > s’ the map

Mg . ,
H*(N,E) = H*(N,E) — H¥(N,E)
1s a I'-compact morphism of Hilbert I'-modules.

Proof. Instead of M; we write f, and we drop the explicit mention of

the embedding ¢. Obviously, the maps f,¢ are I-operators. Now for
s,s' > 0, we have a commutative diagram:

HY(N,E) AN HY(N,E)
H(F, Bly) @ A1) 2224 0¥ (F, Blr) LT

But supp(f) N F is compact and the map H*(F, E|z) flg H¥(F,E|r)

is compact in the classical sense due to the classical Rellich-Lemma.
Thus, f|z ® I is I'- compact and the assertion follows from the fact
that the vertical arrows in the diagram are isometric embeddings.

[ |
We will now look into the description of the Schwartz-kernels of the
[-trace class and [-Hilbert-Schmidt operators on L?(N, E).

Proposition 4.2. Let A € Br(L*(N, E)). Then
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(1) A€ BA(IA(N,B)) & vslAlxs € B(L(F, El)).
(b) A € BL(L*(N,E)) = trr(A) = tr(xrAxx). If the kernel of A

18 continuous:
trp(A):/]:trg([A])(x,:c)dvolf(x):/Nw*trE([A])(x,:E)dvolN(z),

where we have used [A](zy, zy) = [A](z, x) to push down [A](x, x)
on the diagonal to m.([A](z,z)) on the basis N.
(c) A€ BA(I*(N,E)) < [xrAl € LX(F x N,E|sXE").

Proof. (a) and (b): Let (¢;);en be an orthonormal basis of L*(F,Ex)
C L*(N,E). Then (¢;7)jenqer = (¥5 ® 7)jenqer is an orhtonormal
basis of L*(N, F) = L*(F, E|r) ® L*(T') and Lemma 2.2 implies:

tre(JA]) £ (trr @ tr)(JA]) = > (Al @ e, ¢ @ e)
jEN
= Z<|A|¢j>¢j> = tr(xr|Alxz)-
jEN
Thus, the operator A is I'-trace class, if and only if xzA, s is trace

class. The integral representation of A directly follows.
(c): AA* is positive, thus

AA" € BNIA(N,E)) & xzAA x5 € BA(LX(F, Bls))
& [xrAl € LA (F x N, E|sRE").
[ |

4.2. Elliptic operators. Let now M be a compact riemannian mani-
fold and E a Zy-graded vector bundle over M. Denote by Opk(M, E),
k > 0, the subspace of I'-equivariant operators in Op*(M, E). Of
course, the typical example will be the lifts P € UDiff*(M, E) of dif-
ferential operators P € Dift*(M, E).

From Proposition 3.3, for an operator T € Opk(M, E) that is elliptic
and selfadjoint, the operator (T4i)~'is in Br(H*(M, E), H*™*(M, E)),
and thus I'-compact according to Proposition 4.1:

(T i)' € Kp(L*(M, E).
Especially specp ,(T% 4 1) C {0}, i.e. T is I'- Fredholm.

More generally, set n = dim(M), L = [n/2 + 1] and \zxrri‘ceO]fF’”L(__,ElJr
for the elements in Opf*(M, E), that are positive operators on L*(M, E).
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Proposition 4.3. (a) The elements of Opp*t(M,E) are T'-trace
class, and the map Opp*" (M, E), — BL(M, E) is continuous.
(b) The elements in Opr“(M,E) are I'-Hilbert-Schmidt, and the
map Opp™ (M, E) — BA(L*(M, E)) is continuous.
(c) RC(R) — BL(L*(M,E))(f — f(T)) is continuous.

Proof. (a): From Proposition 3.5 the operator A € Opp*(M, E) has
uniformly continuous Schwartz-kernel [A], which therefore can be in-
tegrated over F C A C M x M. Proposition 4.2 then implies that
A is T'-trace class, if A is a positive operator. The continuity of the
kernel-map then follwos from the estimate

trr(]A4]) = /F[A](x,x)dvolﬁ(:c) < |[A]|sovol (F).

This proves the second part of (a). Part (b) follows from the continuity
of
Opr*(M,E) — Opp**(M,E)y (A — AA¥)

Now, for the first part of (a) choose an elliptic differential operator
T ¢ Diff*(M, E) such that ST = 1 — R, with suitable parametrix
S € Opr L and error term R € Opr™°. Given a (not necessarily positive)
A € Opp?t, part (b) then implies that the operators S, TA, R, A € B2,
thus A = (ST + R)A = S(T'A) + RA € B} (c) now follows from (a)
and the continuity of

RC(R) 25 RC(R), — Opp2 (M, E),.

[ |
Corollary 4.4. As before, let T € Opf(M, E) elliptic and selfadjoint.
Then specp (T) = 0 and the spectral measure prr is polynomially

bounded. More precisely, the spectral ’counting function’ satisfies the
estimate Npp(\) = dimp(Hr (] — A, A[)) < ON2E/E,

Proof. The operator (1 + T?)~L/¥ is I-trace class, thus

/ (1+ 22) Y dpp o) = tre((1+ T2)~2%) < oo,

and we can write for the spectral counting function

Nrr(A) = /RX]—M\[(x)dNF,T(x) <(1+ A2)L/'“/R(l +2%) " dpr ().

[ |
In the case that F — N is Zs-graded, T" odd, we can use these results
to calculate the index:
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Lemma 4.5. indp(T) = strp(e” 7).

Proof. The proof now runs parralel to the proof for compact manifolds.
The map f ~ f(T) is continuos from RC(R) to BL(L*(M,E)). The
family ¢ — e~*” is differentiable as a map from R, to RC(R). Therefore
strp(e*77) is differentiable in ¢ > 0 and

d 1
Estrp(e_ﬂﬂ) = —strp(T% ") = —§Stl"r([T> Te ™)) = 0.

This shows that strp(e_tTQ) is independent of ¢. But according to
Proposition 3.10, the heat kernel [e=*""] converges in C* to [N(T')]
for t — oo. Thus

strr(N(T)) = /f str” [N (T)](x, ) dvoly;(x)

= lim str? e~ (x, z)dvolgp(z) = strp(e”T7)
— 00 F

where the LHS is of course indp (7).

[
In the special case that T" = P is the lift of an odd operator P €
Diff' (M, E), the operator P can locally be compared to P. For small
e > 0 and any T € M, the ball B(Z,e) C M is isometric to the ball
B(z,e) € M, x = 7w(T), and the vector bundles and operators are
isometric as well, i.e. F|B(m) 2 B p(z,e) and ?\B(m) 2 P|p(a,e. Ap-
plying the estimate (3.7) then gives for t € R, and suitable constants
Cl, cy >0

(@, 7) = [ ), 2)] < Cre™" (4.8)
This allows us to reprove Atiyah’s theorem
Theorem 4.6. (Atiyah) indp(P) = ind(P).

