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IT 11~s recently bccoriic apparent, from work of Milnor, Smale, Mazur and Novikov among 
otlicrs, that the problem of diffcomorpliisn~ classification of manifolds, a t  least if those 
manifolds are simply-conncctcd and of dimension a t  least 5, is capable of a soliition %hicl1 
is not merely theoretical, but susceptible of description by fairly easily computed and I standard invariants. The obcct of this scrier, of papers (about five arc planned) is to perform 
the rclevant computations in some comparatively simple cases. Earlier work on thcsc liner 
can be found in [l], [g] and [l I]. 

The other papels in this series will be: 

i I1 : Dill'eomorpliisms of Handlcbodies; 
111: Applications to special cases; 
Q :  Quadratic forms on finite groups and  related topics; 

]V: Classification of (S - I)-connected (21. + I)-manifold<. 
The titles are fairly self-explanatory. In I T  we classify diff'eoniorpliisms up to an cqnivnlence 
relation sorncwliat stronger than diffcotopy. In 1 I I  we computc the relevant homotopy 
groups. We shall also consitlcr the relation of a ninnifolcl N E  i /d (25 + I , k ~ )  to a manifold 
M obtained from c?N by deleting tllc interior of a 2s-disc; \4e find h 1 ~  ;/((2r,2X,5), and 
compare diffconiorphi~ms of Ad with those of N. Tllc paper Q nil1 contain a n11rnbt.r 
of preliminary results and notations, and in IV W C  attain our main objective. As in [ l  I], 
complete success ic obtained only for the problem of clriscifying almost-closed manifolds. 

I n  this paper we introduce ccrt:~in dilli.omorpl~isnl invariants z, i (which ;ire not by 
any mcnns new) and examine cxliaustivcly the ~ d n t i o n s  they satisfy in favourable cases 
(the so-callcd stablc range). I t  then turns out that the classilicatioil of linncllcbodics iri thc 
said cnscs (due csscntially to Ilncfligcr and Sm:llc) call be conveiiicntly csprcsscd by o i ~ r  
invariants. Applicittio~ls of the res~ilts :LCC postporl~d till the third p a p s  of tllc seric.;. 

51. ' I ' I I I ~ :  l ) ~ i ~ I ~ i ~ ; o ~ i o ~ ~ ~ ' ~ ~ l : ~ ~ l  l ~ ~ \ ' , \ ~ ~ I ~ t \ ' l ' S  

Wc shall i~sc  'ni i~~~ifolt l '  for conipnct, oricntcd, C"'-dili'crcntial manifold, \\.liii.l~ iii~i! 

have hotind:rry. I.ct AI"' bc 1111 ~~ l -~nan i fo ld .  WC \\'rite i,(,ZI) l;)r t i l t  .;cl of cq~r ivalcn~~c c l : i s x ~  
l I i J !  of i i l l i r  : S - l " '  I c  S i l S - I .  Of c o i ~ r . ~ ~ .  thi. is 
itsclf a clillco~iror.pllism inwrinnt. If bvc suppose A I  simply-co~inc.;ti"i, tlicn n di l i io~opy 



C I J ~ , ~  01. i t~ibxidi~igs d c t c ~ ~ ~ ~ i i ~ ~ c s  1iomotopj1 cl&s of mips. \VC byrite l!,, : i5(A[) . - S  E , ( : \ [ )  for 

1-1 VKA I. IJ 2/11 > 3,y i- 2, mid A l " '  is (2s - 111 4- 2)-r oilncctcd, Ilvo Iion~olopic i111bcd- 
(////g5 o/ s5 (/l LJ I N j l t / ( l / / ) ,  1101110/0p;c (111 2 S i- 3). 

-1'Iius nhcn 2111 > 3s 4, ill"' (2s - 111 4- 2)-connected, we can identify i,(~ll) with 
rr,(\l) and so, in particular, give it a group struct~ire. The rnngc of validity of this ~ c s u l t  
is called the \table range. We observe that in the stable range, the invn~iants i,(M) admit 
homotopy o p e ~ a t ~ o ~ i \ .  For ex:imple, if (c.n,(S'), then comporilion wit11 5 gives a map 
(not in gcnel,d a ho~iionio~phixm, unless is a su~pcn\ion) o 5  : n,(h4) -+ n,(M). Using the 
ident~fic~itions of P l o p o ~ ~ t i o n  1, we dcdtlce a map 5 : i,(A4) -, i ,(M), defined in the stable 
range. 

