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T MAIN object of the paper is to make explicit the results of the precedung papers of the
series: [1], classifying handlebodies M ¢ H(n, k, 8), and [H], classifying dificomorphisms
of such handlebodics; in the two cases i == 25 -+ 1, mr == 2s. This lays the foundation for the
diffeomorphism classification of almost closed, (s — 1)-connccted, (25 -+ D-manifolds which
will appear subsequently.

We first perform some necessary computation of homotopy groups and homomor-
phisms. These are then applicd to the cases mentioned. Finally, if N ¢ 22Q2s 4 1, k, ), and
the manifold M is obtained from N by deleting the interior of an imbedded 2s-dise, then
M e 2 (2s, 2k, 5). We relate the invariants of N to those of M and close by giving (for
s 2 4) a necessary and sufficient condition for a diffeomnorphism of A7 to be extendable to
one of N.

We continue our numbering from papers {1] and [Tt}

§7. CALCULATIONS OF HOMOTORY GROUPS
We first list a number of known results. The stuble homotopy of the orthogonal group
is duc to Bott [17]; the remaining results to Kervaire [18], except in low dimensions.
pProvosiion (4). () For rz s 41, the homotopy groups 7. (S0,) are stable under
suspension, and depend (up 1o isomorphism) only on the residue of s modulo 8. They are as
Jollows:
s(mod 8): 0 1 2 3 4 5 6 7
1,.(S0): 7 7, zZ, O 7 0 0 0.
(i) Composition with the nonzero clement of the stable 1-stein w (SF 22 By yields epimoi-
phisms 1, (SO) == 1 (SOY if s =0, 1 (mod 8).
(i) Jor s > 8, the group T (SO still depends only on the residue of s modulo 80 We have
the table:

s(mod 8) 0 1 2 3 4 5 6 7

n,.,(50,): YARNYS 7,47, VAR 7, 7.4 7 7 Vs 7.



CoTooCo WAL

Lo ran i Domomospliisins defined by e prajoction ead suspension

-~
—~

SOY - a,_ (S o

5

2

St (SO) - -0 3, (80, ) &1 (S6)

indzrec e monomorphism (n, S) 11, (SO =2 4 n,_ (SOY. The image has index 2, i 00
w(xy iy elvays ceon. If s is mm’, we choose ¢ homonorphisin

¢ ((SO) - 7

videl I e dsomorphisionif's =23, 5,1 (mod 8), and iy such that (¢, S) induce an 1&0/2101/'/1 S

bz B). (¢,5) M (50) — Z, + T, (SOB
(Y 5 - 3, 7 then g (SO,) =0,

[ x= 5,6 the resvlis of (1) are valid.

!/ § =48 the resuli of (8) is anodified only since 1(x) -+ S(x) (instead of (V) is eov.

Neatve must caleulate the map of Lemma (2
oo (SO, ) % 1 (S%) > %, (S0,,..,)
I cortain cases, Putling re=s-F 1, ;= 25 - a + 1, this becomes
oo ((SOgqa0 1) > 7y (S~ 1(S0,, ).

We nov i & as the nonzero element of 7, (5%); for s = 3, this is a suspension clement. B
Fesan (5, 1), we have a homomorphism

Fota, (SO 4 ) — 1 (SO, ),

sz 3,5 Faz 4, s 20 240 Now it follows from the definition of 77 that if i s
il Zzil eroups are stable, we get just the induced bundie, defined by composicios

,(’u’)) ©,057) e, (SO). Inour case, stable compositions are deseribed in Propos-
o (4 ii)., and thiy dc,tummu the map /7 if a 2 2 (and s = 3).

Ve are wloo interested in the cases == 1 (s 2 3), a = 0 (s 2 4). We shall need furi-
vnstabic homaotopy groups than those listed above: they may also be found in 18 ,and s
Py o }

shadb ooe e without further reference. We shall also use Lemia (5, 3) in the fors
foo Sy SE), when e right-hand side is defined (in fact, we have already refero
chove to Uaieeding” )

Lo (18} Lot s =00 Thew the hosomorphisis

ca) SO, i (SO ) = 1(S0,)

cicro et O oe U Qiiod B) Wheics < U (mod 8), I iy an isomorphisin onto ©
L e Vleas o O Gaod 8), 808 iy aiisomorphison, so we can choose RTRE

s R e of B e d P are stable proups, and oo vanish unless s o 0, 1,200
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(mod &). Now we have the conunutative diapranm

s S
7y 3 (SO, §) e T (50, o) T (S0, 3)

o Py 1>
3 S
(SO ——» (SO, )~ 7 (SO 9)

where the maps in the upper row arc isomorphisms. 17 = 0 or 1 (mod 8), 175 and the maps
in the lower row are onto, so Iy and I7{ arc nonzero, and the descriptions given abiove
follow.

