LOCALIZATION IN ALGEBRAIC L~THEORY

py Pierre VOGEL

Let f : A > B be a morphism of rings with involution. If B is a loca-
lization of A in the classical sense, Karoubi [1 ], Pardon [ 3], Ranicki [ 5]
and Smith [ 0] have given exact seguences between the L-groups of A , the L-
groups of B and relative groups which are defined in term of linking forms

over torsion modules.

My purpose is to show that the localization exact sequence holds in a more

general situation.

From f one can define a ring A endowed with a morphism A > A satis-
fying the following conditions
i) for any matrix a with entries in A such that o © 3 1is invertiole,
a & A is invertiple too ;

ii) A is universal with respect to the property i).

We have a canonical homomorphism ¢ : A > 8 . We will say that f is
weakly locally epic if ¢ is epic and local if € is an isomorphism. In this
paper | will prove that the relative group Ln(A + A) depends only on the ca-
tegory gti of finitely presented modules M with cohomology dimension 1 and
satisfying Me B = Torl(M,G) =0 if f is weakly locally epic and A doesn’t
contain any finitely generated submodule 1 which is B-perfect (i.e. IeB = 0).

As a corollary we prove a Mayer-Vietoris exact sequence in L-theory for

square of rings with involution :

A~ B
+ +
C D

if A>B and C~ D are local, A (resp. C) doesn’t contain any finitely
B-perfect (resp. D-perfect) submodule and the tensorization by C is an equi-

valence between the categories @ 3 dans ‘GD .
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For more simplicity | will consider the groups L: only, but we have the
same results with the groups Lz , @ being any subgroup of 20 or Kl stable

under involution ; we must just change a little the category gB .

§ 1 . QUADRATIC AND LINKING FORMS OVER COMPLEXES

Throughout this paper | will suppose that f : A > B is weakly locally

epic and A doesn’t contain any finitely generated B-perfect submodule.

Denote by eB the class of “torsion modules” , i.e. the class of A-modules
M having a resolution 0 =+ Cl ¢ Co + M-+ 0 by finitely generated free A-modu~-

les such that d ® B is an isomorphism.

Let M be a torsion module and O + CI + Co + M+ 0 be a resolution of
M by finitely generated free A-modules. Since M is a finitely generated B-

perfect module, Hom(M,A) is zero and we have an exact sequence :
0 > Hom(C_,A) » Hom(C,,A) » Ext'(M,A) » O

Then Extl(M,A) is a torsion module.

A A
Denote by M the module Extl(M,A) . The correspondance M~ M is a con~-

travariant functor from ‘68 to itself and M is canonically isomorphic to M .

If M is a torsion module a bilinear form over M is amap M~ M . The
set B(M) of bilinear forms over M is endowed with an involution in the fol-
lowing way : if g : M~ g is a bilinear form, ty is the composite map :

I R A

Let us consider now bilinearforms over complexes :

By definition a free (resp. torsion) complex will be a Z-graded complex :
d d
Cn+1 Cn Cn—l
where ? Ci is a finitely generated free (resp. torsion) A-module. And a com-

plex is a free or a torsion complex.
If C, is a complex the dual complex 6% is the complex :

+A ~
D™ 2 0 g

—C e ¢

n+1 n n-1
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where " is the fonctor Hom( ,A) if QeisfmeamiEM}(,M if Cp is

A
torsion, and Cn is of degree —n .
A bilinear form over C, is a linear map C, - 6% . The set
~

B,(C,) = B**(C,) = Hom(C,,C,) of bilinear forms over C, is a graded diffe-
rential Z-module endowed with an involution t by :

3° ylu) = 3°¢ + 3%

d(q (W) = (dgyu + (-1)° Yy (du)

o o ~

(tg)u = (-1)*7 2740 Gy

for any u €C, and ¢ EB,(C,) .

