
LOCALIZATION tN ALGEBRAIC L-THEORY 

Dy P i e r r e  VOGEL 

Let  f : A + 8 be a morphism o f  r i n g s  w i t h  i n v o l u t i o n .  I f  B is  a l o c a -  

l i z a t i o n  o f  A in t h e  c l a s s i c a l  sens% Karoubi  [1  ] ,  Pardon [ 3 ] ,  Ran ick i  [ 5 ]  

and Smith [ O]  have g i v e n  exac t  sequences between t h e  L -groups  o f  A , t h e  L-  

groups o f  8 and r e l a t i v e  groups which a re  d e f i n e d  in te rm o f  l i n k i n g  forms 

ove r  t o r s i o n  modules.  

4y purpose is t o  show t h a t  t he  l o c a l i z a t i o n  e x a c t  sequence ho lds  in a more 

genera l  s i t u a t i o n .  

From f one can d e f i n e  a r i n g  A endowed w i t h  a morphism A ~ A s a t i s -  

f y i n g  t h e  f o l l o w i n g  c o n d i t i o n s  : 

i )  f o r  any m a t r i x  ~ w i t h  e n t r i e s  in A such t h a t  e e 3 is i n v e r t i D l e ,  

e A i s  i n v e r t i D l e  t o o  ; 

i i )  A i s  u n i v e r s a l  w i t h  r e s p e c t  t o  t h e  p r o p e r t y  i ) .  

We have a canon i ca l  h~n~norphism e : A + 8 . We w i l l  say t h a t  f is  

weak ly  l o c a l l y  e p i c  i f  E is e p i c  and loca l  i f  e is  an i s~norph ism,  tn t h i s  

paper  I w i l l  p rove  t h a t  t h e  r e l a t i v e  group Ln(A + A) depends o n l y  on t h e  c a -  

~ o f  f i n i t e l y  p resen ted  modules ;~ w i t h  cohomology d imens ion  i and t e g o r y  

s a t i s f y i n  9 M e B = TOrl ( i4 ,d)  = 0 i f  f i s  weak ly  l o c a l l y  e p i c  and  A d o e s n ' t  

c o n t a i n  any  f i n i t e l y  g e n e r a t e d  submodule  [ whidl~ i~ 6 - p e r f e c t  ( i . e .  Io6  = 0 ) .  

As a c o r o l l a r y  we p r o v e  a M a y e r - V i e t o r i s  e x a c t  sequence n L - t h e o r y  f o r  

square o f  r i n g s  w i t h  i n v o l u t i o n  : 

A *  B 

C ~ D 

A ( resp .  C) d o e s n ' t  con ta  i f  A + B and C * D a re  o c a l ,  

B - p e r f e c t  ( r esp .  D - p e r f e c t )  submodule and t he  t e n s o r i z a t i o n  by 

v a l e n c e  between t h e  c a t e g o r i e s  ~ B dans ~---o D . 

n any f i n i t e l y  

C is  an e q u i -  
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For more s i m p l i c i t y  I w i l l  cons ide r  the  groups L h o n l y ,  bu t  we have the  
n 

same r e s u l t s  w i t h  t h e  groups L ~ a be ing  any subgroup o f  K o r  l~ s t a b l e  n t o 1 
under i n v o l u t i o n  ; we must j u s t  change a l i t t l e  the  ca tego ry  ~B " 

§ I . QUADRATIC AND LINKING FORMS OVER COMPLEXES 

Throughout th is  paper I w i l l  suppose that f : A + B is weakly local ly 

epic and A doesn't contain any f i n i t e l y  generated B-perfect submodule. 

Denote by ~g  t h e  c l a s s  o f  " t o r s i o n  modules" , i . e .  t h e  c l ass  o f  A-modules 

M hav ing a r e s o l u t i o n  0 + C 1 ~ C O + M ÷ 0 by f i n i t e l y  genera ted  f r e e  A-modu- 

les such t h a t  d e B is  an isomorphism. 

C 1 ÷ M * 0 be a r e s o l u t i o n  o f  Let  M be a t o r s i o n  module and 0 + + C ° 

by f i n i t e l y  genera ted  f r e e  A-modules.  Since M is  a f i n i t e l y  genera ted  B- 

p e r f e c t  module, Hom(M,A) is  ze ro  and we have an exac t  sequence : 

0 * Hom(Co,A) + Hom(CI,A) + Ext I (M,A)  + 0 

Then Ex t I (M,A)  is  a t o r s i o n  module.  

