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Introduction

In their paper [6], Farrell and Hsiang proved the following:

Theorem. Let N" be a closed connected flat Riemannian manifold where n+3,4
and let M" be an aspherical manifold such that n (M") is isomorphic to n (N"),
then M" and N" are homeomorphic.

This is equivalent to the statement that the structure set Sop(N) consists of
a single element. The structure set appears in the surgery exact sequence [16]:
...—=[2ZN,G/TOP]-L,, (n; N)> Fop(N)=[N,G/TOP] - L, (n, N), and the
result is proved by showing that the homomorphisms [Z'N,G/TOP]—
L, (m, N) are bijections.

We would like to prove a similar result for certain stratified spaces. Let I
be a crystallographic group acting on IR" and consider the orbit space R*/T". If
I' is torsion-free, R"/I" is an n-dimensional closed flat Riemannian manifold,
and Farrell and Hsiang’s result will apply to this. If I has torsion, R"/T is a
stratified space. The following is our conjecture.

Conjecture. If a stratified space is homotopy equivalent to R"/T" in some nice
way, then it is homeomorphic to R"/T.

This paper is the first step toward this conjecture. As with the Farrell-
Hsiang theorem this conjecture is approached by showing the functions in
appropriate “stratified” exact sequences are bijections. Our main result is a
partial computation of one of the terms in these exact sequences, specifically
the L-groups of I'. Actually we need to do the computation for a slightly larger
class of groups. Let A be a finitely generated group which maps onto a
crystallographic group I' of rank n with a finite kernel; in other words, A acts
by isometries on R" discretely, virtually faithfully, with a compact orbit space.
Let W, be a free contractible A-space. Then the map p: (R"x W,)/4A —>IR"/A
has point inverses p~!(x)=W,/A4,, which are classifying spaces for “isotropy”
subgroups A,. Quinn has defined Q-spectra IL(X) whose homotopy groups are
the surgery obstruction groups L;(m, X) [7]. This functor can be applied
fibrewise to obtain a “sheaf” of spectra IL(p)—>R"/A, with fibre over x,
IL(P~'(x)). Next Quinn has defined [9] homology groups with spectral sheaf
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coefficients H, (R"/A;IL(p)). For technical reasons we use a definition of IL
using the Poincaré chain complex of Ranicki [12, 13]. The homotopy groups
are the limits L7 of Ranicki’s lower L-theory L™ [11] which may differ
from L, possibly by 2-torsion. The following is our main theorem.

Theorem (4.11). If A is a finitely generated group which acts by isometries on R"
discretely, virtually faithfully, with compact quotient, then there is a natural
isomorphism modulo 2-torsion:

a: H R"/A;L(p) - Ly *(A).

The map a is essentially Quinn’s assembly map. To explain the calcu-
lational significance of the theorem, let us recall that there is an Atiyah-
Hirzebruch type spectral sequence [9, Theorem 8.7] H,(R"/A;L;*(p))
= H,;, (R"/A;IL(p)). Here L;*(p) is obtained by applying =; fibrewise to IL(p),
or equivalently applying L;* to the sheaf of isotropy subgroups A,. Since the
isotropy subgroups are finite, the theorem provides a “calculation” of L~ *(A)
in terms of L~ of finite subgroups.

This is the first systematic calculation of surgery obstruction groups for a
class of infinite groups with torsion. Previously purely algebraic techniques
have been mostly limited to finite groups, and geometric techniques limited to
torsion free groups. Here we refine the geometric techniques to reduce calcu-
lations for these infinite groups to those for finite groups, which are accessible
to the algebra.

The organization of this paper is as follows. In § 1, we prove the splitting
lemma for quadratic Poincaré complexes and pairs. In §2, we introduce qua-
dratic complexes with geometric control in the sense of [8-10]. Using the
results in §1, we prove the stable splitting lemma for geometric quadratic
Poincaré complexes and pairs (2.5) and the stable splitting lemma over a
manifold (2.11). In §3, we construct the spectra IL(X;p) and H(X;IL(p)) for
stratified systems of fibrations p: E— X [9], define the assembly maps, and
prove the characterization theorem (3.9), which characterizes elements of ho-
mology groups as certain objects with geometric control. At the same time the
shrinking lemma (3.10) can be proved. The key ingredient of the proof of these
is an application of the stable splitting lemma of the previous section. We also
show in this section that the homotopy groups of IL(x; B, — %) are the limits of
Ranickt’s lower L-groups of A, where B, is the classifying space of 4. In §4,
the main theorem (4.11) is proved. The proof is like that in [6]. We use
induction on the “size” of the action of A (=the size of I'), Farrell and Hsiang’s
structure theorem of crystallographic groups (4.2), and Dress’s induction theory
[2]. When the induction on the size of I' does not work, we need to use the
characterization theorem and the shrinking lemma.

