On a theorem of Wilder

J.-L. Verdier

1. Wilder’s theorem. In this section, we state a theorem due to M. Zisman
and the author. Proofs can be found in [1, Exposé 9].

L.1. Let X be a locally compact space of finite cohomological dimension [13,
A a unitary ring which is a flat algebra over some commutative ring and let #~ be a
complex of sheaves of right A-modules on X which has only finitely many non-
zero cohomology sheaves. Let F* — £2(F7) be a resolution (i.e. a morphism of
complexes which induces isomorphisms on the cohomology) of I by injective
sheaves of A-modules. For any paracompact open subset U/ < X, the sth co-
homology module of the complex T'(U/, Q(F")) (resp. I' (U, Q(F))) is denoted by
H™(U, F) (resp. H*(U, £)) and is called the nth hypercohomology module (resp.
the nth hypercohomology module with compact supports) of & with values in F-.

Since the complex I'(U, Q(F)) (resp. I',(U, (F))) has only finitely many
nonzero cohomology modules, there exists a complex L(U, F*) (resp. L (U, F'))
whose components are projective modules and a map of complexes ¢,: L(U, F) —
(U, Q) (resp. ¢, ;1L (U, FY— T (U, Q(F))) such that

(1) the component L*(U, F*) (resp. LU, F*)) is zero for n big enough; and

(2) the map ¢ (resp. 4, ) induces isomorphisms on the cohomology.
Moreover if U <= V are two paracompact open subsets of X, the restriction map
pr.o: T'(V, QUF)) — DU, Q(F)) (resp. the extension map ey Uy(U, (F)) —
L(V, €(£))) can be lifted to the projective resolutions. The hftmg is unique up
to homotopy, is called once again the restriction map (resp. the extension map) and
is denoted once again by py 7 (resp. ey p).

1.2 DeFiNiTION,  Let (L, i€/, i< ji> we ;Lo L) be a directed (resp.
inverse) system of complexes of right A-modules {(we require only that the transition
morphisms agree up to homotopy), and let {m,n] < Z be an interval. The
system (L;, i € 1, v, ;) is said to be essentially of finite type of amplitude contained
in [m, n] if, for any i € I, there exists a j = i (resp. j < i), a complex L, ; whose
components LY, are projective modules of finite type, zero whenever k ¢ [mt, 1],
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and a diagram commutative up to homotopy:

Wi, i ' ¥i,i '
Ly—m > I, resp. L—mmm— » I,

2

L, L

1,3

1.3 In the following theorem we use the notation of 1.1,

TueoReM.  The following conditions are equivalent:
(1) There exists an interval {m, n} < Z such that for any compact Kin X, the
directed system indexed by the paracompact open neighborhood of K:

(U— LU, F), V< U, LU, F)— LV, F)

is essentially of finite rank of amplitude contained in [m, n].
(i1) There exists an interval [m',n'} < Z such that for any compact K in X,
the inverse system indexed by the paracompact open neighborhood of K:

(U— LU, F), Ve U, LU, F)— LU, F))

is essentiaily of finite rank of amplitude contained in [m, n].
(iii) Same as (i) but consider only the compact subsets reduced to one point.
(iv) Same as (ii) but consider only the compact subsets reduced to one point.

P

1.4 DeriviTION. . A complex of sheaves F on X is said to be perfect if it has the
equivalent properties of Theorem 1.3,

It is clear that these properties depend only on F- and not on the different
resolutions.

1.5 COROLLARY. Letf f:X — Y be a proper map between two locally compact
spaces of finite cohomological dimension, and F- a perfect complex of injective
sheaves' of A-modules on X. Then the complex f,(F) is a perfect complex on Y.
In particular, when Y is a point and X compact, the complex L(X, F*) is homotopic
to a bounded complex of projective A-modules of finite rank.

1.6 PrROPOSITION.  Let 0 —F"—F —F" —0 be an exact sequence of

complexes of sheaves on X. If two of the complexes of the sequence are perfect, so is
the third one.