Proof. We just need to put together the results obtained thusfar

indp(P) = lim strp(e™T ) = lim | strE[etP|(z, ) dvol(T)

lim [ st (@, w)dvoly (x) = limstr(e™) = ind(P)
— M —
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4.3. The I'-Eta-invariant. Let T' € Opk(M, E) elliptic and selfad-
joint. We will try to define the I'-Eta-invariant for 7" as the value in
s =0 of

n(T)(s) = ﬁ /0 h =02 (Te ™ ) dt. (4.9)

This will require an analysis of the expression trp(Te ") for t — oo
and t — 0.

The first part of the analysis can be done for T = P, with an elliptic
and selfadjoint differential operator P € Diff' (M, E). For t — 0, there
is the well-known asymptotic development on M :

00

_ 2

tP NE b_] jnl
J=0

The coefficients b;(P) are local integrals b;(P) = [, 3;(P), where
B;(P)(x) only depends on the symbol of P and its derivatives. As in

the proof of Theorem 4.6, the estimate (4.8) implies that trp(?e_tﬁz)
and tr(Pe~tf 2) have the same asymptotics for ¢ — 0

Zb P)tu—n=1/ (4.10)

and b;(P) = b;j(P) = [ 5;(P). Thus the expression
— 1
nF(P)(S)H = = / t(s 1)/21] (P —iP? )dt
I'(*3=) Jo

exists for k € Ry, s > n+1, and has an asymptotic development of the
form

(j n)/2+s/2

r(sH ;b (j—n)/24+s/2

nre(P)(s)

The expression I'((s+1)/2)nr(P)(s),. therefore has a meromorphic con-
tinuation to C with singularities of 1st order (at most) in s € {n—j|j €
N}. Thus, nr(P)(s), is holomorphic in s = 0, exactly when b,(P) = 0.
An equwalent formulation is to say that the development

t~ V2t (P, et )t = b (k2" — %"
A > )

j#n
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in powers of ¢ exists. For a function f(J) permitting such a development
in 6 — 0 we denote the constant coefficient in the development by

LIM;s_of(8). Thus, for b,(P) =0

- ]_ - 2 Jj—n k t_1/2 — ?2
1 (P)(0), = —— S b (P)—2— k%" = LIM;_, / L (Pe ™)t
2" s TO)

In the case of the Dirac operator D, the coefficients b;(D) vanish for
all 7 < n and nr(D)(s), is holomorphic in 0, i.e. it exists without any
regularisation.

The analysis of the term

1 o — P
)/ t(s_l)/2trp(P6_tP2)dt

ne(P)(s)" = (=)

is easy, because this integral exists for s < 0 due to the polynomial
boundedness of pip 5.
For the Dirac operator, we can thus define:

(D) = ne(D)(0)x +nr(D)(0)".
We have to extend this definition of the I'-Eta-invariant to modifica-
tions Q = D + K of D with K € Op=(M). The main example we
have in mind are modifications of D where K = f(D) for a bounded
measurable function f: R — R. First

Qe—tQ2 _ Ee—tEQ
t
= Ke tPHE)? _ 5/ e P (KD + DK + Kz)e_(t_s)ﬁds.
0

Lemma 3.12 implies that this converges for t — 0 to K in Op~*°(M).
This gives an asymptotic development

n+1
trp(Qe ™) ~ Y by (D)2 e (K) + g(t), ¢ — 0,
=0 (4.11)

where ¢ is a continuous on [0,00[ and ¢(0) = 0. Since b;(D) = 0
for j < n, the expression nr(Q)(0), exists.Using again the polynomial
boundedness of the measure pp 5.

To compare the I' — n-invariants for D and D + K, consider now the
differentiable family v — @, = D + K + u of elliptic, selfadjoint
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operators in Opi(M, E). From Proposition 3.11, the trace trp(Que_tQﬁ)
is differentiable in u and using the trace property one has

Setr(Que %) = e (Q4e”% ~ HLQu + Qu2)e%)

ou
— (14262 ) trp(@ et
= + E 1"1"( w€ )
From the asymptotic development of trp(Que_tQi), one deduces that
nr(Qu.)(s), exists for large s and can be continued meromorphically.
Partial integration gives

o o [rieve
%nF(Qu)(S)H = %/0 @trF(Que )dt

fyebe 2
= [ ——— (1 + 2t )trp(Q e 9w dt

2p(5+1)/2 ) s g >
= trp(Qle ") — / tE=V 2400 (Q e 1) dt.
L) L5 Jo
Here, we have used the identity:
0 0
tED2( 2t )h = (2=t — s)tC V2D,
(L2050 = @zt =)

In order to understand the asymptotic development of Znr(Q,)(s)s,
we need to understand the asymptotic development of the last integral.
In the case at hand, @), is the identity, and the asymptotic development
of the heat kernel for D + u gives for t — 0:

trr(Qe79%) = trp (e PR LN "y (D 4+ u)ti T2 + g(t),
j=0

where again g is continuous on [0, co[ ith ¢(0) = 0. The integral there-
fore has a meromorphic extension to a neighborhood of 0 in C with a
singularity of order at most 1 in 0. But then, Znr(Q,)(s), is holomor-
phic in 0 and

0 0
%Resszo 7]1"(@“>(5>n = ResszO%”F(Qu)(S%f =0,

and Res;—onr(Qy)(s)x is constant in u. Since nr(Qo)(s)x is holomorphic
in 0 so is nr(Qu)(s), holomorphic in 0.

In Chapter 6 we will look at families @, = D + v — IID, with II =
E5(] — €, €¢[). For this special case we note
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Lemma 4.7. For Q, = D +u — IID the I'-Eta-invariant

K 1—1/2 ) 0o 1—1/2
nr(Qu) :L]]W(;QO/(S mtrp(Que_tQ“)dt—l—/ F( )trp(Qu tQu)
2 K

exists for all u, and for e > 0 we have
(a) nr(Qu) — nr(Qo) = sgn(u)trp(II) also nr(Qo) = 3(nr(Qu) +
1 (Q—u))- _
(b) [n0(D) = 1r(Qo)| = [nr(IID)] < pr p(] — €, €[—{0}).
[

4.4. Residually finite coverings. As usual, let M be a compact
manifold, 7 : M — M a I-principal bundle. We assume that the
the covering group I' is finitely generated, and fix a word metric | o |.
The following is a standard result in geometric group theory.

Lemma 4.8. Let M be connected. Then M and ' are quasiisometric,
1.e. there are constants A, B > 0 with

B~y = A<d(z,2v) < By|+ A
forallw € M, vy €T.

[
The considerations in this Section are based on the following Proposi-
tion that shows how the heat kernel of a selfadjoint elliptic differential
operator P € Diff' (M, E) can be reconstructed from the heat kernel of
its lift P.
Proposition 4.9. Choose T and write x = n(T). Then
Ple™(,y) = Y [P T)(@. 7).

vel
and the RHS converges in UC® uniformly in 0 <a <t <b< oo .