Next let s == 2 (mod 8). Usc the diagram which extends the above one term to the lefts
replacing groups by isomorphic copiss, it is

S S
Lo Ty s Ly o Ty
| o Iy
N S '
/N J——

The maps in the upper row give isomorphisms of the torsion subgroups; those in the lower
row arc.onfo. Tt follows that Iy and 7§ arc 7¢ro.

Finally, when s = 4 (mod 8) and s > 4, we usce the diagram

s3

S S
Ty I(S()s 2) e T I(SO.M' 1) e Ty (SO.H 2)

Foy I's Py
$3 ) s
(SO, 3) ——emr 1 (SO) > WSOy ).

Here, the maps in the upper row are isomorphisms, and n,(SO,_3) vanishes; the desired
result again follows.

Observe that the argument breaks down when s = 4: I, is not defined in this case.
We conjecture that, nevertheless, /g and J° arc zero. This is the only gap in our arguments
when s == 4; i it can be filled (cither with or against our conjecture), the results of this paper
will all extend at once (with appropriate modification) to the case s =4

8. THIC FIRST STABLE RANGE

We use the term “first stable range” In a somewhat vaeue sense, to denote that wll
o IS b
relevant homotopy groups are stable. "This distinguishes it from the wider “second stabls
i

ranee”’, in which Haefliger’s imbedding theorems [3], and oy own results, are valic

Consider the classification problem for handlebodies N ¢s701, k, sy fornz 2s 4 1L It

s 32, then also 2 2 As - 2 2 35 1 4 and Theorem (2) s applicable, With the notation of
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AL LN ) s e abelinn group of rank AL and o commplete set of invarian(s

Co I e (50,0

ot shiee e ] (877 wid (SO, ) is stable, Thus 4 o-- 0, and by Theorem
(1Y s ‘rswm‘.uuzpm:»m,

Now b ]Ju AISESTRTE) (1, ]) we know what Ty (SOYis:in ]‘i‘l'ﬁf(’h”} it s cyclic, By
ISEHTIRT ruz&ls on free abelion aroups, we cen choose a basis Cry -y e Tor Jwith #(e) = (

For f o 1 and the suboroun iz of g (SO) determines the \\hUL System.
» & oot

Vi (000 Lot s 22 002 26 4 1. Tor s - 3,56, 7 (mod 8, all elements of S (n, ks
credigiccinarpliio. For s 1,2 (iiod 8), there are two Lypes, onewith trivial and one HI{/I
neddviciol tangont Padle. Fer s =20 (niod . there is one type for cach nonicgative integer.

WWe e give explicit descriptions of all types. Since 4 vanishe s, by the Corollary to
e (ft\, any divect sum xph.tmsr ol 1 determines one of N, so we can write N as a sum
of Moo (/ b A) vhere epis abasis of 17(N,). Then Niis diffeomorphic to the 1" “bundle
By wle) e n, (SO, ); ond we may suppose for i > 1 that «(e)) == 0 and so

ifcomorphisms of these handlebodics. By Lemma (10), theh

: sercin (b D eerrespondonce witly autemorphisms of M preserving #. Thus
o Oy we obtiong all ol mierphisms of the free abolian group J1. o +k 0, and s = 1, 2
(e d 80w Bve just those automorphisms which leave invariant the subgroup Ker % of
fndex 20l forin o snbgrovp of index 28 — 1 in the group of all automorphisms. I
weOand s = 0 Gnod 4), e swtomorphisins leave Ker v (a direet supmand of rank £ - )
iverinnt and induce (he identity on Coim o.

