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Equivariant S-Duality 

By 

KLAUS WmT~-~I~LLER 

0. We generalize the concept of S-duality introduced in [6] to the equivariant case. 
Our presentation follows closely tha t  suggested in [5] Exercise 8 F. 

Let  C o (G) denote the category of finite G-equivariant pointed CW complexes {the 
base point a 0-cell) and G-maps (G is a compact Lie group). Let  C o (G) h be the homo- 
topy category. We need consider only cellular maps as any map in C o (G) is G-homo- 
topic to a cellular one by  [2] Prop. 2.4. Note that  C O (G) contains all compact smooth 
G-manifolds. For details concerning CW complexes see [2] .  

Throughout this paper, we employ the notations of [7]. 

1. Let  ~ e  RO(G), X ,  X*  c o b  CO(G). We define an ~-duality to be an element 
u e o~ a (X A X) {stable equivariant cohomotopy [4]) with the property tha t  for all 
(closed) subgroups H < G, the maps 

~/: 5, 'x  -+~*z*, 
(1.1) u*/: ~H * ~* ~o,X --> o ~ X  

are isomorphisms (u* corresponds to u under the transposition X* ^ X ~ X ^ X*). 
X* is called an ~-dual of X. 

(1.2) Proposition. Let U e wa(X ^ X)  be a duality, Y, Z e ob CO(G). There are 
isomorphisms 

~/: 5 ~ ( r l x ^ z )  ~ ( x , ^  r lz) ,  
u*/: ~*(YIX*^Z) ~ ~o*(X^YlZ) 

generalizing (1.1).  

P r o of. The groups under consideration are complete (co-)homology theories in Z 
(resp. Y), cf. [7] 1. The slant products define morphisms between these theories, 
bijeetive for X = Y = S o by (1.1). The proposition now follows from the comparison 
theorem. 

Let  ueo9  a~~(X* ̂ X )  and v eo~a(Y~8 * ^ Y )  be dualities. There are isomorphisms 

D(u,v): ~*(XlY) ~ ~o*(Y*lX*), 
given by the diagram 

&* (xl Y) ~(u;~7 ~* ( Y* I x*) 

&*(Y*^X) ~ ~*(x^y*). 
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Clearly, D (u, v) -1 ---- D(v*,  u*). I fw  ~ 7~ (Z*AZ)  is another duality and / ~ (~*(X I Y), 
g ~ ~* ( Y I Z) then D (u, w) (g/) = [D (u, v)/] [O (v, w) g]. 

2. Duality is compatible with sums and smashed products in C ~ (G), more precisely 
(compare [6] (6.5), (6.8)): 

(2.1) Proposition. Let u ~ ~*r ^ X) ,  v ~ ~a( Y* A Y) be dualities. 

(a) I/o~ = fl , let c be the map ( X * v Y * ) A ( X v Y) ---> ( X * A X )  v ( Y* A Y) collapsing 
(X*  A Y) v ( Y*  A X) .  Then c* (u @ v) ~ ~o ~ ((X* v Y*)  A (X  v Y)) is a duality. 

(b) The image u * v of u • v under the transposition 

~ + a ( X *  A X ^ Y*  ^ Y)  ~ (o~+o((X* ^ y* )  A (X  A Y)) 

is a duality. 

Proof .  (a) follows immediately from the additivity property of homology theories, 
(b) from (1.2) and the fact that  u .  v / fac tors  into 

g , ( x A r ) - % g * ( x * l r ) Z ~ ? ~ * ( r *  ^ z * )  ~ g * ( x *  ^ r * ) .  

3. Let K < G be a subgroup and embed the homogeneous space G/K together 
with a tubular neighbourhood T ,m G • K V~' (y e RO (K)) into a suitable G-represen- 
tation: G/K c T c S ' .  Necessarily, ~ =/5/~ -- L (K, G), see [7] 1. Let 

zeco~(Sa  x S~, S~ x S~ - ASs)  

be a Them class. From the duality theorem [7] Th. 4.1 we obtain isomorphisms 

r~: ~ ,  (aa, aa - G/K) ~ co* (U/K) , 
~,~: ~o, H T ~ ~* (8~, S~ - T) 

Thus v[ [(S', Sa -- T) x G/K], which may be considered an element 

v e ?o~(T~ ^ G+IK) ,  

is a fl-duality, i.e. we have proved: 

{3.1) Proposition. G + A~: S a-z<K,~) is a fl-dual of G+/K. 