1.7 PROPOSITION.  Assume that A is right noetherian and that F- has a finite
flat amplitude (i.e. that I has a resolution by a bounded complex whose components
are sheaves with flat stalks). Then F- is perfect if and oniy if it has one of the two
Jollowing equivalent properties.

(a) For any x € X, and for any open neighborhood U of x, there exists an open
neighborhood V of x,V < U, such that for any neZ, the restriction map
H"(U, F) — H"(V, F') has a finitely generated image.

* Or more generally of sheaves acyclic for the direct image functor.
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(b) For any x € X and for any open neighborhood U of x, there exists an open
neighborhood V of x, U < V, such that for any n € Z, the extension map

HYU, Fy-—> HNV, F
has a finitely generated image.

Applying Theorem 1.3 and Proposition 1.7 to the case A= Z and F—
constant sheaf free of rank one, we get Wilder’s theorem 2]

2, The Wall invariant,

2.1 Let f:X — ¥ be a continuous map between locally compact spaces and let
G be a sheaf of 4-modules on X (say on the right). For any open set U of ¥ denote
by »(U) the family of closed subsets § of the space f~H(U) such that the map f
induces a proper map from S to U. We denote by £,G the sheaf

U= Tyn(f~HU), G).

The sheaf /,G is called the direct image of G with proper supports.

2.2 Let X be a connected, locally simply connected, finite dimensional,
compact spaceand X” _# _ X its universal covering. Choose a base pointin X, Then
for any complex of sheaves of right 4-modules # on X, the complex p,p « F is
canonically equipped with a right 4[IT,(X)]-structure. Furthermore, when F- is
perfect one checks immediately by local inspection that pp*F- is a perfect
A[H (X)]-complex. Therefore, in that case, the complex L(X, p,p*F) (1.1) (the
resolutions being taken in the category of right A[11,(X)}-modules) is homotopic
to a bounded complex C'(X, F) of projective A[I1;(X)}-modules of finite rank.

2.3 DErNITION.  Let X be a connected, locally simply connected, finite
dimensional, compact space and let - be a perfect complex of sheaves of right
A-modules on X. The element 3. (—1)ycl(CiHX, £)), in the Grothendieck
group K(A[IL,(X)]) of projective right A{II,(X)]-modules of finite type, is called
the Wall Invariant of F- and denoted by W (X, F). )

1t is easy to check that the element W, (X, F') does not depend on the choice
of the point in X~ used to define the action of IL,{X) and does not depend on the
choice of the different resolutions.

As an immediate consequence of the definitions we have the following prop-
osition:

2.4 ProvosiTION. (1) Lef u:F-— F" be a map between two perfect complexes

which induces an isomorphism on the sheaves of cohomology. Then W (X, F) =
WX, F"). '

(2) Let 0 > F" > P F" 50 be an exact sequence of perfect complexes.
Then W (X, F) = W (X, F') + W (X, F").

In particular if #*[1] denotes the complex F- shifted one degree to the left, we
have W, (X, F'[1]) = — W (X, F).
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2.5 Letf: Y — X be a continuous map of connected, locally simply connected,
finite dimensional compact spaces. The map finduces a homomorphism

I (f): T (Y) — 1, (X)

so that the ring A[ll,(X)] becomes an A[I,(¥)]-algebra. The tensor product—
& e,y AT (X)] defines a map denoted f,: K(A[T1,(¥)]) -~ K(4[I1,(X)]) on
the corresponding Grothendieck groups. Let now F* be a perfect cqmplex of
right 4-modules on Y. Assume that the components of F' are acyclic for the
functor direct image by f. The direct image f,F- is then a perfect complex on
X (1.3).