This is a work done basically in the author’s Ph.D thesis at Virginia
Polytechnic Institute and State University. I would like to thank Professor F.S.
Quinn for suggesting this problem to me and for providing many invaluable
comments.
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1. Splitting lemma for quadratic Poincaré complexes and pairs

In this section, we give a sufficient condition to splitting quadratic Poincaré
pairs defined by Ranicki. We use notations and sign conventions used in [13].
R denotes a ring with 1 and an involution. Let ¢=(f: C—D, (8¥,{)) be an (n
+1)-dimensional quadratic Poincaré pair over R, and C’ {resp. D’) be an n-
dimensional subcomplex of C (resp. an (n+ 1)-dimensional subcomplex of D).
We assume that

(1.1) C/C’ is n-dimensional, D/D" is (n+ 1)-dimensional, and
(1.2) f(CheD.

Let i, denote the inclusion map of C’ into C, and p. denote the projection
map of C onto C/C’. We fix splittings j.: C/C'— C and g.: C— C' of p. and
ic. These give an identification of C with C'®(C/C’), and if we define a chain
map p.: (C/C'),~(SC),=C._, by (=) 'q.dj., then the boundary map of C
is given by a matrix

d (=Y~"pc
(

o ): C.®(C/C), - C_, ®(C/C),_,

under this identification. Here S denotes the suspension of a chain complex.
Maps iy, pp, jp»> 4p, Pp are defined in the same way for D.

Let C” denote the chain complex (C/C’)'~*. By the assumption 1.2, f
induces a chain map f'=q,fi.: C'> D" such that i,f'= fi.. The algebraic
mapping cone C(f’) of f' is a subcomplex of the algebraic mapping cone C(f)
of f. Define D" by (C(f)/C(f)"* '~ *, or equivalently C(p,fjc)"" ' *. There is
a chain map (inclusion map)

fr= ((1)) €y =(C/CY=" - D} =(D/D)* @ (C/C)~"
from C” to D”. Recall that (1+T)yy: C**—>C, and (1+T)dyp,, (—)(1
+T) o f*): D" "> C(f),=D,® C,_, are chain equivalences. Here * denotes
the dual.

(1.3) Lemma (Splitting lemma for quadratic Poincaré pairs). Let ¢, C', D', C”,
D" be as above. We further assume that

(1.4) Hipc(1+T)Yopt)=0  for i<0,
and
(1.5) Hi(pp(1+T)oyopp, S(I+T)Yope)=0 for i<0.

Then there are two adjoining (n+ 1)-dimensional quadratic Poincaré triads over
R:
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B— B——(C”
% J\ A and I j\ , ¥
C—sD C!——H D"

whose union is homotopy equivalent to c.

Proof. We give explicit matrices describing the quadratic structures and the
equivalence. This will be necessary later when we will have to check that these
satisfy certain size estimate. B and C' in the lemma are defined to be S~ C((i,
L+ T)Wopd): CO®C'>C) and S~' Cllip, (1+T)&Wops, f(L+T)Yop):
D' ® D" — D) respectively. Here S™! denotes the desuspension. We have a chain
map g¢=f@f®f": B=C,®C,,,®C/->C:=D,®D,,,®D/. Notice that,
since B and C' are chain equivalent to S™' C(pc(1+T) ¥, p¥) and S~ C(p,((1
+T) oo p5, f(1+T) Y, pt)), the assumptions 1.4 and 1.5 imply that B and C'
are chain equivalent to non-negative chain complexes. We define an n-dimen-
sional quadratic structure (5y, —) on the pair g': B— C' as follows:

0 0 0
Y=l 0 (=y—"Tép,_, O (s>1)
0 0 0

: C!n—r—s:D/n—r—s®Dn+l—r——s® Cn-r-s CL:D;®Dr+1®D;/

[0 a1+ T)aY, ()T
511/0: 0 0 (_)nr+r+lj/
0 0 0

. C!n,rzDrnAr@anLl-rG_)Dlrn—r__} C;-:D:-@DrA»l (—BD;/

0 0 0
U=\ 0 (=)' Ty, 0] (s>1)
0 0 0

:Bn—l—r—s__: C/n—l—r—s@ Cn—r—s@ Cl!n—l—r—s_)Br: C;@ Cr+1® C;/

~ 0 qC(l +T) l//o (=~ Pc
lpo: O 0 (__)nr+1jc
0 0 0

:Bn~1—r=C1n‘1—r® Cn—r@ Crln—l—r_)Brzc;(_B CH—l@C;-/’

where p'=(pp, 4p fc): D"~ =(D/D), ,, ®(C/C’),~ D, andj'=(jp, 0): D" "D, , .
A direct calculation shows that this is Poincaré. And the duality implies that B
is (n—1)-dimensional and C' is n-dimensional. Thus (g': B—C") is an n-
dimensional quadratic Poincaré pair. Now the triads in the lemma are given
by
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where g.=(—1,0,0), g5,=(—1,0,0), g£=(0,0,1), g5 =(0,0,1). These are (n+1)-
dimensional quadratic Poincaré triads. There union is