R e m a r k .  Simultaneously, we obtain a duality u e ?~(Sa A {1K}+). I f  

~z0: {1K}+cG+I g 

is the inclusion then D(u, v)A e ~ ( G + ^ K  Sv, S~) is represented by the collapsing 
map 

Is~ : G + AK S~' ---> S L S  v = S~ (see [7]). 

R e m a r k .  This method of constructing duals applies to any compact smooth 
manifold and embedded submanifolds. We mention just one result (compare [1] 
Prop. 3.2): 

(3.2) Proposition. Let M be a compact smooth G-Manifold, v the normal bundle o / M  
in some G.module VB. Then M/OM and the Thorn space o / v  are fl-duals. 
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~ ct 4. Le t  X , Y , X * , Y * e o b C ~  u e ~ ) ~ ( X * A X ) ,  v e c o G ( Y  AY)  ~-dualities, 
]: X --> Y a map ,  and  s e t / *  = D (u, v ) / .  We  use [* also to denote  a representa t ive  
m a p  in the  c lass /* .  

(4.1) ]?roposition. There exists an (0r q- 1)-duality w e ~o~ + I (Cf, A Cf), compatible 
with the Puppe  sequences o / ]  and ]*, i.e. 

f f l  f 2  
&,X -+ 6,  Y ~ ~,O: ---> [o, SX~[o, SY 

(4.2) ~uj 4~/ 4~1 ~u/ # ~/ 

SI* f*2 f*1 f* 

and the dual d iagram/or  u*, v*, w* commute. 

P r o o f .  Since every th ing  involved is compat ib le  with suspensions we m a y  assume 
the re  are representa t ives  u:  X *  AX --> S ~, v: Y* A Y ->  S ~, /* :  Y* --> X *  and a 
h o m o t o p y  H :  u ( / * ^  X )  ~_ v ( Y * ^ ] ) .  R e m e m b e r  the  funetorial  p rope r ty  [3] 2.2 of  
the  m a p p i n g  cone and  define r by  

f .  f . l  
Y* A X---> X *  AX--->Cf, /~ X 

Y * A Y --> S :r ---> Cv , 
q) v 1 

similarly w by  

11 
c 1 . ~ x  f c ~ . ^ r  ~ c ~ . ^ c f  

Cv - - > S Y * / ~ Y ' - > S  ~+1 
~2 S v  

(both defmitions depend on the  choice of  homotopies  H resp. 

H': (I,2 ^ y) (Of, A 1) ~_ v~ r).  

w makes  (4.2) commute ,  so its dual i ty  p rope r ty  follows f rom exactness and  the  five 
lemma.  

i i 
5. Recal l  t h a t  the  (reduced) mapp ing  cylinder Z (i,/ ') of  a d iagram X <-  A -+  Y 

in C o (G) is the  quot ient  of  X v I + ^ A v Y b y  the  identifications [0, a] = [i a], 
[1, a] ---- [] a]. U p  to  suspension, Z (i~/') is the  mapp ing  cone of  a single m a p :  let  
p : X --> Z (i, j) and  q: Y -+ Z (i, ~) be the  inclusions and consider the  P u p p e  sequence 

(5.1) X v Y  -+ Z ( i , ] )  C~v q vSySpV-~SqSZ( i , ] )  . . .  

of p v q. As p v q is a eofibration C~ v q is h o m o t o p y  equivalent  wi th  

z ( i ,  i) / ( x  v Y) = S A  , 

so S Z  (i, ~) is the  mapp ing  cone of a m a p  S A  --> S X  v S Y .  
l ~ e m a r k .  (5.1) is, o f  course, just  the  Mayer-Vietoris  sequence of the  proper  t r iad  

( z ( i , j ) ; x u [ o , � 8 9  yu[�89 E). 
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We are now ready to prove: 

(5.2) Proposition. Every space X eob  C O (G) has a ?-dual/or some ? ~ RO (G). 