If e==%1, B,(C,)* denote the complex B,(C,) with the new involution
= ety, if C, is free, and » —c t i¥ C, is torsion.
Y Y 2 Y Y "

Definition 1,1
Let C, be a free (resp. torsion) complex. A quadratic (resp. linking)

n—-form over C, is an element of the group :
WN(C) = H_(2/2,8,(C)°) e = (-1)"

If we take the standard resolution W, of the ZIZ/2]-module Z :

71z/2] <L 20221 L2 ziZ72] — L
any quadratic (resp. linking) n-form over C, is represented by :
e Oy, Te @y t ... 9, €Bn+i(C*)
and we have :
¥Yiz0 dy, = (-1 4 o™ @y
(resp. d g, = (-0 = (-D") 4., ) .

Definition 1.2
tet I, » C, be an epimorphism of free {(resp. torsion) complexes. A qua-

dratic {resp. linking) n—form over £, » C, is an element of the group :

Qn(z% +Cy) = H_n(ZVZ,B*(2*)_5/8*(C*)“€) e = (-1)"
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Notations 1.3
let C, be a free (resp. torsion) complex and g be a quadratic {resp.

linking) n-form over C, . The image of g by the composite map :
Ao,y fransferty, (1 p(c,)%) < H_ (B,(C,)

4
give a chain map from C, to C, of degree -n . This chain map, well defined

up to homotopy, will be denoted by q .

Let Z, > C. be an epimorphisme of free (resp. torsion) complexes and g

be a quadratic (resp. linking) n-form over 1, - C, . If K, is the kernel of
A

Z, + C. , we get a chain map from K, to 1, , well defined up to homotopy, as

the image of q by the composite map :
n transfert 2
Q (z* > Cy) ———— H,n(er%(Z%)/B*(C*)) e Hdn(Hom*(K%,E%))

This chain map will be denoted by q .

Definition 1.4

tet C, {resp. 2, -~ C,) be a complex (resp. an epimorphism of complexes)
and g be a quadratic or linking n-form over C, (resp. 5, - C,J} . The form q
is said non singular if § is a homology equivalence. If C, is free (resp.
Z, and C, are free), q is said B-non singular if q is a B-homology equi-

valence.

Definition 1.5

Let € be the word free (resp. free, resp. B-acyclic free, resp. torsion)
and ¥ the words non singular quadratic (resp. B-non singular quadratic, resp.
non singular quadratic, resp. non singular linking).

let C, bea % complexand q be a % n-form over C, . The object
(C.ra) is called cobordant to zero if there exists an exact sequence of 9
complexes 0 » Ky » £, » Cy » 0 such that g is the boundary of a % n-1-

form over I, » C, .

Theorem 1.6 [7]

The group L:(A} (resp. L:(A)) is i1somorphic to the group of free com-
plexes together with non singular (resp. B-non singular) quadratic n-forms mo—
dulo the following relation : (Cy,q) is cobordant to (C4,q’) if (C.&CL,g-q")

i1s cobordant to zero.
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Definition 1.7

The cobordism group of B-acyclic free (resp. torsion) complexes together
with non singular quadratic (resp. linking) n-forms will be denoted by LA(B,A)
{resp. Lg(B,A)).

Theorem 1.8
The group LA(B,A) is isomorphic to L:+1(A + A),

Proof N
Since Ln(A) is isomorphic to P:(A > A) or FZ(A - B) [71, it suffices

A+ A
to prove that L’(B,A) is isomorphic to the group rh (+ +} and that is pro-
n na. B

ved by Ranicki [5] and Smith [6] by using a dual point of view {a quadratic form

over C, in my sense is a quadratic form over C¥ in the sense of Ranicki [4],

(51).

The main result of this paper is the following :

Theorem 1.9
The group L:(B,A} is isomorphic to L:+2(A + &) .

§ 2 . RELATIONS BETWEEN FREE COMPLEXES AND TORSION COMPLEXES

The first informations about B-acyclic free complexes and torsion complexes

are the following :

Lemma 2.1

Let ..« 0 « Cp d Cp+1 + 0 ... be a B-acyclic free complex of length two.

Then d is monic and Coker d is a torsion module.

