
WHITEHEAD CROIJPS OF G E N E R A L I Z E D  FREE PRODUC'l'S 

- prlc: l i !TI i r t a~ ly  ~ * c > ~ c ) P  f. - 

The g e r i e r a l i z e d  f r e ?  p r o d u c t s  r e f e r r e ' d  t o  a r e  o f  two t y p e s .  

The f i r s t  one  g e n e r a l i z e s  " t d k i n g  t h e  f r e e  p r o d u c t  o f  A and B", 

. ' and i s  t h e  u s u a l  frer prloduct  v i t i ;  a rna lganla t ion ,  A r C D .  T h p  o t h e r  
I 1  one  g e n e r a l i z e s  i n  s si-milzr way t d k i n g  t h e  f r e e  produc-t  o f  A 

w i t h  a n  i n f i n i t e  c y c l l e  g ~ o u p  I t ) ,  g e n e r a t e d  by t ", and  i s  

d e f i n e d  as f o l l o w s .  Lst C, 2nd C p  be s u b g r o u p s  of A ,  a n d  
I 

I) : C1 + C 2  ari p I .  ~ ' ( J I T ~  C ! ~ S  f il(?f lillO(? llc: t A * { 1. ) , r l l l c !  

-I i n t r o d u c e  the, r ' c l i t t  ion:: t c t  = $(c) , for c cE C 'rile rle:;ul t.ing 
1 ' 

g r o u p  is d e n o t e d  ~ Z I ~ (  L ? .  Thcx7r i s  a p u s h o u t  d e f i n i  tivn of A t+;{t}, 
C 

u s i n g  g r o u p o i d s  howevel,.  

The c o n s t r u c t i o n  A Y C I t )  o c c u r s  i n l p l i c i t l y  i n  Magnus' a n c l l y s i s  

of o n e - r e l a t c r  g r o u p s .  S u b s e q u e n t l y ,  i t  h a s  b e e n  employed i n  

d e r i v i n g  e n b e d d t n g  t h e o r e m s  f c r  g r o u p s .  I t  h a s  become q u i t e  

popular '  arnong l o g i c i a n s . ,  and  is somet- imes c a l l e d  t h e  Iligman- 

Neumcl~lil-Neumann-Iirl i t-to11 ex tcrl:; ion . 
A s  an e x a n p l e  c o n s i d e r  a  CW p a i r  X , Y  w h i c h ,  for convenience?, 

is  a codirr~enr; ion  I. p a i r  i n  the scn:;c t ha t  Y i s  clo:;cd I n  X ,  and  

h~;fc; 11t~iglil)or1:ioi~t! lJ i 1 1  X s o  that I J ? Y  i:; cc L l u l c t r l l y  c q t l i v a l e n t  

to  t-hc p.1 i r B  '?* [- L , t i] ,Y KO. 1 i n 1Y n IX i : I i n  , t h ( 1 1 l  

11 X i:; a g t ? ~ i ~ ~ r ~ ~ i  L i i : ~ ( l  trscc: o t A f:li i i r l  A , f L , 1*t:::yc>ts 1. i vc*.Ly, 
1 

dcco rd ing  to wt i t ,  L 1 l t . r ~  Y cloi?:; C ) L '  cloc):, 1 \ 0 1  : ; c * p c t t l , l  t c  X , w i t -11  (: = I I  1 Y .  

T h i s  i s  o u ~  main r e s u l t :  

L e t  a: C -+ A ,  3 :  C - B b e  t h o  i n c l u s i o n s  d e f i n i n g  A r C B  , and 
a, 8 :  C + A. t h o s e  defining A y { t }  + ,' r e s p e c t i v e l y .  



I n  t h e  s i t u a t i o n  D = A I ~ B ,  t h e r e  i s  a n a t u r a l  d i r e c t  sum 

s p l i t t i n g  

Wh(A,B;C) = c o k e r ( u c  8-8, : Wh(C) -+ W h ( A )  @ W l i ( B ) )  

N N 

G ( c ; A , B )  = k e r ( s @ - 6 ,  : K o ( C )  + K O ( A )  B z O ( B ) )  

(we o m i t  t h e  " Z "  i n  t h e  n o t a t i o n  f o r  p r o j e c t i v e  class g r o u p s  

o f  ( i n t e g r a l )  g r o u p  r i n g s ) .  

I n  t h e  s i t u a t i o n  D = ~ t I t ) ,  t h e r e  i s  a s imi l a r  s p l i t t i n g  
N 

($1 W N D )  w ~ ( A , A ; c )  @ Q c ; A , A )  a D ( C ; A , A )  . 
Here, 

k * 
The d e f i n i t i o n s  o f  C ( C ; A , B )  and  D ( C ; A , A )  a r e  l o n g ,  a n d  are  

g i v e n  i n  s e c t i o n  2 .  

T h e r e  i s  a n  a p p e a l i n g  g e o m e t r i c  i n t e r p r e t a t i o n  o f  t h e  

f o r m u l a s  (*I. L e t  X , Y  b e  a  cod imens ion  1 p a i r  o f  f i n i t e  CW com- 

p l e x e s ,  as d e s c r i b e d  a b o v e ,  and  n Y + T X a monomorphism, s o  1 1 
t l l X  i s  a g e n e r a l i z e d  frlee p r o d u c t  A *  B o r  A $ { t ) ,  i n  a n a t u r a l  

C 
way. L e t  W b e  a f i n i t e  CW complex and f :  W + X a homotopy 

e q u i v a l e n c e .  We a s k  f o r  t h e  o b s t r u c t i o n  t o  f i n d i n g  a for7mal 

d e f o r m a t i o n  f rom f : W  t o  f T : W '  s o  t h a t ,  f o r  V' = f f - ' ( Y )  , V f  i s  

a subcomplex  o f  W f 3  and  f ' l ~ '  i s  a homotopy e q u i v a l e n c e .  I t  

t u r n s  o u t  t h a t  t h e s e  o b s t r u c t i o n s  are  c l a s s i f i e d  by t h e  t e r m  
N rc. H 

K O ( C ; A , I I )  W ~ ( ( : ; A , B )  . r  I<" (C ;A, f i )  @ D ( C ; A , A ) ,  r espec t  i v e l y ,  

cf . s e c t  ion t i .  

T h i s  g e o m e t r i c  i n t e r p r e t a t i o n  i s  c l o s e l y  r e l a t e d  t o  t h e  v e r y  

way o f  p r o v i n g  (* I .  The u n d e r l y i n g  i d e a  i s  j u s t ,  g i v e n  f :  W + X 

as a b o v e ,  t o  a t t e m p t  t o  make f  1 f - ' ( ~  a hornotopy e q u i v a l e n c e .  

Our p r o o f  i s  e s s e n t i a l l y  a t r a n s l a t i o n  i n t o  a l g e b r a  o f  t h i s  

i d e a .  The r e l e v a n t  m a c h i n e r y ,  l e a d i n g  e v e n t u a l l y  t o  t h e  p r o o f  

o f  t h e  sum theorem ( * I ,  o c c u p i e s  t h e  b u l k  o f  t h e  p a p e r ,  s e c t i o n s  

3 t h r o u g h  5 .  



The p r e s e n t  work was lnot ivdted  by a comparison of  c l d s s i f i c -  

a t i o n  r e s u l t s  i n  high-dirnens i orla1 and low-dirnens i o n a l  m a n i f o l d s  , 
r e s p e c t i v e l y .  Whereas i n  t h e  fo rmer  t h e  Whitehead g roup  e n t e r s  

i n  a n  e s s e n t i a l  way ( v i a  t h e  s -cobordism t h e o r e m ) ,  it f r e q u e n t l y  

i s  t o t a l l y  a b s e n t  i n  t h e  l a t t e r .  On t h e  o t h e r  hand ,  3-dimensional  

l e n s  s p a c e s  show t h a t  d imension 3  does  have  s u f f i c i e n t  room f o r  

t h e  Whitehead g r o u p  t o  e n t e r .  T h i s  s u g g e s t e d  t h a t  f o r  t h e  mani- 

fo lds  cons ic ler~ed i n  [ 1 1 ] ,  Wh(nl) s h o u l d  b e  t r i v i a l ,  and my 

o r i g i n a l  a t t e m p t  was t o  mimick t h e  t e c h n i q u e s  o f  [I?] i n  t h e  wor ld  

of s i m p l e  homotopy t y p e s .  The outcome i s  however somewhat d i f f e r -  

e n t .  

An a p p l i c a t i o n  o f  t h e  sum theorem i s  i n  d e r i v i n g  v a n i s h i n g  

. theorems for t h e  Whitehead g r o u p ,  c f .  s e c t i o n  7 .  Cur r e s u l t s  i n  

t h i s  d i r e c t i o n  j u s t i f y  t h e  dbove g u e s s .  

For  a w h i l e ,  I t h o u g h t '  t h a t  p rop .  1 . 4  c o u l d  be proved w i t h o u t  

t h e . a s s u m p t i o n  o f  c o h e r e n c e .  T h i s  would have  v e r i f i e d  c o n j e c t u r e  

7 . 3 ,  of which [lz] was conce ived  a s  an  a p p l i c a t i o n .  023 c e r t a i n l y  

makes i t  c l e a r  enough why c o n j e c t u r e  7 . 3  i s  i r f ~ p o r t a n t .  

Before  p u b l i s h i n g  t h i s  m a t e r i a l  ( p r o b a b l y  under  some t i t l e  

l i k e  " A l g e b r a i c  K- func to r s  o f  g e n e r a l i z e d  f r e e  p r o d u c t s " ) ,  I w i l l  

t r y  f o r  some t i m e  t o  g e t  h o l d  of  c o n j e c t u r e  7 . 3  i n  some o t h e r  

way. The p l a n  i s  t o  r e c a s t  t h e  proof  o f  t h e  sum theorem i n  such  

a way t h a t  it a p p l i e s  t o  o t h e r  K- func to r s  a s  w e l l .  - I t  would 

b e  e a s y  t o  o b t a i n  ana logues  o f  t h e  sum theorem f o r  t h e  f u n c t o r s  

d e r i v e d  from t h e  Whitehead g r o u p  a s  " c o n t r a c t e d  f u n c t o r s "  [ I ] ,  
j 11s t by L J C ) L ' ~  i 1 1 ~ :  w i t.11 V { I  t - i  oil:; c i ~ e  t f i c i e r l t  11 i ngs , artd cornpara i ng . 
T h e  prloble~n i:; wi t1l  tile exatic n i l - f u n c t o r l s  of s c c t  iurl:: 1 dnd 2 .  

R e f e r e n c e s  i n  t h e  p a p e r  a r e  by page numbers.  



3.. A SI'CCJAL ST'LITTING OBSTRUCTION GROIJP 

L e t  R b e  a r i n g ,  and  S a R-biniodule which i s  f r e e  ( o r  p r o -  

j e c t i v e  - t h i s  d o e s n ' t  r na t t e r l )  b o t h  as a l e f t  o r  r i g h - t  R-module. 

S n e e d  n o t  b e  f i n i t e l y  g e n e r a t e d  as a module .  We w i l l  d e f i n e  a 

f u n c t o r ,  d e f i n e d  on p a i r s  ( R , S ) ,  u s i n g  t h e  f o l l o w i n g  c a t e g o r y .  

An o b j e c t  i s  a p a i r  ( P , p ) ,  P a f i n i t e l y  g e n e r a t e d  p r o j e c t i v e  

( l e f t )  R-module, and  p  a R-homomorphism 

a morphism ( P , p )  -+ ( Q , q )  i s  a commuta t ive  s q u a r e  

f o r  some R-map m .  

F o r  a n  o b j e c t  ( P , p ) ,  a f i l t r a t i o n  

O = A 0 c  A 1 c . .  . C A  = P  
j 

i s  c a l l e d  a n  a s s a i l a b l e  f i l t r a t i o n  i f  

I t  i s  a f i n i t e l y  a s s a i l a b l e  f i l t r a t i o n  i f ,  i n  a d d i t i o n ,  a l l  

t h e  Ai a r e  f i n i t e l y  g e n e r a t e d .  The o b j e c t  i s  n i l p o t e n t  i f  i t  

h a s  a n  a s s a i l a b l e  f i l t r a t i o n .  
- 

Lemma. G i v e n  a n  a s s a i l a b l e  f i l t r a t i o n  0 c D l  c . . . C  R = P ,  j 
t l ~ t . ~ ~ ~ c  i i n i l c l y  i l l  f i l t r > . l t i o l l  A ,  c . . .  c A; = P 
s o  t h a t  Ai c B . i 

P r o o f .  By i n d u c t i o n  o n  d e c r e a s i n g  i, we d e f i n e  Ai s o  t h a t  

p ( A  ) < SBAi C SBBi  Suppose  A h a s  b e e n  d e f i n e d  a l r e a d y .  i t1 i t1  
L e t  a be  an  e l en . en t  o f  A  

itl ' S i n c e  a  6 B i+l '  t h e r e  i s  an e x p r e s s  lor  

p ( a )  = C saBba with ba 6 Bi. We l e t  A .  b e  g e n e r a t e d  by t h e  b a ,  
1 

f o r  a r u n n i n g  t h r o u g h  a g e n e r a t i n g  s e t  o f  A itl '  

A s e q u e n c e  o f  morpllisms ( P  1 , ~ ~ )  + ( p 2 3 ~ 2  -+ ( P  ,p i s  s h o r t  3 3 - 
e x a c t ,  if i t  i n d u c e s  a s h o r t  e x a c t  s e q u e n c e  on t h e  P ' s .  I n  t h a t  - 
case, t h e r e  i s  a  d i r e c t  sum s p l i t t i n g  P = PI @ P j ,  and by  2 



d e f i n i t i o n  o f  a morph ism w e  m u s t  h a v e  p21P1 = p l r  and  

p 2 / P 3  = p 3  @ some R-map P3 - SBP1 I n  p a r t i c u l a r ,  ( P 2 , p 2 )  

i s  n i l p o t e n t  i f  a n d  o n l y  i.f b o t h  ( P  1 ¶PI  1  a n d  ( P 3 , p 3 )  a re .  

An o b j e c t  (E',f i s  d s t a n c l d r d .  t r l i v i a l  o b j e c t  - -  i f  t h e r e  e x i s t s  

a f i n i t e l y  a s s a i l a b l e  f i l t r a t i o n  0 = Fo C F1 c . . . C F  = F , 
j 

s o  t h a t  a l l  t h e  Fi a n d  a l l  t h e  q u o t i e n t s  F . / F  are f r e e .  
1 i-1 

G i v e n  a n i l p o t e n t  o b j e c t  ( P , p ) ,  t h e r e  e x i s t s  a s u r j e c t i v e  

morph ism (F,f) -+ ( ! ? ,P I ,  f o r  some s t a n d a r d  t r i v i a l  o b j e c t  ( F , f ) .  

Namely,  i f  A1 C . .  . C A = P i s  a f i n i t e l y  a s s a i l a b l e  f  i l t r a t i o r l  
-j 

of I ) ,  wt-. L) i c-k 4 t ' l~~ .c  n ~ o c l t ~ l c l  l '! I w i t l l  g c r ~ c r ~ ~ ~ l - o r ~ : ,  cur rcs : ;yor~d i r l~ ;  t o  

a g e n e r a t i n g  s e t  of  A i ,  a n d  d s u r j e c t i o n  h ' .  F! + A i ,  i = l , . . , j .  i '  1 

And by i n d u c t i o n  w e  d e f i n e  f i :  F i  + S€3Fi-1 s o  t h a t  

commutes .  We now s e t  F  F! $ .. O F i ,  f i  = f i  @ .. @ fi ,  
i 1 

a n d  h i  = h !  t .. t 11;  . W i t 1 1  t h i n  we h a v e  
I 

and t h e  Fi  g i v e  t h e  d e s i r e d  f i l t r a t i o n  o f  (F,f) = ( F . , f . ) .  
3 3 

U e f i r ~ t .  ( Q , q )  = ( k e t 7 ( F  -+ P I ,  f l k e r l ( ~  --c F')). Then 

(Q,q)  + ( F , f )  + ( P , p )  is s h o r t  e x a c t ,  and  t h e  Bi = F .  I nQ g i v e  

a ( n o t  n e c e s s a r i l y  f i n i t e l y )  a s s a i l a b l e  f i l t r a t i o n  o f  ( Q , q ) .  

We r e f e r  t o  t h i s  c o n s t r u c t i o n  as s u s p e n s i o n ,  a n d  c a l l  ( Q , q )  a 

s u s p e n s i o n  o f  (P , p )  ( t h e r j e  i s  o f  c o u r s e  n o  q u e s t i o n  o f  u n i q u e -  

n e s s ) .  

We now i n t r o d u c e  a n  e q u i v a l e n c e  r e l a t i o n  on  t h e  n i l p o t e n t  

o b j e c t s .  The  e q u i v a l s ~ ~ c e  r e l a t i o n  i s  t o  b e  g e n e r a t e d  by t h i s  

d e f i n i t i o n :  (Q , q )  i s  - - e q u i v a l e n t  _ _  t o  - t h e  i n v e r s e  o f  _ _  ( P , p )  .if i t  

& 5 s u s p e n s i o n  -- -- o f  ( P , p ) .  ( S o  f a r ,  i n v e r s e  i s  j u s t  a l a n g u a g e ,  

e x p l o i t i n g  t h e  c o n v e n t i o n  (-I)*(-1) = ( + I ) . )  



I t  i s  c l e a r  t h a t  t h e  e q u i v a l e n c e  c l a s s e s  form a grloup under  

d i r e c t  sum. On t h e  o t h e r  hand ,  we can  form t h e  Gro thend ieck  

g r o u p  o f  t h e  s u b c a t e g o r y  of  n i l p o t e n t  o b j e c t s ,  and can p a s s  t o  

t h e  q u o t i e n t  i n  which a  f r e e  module w i t h  t h e  z e r o  homomorphism 

r e p r e s e n t s  z e r o .  From t h e  f o l l o w i n g  lemma it i s  c l e a r  t h a t  t h e s e  

two g roups  a r e  i n  f a c t  t h e  same. 

Lemma. Any s u s p e n s i o n  can  be  suspended t o  a s p l i t  e x a c t  

sequence .  