No\+ each imbcddcd (or immersed) s p h e ~ c  I m  a n o ~ m u l  buiidlc, whoxc equivalence 
class is dctcrmincd by the class of the sphcre under diffcotopy (or regular I~omotopy). We 
recall tlic cla\ificntlon (Stccnrod [IO]) of bundles over S'. Let D!, , DL denote t ~ r o  herni- 
sphe~cs;  then 'lny 6uncilc ovcr S' has trivial rest~ictions to  thesc, and m is d e r i ~ e d  from 
trivial bundles ovcr D', , D1. by identifying 'tlong thc equator. 111 particular, for an (nz - 5)- 
~ c c t o r  bundle ovcr S', we have the trivial bundles D; X R"'-", Dt X R"' " and a cliarac- 
te~ist ic map ;C : S'-' + SO,,,_,; and a point (P,\-) of S'-' X R'"" c D: X R - '  is identified 
\vith (P, z ( I ) ) . , ~ )  011 the lower half. Equivalence classes of bundles are in (1 - 1) corrcspon- 
dcnce w ~ t h  homotopy classes of maps X. 

We denote the map ~ I i ~ c l i  associates to  each sphere its normal bundle by a :  i,(Al) -+ 

n,_,(SO,,-,). This is our second d i f l ' c o m o ~ p l ~ i ~ n ~  invariant. Its stli suspension S'a : i,(M) -+ 

R,-,(SO,,,) :~ssociatcs to each sphere the bundle induced from the tangent bundle of 111 (w 
assurne s < m), wl~ich dcpctids only on thc liomotopy class of the sphere, and in fact defines 
tlic homomorphivn of n,(M) to  X,-,(SO,,,) r n, (B(SO,,,)) induced by a classifying map 
Af - + h'(S'O,,,) for the tnngcnt bundle of M. 

Now ~on\ i t lc r  thc bchaviour of a under the operation 5 defined above in the stable 
lange. In for t h e x  purposcs, tile stable t m g e  may be extended by a dimension, for 
by P1 opo5ition I, e x h  homotopy cla\s is r c p ~ c w l t c d  by imbcddcd sphc ic~ ,  and as n corol- 
h1 y of Ixinrn:~ I ,  thcw a11 11:ivc tlic \,\me nor rnal bundle, so that if 2111 3 3~ 1- 3 and \ln' 
is ( ? r  - 111 1- !j conncctcd, Y 111d\rccr ;L map Sr 0111 n, (h! )  to n, ( 0 ,  ) 1-c~ S' be a \pilere 
I l ,  ~ c i c t : t t i n  I (  I i, 1cp1ex11tcd 11)' ;in imlxcfcling of S' homotopic in 
1 to c I I l o ' S r  I 5 ' .  Now ,t tirh11l'11 i i ~ i ~ l l l ~ o ~ ~ ~ l ~ ~ ~ o ~ l  uf,S', is C C I ~ J I I \ ~ Y  

( \  l )-( Olll l t  l. [Ld, W l q  P1 opo~lllorl l, [ > l  o i  l(lt:d Y - l > ?l. - / , l  l l ,  S" CLll1  be 1 ~ 1 ~ l ~ ~ C M ~ t l  
I I !  I l I L I I ~ I ~ I I I I ~ ~ .  l '  : I  5 I 3 71. - or 1 ' .trltl ) / I I  > 31. l 3, the lin- 

11 i l t ~ l l l ~ ~  1s ltllI(~Llc 11,)  t ( >  4 1  ~ ~ l l l d r  ll~>tll~'lopy, < j l l ( i  <,o I l J \  $ 1  \<cl1 ( 1  ' d I l ( 1 t  l lMI  1 ~ ~ 1 ~ 1 , I l t .  P/(\  t:). 



We LIC L I I C  ' I l~on i  construction :o -I;:'!rie our ncxt inva~-iant. First s t lppox ,,;c: i ,(,lf) 
has sc(.\r) r= 0, and is rcprcscntcd by a L;:!.::: .5" c 114 wilh normal hundlc 11-ivi:~liscd. Tlicn 
it has a tubular nciglibourhood S' r h'--': project on the factor D"-", and h r in i :  thc 
boundary to ;I point (m), giving a sphi-r;. 5"-', and fi11ally cxtcnd the m a p  of the t i~hular 
n e i g h b o i ~ r l i o i  to A t  by mapping the r::t .l/ to m.  WC have tlcfincd a map I\[ -) .\'" -"; 
this induces lionlomorpliisliis of 1iornc~:i~;;. groups n,.(il.I) --) n,(S1"--"). 