Denote by M t h e  module Ex t l (M ,A )  . The correspondence M ~ M is  a con-  

t r a v a r i a n t  f u n c t o r  f rom ~B t o  i t s e l f  and ~ is canon ica l l y  isomorphic  t o  M . 
A 

I f  I~ is a t o r s i o n  module a b i l i n e a r  form over  M is  a map M ÷ M . The 

se t  B(M) o f  b i l i n e a r  forms over  M is  endowed w i t h  an i n v o l u t i o n  in the  f o l -  

lowing way : i f  ~ : M ÷ M }s a b i l i n e a r  form,  t ~  is  t h e  compos i te  map : 

Let  us cons ide r  now b i l i n e a r f o r m s  over complexes : 

By d e f i n i t i o n  a f r e e  ( rasp .  t o r s i o n )  complex w i l l  be a E-graded complex : 

d C d C • . . ,  
Cn+l ........ ~ n ~ n-1 

where ~ C. is a f i n i t e l y  genera ted  f r e e  ( resp ,  t o r s i o n )  A-module. And a com- 
I I 

p l e x  is  a f r e e  or  a t o r s i o n  complex.  

I f  C~ i s  a con~lex  t h e  dual c o ~ l e x  ~_:~ i s  t he  con~lex  : 

(_l)n+:~ 
~n+l  " :n  " (-1)nc~ Cn-1 " 
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where ^ is the f o n c t o r  Hom(,A)  i f  C~ is f r ee  and E x t t ( , A )  i f  C~ is 

t o r s i o n ,  and C i s  o f  d e g r e e  -n  . 
n 

A b i l i n e e r  form o v e r  C~ i s  a l i n e a r  map C~ * ~ , The s e t  

B~(C~) = B'~(C~) = Hom(C~v,Ce~) o f  b i l i n e e r  fo rms  o v e r  C~ i s  a g r a d e d  d i f f e -  

r e n t i e l  ~--module endowed w i t h  an i n v o l u t i o n  t by : 

ao e(u)  = a°~ + a°u 

d ( ~ ( u ) )  = ( d ~ ) .  * ( _ ~ ) a o ~ ( d u )  

( t ~ ) ~  = ( - I )  a°u ~O~(u)  @(~) 

f o r  any u #= C~, and ~ f= B_,,.(C.~_) 

I f  c = -+ 1 , B4.(C~) E denote the  complex B,~(C.z.) w i th  the  new i n v o l u t i o n  

LI~ ~ ctL~, i f  C.,,. is f r ee ,  and ~ ~ - c  t ~ i f  C;~ is t o r s i o n .  

D e f i n i t i o n  1,1 

Let C~ be a f r e e  ( resp.  t o r s i o n )  complex. A quad ra t i c  ( rasp.  l i n k i n g )  

n- form over C~ is an element o f  the group : 

on(c~) = H_n(7/2,B~(C~) ~) ¢ = ( -1)  n 

I f  we take  the  s tandard r e s o l u t i o n  W~ o f  the Z [Z /2 ] -module  ~ : 

Y[Z/2 ]  • 1 - t  Y[Z/2]  , l+t: Z[Z/2 ]  . . .  

any quadra~cic ( rasp.  l i n k i n g )  n-form over C4~ is represented by : 

e ° e ~o + e l  e q l  + " ' "  ~i eBn+ i (c~)  

and we have : 

i ~ 0 d ~i = ( ( - 1 ) i + 1  + ( - 1 ) n t )  ~ i+1  

( rasp.  d ~i = ( ( - 1 ) i + ]  - ( - 1 ) n t )  ~ i + 1  ) " 

D e f i n i t i o n  1.2 

Let E~ + C~ be an epimorphism o f  f r e e  ( resp,  t o r s i o n )  complexes. A qua- 

d r a t i c  ( resp.  l i n k i n g )  n-form over z4~ + C~ is an element o f  the group : 

~ n ( ~  ÷ C~) = H_n(Z/2,B~(z~) /B~(C~) ) ~ = ( -1)  n 
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N o t a t i o n s  1 .3  

Let  C~ 

l i n k i n g )  n - fo rm o v e r  

be a f r e e  ( rasp.  t o r s i o n )  complex and q be a quad ra t i c  ( rasp.  