2.6 ProrosiTION.  With the notation of (2.5), we have
WX, f.F) = fo WY, F).

Froor. Let p: X™ — X the universal covering of X and X7 X ¥ the fiber
product. We have a cartesian square:

X x o x— s x"

l B

Y — X

e ?

and the map pry: X~ X x ¥ Yisa principal covering with group I1,(X). Further-
more, the base change theorem for direct images by proper morphism yields a
canonical isomorphism, compatible with the action of IL(X); fipry prif
PpfE o _

Let pry pryF — I be a resolution by injective sheaves of right A[IT,(X)]-
modules. The complex f.I' is an injective resolution of the complex p,p*f, F" and
we have ['(X, fi) ~ I'(¥, I'). By Corollary 1.5, there exists a bounded complex
whose components are finitely generated projective A[IT,(X)]-modules P and a
resolution P-— (Y, 7). We have therefore the equality W, (X, fif") =
Ziez(ei)‘cI(P‘).' Let g: Y™ — ¥ be the universal covering of Y. There exists a
canonical isomorphism qg*F* 41, ()34 [TL(X)] = pry, pry F-. Hence we h'c?v.e a
homotopy equivalence C-(Y, ) ® 411,y A11(X)] - P+ and the proposition
follows.

2.7 CorOLLARY. Let X be a finite polyhedron (geometric realization of a
Sinite semisimplicial complex), and let ¥- be a complex of sheaves on X which
induces on each cell a perfect complex. Then F' is perfeci. Let y{F) £ K(A) be
the Euler-Poincaré characteristic of F* in the Grothendieck group of finitely generated
projective right A-modules. Then

WA, F) = 4(F) - (AL 0D,

ProoF.  Follows, by induction on the number of cells, from Propositions 2.4
and 2.6,
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2.8 Let X be a connected, locally simply connected, finite dimensional compact
space on which the constant sheaf Z is perfect. Let T be the orientation complex
introduced by Borel and Moore [3]. Then the complex Ty is perfect [1]. The
cohomology groups H,(X, Z) = H~(X, Ty) are the homology groups of X. The
results quoted above (1.6) show that the homology groups of X~ equipped with
their natural action of [I;(X) are the homology modules of a finite Z[TI,(X)]-
complex whose components are finitely generated projective Z[II;(X)}-modules,
this complex being well defined up to homotopy, so that our Wall invariants are
natural translations in the theory of sheaves of the invariant introduced by Wall.

In particular, when the Borel-Moore homology of X is isomorphic to the
singular homology, the element Wz (X, T) is the invariant introduced by Wall {4].

3. Properties of the Wall invariant. Tn this section we want to show that some
properties of the Wall invariant are immediate consequences of the definitions and
of the Poincaré duality theorem (see [5] for analogous results in singular homology).

3.1 Let F' be a complex of sheaves with finitely many nonzero cohomology
sheaves on a locally compact, finite dimensional space X. Let Ty , be the
orientation complex of X with respect to the ring 4 [3]. (Thisis a comp}ex of
sheaves of A-bimodules injective on the right.) We denote by D, ,F" the complex
Hom, (F, T ) (#omis the complex of sheaf homomorphisms). The com-
plex D F'is a complex of sheaves of right 4%modules and is called the dual com-
plex of /. When F" is perfect, D F" is perfect [1, Exposé 9].

Let F't— S(£) be a bounded c-softresolution of - and A4 ~» I {A) bearesolution
by A-bimodules injective on the right. The complex of presheaves on X: -

{3.1.1) Ut Hom (I’ (U, S{F), I'(4)),

is a complex of flabby sheaves of right A%modules [3], and is denoted by F-*, It.

follows from the Poincaré duality theorem [1, Exposé 4] that the complexes
D F and F-* have isomorphic injective resolutions.

3.2 Let Il be a group and let P be a projective right 4{[1]-module of finite type.
Set

(3.2.1)

P* = Hom g 13 (P, A[11]).

The module £* is a right projective A°[11}-module of finite type, (II acting on the
right via its left action on 4{I1]). The map P P* induces an isomorphism
KA} — K(A°[TT]) on the corresponding Grothendieck groups.

3.3 ProrosITION, Let X be a connected, locally simply commected, finite
dimensional compact space. Then, for any perfect complex F- on X, we have:

WX, FY* = WX, Dy F).