The Iiypothcsis % ( X )  - 0 may be ci.;ascd with. For express an irnl~ctlclcd spl-icrc 
Ss as tlic union of two licmisplicrcs D'_ 2: 1 DL . A tubular nciglibour1iood may bc Our-ivcti 
from D; X I)'"' and D' X D" ' - 'by  id.c-::if>ing along the equator as above. XOLV ~ r i t c  E 
for tlie interior of D", X D"'-". Then E i i  m open nz-cell and if 1r.c rcn1or.e E from ,I/, 

n,.(M) :~nd  ir(M) arc unaltered, for r < l i ;  - 2. However, o n  the rcmaintler of M, the 'l'hoiil 
construction may bc performed just as 'c:f:rc, arid now, sillcc D?. is contractible, the triviali- 
sation of [lie bundle is essentially ~~niq::~. .  Hencc the map is uniquely determined b y  X. 

T ~ L I S  for each s ~ i , ( M )  and r < m - 3. ..,.: have a liomomorpliism of 7ir(,\1) to z,.(.Yi' -'). 

This dcfines maps l.,, : i,(M) X n,(1\4) -+ :,,+S"'-"), linear in tlic second ~a r i ab le .  I t  is clcar 
that ?.SI(.x-,~-l S) - 3.,sr(~,y) for <EX,( .~ I .  ri:?ce the map of homotopy groups is indiiccd 
by a map of spaces. We sometimes us- ;. , also for the m:~p of i,[.ZI) X ;,(,\l) defined b y  
first performing 11,  on tlie sccond variabl:. 2:id then l,,,, . 

We ncxt find all tlie formal propsr;i:; of r and A. 

IIcrc, n is induced by projection cc SO,,,-, on S'"'-' , and S is the Frcudwthal 
suspension, 

Proof. I-et Ss c i\l be a sphere rc;r:+:nting .\-, and form a tubular neighbot!ihood 
as in the cicfiliition of A. We must lind :i ;r:.:i;d splicrc rcprcscnt i~i~  .v, but a\,oicling I:': this 
\\.c d o  as follo\~s.  [.et :?: he a base point ;:I r . f j " '  -'. ' rlic11, r c p r d i n ~  t i l t  t i11>\1l:ir iiciyIll-(>ur-. 
hood as a bundle, \VC choosc n cross-si.~::,: - ;i\.c~i by 1); X f: o\xr 1)';. . Ikiii:; 11lc ic l :~ i i i ' i> : ; t -  

lion, over P E  5,' - '  c :  1)'. , this !;i\w ( P .  ,,. K ) .  ' l l c  ni:lp 1 )  > ; . ( l ) ) ,  , ~ ~ ~ ; ~ i . ~ y , - o t ,  (l)!, L?,. ' :  ; :  . 

tion) [he Iior~~otopy cl;lss m ( . v ) .  l ' l i i ~  I - .  X :  '.c c \ t c ~ i d ~ d  Lo ;I I K I ~  * ) l '  i ) '  to ! , i \ % . ~  ! > I "  

5' 0 . r c r s c l 1 t i ~ l  l , , [ . , ) ;  I . ; I)!' ~ ; c . i l i i ~ p h ~ ~ ~ c . s  ticiiil;.; jih%\:l..:i: i ; , .  I 

<!~,~i~l i : i l  su-.pcnsion Sjrx[.\-). 



l I 51h1.1 -1. .S'i/ppow ,\/'" (1. - 1 -  ,T --- iii 1 -  I ) - / I ( , I ~ ~ ~ / / ~ J / ~ . S C / / I / ~ ~ .  7 7 ~ 1 1  /h. . v ~ j ~ ( , \ l ) .  , I , F ~ , ( I \ / ) ,  

,Sr;  ! \  (V.  . . 1') .:= ( - - 1 )",~';.,,(J',.Y) (1.J 111  -- 2). 

l c : S - t l .  : S' t . \ I  scprcscnt .v,!,; w.1.o.g. \W ~ u p p i c  tlicsc tr;lnsvcrsal 
t o  c:~cl~  otlicr. '1-lien tli: imaycs nicct i n  :l sul~n~:lnifold V of both, of d i ~ ~ i c n ~ i o ~ i  r +- ,S -- 1 1 1 .  