Proof R

. . S d 2 .
Since d ® B is bijective, the complex .. 0 ~ &p - Lp+1 =0+ ... is B~

acyclic and Coker d is B—perfect. But A doesn’t coptain any finitely gene-

rated B-perfect submodule. Then the map Hom(a A) —— Hom(ep,A) is monic

ptl’
and d is monic and Coker d 1is a torsion module.
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Lemma 2.2
Let C, be a B-acyclic free complex and f : C, » K, a morphism from

C, to a torsion complex K, . Then there is a commutative diagram :

T,
7N
Ces - K-;(«

£
such that T, is a torsion complex and g is a homology equivalence.
Step 1
Suppose C, is the complex ... 0 « Cp « Cp+1 + 0+« ... . By setting :

Ti =0 for i # p,ptl

=, CGD Koo ad Toup = Koy
ptl
we get a complex between C, and K, , and by lemma 2.1, T, 1is a torsion com—
plex, and Cy » T, is a homology equivalence. Then the lemma is proved if Cy

is of length two.

Suppose we have an exact sequence of B-acyclic free complexes :
0+Cp»Ci»Cx~0

and suppose that C, and Cj satisfy the lemma. {f Ci + K. is a morphism
to a torsion complex, the composite map C. + K. factorizes through a torsion
complex T, and the map CJ » T, is a homology equivalence. Up to homology
equivalence we may suppose that T : K, is epic. The map C, > {(Ker a), fac—
torizes through a torsion complex T, by a homology equivalence C, > T, .
Then it is not difficult to prove that the map Cf » K, factorizes by a homo-
logy equivalence through the maping cone of T, + Tj :
0+Cp»Ci-Ck»0
¥ + +
T » T > Ky

The class of B-acyclic free complexes satisfying the lemma is stable under homo-

topy equivalence, suspension and quotient. Then it is stable under extension and
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contain all the complexes of length two. By [7] any B-acyclic complex is in this

class and the lemma is proved.
Conversely we have :

Lemma 2.3
Let T, be a torsion complex. Then there exists a homology equivalence

from a B-acyclic free complex to T, .

This lemma will be proved by induction on the length of T, . Llet T, be

a n-dimensional torsion complex. By induction we have a homology equivalence

f from a B-acyclic free complex Cj to the complex -~ 0-T 4~ Tn*2 T
Take a finitely generated free resolution 0 > F/ - F of Tn . Since the kernel
of C;_l - C;-Z maps onto the kernel of Tn__1 - Tn*Z , the composite map

F - Tn > Tn—l factorizes through Ker(C;_l - Cé_z) . Moreover f is a homology
equivalence and the composite map F’ - F = Cé-l Lift through Cé . Then we get
a morphism g from the complex > 0+ F/ ~F+ 0~ ... to C! and the indu-

ced map from the mapping cone of g to T, is a homology equivalence :

O — T — T

/, n-1 n-2
]

-—

Lemma 2.4
let e=*1 and 0> K, 3C, > T, >0 be an exact sequence of complexes
such that K, is acyclic free, C, is free and T, is torsion. Then we have a

canonical long exact sequence :
-€ € A2 ~c
R Hi+1(ZVZ,B%(T*) ) Hi(Z/Z,B%(C%) ) - Hi+2(Z/Z,T%®T%) > Hi(ZVZ,B%(T*) ).

A aoaaob

A
where T, ® T, is endowed with the involution a & b » —e(~1) bea.
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Proof
The above exact sequence induces the following :

Fa

AL A
0« Ty : Ki € Ci <0
and we get a complex of complexes :
A AUA A A Ay oA A
O0«K,oK,*CLoK, DK, 8C=CL0C, «0
by setting : Muev) =uwealy) + &{u) & v

plueb+awev)=5%u)eb-asalv)
A A
for any a,b € Ky, and u,v €C, .

X and ¢ are compatible with the differentials, and by setting :

[+ [
t{uev) = e(-l)3 UtV e u

3%a3°v 3°ua®

tlueb+aev) =c(-1) beu

)a°a3°b

vea+el-1)

tlaeb) =~ (-1

bea

" ~ . .
for any a,b €K, and u,v €C, , the morphisms A and u are equivariant for

this involution.
Now we get three exact sequences of differential 2Z[Z/2]-modules :

~ - A A
O0«T,eT,+K,oKy,« Imu<«20
-~

O« dmu < 6% e K, & R% ® 6% « Ker p « 0

0 « By(T,) ™" « Ker u « B,(Cy)® « 0

The involution on T, e T, is defined by :