1 1oy

Now consider diffcomorphioms homotopic to the identity. Then (by Lemna (1)) we
Fiove obstyuctions

e (SO, ). Jap €y, (ST0),

Povihe bt aiahle range, mnake the restriction n 22288 2 (the case n - -1 is considered
Fatory,mnd s 003, 5o that the resulis of [H] do i fact apply. Then Jt vanis hcs, and the f3; lic
niiho bl oraup e (SO). Lt C1s e ¢ bea basis of 1 osuch that to{ey = 0fori= 1. Then

e dommeds (eiinn 15) for the mdeterminucy of ff, reduces {since 7 is /cxo) to

bis fit (5o, &4y

Pvobcmne (V8L e e o bl vanow, for oo (50, Low e, (8, 1, O) vanishes
. s / { sk sl PR
Conp e o Oned 8y 0, and v an odd muliple of the pencrator. 1t will be
Connt o have aspocin e for thiy situstion,
1
Yoy bt o meichody A G 8), it e s i the exeeptional case i€
vt IESEITEN I S enero, or s O (o o) and ha(Sy) contains an odd multipl
T prbor el SOy (For -2y, 9y Iothere wight also be o case when Fis
S| b i
. B
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Apphd o Theorem (4), we now obtain

Lannia (20). Letnz2s4- 2,8 >3, Neii'(n, k, ). Then hosiolopic diffeomorphisis of
(N rel 1"y are quasi-diffeotopic if s = 2,4, 5, 6 (nad 8), o in the exceptional case. Qtivnwise,
the obstruction is @ homomorphism 3211 > 1 (50).

§9. HANDILEBODIES UN A (28, &, 8)

The next handlebodics to classify are those in #°(2s, k, s). We shall again apply
Theorem (2)—here we need s 2 3 for its validity —and since now neither o nor 4 vanishes,
the full structure of Theorem (1) is brought into play. Tn this case, 2 is a symmetric or
skew-symmsetric bilincar map of [f » 1 to 7,(5"), which we identify with the integers. The
most inferesting case is when 2 is unimodular--i.c. the determinant det 2(e;, ¢)) = & b This
case was discussed at some length in [11], from the same standpoint as here, so we need not
give a full description. We secall one or two facts about the classification. Tnstead of , it s
simpler to consider related invariants, for by Proposition (4, iii), if s is cven,

S, (SO = n, (SO) D 7, ((S°7 H

is a monomorphism, so instead of « we consider z = S7 and nz. The advantagze of this 1s
(Theorem (1) that Sra(x) = A(x, x), so nz can be forgotten, and the addition formula for «
shows that 7 is a homomorphism. The relation between § and 7t shows that if s 1 4, 8 then
A(x, ¥) is always cven, whereas if s is 4 or 8, J(x, ) has the same parity as y{(x) (which, in this
case, also lies in an infinite cyclic group). When s is odd, of course, 17 = 0, andd we replace
a by y - Su, again a homomorphism, and (unless s is 3 or 7) ¢z, which is not, but takes
values in 4, and satisfies

ha(x 1 1) = (X)) A day) + AN, ) (mod 2).

i the case when 2 is unimodular and s odd, a complete classification was given n
Lemma (5) of [11]. We take the opportunity heve of pointing out that a similar classification
can be given when s is even, if we assume that the unimodular quadratic form 2 has zero
signature. Since 4 is unimodular, it induces an isomorphism of I on Honi(I1, £); we let
4 be the element of 1/ which corresponds by this isomorphism to y in the case when z is a
homomorphism to 7. When g is a homomorphism to 7.5, we can “Hi it to a homomor-
phism to 7 (/ being free), and henee define 7, which is determined modulo 2J7.

Turorim (5). For a handiebody in #°Qs, r, ), where s is cven, s 2 4, 2 unimodilar ywith
zero signature, then ris even, say 1= 2k, and we can choose a basis {c;, fi: 1 < i<k} with

, Meg ep) = A Juf) =0 Mew ;) = 0y
(except that if s is 4 or 8 we may have Mey, ¢p) = 1) eird
if 520 (ued 8), y+-0;
ifs -2 (mod 8), 7=:0,fy or ey [, (mod 211);
if s 0 (mod &), 5 44, 8, k= 1. §=aeq +bf (0< fal < D);
k2, 70 or =de,+ NS (d = 0y,
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or S Ao eg) == 0, 2 as abore with a, b od) o,

ey k=1, 7= aey -+ bf Oibya-byaecen, b odd);
k<2 7= dQQey + N (d>0:d, Nodd).

The cases given are all incouivalent.