F=f@®g®(—f"):(C'uzC",=C,®B,_,@®C; >(D'u.D"),
=D,@C._, @D/, (0Us0,00,0)

where C'UgzC” and D' U D" are push-outs of

C gc B g'é_) C”
’ gD 1 gD’ 1’
D2

ie., C((gc,gl) and C('(gy. gp)) respectively, and
0U;;0,=0@0D Y, ®O@0: D' "@D"" @D "@D"" @D "'’
-D,®D,_,®@D,®D, @D
0U;0,=0D0DY,®0@0: C""OC" 'O C" "D treCnr
->CoC_®C,aC/_®C,.
Chain equivalences
0,0,1,0,0): C > C'ugC”, and
0,0,1,0,0): D ->D'u.D”
make the following diagram commute:

c —X5 b

CugC” — D'uaD",
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and
I(O, 09 1’ O’ 0) ll,s(09 0) 17 Os 0) :(0 UJO)S

1(0, 09 17 0’ O) 5l//s(0’ 0, 1’ O: O)=(0 Ué:ﬁo)s’

for each s=0. Therefore the union is homotopy equivalent to the original
quadratic Poincaré pair, and the lemma is proved. [

(1.6) Remarks. (1) If ¢ is strictly n-dimensional, then the conditions 1.4 and 1.5
are satisfied when the images of C™ and D"*' by (1+T)¥,q% and (1
+T) 0y, g} lie in C and Dy, respectively.

2 If C, C, D, C/C, D/D" are free, then the above argument can be carried
through in the category of free chain complexes.

(3) If the splitting of the boundary is already given, we can construct a
splitting with the given splitting of the boundary.

2. Geometric chain complexes and the stable splitting lemma

Geometric modules, geometric morphisms, and geometric chain complexes are
defined in [10, §1]. Since these are essential to this paper, we review them at
first. Let p: E—X be a map, where X is a metric space. This is called the
control map.

(2.1) Definitions (Quinn). A geometric Z-module on E (generated by a set S) is
a free module Z[S] together with a map of the basis f: S—E. We usually
require that geometric Z-modules be locally finite in the sense that every point
in E has a neighborhood whose preimage by f in § is finite.

A geometric morphism h: Z[S]-Z[T] of geometric Z-modules with f:
S—E and g: T—E is a sum Xm; p%”, where mieZ, xS, yeT, and p{» is a
path: [0,¢%”] - E which starts at f(x) and ends at g(y). Here (> is a non-
negative real number. We require that the sum is locally finite in the sense that
for each xeS there are only finitely many paths pg."’” with non-zero coefficient,
and for each yeT there are only finitely many paths p{*” with non-zero
coefficient. In a morphism we allow a deletion or an inserticn of a path with
coefficient 0. Morphisms are composed by composing the component paths
and multiplying coefficients: let h=Xm,p%»: Z[S]-Z[T], k=2nu>®:
Z[T]1-Z[U], then kh=Xnm,u>® p®». Here the Moore composition of
paths is used, and we write compositions of paths from right to left.

A homotopy (~) of a morphism is obtained by changing all the paths in the
morphism by homotopy keeping the endpoints fixed.

A morphism has radius ¢ (in X ) if each path with non-zero coefficient in the
morphism has image in X (via p) inside the closed ball of radius ¢ about its
starting point. Similarly, a homotopy of morphism has radius ¢ if the homotopy
of each path has image in X inside the closed ball of radius ¢ about the
starting point of the path. The symbol ~ denotes a homotopy of radius e.

Suppose W is a subset of X. The restriction Z[S]|W of a geometric module
Z[S],f: S—E, to Wis Z{(pf)""(W)]. The restriction h|W of a morphism h is
obtained by throwing away all the paths with initial point outside of p~}(W).
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A geometric morphism h: Z[S]—>Z[T] of radius ¢ is an e-isomorphism (with
support W) if there is a geometric morphism k: Z[T]—Z[S] of radius ¢ such
that there are & homotopies (=homotopies of radius ¢ kh~1,
hk ~ U(kh|W ~ 1, hk|W ~ 1). Here U's denote the “identity” morphisms made
up of appropriate constant paths with coefficient 1. According to this defi-
nition, an é-isomorphism with support W may not be an g-isomorphism. It is an
e-isomorphism if W=X.

(2.2) Remarks. (1) We sometimes do not mention the map of the basis f:
S —E of a geometric Z-module Z[S] and pretend as if the basis points were in
E.

(2) Suppose E has a universal cover E. Then by taking the pull-back §—E
of geometric Z-module Z[S] on E, we get a geometric Z-module on E, which
is naturally a free Z[n, E]-module generated by S. A geometric morphism
between geometric Z-modules on E induces a Z[n, E]-module homomor-
phism.