Proof. The proof can be found in [Lo3]. Here, we only show the
absolute convergence of the RHS independent of Z,7 and ¢ € [a,b]. Tt
suffices to show this for z,7 € F:

Z| _tP (T, 77)| < C+C Z 412 =0(d@ gy)—r0)3 /t

yerl e#vel

<C+Cab) Y MW <04 Cla,b) Y eI < o0

e#vyel e#vyel
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and similarly for the derivatives.
[
Let now M — M be residually finite, i.e. there is a tower of groups

F=Toi>...>T>Th.. . T ={e},
i,e. I';4q is normal of finite index in I';. Setting M; := M/Fi the
covering M; — M is finite with deck-transformations I'/T;. If M — M
is residually finite then so is M’ — M. Let now E be a over M with
Dirac operator D and denote the lifts of the vector bundle E to M;

by E; and the lifted Dirac operators by D;. The following is a simple
consequence of Proposition 4.9

Lemma 4.10. Write b; := dim(ker(D;)), br := dimp(ker(D)), d; :=
[I': Ty]. Then
(a) lim; oo - a4 tr(e” to;
(b) lim SUP; o0 Z_ S bF
|
Choose an increasing sequence {e} = Sy C S} C Sy... of representant
systems S; of the quotient groups I'/T';. If ' = F(M) is the funda-
mental domain of M — M, then F(M;) := FS; defines fundamental

domains for all M — M;. For the classical Eta-invariant we have from
Proposition 4.9

n(Di)z/m%/F > " trp([De™P | (z, xy))dxdt

(M) veT;
= i/o \/7/ Ztr (x, z7))dzdt,
thus
! D F Z, x
D) =) = [ / 2 s s,

Formula (4.12) raises the question of the convergence of the diin(Di)
for i« — oco. The following theorem gives a partial answer.

Theorem 4.11. ([ChG])Assume that one of the following conditions
hold:

(a) ker D = {0}.

(b) D’ is the Laplace operator on AT*M.
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. 1 9
Then lim;_, o d_/?(Di> =nr(D).

Proof. We split the integral in (4.12) into integrals over [0, ] and
[k, 00[. Then

1 — A | )
I—WUmn—nMD%IS/ﬁ——— tre([De~ ")z, 2y))|dudt
d; o vVt Jra #WZGFZ_

e 2 /6.2
< I 6_(d(9€0,9€0’y)—7’0) /6¢ tdt
B /0 Vvt Z

e£yel;
<C Z Ke—(d(xowo’Y)—To)z/ﬁCzﬁ
e#Av€El;

< C(r) Z e—0N* /s

e#£v€el;

This series converges absolutely, such that the RHS converges to 0 for

i — o00. Using the definition of nr(D)* we have

—_

_ =2 1
(DY) < tre(e ™) — by and (D) < (bx(e ™) — by).

Under condition (a) Lemma 4.10 implies lim; ., b;/d; = br. The same
holds true under condition (b) as is shown in [Lue|. We now have

n(D);
d;

The last summand can be made arbitrarily small by choosing an ap-
propriate k. The two remaining summands can be made arbitrarily

small by letting ¢ — oo.
|

5. COVERINGS OF NONCOMPACT MANIFOLDS

This Chapter contains some I'-analogues of classical Theorems from
the index theory on noncompact manifolds.
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5.1. Decomposition principle. According to the classical decompo-
sition principle (cf. [DoLi]), the essential spectrum of a differential
operator on a noncompact manifold is determined by the operator ’at
infinity’. This Section proves the analogous assertion for coverings.
For our variant of the decomposition principle, we look at hermitian
vector bundles E; — N; of bounded geometry and selfadjoint operators
P; € UDiff'(N;, E;). We assume that there is a decomposition

N1:UUK1, NQZUUKQ

with K; compact, and that all structures on Ny, Ny are isometric over
U. We also have to assume that the pre-image U of U under N; — N;
is ['-isometric to the pre-image of U under Ny — Ns.

Proposition 5.1. (Decomposition principle) specy . (P1) = specp  (Pa).

Proof. Let X € specy .(P1). Then for all € > 0 the space Ge := Hp, (J]A—
€, A+ ¢[) has infinite I'-dimension. We write E(e) := Ep (JA —€, A +¢€[).
All Sobolev-norms are equivalent on G.. This follows from the estimate
for f € G.and k € N

1 ey < € (I F Doy + 1 Pr= NS liary)
<(C+E) | f lliam -

The proof now proceeds to show that a I'-infinite dimensional space of
sections f in G, essentially lives in U. For this, choose cut-off functions
¢, € CX(Ny) with ¢|x, =1 and |supp(g) = 1. According to 4.1 the
concatenation

E -
Oy (G|l - lle2) 2 (G|l - 2) > HY(N L, E)

is I'-compact. Then the map C%CE (# E2) is I'-compact, selfadjoint
on (G, | - ||z2), and

éE = HC%CJ(] — 62, 62[) C G,

is of infinite I'-dimension. For f € G, we then find

H Ef ||§{1(N1): <CEfa CEf)Hl(Nl) = <C%CEJC7 f>L2(N1) < 62 H f ||i2(ﬁl)v
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and
| (P2 =N (1 =) f [l 2w,
< P10 ey + 1| (=) (Pr = NS oy
<CNDf lmamy + | Pr—= NS o< €@ +0) | f o, -
This shows that
(1-0)G. C Hp, (A — e(1+C), A+ e(1+C))).

But, again using Proposition 4.1, the multiplication operator 1 — )
on G. is I'-Fredholm in L2 This means that the LHS is of infinite
['-dimension, i.e. A € specp (Ps).

[ |

6. MANIFOLDS WITH CYLINDRICAL ENDS

In this Chapter, (X, g) is a connected (oriented, riemannian) manifold
with cylindrical ends of even dimension n. Thus, Xis of the form

X =XoUZwithZ =M x [0,00[, M =0X, compact.

On X we have the Clifford bundle (E, V¥ hf). We assume that all
these structures are of product form over the cylinder:

9lz = g"+(, Vool Ez = p"(Elm), bE|z = p*(hF|m), VF|7 = p*VFIv

etc.. Here p: Z = M x [0,00[— M denotes the projection onto the
basis of the cylinder, where we have identified M with M x {0} C X.
We will often write X = X, U Z,;, where X,, = Xo U (M x [0, x]), and
Z. =M X [k, 0.
Choose the orientation on (all components of) M such that Fy, ..., Fa,_ 1, %
is a positively oriented local frame in T'Z, whenever FE; ..., Fs, 1 is
a positively oriented local frame in T'M. Then Clifford multiplication
with % gives an isomorphism of C'(M)-modules
9 Bty S ET

c(3,) Bl = B |u
Writing F' for the C(M)-module E*|y, we can thus identify E|z and
p*(F @ F) as Clifford modules via

P (X) & (CF(OW) CFE)W)) for W € TM, cE(%) A ((1) ‘01) .