Proof. 10 s 4 or 8, 2 is an even quadsatic form; it is then well-known that basecs
i fiexist on o which 2 takes values as above (coo ¢.g. [19], corollary to the basic lermma).
MNow we use the main resulis (Pheorems (4) end (6)) of [19], which state that if & = 2, the
orthogonal group of 7 is transitive on vectors of given divisor, norm, and type. As /. is
e we need not worry about type, and 0, diey - NA) (d > 0) gives a complete sct of
reprosentatives of orbits of the orthogonal group. A similar result holds when s = 4,8, on
recalling that 7 is then a characteristic veetor, When & =1, the orthogonal group only
contains 4 clements, and the classification is trivial,

For the cases == 2 (inod 8), reducingaey 4+ bf; mod 2, we see fmay be taken as 0, ¢, /; or
cps s Siaee g, fy are interchangeable, we can avoid taking e; . The cases 7 = fi, e 4+ f;
arc inequivalent sinee, in this case, A7, 7) (modulo 4 is an invariant.

This completes the proof; similar classifications can be given whenever /4 is unimodular
strongly indefinite, so that the resulis of 119] apply

> nention at this point another exiension of our results which has become possible
A was written. We reler the reader to the remnurkoon p. 183, Tt has now been proved
s (10T (hat, ia fact, Jis a monomorphism in the stable range when g = 1,2 (mod 8).
ofowathat in all en

s considered in [T, the combinatorial classification coincides with
b diffrentinl - at east, Tor almost closed mudiolds. Moreover, in cach case if #4: 0

mad 4) the ussification coineides with that according to homotopy type of the correspond-
. 2 y I

g Closed mnanifold.

We now remark that if Ned Qs+ 1,k,s), then eN is a closed, (s -- I)-connected,
Zemenifeld, with JI(GN) of rank 2/ Henee, if 5 2 3, by 4 result of Smale, ¢N admits a
Gecomposition with one O-handle, 2k s-handles, and one 2s-handle, and (sce below)
voadso b seon directly for any s. Thus if M is obtained from ON by deleting the
it of an inbedded dise D™, we have M e (2

s

5, 2k, 8). We next enquire how the
it of N detennine those of Af In fact, @5 remarked after Lemma 19), if

ok s a base of JIN), N is « sum of k clements of H(2s 41,1, 5)—i.c.
I i b

e over ST which are classificd by cleinort, ey of g (SO, ). Tis boundary is
boocaesiod sy of their bovndarics, and corrcapondingly M s the sum of /- clements of
Jod denived o thees bundles as A was fron A Butthe invariants of an S bundle
OVl ST e computed [

Vot ol for alel) oon, SO0 plck an ol 705 1 050,) which suspends to o
Pov st coda By onto b s dimension). This corresponds (o choosing & Cross-
; ; J &
1 H

condrh b donsie i homology elass by o, cnd that of a fibre by fi. Thenin the
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Se-bundle over S°, we have
a(ei) =20 ol f}) s 0
Aley, ¢;) = Snu; Mep fi) =1 M fi =20
Observe that unless s == 4, 8, the reduction g; can be chonen with Sz == 0, and it
s =4, § we may suppose Suu; = 0 or 1, so that it vanishes if v == 0. T s is cven, this con-

dition completely determines the reduction: if s is odd, we impose instead the conditio:s
¢a; = 0. We thus obtain

Lisma (21). Let Ne Qs +1,k,8), s 23, and choose @ base () for H{N) such that
alet) =0 for i >1. Then for the corresponding M e A (2s, 21, 5), 11.(3) has « base {¢;, f3}
such that if i : M < N,

(1) ixley) == et i{(f)=0.

Q) 2ei,e)) =M,/ =0, Mey, f) = 0y, except that e, e) =1 if s=4 or 8 and
(e} is an odd multiple of the generator.

(3) z(e)) = 7(f) = 0 except for y(ey) = #(e)-
@) ¢l = b(f) =O.

Notice that this implics that if s is cven, the signaturc of M vanishes, and when s is
odd, its Arf invariant docs. A closer inspection, using Lemina (5) of [11] and Theorem 5)
above, yiclds

COROLLARY M € (2, r, s) appears in the list abore if aid only /f
(1) 2 is unimodular.
() For s even, the signature and X2, 1) vanish.
() For s odd, & and $(§) vanish.

This suggests an interpretation of the Grothendicek groups of [11] as cobordism groups
of some kind. We shall work out the dctails of this in a later section.