P r o o f .  Attaching an equivariant n-cell e n • G/K to a subcomplex Y c X means 
forming the mapping cylinder of the diagram 

G+/K <-- (8en) + A G+/K --~ Y 

where the left hand map is the projection and the right hand one is the attaching 
map. From the discussion above we know that  stably, Y u e n • G/K is the mapping 
cone of a morphism (aen) + A G+/K--> G+/K v Y. By (3.1), (3.2) (applied to the 
standard embedding of ae n into ~n)  and (2.1b), G+/K and (~en) + A G+/K have 
duals G + A~ S ~-z(z'a) and S ( a e n )  + A G + AK S #-L(K'(~) resp. The proof is completed 
by (2.1 a) and induction on the number of ceils in X. 

6. Let  SCO(G)h be the stable homotopy category, i.e. mor (X, :Y) ~ ~ ( X  l Y). 
From S C o (G)h we obtain another category ~ C O (G)h by adjoining formal desuspen- 
sions S a X  (:r e RO(G), :r ~ O, X ~ ob C~ and the obvious morphisms. Its advan- 
tage over S C ~ (G)h is tha t  all suspensions Sv, y e RO (G), are defined and invertible. 

We define the duality co/unctor 

DG: $CO(G)h-> 3CO(G) h 

as follows: for every object S:cX fix a duality ux  ~ [o~(X*A X)  and set 

DG(S:~ X)  = S-~-~' X * . 

On morphisms let Da be 

"* x ~ ,*(r*lx*)  D(ux, ur) : o~a( I Y) ~" 

Different choices of duals lead to equivalent cofunetors Da. We also have DQ 2 _ Id, 
the equivalences in both cases being given by the Yoneda lemma. Note that  

S # D a S ~ D a  for all f l eRO(G) .  

The cofunctor/)  allows us to construct the homology theory "corresponding to"  
any given cohomology and vice versa. Just  note that  (co-)homology theories [.  (~*) 
on CO(G) are naturally defined on ~CO(G)h too, and form ~$ o Da. This is readily 
seen to be a homology theory;  the exactness axiom follows from the fact that  D 
respects Puppe sequences. I f  [* is complete (see [7] 1), so is [* o 19: according to 
the remark after (3.1), (1x). ~ H =  (~x*)* ~ H  is isomorphic for X ~ S ~ and all 
K ~ H <: G, and this suffices by the comparison theorem and "Lie group induc- 
t ion" (compare [~ o DK and [~ o DH(H + AI~ ")). 

Conversely, assume a multiplicative pair ( t . ,  t*) of complete G-theories is given 
~ ,  

and let 0 : eo a --> ~ be the tturewicz homomorphism. I f  u ~ ~ (X* A X)  is a duality 
then the homomorphisms 

Ou/: ~ X - ~ *  X* 
(6.1) Ou*/: Z~X* --->[~X 
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are bijective for all H < G. This follows since Ou/is a morphism ~, --> ~* o D, iso- 
morphic on the coefficients. 

7. As an application of the last result, consider the following pair of theories: 
fix a normal subgroup H <3 G and define t ,  by 

~ / H ( X  H) if  H < K ,  
X 

I 0 otherwise 

(r162 and X H denote H-fixed point sets; these carry a K/H-action since H <3 K). 
Define t* correspondingly. A straightforward verification shows tha t  t ,  and t* form 
a multipheative pair of complete G-equivariant theories (when checking for com- 
pleteness, note tha t  for H < K ' <  K, L(K/H, K ' / H ) =  L(K, K') has trivial H-  
action, and tha t  (K • X)H = t3 unless H < K') .  By (6.1), t ,  and t* are duals, so 
we obtain: 

(7.1) Proposition. Let H be a subgroup o/G. 1 / u  ~ g~(X* AX) is a duality then 
u H ~ O~H/H~~ (X*H A X H) is a duality where N H  is the normalizer o / H  in G. 
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