C~ . The image o f  q by the  composite map : 

Qn(c,;) t r a n s f e r t  p H (l,B:~(C_,~) c) ~ • H n(g~(C~.)) 
" - n  . . . . .  

A 

g ive  a chain map from C.~ to  C~. o f  degree -n . This chain map, wel l  de f ined  

up to  homotopy, w i l l  be denoted by Cl • 

Let I:~ ~ C_x_ be an epimorph[sme o f  f r e e  ( resp.  t o r s i o n )  complexes and q 

be a quad ra t i c  ( resp.  l i nk in  9) n- form over :c_ x_ ÷ C<_ . I f  K~ is the  kernel  o f  

I:. x_ + C.~ 0 we g e t  a c h a i n  map from K.~ t o  ~:_~ , wel l  d e f i n e d  up t o  homotopy,  a s  

t h e  image o f  q by t h e  c o m p o s i t e  map : 

Qn(z.~ ~ C>) t r a n s f e r t b  H n(1,B.,,,(s_~)/B.:_(C.,,_)) ; H_n(HOm.,:_(K_x_,~_,:_)) 

This chain map w i l l  be denoted by q . 

D e f i n i t i o n  1 .4  

Let  C~ ( r e s p .  2~ * C. )  be a complex ( r e s p .  an ep imorphism o f  complexes )  

and q be  a q u a d r a t i c  or  l i n k i n g  n - fo rm o v e r  C~ ( r e s p .  ~ * C~) The form q 

is  s a i d  non s i n g u l a r  i f  q is  a homology e q u i v a l e n c e .  I f  C~ is  f r e e  ( r e s p .  

s .  and C~ a r e  f r e e ) ,  q i s  s a i d  B-non s i n g u l a r  i f  q i s  a B-homology e q u i -  

va lence.  

D e f i n i t i o n  1.5 

Let ~. be the  word f r e e  ( resp.  f r ee ,  resp.  B-acycl  ic  f r ee ,  resp.  t o r s i o n )  

and ~ the words non s i n g u l a r  quad ra t i c  ( resp.  B-non s i n g u l a r  quad ra t i c ,  resp.  

non s i n g u l a r  quad ra t i c ,  resp.  non s i n g u l a r  l i n k i n g ) .  

Let C~. be a ~ complex and q be a ~ n-form over C. x. , The ob jec t  

(C-:_,q) i s  ca l  led c o b o r d a n t  t o  z e r o  i f  t h e r e  e x i s t s  an e x a c t  s equence  o f  

complexes  0 ÷ K_~ * :c~:_ * C X. ÷ 0 such t h a t  q i s  t h e  boundary  o f  a ~ n - l -  

form over, >]x * C~:_ . 

Theorem 1 .6  [7] 
group Lhn(A) ( r e s p .  Lh(A)) i s  i somorph ic  t o  t h e  group o f  f r e e  com- The 

p l e x e s  t o g e t h e r  w i th  non s i n g u l a r  ( r e s p .  B-non s i n g u l a r )  q u a d r a t i c  n - fo rms  mo- 

d u l o  t h e  fo l  lowing r e l a t i o n  : (C.x.,q) i s  c o b o r d a n t  t o  ( C < . , q )  i f  Lb.:- a:-,q-q ) 

i s  c o b o r d a n t  t o  mero. 
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D e f i n i t i o n  1.7 

The cobordism group o f  B - a c y c l i c  f ree  ( resp .  t o r s i o n )  complexes toge the r  

w i t h  non s i n g u l a r  quad ra t i c  ( resp .  l i n k i n g )  n- forms w i l l  be denoted by L~(B,A) 

( resp .  L~(B,A) ) .  

Theorem 1.8 

group L~(B,A) is isomorphic to L~+I(A + A) .  The 

Proof  

Since Lh(A) is  isomorphic to  rh(A * A) or rh (A ~ B) [ 7 ] ,  i t  s u f f i c e s  
n n n 

A * A  L 
t o  prove t h a t  L ' (B ,A)  is  isomorphic to  the  group I'n+] ( + n  +) and t h a t  is  p ro -  

n A~B  

red by Ranick i  [5]  and Smith [6]  by us ing  a dual po i n t  o f  v iew (a quad ra t i c  form 

over C. x. in my sense is a quadra t i c  Form over C -x- in the  sense o f  Ranicki  [ 4 ] ,  

[5]). 