§10. DIFFEOMORPIHSMS OF NARDLERODINS: FIRST UNSTARLY CAIS

First let N e #(n, k, s) withn = 25 + Land s = 3, and so 21 2 35 4- 5. We have alrcady
discussed the homotopy classification of diffcomorphisms of i we next give the quast-

diffeotopy classification of those homotopic to 1. We must consider obstructions.
pie n (SO 1) (€ e, (ST = 7

Sinee 4 is zero, Lemma 14 shows that the yg; are well-defined. By Lemma (15), the indeter-

minacy of the i, is given by

= ot 2 850

and if we choose the base of 11(N) as usual, this reduces to [ Byl (S, &y, so that the
indeterminacy of cach fis just £(S7, n) where is the nonzero clement of 1y (59, N
1

this was computed in Lemma (18); it is nonzero precisely i the excoptionad case, whei it

Y



e b chaaetenise d by ¢ = 0 (whens == 0 (nied 1) and by it = 0 (when s == | (mo 8)). As
e preceding pavagraphywe shall medify ovr invariants slightly. Ttis convenient 1o use

G foranlae of Theorem (D), with geand fi repisoig 2 and o, o extend fg and foto maps
oo x -
/)' : I ey 17 S()\x l)

(ofL provl of Theorem (1) Then, as before, if s i odd we replace fi by Spand xff (and nfi
is determined by j0): il s iy even, replace by 87 and ¢f. Then we have
Lrvena (20). Lot Ve g N b Lk ), w3y = The ohstruction to qrasi-diffeotopy
al Toniotapic diffcomorphisms of (N rel D™ Y isgiren by-an (s -1 Uy-syaunctric bilincar niap
I e F g horwomorphisin S§: 11— TASO) and, if s is cven (+:6), a map s H
o satisfying Gf(x WY i) 4 By 4 ¥ (miod 2).

fihe exeeptional v, SPoninist he cinitied.

Hereoof covre, Sfand Pty the usual sclation: if s is odd, p(x, ¥) is even, except
it s s 3or 7, identify s (SO) with Z: then SO
winpndshed beciuse we were unable in Temma (J5) 10 compute 70 ay(50,) - - »1,(50 )

Db p(x, v) s even. The case s = 4 15

(whom s 3007 3y clearly 7ero, asits domain is a 7070 group). 1777 s zevo, the ahove result

Boldsr il not ¢ff must be omitted when i noszero modufo 2.

Ve iow considey diffvomorphisms of o hagdichady A ¢ (s, by s). This case is the
devpentwhich we hane o consider in detail: it cho brings us o the central point in our
whole fvestizotion. 1t is pot surprising, then, th= it is rather more complicated than the

il e o rensder the problem feasilile, we whalt suppose 4 nonsingulay, We also omit

inen o of the gioup ol homotopy classes of drizomorphisms as too complicated; even
Hic cinplent cinnes sive an orthoponal o 4 symplotic eroup over the integers.

Voo dwsume s 2 4 i order to be able to use Thoorem (4) though, as before, the case
S A s woraewht cinbarrassing. First conside jtoe ave obstroctions Mie (5, and
wetdaitily this group of order 2 with 7 Obrerce that sipns can now he omitled. By

Leimna (i4), the change in the Hijs corresponding o oa choice of clements &€y (S,
vl abo reennd as intescors modulo 2008 given b

b

‘. N v
Mej = i A 2 rp 8, 4 e

SO connosilion now reduces Lo multiplication. Vv reoard the Zijs fgand ¢,;as defining

Beriiess LN elemente M may be chonen erinzarily: the most reasonable chojve

. ‘v N s " . ~ . . : . i e B
s S The above cquntion now read

s donate, e G Jroses Mow i v choone P cyuad Moabove the diagonal and zero

sncane b s 1y norsingadar, we con solve §os £, and we obtain corresponding!

o whiopoe fhe (‘.[]"t!i;i}u)li:i[ oo

PV

MUvanishe T the Jpdo o

v ohadhinctions, but 1o boop theny vor we iy only allow changes by o

Pl i i Mol that LN s sYmineirie,
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We must now consider the obstructions f;: by Lemma (15), their indetendne s i

given by
Bi= Bk 25 F(S2p &) b 25 O 0 Cpp)

Consider the second term first. The X; 2, & are just the dingonal terme of 1N, it S
can be chosen with LN symmetric and these arbitrary. I 7 vanishes, we can disregid the
first term, and we then sce that the indeterminacy of fis precisely the hmops of
02 1,4 1(SY) —— 1 (SO,). Since this coincides with the kernel of the suspension, in this ¢
Sf is the desired obstruction. '