P r o o f .  Scppose we have a d iagram 

w i t h  s h o r t  e x a d t  rows and columns,  b u t  w i t h  t h e  midd le  t e r m  

m i s s i n g ,  and we want t o  f i l l  i n  t h e  midd le  t e rm.  For  t h e  

moment r e p l a c e  ( P 2 , p 2 )  by (P1,pl)  B ( P 3 , p 3  1. Then we can f i l l  

i n  (Fl  ' f  B ( F 3  ,f 3 )  a s  t h e  middle  t e r m .  And we have  

F p  = F1 @ F3 = Q1 @ PI $ Q 3  fB P3 .  Now ( P 2 , p 2 )  d i f f e r s  from 

( P I  ' p l )  8 ( F 3  , p 3 )  p r e c i s e l y  by some (a r lb i t r a r ly  R - )  horni~rnorphi.sm 

P3 -+ SB1'l. i i u i  this can b e  t ~ i k e r i  C ~ K > E  of n i c c l y  by rbc(lc:f i l l  i rrg 

f I P  i n  a d j o i n i n g  a  component P + S B P 1  The only  n o n - t r i v i d l  
2 3 3 

t h i n g  a h o u t  t h e  whole b u s i n e s s  i s  t o  v e r i f y  t h a t  t h e  ( P 2 , f 2 )  s o  

o b t a i n e d  i s  s t a n d a r d  t r i v i a l .  But t h i s  i s  o b v i o u s .  

D e f i n i t i o n .  T h e  a b o v e  g roup  i s  deno ted  C ( R , S ) .  There  a r e  

mappings 

d e f i n e d  by P  + (P,O), and by f o r g e t t i n g  t h e  homomorphism, 
I',,r. -.-,pe~; t i vcJ l a y .  l l t - ~ i ~ ~ ( ~  t I I , : K ~ ( *  j , ,  , I  r ~ , k l - t ~ r ~ , ~  1 ( I  i r ~ : ( ~ t  :;II~II ! ; [ ) I  i ! I i ~ t g  

Y Iv 

C ( K , S )  = K O ( R )  8 C ( K , S )  , 
w 

d e f i n i n g  C ( R , S ) .  



P r o p o s i t i o n .  Suppose  R i s  c o h e r e n t ,  a n d  i t s  g l o b a l  homo- . 
l o g i c a l  d i m e n s i o n  i s  f i n i t e .  Then ?(R,s)  = 0 .  

P r o o f .  L e t  p :  P  -+ S  63 P  b e  an  o b j e c t ,  a n d  0 c A l c  ... c P  

a f i n i t e l y  a s s a i l a b l e  f i l t r a t i o n  of  ( P , p ) .  P i c k  a s u s p e n s i o n  

f o r  some s t a n d a r d  t r i v i a l  ( F  , f  1. A s  we obseved  e a r l i e r ,  t h e  

Bi = k e r ( F .  -+ A . )  f o rm a n  a s s a i l a b l e  f i l t r 3 a t i o n  o f  (Q ,q)  = 
1. 1 

( k e r ( l '  + F l y  f l k e r ( f  -+ PI) . 
N o w  R i s  c o h e r e n t ,  s o  a l l  t h e  Bi a re  f i n i t e l y  g e a e r a t e d ,  

c f .  4 . 4 ,  s o  t h e y  form a f i n i t e l y  a s s a i l a b l e  f i l t r a t i o n  o f  ( Q , q ) .  

Use t h i s  f i l t r a t i o n  t o  s u s p e n d  a g a i n .  

Going on t h i s  way, i t . i s  c lear  t h a t  i n  p a r t i c u l a r  w e  are 
* 

b u i l d i n g  up  a  p r o j e c t i v e  r e s o l u t i o n  o f  A1. But A1 h a s  f i n i t e  

h o m o l o g i c a l  d i m e n s i o n .  So a f t e r  f i n i t e l y  many s t e p s ,  we w i l l  

h a v e  r e p l a c e d  ( P , p )  by an  o b j e c t  ( P ' , p l ) ,  e q u i v a l e n t  t o  ( P , p )  

up t o  s i g n ,  which  h a s  a  f i n i t e l y  a s s a i l a b l e  f i l t r a t i o n  s t a r t i n g  

w i t h  A i ,  and  A; i s  p r o j e c t i v e .  L e t  P" b e  a n  i n v e r s e  f o r  A '  i . .e . ,  1' 
A; O P" i s  f r e e .  The o b j e c t  (P' , p ' )  @ (P",O) i s  equiv '3 len t  t o  

U 

( P f  , p ' )  i n  C ( R , S ) ,  and i t  has a f i n i t e l y  a s s a i l a b l e  f i l t r a t i o n  

w i  t h f i 1,:; t t e r l ~ ~ ~  t l'ccJ . Sc) ,  ytxrsf o ~ l n l  i n g  one  morlc s uf;ppn:; ion , wcl 

c a n  r e d u c e  t h e  l e n g t h  of t h e  a s s a i l a b l e  f i l t r a t i o n .  By i n d u c t i o n  

on t h i s  l e n g t h  it f o l l o w s  t h e n  t h a t  ( P , p )  r e p r e s e n t s  z e r o  i n  

? ( R , S ) .  



2 .  THE SPLITTING OBSTRUCTION GROUPS 

Case D = AqCB. - 
A s  p a r t  o f  t h e  s t r u c t u r e  of A*cB,  we h a v e  i n c l u s i o n s  C + A 

a n d  C += B ,  i n d u c i n g  i n c l u s i o n s  Z C  + ZA and  Z C  + Z B .  By p u l l b a c k  

a l o n g  t h e  i n c l u s i o n ,  ZA i s  b o t h  a l e f t  a n d  r i g h t  f r e e  ZC-module. 

And t h e r e  i s  a n a t u r a l  s p l i t t i n g  o f  b i m o d u l e s ,  

4 

where  ZA i s  g e n e r a t e d  ( e i t h e r  as a l e f t  o r  as a r i g h t  module)  
h 

by t h e  n o n - t r i v i a l  c o s e t s  o f  C i n  A .  S i m i l a r l y ,  Z B  = Z C  8 Z B .  

We d e f i n e  a c a t e g o r y  as f o l l o w s .  An o b j e c t  i s  a q u a d r u p l e  

( P , Q ; p , q ) ,  w i t h  F dnd Q f i n i t e l y  g e n e r a t e d  ( l e f t )  p r o j e c t i v e  

ZC-modules , and  p and  q ZC-homomorphisms 

p :  P += 6 3  BZC Q 
4 

q :  Q + ZA BZC P , 
a m o r ~ p h i : : ~ ~  ( P I  ,Ql ;p l  , q l  ) + ( P 2 ~ Q 2 ; ~ , , q 2  ) i s  a  pai .rb o f  'LC-horno- - 
morphisms m :  P1 + P and n :  Q1 + Q p  S O  t h a t  2 

m .L 1 and  n +  .L l @ m  

c o ~ x n u t c .  A s h o r t  e x a c t  s e q u e n c e  i s  t h e  o b v i o u s  t h i n g .  

An a s s a i l a b l e  f i l t r a t i o n  i s  a p a i r  o f  c o n v e r g i n g  f i l t r a t i o r l s ,  - 
by submodules  , 

O = K  c K I C .  . C K  = P  o j 

0 = I, c L c .  . . C L  = Q 
0 1 

4 
j 

A 
s o  t h a t  p (Ki)  c Z B  @ Li - and  q ( L i )  C ZA @ K i - l y  f o r  a l l  i ;  

i t  i s  f i n i t e l y  a s s a i l a b l e  if a l l  t h e  K and  Li a r e  f i n i t e l y  - i 
g e n e r a t e d .  

An o b j e c t  i s  n i l p o t e n t  if it h a s  an  a s s a i l a b l e  ( a n d  hence  

a l s o  a f i n i t e l y  a s s z i l a b l e )  f i l t r a t i o n .  I t  i s  s t a n d a r d  t r i v i a l  - --- 
if it h a s  a f i n i t e l y  a s s a i l a b l e  f i l t r a t i o n  s o  t h a t  a l l  t h e  Ki  

and  L i ,  and  a l l  t h e  K i / K i - l  a n d  L . /Li  - are f r e e .  
1 



We now have  by arguments  ana logous  t o  t h o s e  i n  t h e  p r e c e e d i n g  

s e c t i o n :  Given a  n i l p o t e n t  o b j e c t  ( P , Q ; p , q ) ,  t h e r e  e x i s t s  a  

surjective morpl~isrn (F,G;f  , g )  -+ (P , Q  ; p  , q )  , f o r  some s t a n d a r d  

t r i v i a l  o b j e c t  ( F , G ; f , g ) .  We d e f i n e  t h e  k e r n e l  of  t h i s  morphism, 

( P ' , Q '  ; p 1  , q l )  ( w i t h ,  of c o u r s e ,  P '  = k e r ( F  -+ P I ,  Q 1  = ker(G -+ Q ) ,  

p '  = f l ~ ' ,  q '  = g / ~ ' ) ,  a l s o  c a l l e d  a  s u s p e n s i o n  o f  ( P , Q ; p , q ) ,  

t o  b e  e q u i v a l e n t  t o  t h e  i n v e r s e  of ( P , Q ; p , q ) .  Then t h e  e q u i v a l e n c e  - -  
c l a s s e s  o f  n i l p o t e n t  o b j e c t s  form a  g roup  under  d i r e c t  sum, 

deno ted  C ( C ; A y R ) .  T h i s  i s  j u s t  t h e  q u o t i e n t  of  t h e  Gro thend ieck  

g ~ o u p  of  t h e  s u b c a t e g o r y  o f  n i l p o t e n t  o b j e c t s ,  i n  which 

(F,G;O,O), w i t h  F,G f r e e ,  r e p r e s e n t s  z e r o .  

There  a r e  n a t u r a l  maps 

d e f i n e d  by P (B Q -+ (P,Q;O,O), and by f o r g e t t i n g  t h e  homomor- 

phisms,  r e s p e c t i v e l y .  T h e r e f o r e  

d e f i n i n g  ?( c ; A , B )  . And we have  t h e  v a n i s h i n g  theorem t h a t  
rrr 

C(C;A,B) = 0 ,  p r o v i d e d  Z C  i s  c o h e r e n t  and i t s  g l o b a l  homolog- 

i c a l  dimerlsion i s  f i n i t e .  

Case D = Axc{-t) .  

A s  p a r t  o f  t h e  s t r u c t u r e  o f  A*c{t ) ,  we have  i n c l u s i o n s  

a : C  + A and B : C  -+ A ,  

i n d u c i n g  i n c l u s i o n s  Z C  -+ ZA a l s o  deno ted  by a and 6 .  

1 1 : .  1 ~ ,  t b i t l ~ ( ' ~ *  i t ~ c ' l ~ i : ; i c > t ~  (1 i)t '  E ,  ZA m,ly I > c :  con:;idr?rcd 

as a  ZC-bimodult: wl i  icll is f r lec  hot11 CIS l e f t  o r  rlig11 t ZC-module. 

And t h e r e  a r e  s p l i t t i n g s  of  b imodules  

ZA = " ( x  . Z(: t9 %A , ancl 

* (3 ZA = Z ( . : @ % A  , 
4 (Y 

w h e w  Z t l  I ; .  fiR) i:; g e i ~ e r a t e d  ( e i t h e r  ds a l e f t :  o r  a s  a 

r> ig l l t  rnodule 1 by the  n u n - t r i v i a l  c o s e t s  of  t h e  i n c l  u: ; ion 

a :  C + A ( r e s p .  6: C -+ A ) .  



Our i n t e r e s t  i s  i n  t h e  c a t e g o r y  t h e  o b j e c t s  of which a r e  --- 
q u a d r u p l e s  ( P , Q ; p , q )  where P ,  Q a re  f i n i t e l y  g e n e r a t e d  ( l e f t )  

p r o j e c t i v e  ZC-modules and p ,  q  are  ZC-homomorphisms 

( t h e  t e n s o r  p r o d u c t s  are t a k e n  o v e r  Z C ,  t h e  s u b s c r i p t  a o r  6 
i n d i c a t e s  t h a t  t h e  a c t i o n  comes f rom t h e  i n c l u s i o r i  a :  C + A 

o r  8 :  C -+ A ,  r e s p e c t i v e l y ;  s i m i l a r l y  f o r  t h e  homomorphisms).  

With morphisms i n  t h e  o b v i o u s  way, and  n i l p o t e n c y  - s i m i l a r l y  

as a b o v e ,  w e  h a v e  a G r o t h e n d i e c k  g r o u p  o f  n i l p o t e n t  o b j e c t s .  

I t s  maximal q u o t i e n t  i n  which (F,G;O,O) , w i t h  F ,  G f r e e ,  r e p r e -  

s e n t s  z e r o ,  i s  d e n o t e d  D(C;A,A). T h e r e  i s  a f u r t h e r  q u o t i e n t ,  

namely t h e  c o k e r n e l  o f  t h e  n a t u r a l  ( s p l i t )  i n c l u s i o n  
Cr 

KO(ZC) fB E0(zC)  + D ( c ; A , A ) ;  i t  i s  d e n o t e d  ~ ( c ; A , A ) .  

We may now f o r m u l a t e  p r o p o s i t i o n s ,  a n a l o g o u s  t o  t h e  a b o v e ,  

c o n c e r n i n g  D(C;A,A) and E ( c ; A , A ) .  I n  p a r t i c u l a r ,  t h e r e  i s  t h e  

v a n i s h i n g  theo rem s a y i n g  t h a t  E ( c ; A , A )  = O ,  p r o v i d e d  Z C  i s  

c o h e r e n t  and  i t s  g l o b a l  h o m o l o g i c a l  d i m e n s i o n  i s  f i n i t e .  

Remark. If b o t h  a ,  f3: C -+ A are i somorph i sms ,  A X c { t }  i s  
- 1 

a n  extensi-on A x Z ,  w i t h  y  g i v e n  by a B ( o r  i t s  i n v e r s e ) .  
Y IC, 

J u s t  as i t  o u g h t  t o  d o ,  D ( C ; A , A )  i n  t h i s  case r e d u c e s  t o  twice 

F a r r e l l f  s g r o u p  ( o r  Bass ' g r o u p  i n  c a s e  y  = i d .  ) , 
(v 

c ( z c , ~ )  @ G z c , ~  i n  t h e  cus tomary  n o t a t i o n .  



3 .  MAYER VIETORIS SPLITTINGS 

A based  f r e e  ZE-module, E a  g r o u p ,  h a s  a  b a s i s  which i s  

w e l l  d e f i n e d  up t o  o r d e r ,  s i g n ,  and m u l t i p l i c a t i o n  by e l e m e n t s  

of E .  A b a s e d  isomorphism i s  t h e  obv ious  t h i n g .  A s h o r t  e x a c t  

sequence  i s  b a s e d ,  i f  t h e  midd le  t e r m  s p l i t s  as a  d i r e c t  sum, 

t h e  summands b e i n g  gerlerdted by complementary s u b s e t s  o f  t h e  

b a s i s ,  s o  t h a t  t h e r e  r e s u l t  two based  i somorphisms;  s i m i l a r l y  

f o r  a based monomorphism. 

A based  ZE-complex i s  a  ( p o s i t i v e )  c h a i n  complex o f  based  

( f r e e )  ZE-modules. A s h o r t  e x a c t  sequence  o f  based  ZE-complexes 

i s  based  i f  e a c h  s h o r t  e x a c t  sequence  o f  c h a i n  modules ,  one f o r 3  

e a c h  d imens ion ,  i s  b a s e d .  I f  fl -+ 5 -+ i s  a  based  s h o r t  e x a c t  

sequence  of ZE-complexes, t h e  b a s e s  g i v e  a  s p l i t t i n g  ( o f  c h a i n  

modules o n l y )  z2 = r; BI y3. And may be  c a n o n i c a l l y  i d e n t i f i e d  

w i t h  t h e  a l g e b r a i c  mapping cone o f  a  c e r t a i n  map f3 -+ ,Yl; t h i s  

map i s  t h a t  p a r t  o f  t h e  boundary o p e r a t o r  i n  r2 which g o e s  from 

I n  what f o l l o w s  C D  d e n o t e s  a  b a s e d  c h a i n  complex o v e r  Z D .  

We w i l l  i n v e s t i g a t e  s t r u c t u r e s  on PD, c a l l e d  Mayer V i e t o r i s  

p r e s e n t a t i o n s  ( o r  MV p r e s e n t a t i o n s ,  f o r  s h o r t ) ,  which i n  some 

s e n s e  r e f l e c t  t h e  g e n e r a l i z e d  f r e e  p r o d u c t  s t r u c t u r e  on D.  

Case D = A T ~ B .  

The d a t a  o f  a MV p r e s e n t a t i o n  o f  f .D c o n s i s t  o f  b a t s e d  c h a i n  

cosiplexcs C C ,  ell, rii over -  ZC, ' IA, ZB, r . e s p e c t i v e l y ,  and inono- 

morphisms 

: fc - f A ,  ( 6  : Y c  + rB o v e r  Z C ,  and 

I; : f A  -+ pD, : ,wB -+ 
o v e r  Z A ,  r e s p .  Z B ,  

i n d u c i n g  based  monomorphisms 

ZA QC CC -+ CIA , Z B  B C  fC -+ rB o v e r  ZA r e s p .  Z B ,  

s o  t h a t  



1 - 
f - i s  e x a c t ,  and  t h e  g i v e n  b a s i s  o f  eD c o i n c i d e s  w i t h  t h e  i n d u c e d  

I o n e .  

Case D = AXCit} .  - 
The d a t a  o f  a MV p r e s e n t a t i o n  c o n s i s t  o f  b a s e d  c h a i n  complexes  

CC, CA o v e r  Z C ,  Z A y  r e s p e c t i v e l y ,  a monomorphism (* : fA -+ 5 
o v e r  ZA ar-~d rnonomorp~r ism:; 

( h e r e  t h e  s u b s c r i p t  a ,  r e s p .  6 ,  on  a ZA- module  i n d i c a t e s  t h a t .  

w e  are u s i n g  t h e  Z C - s t r u c t u r e  i n d u c e d  f r o m  t h e  i n c l u s i o n  

a: C + A ,  r e s p .  6 :  C + A )  s o  t h a t  

i s  s h o r t  e x a c t ,  and  t h e  g i v e n  b a s i s  o f  c o i n c i d e s  w i t h  t h e  

i n d u c e d  o n e  ( n o t i c e  t 8 1 g y  i n  c o n t r a s t  t o  19  ( a  1. 

A f i n i t e  MV p r e s e n t a t i o n  h a s  a l l  c h a i n  complexes  f i n i t e l y  

g e n e r a t e d .  