No\\. i,, is rep~-cwnted by tlic m.ip of S' to S"' ' induced by tri\ ialiiin;: tlic normal bundle 
of  n Iiciiiispl~ere ol' S' in A1 - or cqui~nlcntly, by the restriction to V of that trivi:ilisation 
(now of the normal buudlc of I' in S'). Now since / . ,S 1 1 1  - 2, WC can represent n,, ,(Su') 
by maps of S' X S' into S"'. 1-lcnce the rtli suspension of l.,, is rcprcicntcd by thc map of 
S' X S' into S"' ~ i v c n  by tllc s~~bmnnifold  1 X V ,  \vhosc normal bundle is trivialised first 
in S', then by adding the trivialisation dcduccd from n basc of the tangent space of .Sr a t  1 .  
Varying by a homotopy, we may suppose V imbcddcd diagon:dly in .Sr X S' (for we have 
given imbcdclings in cither factor), provided the above trivialisation is still used. 

Similarly for S"l,,,(~.,s), except that rcvcrsal of the factors induces a sign (-  I)'", and 
\VC h a w  a dilTercnt trivialisation so that if tlie trivialisations agree (up to homotopy) tlie 
result will Ihllo\v. Now tlie normal bundle of V in S X S' is canonically isomoryl~ic to the 
restriction to V of the tangcnt bundle of A{ .  For, if PE V and W = wl + I\?, is n vcctor 
tangent to S' X S' a t  P,  wlierc W, is tangcnt to S', W, to S', WC may map W, to tlie corrc- 
sponding tangent vector to S' at  P in M ;  similarly M',, and subtract. This map takes tangcnt 
\!ectors I V  to S' X S' at  P X P into tangent vectors to  M a t  P; and if tlic image of W is 0, 
w1 is tangent to V in S', and H*, rcprcscnts the same vector tangent to V in S', so W - W, + \v2 

is tangent to V in Sr.x S'. Hencc nornml vcctors are niappcd monomorpliically. 

Now tlic two trivialisations of the restriction to V of the tangcnt bundle of 111 arc 
defined by taking V c /)'(D'), a lielnisplierc of' S' (or S') and trivialising over tllc contrac- 
tible space D'(D').  f lence they agrec if and only if the tangent bundle of I\[ is trivial over 
1)' U D'. But, up to liomotopy, 

co D' U D' has the homotopy type of tlic s u \ ] ~ ~ l s i o n  of V, \vliich is ( r  + s - 111  -1- I)-dimcn- 
sional, and the result now follows from the hypothesis that M is ( r  + s - m -t l)-parall- 
clisable. 



P r o o f  o f  Ili/Jr,rtr/z. We ~ i se  i-csults of combinatorial t opo lo~y .  Observe that the con- 
ditions 2 , ~  > 3s +- 3, s > 2 imply 111 > .S + 2. Moreover S' is (2r - 111)-cx~~inccted ;;lid 
M"' (2,s - 111 -t- I)-connected. The result---ill tlic combinatorial senbc--- no\. follo\vs i'~-o~n a 
Icmma of Zceman [12]. 13y a scsult of Ilirscli [ 5 ] ,  a small deformation will su!iicc to nisi,:,: 

the discs difki-cntiably imbcddcd. 

Pioof  of 7heorcm. Tlic dcsi~cd niodificatio~i ic now \~mplc :  \ \c  iciiio\c the p i i t  ot' 

](S') \\itliin /l"', and ieplace by an imbccidcd r-disc ipanning D"'n f ( S ' )  thnt thic i \  poi- 
siblc follous fiom I'ropositiou 1 ,  in a slightly ~cncinliscd form [ 3 ] .  Alte~-natixcly, \\c 
dew-ibe tlie old spherc as obtained from tlic ncu bbq t a h ~ n g  the c ~ n i i c ~ t d  \ u n l  ui th ,111 

inimer\ion of S' in S"' and tlie chan2e in no1 mnl hundlc \ \ i l l  he j u \ t  the i io~mal bun~lle 
of t l i~s  iiiimcrsion. 