(2.3) More Definitions. A geometric Z-module chain complex C on E (with
support K < X) is a sequence of morphisms of geometric Z-modules on E:

d dy -

C:..oC—C,_,

such that d;_,d;~0(d,_;d,|K~0). Here 0 denotes the empty morphism. Such
C has radius ¢ if all ds have radius ¢ and there are homotopies
d?>~0(d?|K~0) of radius e The word “support” may not give a correct
impression. It does not mean that C lies over K, but it means that, roughly
speaking, C is a chain complex when restricted to K and may not be so
outside of K. Thus C is a geometric chain complex if it has support X. Similar
remarks will apply to the followings.

A chain map f (with support K) between geometric Z-module chain com-
plexes C, D (with support K) consists of geometric morphisms f;: C;— D; such
that df ~ fd(df|K ~ fd|K). It has radius ¢ if all fs have radius ¢ and there are
homotopies df ~ fd(df|K ~ fd|K) of radius &.

A chain homotopy (with support K < X) between two chain maps f,g: C—-D
{(with support K) is a collection {H;} of geometric morphisms H;: C,~ D, ,
such that dH,+H, ,d~f,—g,(dH,+H,_,dIK~(f;~g)|K) for all i. It has
radius ¢ if all the H;s have radius ¢ and there are ¢ homotopies dH;
+H;_d~ fi—g(@H;+H,;,_, d|K + (f;—g)|K).

A chain map f: C— D (with support K) is a chain equivalence (with support
K ) if there are a chain map g: D — C (with support K) and chain homotopies
gf ~1 and fg~1 (with support K). It is an e-chain equivalence (with support
K) if f, g and the two chain homotopies have radius &.

A chain contraction of C with support K< X (of radius ¢) is a chain
homotopy {s;: C;— C,, ;} with support K between 1 and 0: C— C (of radius

g).

The dual Z[S]* of Z[S] is Z[S] itself. When we have a geometric mor-
phism h=2m; p$»?: Z[S]1—>Z[T], its dual h*: Z[T]* - Z[S]* is defined to be
h* =X m, u¢™, where ug.y”‘)(t):pj."’”(t;."”’) —t).
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The tensor product over Z of a geometric Z-module Z[S], f: S—E, on E
and a geometric Z-module Z[T], g: T—F, on F, denoted Z[S]RZ[T], is a
geometric Z-module Z[SxT], f xg: SXxT—EXF, on ExF. The tensor pro-
duct h®k of geometric morphisms h=2Xm; p“‘ ) Z[S]—Z[S'] (on E) and k
=Znu®?): Z[T}-Z[T] (on F) is defined to be Zmyn pX) @ u?", where

‘”)®u‘”) is a path from (x,y) to (x',)') in E x F:[0,¢;+u;] - E X F sending ¢
to (p* (1), y) if 0=t<t; and to (x,pul?"(t—t) I, JSEStu (p
[0,t,]>E and p?: o, u]—»F) (See Remark 22(1).) The morphism (hh)
®(kk) is homotopic to (hQk)(h' ® k).

In § 1, we studied quadratic Poincaré complexes. Now we define geometric
quadratic Poincaré complexes. Again p: E— X is the control map.

(2.4) Definitions. An n-dimensional geometric Z-module quadratic complex c
=(C,¥) on E with support K consists of the underlying strictly n-dimensional
geometric Z-module chain complex C on E with support K and a quadratic
structure ¢ ={y |s=0}. Here ¥, is a set of geometric morphisms: C"~"~*
=(C *— C, (reZ) such that

n—-rfs)

(*) [y + (=) Y d*+ (=) Wy + (=P Ty, )]IK~0
LCrrm K C, (s20).

T above sends f: CP—> C_ to (=)™ f*: C1— C,. Such a complex c is Poincaré if
(1+T)e: C"*>C

is a chain equivalence with support K. When the support is X, we do not
mention the support. It has radius ¢ if C, all the morphisms v, and all the
homotopies (*) above have radius ¢ (and (1+T)y, is an ¢-chain equivalence
with support K when it is Poincaré).

A map (resp. homotopy equivalence) of n-dimensional geometric Z-module
quadratic complexes on E (with support K)

S (C) =~ (CLY)
is a chain map (resp. chain equivalence) f: C — C’ (with support K) such that

(%) S f*~ Y (fY S * K~ Y| K).

A homotopy equivalence f is an s-homotopy equivalence (with support K) if f:
C— (' is an g-chain equivalence (with support K) and the homotopies (*%)
have radius &.