The main r e s u l t  o f  t h i s  paper is  the f o l l o w i n g  : 

Theorem 1.9 

group L~(B,A). is  isomorphic to  L~+2(A. ~ A) . The 

§ 2 . RELATIONS BETWEEN FREE COMPLEXES AND TORSION COMPLEXES 

The f i r s t  i n fo rme t ions  about B - a c y c l i c  free complexes and t o r s i o n  complexes 

are the f o l l o w i n g  : 

Lemma 2,1 

C + 0 be a g - a c y c l i c  f r ee  complex o f  length two. Let ,,.+ 0 ÷ Cp p+l " ' "  

Then d is  monic and Coker d is  a t o r s i o n  module. 

Proof 

Since d o B is b i j e c t i v e ,  the complex ~÷ 0 + ~p ~ ~p+] ~ O . . . .  is  B- 

and Coker d is  B -pe r f ec t .  But A doesn ' t  co~ ta in  acycl ic f i n i t e l y  any gene- 
^ d ^ mated B -pe r fec t  submodule. Then the  map Hom(Cp+l,A) ~ Hom(Cp,A) is  monic 

and d is  monic and Coker d is a t o r s i o n  module. 



487 

Lemma 2.2  

Let C~ be a B - a c y c l i c  f r e e  complex and f : C. ÷ K~ a morphism from 

C. t o  a t o r s i o n  complex K . .  Then the re  is a commutative diagram : 

T ~  

C~, - T ~  K~ 

such t h a t  T~ is a t o r s i o n  complex and 9 is a homology equ iva lence .  

Proof 

Suppose C. x. is the  comptex . . .  0 ÷ Cp Cp+ 1 0 . . . .  By s e t t i n g  : 

T, = Cr f o r  i ~ p ,p+ l  
I 

Tp = Cp C(~) Kp+ 1 and Tp+ 1 = Kp+ I 

p+l  

we 9et  a comp Iex between C~. and K~:. , and by I emma 2. I ,  T.,:. i s a t o r s  i on com- 

p l ex ,  and C-e + T_,,_ is a homolo9y equ iva lence .  Then the  lemma is proved i f  C~e 

is of len£rth two. 

Suppose we have an exact  sequence o f  B - a c y c l i c  Free co@lexes  : 

0 ~ C~ ~ C~ ~ C" + 0 

and suppose t h a t  C~ and C~[ s a t i s f y  the l emma. I f  C" + K~ is a morphism . . . .  @ ,, 

t o  a t o r s i o n  complex, the  composite map C~ + K~ f a c t o r i z e s  through a t o r s i o n  

complex T~ and the  map C~ ~ T~ is a homolo9y equ iva lence .  Up to  homology 

equ iva lence  we may suppose t h a t  T~. ~ K~ is ep ic .  The map C~ ÷ (Ker ~)~ fac  I 

t o r i z e s  through a t o r s i o n  complex T~ by a homology equ iva lence  C. ÷ T . .  

Then i t  is  not  d i f f i c u l t  t o  prove t h a t  the  map C~ + K~ f a c t o r i z e s  by a homo- 

Iogy equ iva lence  th rou9  h the  mapin 9 cone o f  T.~,, ÷ T'. : 

' + c~c + 0 0 ÷ C.~ + C. 
+ { { 

T .  ÷ T~ + K~ 

The c lass  o f  B -acyc l i c  f r e e  complexes s a t i s f y i n g  the lemma is s t a b l e  under homo- 

topy  equ iva lence ,  suspension and q u o t i e n t .  Then i t  is s t a b l e  under ex tens ion  and 
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c o n t a i n  a l l  the  complexes o f  length  two.  By [7]  any B - a c y c l i c  complex is  in t h i s  

c l a s s  and the  lemma is p roved.  

Converse ly  we have : 

Lemm~a 2.3 
Let T~ be a t o r s i o n  complex.  Then t h e r e  e x i s t s  a homology equ iva lence  

f rom a B - a c y c l i c  f r e e  complex t o  T~ . 

Proof  

Th is  lemm~a w i l l  be proved by i n d u c t i o n  on the  length  o f  T~ . Let T~ be 

a n -d imens iona l  t o r s i o n  complex.  By i n d u c t i o n  we have a homology equ i va lence  

f f rom a B - a c y c l i c  Free complex C~ t o  the  complex + 0 ÷ Tn_ ] ~ Tn_ 2 . . . . .  