Morphisms ,  a n d  ( p o s s i b l y  b a s e d )  e x a c t  s e q u e n c e s ,  and  mapping 

c o n e s ,  o f  MV p r e s e n t a t i o n s  are  t h e  o b v i o u s  t h i n g s .  E . g . ,  i n  case 

D = AAcB, a morphism of  MV p r e s e n t a t i o n s  c o n s i s t s  o f  c h a i n  

mappings  

1 a l l  o v e r  t h e  a p p r o p r i a t e  r i n g s ,  s o  t h a t  t h e  o b v i o u s  d i a g r a m  

I - commutes.  

Aga in  it i s  a  c o n v e n i e n t  f a c t  t h a t  f o r  a b a s e d  s h o r t  e x a c t  

ser4uw~r:c u f  LIV [ ) r ~ t ~ s r : r ~ t . ~ t . j o n ~ ; ,  MI - M Z  + M j  , M, 2 niay b c  carroriiciil-ly 

i d e n t  i f i'd w i t h  the a l g e b r ~ a i c  mapping c o n e  of a c e r t a i n  nlorpili :;ni 

M3 -* M I *  
. We now d e s c r i b e  our b a s i c  o p e r a t i o n s  on  M V  p r e s e n t a t i o n s .  The 

most  i m p o r t a n t  one  i s  s u r g e r y ;  it i s  g i v e n  by a M V  p r e s e n t a t i o n ,  

M s ,  which  a d m i t s  t h e  f o l l o w i n g  d e s c r i p t i o n .  T h e r e  a r e  p r e c i s e l y  



s i x  b a s i s  e l e m e n t s  i n  M ~ ,  f o u r  i n  d imens ion  n ,  d e n o t e d  a ,  and 

t w o  i.11 rl i r n c . r ~ s  ion n t l ,  dc)r~o tctf h, s u i ~ j c c  t 1.0 rr~apping:; a n d  bo~~i lc ldr~  

mays a s  f o l l o w s  

o r  s i m i l a r l y  w i t h  A and B i n t e r c h a n g e d  ( i n  c a s e  D = A X C ( t ] ,  b o t h  

aA and a g  are o f  c o u r s e  e l e m e n t s  o f  a  ZA-module). And a  s u r g e r y  - 
from MI to PI2 i s  a  b a s e d  s h o r t  e x a c t  sequence  of MV p r e s e n t a t i o n  

M1 --, M2 
+ MX. 

There  a r e  a l s o  v a r i o u s  s o r t s  of  s i m p l e  expansions .An e lernenta  - ,.. 
A-expansion i s  g i v e n  by  A MV p r e s e n t a t i o n  M l i k e  t h i s .  There  a r e  

f o u r  b a s i s  e l e m e n t s ,  two i n  d imens ion  n ,  d e n o t e d  a ,  and two i n  

d imens ion  n + l ,  deno ted  b ,  s u b j e c t  t o  t h e s e  maps 1 

0 

a n  e l e m e n t a r y  B-expansion i s  s imi lar ,  w i t h  A and B i n t e r c h a n g e d .  

An e l e m e n t a r y  C-expansion i s  t h i s  

And a n  e l e m e n t a r y  A- ( r e s p .  B- o r  C - )  e x p a n s i o n  from MI t o  M p  -- - 
w 

i s  a  b a s e d  s h o r t  e x a c t  sequence  of MV p r e s e n t a t i o n s  M + M + PI,  - 1 2 



Two f i n i t e  MV p r e s e n t a t i o n s  M and M '  a r e  e q u i v a l e n t  i f  t h e r e  

i s  a M V  p r e s e n t a t i o n  MIf  which can  be  reached  fpom b o t h  M a n d  M' 

by f i n i t e l y  many s u r g e r i e s  and e l e m e n t a r y  e x p a n s i o n s .  

P r o p o s i t i o n .  Up t o  s i m p l e  homotopy t y p e  o f  ZD-complexes, any 

f i n i t e l y  g e n e r a t e d  ZD-complex h a s  a  f i n i t e  M V  p r e s e n t a t i o n  which 

i s  un ique  up t o  e q u i v a l e n c e  of MV p r e s e n t a t i o n s .  I -' i 

P r o o f .  The p roof  i s  a  t r a n s l a t i o n  of g e o m e t r i c  arguments .  We 

w i l l  a lways  have  i n  mind t h e  geomet ry ,  and n o t  b e  t o o  e x p l i c i t  

a b o u t  t h e  a l g e b r a .  

If X i s  a connec ted  CW complex,  Y a c l o s e d  connec ted  subcomplex 

w i t h  a  t r i v i a l  normal  bund le  of d imens ion  1 i n  X ,  s o  t h a t  

ker (n lY -+ n X) = 0 ,  t h e n ,  by t h e  van Kampen theorem,  we have  1 
vlX = A , B  o r  = A t - , ( t } ,  w i t h  C = n l Y ,  a c c o r d i n g  t o  whether  Y t C 
does  o r  d o e s  n o t  s e p a r a t e  X .  I n  t h e  u n i v e r s a l  c o v e r  of X ,  t h e  

s u b s p a c e  c o v e r i n g  Y g i v e s  a  c e r t a i n  decompos i t ion  p a t t e r n  which 

may b e  d e s c r i b e d  by a  g r a p h ,  I', a s o r t  of d u a l  t o  t h e  d e c o m p o s i t i o  

I' i s  a t r e e  and may a b s t r a c t l y  be  d e s c r i b e d  t h u s .  

Case D = A x C B  Vertices of r a r e  t h e  A-cose t s  and B-cose t s  o f  D 

( o c c a s i o n a l l y  we w i l l  speak  o f  A - v e r t i c e s  o r  B - v e r t i c e s ) ,  and 

segments  a r e  t h e  C-cose t s  of D .  (We a r e  h a v i n g  nlX a c t  f rom t h e  

l e f t ,  s o  o u r  c o s e t s  a r e  r i g h t  c o s e t s ) .  R e p r ~ e s e n t a t i v e s  f o r  a l l  

t h e  c o s e t s  can  be  f i x e d  by mere ly  choos ing  r e p r e s e n t a t i v e s  f o r  

t h e  r i g h t  C-cose t s  i n  A and B.  Whenever a  c h o i c e  h a s  t o  be  made, 

w e  w i l l  make t h i s  o n e . )  For  each  C-coset  t h e r e  a r e  p r e c i s e l y  one 

A-coset  and one B-coset  which c o n t a i n  it. Hence w i t h  i n c l u s i o n  o f  

c o s e t s  a s  i n c i d e n c e ,  we o b t a i n  a n  h o n e s t  g r a p h  which i s  a t r e e .  - 
A l g e b r a i c a l l y ,  t h e s e  s t a t e m e n t s  a r e  l e s s  obv ious  t h a n  g e o m e t r i c -  

a l l y .  They c o n t a i n  ,. f o r  example ,  t h e  p r o p o s i t i o n  t h a t  any e lement  

o f  D can b e  w r i t t e n  i n  t h e  u s u a l  normal  form i n  an  e s s e n t i a l l y  

un ique  way. 

Case D = A r C { t } .  V e r t i c e s  of  r are t h e  A - c o s e t s ,  and - segments  

are t h e  C - c o s e t s .  For  each C-coset  t h e r e  i s  p r e c i s e l y  one A-coset  

which c o n t a i n s  i t  v i a  t h e  i n c l u s i o n  a :  C -+ A o r  8 :  C + A ,  r e s p e c t -  

i v e l y .  So a g a i n  we g e t  an h o n e s t  g r a p h  which a g a i n  i s  a t r e e .  ( S i -  

m i l a r l y  a s  i n  t h e  o t h e r  c a s e ,  r e p r e s e n t a t i v e s  o f  a l l  t h e  c o s e t s  

c a n  be s p e c i f i e d  by mere ly  f i x i n g  r e p r e s e n t a t i v e s  f o r  t h e  r i g h t  

c o s e t s  o f  b o t h  t h e  i n c l u s i o n s  a ,  8: C -+ A . )  



We now s p e c i d l i - z e  t o  t h e  c a s e  D = A E U ,  t h e  o t h c ~  cast? being 

s i m i l a r .  

We d e s c r i b e  a  M V  p r e s e n t a t i o n  which w e  c a l l  a  s u b d i v i d e d  

n - c e l l ,  o r ,  more e x p l i c i t l y ,  a n - c e l l  s u b d i v i d e d  a c c o r d i n g  t o  

A ,  where A i s  a  f i n i t e  t r e e  i n  T. L e t  a i ,  b i ,  c .  be b a s i s  
1 

e l e m e n t s  indexed r e s p e c t i v e l y  by t h e  A - v e r t i c e s ,  t h e  B - v e r t i c e s ,  

and t h e  segments  of A ,  and l e t  x i ,  y i ,  z i be r e p r e s e n t a t i v e s  

of t h e  r e s p e c t i v e  c o s e t s .  We l e t  t h e  ( n - 1 ) - c h a i n  module of  e a c h  

of e,, CAY e,, rD b e  g e n e r a t e d  by t h e  c i ,  and t h e  n -cha in  

module of C A Y  r,, f D  by t h e  a i ,  t h e  b i ,  and t h e  a i  and b i ,  re-  

s p e c t i v e l y .  A l l  o-tl-ier modules a r e  t r i v i a l ,  and the cIidi11 T [ L ~ E ) S  

a r e  t h e  obv ious  o n e s ,  e x c e p t  f o r  a  change of s i g n  i n  fC: -+ Cg . 
?he n o n - t r i v i a l  boundary maps a ~ e  g i v e n  by 

ax . a  ( r e s p .  -ay . b .  ) = E a l l  t h o s e  ziti f o r  which t h e r e  
I j I I. 

i s  i n c i d e n c e  o f  t h e  c o r r e s p o n d i n g  segment t o  t h e  g i v e n  v e r t e .  

-1 ( n o t i c e  t h a t  aa = x z .  c .  d o e s  n o t  l e a d  o u t  o f  rA). 
j j 1 1  

L e t  5; b e  t h e  ZD-complex which i s  t r i v i a l ,  e x c e p t  f o r  dim- 

e n s i o n  n  where it i s  f r e e  o f  r a n k  o n e ,  g e n e r a t e d  by e ,  s a y .  

There  i s  a  c h a i n  map Z '  -a D o v e r  Z D ,  d e f i n e d  by 

which b o t h  i s  an  i n c l u s i - o n  and i n d u c e s  a  s i m p l e  homotopy equi- 

v a l e n c e .  L,et t l le re  be g i v e n  a map f :  q-. <" , some e" , and D r) 
a MV p r e s e n t a t i o n  of cE . Then,  w e  c l a i m ,  i f  A h a s  been chosen 

- 

s u i t a b l y , + h e r e  i s  a  morphism of MV p r e s e n t a t i o n s  c o v e r i n g  an  

e x t e n s i o n  f - f "  o f  f .  I n  f a c t ,  w r i t e  f ( e )  i n  t e rms  of  t h e  D D 
b a s i s  e l e m e n t s  o f  t" and t h e n  s p e l l  o u t  e a c h  c o e f f i c i e n t  i n  D' 
t e r m s  o f  c o s e t s .  I n  some more d e t a i l ,  f i r s t  n o r m a l i z e  t h e  b a s i s  

e l e m e n t s  of s o  t h a t  each comes from a  b a s i s  e l ement  of e i t h e r  

o r  . L e t  tsA ( r e s p .  b e  t h e  submodule of  n - c h a i n s  

of c; g e n e r a t e d  by a l l  t h o s e  b a s i s  e l e m e n t s  which come from 

5 ( r e s p .  C " ) .  Coilsider  it a s  a sum o f  ZA-modules ( r e s p .  Z B -  B 
modules)  by t a k i n g  a s  g e n e r a t o r s  a l l  t h e  b a s i s  e l e m e n t s  mul t -  

i p l i e d  by a l l  t h e  r i g h t  A-cose t s  ( r e s p .  3 - c o s e t s ) .  And now assurrie 

A chosen s o  l a r g e  t h a t  it c o n t a i n s  a l l  t h e  v e r t i c e s  c o r r e s p o n d i n g  



t o  c o s e t s  o c c u r i n g  i n  t h e  e x p r e s s i o n  f o r  f ( e ) .  The r e q u i r e d  

morphism o f  MV p r e s e n t a t i o n s  can  t h e n  be d e f i n e d :  There  i s  a 

c a n o n i c a l  way of d e f i n i n g  t h e  maps on n - c h a i n s .  And one v e r i f i e s  

t h a t  t h i s  a u t o m a t i c a l l y ,  and c o n s i s t e n t l y ,  g i v e s  t h e  map on 

( 11- 1) - L . ~ I ' I  i 11:; . 
Now any f i n i t e l y  g e n e r a t e d  ZD-complex call be b u i l t  up by 

r e p e a t e d l y  " a t t a c h i n g  a  ( n + l ) - c e l l  a t  a  n - c y c l e f f  which by 

d e f i n i t i o n  i s  j u s t  t a k i n g  t h e  mapping cone of  some nap t?' -+ C; D 
as above.  Thi.s v e r i f i e s  t h e  e x i s t e n c e  p a r t  of  o u r  p r o p o s i t i o n .  

We now t u r n  t o  u n i q u e n e s s .  I f  el and C p  a r e  f i n i t e l y  g e n e r a t e d  

based Zl)-co~splext.:; , t t i e n  ail e l e m e n t a ~ > y  _- I_ exparrs ___ _ ion ---. f r o e  [ t o  r 2  1 
i s  a  based  s h o r t  e x a c t  sequence  C + C2 -+ , where f3 h a s  1 3 
p r e c i s e l y  two non-van i sh ing  c h a i n  modules ,  g e n e r a t e d  r e s p e c t -  

i v e l y  by a and b ,  w i t h  boundary r e l a t i o n  ab = a .  We have  t h e  

lemma-. I f  < and C' have t h e  same s i m p l e  homotopy t y p e ,  t h e n  

t h e r e  i s  ef which can  be  r e a c h e d  f rom b o t h  e and <' by e l e m e n t a r y  

e x p a n s i o n s .  (More p r e c i s e l y ,  it s h o u l d  be s t a t e d  t h a t  t h e  i d e n t i t y  

on ef i s  i n  t h e  g i v e n  homotopy c l a s s  e -+ C' 1. T h i s  i s  j u s t  t h e  

a l g e b r a i c  a n a l o g u e  o f  a  well-known g e o m e t r i c  lemma, due  t o  

Whitehead.  

So if we tiava IIV pr1c:;elrtatlons o f  el and 5 ,  end a  s i m p l e  

homotopy e q u i v a l e n c e  f -+ we can pe r fo rm e l e n e n t a r y  expans-  
1 2 

i o n s  t o  mdke t h i s  map an i d e n t i t y ,  on e ,  s a y .  Cover ing  t h e  

e x p a n s i o n s  by o p e r a t i o n s  on M V  p r e s e n t a t i o n s ,  namely by t h e  

p r o c e s s  of a t t a c h i n g  s u b d i v i d e d  c e l l s ,  we t h e n  o b t a i n  complexes 

C' and e" which a r e  b o t h  o b t a i n e d  f rom < b y  sc lbdivid ing c e l l s .  

L e t  I be  t h e  i n t e r v a l ,  i . e .  , t h e  Z-complex w i t h  two b a s e  

e l e m e n t s ,  x and y ,  i n  dimens-ion 0 ,  and one b a s e  e l e m e n t ,  z ,  i n  

d imension 1, and boundary r e l a t i o n  az = x  + y .  We may c o n s i d e r  

e '  @ ef' a s  a s u b d i v i s i o n  o f  rft 8 3 2 ,  and we a l r e a d y  have  a  

MV p r e s e n t a t i o n  of <' $ f f f  . S o ,  a t t a c h i n g  one a t  a  t i m e  t h e  

c e l l s  o f  z ,  and s u b d i v i d i n g ,  we g e t  a  M V  p r e s e n t a t i o n  of 

a complex C* which i s  a  s u b d i v i s i o n  o f  C 8 I .  And -this MV p r e s -  

e n t a t i o n  h a s  t h e  p r o p e r t y  it can  be  o b t a i n e d  from b o t h  the 

MV p r e s e n t a t i o n s  of  C' and C " ,  and t h e r e f o r e  a l s o  of  t h o s e  of 

C1 and C 2 ,  by r e p e a t e d l y  pe r fo rming  a.n e l e m e n t a r y  expans ion  on 



t h e  ZD-complex, dnd s u b d i v i d i n g  t h e  two c e l l s  i n v o l v e d  a c c o r d i n g  

t o  t h e  r e c e i p t  g i v e n .  

Our un iqueness  a s s e r t i o n  w i l l  t h u s  f o l l o w  when we show t h a t  

if M1 + M2 + M3 i s  a  s h o r t  e x a c t  sequence  of MV p r e s e n t a t i o n s ,  

and M3 i s  o b t a i n e d  by s u b d i v i d i n g  t h e  two c e l l s  i n  a n  e l e m e n t a r y  

e x p a n s i o n ,  then  w e  can o b t a i n  i somorph ic  MV p r e s e n t a t i o n s  by 

s u r g e r y  on M and by e l e m e n t a r y  ( A - ,  B - ,  C - )  expans ions  on MI. 2 ' 
We f i r s t  t r e a t  t h e  s p e c i a l  c a s e  M = 0 .  Let  t h e  s u b d i v i d e d  1 

n - c e l l  of M b e  d e s c r i b e d  by t h e  t r e e  A ,  and t h e  s u b d i v i d e d  
3 

( n + l ) - c e l l  by t h e  t r e e  V .  C l e a r l y ,  V c o n t a i n s  A .  I f  V f A ,  t h e n  

t h e r e  i s  an  ex t reme  v e r t e x  v  i n  V which i s  i n c i d e n t  t o  a ' s i n g l e  

segment ,  s ,  bo tli n o t  c o n t a i n e d  i n  A .  The segment s corlresponds 

t o  a n  n - c y c l e  i n  which bounds i n  e i t h e r  C fA o r  rc , accordi-ng 

t o  whe the r  v  i s  an  A- o r  B-ver tex ,  r e s p e c t i v e l y .  So we can p e r -  

form a  s u r g e r y  t o  make t h i s  n - c y c l e  bound i n  Zb (p r ime  d e n o t i n g  

t h e  MV p r e s e n t a t i o n  r e s u l t i n g  a f t e r  t h e  s u r g e r y  h a s  been pe r fo rmed)  

L e t  A '  b e  t h e  c o l l e c t i o n  of segments  and v e r t i c e s  used i n  t h e  con- 

s t r u c t i o ~ ~  ( t h e r e  are s and v  t o  b e g i n  w i t h ) .  If now s '  , v '  i s  any 

ex t reme  p a i r  i n  V - A - A ' ,  then  t h e  n - c y c l e  c o r r e s p o n ~ l i n g  to  s '  

a g a i n  bounds i n  e i t h e r  ri o r  because  t h e  s t i l l  more ex t reme  

s t u f f  a l r e a d y  h a s  been k i l l e d  by s u r g e r y .  So we can c o n t i n u e  t o  

pe r fo rm s u r g e r y  u n t i l  a l l  of V - A h a s  been u s e d .  