Similarly, geometric symmetric Poincaré complexes (of radius ¢) and geomet-
ric quadratic or symmetric Poincaré pairs and triads (of radius ¢) can be defined
by replacing everything in the standard definition by geometric objects (of
radius ¢) and replacing the necessary identities by homotopies (of radius ¢). If
M is a PL manifold of dimension m, then a PL triangulation of M produces an
m-dimensional geometric Z-module symmetric Poincaré complex on M. See
Ranicki [13] and Quinn [10]. This will be denoted o*(M). Unions and tensor
products of geometric complexes and pairs are defined by the same formulae as
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the standard cases. Then the following is the main technical result of this
section.

(2.5) Lemma. (Stable splitting lemma for geometric quadratic Poincaré pairs).
Fix n and p: E— X. Given any ¢>0, there exists 6 >0 such that for any (n+1)-
dimensional geometric Z-module quadratic Poincaré pair ¢ on E of radius ¢ in X
and a subset Y of X, the (n+2)-dimensional geometric Z-module quadratic
Poincaré pair a*(SY)®c on S* x E is e-homotopy equivalent to a union of two (n
+ 2)-dimensional geometric Z-module quadratic Poincaré triads of radius ¢ lying
over Y* and X —Y ~* respectively. Here we use the control map p'=(constant
map)xp: S'XxE—-{pt.}x X =X.

To prove this, we need the following local “folding™ argument (cf. [1] § 14).

(2.6) Lemma. If a geometric Z-module chain complex (C,d) on E of radius é in
X has a chain contraction with support W(< X) of radius 6 and satisfies the

ollowing :
f g C|\W=0 for I<k,

then C is 26-chain equivalent to a geometric Z-module chain complex (C',d’) on
E of radius 6 in X such that

(1) CIW°=0 for I <k,

(2) ClX-W=C|X —W, and

(3) there exists a chain contraction of C' with support W 2% of radius 3.
Proof. Let {s;} denote the chain contraction of C with support W, and let i, j, r,

q denote the following canonical inclusion morphisms and projection mor-
phisms:

C X —W = C, == C, | W .
r J

We have homotopies d, s, j~j and d,j~0. Define (C’,d") as follows: C;=C,
(I+k, k+2), Co=CJX W™, Cri2=Cor @ CUW ™% di=d,i, di, , =pd, ,,
di, =y, 5, 8:0) di3="dy, 3,0), dj=d, otherwise. Let T be a chain complex
with T,,,=T,, ,=C, W% T,=0 otherwise, and dr=1: T, ,~ T, ; and let
T’ be the desuspension of T There are obvious chain equivalences f:
CoC@®Tand h: C@®T - . Define achainmapg: COT-C'®T by

g=1 if l+k+1

1 SiJ

gk+1=(qd 0): Coo1@CIW T C @ C W2
k+1

Since g, , , can be decomposed as

( 1 0)(1 skj)
gk+1 qdk+1 -1 0 1

g is a d-isomorphism. Composing f, g, and h, we obtain a 2 d-chain equivalence
between C and C'. A desired chain contraction {s;} of C’ is defined by s;=0
for ISk, s 1="(5cc1> Adiit)s Sir2=(Sks2s —Sis 2811 8J), and s;=s, for [2k
+3. O
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Using this lemma repeatedly, we get the following:

(2.7) Corollary. Fix n and p. Given any ¢>0, there exists >0 such that for
any n-dimensional geometric Z-module chain complex C on E of radius 6, C is ¢
chain equivalent to an n-dimensional geometric Z-module chain complex C' on E
of radius ¢ satisfying:

1) ColW?=...=C,_,IW= =0

2 CIX—-W=C|X-W

(3) there exists a geometric morphism s: C, | — C, of radius & such that

d,sIW=*~1 and sd|W™*~1.

It is in general impossible to finish this elimination in the last two layers,
but if we “stabilize” everything, wc can avoid the difficulty as follows. Let
(A,d,) be the underlying geometric Z-module chain complex on S! of ¢*(S'):
0—-A,—>A4,—0. Then A® C is a strictly (n+ 1)-dimensional Z-module chain
complex on S! x E of radius ¢ in X:

0-4,0C,~(4,@CHBA,®C,_ )~ (4,8C,_)D(4,®C,_,)—
((-)"d';@l) (1®d,, (—)"dA®1)
1®d, 0 1®d,_,

and (A® C"),|W~*=0 if i<n—2. The morphisms
(1®@s)D(1®s;_ 1) {4y RC)D(A,®C;_y)—~(4, ®C+1)@(A ® Cj),

where s, ,=s, and s;=0 if in—1, define a chain contraction of 4A® C" with
support W ¢ and radius & Use 2.6 again to get a strictly (n+ 1)-dimensional

geometric Z-module chain complex C on S xE of radius & in X such that
C|W=2¢=0 if i<n—1; the boundary map d: C, ;—C, is given by the
following matrix:
d_((—)"dA®1 1®Sj)
S\ 1®d, 0