Take a f i n i t e l y  genera ted  Free r e s o l u t i o n  0 * F' * F o f  T n . S ince the  kerne l  

o f  C'n_l ~ C'n_2 maps on to  the  kerne l  o f  Tn_ 1 ~ Tn_ 2 , t he  compos i te  map 

F ÷ T n ~ Tn_ 1 F a c t o r i z e s  th rough Ker(C~_ 1 + C'n_2 ) . Moreover F is  a homolo9y 

equ i va lence  and the  compos i te  map F' + F ~ C' l i f t  th rough C' Then we ge t  
n--~ n "  

a morphism g from the  complex ÷ 0 ~ F' ~ F + 0 ~ . . .  t o  C~ and the  indu-  

ced map from the  mapping cone o f  9 t o  T~ is a homology equ iva lence  : 

0 > T n _  ] ~ Tn_ 2 J' 

TT°t I 
. 1 - - .  / I /  

F' ~- F 

Lemme 2.4 

Let e = -+ I and 0 * K~:_ ~ C,>, * T_,~ + 0 be an exact sequence of complexes 

such t h a t  K. is ecyc l  ic f r e e ,  C, x. is f r e e  and T~:. is t o r s i o n .  Then we have a 

canon ica l  16ng exac t  sequence : 

. . .  T -c + . . . .  Hi+2(Z/2,T~,~o~¢:.) + H i (Z /2 ,B~  ( ~ )  - ) ÷  ÷ H i+ I (Z /2 ,B~ : . (~ )  ) Hi(Z/2,B,~(C~) E) , , ,  , ,  T,, -= 

A 
where T~:~ e T~: is  endowed w i t h  t he  i n v o l u t i o n  a e b ÷ - c ( - I )  a°aa°b b ~ a . 
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Proof 

The above  e x a c t  sequence  induces  t h e  f o l  I ow in  9 : 

0 ÷ T~<. ~ K.:. ÷ ;~ ÷ 0 

and we ( je t  a comp lex  o f  comp lexes  : 

by  s e t t i n 9  : X(u e v )  = u e ~ ( v )  + ~ ( u )  e v 

~(u e b  + a e v) = G ( u )  e b - a  ~ ( v )  
A 

f o r  any  a , b  & K~ and u , v  @ C~ . 

x and # a r e  c o m p a t i b l e  w i t h  t h e  d i f f e r e n t i a l s ,  and by  s e t t i n 9  : 

t ( u  e v) ~ ( 1 )  a ° u ~ ° v  

t ( u  e b + a e v )  = ~ ( - 1 )  a ° a 3 ° v  v e a + ~ ( - 1 )  a °ua °b  

t ( a  e b) E ( - 1 )  a ° a a ° b  = -  b e e  

f o r  any  a , b  ¢= K-x- and u t v  ~ 0¢. , t h e  morph isms x and 

t h i s  i n v o l u t i o n .  

Now we 9 e t  t h r e e  e x a c t  sequences  o f  d i f f e r e n t  i a l  

0 + ~,~ e T~ ÷ K,~ e K;~ ÷ , ,  ,, ,, Im ~ ÷ 0 

0 + B~(T~)  -~ + Ker ~ ÷ B.(C.,_) c ÷ 0 

The i n v o l u t i o n  on T~,_ e .;~ i s  d e f i n e d  by  : 

t ( a  e b )  = - ~ ( - 1 )  a°a ; ) °b  b e a 

Z [ ~ / 2 ] - m o d u l e s  : 

The t h i r d  e x a c t  sequence  comes f r om  t h e  i somorph i sm : 
^ 

C ~  e ~,,. ,, ^, B~:_(C_~.) ., = aom(C~,C,~) = 

Ker p / I ra  ~ = T O r l (  -x-, . )  = Hom(T¢.,T.~) = B.(T~,,_) 

#k 

On t h e  o t h e r  hand K. i s  c o n t r a c t i b l e  and K.~_ ® 

a c y c l i c .  Tha t  i m p l i e s  t h e  i somorph i sms  : 
A A 

Hi+2(Z/2,T~,¢eT~,,) Z Hi+ I (Z~/2  , I m ~ )  ¥ H i ( E / 2 , K e r  ~) 

a p e  

b e u  

ape e q u i v a r i a n t  f o r  
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and by t a k i n g  the  homology exact  sequence o f  t he  t h i r d  above exact  sequence, 

we prove the  lemma. 