L e t  M" b e  t h e  r e s u l t i n g  MV p r e s e n t a t i . o n .  Corresponding t o  each 3 no*e ar) 
segment o r  v e r t e x  of  V t h e r e  a r e  p r e c i s e l y  (two b a s e  e l e m e n t s  i n  

each  of  f ~ ,  r l ,  P:, i f ; ; ,  nanlely a  I - ,  n )  p a i r  f o r  segments  of  A ,  

a ( n + l ,  n t 2 )  p a i r  f o r  v e r t i c e s  of  V - A ,  and a  ( n ,  n t l )  p a i r  

o t h e r w i s e .  And it i s  obvious  t h a t  Mi can be  b u i l t  up f rom t h e  

t r i v i a l  MV p r e s e n t a t i o n  by e x p a n s i o n s :  f i r s t  C-expansions t o  

accomodate t h e  s i t u a t i o n  a t  t h e  segments ,  and t h e n  A- and B- 

e x p a n s i o n s .  

A c t u a l l y ,  we have  done a  b i t  more t h a n  j u s t  t r e a t i n g  t h a t  

v e r y  s p e c i a l  c a s e .  F o r ,  M i s  t h e  mapping cone  o f  a  c e r t a i n  mor- 
2 

phism M3 + M1. Sc o u r  a s s e r t i o n  w i l l  b e  e s t a b l i s h e d  g e n e r a l l y  

if w e  can  show t h a t  t h i s  morphisn e x t e n d s  t o  M" 3 + M I ,  where M" 3 

i s  t h e  MV p r e s e n t a t i o n  c o n s t r u c t e d  above.  But do ing  s u r g e r y  is  

i t s e l f  t a k i n g  a  mapping cone .  So t h e r e  i s  a  un ique  way o f  o b t a i n -  

i n g  M! + M I ,  namely,  a t  each s t e p  we t a k e  t h e  compos i t ion  of t h e  

a t t a c h i n g  map d e f i n i n g  t h e  s u r g e r y ,  and of t h e  a t t a c h i n g  map 
M '  + M a l n n ~ r l x r  nnvc+n i l r+or l  



' 4 .  HOI.IO!,OGY OF MAYER VIETORIS PRESENTATIONS 

Iiornology g r ) o u l > s  wi 11. l ~ a v e  u r l i v e r ' ~ a 1  c o e f  f i c i t : ~ l t s .  S o ,  1 or1 

example ,  H (r  ) i s  a ZD-module i n  a n a t u r a l  way. S i n c e  ZD i s  a n D 
f r e e  ZC-module, t h e  f u n c t o r  Z D  8 i s  e x a c t ;  s i m i l a r l y  f o r  o t h e r  Z C  
s u c h  f u n c t o r s .  So  w e  h a v e  a n a t u r a l  i somoryh i sm H ( Z D  B n  zc Yc' sz 
ZD BZC H n ( r C ) ,  s a y ,  and  a n a t u r a l  e q u i v a l e n c e  H ( l  B ) = (a 
1 B H( ( a ) ,  s a y ,  where  18 (,: Z D  BZC cC  + ZD BZA cA. These  f a c t s  ---- -- 
w i l l  h e n c e f o r t h  b e  u s e d  w i t h o u t  f ~ r t h e r ~ m e n t i o n i n g .  - 
- .  

We w i l l  b e  c o n s i d e r i n g  a s  a Z-complex f o r  t h e  p u r p o s e  o f  

p r e s e n t i n g  it i n  v a r i o u s  ways as a sum o f  subcomplexes ,  and  

compar ing  homology.  Whenever t h e r e  i s  e x t r a  s t r u c t u r e  on s u c h  

d decornpos i t  ion ,  t h i s  will be mentioneci.  

I t  w i l l  b e  c o n v e n i e n t  t o  make e x t e n s i v e  u s e  o f  t h e  t r e e  r 
i n t r o d u c e d  i n  t h e  p r e v i o u s  s e c t i o n .  K e c a l l  t h a t  t h e  v e r t i c e s  

o f  r c o r r e s p o n d  b i j e c t i v e l y  t o  t h e  r i g h t  A - c o s e t s  a n d  B - c o s e t s  

o f  D ( r e s p .  A - c o s e t s  i n  t h e  A*C{t} c a s e ) ,  and t h e  s e g m e n t s  t o  t h e  

C - c o s e t s .  We may t h e n  c o n s i d e r  ZD BZA cA as a d i r e c t  sum of 

Z-complexes ,  e a c h  i s o m o r p h i c  t o  and  i n d e x e d  by t h e  A - v e r t i c e s  A '  
of I' ( n ~ o r ~ c  pr lec i : ; e ly ,  we a r e  c o n s  idex l ing  t h e  symbol  d8 a s  a n  

i n d e x ,  a n d  t h e  a c t i o n  o c c u r s  t o  t h e  r i g h t  o f  t h e  symbol  d @  1; 

and  s i m i l a r l y  f o r  ZD B Z B  cB and Z D  B Z C  PC. We r e f e r  t o  t h e  

summands as v e r t e x - c o m p l e x e s  and segmen t -complexes ,  r e s p e c t i v e l y .  

Under t h e  p r o j e c t i o n  (ZD BZA eAi b ,ZD B Z B  eB) -+ cD ( r e s p .  

ZD BZA cA -. CD) , and  t h e  c o m p o s i t e  p r o j e c t i o n  Z D  BZC c C  + tDs 
any v e r t e x - c o m p l e x  o r  segment-complex i s  embedded i n  %. Any 

segment-complex is t h e  i n t e r s e c t i o n  of t h e  two v e r t e x - c o m p l e x e s  

c o r r e s p o n d i n g  t o  t h e  v e r t i c e s  i n c i d e n t  t o  t h e  s egmen t .  And t h e r e  

i s  n o  o t h e r  i n t e r s e c t i o n .  

If V i s  any  c o l l e c t i o n  o f  v e r t i c e s  o f  I', we d e f i n e  e ( V )  t o  

b e  t h e  subcomplex  o f  rD which  i s  t h e  u n i o n  o f  a l l  t h e  v e r t e x - c o n -  

p l e x e s  cor.r-e:;ponding t o  v e r t i c e s  i n  V ;  s i m i l a r l y  < ( s ) ,  f o r  S a 

c o l l e c t i o n  of s e g m e n t s .  

Lemma. L e t  x  b e  any v e r t e x  v o r  s egmen t  s o f  r ,  and  a any  

e l e m e n t  o f  k e r ( H n ( e ( x ) )  + H , ( Z ~ ) ) .  Then a c a n  b e  k i l l e d  by a 

f i n i t e  number of ( n - d i m e n s i o n a l )  s u r g e r i e s .  



P r o o f .  tD i s  t h e  d i r e c t  l i m i t ,  v i a  i n c l u s i o n ,  o f  t h e  C ( V ) ,  
V r a n g i n g  o v e r  t h e  c o l l e c t i o n s  of  v e r t i c e s  o f  f i n i t e  t r e e s  i n  r .  
T h e r e f o r e  t h e r e  i s  such a  t r e e  t h a t  a E k e r ( H n ( t ( x )  -+ H n ( C ( V )  1 ) .  
We now proceed by i n d u c t i o n  on t h e  number o f  v e r t i c e s  i n  V .  I f  V 

h a s  b u t  one v e r t e x ,  and v  i s  t h i s  v e r t e x ,  t h e  a s s e r t i o n  i s  

t r i v i a l .  If s i s  i n c i d e n t  t o  t h i s  v e r t e x ,  o u r  t a s k  i s  p r e c i s e l y  

t o  k i l l  an  e l e m e n t  o f  k e ~ ( [ ~ * :  Hn(ZC) + Hn(ZA)) ,  s a y .  But t h i s  

i s  e x a c t l y  what n -d imens iona l  s u r g e r y  can  do.  

I n  t h e  g e n e r a l  c a s e ,  l e t  v  be x o r  a v e r t e x  i n c i d e n t  t o  x ,  

r w s p e c t i v e l y  , d11cl S t h e  c o l l e c t i o r l  of segments  i n c i d e n t  .to bo th  

x and V '  = V - x .  There  i s  a  s h o r t  e x a c t  sequence  Z ( S )  + 

a x )  le i ( V ' )  -+ f ( V )  . Moreover r ( S )  = bSCS r(s> , and 

C ( V '  = ( B s c S  r(Vs) , where t h e  t ( V s )  have  been indexed  by t h e i r  
- - 

i n t e r s e c t i o n  w i t h  r ( x ) .  From t h e  above s h o r t  e x a c t  s e q u e n c e ,  

w e  have  a n  e x a c t  sequence  

where t h e  f i r s t  mapping i s  a  d i a g o n a l  o f  i n c l u s i o n  induced  

mappings ( w i t h  t h e  second component g o i n g  componentwise) .  Hence,  

l o o k i n g  a t  e l e m e n t s  8@0@ . . .  $ 0 ,  w e  s e e  t h a t  any  e lement  of  

k e r ( H n ( f ( x ) )  -+ H n ( r ( V ) ) )  i s  a sum of e l e m e n t s  of  t h e  

k t  1 )  f (r(V 1)  , or r > d t i ~ t : r  of the i13 imagcs i r i  11 (?(XI . 
11 2; n  

T h e  indu~q t i o n  ~ i C e p  n c > w  t o  l.10~:; 011 01~ser~vi1l.g t h d t  CI n-ci i n i c r l s  i o n d l  

s u r g e r y  does  n o t  c r e a t e  any new homology below d imens ion  n + l ,  s o  

that no unwanted t h i n g s  r e s u l t e d  from p r e v i o u s  s t e p s .  

Lemma. Suppose t h e  i n c l u s i o n  induced  homomorphism 

Hn(rc) + H (5 1 i s  a monomorphism. Then s o  i s  n  D 

( i e l d -  t ~ ( 8  
r e s p .  ZD BC H n ( r C )  & ZD BA Hn(ZA) 

Note tlic dsserltiorl i s  n o t  abou t  arl inc1u:;iorl i r ~ t l u c e ~ c l  tlorno- 

morphisrn, but: about  a d i a g o n a l  of  two s u c h .  There  is  no corr1c-  

spond ing  r e s u l t  f o r ,  s d y ,  ZD gC Hn(rC) -+ H (ZA) . ZD @A n  



P r o o f .  L e - t  a be an  elemerlt of t h e  k e l ~ n e l .  'Then 

f o r  some f i n i t e  c o l l e c t i o n  of segments ,  S .  L e t  S be chosen a s  

s m a l l  as p o s s i b l e ;  suppose  S i s  non-empty, and l e t  V be  t h e  

smallest t r e e  i n  r c o n t a i n i n g  S .  P i c k  a segment s '  which i s  

i n c i d e n t  t o  an  ext reme v e r t e x  v  o f  V .  Then a s ,  i s  t h e  o n l y  

conlponerlt of a which i s  mapped i n t o  f l  ( t " ( v ) ) .  But t h e n  i t  must n  
b e  an  e lement  of ke r (H ( C ( s l ) )  + H n ( C ( v ) ) ) .  T h e r e f o r e  n  
a € ker (H ( Z ( s l ) )  - H n ( S D ) )  , a s ,  = 0 , and we have  a  c o n t r a -  s ' n  
d i c t i o n  t o  o u r  c h o i c e  o f  S .  

We now t u r n  t o  a f i r s t  a p p l i c a t i o n  of  t h e  r e s u l t s  d e r i v e d  

s o  f a r ,  a n  e s t i m a t e  f o r  t h e  g l o b a l  homolog ica l  d imens ion  of 

g roup  r i n g s  o f  g e n e r a l i z e d  f r e e  p r o d u c t s .  

P r o p o s i t i o n .  L e t  D = 'AkCB o r  = A x { t } ,  r e s p e c t i v e l y .  Then 
C 

gl. .dim.(ZD) ,c max(g l .d im. (ZA) ,  g l . d i m . ( Z B ) ,  g l .d im. (ZC)  + 1). 

P r o o f .  We wish  t o  prove  t h a t  any ZD-module h a s  a p r o j e c t i v e  

r e s o l u t i o n  of  l e n g t h  a t  most t h e  number g i v e n  above.  I t  s u f f i c e s  

t o  p rove  t h i s  for1 c o u n t a b l e  ZD-modules, i n  f a c t :  f o r  q u o t i e n t s  

of ZD. L e t  F1 -+ F be  a  map of  f r e e  ZD-modules, w i t h  c o k e r n e l  0 
t h e  g i v e n  module. We c o n s i d e r  F + F a s  a  ZD-complex. By 1 0 
prop .  ( 3 . 4 )  ( and  d i r e c t  l i m i t ,  if n e c e s s a r y )  t h e r e  i s  a  

MV p r e s e n t a t i o n  o f  a ZD-complex homotopy e q u i v a l e n t  t o  o u r  

o r i g i n d l  conlplex, g i v i r ~ g  an  e x a c t  sequence  

r e s p e c t i v e l y .  Then,  by lemmas ( 4 . 1 )  and ( 4 . 2 )  (and  d i r e c t  l i m i t ,  

i f  n e c e s s a r y )  we can pe r fo rm s u r g e r y  on t h e  MV p r e s e n t a t i o n  t o  

make t h e  sequence  s h o r t  e x a c t .  Now by assumpt ion  t h e  f i r s t  two 

terms have p r o j e c t i v e  r e s o l u t i o n s  of  l e n g t h s  a t  most g l . d i m . ( Z C )  

and rnax(gl .d im.(ZA),  g l . d i m . ( Z B ) )  ( r e s p .  g l . d i m . ( Z A ) ) ,  r e s p e c t -  

i v e l y .  There  i s  a  map of r e s o l u t i o n s ,  c o v e r i n g  t h e  monomorphism 

i n  o u r  s h o r t  e x a c t  sequence .  Taking i t s  mapping c o n e ,  w e  o b t a i n  

a r e s o l u t i o n  o f  H ( Z  1, which i s  t h e  g i v e n  module. T h i s  r e s o l u t i c n  
0 D 

has t h e  r e q u i r e d  l e n g t h .  



T h e r e  are  some v a r i a n t s  o f  t h e  p r o p o s i t i o n ,  l i k e  t h i s  

Complement t o  - p r o p o s i t i o n .  If e v e r y  Z C - ,  ZA- ,  ZB-module 

h a s  a f i n i t e  p r o j e c t i v e  r e s o l u t i o n  ( o v e r  t h e  a p p r o p r i a t e  r i n g ) ,  

Complement t o  - complement .  B e f o r e  e a c h  of ZA- ,  Z B - ,  ZD-module 

i n s e r t  f i n i t e l y  p r e s e n t e d ,  p r o v i d e d  ZC i s  n o e t h e r i a n .  - Cf.  be low.  

D e f i n i t i o n .  A r i n g  R i s  c o h e r e n t ,  i f  i t  h a s  any  o f  t h e  

p r o p e r t - i e s  (a), ( b ) ,  (c) be low.  

(a) F o r  any  f i n i t e l y  p r e s e n t e d  K-module c o k e r ( F l  + F o ) ,  t h e r e  

e x i s t s  a p a r t i d l  p r o j e c t i v e  r e s o l u t i o n  

w i t h  a l l  t h e  Pi f i n i t e l y  g e n e r a t e d .  

( b )  Any f i n i t e l y  g e n e r a t e d  submodule  o f  a f r e e  R-module 

i s  f i n i t e l y  p r e s e n t e d .  

( c )  F o r  a n y  R-map f :  M1 -+ M p  , M f i n i t e l y  g e n e r a t e d ,  and M 2  1 
f i n i t e l y  p r e s e n t e d ,  k e r ( f )  i s  f i n i t e l y  g e n e r a t e d .  

((a) 3 ( b )  f o l l o w s  by c o m p a r i s o n  o f  p a r t i a l  r e s o l u t i o n ;  

( b )  + ( c )  may h e  p roved  u s i n g  a  p r e s e n t a t i o n  o f  M and  a n  
2 

o b v i o u s  p u l l b a c k  di.agrclrn; t h e  o t h e r  i m p l i c a t i o n s  a r e  t r i v i a l . )  

Fr70pa:;i-t i o n .  - L e t  D = A x , B  oil = A g C { t  1 ,  r ~ t > c p e c t i . v u l y .  C 
Suppose  ZA and  Z B  a r e  c o h e r e n t ,  and  Z C  i s  n o e t h e r i a n .  Then ZD 

i s  c o h e r e n t .  

P r o o f .  T h i s  i s  a c o r o l l a r y  o f  t h e  p r o o f  o f  p r o p . ( 4 . 3 ) .  I f  t h e  

g i v e n  ZD-module i s  f i n i t e l y  p r e s e n t e d ,  w e  c a n  c h o o s e  a f i n i t e  

MV p r e s e n t a t i o n  t o  s t a r t  w i t h .  Then t h e  k e r n e l  t o  b e  k i l l e d  i s  

f i n i t e l y  g e n e r a t e d  b e c a u s e  Z C  i s  n o e t h e r i a n .  So  w e  need  o n l y  

p e r f o r m  f i n i t e l y  many s u r g e r i e s  t o  k i l l  t h e  k e r n e l ,  e n d i n g  up  

w i t h  a f i n i t e  MV p r > e s e n t a t i o n .  By a s s u m p t i o n  t h e r e  e x i s t  t h e n  

f i n i t e l y  g e n e r a t e d  p a r t i a l  p r o j e c t i v e  r e s o l u t i o n s  of  a r b i t r a r y  

l e n g t h .  Comb i n  i ng t h e s e  i n t o  a mapping c o n e  g i v e s  the r e q u  i.red 

t h i n g .  