If I does not vanish, then (F s + 4) by Lemma (18), we are in the exceptionnd ces s
Recall that in the previous paragraph we introduced an clement 7 of 77 (which 1 certamly
well-determined modulo 2) which, by duality, gives rise to 7. Then if 0 geneintes
7, (SO s

; PS5, Ead = 2 Fyle ), i)
= X, FOZ, et S = F(0, ),

where i == X, A7, e )¢ Since we are in the exceptional case, 7 is nonzero modulo 205
we are only concerned with its value modulo 2, we can take it as ¢ We now live
npe= XAy = (LN

giving the first row of the matrix LN. Now LN is only restricted to be symmetric; thy oo
yelation between the first row and the principal dingonalis that their first clements cotne
Thus if 7 + 1, the indeterminacy subgroup of i is generated by ¢ and Fo(hyif i = 1000
generated by oy - F(0). Now (by Lemma (18)), ¢ and F(0) ave distinct clements of
order 2 in 1, (SO). So when i+ 1, we see that sinee fi; can be varied by O, we nised oply
consider Sfi; (as above); since ff; can also be varied by F(0) S can be varicd b
SEH0) = F{(S0), and we have a situation as in Lemma (02); in fact the only 1w
invariant is ¢Sp;, when s ==0 (mod 8). For i =1, the indeterminacy subgroup is onbv bl
as big, so there is an extra invariant in 7, . To make this definite, we choose a suberoup
0 of 7,(SO,) which il s =0 (mod 8) is mapped isomorphically by ¢S to Z,, and i o |
(mod 8) is zero (in fact if s = 0 (mod 8), 7 (SO = 7, + 7y 4 7oy, 50 this is certainly oo
sible). Define ma i, to be zero if the indeterminacy can be so chosen that i, « O end
nonzero otherwise. Then @ and (if s = 0 (mod 8)) ¢.Sp, arc independent, and comppioch
describe fi; up to its indeterminacy.

1
I

LisMA (23). Let M e Qs k, 8) (where s = 5) have nonsingular 2. 1hen the poees
obstruction to quasi-diffeotopy rel D of two homotopic diffeomoiphisims Is i gein rl
homeniorphisny S H A - Sn(SO,), but in the exceptional case an incoriont o = 7 0l
(whien s =0 mod 8) « homomorphisny S (M)~ 20y

A similar discussion can be given when s == 4 for cach of the possible alternaiive s

tions about 1g: again, it I is zero, the case s == is included in the above diseuss

(v0 S is nonzero mod 2) we have a single invariant v ¢ 7.,

11 we have a diffcomorphism i not homotopic to the identity, itmay still b pe RS
compute some of the invariants. 11 ¢ is a basis clement of H (D, with Ile) = ¢y
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cuseinieta evlinder SY %07 just as in §5, and cempute fi. o particolar il y = 0 (mod 4)
and sl O sinee frpreserves o, it will proserve the associated primitive vector ¢; of 7. Thus
@ can still be defined in the exeeptional case when s = 0 (mod 8). In fuct this is also possible
when s = 1 (inod 8) though sinee 7 is only then determined modulo 2, a more complicated
construction is sometimes necessary. As the reader has no doubt already surmised, the
i ant o assunies particular importance in the scqucl.

SHL OBSTRUCTIONS TO EXNTENDING DIVFE ()A IRPHISNS

We now combine the tdeas of the last three sections. 1t Ned Qs+ 1,k s), s =5

Ve have defined a manifold A7 e 7 (s, 2k, $) by deleting the interior of a dise D imbedded

N Lach diffcomorphism of A leaving D™ invariant induces a diffcomorphism of M. We

arenow ready to ask, conversely, which diffeomorphisms of M extend to diffcomorphisms of

N THhe coneept of quasi-difl cotopy is just sufliciently precise to permit us to completely
csolve this question,

e
We need some notational conventions. et it M- N be the inclusion. We shall use
1, 7 2, 1, fio refer to the customary invariants of A/, and attach primes to refer to N, We
choose !ws\\ Lc,} of 11" and {e;, [} of If as in lunnm (1. Recall that ie;) == ¢
(1) =0, and so the f; form a basis for the kernel, K, of iy o 1~ J'.