(Cf. Annex A). In this representation the Dirac operator D on p*(F &
F) over Z has the form
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900 ot D17 apr g (01
0r)8r+c‘Mov _C(0r>8r+QD , Q=] 0(6:‘13)

D =c(
Here and in the future, we drop mention of the identifying map p* and
just write E|; 2 F @ F.

In this Chapter, we consider the I'-index theory of the lifted Dirac
operator D on a regular covering X of X, with lifted structures Z, F
etc.. Section 6.3 contains the proof of the L2-I'-index theorem for D
using methods from [Me], [Mue2]. This will require the introduction

of a spectral modification of D" which effaces the spectrum of this
operator around 0. The resulting modification D.,, of D then is I'-
Fredholm, but not a differential operator. In the first two Sections of
we therefore go into some of the details of the analysis of such operators.

6.1. I'-operators with product structure on the cylinder. Let
T € Opi(X, E) be elliptic and selfadjoint. 7T is said to have product
structure, if its restriction to X is a differential operator F|YO’ lifted
from a uniformly elliptic and formally selfadjoint differential operator
P € UDiff'(X, E), and its restriction to Z looks like

0.0 B 0 B(r) — %)

g 0(87")87" +QB(r) (B(r) + % 0 ' (6.14)
Here, [0,00[> r —— B(r) € Oph(M,F) is a differentiable family of
elliptic and selfadjoint operators. We assume that B(r) = B, for r < 1
and B(r) = B for r > 2. We recall that we allow M,Z to have
countably many components.

Let’s start the analysis of these operators by noting that the results
of Section 3.3, especially (3.6) and (3.7) remain true for 7 on X, and
that for each & € C>®(X,E) a unique solution &(t) := eT¢, of the
wave equation for T' exists. The following Lemma shows that we still
have an energy estimate for £(t), though only along the cylinder:

Lemma 6.1. Choose U = Mx|a,b] C Z with 0 < a < b. For A <
a the norm || £(t) ||z2(Bw,a—r) is then monotonously decreasing in t.
Especially, €T has propagation speed along the cylinder < 1, since
supp(&) C U implies supp(&(t)) € B(U,t).

Proof. The proof follows the proof of Proposition 5.5 in [Rol]:
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0 0
— t) 1%, = —/ )*(2)dz
ot || 5( ) ||L (B(U,A-1)) ot BUA—t) ‘5( )| ( )

<| ((€(),iTE()) + (TE(t), £(2)))(2)d=] —/ [E(t)*(2)d=
B(U,A—t) dB(U,A—t)

Now T = ¢(£)Z +QB(r), and the domain of integration B(U, A —t) is

the product of M and an intervall. From the selfadjointness of B(r)over

M we can deduce

/ ((1Q2B(r)(t), £(1)) (x) + (£(2), 2B (r)€(t)) (x))dx = 0.

M

The estimation of the derivative above can therefore be continued as
follows:

0
o 1 €(t) 172 (wa—e)

) ) ,
§(t), el )8(1))(2)dz| — /8B(U,A—t) £(@) 7 (2)d=.

<| o
B(UA—t) OT

Since |c(£)| =1 this must be less than or equal 0.

[ |
This Lemma can be used to apply the methods from Section 2.3 for
the operator family T' over Z. For simplicity, continue the r — B(r)
by the constant operator By on r € R_, thus obtaining a family over
all of R. Now define the reference operator S = ¢(2)Z + QB(r) on

the cylinder F® F — M x R.

Proposition 6.2. Choose 2; = (15,8)) € Z =M x [0,00], 81,82 > 71,
r1 =11 (M X R) as in Propositions 3.8 and 3.9.

(a) If |s1 — s2| > 2ry and t € Ry, then

‘vilvl; [Tme_tT2](z1, Z2>| < C(/{J, l,m, T)e_(|31—32|_rl)2/6t'

(b) Choose cut-off functions 1,1y € C*(Z)' whose supports in
the r-direction have distance d. Then for t € Ry the following
estimate of the operator norms holds:

| P T™e™ T 4y || < C(m, by)e ™75

Note that this estimate that the constants are independent of T
as long as T has propagtion speed < 1 along the cylinder.
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(¢) The relative version of b) also holds fort € R, s1,89 > 11

‘vlzle;Q([Tme_th](zl’ 22) — [Sme_t82](Zl’ Z2))|
< C(k> l, m, T)e_((81/\82)_7»1)2/6t.

[ |
Using a variant of the Decomposition Principle 5.1, we now describe
the I'-essential spectrum of 72 on X. The reference operator at infinity
on M xRis S =c(£)Z + QB. This will be compared with 7' —T
on X U—X:

Lemma 6.3. specy ,(T7) = specr . (S?).

[ |
To calculate the I'-essential spectrum of 7', it is therefore enough to cal-
culate the I'-essential spectrum of S? = B? — (:£)2. This can obviously

be done on just one ’half’ L?(M x R, F). Thus choose a spectral res-
olution V of B, ie. V : L3(M,F) = L*(Ry x N, ug(}, j)) is a unitary
equivalence such that V f(B)V~! is the multiplication operator with
the function f on L*(R x N, ug(A,7)). Write U : L*(R,) — L*(R,) for
Fourier transformation along 7, to obtain the unitary equivalence:
W=VeU:L*(MF)®L*R,) — L*(Ry x N) x R, up x dy),
which transforms the action of S into a multiplication operator:
WSW 22 \2 42
The I'-trace on the Hilbert I'-module L?(M x R, F) can then be de-

scribed as the product of trif on L?(M, F) with the usual trace tr® on
L*(R). Writing w := inf(supp(ur p2)) we thus find for 0 < a < b with
w<bande< (b—w)/2

pr.s2(la, b) = dim’ @ dim® [Hg(Ja, b])]
= dim¥ @ dim® W [L2({(\, j,y)|a < X2 + 4 < b}, up(), j) x dy)]
> dimp’ V7 [L2({(M f)la < N < w+ e}, up (M)
- dim® [L2({y\0 <y*<e}, dy)}

which equals oo since the first factor is non-zero and the second factor
is infinite. In the same manner, one shows that pur s2(]a,b)) = 0, if
w > b.

We have thus shown

Proposition 6.4. specp ,(17?) = [inf(supp(pr p2)), 0ol.
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6.2. The L*>-T-index. Proposition 6.4 implies (together with Propo-
sition 2.14) that T € Opl(X, E), with product structure (6.14), is
[-Fredholm if and only if B is invertible. In this Section, we describe
the structure of the null space of such operators without the condition
of invertibility on B.

The analysis of the asymptotics at infinity of the sections in (7) can
be done most naturally in the context of weighted L2- and Sobolev-

spaces on X. To introduce these concepts, let ¢ € C*°(X) be a weight
function with

0 =0(r)=ronZs bx, =0, 9=0(r)onZ, d5, =0.