5. THE S U M  THEOREM 

Case D = A*cB. - 
a :  C + A ,  8 :  C -+ B a r e ,  as u s u a l ,  t h e  i n c l u s i o n s  which are  

part of t h e  s t r u c t u r e  o f  AxCB An a s t e r i s k  d e n o t e s  a n  i n d u c e d  

f u n c t o r .  
Cu 

D e f i n i t i o n .  Wh(A,B;C) and K O ( C ; A , B )  are d e f i n e d  by e x a c t  

s e q u e n c e s  (as  a p u s h o u t  o r  c o p u s h o u t ,  r e s p e c t i v e l y )  

ax  @ -0% 
Wh(C) - Wh(A) @ Wh(B) -+ Wh(A,B;c) -+ 0 

w 

C(C;A,B) i s  t h e  g r o u p  i n t r o d u c e d  i n  s e c t i o n  2 .  
4 * 

I 1 
Theorem. T h e r e  i s  a n a t u r a l  i somorphism 

For T € Wh(D), we w i l l  w r i t e  T = a @ K B p ,  

Case D = A ~ { t l .  

a:  C + A and  8 :  C + A a r e ,  as u s u a l ,  t h e  i n c l u s i o n s  which 

are par l t  of t h e  s t r u c t u r e  o f  A *C{t}.  

~ e f i n i t i o n .  Wh(A>A;C) and  G(c;A,A) are  d e f i n e d  by e x a c t  

s e q u e n c e s  (as  a n  e q u a l i z e r  o r  c o e q u a l i z e r ,  r e s p e c t i v e l y  

(v 

D ( C ; A , A )  i s  t h e  g r o u p  i n t r o d u c e d  i n  s e c t i o n  2 .  

Theorem. T h c r ~ e  is a n a t u r a l  i somorphism 

w ~ ( D )  1 w ~ ( A , A ; c )  B E 0 ( c ; ~  A )  Q ~ ( c ; A , A )  

For I c Wh(D), w e  w i l l  w r i t e  ,r = a @ K @ p .  

I n  b o t h  cases,  we h a v e  t h i s  i n t e r p r e t a t i o n  o f  t h e  e x o t i c  t e r m s .  



Addendum. The component K @ p of  T i s  z e r o ,  i f  and o n l y  i f  

t h e r e  i s  a f i r l i t c  MV pr7e:;erltation o f  a n  d c y c l i c  ZD-cornplcx 

w i t h  t o r s i o n  T such  t h a t  rC i s  a c y c l i c .  

S i m i l a r l y ,  t h e  cornponent ,p i s  z e r o ,  i f  and o n l y  i f  t h e r e  i s  

s u c h  a M V  p r e s e n t a t i o n  t h a t  t h e  maps : H , ( T C )  4 H C ( C A )  and ax 

( B *  
: H,(ZC) -+ H r  (CB1 ( r e s p .  ll,(ZA) i n  c a s e  A t { t l )  repxlesent  

H , ( C C )  a s  a d i r e c t  sum of t h e  k e r n e l s .  

l'lle p r m f  of tile L ; L L I I I  t t ~ e u r ~ e n ~  drld i t s  ~c1~lerldu111 w i l  1 U C C U ~ Y  

t h e  p r e s e n t  s e c t i o n .  We t r e a t  b o t h  c a s e s  s i m u l t a n e o u s l y ,  u n l e s s  

o t h e r w i s e  s t a t e d .  

By t h e  r e a l i z a t i o n  lemma, p rop .  ( 3 . 4 1 ,  t h e r e  i s  a  f i n i t e  

MV p r e s e n t a t i o n  o f  an  a c y c l i c  ZD-complex s o  t h a t  t h e  t o r s i o n .  - D 
of LD i s  a  p r e s c r i b e d  e lement  of Wh(D). 

L e t  j be  t h e  s m a l l e s t ' i n d e x  such  t h a t  H.([ ) i s  n o n - t r i v i a l .  
1 c 

Denot ing  Xi and Zi  t h e  i - t h  c h a i n -  and cycie-module of  C C ,  re- 

s p e c t i v e l y ,  we h a v e ,  f o r  i $ j , a  s h o r t  e x a c t  sequence  

Zi + Xi -+ Z i m l  . S o ,  by  i n d u c t i o n ,  Z i  i s  s t a b l y  f r e e ,  and 

f i n i t e l y  g e n e r a t e d ,  f o r  i 4 j . 
Any e lement  o f  H.(C 1  maps t o  z e r o  under  t h e  i n c l u s i o n  

3 c 50 
induced  homomorphism H .  ( L  -+ H. ( C D ) .  S O ,  by lemmd ( 4 . 1 1 ,  it- 

3 c 3 
can  be k i l l e d  by f i n i t e l y  many s u r g e r i e s  i n  d imens ion  j .  The 

e f f e c t  o f  t h i s  on cC i s  t o  a t t a c h  ( j + l 1 - c e l l s ;  i n  p a r t i c u l a r ,  

does  n o t  a c q u i r e  any new homology, e x c e p t  p o s s i b l y  i n  
C 

dimens ion  j + l .  Working up d i m e n s i o n s ,  we can  t h u s  a c h i e v e  t h a t  

CC i s  b o t h  (11-1)-connected dnd n - d i m e n s i o n a l ,  f o r  some n .  By a n  

o b s e r v a t i o n  above ,  t h i s  i m p l i e s  H ( r C )  i s  s t a b l y  f r e e  and n  
f i n i t e l y  g e n e r a t e d .  

I t  i s  s l i g h t l y  i n c o n v e n i e n t  t o  r e q u i r e  n  t o  b e  t h e  t o p  

d irr~cr~:; ion. I;(, f rvo r i l  n o w  or1 W(> or11y r i ~ I ~  t h d  t t1-1~ horr101 ogy o f  i? 
C 

be c o n c e n t r a t e d  i n  d imens ion  n ,  some n ,  and s t a b l y  f r l e e .  

We w i l l  have  t o  decompose i n  v a r i o u s  ways. T h i s  i s  most 
----**.- --̂  - - 1  --- - -- 13 

c o n v e n i e n t l y  e x p r e s s e d  i n  t e rms  of  t h e  t r e e  r ( c f .  t h e  two 

p r e v i o u s  s e c t i o n s ) .  Le t  t h e  segment so 6 I' c o r r e s p o n d  t o  t h e  

i n c l u s i o n  rC -+ PD which i s  t h e  compos i t e  cC -+ rA 4 5 . Let  



and vr ("left" and "right") be the verti.ces incident to s 
0 '  

numbered so that the incidence v c as0 corresponds to the 1 
i n c l u s  .i on l a :  LC -+ r (tienca v c as corresponds to ig: rC -+ rB, A r' 0 
resp. t@(g: LC + t@iA). Denote by I' and Tr the components of 1 
I" - so (T1 containing v 1. There is a Mayer Vietoris sequence 1 

and ZC acts naturally on this decomposition. Hence frtorn the 

exact homology sequence we obtain an isomorphism 

of ZC-modules. We abbreviate 
_ _ __ _- _ I _ I  --_I_ I " ^ - - I  -- I _ _ 

- - - l l _ _ _ l  _ 
P = H n and Q = H n (<(i))\ r 

- -  -- ----- I - - - - _ _ (1-- m, 

Similarly, let A be any tree in r, and A the complementarly 
N 

graph, i.e., S = r - (A 0 A) consists of segments only, each - N 

incident to both A and A. Each component of A is a tree, and 

isomorphic to either I' or J? above. Via inciderice, these 1 21 

components are in one-one correspondence to the components 
N 

of S. We denote them r s & S. For each s, let Ts be the tree 
N S' 

complementary to r . There is a Mayer Vietoris sequence (of 
S 

Z-complexes, in general) 

whence 

Evaluating terms using sum splittings, and isomorphisms of 

type ( ! I ,  we obtain an isomorphism 

Now the map into the second component is just the projection. 

Hence the map into the first component is the sum of an iso- 

morphism 
r -  

( ! ! I  (~(r~)) FH (c(A)) n 
' -+* 

and a map 

( ! ! ! I  H ( ~ ( 7 ~ ) )  + H (C(A)) . 
@ s r ~  n n 

It is easy to identify the maps, namely the components of the 



i n v e r s e  o f  ( ! ! a r e  g i v e n  by t h e  i ~ ~ c l u s i o n s  :(A) -+ C( r s )  , and 

t h e  components o f  ( ! ! ! I  a r e  g i v e n  by t h e  i n c l u s i o n  homomorphisms 

I n  s p e c i a l  c a s e s ,  w e  can he  even more s p e c i f i c  abou t  t h e  

isomorphism ( !  ! ) .  L e t  A = vl ,  and S = 6vl ,  t h e  c o l l e c t i . o n  o f  

segments  i n c i d e n t  t o  v  
1' 

Then, i n  c a s e  D = A x c B ,  t h e  A-ac t ion  on T, f i x i n g  v  i s  1 
t r a n s i t i v e  on 6vl ( w i t h  i s o t r o p y  g roup  a ( C ) ) ,  and ( ! ! I  i s  an  

isomorphism o f  ZA-modules 

S i m i l a r l y ,  /H,(c,) s Z B  BC Q . 
(--\___I _I___L-- 

J 
I n  c a s e  A % { t } ,  t h e  A-ac t ion  on r , f i x i n g  v  h a s  two 

1' 
o r b i t s  i n  6v, ( w i t h  i s o t r o p y  g roups  a ( C )  and B ( C ) ,  r e s p e c t i v e l y ) ,  

L 

and ( ! !  i s  a n  isomorphism o f  ZA-modules 

( t e n s o r  p r o d u c t s  o v e r  Z C ;  t h e  s u b s c r i p t  a  o r  6 on ZA i n d i c a t e s  

which Z C - s t r u c t u r e  i s  u s e d ) .  

We a r e  now t h r o u g h  t h e  p r e l i m i n a r i e s  t o  p r o v i n g  

P r o p o s i t i o n .  - (1) The p a i r  of i n c l u s i o n  induced  homomorphisms 

: LI1,(C,,) 1 ,  , t t l  : l l l l (Zc)  -b H n ( C B )  ( r w s p .  1: r~ (5) i n  

case A { t) de Lc*r'ainei; a n i l po te r i  t u b j e c  t i r l  t h e  s a r l s n  of- 

s e c t i o n  2 .  

( 2 )  The e q u i v a l e n c e  c l a s s  o f  t h i s  o b j e c t  depends  o n l y  on t h e  

t o r s i o n  o f  L D .  
( 3 )  The map Wh(D) + C ( C ; A , B )  ( r e s p .  D ( C ; A , A ) )  s o  o b t a i n e d  i s  

IV 

a s p l i t  s u r j e c t i o n  o n t o  K 0 ( c ; ~ , ~ )  R) ? ( c ; A , B )  ( r e s p .  KO(C;A,A) @ 

( 4 )  p = 0  i f  and o n l y  i f  t h e r e  i s  a  M V  p r e s e n t a t i o n  ( o f  some 

CD r e p r e s e n t i n g  r )  s o  t h a t  k e r (  i a i )  and k e r (  ( 8 * )  p r e s e n t  H,(Cc) 
a s  a d i r e c t  sum. And p e r  = 0 i f  and o n l y  i f  cC can be  made 

a c y c l i c .  

Addendum. If PCK = 0 ,  and i f  H . (CC)  = 0 ,  f o r  i c j ,  t h e n  
1 

the ncl ' rnal izat ion of r C  under  ( 1 1 )  c a n  be a c h i e v e d  by surgeri-e: ;  

i n  dinlensioris e x c e e d i c g  j -1. 



Proof .  & ( 1  . Wc t ~ > e \ i  t tht! c,~:;e D = A q , B ,  t h e  ot:l~c:~t ca:;c. 

be ing  s.irni.ldr.. A b o v c ~  w t l  ul)t-,d i r l e c j  ,I r l L ~ t i i r c i l  SIJ L i t 1 i[!g 

H n ( C C )  = P B Q ,  and a  n a t u r a l  isomorphism H ( C A I  = ZA B C  P . 
n  

The l a t t e r  s p l i t s  a s  a  ZC-module, 

( c f .  s e c t i o n  2 ) .  Now t h e  d i s c u s s i o n  p r e c e e d i n g  t h e  p r o p o s i t i o n  

shows us  what t h e  map P  B Q -t P  b ( f i  OC P) l o o k s  l i k e :  it i s  

a d i r e c t  sum o f  a n  i d e n t i t y  P  + P ,  and a map 

which i s  j u s t  

k e r ( H n ( c ( s o ) )  -+ H , ( C ( ~ , ) ) )  + H n ( C ( s O ) )  -+ Hn(rA) . 
S i m i l a r l y ,  H n  ( C ( s O )  -* Hn(C(vr) s p l i t s  i n t o  an  isomorphism 

Q + Q ,  and a map 

P 4 b C Q  

which i s  j u s t  

So w e  i n d e e d  have  a n  o b j e c t  i n  t h e  s e n s e  o f  s e c t i o n  2 .  T h i s  

o b j e c t  i s  n i l p o t e n t :  We must show t h a t  i t e r a t i o n  e v e n t u a l l y  

g i v e s  a z e r o  map. C o n s i d e r ,  e . g . ,  t h e  compos i t e  

T h i s  can  b e  i d e n t i f i e d  t o  Q C H n ( L ( s O ) )  + H ( C ( A )  where n  
A i s  t h e  s l l h t r e c  of T1, ariy v e r t e x  o f  which h a s  d i s t a n c e  a t  

most 1 fro111 v  A n d  s i rn i l a r . ly ,  -t-lle n- t l l  i t e r u t e  tie:;cr>i t,es tllc 
1 

map induced  on homology by t h e  i n c l u s i o n  of  so i n t o  t h e  t r e e  

any v e r t e x  o f  which h a s  d i s t a n c e  a t  most n  from v o r  v . But 1 r 
t h e  d i r e c t  l i m i t  o f  t h i s  i s  t h e  z e r o  map, induced  from so c r .  

Ad ( 2 ) .  According t o  t h e  un iqueness  p a r t  o f  t h e  r e a l i z a t i o n  - 
lemma, p r o p .  3 . 4 ,  i f  we have  M V  p r e s e n t a t i o n s  .M and M '  of 

a c y c l i c  ZD-complexes CD and 5; w i t h  t h e  same t o r s i o n ,  t h e r e  

i s  a MV p r e s e n t a t i o n  M" which can  b e  r e a c h e d  f rom b o t h  M and M' 

by s u r g e r y  and e l e m e n t a r y  e x p a n s i o n s .  By e x e c u t i n g  some more 

surgery on M", we can g e t  M" i n t o  o u r  normal  form,  s o  that 

H . ( f E )  = 0  u n l e s s  j = riff, f o r  some n" 1, n ,  n f .  So we now . isi;vrnl 
3 



MI1 h a s  t h i s  p r o p e r t y .  We w i l l  i n v e s t i . g a t e  what happens i n  

p a s s i n g  from M ,  s a y ,  t o  PI". 

C l e a r l y  we can  a r r a n g e  t h e  s u r g e r i e s  i n  o r d e r  o f  i n c r e a s i n g  

d imension.  L e t  M0 = M ,  and l e t  M j t l  b e  o b t a i n e d  from M j  by p e r -  

forming t h e  s u r g e r i e s  o f  d imension j .  There  i s  a s h o r t  e x a c t  

sequence  o f  M V  p r e s e n t a t i o n s ,  ~ j  + M j +' -+ Nj , d e f i n i n g  ~ j .  
j N may b e  d e s c r i b e d  as b e i n g  o b t a i n e d  from t h e  t r i v i a l  M V  p r e -  

s e n t a t i o n  by j - d i m e n s i o n a l  s u r g e r i e s .  Suppose N' compr i ses  

Then H j c l  o n l y  one s u r g e r y .  ([ ( ~ ' 1 )  i s  f r e e  of r a n k  o n e ,  and C 
one o f  t h e  induced  maps, s a y  : H j + l ( C C ( ~ j ) )  - + ' H ~ + ~  ( c ~ ( N ~  ) 1 , 
i s  a z e r o  map. I n  t h e  g e n e r a l  c a s e ,  t h e r e  i s  a  s h o r t  e x a c t  

1 

sequence  o f  MV p r e s e n t a t i o n s ,  N' -+ N' -b Nj" , where ~ j '  i s  

g i v e n  by a l l  j - d i m e n s i o n a l  s u r g e r i e s  e x c e p t  t h e  l a s t  o n e ,  and 

N'. by t h a t  l a s t  one .  By i n d u c t i o n ,  t h i s  shows t h a t  t h e  n i l -  

p o t e n t  o b j e c t  d e t e r m i n e d  by N' i s  a s t a n d a r d  t r i v i a l  o b j e c t  i n  

t h e  s e n s e  o f  s e c t i o n  2 .  

For  i 6 n-2,  we have  a  s h o r t  e x a c t  sequence  

- By n a t u r a l i t y  o f  t h e  maps, we s e e  t h a t  i f  t h e  i - t h  homology 
i o f  M d e t e r m i n e s  a  n i l p o t e n t  o b j e c t ,  t h e n  t h e  maps H i + l ( ~ i )  + 

i H.(M 1 j u s t  d e s c r i b e  t h e  o p e r a t i o n  on o b j e c t s  c a l l e d  s u s p e n s i o n  
1 i i n  s e c t i o n s  1 and 2 .  So ,  by i n d u c t i o n ,  H .  ( M  , f o r  i f n-1,  

1 

i n d e e d  d e s c r i b e s  a n  o b j e c t ,  and t h i s  o b j e c t  i s  e q u i v a l e n t  t o  

z e r o .  

For  i = 11-1, a somewhat l o n g e r  sequence  i s  o b t a i n e d .  We may 

w r i t e  down i n s t e a d  a  s h o r t  e x a c t  sequence  

By t h e  above drgument t h e r e  i s  an o b j e c t  ( e q u i v a l e n t  t o  z e r o )  

c o r r e s p o n d i n g  t o  t h e  t h i r d  t e rm.  So we have  o b j e c t s  c o r r e -  

spond ing  t o  t h e  ext reme t e r ~ s .  We must t h e n  a l s o  have  an o b j e c t  

c o r r e s p o n d i n g  t o  t h e  midd le  t e r m ,  and t h e s e  t h r e e  o b j e c t s  form 

a ~ h o 1 . t  ex. lct  r;clqur!nco. So f I  ( P l i + l )  i ndeed  d c : ; c ~ > i b n : :  on o b j c c t ,  i + 3  
and t h i s  o b j e c t  i s  e q u i v a l e n t  t o  t h e  one g i v e n  by tI (M). i+ 1 



For  i >, n ,  f i n a l l y ,  we a g a i n  have  a  s h o r t  e x a c t  sequence  

and o t h e r  sequcrlces of  t h e  same t y p e ,  and n a t u r a l  maps between 

them. We conc lude  t h a t  t h e  o b j e c t  d e t e r m i n e d  by H i + l ( ~ i + l )  i s  

o b t a i n e d  from t h e  one de te rmined  by H ~ ( M ~ )  by s u s p e n s i o n .  So 

t h e  fo rmer  h a s  t h e  same e q u i v a l e n c e  class a s  t h e  l a t t e r ,  m u l t i -  

p l i e d  by (-1). And s o  w e  have  v e r i f i e d  t h a t  i f  we n o r m a l i z e  

a MV p r e s e n t a t i o n  o f  an  a c y c l i c  CD a s  i n  ( 1 1 ,  d e t e r m i n e  t h e  

e q u i v a l e n c e  c l a s s  o f  t h e  o b j e c t  o b t a i n e d  (which l i v e s  i n  

C ( C ; A , B ) ,  r e s p .  D(C;A,A)) ,  and m u l t i p l y  it by (-I)",  t h e n  t h e  

r e s u l t  depends on '(CD) o n l y .  