LL th"bea dilfcomorphism of A which leaves 2 fixed, i the induced diffcomorphisin of

At v G s an automorphism of 177, say Ni(ed) = X a; . Now Ii=ih, so also
hd, = f;;,, feo Thus by, preserves A, So we can write:

hofe) = 3. i lage; -+ bi; [, ho () = X, ¢t
for eppropriste Dips ¢ Now D, preserves 2, so

(;ii == ;“((’i?./:i) = 2(/1*((’[), l’((jj))
= M2y e+ by f), iy
w2 Dy g Cp Oy = 2y gl i

Thos e mairix of ¢i; 15 the transposed inverse of the matrix of i, 80 is determined by it
Flowever, the a;; do not determine the /z, , as we shall see bdow

Now suppose £ homotopic to the identity. Then the ulmvc reduce to

Ife) = e 2; /Iij_/j, ) = f
Vet el by Hegy hi(ep)- Ae ).
Lo 200 W hare 1y

U

Preaofo We cnley 1 do g, by alfempting (o define & diffcorrorphisin Q of N x / agrecing

Cith b on W o 0w with B oon YV v Prpdpis then defie by an intersection number.
s Wby e diTeatopy, we nay Gl it as e identity on 27 (D5 >0), 50 Qe be
vl e Bty on the produet of (his v 1 Sinee 47 - 0, Dix 0 and D;» 0 may

ceont o Hodijoint anbuedded spheres S8 S;in Ny and i is the intersection numbcl‘ of
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QLS5 x 1) =57 % ] with Q{5 x 1) or, projecting on N by 15, of 57 with 1, ST 2 7).
Since this intersection number is well-defined, it is unattercd by taking Sy in A yeprosoating

&

e;(of course,m, Q(S7 % Dwillnotlicin A7) Let v bethe homology class dufined by, QST = 1)
in 1, (N, ON); then Oy = hu(e)) — ;. Using o to denote intersection ninbers, we now
have

ltl{j = e;' my = l'»,zc((’j) My epn dy
= e o (e = e) = by

We observe that if; was indeed well-defined, with zero indeterminacy, and that if the
formulac of Theorem (1) are used to extend ji' to a map of I x It 7., the above argument
is also valid for i = j. We can deduce from the Lemma that

bj; = l‘}.‘ = (- 1).\»14“” = (- ])‘H‘II’U,
but this already follows from ‘
ey €5) = Mhglep), hude)
= e+ Eabuis €5+ 2 b f)
e= A, ) 4 by A+ (1) by

Hence, in particular, for s cven b;; =0. We now observe that if (as by Lenuna (21) we mauy)
we suppose ¢{e;) = H() =0, then for s odd and not 3 or 7, by; is even. For h,, prescrves
¢ so, reckoning modulo 2,

0 = lhy(e)) = dle;+ 5 by )
= e 4 by §y by f)) = b
The discussion of f is casier than tha of ju; in fact we have
Limma (25). For x ¢ 1, B (i(x)) = SPEX).

Proof. Observe that, just as we defined « in general in §1, we can also define f (as in
§5) for more general manifolds than nandlebodics. Also, f is natural for inclusions of
manifolds of the same dimension (this was already used in Temma (17)). But we have
M x 1 < N, and normal bundles in M X [ are just the suspensions of those in M. The result
follows.

We observe that in the non-exceptional case, i and Sp are both primary obstructions
(Lemmas (22) and 23)). In the exceptional case, apart from o, we have nothing if s == 1
(mod 8), and $f and HSH il s =0 (mod 8). Thus fi (with its indeterminacy) does con-

“veniently determine 7 up to ifs indeterminacy. (I there is an exceptional case with s =,
[i(e) and f'(e;) are both totally indeterminate.)

We are now ready to consider the problem of when a given diffeomorphism ol Afis
{he restriction of a diffcomorphism of N. Firstly, it is clear that Jr, must feave Ainveriant,
Suppose this satisficd; then i we write ey == ¥ (g e by 17), this defines anauntos
morphista 77 of 11" by T(e}) = %jag; ;. Since I, is induced by the diffcomarphism B, it
preserves o, henee T opreserves o (as in Lemma 5), £'(¢) = Sa(e))). Now A7 s zero, and
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e appeal to Lemina (10) 1o see that 7 does coricspond to o diffcomorphism 4 of N,

s by o diffeciopy i necessar owe iy (by the Ioise Theorem) sy Wrose Ui 1t
R I . J ) i

il Now mubisl 4 by the inverse of e restriction of 4 to Af 1 we see that
Y SUPPOSe @ e 0 TEnow follows from ealeulations above that by, = (—1)*"1p
and that i ) = 4.