Then, the operator T is closed as an operator on e*L?, u € R with
domain of definition e*’ H' and we have a commutative diagram:

CHY(X,ET) T e [2(X,ET)
Teu Te" (6.15)
TE+ud

H'(X, B ™= 12X, E")

The vertical maps in this diagram are isomorphisms of Hilbert I'-
modules. The following Lemma states the most important properties
of these weighted Sobolev spaces.

Lemma 6.5. Choose &' < 6 € R. Then

(a) The map v : e L*(X) — e *9L*(X) is a continuous embed-
ding.

(b) The map ¢ : e H (X)) — e 9?L*(X) is I'-compact.

(¢) The subspace W is T finite-dimensional in e~°L?, if and only
if L W) is of finite T'-dimension in e’ L?. In that case

dimpr(W C e7?L?) = dimp(«(W) C e *L?)

Proof. (a) is clear, for (b) set ¢’ = 0 wlog. First note that the restriction
operator

Ay e HY(X) 5 (X))

is ['-compact according to Rellich’s Theorem 4.1. We proceed to show
that the operators A, converge to 1 in norm. For & € e % H!:
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0= A€ o= [ 16000) e dr

o0
ge*“/ N E(or) aqun dr < € 1€ IRsopa< e | € 20 -
K

This converges to 0 for Kk — oo proving (b).
For (c) it suffices to note that

L (W Ce L) — (W) ceL?)

is a quasiisomorphism and to recall Lemma 2.4.

[ |
Part (c) of this Lemma enables us to indiscriminately use the notation
dimr on all weighted Sobolev spaces. The Lemma also implies

Corollary 6.6. As before let T € Oph(X, E), elliptic, selfadjoint and
with product structure (6.14) and let uw € R. Then e“L2-null(T) is of
finite I'-dimension.

Proof. Again wlog set u = 0. As all Sobolev-norms are equivalent on
null(7), Lemma 6.5(b) implies that the map

v (ker(T), L?) — (ker(T), H') — ¢’ L*
is I-compact for all § > 0. Hence t(ker(T), L?) C ¢’ L? is of finite

[-dimension. Part (c) of Lemma 6.5 then implies that null(7') C L? is
of finite I'-dimension.

Definition 6.7. Let T € Opi(X, E) elliptic, selfadjoint and with prod-
uct structure (23). The L*-T-index of T is defined as

L*-indp(T) := dimp(ker(77")) — dim(ker(77)).

We now introduce the following modification of the Dirac operator on
X:

Dewi=D+0Qu—All), A=D", . =E4]—e¢e).

We also agree to write D, for D, o. The operator D.,, is our prototype
of an eliptic selfadjoint operator in Opk(X, E) with product structure
over the cylinder that we have considered above. Its restriction to the
basis M of the cylinder is A., = A(1 —IL.) + u. For 0 < ¢, 0 is an
isolated point in the spectrum of A, := Ao, and A, is invertible for
0 < |u| < e. In this case the operator D, is I'- Fredholm according to
the results in Section 6.1. In the remainder of this Section, we establish
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the relationship between the I'-index of the operators D, and the L2-
I'-index of D.

On the cylinder, ﬁﬁ,u can be written as

D, = c(g)g + QA +9Q(u — All,)

o or’ Or <

i.e. the Sections ¢+ € e®PL? := Js. € L? in the C*°-null space of

5; satisfy the following equation over Z

0
(:EE + A+ 9(r)(u— XE(A)A)) VEE=0, xe:= X]—e,e]-

Here, V : L?(M,F) — L?(u,) is again the spectral resolution of A.
We thus have
VER(A 1) = CF(A, i)e T eFAr=0x () (6.16)

for suitably chosen y*(\, i) € L?(u4).

All solutions of Ewg = 0 are thus exponentially decreasing, constant or
increasing along the cylinder. For € > 0 , define the space of extended
L2-Sections in the null space of D, and its I'-dimension hﬁe by

Ext(bzt) = ﬂ 6“9L2—ker(bzc),
u>0

hi . = dimp(Ext(D.)) — dimp(L*ker(D; ). (6:17)
From (6.16), (6.15) one deduces for 0 < u < €

L2-ker(ﬁ:c) = e_“‘gLQ-ker(ﬁ:E) = L2-ker(ﬁ:¢u)
Ext(D.) = ¢ L*-ker(D, ) = L*-ker(D. ) (6.18)

Taking the limit v — 0 is thus harmless:

Lemma 6.8. Let ¢ > 0. Then

() dimp(ker(D)) = lim,s o dimp (ker(D ..,)) .
= lim,\ o dimr(ker(D__,)) — hﬁe.
(b) Lz-indp(ﬁg) = llmu\o indr (Egvu) - h;‘_,e

= hmu\O iIldI‘(De,—u> + h’;,e

Proof. These claims follow from (6.18), diagram (6.15) and Lemma 6.5.
|

The description of the null spaces of D, for € \, 0 is a little bit more

subtle. Let’s start by collecting some of the consequences of (6.16):
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Lemma 6.9. Choose e > >0, & € R. Then

(a) £ € "L ker(D") = £z = e7¢, (€ Ha(] = &', 00])

(b) & € L2ker(D, ) = &l = e AHOAIL ¢ € Hy(]e, o0

(¢) & € ML ker(D,) = £l = e O, (e Ha(] — e, 00])
(d) The operator

GHONALL 12X F) -, 2912(X | F)
18 quasitsometric onto its image.

(¢) DFeFOMATL — (FO()AIL D

Analogous statements can be made for D .

Proof. These claims all follow from the representation

. ) _
D, —A:I:E—ﬁ(r)AHE on Z,

and the description of solutions in (6.16). For (d), note in addition

that the operator e*(4!e has no null space.
[

Lemma 6.10. (a) lime o dimp(ker(ﬁﬁi)) = dimp(ker(ﬁi)).

(b) lime o L?-indp(D,) = L*indp(D).

(¢) lime o dimp (Ext(D> )) = dimp(Ext(D")).
Proof. For (a), let & € L2-ker(D. ), thus on the cylinder {|; = e~ mA+6All¢
with ¢ € Ha([e,o0[). Here we then also have

D7¢lz = (D! +9()AlL)E|z = D) ATL(¢]7)

= 9(r) Al (e A0y =0, da II.C =0,
thus L*-ker(D, ) — L%ker(D ). The operator D, , when restricted to
L*ker(D"), has null space L>ker(D, ) and its image satisfies
DI (L2null(D 1)) = —9(r) Al (L*ker(D ")) € —0(r)Ae " HA(]0, €]),
hence dimp(ﬁj(L2—ker(ﬁ+))) — 0 for € N\, 0. This and Lemma 2.4
prove the result.
(c): Let 0 < 0 < e. Using the description of Sections in the null space

over the cylinder in 6.9, one shows that the operator WF = eH0(r)All
satisfies:

P2 er(D) Y P L2 ker(DF) Yo 06+ L2 ker (D).