Ad ( 3 ) .  We assume t h e  n o r m a l i z a t i o n  of  (1). So t h e  homology ' 
7 

of each o f  f C ,  TA, rB , i s  concer r t r a t ed  i.n dimens.iori n ,  and i s  

a  s t a b l y  f r e e  module o v e r  t h e  a p p r o p r i a t e  r i n g .  

I n  c a s e  D = A x  B ,  Hn(CA) C ZA BC P. T h e r e f o r e  
C N 

[PI' t k e r ( K 0 ( c )  +- K o ( A ) ) .  S i m i l a r l y ,  -[PI : [QJ L k e r ( z 0 ( c )  -+ 
Iv 

KO(B) 1. 

I n  c a s e  D = A F { t } ,  Hn(rA) ZAa Q C  P  B ZA @ B c Q .  T h e r e f o r e  

( w i t h  a,., B, : co(C) -+ ! I ? ~ ( A ) ) ,  a , [ ~ ]  t @, ( - [P I )  = 0 .  

To c o n s t r u c t  a r i g h t  i n v e r s e  f o r  t h e  p r o j e c t i - o n ,  we w i l l  

a g a i n  c o n s i d e r  c a s e s .  
4 4 

Case D = A r C B .  L e t  p :  P  -+ Z B  €3 Q ,  q :  Q -+ ZA 63 P be  a  n i l p o t e n t  

o b j e c t  s o  t h a t  P @ Q ,  ZA €3 P ,  ZB €3 Q . a r e  s t a b l y  f r e e  o v e r  t h e  

a p p r o p r i a t e  r i n g s .  On add ing  t o  P  and Q f r e e  modules ,  w i t h  t h e  

z e r o  l ~ ( ~ n ~ o m o r l , l ~ i : ; n ~ ,  w e  c a n  assume t h a t  t h e s e  module:; a r e  i n  f a c t  

f r e e .  Wt? must n o w  endow t h e s e  modules w i t 1 1  base:;. We canno t  

choose  a n y  odd b a s e  f o r  any  o f  them,  a s  t h e r e  would r e s u l t  a  

b i g  ambigu i ty  from th i s .  F o r t u n a t e l y ,  however ,  we can manage 

t o  do  w i t h  a  c h o i c e  o f  j u s t  two b a s e s ,  and t h e n  it w i l l  t u r n  

o u t  t h e  a m b i g u i t i e s  c a n c e l .  

We choose  some b a s i s  f o r  P $ Q ,  and some s t a b l e  I___ b a s i s  f o r  P ,  

meaning a  f i x e d  isomorphism c l a s s  from P  t o  a  r e f e r e n c e  module 

Po C Po B QO. T h i s  d e t e r m i n e s  a  s t a b l e  b a s i s  f o r  Q ,  namely a  

c l a s s  of  isomorphisms Q -+ Q o ,  such  t h a t  P  @ Q -+ Po B Qo h a s  



z e r o  t o r s i o n .  The c h o i c e s  made s o  f a r ,  determine s - t a b l e  b a s e s  

f o r  Zh 8 P and % R  W Q .  On .iclding some more f r ee  modules t o  P 

artd Q, we may a s s u m e  tllcse a7.e a c t u a l  bases .  

We now c o n s t r u c t  a  MV p r e s e n t a t i o n  from o u r  d a t a .  Le t  n  be  

even ( t o  accomodate o u r  s i g n  c o n v e n t i o n ) .  We d e f i n e  t h e  n - t h  

c h a i n  module of CC, C,, f B  t o  be  P@Q , ZA 8 (PBQ , Z B  B (Pk3,Q) , 
r e s p e c t i v e l y .  The ( n + l ) - t h  c h a i n  module o f  SA ( r e s p .  CB) i s  
ZA B Q ( r e s p .  ZB $3 P I ;  t h e  boundary map i s  induced  from 

i d .  @ Q d Q @ Z $ , B P  C Z A @ ( Q @ P )  

r e s p e c t i v e l y ,  by ZA B,, r e s p .  Z B  BB . A l l  o t h e r  c h a i n  modules 

a r e ,  t r i v i a l ,  and t h e  c h a i n  maps a r e  t h e  obv ious  o n e s .  CD i s  

now g i v e n  by t h e  pushou t  o f  

CD i s  a f r e e  c h a i n  complex, and endowed w i t h  c a n o n i c a l  b a s e s .  

Tha t  i t  i s  a c y c l i c  may be  s e e n  by m a n i p u l a t i n g  w i t h  Mayer 

V i e t o r i s  sequences  a s  i n  t h e  b e g i n n i n g  o f  t h i s  s e c t i o n .  

I t  i s  c l e a r  t h a t  o u r  c o n s t r u c t i o n  g i v e s  a r i g h t  i n v e r s e  f o r  
CC 

t h e  p r o j e c t i o n  Wh(D) -t K O ( C ; A , B )  B ? ( c ; A , B ) .  We a r e  l e f t  t o  

v e r i f y  t h a t  it g i v e s  a  homomorphism. Now i f  we have  a s h o r t  

e x a c t  sequence  o f  n i l p o t e n t  o b j e c t s  (.and keep it e x a c t  on a d d i n g  

a l l  t h o s e  f r e e  modules)  t h e n  it i s  a l s o  c l e a r  t h a t  o u r  con- 

s t r u c t i o n  g i v e s  a s h o r t  e x a c t  sequence  o f  MV p r e s e n t a t i o n s .  A l l  

we have t o  worry a b o u t ,  i s  t h e  t o r s i o n  o f  t h e  sequence  o f  

ZD-complexes. B u t  f o r  an  obv ious  c h o i c e  o f  s t a b l e  b a s e s  i n  t h e  

midd le  t e r m ,  t h i s  t o r s i o n  i s  z e r o ,  a l l  r i g h t .  So i f  i n d e e d  o u r  

c o n s t r u c t i o n  i s  w e l l  d e f i n e d  a t  a l l ,  i t  w i l l  a l s o  g i v e  a homo- 

morphism. We must now i n v e s t i g a t e  t h e  a r b i t r a r i n e s s  i n v o l v e d  

i n  choos ing  t h o s e  s t a b l e  b a s e s .  

Suppose t h e  b a s i s  o f  P@Q i s  a l t e r e d  by a n  isomorphism w i t h  

t o r s i o n  T e Wh(C). The e x a c t  sequence  



shows t h a t  t h i s  i n d u c e s  an  isomorphism o f  t h e  n - t h  c h a i n  

module o f  CD w i t h  t o r s i o n  Im(- I )  + I m ( r )  + I m ( r )  = I m ( r ) .  But 

by o u r  c o n v e n t i o n s ,  t h i s  a l t e r a t i o n  i n  a d d i t i o n  i n d u c e s  a  change 

o f  t h e  s t a b l e  b a s i s  of  Q, a l s o  w i t h  t o r s i o n  T .  T h i s  i n  t u r n  

c o n t r i b u t e s  anorher l  I ~ ( T ) ,  t h i s  t i m e  on t h e  ( n + l ) - c h a i n s  of r 
D *  

So e v e n t u a l l y  t h e  two c a n c e l .  

If on t h e  o t h e r  hand,  we a l t e r  t h e  s t a b l e  b a s i s  o f  P by a n  

isomorphism w i t h  t o r s i o n  T ,  we must s i m u l t a n e o u s l y  a l t e r  t h a t  

o f  Q ,  by - T .  T h i s  t i m e  t h e r e  i s  no t o r s i o n  on t h e  n - c h a i n s ,  and 

on t h e  ( n + l ) - c h a i n s  we g e t  a c o n t r i b u t i o n  I ~ ( T )  + I ~ ( - T )  = 0.  

Case D = A ~ { t l .  T h i s  i s  e n t i r e l y  s i m i l a r ,  and i s  l e f t  t o  - 
/ t h e  r e a d e r .  

Ad ( 4 ) .  T h i s  i s ,  i n  f a c t ,  a  t r i v i a l  consequence  o f  t h e  o t h e r  - 
p a r t s  o f  t h e  p r G p o s i t i o n .  Giver1 a  M V  p r e s e n t a t i o n  of an a c y c l i c  

ZD-complex w i t h  K @ P  = 0, n o r m a l i z e  it accor ld ing t o  ( 1 1 ,  t o  con- 

c e n t r a t e  a l l  homology i n  d imension n ,  s a y ,  n  even.  T h i s  g i v e s  

a n i l p o t e n t  o b j e c t .  Use t h i s  t o  g e t  a  M V  p r e s e n t a t i o n  a s  under  
--- 

( 3 )  ( w h i l e  mimicking t h e  a d d i n g  o f  f r e e  modules t o  P and Q ,  

by pe r fo rming  ( n - 1 ) - d i m e n s i o n a l  s u r g e r i e s  on t h e  o l d  MV p r e -  

s e n t a t i o n ) .  There  i s  an  obv ious  morphism o f  M V  p r e s e n t a t i o n s  

from t h e  new one  t o  t h e  o l d  one .  The mapping cone  o f  t h i s  mor- 

phism h a s  t h e  d e s i r e d  p r o p e r t y .  

Concerning t h e  o t h e r  p a r t ,  o b s e r v e  t h a t  i f  we have  an  o b j e c t  

r e p r e s e n t i n g  K ,  and w i t h  z e r o  homomorphisms, t h e n  t h e  M V  p r e -  

s e n t a t i o n  r e s u l t i n g  from ( 3 )  h a s  t h e  d e s i r e d  p r o p e r t y .  I n  t h e  

g e n e r a l  c a s e ,  f i r s t  pe r fo rm t h e  above t r i c k .  T h i s  g i v e s  t h e  

d e s i r e d  r e s u l t ,  b u t  k i l l s  K .  And t h e n  form t h e  d i r e c t  sum w i t h  

a M V  p r e s e n t a t i o n  o f  t h e  s p e c i a l  t y p e .  

Proof  - -  o f  addendum. L e t  M b e  a M V  p r e s e n t a t i o n  o f  an  a c y c l i c  

ZD-complex w i t h  K @ P  = 0. According t~ ( 4 )  t h e r e  i s  a MV p r e -  

s e n t a t i o n  M '  o f  a  ZD-complex w i t h  t h e  same t o r s i o n ,  and w i t h  

e& a c y c l i c .  And by p r o p .  3 . 4 ,  t h e r e  i s  a  MV p r e s e n - t a t i o n  M" 

which can  be r e a c h e d  from b o t h  M and M '  s u r g e r i e s  and e l e m e n t a r y  

A -  B - ,  C - 1  e x p a n s i o n s .  We c l a i m  C t  can be  made a c y c l i c .  To s ee  

t h i s ,  o b s e r v e  t h a t  sometimes a  s u r g e r y  can  b e  c a n c e l l e d  by an- 



o t h e r  s u r g e r y .  S p e c i f i c a l l y ,  if M' i s  a  MV p r e s e n t a t i o n  w i t h  

H ~ ( C ~ )  = 0 ,  t h e n  any i-dimensional .  s u r g e r y  on M* w i l l  add a 

d i r e c t  summand ( f r e e  o f  r a n k  one)  t o  and t h i s  summand 

can t h e n  be  k i l l e d  by a ( i + l ) - d i m e n s i o n a l  s u r g e r y .  The t o t a l  

e f f e c t  of  t h e s e  surge17iet;  i s  tj len cllso t h e  r l e s u l t a n t  o f  eJ.ernent- 

a r y  e x p a n s i o n s  ( a  C-expansion and an  A- ( r e s p .  B-1 e x p a n s i o n ) .  

We now a p p l y  t h i s  remark t o  t h e  s u r g e r i e s  l e a d i n g  from M' t o  M". 
Arrange t h e s e  i n  o r d e r  o f  i n c r e a s i n g  d imens ion ,  w i t h  l o w e s t  

d imension i ,  s a y .  We s t a r t  by pe r fo rming  some new s u r g e r i e s  

i n  d imension i t l ,  t o  c a n c e l  t h e  o l d  s u r g e r i e s  i n  d imension i. 

T h i s  way we g e t  r i d  of  t h e  i - d i m e n s i o n a l  s u r g e r i e s  a t  t h e  expense  

o f  i n t r o d u c i n g  e l e m e n t a r y  e x p a n s i o n s  i n s t e a d .  A f t e r w a r d s  we a r e  

i n  t h e  same p o s i t i o n  a s  b e f o r e ,  e x c e p t  t h a t  now t h e  l o w e s t  

d i m e n s i o n a l  s u r g e r i e s  a r e  i n  d imension i t l ,  c o r r e s p o n d i n g  t o  
I 

t h e  o r i g i n a l  ( i + l ) - d i m e n s i o n a l  s u r g e r i e s .  And s o ,  working up 

d i m e n s i o n s ,  w e  w i l l  e v e n t u a l l y  r e p l a c e  M u  by Mu' which can  be 

r e a c h e d  from M '  by e l e m e n t a r y  e x p a n s i o n s  o n l y ,  and from M by 

e l e m e n t a r y  e x p a n s i o n s  and s u r g e r i e s .  

Having v e r i f i e d  h a l f  t h e  a s s e r t i o n ,  we a r e  l e f t  t o  show t h a t  

w e  c a n  do w i t h o u t  low-dimensional  s u r g e r i e s  on M .  But h e r e  we 

can a p p l y  t h e  same c a n c e l l i n g  t r i c k  a s  b e f o r e ,  t h u s  e v e n t u a l l y  

r e p l a c i n g  by e l e m e n t a r y  e x p a n s i o n s  t h e  s u r g e r i e s  below dimension 

j .  I n  t h e  end we w r i t e  down a l l  o p e r a t i o n s  t o  b e  performed on M ,  

and  from t h i s  l i s t  omi t  t h e  e l e m e n t a r y  e x p a n s i o n s .  T h i s  g i v e s  

t h e  d e s i r e d  r e s u l t .  

P r o p o s i t i o n .  There  i s  a  n a t u r a l  isomorphism 

r e s p e c t i v e l y .  

P r o o f .  L e t  M be  a MV p r e s e n t a t i o n  o f  a ZD-complex r e p r e s e n t i n g  

a n  e lement  o f  t h a t  k e r n e l .  C a l l  M s p l i t ,  i f  i s  a c y c l i c .  Accord- 

i n g  t o  p r o p .  5 . 4 . 4 ,  we can  assume M i s  s p l i t .  

I n  c a s e  D = A w B ,  we t h e n  have an  e x a c t  sequence  of a c y c l i c  C 
ZD-complexes 



Hence T~ = I n l ( r A )  + I m ( r B )  - I m ( r C ) .  

S i m i l a r l y ,  i n  case D = A tC { t }  , t h e r e  i s  a n  e x a c t  s e q u e n c e  

which  g i v e s  u s  T~ = I m ( - r A )  - Im(- rC) .  

Now c o n s i d e r  t h i s  c o n s t r u c t i o n .  P e r f o r m  s u r g e r i e s  on M i n  

some d i m e n s i o n ,  n ,  s a y ,  w i t h  r e s u l t  M'. Then Hnt l (C t )  i s  f r e e  

( w i t h  r a n k  t h e  number o f  s u r g e r i e s ) ,  and  i s  r e p r e s e n t e d  as a  

d i r e c t  sum by t h e  k e r n e l s  o f  t h e  mappings l a + :  H n t l  ( ~ 6 )  -+ H n t l  (f"'i) , 
and L e t  H n t l ( f t )  = P @ Q be  t h i s  s p l i t t i n g  ( Q  key (  (at)); 

C 
P and  Q a r e  b o t h  f r e e .  Next p e r f o r m  ( n + l ) - d i m e n s i o n a l  s u r g e r i e s  

(min ima l  i n  number.) t o  k i l l  H ([;I. The e f f ec t  o f  t h i s  on r& n+ 1 
i s  f u l l y  d e s c r i . b e d  by g i v i n g  b a s e d  f r e e  modules  P' and Q ' ,  and  

i somorph i sms  P' -+ P ,  Q '  -+ Q ,  w i t h  t o r s i o n s ,  s a y ,  T~ and  T 

r e s p e c t i v e l y  ( r 
Q '  

P '  To E Wh(C), a r b i t r a r y ) .  Ca l l  t h e  t o t a l  o p e r a t i o n  

a t w i s t  c a n c e l l e d  - s;rgery. 
- - - - - - -  

The e f f e c t  o f  t h e  t w i s t  c a n c e l l e d  s u r g e r y  j u s t  d e s c r i b e d  on 

t h e  c h a i n  complexes  i n  M i s  t h i s :  To fC, a summand r P  + T~ i s  

a d d e d .  I n  case D = A % B ,  i n h e r i t s  a summand a + ( r p ) ,  and rg 

i n h e r i t s  a summand B,(T 1 ( t h e  change  o f  s i g n  i n  (-1) 63 Q 6  
o f  

c o u r s e  d o e s n ' t  m a t t e r ) .  And i n  case D = A *  { t } ,  rA s i m i l a r l y  C 
i n h e r i t s  a summand a * ( r  t Bl ( r  1. O f  c o u r s e ,  T~ P Q i s  u n a l t e r e d  

i n  b c t h  cases. 