{4, ®CHB(A,®C,_|IW ) >(4,0 C)8(4,9C, ),

where j is the inclusion morphism of C,_,|W % into C,_,. Now we consider
the following e-isomorphism of C,, ; to itself:

T Sl [ P [

where ¢ is the projection morphism of C,_, onto C,_,|W~?" Then
h|W =3¢ ~d|W ~3¢, If we replace the boundary map d: C +1—>C by dh~!, we
get a new geometric Z-module chain complex C’, which is ¢-isomorphic to C
and the boundary map dh~' is homotopic to the identity when restricted to
W-3 Now we can delete ., ,|W~*¢ and C,|W~* from C'. Thus we obtain
the following:
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(2.8) Lemma. Fix n and p. Given any £>0, there exists 6 >0 such that for any
strictly n-dimensional geometric Z-module chain complex C on E of radius § in
X which has a chain contraction with support W and radius 6, there exists a
strictly (n+1)-dimensional geometric Z-module chain complex C on S'xE of
radius ¢ in X satisfying

(1) C lies over X — W,

(2) C is e-chain equivalent to A® C, and

3) ClX—W=(ARC)|X -W.

Proof of 2.5. Suppose an (n+ 1)-dimensional pair (f2 C— D, (6, ¥)) of radius &
is given. Define subcomplexes C’, D’ of C, D as follows:

C(—‘: C| Y—(i+l)6
D;=D,|Y "%

Then 1.1 and 1.2 are automatic, and 1.4 and 1.5 are also satisfied. (See Remark
1.6(1).) So formulae in the previous section will give a splitting into two (n+ 1)-
dimensional triads. The only defect is that the common boundary pieces B and
C' of Lemma 1.3 may lie all over X. It is easy to cut off the portion of B lying
over Y~"; B is chain equivalent to S™' C(p-(1+T) ¥, p¥). Similarly for C'.
Next notice that p.(1+T)y,p¥ is a chain equivalence with support X —Y°.
The formula on p. 167 of [15] produces a chain contraction of S~! C(p.(1
+T) i, p¥) with support X -Y>? and radius 35. Now, using Lemma 2.8, we
can eliminate the portion of ™! C(p.(1 + T(, p¥) lying over X - Y for some
&' >0 which depends only on 6 and »n. Apply the same argument to C'. This
ends the proof of Lemma 2.5. [

The notion of pairs(=2-ads) and triads(=3-ads) naturally extends to “(k
+2)-ads™ (Ranicki [13]) or “higher algebraic bordisms” (Weiss [17]). A (k+2)-
ad x of chain complexes is a collection of

(1) the underlying chain complex |x|,
(2) k+1 (k+1)-ads 0, x, ..., 8, x satisfying

0,0,x=0,0;,,x if 0Ligj<k,

(3) a pair |Jd,x—|x|.
Let x be a (k+2)-ad. When i, <... <i,, we define J; _,, x by 9,0, 3Jx.

An n-dimensional quadratic Poincaré (k+2)-ad x is a (k+2)-ad x of chain
complexes together with structure maps

W) 10X 10,x],  ac{0,1, ...k}

such that

(1) 6, x is an (n —1)-dimensional quadratic Poincaré (k4 1)-ad for each i, and

(2) (U, x=1x], (W4, UWy) is an n-dimensional quadratic Poincaré pair.
Here |a denotes the size of the subset o.

Let X be a metric space and p: E—~ X be a map. If we use geometric Z-
module chain complexes on E, we can define geometric Z-module quadratic
Poincaré n-ads on E. Such a thing has radius & (resp. support K = X) if all the
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involved chain complexes, chain maps, chain homotopies, and structure maps
are replaced by those of radius ¢ in X (resp. support K). An n-ad x is called
special if 0y,  , 5x=0. Recall that an “n-ad” in the usual sense is a to-
pological space together with n—1 subsets. We call this a topological n-ad to
distinguish it from n-ads of (quadratic) chain complexes. Let (E,0,E) be a
topological n-ad. A geometric Z-module quadratic Poincaré n-ad x on (E, 0, E) is
a geometric Z-module quadratic Poincaré n-ad on E such that d;x lies over
0,E for each i.

Let us consider the following problem. Let M be an n-dimensional compact
manifold with a PL-triangulation L, and fix a metric on M. Also let p: E-> M
be a map. Suppose each n-simplex A4 of L is given a geometric Z-module
quadratic Poincaré (n+2)-ad x, of dimension m on a topological (n+2)-ad
(p~'(4),p~ (0, 4)) such that

(2.9) (compatibility) if two distinct n-simplices 4 and A’ have a common (n
—1)-face, 6;4=0;4', then 0;x,= —0;x 4.