These maps are injective, and when restricted (e.g.) to

_ + _ — -
MI2(X,F) 25 2 L2(X, F) 45 Y 12(X, F)
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also continuous.Taking ¢ \, 0 and using Lemma 6.5 then shows the

result.
[

6.3. The L-T- index theorem. In this Section we show (cf. [BGV],
Chapter 3 for notation):

Theorem 6.11. (L-T-index theorem)

L*indp(D) = / A(X)Ch(E/S) + %(UP(A) — hy +hfY)

X

Using Lemma 6.8 and Lemma 6.10 we will reduce the calculation of
the L2-T'-index of D to the calculation of the I'- index of 5571“ for small
0< |ul <e.

According to Proposition 3.10 for ¢ — oo, the operator [e con-
verges in C™ to the Schwartz-kernel [N (D.,)] of the projection onto
the null space of D, ,,. We will use cut-off functions ¢, € C°°(X)! with

2

#.| X« = 1 and ¢xlz,,, = 0,, such that the operators pre*Peug, are
I'-trace class. The I'-index of 567u can then be calculated as

—tﬁiu]

indr(De.) = strp(N(Dey)) = lim lim strp(deePeug,)

K—00 t—00

= lim (strp(gb,ﬁe_@i“gb,{) —/ strp(QSﬁﬁf’ue_tﬁfv“qﬁﬁ)dt) (6.19)
Of course, the RHS is independent of s > 0. The integral can be split
as follows

/ strp(qﬁ,ﬂﬁiue_tﬁiuqﬁ,i)dt%— / strp(qﬁﬁﬁiue_tﬁf»“m)dt.
s " (6.20)

We first show that the second integral in 6.20 vanishes for k — oo:
Since D, is [-Fredholm ist, there is o = a(u) > 0 (e.g. a(u) = |u|/2),
such that the projection H, = E5_ ([~a,a]) has finite I-trace. This
implies (Cf. Remark 2.7: ’
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| / Strr (gD e Doy ) dt|

= 72 -D-./2 —(t-1)D:, ~D: /27

< btnﬂ<¢nl?gue «w/%(1 = Hy)e cue”Teu 17gu¢n>|dt
+/ |strp (e‘tﬁfvu/zHaﬁguqﬁﬁg,u}[ae_tﬁiuﬂ) |dt.
o0 __ —2

< / e~ (=D gy (me’ue—De»um) dt

- 2 D’

+ |strp (Dwe évUHa> |dt

The Schwartz-kernel of D W€ Dew is UC™. Thus the trace in the first
integral is majored by ¢y T cok, and the integral converges to 0 for
Kk — o00. Using the I-Fredholm property of D,, we get for the second
integral

/|m%ﬁ ”MH W</./ —Mwﬁh@ﬁ
/ / e dt dprpp, () < C/ e‘“ﬁdurﬁe,u(x)

< Curp,,([-a,q])

Thus, the penultimate term also converges to 0 for kK — oo from Levi’s
theorem.

We now turn our attention to the first integral in in (6.20) zu. The
integrand can be written as follows

. = 1 . —
StrF(¢HD§7u€_th’u¢n> == §StrF(¢ﬁ[De,uu De,ue_th’u]Qbﬁ)

1 _ _ 2 _ _ 2
= §StrF([D5,ua ¢nDe,u6 tDe’ugbli] - [De,ua gbi]DE,ue tDE'u)

_ %strp(—[ﬁeu, G2|D. e~ D) (6.21)
1 0.0(02)=  _ip>
= —Jstrr(e() D, e i),

The derivatives of ¢, are supported in M x [k, k + 1]. Thus expression
(6.21) can be compared with the operator S, = ¢(Z) &+ (A(1-1IL)+
1) on the cylinder Y = M x R. Using Proposition 6.2 (c) we get for
(z,7) € M X [3,00[= Z3
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— —2
<[D€vu6_tD€’u] - [SQue—tS?,u]) (Iv rx, ’l“) S Ce—(r—3)2/6t’

i.e. both Schwartz-kernels have the same t — 0-asymptotics for large
r. Hence

[ ttne(el o) 2D, e ) — st e ) P e

0.0 —
/ /J\/I>< _— mstrg ( (07“) (;; >[D5ue_tD€’u — Seue” ¢ Eu]) dadr|dt

rk+1
<C//+ —(r3/6tddt<0/ n3/6tdt

1/s
<C / a P 0 da < O(kPe 4 a7 2)

1/k

for large x and small s. Thus in the first integral in (6.20) , when
looking at the asymptotics s — 0, and the limit kK — oo, the operator
5e7u can be replaced by S .

But the integral for S ,, on the cylinder can be calculated. The Schwartz-
kernel of S, ,e™ 852 «, restricted to the diagonal in Y x Y, is of the form

x
T

(=2
Seue 5 z,7) = (A +c(2)2 e~ M A (. e & _
[ ) ]( ) ( ) (ar)ar) [ ]( y) g |2:

1 2
= ——QO[A, e Heu xr,T).
=0l (. 2)

Now (Cf. Appendix A) str¥(c(2)2e) = —2tr"(e), and thus

K 2
/ strp(c(%)a((i“)Sg,ue_tsz’u)dt

K 1 K
:/K+ (¢2) /\/E —2t7" [Awe_tAE»U](x,x))dl’dt,

"ol

= — trF([Awe_tAe’u] (x,x))dx dt
/s vt J ()

Taking the limit k — oo and selecting the constant term LIM in the

asymptotic development for s — 0, this just gives the I'-Eta-invariant

nr(Ac.) as described in Section 4.3. Using (6.19), (6.21) our present

knowledge can be summarised like this
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— ) 1
indr (D) = lim LIM,ostrr (gee™ Do) + 5e(Acu),

(6.22)

especially the limit in the first term exists.

It remains to analyse the asymptotics of the local trace str” ([e‘ﬁiu])
(2, ) for s — 0. For z € X; the asymptotic development of strZ([e~52°])
on X gives

LIM,_gstr®([e=*Deu])(z, z)dvoly = A(X)Ch(E/S)(z), € X..

‘Far out' on the cylinder, for instance for (y,r) € Z with r > 4,
Proposition 6.2 allows us to look at the kernel [e~5%u](y,r) instead

of [e‘@z,u](y,r). Since A.,, is invertible, we have on M (Cf. Lemma
4.5)

0 = indp(A.,) = strp(e~>4w),
independent of s. Thus for 4 < a < b

LIM strE([e_Sﬁi“] (y,r))dy dr
520 J 3 x[a,b]
g b—a =2
= LIM str? ([e=*5<u](y, r))dy dr = LIM strp(e”*Aeu) = 0.
I s ([ [(y,))dy LIM —— r( )

The part M x [1,4] is a little bit more complicated, as 9 is not constant
here. Using Proposition 6.2 we can replace Eﬁ,u by the operator S, :=
c(2)Z + QA + 9(u — II.A)) in that area. For a cut-off function
P € C(Y)! with ¢1‘Mx[1,4] = 1 and support in M x [0, 5], we already
know from the above and (6.22) that LIMsﬁostrp(@ble_SS?»uwl) exists.
We now show