We c a n  u s e  t w i s t  c a n c e l l e d  s u r g e r y  t o  n o r m a l i z e  a s p l i t  MV p r e -  

s e n t a t i o n  s o  t h a t  r C  = 0 .  T h i s  n o r m a l i z a t i o n  i s  n o t  u n i q u e .  But 

t h e  a m b i g u i t y  i n  Wh(A) @ Wh(R) ( r e s p .  Wh(A)) r e s u l t i n g  f rom nort- 

m a l i z i n g  by d i f f e r e n t  t w i s t  c a n c e l l e d  s u r g e r i e s ,  i s  p r e c i s e l y  

t h a t  which  i s  k i l l e d  u n d e r  t h e  p r o j e c t i o n  Wh(A) @ Wh(B) + 

Wh(A,B;C) ( r e s p .  Wh(A) -+ Wh(A,A;C)). 

The p r e c e d i n g  a rgumen t s  show t h a t  t h e r e  i s  a map ( o b v i o u s l y  

a homomorphism) Wh(A,B;C) ( r e s p .  Wh(A,A;C)) + Wh(D) which i s  

o n t o  t h e  k e r n e l  w e  a r e  i n v e s t i g a t i n g .  We must now show t h a t  i t  

i s  i n j e c t i v e ,  E s s e n t i a l l y ,  we w i l l  show t h a t  a l l  a m b i g u i t y  t h e r e  

i s ,  comes f rom someth ing  l i k e  t w i s t  c a n c e l l e d  s u r g e r y .  As t h i s  



i s  no h a r d e r ,  we w i l l  i n  f a c t  show more: There  i s  a n a t u r a l  

map Wh(D) -* Wh(A,B;C) ( r e s p .  Wh(A,A;C)) which i s  a  l e f t  i n v e r s e  

t o  t h e  map above ( o f  cour.se, t h e  e x i s t e n c e  o f  such  a  map f o l l o w s  

f rom i n j e c t i v i t y  o f  t h e  above map, and o u r  o t h e r  r e s u l t s ;  t h e  

i n t e r e s t  i s  i n  an  e x p l i c i t  d e s c r i p t i o n ) .  

Let - t D  E W h ( D )  be any e l e m e n t ,  l e t  i t  b e  t h e  t o r s i o n  of an  

a c y c l i c  ZD-complex LD o f  x h i c h  M i s  a  M V  p r e s e n t a t i o n .  We assume 

the homology o f  M i s  c o n c e n t r a t e d  i n  d imens ion  n .  Then H n ( ( ' C )  

i s  s t a b l y  f r e e ,  and i s  natura1l .y  s p l i t  i n t o  a sum o f  p r o j e c t i v e s ,  

Hn(CC) = P d Q .  We now make a  c h o i c e :  we choose  some s t a b l e  

b a s i s  f o r  each  of Hn(CC) , and P .  T h i s  d e t e r m i n e s  a  s t a b l e  b a s i s  

f o r  Q (which i s  such  t h a t  PBQ -+ H n ( e C )  h a s  z e r o  t o r s i o n ) ,  and 

i n d u c e s  s t a b l e  b a s e s  f o r  H n ( f A )  = ZA BC P  and Hn(CB)  o Z B  OC Q' 

( r e s p e c t i v e l y ,  H n ( C A )  5 ZAa O C  P d ZA B Q ) .  B c 
Once we made t h i s  c h o l c e ,  a  t o r s i o n  i s  d e f i n e d  f o r  e a c h  o f  

C C ,  CAY f B ,  though t h e s e  complexes may n o t  be  a c y c l i c  [ I. We 

l i k e  t o  know t h e  ambigu i ty  i n  t h e s e  t o r s i o n s  which comes f rom 

the c h o i c e s  made. Choose a n o t h e r  b a s i s  i n  ti , r e l a t e d  t o  n  
t h e  f i r s t  one  by t o r s i o n  T ' ,  s a y .  By o u r  c o n v e n t i o n s ,  t h e  s t a b l e  

b a s i s  f o r  Q must t h e n  a l s o  be  a l t e r e d  by T ' .  So we g e t  c o n t r i b u t  

i o n s  r '  on r C ,  and B , ( r l )  on r g  ( r e s p .  r A ,  i n  c a s e  A tit} 1. I f ,  

on  t h e  o t h e r  h a n d ,  we have  some T "  on P ,  w e  must have  - T "  on Q .  

And s o  rA and rg  ( r e s p .  r A )  a c q u i r e  c o n t r i b u t i o n s  a , ( r W )  and 

B e ( - r f ' )  ( r e s p e c t i v e l y ,  c i , ( rU)  - B* ( r " )  1. 

Hence,  i f  we a s s o c i a t e  t o  r D  t h e  e lement  ( r A  - a * ( r C )  , T ~ )  

e Wh(A) d Wh(B), r e s p e c t i v e l y  ( r A  - a,(.rC)) C Wh(A), t h e n  t h e  

a m b i g u i t y  i s  c a n c e l l e d  when we p a s s  t o  t h e  q u o t i e n t  Wh(A,B;C) 

o r  Wh(A,A;C), r e s p e c t i v e l y .  

We a r e  l e f t  t o  i n v e s t i g a t e  t h e  a m b i g u i t y  r e s u l t i n g  from t h e  

choice o f  tllc M V  p r e s t . n t d t i o n  M .  A s  it turn:; o u t ,  we c a n  do t h i s  

by arguments  we had a l r e a d y :  We know t h a t  i f  M' i s  a n o t h e r  such  

MV p r e s e n t a t i o n ,  t h e r e  i s  M t f  which can be  r e a c h e d  from b o t h  M 

and M' by e l e m e n t a r y  e x p a n s i o n s  and s u r g e r y .  Pe r fo rming  some 

more s u r g e r i e s ,  i f  n e c e s s a r y ,  we may assume M" i s  i n  normal  form,  

t o o ,  i. e .  , i t s  homology i s  c o n c e n t r a t e d  i n  some dimension n" , 
n" 3 n ,  n '  . And t h e n  ( a s  we o b s e r v e d  i n  t h e  proof  o f  p r o p .  5 . 4 . 2 )  



t o  p a s s  from M y  s a y ,  t o  M " ,  we can c o l l e c t  t h e  su rgc r ie r ;  

~ L - c ' o L ' ~  ing ti) tht3 i 11 cl  i .rl lCr\:; j  011 , arlcl i r l  dimc.ils ion j tllc: tc->tal 

s u r g e r y  g i v e s  a  s h o r t  e x a c t  sequence  of MV p r e s e n t a t i o n s  

M' -+ M"' -+ N'. N' may be  c o n s i d e r e d  a s  t h e  r e g u l t a n t  o f  j-dimen- 

s i o n a l  s u r g e r i e s  on a  t r i v i a l  M V  p r e s e n t a t i o n ,  s o  h a s  i t s  homo- 

l o g y  c o n c e n t r a t e d  i n  d imens ion  j t l .  I t l c ~  ) ) s p l j  t s  i n t o  

f r e e  modules P  and Q c o r r e s p o n d i n g  t o  t h e  s u r g e r i e s  performed 
j j  ' 

a t  t h e  l e f t  o r  r i g h t ,  r e s p e c t i v e l y .  (We i g n o r e  e x t r a  s t r u c t u r e ,  

l i k e  n i l p o t e n t  o b j e c t s . )  And t h e  above sequence  i n d u c e s  a  s u r -  
j j e c t i o n  H j + l ( ~ C ( ~ j ) )  + H. (CC(M 1) which i n  t u r n  s p l i t s  i n t o  s u r -  

I 
j e c t i o n s  PY + P  and Q* + 

j j j .  Q j *  
Now c o n s i d e r  f i r s t  t11e s p e c i a l  c a s e  t h a t  no s u r g e r i e s  below 

d imens ion  n  a r e  needed.  Then t h e  homology o f  d and M j t l  is con- 

c e n t r a t e d  i n  d imens ions  j and j t l ,  r l e s p e c t i v e l y .  And we have  

s h o r t  e x a c t  sequences  P j t l  -+ P' -+ P  and Q j + l  - Q*j -+ Q j .  The j j  
a c t u a l  i n d i v i d u a l  s u r g e r i e s  d e t e r m i n e  a b a s i s  f o r  each o f  P: 

J 

and Q?. A s  we do n o t  know which b a s e s  a r e  d e t e r m i n e d  we must 
3 

t r e a t  t h e s e  a s  an  a m b i g u i t y .  But t h i s  a m b i g u i t y  i s  o f  no harm 

s i n c e  we can a b s o r b  it i n t o  t h e  one t r e a t e d  e a r l i e r .  Namely, we 

g i v e  P: @I Q! i t s  n d t u r a l  b a s i . s ,  o b t a i n e d  by c o m p o s i t i o n .  There  
J J 

are now un ique  s t a b l e  b a s e s  f o r  P j + l ,  Q j t l y  and P j + l  Q j + l  
such  t h a t  t h e  sequences  P j c l  + p C - + P  

j  j 3  Q j + l  
-+ ~ ' j  -+ Q j ,  and 

' j+ lBQj+1 -+ P ' ~ ~ B Q *  j -+ P j @ Q j  a l l  have  t o r s i o n  z e r o .  And if we 
j j + l  z , and j t l  = TC TA choose  t h e s e  b a s e s ,  we f i n d  t h a t  rC 

j t l  = 7; . Moreover,  and t h i s  i s  t h e  p o i n t ,  w i t h  t h e s e  s t a L l e  -' B 
b a s e s ,  t h e  sequence  P j + l  + P j + l e Q j + l  + Q j + l  h a s  t o r s i o n  z e r o .  

So ,  wha tever  t h e  new ambigu i ty  may b e ,  it r e s u l t s  i n  no more 

t h a n  a c h o i c e  o f  two o u t  o f  t h r e e  of t h e  s t a b l e  b a s e s  of P j + ? ,  

Q j + l ¶  and  P j+ l@Qj+l .  And t h i s ,  a s  w e  saw e a r l i e r ,  i s  permissible. 

I n  t h e  g e n e r a l  c a s e ,  we may have  t o  pe r fo rm s u r g e r y  i n  dim- 

e n s i o n s  l e s s  t h a n  n  a l s o .  Again we u n d e r s t a n d  t h a t  s u r g e r y  i s  

performed i n  o r d e r  o f  i n c r e a s i n g  d imens ion .  Then, i f  j 4 n ,  it 

may no l o n g e r  b e  t r u e  t h a t  t h e  homology o f  ~j i s  c o n c e n t r a t e d  

i n  one  d imens ion ,  r a t h e r  w e  have homology i n  d imens ions  j  and n .  

But i n  b o t h  d i m e n s i o n s ,  we have  f r e e  modules ( H ( [ ~ ( M '  1) 1, canon- 

i c a l l y  s p l i t  i n t o  p r l o j e c t i v e s .  And so we can a g a i n  d e f i n e  t o r s i o r ~ s  



i n  f i x i r l g  a r b i t r a r 3 i l y  two o u t  of t h r e e  s t a b l e  b a s e s  i n  each 

of t h e s e  d imens ions .  The r e s u l t i n g  ambiguity i s  t h e  same a s  

b e f o r e .  

F i n a l l y ,  i f  j c n-1 ,  t h e  same argument a s  above shows t h a t  

t h e  t o r s i o r l s  o b t a i n e d  a r e  u r l d l t e r e d  i n  p a s s i n g  from MI t o  M j+1, 

T h i s  argument  w i l l  a l s o  work f o r  j = n-1,  p rov ided  t h e r e  i s  no 

i r l t c r f e r e n c c  betweell these (1 imcn:; ions. And i.n f a c t  t he r e  i s  no 

such  i n t e r f e r e n c e  b e c a u s e  an  e x a c t  sequence  of p r o j e c t i v e s ,  

e n d i n g  i n  a  s u r j e c t i o n ,  s p l i t s  c o m p l e t e l y .  

The p r o o f  o f  t h e  sum theorem i s  now comple te .  



6 .  A GEOMETRIC INTERPRETATION OF THE SUM THEOREM 

We work i n  t h e  c a t e g o r y  o f  f i n i t e  CW complexes and t o p o l o g -  

i c a l  maps. An e l e m e n t a r y  e x p a n s i o n  o f  a  map f :  W + X i s  a n  

e l e m e n t a r y  e x p a n s i o n  a p p l i e d  t o  W ,  t o g e t h e r  w i t h  some e x t e n s i o n  

o f  f .  An e l e m e n t a r y  c o n t r a c t i o n  i s  t h e  i n v e r s e  p r o c e s s .  A f o r m a l  

de fo rmat ion  o f  f:W i s  t h e  r e s u l t a n t  o f  a  f i n i t e  sequence  o f  

e l e m e n t a r y  e x p a n s i o n s  and c o n t r a c t i o n s  a p p l i e d  t o  f .  Formal 

d e f o r m a t i o n s  i n c l u d e  homotopic d e f o r m a t i o n s .  

A p a i r  X , Y  i s  a codimension 1 p a i r  i f ,  i n  some s u b d i v i s i o n  

o f  X ,  t h e r e  i s  a  c e l l u l a r  ne ighborhood U o f  Y ,  s o  t h a t  t h e  p a i r  

U , Y  i s  c e l l u l a r l y  e q u i v a l e n t  t o  t h e  p a i r  Yx E l ,+ l )  , Y X O  w i t h  i t s .  

n z t u r a l  c e l l  s t r u c t u r e .  

Given such  a p a i r  X , Y ,  and a map f :  W -+ X ,  t h i s  map can  b e  
-1 f o r m a l l y  deformed i n t o  g e n e r a l  p o s i t i o n ,  meaning V = f (Y) 

i s  a codimension 1 subcomplex o f  W ,  and VX[-l,+ll i s  mapped 

f i b r e w i s e ,  and homeomorphical ly on e a c h  f i b r e .  Such normal-  

i z a t i o n  can  b e  a c h i e v e d  by working up t h e  c e l l s  o f  W ,  u s i n g  

forlmal deforrnat  ion:; o f  W ,  if n e c e s s a r y ,  t o  v a r y  edch a t t a c h i n g  

map i n  i t s  homotopy c l a s s .  

T y p i c a l l y ,  a  codimension 1 p a i r  i s  o b t a i n e d  f rom maps 

f i :  Y -+ Xi ( X I  and  X 2  d i f f e r e n t  complexes ,  o r  one and t h e  same 

complex) by fo rming  t h e  mapping c y l i n d e r s ,  and i d e n t i f y i n g  t h e  

common subcomplexes Y ( and  s i m i l a r l y  i d e n t i f y i n g  t h e  common 

subcomplexes X1, i n  c a s e  X I  = X 2  1. 

If b o t h  X ,  Y a r e  c o n n e c t e d ,  and nlY + r l X  i s  a  monomorphism, 

t h e n  (by  t h e  van Kampen theorem)  nlX s ; : A f B  o r  s A t { t ) ,  r e s p e c t -  

i v e l y ,  a c c o r d i n g  t o  whe the r  Y does  o r  does  n o t  s e p a r a t e  X ,  w i t h  

C e n l Y  (and A r ; n l X l  , B s s l X 2 ) .  

Theorlern. Let  X , Y  be a  codimens.ion 1 p a i r  w i t h  X ,  Y c o n n e c t e d ,  

and nlY + n X a  monomorphism. And l e t  f :  W -r X be a  homotopy 
1 

e q u i v a l e n c e .  Tlien f:W c a n  be f o r m a l l y  deformed i n t o  a hornotopy 
-1 e q u i v a l e n c e  o f  p a i r s  F ' : ( w ' , v ' ) + ( X , Y ) ,  w i t h  V '  = f '  ( Y ) ,  i f  

and o n l y  i f  ~ 8 p  = 0 .  



P r o o f .  We o n l y  t r e a t  s u f f i c i e n c y .  N e c e s s i t y  w i l l  be obv ious  -- 
from t h e  p roof  of s u f f i c i e n c y .  A l s o  we assume t h r o u g h o u t  t h a t  

Y s e p a r a t e s  X ( i n t o  X and X 2 ,  s a y ) ,  l e a v i n g  it t o  t h e  r e a d e r  1 
t o  modify o u r  arguments  i n  t h e  o t h e r  c a s e .  

We assume f : K  i s  g i v e n  b o t h  i n  g e n e r a l  p o s i t i o n  and a s  a 

c e l l u l a r  map. We now d e s c r i b e  t h e  o p e r a t i o n  we u s e  f o r  a l t e r -  

i n g  f .  T h i s  i s  a v e r y  s p e c i a l  k i n d  o f  elernenta13y e x p a n s i o n  of  

f:W which we c a l l  s u r g e r y  on f .  

t h a  

L e t  E  b e  a  ( n + l ) - c e l l  w i t h  boundary g E ,  and hemispheres  - 
and E- i n  a E .  Suppose we a r e  g i v e n  a  map g :  E -+ W such  - 
t g - ' ( ~ )  = aE . Then,  u s i n g  g laE-  we can a t t a c h  E+  t o  V ,  and 

a f t e r w a r d s  we can a t t a c h  E t o  W v E +  by t h e  a t t a c h i n g  map 

g l ~ -  v i d .  l E t .  The t o t a l  e f f e c t  i s  a n  e l e m e n t a r y  expans ion  of  W 
+ 

i n d u c i n g  on V t h e  a t t a c h i n g  of E . We can modify t h e  c o n s t r u c t -  

i o n  s l i g h t l y  by a t t a c h i n g  i n s t e a d  of E +  a  t h i c k e n e d  E +  ( a n d  

p u l l i n g  i n  a b i t  E l .  T h i s  g i v e s  t h e  same r e s u l t ,  and i n  a d d i t i o n  

makes V u E +  a  c o d i m e ~ i s i o n  1 subcomplex o f  W v E .  

Now assume t h e  above map g  i s  p a r t  o f  a d e v i c e  r e p r e s e n t i n g  

a n  e l e m e n t  o f  k e r ( n n ( f l v )  -+ n n ( f ) )  ( =  n n ( f l V )  s i n c e  f  i s  a  

homotopy e q u i v a l e n c e ) ,  where a s  u s u a l  nn(  f  means nn(T(  f) , W )  , 
T ( f )  t h e  mapping c y l i n d e r  of f . . T h e n  t h i s  d e v i c e  a l s o  g i v e s  us 

an  e x t e n s i o n  of  fog lE-  t o  h :  E -+ X w i t h  h ( ~ + )  c Y .  I f  indeed  

o u r  c o n s t r u c t i o n  i s  t o  k i l l  t h e  g i v e n  e l e m e n t ,  we have  b u t  one 

c h o i c e  f o r  e x t e n d i n g  f ,  namely h l E .  Half  o f  t h i s  p r e s e n t s  no 
t + 

problem. Namely, we use  h  ( E  t o  e x t e n d  f 1 v o v e r  E , and mapping 

t h e  t h i c k e n e d  s t u f f  f i b r e w i s e  we keep f i n  g e n e r a l  p o s i t i o n .  But 

now we must i n s i s t  t h a t  h ( I n t ( E ) )  be d i s j o i n t  t o  Y .  O t h e r w i s e ,  

f-'(~) would i n h e r i t  new t h i n g s  i n  a  r a t h e r  u n c o n t r o l l a b l e  

f a s h i o n ,  and o u r  c o n s t r u c t i o n  would n o t  promise  t o  s i m p l i f y  

a n y t h i n g .  C o n v e r s e l y ,  under  t h i s  h y p o t h e s i s  o u r  c o n s t r u c t i o n  

is a l l  r . ig l l t .  