We would like to glue all these (n+2)-ads to get an m-dimensional geomet-
ric Z-module quadratic Poincaré pair on E. We can also consider a problem of
the inverse direction. Notice that there is a small difficulty. Ranicki’s formula
allows us to glue things only along a codimension 1 boundary piece, so we
have to be careful about the order of glueing. There are several ways to avoid
this difficulty; we do it in the following way. First we glue locally so that the
local blocks behave nicely, and then we glue the blocks (which can be glued in
any order). When we split something, we first split it into several blocks so that
each block is over a union of simplices in a controlled way, and we split each
block into the desired pieces. More precisely, assume that the triangulation L
of M is the first barycentric subdivision of another triangulation K. For each
vertex v of K, consider its star S(v) in L, or the dual cone. Two such dual cones
are either disjoint or meet along codimension 1 cell(s). The glueing and
splitting problem over S(v) can be solved by looking at the link L(v) of v in L.
Note that L(v) is an (n—1)-dimensional sphere and the triangulation is the
first barycentric subdivision of another. Thus we can keep on reducing the
dimension until the link becomes a circle, and in this case there is an obvious
order of 2-simplices and glueing and splitting can be done. Thus we have:

(2.10) Theorem. (Glueing over a manifold). Let L be the barycentric subdivision
of a PL-triangulation of a compact n-dimensional manifold M and p: E—>M be a
map. And suppose each n-simplex A is given an m-dimensional geometric Z-
module quadratic Poincaré special (n+2)-ad on (p~'(4), p~'(0, 4)) which are
compatible on common faces (in the sense of 2.9). Then one can glue them
together to get an m-dimensional geometric Z-module quadratic Poincaré pair on
(E,p~'(0M)).

(2.11) Theorem. (Stable splitting lemma over a manifold). Let us fix m and p:
E—> M and let L be the first barycentric subdivision of a PL-triangulation of the
compact manifold M. Fix a metric of M. Let & be any positive number. Then
there exists 6>0 such that any m-dimensional geometric Z-module quadratic
Poincaré pair on (E,p~'(0M)) of radius & can be split into pieces each of which
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has radius ¢ and lies over an e-neighborhood of the corresponding simplex of L,
after tensored with a sufficiently large number of ¢*(S')'s.

(2.12) Remark. If a splitting of the boundary is already given, then the result
can be arranged to have the given splitting of the boundary.

3. Surgery spaces and assembly maps

Let p: E—> X be a map, where X is a metric space. In this section we first
construct an Q-spectrum IL(X;p) which might be called a “controlled L~*-
theory spectrum”. If X is a single point =, then IL(*; E—#) is homotopy
equivalent to the L~ ®-theory spectrum IL(E), whose homotopy groups are the
limits L,”(n, E) of Ranicki’s lower L-groups L;”(n, E) [11]. Next we describe
homology H,(X;IL(p)). It is a sort of generalized homology with local coef-
ficients, defined by Quinn [9, §8]. Given a space X and a spectrum %, the
usual (constant coefficient) generalized homology groups H, (X ;&) is the ho-
motopy groups of an Q-spectrum lim Q"(¥, x X/{base point} x X)

n—oc

=lim Q(( U & x {x}/(| ) {base point} x {x})). In our case, we apply the IL~*-

n— o xeX

theory Spectrum functor IL{—) to each fiber of p: E—X, and define
H_(X;IL(p)) to be the homotopy groups of an Q-spectrum IH(X;IL(p))

=lim @"((|J L_,(p~"(x) x {x})/ U {base point} x {x})). Actually, we assume

n— o« xeX

that X is a polyhedron and apply IL( ) blockwise to p and use IL(p~'(4)) x 4
as a building biock of IH(X;IL(p)), where 4 is a simplex of X. When p is
sufficiently close to being a fibration, these two approaches are equivalent
[ibid.]. Lastly we show that the homology spectrum IH(X;IL(p)) is homotopy
equivalent to the controlled L~®-theory spectrum IL{X; p), for certain maps p
(Theorem 3.9). This will be used to prove the main theorem (4.11) in section 4.

Now let us begin defining IL(X;p). A point in IL (X; p) is, roughly speak-
ing, an (n+/)-dimensional geometric Z-module quadratic Poincaré complexes
on R!x E whose sufficiently high suspension (defined below) is cobordant to
one with arbitrarily small radius measured in X. For example, an n-dimension-
al surgery problem between PL-manifolds M — N together with a map N—E
inducing an isomorphism on x, produces such a quadratic Poincaré complex
on E; one can make the radius as small as one likes by choosing sufficiently
fine PL triangulations. Actually, by successively taking barycentric subdivisions
of M and N, one gets a sequence of quadratic Poincaré complexes with radius
converging to 0. This defines a “path” in the “space of quadratic Poincaré
complexes” I, (X ; p).