Lemma 6.12. lim,_, strp(zbl(e‘ssz,u — e‘ssﬁ)wl) =0, Su:=S0u
Proof. First,

0
S2 — 8% = (VQII.A)* — c(a—)Qﬁ’HEA — 20QI1.AS,

’ r
This is an operator of finite I-rank in the M-direction. A little care is
needed as it has a first dervative acting in the R,-direction. We apply

the Duhamel-method (Proposition 3.11):
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[strr (v (€75 — e )y )| = [strp (¢ e % ey ) 5]

.y / strr (21,05 (82, — ST, e~ ) ]
0

5 ) ) (6.23)
< [ (e S| | (52, - e % | ds
0

Using the results of Section 3.3 one finds
[trp (re~* 5 )| < € 5717

; (6.24)
I (82, = Si)ee™ =5 || < C (s — 8)71

where the constants are independent of any small |u| < e. Thus (6.23)
can be majored by

s/2 ) s )
c / brp (thye P L0, )|d6 + C / | (52, — S2Le 9% | ds
0 s/2

s/2 s
< C/ §TV2d5+C | (s—06)"M%ds < C sM? (6.25)
0 s/2

But this converges to 0 for s — 0.

[ |
We thus have brought back the asymptotic development of the I'-trace
of the heat kernel of D, , over the critical area M x [1, 4] to the asymp-
totic development

strP((e ) (2, 2) ~ 3 ay(S) ()02,
jEN
with coefficients a;(.S,,) differentiable in w. Since Sy is the Dirac oper-
ator, we have a;(Sp) = 0 for j < n/2. Using Lemma 6.12 and (6.22),
this implies

Proposition 6.13. The I'-index dof the T'-Fredholm operator D.,, is
given by

indr(D.,) = /

X

~

A(X)C’h(E/S)#—%nF(Aﬁ,u)+g(u), with }ng(l)g(u) = 0.

|
Now, from Lemma 4.7 the I'- Eta-invariant with 0 < |u| < € satisfies

(A = 30 (Aew) + 1e(Ae ),

which with Lemma 6.8 and the definition (6.17) of hf:, implies
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— 1 — —
L*indp(D,) = h\n% 3 [indr(De) + indr(De —y) + hp, — hif ]

_ /X AX)CH(E/S) + (A + hr, — hi,)

Theorem 6.11 follows from this and the observations (Cf. Lemma 6.10)
o [nr(A) — nr(A)] < trp(Ea(] — ¢, €[={0})) — 0 for e \, 0.
° hf{ﬁ — hi for € \ 0.
e [%-indp(D,) — L2-indr(D) for e \ 0.
|

As a first simple application of Theorems 4.11 and 6.11 consider a
residually finite covering

X =X —X—X

of X with lifted bundles F;, Dirac operators D; etc., such that D"
satisfies conditions (a) or (b) in Theorem 4.11:

Proposition 6.14. (Convergence of the modified L*-Index)

lim d;!(L*ind(D;) — %(hj — 1)) = L*indr(D) — %(h; — hp).

1—00

6.4. The signature operator. In this Section we specialise the L2-
[-index Theorem 6.11 to the case of the signature operator. The un-
derlying Clifford bundle is E @ W = AT*X ® W, with W a flat bundle
with product structure on the cylinder of X. Clifford multiplication
is given by c(v) = €(v) — ¢(v), for v € T*X. The grading operator
T =1x = i"? xx (=1)I11=1/2 gives a Z,-grading on E and the Dirac
operator D = Sx = dx + d% is also called the signature operator in
this case.

We have 52Y = Ay and from Hodge’s theorem for X, the map

H*(X; W) := L*ker(Ayx) = L*-ker(Sx) — H, (X; W),

from the null space of A into the reduced L?-Cohomology of X with
coefficients W, is an isomorphism.

For dim(X) = n = 4k we have ¥% = 1 and the -signature op(X; W) of
X with coefficients W is defined as the difference of the I'-dimensions
of the +1- and —1-Eigenspaces of the quadratic form o — (o, *xa) on
H? (X ;W). The I'-signature is then just the L2-T-index of S+.
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Using the identification £ = AT*M & AT*M via
-— l47x

F=AT"M "5 14+ 1)AT"X =E" (6.26)

over the cylinder Z, Sy can be written

0.0 , 0.0
o g A N T\I=D/2 = o 2N
S C(8T)8T+Q(*MdM dypxgr)(—1) _C(8T)8T+QA'

In this Section, we prove
Proposition 6.15. i (S%) = hy (S%) for all € > 0.
This immediately implies

Theorem 6.16. (I'-Signature theorem)

_ 1
e (XT0) = rk(W) [ LX) + Gae(4),
X
Proof. Apply Theorem 6.11 and Proposition 6.15, recalling that ﬁ(X)C’h(AT*X@
W/S)=rk(W)L(X), ( Cf. [BGV])
n
For residually finite coverings this then implies

Corollary 6.17. Let the conditions of Proposition 6.14 hold.
(a) lim; oo d; 'o(Xs; W;) = op(X; W).

(b) If the universal covering X of X is residually finite then 0'1"(5(:)
s a proper homotopy-invariant of X.

Proof. (a) follows from 6.16 and Proposition 6.14, (b) then follows from
the homotopy invariance of the signatures o(Xj;).

|
The proof of Proposition 6.15 is an adaptation to the I'-case of the
proof for the classical case given in [Me]. Thus, consider the operator
Sk for € > 0. If, instead of the identification (6.26) given above, one

uses the identification AT’ *X = AT*M @ AT*M A dr, for the Clifford
bundle over Z, then

0.0 ~
5)5 + S35 @ S37 — V1.S77 © Sqr (6.27)
where Sgr = dg7 + d5; and I, := Es_as_(] — € ¢[). This modification
of Sx is indeed the same as the one introduced in Section 6.2, as the
intervall | — ¢, €[ cut out of the spectrum is symmetric around 0. For

simplicity we forget about the coefficient bundle W.

Sz =c(
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With respect to the identification (6.26) Sections £+ € EXt(S;E) can

be written on Z5 :

VERAT) = CE A D) (X —edN) + (1 = Xj—e e (N)e™)
with suitable (*(),4) € L*((£[0,00[) X N, pa). The coefficient of the
component of £{* that is constant in 7 is (F(X,7)x)—e(A) and

VHCE N D) (—eel(N) € Hsgasy (] — €, €)™,
Here, we use that 74 anticommutes with S3; @ Sy and thus induces a
grading on Hs_as. (] — € ¢€[).
Using the decomposition AT*X = AT*M & AT*M Adr into forms with
or without a dr-component, we find

Hs—as(] — € €) = Hs_(] — €, ¢[) ®Hs_(] — € ¢€[),

. .. 0 TM(—l)n_l_H
and the operation of 7 on the RHS is just ¥ .
mar(—1) 0
Concatenation of these isomorphisms gives

Ext(SE ) L5 [Hoo (] — e e) & Hs (] — e, €]

,€

gi — V_l(gi()\a Z)X}—e,e[()‘))
Following (6.18), ker(Sx ) is closed in e™®L?, for 0 < § < e. Also,
Ext(Sx,) is closed in e® L2, It is than straightforward to verify that

Lemma 6.18. (a) The sequence
(Loker(SE ). | - [-suzz) —> (Bxt(S )] - sz

I Hs (| — e, e) ®Ho (| — 6, )] *

18 continuous and exact in the middle.