< ~
taob) = - e(-1)°"P p o 4 Vab €T,

The third exact sequence comes from the isomorphism :

~

6% e Cy = Hom(c*,é;) = B, (Cy)

A A ~
Ker u/lm u = Torl(T%,T*) = Hom{T,,T,) = Bu(T,)

A~

A ~ A A A ~
On the other hand K, is contractible and K, ® K, and C, e K, © K, & C;, are

acyclic. That implies the isomorphisms :

ol -
Hi+2(ZVZ,T%@T%) - Hi+1(272,|m u) ¥ Hi(ZVZ,Ker n)
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and by taking the homology exact sequence of the third above exact sequence,

we prove the lemma.

Lemma 2.5

Let C%_-ji+ T, be a homology equivalence from a free complex to a torsion
complex. Then a {inking n=l1-form g over T, induces a well defined quadratic
n~form f*(q) on Cy . Furthermore q is non singular if and only if f¥%(q)

is non singular.

Proof
Up to homotopy equivalence we may suppose that f is surjective with free
kernel Ky . By 2.4 we get a map anl(T%) .ffq,gn(c%) and f*(q) is well de-

fined.

Moreover f% is induced by a boundary and the transfert commutes with the
R
boundary. Then the cycle f*(q) is the boundary of § in the exact sequence
0« B(T,)™" « Ker u « B.(C,)® « 0 (see the proof of 2.4).

P~ = A
More precisely f#*(q) is the boundary of the composite map Cy » Ty ¥ T,
~ ~ A A ~ .
in the exact sequence 0+ C, » K, > T, » 0 . But K, is acyclic. Hence q is

P
a homology equivalence if and only if f¥*{(g) is a homotopy equivalence.

§ 3 . THE ISOMORPHISM L7 ,(B,A) > L'(B,A)

Let T, be a torsion complex and q a non singular linking n-1-form over
T. . By 2.3 there exists a homology equivalence f from a B-acyclic free com-
plex €, to T, , and by 2.5 we get an element F(T,,q) in L;(B,A) repre—
sented by (C.,f*(q)) . If £’ : C, -T, is an other choice there is a homoto-
py equivalence g : CL + C, and f o g is homotopic to f’ . Then g¥(f*(q)})
is equal to f’*(q) and (C,,f*(q)) is cobordant to (CL,f'*(q)) . Hence
F(Ty,q) depends only on (Ty,q)

Lemma 3.1

The correspondance F induces a morphism from Lg_l(B,A) to Lé(B,A) .
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Proof
Clearly F is additive. Then the only thing to do is to prove that
F(T.,q) vanishes if (T,,q) is cobordant to zero.

Suppose we have an exact sequence of torsion complexes :

0 » Ry » Sy » T, » 0

*

and a non singular linking n-2-form u over S, » T, with boundary q .

By 2.3 there exist B-acyclic free complexes Ky , I, , C, and a commuta-

tive diagram :

such that the lines are exact and the vertical maps are homology equivalences.

With a relative version of 2.5 we get a commutative diagram :

Qn—Z(S% > Ty ‘”fi’ Qn-l(z% + Cy)

al 19

Qn_l(T*) —FF Qn(c%)

Then f*(u) is a quadratic n-l1-form over I, » C, with boundary %{q)
Since u is non singular, f(u) is non singular too and (C,,f*(q)) is

cobordant to zero.

Lemma 3.2

let £ : (.~ T, be a homology equivalence from a free complex to a tor-
sion complex. Let ?% & f* be the graded differential module endowed with the
involution t{a & b) = _e(_1)8°aa°b bea {(e==%1) for any a,b é.f% . Then
for any element u € H*(ZVZ,?*@f%) there exist a torsion complex T, and a

homology equivalence o : T » T, such that f [lifts through o and a®(u)

vanishes.
Proof _
~ A
Any element in Hy(Z/2,T.eT,) is representedby . I e ®u_,
A A T LPd,, b A PA )
Yoq € Tp ® Tq . Then it suffices to prove that for any v € ?p ® Tq there exists
a surjective homology equivalence o : T, »~ T, such that f lifts through «o

A A
and v goes to zero in Té ® Tq .
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~ » A A A
By the canonical isomorphism T_ & T = Extl(T LT} an element v €T ol
P q P g ~ A P

A q
givesanextension 0~ T - T/ T +0 and v goes to zero in T’ & T .
q P P P q

By setting :
T. i # p.ptl
T = !
i
7% 1=
Tp T Tp+1 i ptl
p

we get a torsion complex T. and a homology equivalence = : T, ~ T, such
. ” A
that v vanishes in Té ® Tq . Moreover f is a homology equivalence and C,

is free, then f lifts through ¢ and the lemma is proved.