So it t r a n s p i r e s  t h a t  k e r ( n n ( f l v )  + n n ( f ) )  i s  n o t  r e a l l y  

r e l e v a n t  t o  o u r  problem. R a t h e r  we must c o n s i d e r  k e r ( n - ( f l ~ )  -+ 

-1 A I 

r , ( f l ~ ~ ) ) ,  where Wi  = f (Xi), i = I ,  2 .  And i n d e e d ,  f o r  any 

g i v e n  e lement  o f  one  o f  t h e  l a t t e r  s e t s ,  we can pe r fo rm a  con- 

s t r u c t i o n  a s  above t o  k i l l  t h i s  e l e m e n t .  I t  i s  t h i s  c o n s t r u c t -  

i o n  t o  which we r e f e r  a s  s u r g e r y  ( i n  d imension n ) .  



Lemma. S u r g e r y  can be  performed t o  make V c o n n e c t e d ,  and 

f : T V -+ T Y a n  isomorphism. 1 1 

The p roof  u s e s  s p e c i a l  a rguments  which a r e  however f a i r l y  

w e l l  known, s o  we do n o t  g i v e  them h e r e  ( a  d e s c r i p t i o n  of t h e s e  

arguments  i s  g i v e n  i n  [ 1 2 ] ) .  

N N 

The lemma e n a b l e s  us t o  p a s s  t o  u n i v e r s a l  c o v e r s .  L e t  X and W 

be t h e  uni.ver3sa.l c o v e r s  of X and W .  T i l d a  on t o p  o f  sonlething 
N 4.J 

else  d e n o t e s  induced  c o v e r i n g ,  e . g . ,  Y i s  t h e  s u b s p a c e  o f  X 

c o v e r i n g  Y .  And T ( f )  d e n o t e s  t h e  mapping c y l i n d e r  o f  f .  There  

i s  a  Mayer V i e t o r i s  sequence  of ( c e l l u l a r )  c h a i n  complexes 

Lemma. T h i s  sequence  g i v e s  a f i n i t e  M V  p r e s e n t a t i o n  of  -- 
f ( F ( f )  ,GI i n  t h e  s e n s e  o f  s e c t i o n  3 .  

P r o o f .  E x a c t n e s s  and b a s e s  a r e  a l l  r i g h t .  We must v e r i f y  t h a t  

c e r t a i n  terms, and maps, a r e  o b t a i n e d  by t e n s o r i n g .  But t h i s  i s  
A 

r a t h e r  o b v i o u s :  I f ,  s a y ,  V d e n o t e s  t h e  u n i v e r s a l  c o v e r  of V, t h e n  
h c(?) = Z D  ec et v 1 a s  a  ZD-complex, where C = nlY , and D = rlX. 

H N 4 

Now i n  p a i r s  l i k e  ?( f 1 V )  , V ,  and ~ ( f  1 w i )  , W i ,  a l l  s p a c e s  a r e  

s imply  c o n n e c t e d ,  and t h e  p a i r s  a r e  l - c o n n e c t e d .  Hence t h e  

Hurewicz homomorphism i s  an isomorphism i n  t h e  l o w e s t  d imension 

n ( 2 2 )  where n o t  e v e r y t h i n g  i s  t r i v i a l .  And by n a t u r a l i t y  o f  

t h e  Hurewicz homomorphism, we can conc lude  t h a t  f o r  t h i s  l o w e s t  n ,  

i s  an  isomorphism. But t h e  f i r s t  g roup  c l a s s i f i e s  g e o m e t r i c  s u r -  

g e r i e s  (on  f ) ,  and t h e  second g roup  c l a s s i f i e s  a l g e b r a i c  s u r g e r i e s  

( o n  t h e  M V  p r e s e n t a t i o n ) .  Hence i n  ( t h e  l o w e s t )  d imension n ,  t h e s e  

n o t  i o n s  a g r e e .  

F i n a l l y ,  we a r e  assuming ~ 8 p  = 0 .  S o ,  by 5 . 4 . 4 ,  a l g e b r a i c  
N 

s u r g e r i e s  can  be  performed t o  make c(?( f  1 V )  , V )  a c y c l i c .  These 

can  be a r r a n g e d  i n  o r d e r  o f  i n c r e a s i n g  d i m e n s i o n ,  and by t h e  

addendum 5 . 4 ,  no(surger ies  below d imens ion  n  a r e  needed.  T h e r e f o r e  

t h e  whole p r o c e d u r e  can  b e  performed g e o m e t r i c a l l y ,  and we a r e  

. f i n i s h e d .  



7 .  ITERATED G E N E R A L I Z E D  FREE PRODUCTS 

L e t  X , Y  b e  a p a i r  of CW complexes which i s  a codimension 1 

p a i r  i n  t h e  s e n s e  of s e c t i o n  6 .  We do n o t  a s k  t h a t  X o r  Y b e  

f i n i t e .  We do a s k  t h a t  X be  connec ted  and c o u n t a b l e ,  and t h a t  

f o r  any conlponent Y o f  Y ,  nlYo -+ n X b e  a monomorphism. For  0  1 
t h e  l a t t e r  it i s  s u f f i c i e n t  t o  a s k  t h a t  t h e  homomorphisms 

induced  by i n c l u s i o n  i n  t h e  a d j a c e n t  component(s1 o f  X-Y be  

i n j e c t i v e .  

I n  t h i s  s i t u a t i o n ,  we c a l l  n X a v e r y  g e n e ~ a l i z ~ r l  free 1 - 
p ~ w d ~ i c t  of t l r e  7 i lX j  ovels  tile R Y where t h e  X orirl Y a rc  t h e  1 i 3  j  i 
components of X - Y ,  and Y ,  r e s p e c t i v e l y .  The s t r u c t u r l e  of  n l X  

may be d e s c r i b e d  somewhat more a l g e b r a i c a l l y  u s i n g  t h e  g r a p h  

9 ,  as fo l . lows.  To t h e  component Yi o f  Y ,  w e  a s s o c i a t e  t h e  

edge  yi of v ,  and t o  y i  in t u r n ,  w e  a s s o c i a t e  n Y To t h e  1 i '  
component X o f  X-Y,  we a s s o c i a t e  t h e  v e r t e x  x o f  V, and t o  

j  j 
x, i n  t u r n ,  w c  d s s o c i a t e  T X And whenever Y i  i s  a d j a c e n t  t o  
-I 1 j *  

x j ,  xj i s  i n c i d e n t  t o  y i ,  and t o  t h i s  i n c i d e n c e  t h e r e  c o r r e s p o n d s  

a n  i n c l u s i o n  o f  nlYi i n  n l X j .  From t h e  gr8aph V ,  and t h e  g roups  

and i n j e c t i o n s  i t  c a r r i e s ,  IT X may b e  r e c o v e r e d .  V i s  c o n n e c t e d ,  1 
b u t  o t h e r w i s e  i t  may have  any s h a p e ,  i n  p a r t i c u l a r ,  it may be 

i n f - i n i  t e .  

c o n t a i n  a l l  t h e  p r e c e d i n g  o n e s .  We a b b r e v i a t e  - u n  Gm,n - G~ 3 

and urn Gm = G . 

Go,o c o n t a i n s  o n l y  t h e  t r i v i a l  g roup  

( 2 )  D C G if a n d  o n l y  i f  I? i s  a v e r y  g e n e r a l i z e d  f r ee  p r o d u c t  

of g roups  A o v e r  g roups  C a l l  o f  which a r e  c o n t a i n e d  i n  G m ,  
j i' 

f o r  some f i x e d  m. 

( 3 )  If D c  G ,  t h e n  D 6 G m  a l l  A .  c Gm , f o r  some 
I 'n 

f i x e d  n  , and a l l  C .  4 G 
L In- 1 

( 4 )  I f  D c G m ,  t h e n  ' G m , ~  <ij a l l  A .  I c G~ - 
D E G ,  3 n  e a l l A . ~ G  3 m,n-1 



Lemma. If D 6 G m , n ,  and E i s  a  subgroup o f  D ,  t h e n  E 6 G m , n  . 
P r o o f .  By i n d u c t i o n  on ( m , n ) .  R e p r e s e n t  D by a  CW p a i r  X , Y  as 

h N 

above.  Form t h e  c o v e r i n g  X o f  X w i t h  n,X = E .  The induced  cover -  
N 

J. 

i n g  Y of Y g i v e s  t h e  d e s i r e d  decompos i t ion .  

Remark. T h i s  lemma i s  t h e  r e a s o n  f o r  i n t r o d u c i n g  ve ry  

g e n e r a l i z e d  f r e e  p r o d u c t s .  I f  i n s t e a d  we had d e f i n e d  G 
m,n by 

( n o n - i t e r a t e d )  g e n e r a l i - z e d  f r e e  p r o d u c t ,  t h e n  i f  D t G m , n ,  t h e r e  

does n o t  seem t o  be any r e a s o n  t o  suppose  t h a t  t h e  subgroup E 

i s  i n  G m ,  even i f  E be f i n i t e l y  p r e s e n t e d .  

Examples.  (1) G i s  c l o s e d  under  e x t e n s i o n s .  

P r o o f .  L e t  1 + k e r ( p )  + E -+ D + 1 b e  e x a c t ,  w i t h  k e r i p ) ,  D 6 G .  
P  

Let D t G , .  The  pr~oof  i s  by i n d u c t  ion on (rn,n) .  Le t  D be t h e  

v e r y  genera l i . zed  f r e e  p r o d u c t  o f  t h e  g roups  A o v e r  the groups  
j 

Ci. Then T: is tile v e r y  g e p e l ~ d l i z e ( l  f r e e  prodi lc t  of t h e  g roups  

- 1 - 1 p  (A.) o v e r  t h e  g roups  p  (Ci). 
3 

( 2 )  I f  M i s  a c l o s e d  2-manifold o t h e r  t h a n  a  2-sphere  o r  

5 p r o j e c t i v e  p l a n e ,  t h e n  nlll rs A ~ ~ l t } ,  w i t h  A f r e e  ( o f  f i n i t e  

$' r a n k ) ,  and  C c y c l i c .  Hence r l M  4 G 2 y 0 .  

( 3 )  I f  M i s  a k n o t  s p a c e  o r ,  more g e n e r a l l y ,  a  compact 

3-manifold as c o n s i d e r e d  i n  [ 1 1 ] ,  t h e n  nlM i s  i n  e i t h e r  G 2  o r  G 3 ,  

a c c o r d i n g  t o  whe the r  M i s  bounded o r  n o t .  T h i s  i s  n o n - t r i v i a l ,  

and i s  e s s e n t i a l l y  due t o  Haken 141. The o n l y  known upper  bound 

f o r  n i s  g i v e n  by an  i t e r a t e d  e x p o n e n t i a l  f u n c t i o n  i n v o l v i n g  

t h e  number o f  s i m p l i c e s  o f  M 141. 

(11) A o n e - r c l a t o t -  g roup  i s  i n  G 2  i f  ( and  o n l y  i f )  t h e  

r e l a t o r  i s  n o t  a  p r o p e r  power. I n  f a c t ,  an  e s s e n t i a l  e l ement  

i n  Magnus' a n a l y s i s  o f  t h e s e  g roups  ( c f .  171) i s  t h i s .  Given 

a o n e - r e l a t o r  g roup  A1, t h e r e  i s  a  sequence  o f  groups  A 1, 

A q ,  A;, .. . , A k ,  S O  t h a t  ( a )  A .  i s  a  subgroup o f  f i n i t e  i n d e x  
3 

i n A !  ; ( b )  A: = A  * { t } , w i t h C  a f r e e g r o u p  ; (c) A k i s  
3 j+l Cj j 

a f i n i t e  g roup  w i t h  exponent  t h e  power o f  t h e  r e l a t o r  o f  A1 . 
(5) Ch. Miller I11 h a s  informed me t h a t  t h e r e  i s  a f i n i t e l y  

s 
p r e s e n t e d  g roup  i n  G j  ( o r  maybe even G p )  w i t h  u n s q l v a b l e  word -. 
problem. i 

I- 
t 
! 



# 

i P r o p o s i t i o n .  If D 6 Gm, t h e n  g l . d i m .  (ZD) $ m + l .  
* 

P r o o f .  I f  D i s  a v e r y  g e n e r a l i z e d  f r e e  p r o d u c t ,  t h e n  one can  

d e f i n e  M V  p r e s e n t a t i o n s  of ZD-complexes, s i m i l a r l y  as i n  

s e c t i o n  3 .  One c a n n o t  d e f i n e  f i n i t e  M V  p r e s e n t a t i o n s ,  i n  g e n e r a l ,  

but o t h e r w i s e  t h e  o n l y  d i f f e r e n c e  i s  i n  n o t a t i o n .  I n  p a r > t i c u l a r ,  

I - prop .  4.3 can  be  proved i n  t h i s  framework. Rut t h i s  i s  j u s t  what 

w e  a r e  a f t e r .  

Di r e s s i o n .  I t  i s  n o t  t r u e  ( b u t  f o r  n o n - t r i v i a l  r e a s o n s )  A- 
t h a t  G c o n t a i n s  a l l  g r o u p s  of f i n i t e  homolog ica l  d imension.  The 

1 counter -examples  I know a r e  however f i n i t e  e x t e n s i o n s  of g roups  

i n  G 3 , 0 .  I t  might  t h u s  be  wor th  a s k i n g  t h e  f o l l o w i n g  q u e s t i o n .  

Is  t h e r e  a g r o u p  o f  f i n i t e  homolog ica l  d imens ion  which canno t  

b e  b u i l t  up by t h e s e  p r o c e s s e s :  forming a  g e n e r a l i z e d  f r e e  

p r o d u c t ,  t a k i n g  a d i r e c t  l i m i t  of i n c l u s i o n s ,  and t a k i n g  

rn 'I 

-1 

The f o l l o w i n g  i s  a  p a r t i a l  r e s u l t  i n  t h i s  d i r e c t i o n .  I t  

v e r i f i e s  t h e  c o n j e c t u r e  f o r  t h e  c l a s s  G 2 ,  and t h e  examples 

( 2 1 ,  (31, and ( 4 ) .  

1 D e f i n i t i o n .  L e t  G be  t h e  s u b c l a s s  of t h o s e  D G such 
I 

t h a t  ZD i s  n o e t h e r i a n ;  and f o r  r = 2 ,  3 ,  l e t  G~ be t h e  s u b c l a s s  

c o n s i s t i n g  of t h o s e  D € G which can be b u i l t  up 

s t a g e ,  a l l  t h e  amalgamating subgroups  C a r e  i n  i 

Lemma. I f  D 6 G * ,  t h e n  ZD i s  c o h e r e n t .  

P r o o f .  S i n c e  a d i r e c t  l i m i t  ( v i a  i n c l u s i o n )  o f  

i s  again c o t ~ e ? r ~ c n  t , t h i s  f o l l o w s  from p r o p .  4 . 4 .  

The f o l l o w i n g  o b s e r v a t i o n  i s  q u i t e  u s e f u l .  

s o  t h a t  a t  any  

c o h e r e n t  r i n g s  

- 
! If D i s  a  v e r y  g e n e r a l i z e d  f r e e  p r o d u c t  o f  t h e  g roups  A 

j 
o v e r  t h e  g roups  Ci, t h e n  D x Z i s  a  v e r y  g e n e r a l i z e d  f r e e  p r o d u c t  

o f  t h e  g roups  A x Z o v e r  t h e  g roups  Ci x Z .  
j 

- a 

'. 
- - * -  



C o r o l l a i .  If D t G', r = 1, 2 ,  3 ,  t h e n  D x Z 6 G r .  

P r o o f .  For  r = 1, t h i s  i s  w e l l  known, For  r = 2 ,  3 ,  it f o l l o w s  

from ( ! )  by i n d u c t i o n .  

rV 

Theorem. If E d G ~ ,  t h e n  Wh(E) = KO(E) = 0 .  --- 
P r o o f .  Wr i t e  E = D x F ,  where D E G , and F i s  a  f i n i t e l y  

m ,n  
g e n e r a t e d  f r e e  a b e l i a n  g r o u p .  The p roof  i s  by i n d u c t i o n  on ( m , n ) .  

So t h e  i n d u c t i o n  b e g i n n i n g  i s  t h e  f r e e  a b e l i a n  g r o u p s .  The 

i n d u c t i o n  b e g i n n i n g  i s  a l l  r i g h t  by 121. 
S i n c e  D i.s a v e r y  g e n e r a l i z e d  f r e e  p r o d u c t ,  i t  i s  a  d i r e c t  

l i m i t ,  v i a  i n c l u s i o n ,  o f  g roups  D j = 0 ,  1, . . . , where 
j '  

r e s p e c t i v e l y ,  and D o ,  B C h G 
j' j 

. The f u n c t o r s  Wh m,n-1 
and commute w i t h  d i r e c t  l i m i t .  T h e r e f o r e  it s u f f i c e s  t o  

U 

p r o y e  by i n d u c t i o n  on j t h a t  Wh(D x F) = K (D x F )  = 0  . 
j 0  j 

By ( ! )  above ,  we can a p p l y  t h e  sum theorem 5 . 1 .  T h i s  e x p r e s s e s  
V 

Wh(D x F') a s  t h e  sum of a  Wh te rm and a  K O  t e r m  which a r e  b o t h  
j H 

z e r o  by t h e  i n d u c t i o n  h y p o t h e s i s ,  and a  ? ( o r  D) t e r m  which i s  

z e r o  s i n c e  Z(C x F)  i s  c o h e r e n t ,  and  h a s  f i n i t e  g l o b a l  homo- 
j 

l o g i c a l  d imens ion .  
N 

We must now t a k e  c a r e  of K ( D  x F ) .  But t h i s  i s  a  d i r e c t  
0 j 

summand o f  Wh(D x F x Z ) ,  s o  it h a s  been t a k e n  care o f  a l r e a d y .  
j 
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