Lemma 2.5 
f 

Let C_ x • T.~ be a homology equ iva lence  from a f r e e  complex t o  a t o r s i o n  

complex. Then a l i n k i n g  n - l - f o r m  q over T~,,. induces a wel l  de f i ned  quad ra t i c  

n-form f-"'(q) on C~. • Furthermore q is non s i n g u l a r  i f  and on ly  i f  f '~(q) 

is non s i n g u l a r .  

Proof 

Up to  homotopy equ iva lence  we may suppose t h a t  f is s u r j e c t i v e  w i th  f r ee  

kernel  K. By 2.4 we get a map Qn-I(T~) f *  n C . =Q (~) and f~(q) is well de- 

fined. 

Moreover f~" is induced by a boundary and the t r a n s f e r t  commutes w i th  the  

boundary. Then the cyc le  f"'~(q) is the  boundary o f  ~ in the exact  sequence 

0 ÷ B..(T..) -~ ÷ K e r #  ÷ B~(C~) ~ ÷ 0 (see the p roo f  o f  2 .4 ) .  

More p r e c i s e l y  f-7(q) is the boundary o f  the composite map C~ T~, ~1 ^ 

in the  exact  sequence 0 + ~ .  + ~-x-* ~-::-" 0 . But K_,,:_ is acycl i c. Hence ~ is 

a homology equ iva lence  i f  and on ly  i f  f-X-(q) is a homotopy equ iva lence .  

§ 3 . THE ISOMORPHISM L"n_I(B,A) ~ Ln(B,A) 

Let T_,~ be a t o r s i o n  complex and q a non s i n g u l a r  l i n k i n g  n - l - f o r m  over  

T., . By 2.3 t he re  e x i s t s  a homology equ iva lence  f from a B-acycl ic f r e e  com- 

p l e x  C. x. t o  T~ , and by 2.5 we get an element F(T_x_,q) in Ln(B,A) r e p r e -  

sented by (C_,,.,f"(q)) . I f  f '  : C~. +T~ is an o the r  cho ice t he re  is  a homoto- 

py equ iva lence  9 : C~_ ~ Ct~ and f o g is homotopic t o  f '  . Then 9-" '(f~(q)) 

is equal t o  f'-;~(q) and (Ct~.,f~(q)) is cobordant  t o  (C~_,f'-"-(q)) . Hence 

F(T . ,q )  depends on ly  on (Tt:., q) . 

Lemma 3. i 

The correspondance F induces a morphism from Ln_I(B,A) t o  L'(B,A)n " 
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Proof 

C l e a r l y  F i s  a d d i t i v e .  Then t h e  o n l y  t h i n  9 t o  do i s  t o  p r o v e  t h a t  

F ( T ~ , q )  v a n i s h e s  i f  ( T ~ , q )  i s  c o b o r d a n t  t o  z e r o .  

Suppose we have  an e x a c t  sequence  o f  t o r s i o n  comp lexes  : 

0 ÷ R~ + S, + T + 0 

and a non s i n g u l a r  l i n k i n g  n - 2 - f o r m  u o v e r  S.~. ÷ T~. w i t h  b o u n d a r y  q . 

By 2.3 t h e r e  e x i s t  B - a c y c l  i c  f r e e  c o m p l e x e s  K.~,. , ~;~,,_ , C~ and a commuta-  

t i r e  d i a g r a m  : 

O -" K.:_ -" z.,, -'- Cs.,.. -* O 

+ 4. # f  + f  4. 

O + R.:_ -" S.,,_ -* T.~ -" O 

such t h a t  t h e  l i n e s  a r e  e x a c t  and t h e  v e r t i c a l  maps a r e  homo logy  e q u i v a l e n c e s .  

Wi th  a r e l a t i v e  v e r s i o n  o f  2 .5  we g e t  a c o m m u t a t i v e  d i a g r a m  : 

on-2"(S~:_ + T.~} f!~" %)n-l(~]. x. ~ C~.) 

Qn-1 (T,,,,.) f- :  - Qn(c~¢) 

Then f-~'(u) i s  a q u a d r a t i c  n - l - f o r m  o v e r  s~, ~ C¢. w i t h  b o u n d a r y  f_,,S(q) . 