Theorem 3.3
The morphism F : Lg_l(B,A) - LA(B,A) is an isomorphism.
Proof

Surjectivity of F

let w’ € LG(B,A) represented by a B-acyclic free complex C, together
with a non singular quadratic n—-form g over C, . By 2.2 there exists a homo-

logy equivalence f from C, to a torsion complex T, .
Consider the exact sequence (3.4)

oy oty 2. Ho p(2/2,T, @ Ty)
By 3.2 there exist a torsion complex T, and a homology equivalence a : T{ » T,
such that £ lifts by f’ through T, and 2g vanishes in H_n+2(ZVZ,T%®TQ)
Then there exists q’ & Qn—l(T%) such that g = f’*(q’) . By 2.5 q’ is non
singular and (T4,q") gives an element in L;*I(B,A) which i1s going to w’
by F .

injectivity of F

Let T, be a torsion complex and q be a non singular linking n-i-form
over T, such that F(T,,q) vanishes. Take a homology equivalence f from
a B-acyclic free complex Cy to Ty, . Since (C,,f*(q)) is cobordant to zero

there exists an exact sequence of B-acyclic free complexes :

0 » Ky » Zp » G » 0
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together with a non singular quadratic n-1-form u over I, - C, with boun-
dary f*(q) .

By 2.2 we can construct a commutative diagram :

such that the lines are exact and the vertical maps are homology equivalences.

Consider the commutative diagram :

Hoig(Z/2,8, @ S,
¥
n-1 n-1 3 \n=2 -€
QTS « @T(T) = QTS - Ty) < H_ o (2/2,B.(S,)77)
¥ v o v OF¥ v
Mz o+ Qe P A", e 0« H L (T2,B,(5,)°)

v

A A
H_n+3(z/215,;(_ ® S*)

All the lines and the columns of this diagram are exact.

Since f*(q) is the boundary of u , the image of g in Qn—l(S*) comes
from H—n+3(272’§* ® g%) . By 3.2 we may as we!l suppose that q restricts to
zero on S, and is the boundary of an element v’ € Qn—Z(S% + T,) . The ob~
struction to lift f*(v’)-u in Qn—z(S% > T,) is in H—n+3(272'§* ® §*)

By 3.2 we may as well suppose that this obstruction vanishes and there exists

an element v € Qn_Z(S* > T,) such that av =g and f¥*v =u .

Since u is non singular, v is non singular and (T*,q) is cobordant

to zero.
Corollary 3.4

The group L;_I(B,A) is isomorphic to L:+1(A ~ A) .

Corollary 3.5
The group L:+1(A > A) depends only on the category 68 of torsion mo~

dules.
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Theorem 3.6
Let

O« >
¥
e W

¥

be a square of rings with involution such that A+ B and C + D are local and
A (resp. C) doesn’t contain any finitely generated B—perfect (resp. D-perfect)
submodule (that holds for example if A+ B and C » D are monic). Suppose

we have the following conditions :

i} for any torsion module M € 68 the map M - M e C is an isomorphism and
Tor?(M,C) =0

ii) any torsion module N 66D , considered as A-module, is in €B .

Then we have an long exact sequence :

h

3 h h h h 3
e S LA > LB)@L(C) » L (D) 5L,

(A) ~ ..

Proof
The conditions i) and 1i) imply that @B and @D are equivalent. Then the
map L:(A + B) » L:(C + D) is an isomorphism and the Mayer-Vietoris exact se-

quence holds.

Remark 3.7
Actually it is possible to give an interpretation of the group LE(A > A)
in term of linking form over torsion modules as in [1], [3], [5], [6] for exam-

ple. That will appear in a further paper.
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