Now tlic immc~sion has h e  propelt) that S' can be Jiiidcd into t u o  l:ciiii\pIierc\ 
(\iIiich correspond to tlic original \plicre\ S, ,ind S:) 511~11 tli'it e,tcli i \  iinbsdded, ,incl t l i c ~ ~  
intersection i i i~ariant  is i,(\,y). The imbedding of one hemispl~cic nl,l) l ~ c  rc.g,ltdcd .I\ 

st'lndard, and we have to describe tlie second. In f ~ c t ,  \ \c  suppow :l iic.i~iibou111oocl ot' 
11; to be inibcc!dcd f a t ;  then can ignorc ,I ~iciylibou~liood S'- ' X D"' ' ' l  of ~ t \  

boundary, and concentrate on tile complcmcnta~ y D' X S - ' .  111 tli~s. /l'+ I >  1i1~1pp2d b y  



L)' :X 1, :in(! near tlic boundary, I)'. by D' X --- I .  hlorcovcr, tlic homotopy class (sclativc 
to  the 1mun~I: i r~)  of /l!. is just j . ( . v . j ~ ) ~ 7 r ~ ( ~ Y " ' ~ ~ ' ) .  N O W  wsi~ig l'ropusi~io~i l or I -CJIIJ~I~I  1, 
\:c :x:~g rcpl;icc by any homotopic imbcdding: \ \c  choose n cross-scction of the projection 
o,- I)< S v ~  - 5  on D'. 7-hen tnngcnt vcctors p r ~ ~ j c c t  isomorphically into I) '; hcncc nosmnl 
\CL.IOI-S  p~ .ojcc~ i ~ o ~ i ~ ~ ~ r ~ ~ l ~ i c ; ~ l l y  ~ I I L O  Sfl '-~~'. IVc trivialisc tlic nor~ii:~I b111id1c of D: by lifting 
t!lc map  13' -, S"'-' (\\hicli rcprcscnts a) to n niap 111- --+ SO,,,-,,.,. , , and the cliaractcristic 
c l n s  of the normal bundle of  S' is now oht;~incd by looking at the restriction of this to  
111c boci~idar)~ S'-' --~SSO,,,_, . 13ut this is jusi the process used to define the bo~indal-y operator 
in tlic homotopy exact sequence, \vhicli proves our rcsult. 

\\'c remark that most of the nbovc consiclcrations for splicrcs can be parallcllctl for 
discs~--at least if Y is tlefincd relative to a given tr.ivialisation on tllc boundary. We sli:~ll 
ha\.e use for SLICII  estcnsions in the sequel. 

\ire can no\\. give the proof of Lemma 1 (wc d o  /lot use tlic rcsult of l'hcorcm I, only 
the method). 

Pioof of L L I H I I I N  1 .  Suppose given t ~ o  liomotopic imbetldings of S' in M"', and a 
homotopy, i.e. n map of S' X I into M"' X I. The singul,~~ ity locus of t l i i?  Inap (wpporcd 
In "gLnc~al pos~tion") has dimension 2(5 4- l )  - (m -t- 1) = 21. - 117 4- 1 (\incc 2(111 -1- 1 )  > 
31- - I)-sce I{,tcfligcr [2]). Again apply Zcuman's Icmma to  cnclosc thij  in a disc. Now 
on the b o u n d a ~ y  of this disc \vc have an imhcdding of S' in S"'; by a result of Kcrvairc [G], 
for 2111 3 31 t 2 this is rcg~~lar ly  homotop~c to tlic stanclald i~iihcdding, i.c. span5 a n  
in-im~rsed d ~ s c  I)'+' in D ' + ' .  We have not actu,~lly obtained n regular homotopy, but the 
ex.ibtc~ice of an immciscd .S' X I shouc (ils~ng H ~ ~ s c h ' s  obstruction theory [41) t h ~ t  the ghcn 
5phe1cs ate in fact 1cgu1;~ly liomotopic. 

It has bcen pointed out to Inc by  the referee that the cornbinatori,ll argument in the 
abo\c  II i lfssat~ a n  be by-passed by u\ing rcccnt (in part unpublisl~cd) imbcdding thcorcms 
of tlaefliger. I-or Theorem 1, WC choose :in imbcdding of S' in S"' \\it11 each hemisphere 
imbcdclcd, hit11 intcrscction number -3,(u,j*) (this is constructed as above), and take the 
conncctcd sun1 with (Mn', S'). 111 the IICW pair (M1", S'), the t ~ ~ h e ~ i ~ i ~ ~ ~ I ~ c r ~ ~ ; ~ r c i ~ i ~ b e d d c d ,  
uith Lcro intersection invariant; now it can be dcduccd from the main tiicorcm of [3] that 
such an  immcriion is regularly homotopic to a n  imbcdding. The rcsult now follows as 
above, by calculating the normal b ~ ~ n d l c  o1'(Sf', S'). I-cmma 1 followsfrom Theorem (4.2(b)) 
of IIaefligcr and Ilirsch [Immersions in ihc {table range, Anii. hlotli., I 'ri~~c~tnir 75 (1962), 
231 -21111 and from the version of Prop. (2.2(b)) of Ilacfligcr's Rourbaki Scniinar (13cccnibcr 
1962) for homotopy. 