S i n c e  u i s  non s i n g u l a r ,  f~ ' (u )  i s  non s i n g u l a r  t o o  and (C_~,f-"~(q)) i s  

e o b o r d a n t  t o  z e r o .  

Lemma 3 . 2  
Le t  f : C .  * T_~ be a homo logy  e q u i v a l e n c e  f rom a f r e e  comp lex  t o  a t o r -  

s i o n  c o m p l e x .  Le t  T~: e T.~ be t h e  g r a d e d  d i f f e r e n t i a l  modu le  endowed w i t h  t h e  

i n v o l u t i o n  t ( a  e b)  = - ~ ( - 1 )  a ° a a ° b  b e a (c = -+ 1) f o r  any  a , b  ~- ~ • Then 

f o r  any  e l e m e n t  u e H,,.(Z~/2,TxeT.:) t h e r e  e x i s t  a t o r s i o n  c o m p l e x  T¢~ and a 

homo logy  e q u i v a l e n c e  ~ : T~. ~ T.~ such t h a t  f l i f t s  t h r o u g h  ~ and ~ ¢ ( u )  

van i shes .  

Proof 

Any e l e m e n t  in  H . ( Z / 2 , T ~ T ~ )  i s  r e p r e s e n t e d  by  ~ e.  ~ u , 
i , p , q ~  | ~ pq 

u ~ ~ e ~ . Then i t  s u f f i c e s  t o  p r o v e  t h a t  f o r  any  v ~ / ~ T t h e r e e x i s t s  
Pq P q P q 

a s u r j e c t i v e  homo logy  e q u i v a l e n c e  ~ : f '  * T~, such t h a t  f l i f t s  t h r o u g h  

and v goes t o  z e r o  in  T '  e p q 
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= Ext1(Tp,~q ^ By the  canonica l  isomorphism ~p e q ) an element v ~ ~ eT 
P q 

g i v e s  a n  e x t e n s i o n  0 * + T '  + T + 0 a n d  v g o e s  t o  z e r o  i n  T '  e 
q P P P q 

By s e t t i n g  : 

f T. 
Tf = J 

' T '  × 
P T  

p 

p ,p+ l  

Tp+ I = p+l  

we get  a t o r s i o n  complex T' ~_ and a homology equ iva lence  ~ : T 1-. + T.,;,, such 

t h a t  v vanishes in T' ® f . Moreover f is  a homology equ iva lence  and 
P q 

is f r ee ,  then f I i f t s  through ~ and the lenm~a is proved.  

C~_ 

Theorem 3.3 

The morphism F : LI~_](B,A) + L~(B,A) is an isomorphism. 

Proof  

S u r j e c t i v i t z  o f  F 

Let w' E L ' (B ,A)  represented by a 8 - a c y c l i c  f r ee  complex Ca~ t oge the r  
n 

wi th  a non s i n 9 u l a r  quad ra t i c  n- form q over C~ , By 2.2 t he re  e x i s t s  a homo- 

Iogy equ iva lence  f from C~ t o  a t o r s i o n  complex T~ . 

Consider the  exact  sequence (3,4) : 

n - I  f ~  
Q (T~) Qn(C~) - H n + 2 ( Z / 2 , ~  m ~ )  

By 3.2 t h e r e  e x i s t  a t o r s i o n  complex T' and a homology equ iva lence  ~ : T' + T:,. * ~b ,, 

'aT" such t h a t  f l i f t s  by f "  th rough T,~_ and aq vanishes in H n+2(~/2,T~,_ ~) • 

Then t h e r e  e x i s t s  qr 6 Qn-t T' = ( ; . )  such t h a t  q f ' ~ ( q ' )  . By 2.5 q '  is non 

s i n g u l a r  and (T.~_,q') 9 i v e s a n  element in L" (B,A) which is go ing t o  w' n - I  
by F . 

I n j e c t i v i t y  o f  F 

Let T~ be a t o r s i o n  complex and q be a non s i n g u l a r  l i n k i n g  n - l - f o r m  

over T~ such t ha t  F(T~,q) van ishes.  Take a homology equ iva lence  f from 

a B - a c y c l i c  f r e e  complex C~ t o  Tat . Since (C~ , f~ (q ) )  is cobordant t o  zero 

t he re  e x i s t s  an exact  sequence o f  8 - a c y c l i c  f r e e  complexes : 

0 -, K.t -~ z.~ + C. x. ÷ 0 
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together w i t h  a non s i n g u l a r  q u a d r a t i c  n-l-form u over 

d a r y  f~ ' (q  ) . 