(b) ht., = dimr(im(J¥)).

|
Let J = Jt 4+ J~. We now want to show that im(J) =V & W in
Hs(] — € ¢[) ®Hs_(] —€,¢[). As 7 operates on im(J) and maps V
and W to each other, the +1-Eigenspaces im(J*) must be isomor-
phic. With a view of Lemma 6.10 and 6.18 this then implies the above
Proposition.
To describe the structure of the image of J, we consider the comple-
ment of L?-ker(Sx ) in Ext(Sx ). Denoting by L the orhto-complement
with regard to the nondegenerate pairing e %?L? x eL? — C, we see
that
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(L*Ker(Sx,o), || - llemso) " = (7" L2 ker(Sx,))" = cl(e” L*-im(Sx)).

Writing K := cl(e? L?-im(Sx )N Ext(Sx ), it follows that im(J) =
J(K). The following Lemma is the reason why we have to look at the
modification S . instead of Sk also in this Section.

Lemma 6.19. Let 0 < < e.

(a) e L?-im(Sx ) is [-dense in cl(e” L*-im(Sx ), i.e. for every
k> 0 there is a closed subspace M C e*® L*-im(Sx ) such that
dimp(cl(e? L?-im(S%.,))) — dimp(M) < k.

(b) K := e L*-im(Sx ) N Ext(Sx ) is e L?-dense in K.

Proof. (a) is a direct consequence of the I'-Fredholm-property (Cf.
(6.15) and Section 6.2) of the operator T' = Sx . on e’ L*(E). It implies
that 0 is not in the I'-essential part of the spectrum of TT* (where T*
denotes the adjoint of T on ¢’ L?) and the spaces M, := Hyp«(R—] —
K, k[) are of finite I-codimension dimrp (Hrr+(]—k, k[—{0})) in L2-im(T).
(b) is a simple consequence of (a), cf. [Sh2].

|
To show that J(K) can be decomposed into a direct sum as claimed,
this Lemma and the continuity of the map J allow to restrict our
considerations to the dense subspace J(K°).
Thus, let £ € K°. According to the definition of K° there exists a €
e’ L?(AT*X) with { = Sx . and S% .0 = 0. On the cylinder we can
then write o = ag + oy A dr with ag, oy € e H®(Z, AT*M)).
Using the spectral resolution V' : L*(AT*M) — L*(Ry x N, ug_) of
Syr. the ag satisty the following equation for r» > 3

—(%)2‘/0&[ + (1 - X}e,&[(k)))\zval =0.
The solution is of the general form

a(z,r) =rBi(x)r + Ba(x) + O(e™),
for suitable (31, 312 € Hs, (] — €, €[). We can now write

Sxe=dy, +ds with dy, = dy — dy91l, fund & | = d — di 1L,

Then, in the area r > 3

d cao(x, 1) = (e(dr) & + dgr(1 = T1)) (rBo1(2) + Boz(x) + O(e™))
=dr A 5071(517) + O(e_“),
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because (1 — ﬁe)ﬁw = 0. In the same manner one shows dy,eal A
dr(x,r) = O(e™"). The analogous calculation for d « gives

dx on(z,r) N d
= (- <§>6r + iy (1 = 1)) (rfua () Adr + Bro(w) + O(e ™))
—(=1)P11By 4 (x) + Oe™),
and dx .ao(z,7) = O(e™). We have shown

J(&) = j(dxea + d*XEO‘) =00 (_1)‘[30’1'50,1 - (—1)‘[31’1'51,1 ® 0,

that is, the image of J can be decomposed into a direct sum as claimed.
This finishes the proof of Proposition 6.15.
[ |

APPENDIX A. CLIFFORD ALGEBRA CONVENTIONS

Denote by C(k) the (complex) Clifford algebra over the euclidean space
R¥, with generators c,...,c; satisfying c;c; + cjc; = —20;;. The
algebra C(k) is Zg-graded: C(k) = C*(k) @ C (k), and the map
c; — c;Cp41 defines an isomorphism C(k) — C*(k + 1). The vol-
ume element 7, := ilF*1/2¢; .. ¢, € C(k) satisfies 77 = 1 and thus
induces a Zs-grading on the representations of C(k). Note however,
that 7,c = —(—1)Fcr for ¢ € R¥ € C(k) implies that this grading is
trivial on irreducible representations C(k), when k is odd.

C(2l) has a unique irreducible representation, called its spinor space
and denoted by S(21). Its dimension is dim S(2/) = 2!. Decomposing
into the +1-Eigenspaces of 15 we write S(21) = S*(2]) & S~(21). Via
the identification C(2] — 1) = C*(2l) the spaces ST(2l), S~(2l) are
non-equivalent irreducible representations of C(2/ — 1)—, which can be
considered as being isomorphic representations of C(2[ —2) = C* (2] —
1) via the map S*(21) 2 S-(21). This of course is then just the
representation S(2/—2) of C(21—2). For S*(21) we also write S*(2/—1)
when these spaces are seen as representations of C(2[ — 1).

It is easy to see that C(2l) acts injectively on S(2[). Comparison
of dimensions then yields C(2) = End(S(2l)), and, using C(2l —
1) =2 C*(21) also C(2l — 1) = End*(S(2l)). The identification C(2] —
1) — End(S*(2] — 1)) maps 731 to £1 and thus has null space
(1 F T21_1>C(21 — 1)

The traces tr® on End(S*(21—1)) and the graded trace str on End(S(21))
then induce traces on C(2/ — 1) and C(2[). On elements of the form
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Cr = Cj...¢; where I = {5y < ... <} C {l,...,k} these are
calculated as follows

Lemma A.1. (a) In C(21) we have str(ry) = 2! and str(1) =
str(cy) =0 for I #{1,... ,k}.
(b) In C(20 — 1) we have strt(ry_1) = —tr~(1y_1) = tr¥(1) = 2-1
and for I # {1,... k} we have tr¥(c;) = 0.
On (C(2l — 1) — C) C C(2l) therefore tr*(e) = Fistr(cye) and on
(C(21) € C(21 + 1) we have str(e) = Fitr*(cy o)

Proof. Cf. [BGV], Proposition 3.21

|
The map S*(21) 2 S~(21) gives an identification S(21) = S*(20 —1) @
S%(20 — 1). In this representation, C(21) acts on S(21) as follows

i eCE-1)2 (ioc' ioci) eu 2 ((1) —01>

and str (z; zi) = tr=(¢1) — tr(dy)
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