\Ve now apply l hcorcm 1 to dcducc sollie propcrtics of the map F of Lcmina 2. 



1:or ( l ) ,  lake IYJ1--'-l3~~~~(:':. %:r S' rcprcw~~t ing Y,.Y?, ;tnd for i !~  {l-(c W I : I  of. 

tlic coircsponcling manifolds. 'l'rrkc i ,  , . .  . '- . -  : i n g s  of S' i n  t l ~ c  two p:lr.t\, clclini~l:; /.'aii:l jo;ri 
by a tube in the sum. 'T'hc h o i n o t ~ ] - >  :1,i,;.; of tlic rcsult is i, , .c  i -  i, ,  c, wI~i(.h ~(l i i i t l . ,  

(il -1 i2), when ( is a s u ~ p e ~ ~ s i o i i  (il , i': :: ::.~,k llic cc11trx1 cro~:~-scctions oft11c t\vo 1!11il(llc.). 
ancl the rcsult follows. 

For (5) wc apply l'llcorcm 1 : v: :. lr..i: to calculate tlic intcrscction i n \ ' ; i j i ; ~ l t l  01' !v,o 

splicrcs S; and S;  rep-cscnting <, and  il. ').'c sll:lll USC the fact t1i:lt our homotopy gi.(>tij7 is 
stahle to ignore st~spcnsions; then ~ i - i : - ;  I-cn~nla 4 and the last remark in $ 1  \LT l1;i:r: 

;.(S; , S;) = ).(S; , S 0 5,) = >.(S', , S', :: := l)'";.(s', S?) t2 
, ,, , , 

z= ( -  1 j r5; . t  .5'. 5'; - < l )  t2 :.X ( -  l)'">.(,y, ,S') -, l ,, q 2  z:= ny ; C l  ,, c 2  
(tlic sign may be ignored, as i f s  is odd. 7:. :;?t!st Iia\,c 01-tlcr 2). Now ( 5 )  follons from the 
'Pheorcm; (2) is 311 immctliatc col-ollrlr:.. ::.;d (4) follows also from the Tlicorcrn al!d  hi. 
above calcu1:ttion (with 5 ,  - 5,). We C . : i - : x  (6) by induction. 

I-inally (3) is ti-ivial, since if tlic c-..:*:2ining manifold is miiltiplicd by I ,  tlic no!.!~ii~l 
bundle of S' is suspended once. 

According to Snlale ['l], a IiantI::? l y  h /  E.;/T(III, k ,  .s) is a munifoltl \:l~icli can hc 
obtained by gluing k S-handles to a di::. ',!ore prcciscly, there is an imhcdding 

f :  U!,, (,-;; ;( Dy-") --t 21)'" 

and  ,l1 is fornicd from D" 'u  U:,, (1): ., .>:'-') by identifying corresponding point? ~riider 
f and rounding the corners. The map  .,' ii ~ a l l e d  a ~~rcscntc l t ion of ilf. 

We seek to classify l~andlebodizs .'.! .I;. t o  d i f iomorp l~ i sn~ .  We sl~nll classify prcscnt;~- 
tions LIP to diKcotopy; to deduce a claqii:'::.:ion of manifolds from this. \!.c muit h n o ~  lie\\, 

many 11rescentations (in sotile sense) ,I/ I-.:;. Clearly, .l/ has the homotopy t!.pc of :I 1~uq i1 i . t  
of k S-spheres. The rcducctf hornoli.;, z-oilps all vnnisli except the s t l ~ ,  \vhich is free 
abclinn of rank k. \Vrite H - 1/,(111) 2 7 l,!) (by the IIurcwicz tlicorcn~). ' l l c n  a pre.;ciit:l- 
tion dctcrmincs n basis ( P , :  of I/ coi:.:.:: .; of the ilnagcs in l/ of 