PrROOF.  We sketch the proof. Let p: X~ — X be the universal covering of
X. By (2.4) we may assume that I is a bounded complex of ¢-soft sheaves, Let us
consider the complex D oy ptE viewed as an A1 (X)]-complex (via the

isomorphism A°[IT, (X)} = A[I1,(X)]?). Using (3.1.1) and the definition of pl-
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(2.1), we see that the complexes pDy.. ,p*F and D, AL ) PP *F have iso-
morphic injective resolutions. Moreover, since p is a covering, we have a canonical
isomorphism Dy~ ,p*F" =~ p*D, JF'. Thereforethecomplexes T'(X, pp* D, ,F)
and I'(X, Dy g, o00,22*F) have isomorphic injective resolutions. Let

F{ATL(X)])

be a resolution of A[TI,(X)] by A[IL(X)Fbimodules injective on the right, It
follows from the Poincaré duality theorem (3.1) that the complexes

I'(x, DX.A[H!(X)]P:P*F') and Hom;;[rlicxn(F(X,P!P*F'), I {(A[IL X))

have isomorphic injective resolutions. There exist (2.2) a bounded complex of
finitely generated projective A[I, (X)]-modules C(X, F) and a resclution

C(X, F)— T'(X, p,d*F").
We have therefore two maps of complexes
Hom:yrr, o (C(X, F?), A[IL(X)]) — Homymp, ,,(C-(X, F), F{ATL(X)D)
Hom: gy oy (T'(X, pp*F), (41, (X)) — Homﬁrnl(x)](c'()ﬂF')’{'(A L),

which induce isomorphisms on the cohomology and the proposition follows.

3.4 Let Il be a group and 4 a commutative ring. We denote by G(A[TI]) the
Grothendieck group of A[II]-modules that are finitely generated and projective as
A-modules. The tensor product over 4 of two such 4{l1}-modules endowed with
the diagonal action of Il is an A4[ll]-module of the same kind. Hence, the tensor
product defines a ring structure over G. Let M be an A[I1}-module that is finitely
generated and projective as an 4-module and P a finitely generated projective and
projective A[If]-module. The tensor product A[I1]® P with the diagonal action
of Il is a finitely generated projective 4[TI]-module. Hence the tensor product
defines on K(ATI]) a structure of module over G(A[TI]).

3.5 Let X be a connected and locally simply connécted space and M a locally
constant sheaf of finitely generated and projective Aimodules. Then the stalk of
M is an A[I1,(X)]-module that is finitely generated and projective as an 4- module
Its image in G(A{I1,(X)]) is denoted by cl(M).

" 3.6 PROPOSITION.  Let X be a connected locally simply connected finite dimen-
sional compact space, I a perfect complex of sheaves of A-modules, M a locally

constant sheaf of finitely generated and projective A-modules. Then

Proor. By (2.4) we may assume that F is a bounded complex of c-soft
A-modules. Let p: X~ —» X be the universal covering of X. The A[IL(X)]-
complex I' (X, p*F") has a resolution C'(X, £-) by a bounded complex of finitely
generated and projective A[IL,(X)]-modules. Since we have a canonical iso-

morphism I'(X™, p*M @ ,F)~ I' (X, p*F) @ 4M,, where M, is any stalk of
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M with its natural action of 1I,(X), the complex C(X, F} ® ,M, is a resolution
of the complex T' (X, p* M @ F). qed

3.7 CorOLLARY. Let X be a compact conrected n dimensional topological
variety with boundary. Let 0X;, | < j < g, be the different connected components
of its boundary, i;:0X; — X the inclusion maps, and let Ax be the orientation
Z{(X)-module. Then

(—1"Wa(X, ) + (—1)" 3, 1, (W5 (0X,, Z)) = cl(Ax) - Wi (X, Z)*.