ij

We nov repeat the argunent. Sinee the nnage of 7: w (SO, , D=1 (S 2 7 is zero
For s even, the whole eroup for s = 3or 7, and of index 2 otherwise, it always contains biiy 80
v con choose fiie (SO, ) with Mig = afiy = —b . By Lemma (13), there is a diffeo-
meiphian 47 ol WV homotopic to the identity, with obstructions Hij == —=by; ([ < j) and B, as

dienes Womay suppose that it leaves A/ ivariant; muliiplying & by its restriction (o M, we
Cdnee bto zeros Thos we niy suppose Jr homotopic (o the identity.

We many again repeat the argument, using Lemmas (13) and (25), to reduce bl (or
itsstnpeasion) 1o zero sinee, by a remark above, the indeterminacy of Sfile;) coincides
il that of D, We are 101 with [, which are genuine obstructions. ~by Lemma (25)
they snust vanish for o be extendable.

Olierve that e classifications relative Lo dises of diffcomorphisms of M and N are
et for this problem. For the kernel of Ro(DHF (N rel D ") (DT N) is the
sare of Zy defined by extending to N the difficotopy of D' defined by continnous
o tnough T about a great DT We et the same element by taking D7+ g4 4,
B Latl miceting A7 in o dise O normal to DY hus the diagram

Py EUDIT N el DY Lyy ey H(DHTN)
i i

’ . ] ‘v,

Loy =y DU (M rel D7) = (DI A

fthve and exact, so there s o (1 1) correspondence between cosets of LT (DT V)
B0 A ) and the cosets in the reladive Lroups,

oo (0), et Noow Cs 1, k) 8) with s = A and M= ON — DY Then u diffeo-
ol A extends jo one of N if and only if

() D fecnon incorions L, the Lernel of i, LAY s 1 (N

(1) cesti ohstruetings, definced Ly [iix) for x ¢ K, vanish.

More peeslclo il < 1 we huee in general a honiomaorphism S[: K S1e (S0,), and

Pt eeptiviad case an i ariont o ¢ Loy and if 520 (mod 8), a homoniorphism

)H»M'/r‘f:; v/

[T 'y

el U T
e [ Lty : V. . N . s RN .
ol penne e vort ndicating that oug argunnts could huive been addressed more
Gl il protdong <o owe outbine an

Hidre Proofs T ety of condition (i) bs evident suppose it satisfied. We cian

Priaie neiphbowhosd of Af by o product moap. Reeall that we write
5 i P [ " 5 4 L . .

Chhowie N 7 o DU We next seel to extend Jr (o

T N B COPY IS already given; by condition (i), its homology cluss




CLASSHACATION PROBLENS IN DIFFERTNTIAL TOPOLOGY 1 303

vanishes, so the sphere is nolthomotopic in N, Hence by Hecfiiper's theorcnr [3] we can
extend A to an imbedding of O x Dy Next, we mist ke thene dises disjoint the proof
that this is possible is essentially the same (using Hacfliger™s theorein) as the proof that the
pi; have total indeterminacy. In order to extend to D x D; “1 e need only check that the
normal bundies behave correctly; the obstructions here ave just the p{/fy), and the problem
reduces Lo the algebraic one of caleulating the indeterminacics of thiese, If these obstructions
also vanish, we can caleulate the homology and <how (hat the part of N on which 2iis defined
is a4 deformation retract; using Smiale’s theorems [9], we can show that what is left is a disc
D2+ attached along a D?Yinits boundary; itis now casy to extend the diffecomorphism to
this.

Theorem (6) is our key result, and motivated the development of the entire theory up
to this point. 'We shall use it later to give a complete diffcomorphism classification of ahimost
closed, (s — 1)-connected (2s -+ )-manifolds. '

The proof above leads to one further observation: that we can often define ffeven on
clements of 21 not Ielt fixed by Jiy. For instead of comparing any chosen framing of the
normal bundle with that induced by Ay, observe thatif x € K, a representative s-sphire in M
bounds dises in N, so we obtain a class of framings of its normal bundle. Ifalso r,(x) ¢ K,
we can compare the two classes and obtain an invariant () 1 it is easily scen that this has
the same indeterminacy as previously computed.
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