No\\. g1\cn1; to o b t i n  f axe mc~clq h ~ v c  to citcnd imbcddings from spliaes to tubular 
ncighbour l~ood~.  In f ' i~ t ,  tlic no11n~11 bundle of c,rcli S'-' admits a canonical trivial~sation, 
jincc 1 9  Propovtion 1 ( ,~nd Lemma l), .S'-' s p i n \  a n  imbcddcd dlsc D' in IY", unique u p  
to d~ll'cotopy (leguli~r liomotc~py), 'lnd \+c t~ivialise tlie n o ~ ~ i i a l  bundlc of that. By the 
tubular n c ~ ~ h b o u r  hood tlicoro:rn, given an  imbcrlded S'- ' in S"' - '  with trivial normal 
bundle, diRcotopy classes of cxtcnsions to a n  imbcdding of S'-' X D'"-' aic in ( l  - 1) 
cor~c\pondcncc with tri\ iaIi4at ronr of the normal bundle, i.e., w i th  elcn~ent\ ofr,-,(SO,,,-,). 
7 his proves 

1-1 M M A  7. >.(c,, e,) = Sj.t.,,, ~ ( c , )  = cc,. 

I'roof: O b \ e ~ \ c  that sincc M is (S  - 1)-connc~tcd, and (Y - 1)  3 (2s - 171 -t 2) follows 
froni our Iiypotlicscs, ire arc ikdccd in a situation wlicrc Theorem 1 is applicable and i., x 
ale dclincd on tlie honiotopy g o u p .  

iicprescnt ei by the sphere Si with D: X 0 as one Iiemisplierc and a disc D; in D"' as 
t l ~ c  other. 'nicn S,, S,. meet oerly in D". T o  coniputc their intersection, we deform D; to lie 
on C:D"', which is possible by Proposition 1.  F P l i ~ ~ ~  it oiily meets Sj on L'D; X 0. If \ve now 
pcrform tlic 'l'liom construction, ii D"' is mapped to and 11"' to one complementary 
licmisplicrc. 71ie induced m a p  on (711; x 0 is just tliat used to define the linking invariant 
i.ij; it h:ls to be cxtcndctl to inap tlic licmisplicrcs of Sj into those of S"'-" and thus yields 
the suspension 

T o  compute ~ ( r , )  \\,c again u ~ c  the licmisphercs /l:, /li x 0, and trivialisc tllc normal 
I) i~~idlcs;  tli:lt of lji  x 0 is inif'cctl : ~ l i u t l y  trivialiscd. 'I'hc litting together o n  the boundary 
is p i \x l~  by  J; and u c  c!clinccl r i  above as the clcnicnt of n,, ..l(.SO,,l -,) c o r r c s p ~ ~ ~ d i n ~  10 the 
itlclililic::~lion. 



'l'lic care 111 = 2s of this thcol-cm \v,is protcd : ~ n d  cxploitcd in our plpcr I 1 1 ] 
Now let ( / I 1 ,  X , ,  and ( I / , ,  a,, 2,) b:: Llic systems of inv:lri;ints for Iiandlclmtlics 

M ,  and A,{,. Dcfinc I I  as the discct sum, I l l  13) I / , ,  ;ind X : l /  -t n,. ,(.SO,,, _,), i : I 1  x // 
-t n,(S))I-') by components: 

Y ( . Y ~ ,  .Y2) = 4- X 2 ( X 2 ) ,  

) . ( ( X I ,  x 2 ) j  (YI, ~ ) 2 ) )  = ; . ~ ( - y i j  J'I) + ;.2(,~2, ~ 2 ) -  

It is immediate that ( / I ,  r ,  1.) satisfies the conditions of Tlicorcm I .  We remind thc rcatlcr 
thnt tlic sum of two bounded manifoltis isdefined by identisying d i m  imbzdded in ilic b o ~ ~ n -  
dasics of each, and rounding cosncrs; this is :\ell-tlcfincd if thc bounclasics ;ire conncctctl 
and oriented and tlic discs have opposite orient:itions. 

Clearly / / , (Ml  + A4,) = fI,(111,) @ I/,( \l1). Tlie normal bundle of a sphcr c in L / ,  , and 
tlic intersection of two such spliescc, are tlcall> unalte~ed by regarding them a 5  spheici, in 
M, -F ,If2. Tlie rcwlt follows. 