By 2 .2  we can c o n s t r u c t  a commutat i  ve d i ag ram : 

+ + + f  + f  + 

0 + R.~_ + S.. + T .  + 0 

z .  + C~ w i t h  boun-  

such t h a t  t h e  l i n e s  a r e  e x a c t  and t h e  v e r t i c a l  maps a re  homology e q u i v a l e n c e s .  

Cons ide r  t h e  commuta t i ve  d i a g r a m  : 

H_n+3(Z/2,S,,~ e ~") 
+ 

÷ on-1 T " a Qn-I(s_,,.) (-,,_) * Qn-2(S_ x_ + T.~) ÷ H n + 2 ( ~ / 2 , B , ~ ( - x - )  ) 

÷ 4, f-,','- 4, f *  + 

on([:~:_) Qn(c,, ) 3 n-1 H_n+l ( Z~/2, B.,,_ (S~_) c ) 
+ 

H_n+3 ( Z /2 ,  ~'" e S_,~,, ) 

A l l  t h e  l i n e s  and t h e  co lumns o f  t h i s  d i ag ram are  e x a c t .  

S ince  f-" ' (q) i s  t h e  boundary  o f  u , t h e  image o f  q in Q n - I ( S . )  comes 

f rom H n + j ( E / % S .  ~_ e S..) . By 3 .2  we may as w e l l  suppose t h a t  q r e s t r i c t s  t o  
n-2 z e r o  on S¢ and is  t h e  boundary  o f  an e lemen t  v '  E Q (S_~. ÷ T~.) . The o b -  

s t r u c t i o n  t o  l i f t  f - X ( v ' ) - u  in on-2(S_x_ + T . )  i s  in H_n+3(E/2,S,,~ e ~,,),~ 

By 3.2 we may as w e l l  suppose t h a t  t h  is  o b s t r u c t  ion van i shes  and t h e r e  e x i s t s  

an e lemen t  v £ on-2(S. .  ÷ T_,,.) such t h a t  av = q and f " v  = u . 

S ince u is  non s i n g u l a r ,  v is  non s i n g u l a r  and (T . . ,q )  i s  c o b o r d a n t  

to z e r o ,  

C o r o l l a r y  3 . 4  

The g roup  L~_I(B,A) i s  i somorph i c  t o  L~+I (A + A) . 

C o r o l l a r y  3 .5  

The g roup  L~+I(A 

d u l e s .  

+ A) depends o n l y  on t h e  c a t e g o r y  ~ B  of torsion mo- 
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Theorem 3.6 
Let 

A + B 

C -~ D 

be a square o f  Pings w i t h  i n v o l u t i o n  such t h a t  A ÷ B and C ÷ D are loca l  and 

A ( rasp .  C) d o e s n ' t  c o n t a i n  any f i n i t e l y  genera ted  B - p e r f e c t  ( resp .  D - p e r f e c t )  

submodule ( t h a t  ho lds  f o r  example i f  A ÷ B and C + D are mon ic ) .  Suppose 

we have the  f o l l o w i n  9 c o n d i t i o n s  : 

i )  f o r  any t o r s i o n  module M ~ G B the  map M ~ M ~ C is  an isomorphism and 

ToP~(M,C) = 0 

i i )  any t o r s i o n  module N & ~D ' cons ide red  as A-module, is  in ~B m 

Then we have an Ion 9 exac t  sequence : 

. .  . . . .  

P r o o f  

TheL condi t ionsL i)  and i i )  imply t h a t  ~ B  

map Ln(A * B) * Ln(C + D) is an isomorphism 

quence ho lds .  

and ~D are e q u i v a l e n t .  Then the  

and the  M a y e r - V i e t o r i s  exac t  se -  

Remark 3,.7 
A c t u a l l y  i t  is  p o s s i b l e  t o  g i ve  an i n t e r p r e t a t i o n  o f  the  group L~(A + 

/ 

A) 

in te rm o f  l i n k i n g  form over  t o r s i o n  modules as in [ 1 ] ,  [ 3 ] ,  [ 5 ] ,  [6] f o r  exam- 

p l e .  That w i l l  appear in a f u r t h e r  paper .  
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