ProOF. We have W,(X,Z)* = W,(X,T;) where Ty is the orientation
complex of X (3.3). The complex Ty has only one zero cohomology sheaf 0 in
dimension —n. Hence W (X, Z) = (—1)*p (X, 05). The sheaf Oy is locally
constant free of rank one on X — 20X and its restriction to @X is zero. Let
Jj:X — 0X — X be the inclusion map. We have an exact sequence

0—+0g—>j.0x—j. 050X —0.

Hence (2.4) W, (X, 05) = Wy(X, j,0%) -+ Wa(X,j,04/0X). The sheaf j, 05 is
focally free of rank one and is defined by the orientation module Ay. The
formula follows from (3.6), (2.6) and trivial manipulations.

4. Fibration.

4.1 PROPOSITION. Let X and Y be two connected, locally simply connected
finite dimensional compact spaces, and let F- and G be two perfect complexes of
sheaves of A-modules on X and Y respectively (A is commutative). Assume that the
stalks of the components of F* are flat A-modules. Then '

WX, Fy- WY, )= WX X Y, F & ,G),
where F* ® 4G denote the cartesian product of the two complexes of sheaves (tensor

product of the two inverse images by the two prajections of the product X X Y).

ProoF. Immediate consequence of the Kiinneth formula {1 Exposé 3].

4.2 Let Il be a group and G'(Z[I1}) the Grothendieck group of the Z[II]-
module which are finitely penerated as abelian groups. It is easy to check that
the canonical map G(ZII]) - G'(Z[I1}) is an isomorphism. Hence any Z[1I}-

module M, finitely generated as abelian group, yields an element in G(Z{II]).

denoted by cl(M).

4.3 Let X be a connected and locally simply connected space and M a locally
constant sheaf whose stalks are finitely generated abelian groups. The stalk at any
point is a finitely generated abelian group on which II;(X) acts hence yields an
element in G(Z[I1,(X)]} denoted by cl{M). Let now f: E — X be a continuous map
such that for any g Z, RY Z is a locally constant sheaf whose stalks are of
finite type, zero for g big enough.

We denote by cl(f) the element 3, (—1)%cl{(RY, Z) in G(Z]IL,(X)]).

4.4 ProPOSITION.  Let 1 E— X be a locally trivial fibration, where X is a con-
nected, locally simply connecied, finite dimensional compact space and yehere the fiber
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is a finite dimensional compact space on which the constant sheaf L is perfect.
Assume E is connected and locally simply connected. Then, for any g in Z, the sheaf
RY Zis a locally constant sheaf whose stalks are finitely generated abelian groups,
zero for q big enough. Moreover, for any perfect complex F- on X, f*F- is a perfect
complex on E and :

Ju WolE, [3F) = Wy(X, F) - d(f).

Proof. It is clear that the RY,Z are locally constant sheaves whose stalks are
isomorphic to the cohomology of the fiber hence finitely generated abelian groups.
It is also clear that f*F- is perfect whenever F- is perfect. Let us prove the
equality. By 2.4 we may assume that F- is a bounded complex of c-soft sheaves
whose stalks are torsion free. We have f, W, (E, f*F) = W (X, fo [ *F) (2.6).
Let Z — (Z) be a c-soft resolution of the constant sheaf Z on E. The projection
formula yields a resolution f,, f*F- — F' ® ,f, Q' (Z) {1, Exposé 3]. Therefore
(2.4) we have W, (X, [, [ *F) = W,(X, F' ® 5[, Q (Z)). The cohomology sheaves
of £, Q-(Z) are the R, Z and the complexes F' ® 4R, Z are perfect. Hence, by
2.4, we have )

WylX, F @ 5 [, (Z)) = > (—1) !'5&L(X , B @ 2R, 7).

Therefore, we are reduced to proving that, for any locaily constant sheaf M whose
stalks are finitely generated abelian groups, we have

. WX, F ® M) = Wy(X, F)-cl(M).

When M is locally free, this equality follows from (3.6), so that, using (2.4), we
may assume that the stalks of A are torsion groups. But then M has a resolution
of length two by locally free sheaves of finite rank and the equality follows from
(3.6) and (2.4).

Analogous results for singular homology can be found in [6] and [7].
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