There are cases in which we need a restriction map IL(X,p)—IL(W;p|W)
for an open subset W of X. Note that, when we restrict a geometric quadratic
Poincaré complex with support the whole space X to W, the result is generally
not a quadratic Poincaré complex on p~ (W) with support W because it is
damaged near the frontier of Win X. So, when we define IL(X; p) and IP(X; p),
we need to consider complexes with support not necessarily the whole space.
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This surely complicates the construction. Fortunately, we can simplify the
construction, as long as we deal with compact X’s. See Remark (3.3) below.
One place where we might use restriction maps is the proof of theorem 3.9.
There are at least two ways of establishing a homotopy equivalence between
H(X;IL(p)) and IL{X;p), one employed in this article and one employed by
Quinn in [9]. In Quinn’s way, one needs to check that IL satisfy a certain
restriction axiom. In this article, theorem 3.9 will be proved without using
restriction maps, but the full definition will be given for completeness.

Fix p: E—» X and an integer n. A primitive k-simplex x of degree n with
radius & and support KcX is an (n+k+I)-dimensional geometric Z-module
quadratic Poincaré special (k+2)-ad on R'x E with radius ¢ in X and support
K < X, for some non-negative integer I. The composition R! x E > E— X is the
control map. We require that x be locally finite and have bounded radius in R’
x X via 1 xp. If x has radius ¢ and support K, then its faces ¢,x,...,d,x are
primitive (k — 1)-simplices of degree n with radius ¢ and support K.

For a primitive k-simplex of degree n with radius ¢ and support K, we have
the following operations.

(1) Reduction. Suppose ¢ 2¢ and K'cK<X. Then x can be regarded as a
primitive k-simplex of degree n with radius ¢ and support K'. This is called a
reduction of x.

(2) External suspension. ¢*(S)® x gives an (n+k+[+ 1)-dimensional geo-
metric Z-module quadratic Poincaré special (k+2)-ad on S!xR'x E. Lifting
everything into the infinite cyclic cover R x R' x E=IR'*! x E, we obtain a new
primitive k-simplex of degree n. The result is denoted by X x, and called the
external suspension. 2™ x=2X... X x has the same radius and support as x.

Now we define the space of quadratic Poincaré ads.

(3.1) Definition. IP(X;p) is the A-set with simplices (which will be called
elaborate simplicies) defined inductively: an elaborate O-simplex is a primitive
O-simplex of degree n, ie, a strictly (n+/)-dimensional geometric Z-module
quadratic Poincaré special 2-ad (=complex) on R'x E for some ! (with unre-
stricted compact support and radius). An elaborate k-simplex o consists of an
underlying primitive k-simplex |a| of degree n, together with k+1 elaborate (k
—1)-simplices 0,0, ...,0, 0. We require these to satisfy the usual ¢;0; identities,
and in addition require that the external suspension of a reduction of the
underlying primitive (k —1)-simplex |3, 0] of 0,0 be equal to the i-th face 9,|o]|
of the underlying primitive k-simplex |o|. The support and radius of an elab-
orate simplex are those of its underlying primitive simplex.

We are not interested in IP,(X;p) itself; it is contractible, because there is
no restriction on radius and support in the definition. If we required that the
support be equal to X and the radius be arbitrary, then we would have the
usual L~*-group spectrum. In the following definition, we are going to put a
restriction on both the support and the radius. Suppose K is a compact subset
of X, ¢ is a positive number, and N is a positive integer, then IP,(X,K,p,¢)
(IP,(X, K, p, &)™) denotes the subset of IP,(X;p) made up of all the simplices
with support containing K, radius not exceeding ¢ (and the dimension of the
underlying primitive simplex less than or equal to N).
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(3.2) Definition. We define a 4-set IL, (X ; p) as follows. Let 4* be a k-simplex
with the obvious A-set structure and let [0, c0) have the triangulation with
vertices at integer points. The obvious ordering of vertices makes [0, o0) into a
A-set. A k-simplex of IL (X ;p) is defined to be a A-map A4*®[0, c0) >IP,(X;p)
which satisfies the following condition: there are an increasing sequence of
compact sets K,=X with {J (interior of K)=X, a sequence ¢ of numbers
monotone decreasing to 0, and a positive integer N, such that the image of A*
® [, o) lies in IP(X,K;,p,&)™. Here ® denotes the geometric product of A4-
sets [14].

(3.3) Remarks. (1) When X is compact, we may replace IP,(X,K,,p,e)™ by
IP,(X, X,p,e)™ in the above. In this case, we write IP,(X, p, ¢) (resp. IP(X, p, &)™)
instead of IP,(X,X,p,¢) (resp. IP,(X,X,p,e)™). The union J{IP,(X,p,e)le>0}
(resp. U{IP(X,p,e/™}) is denoted IP,(X ; p) (resp. IP,(X; p)™).

(2) IP,(X; p) satisfies the Kan condition. As was mentioned above , this fact
itslef has no importance at all. What is important is the construction used to
prove il. Note that the same proof works for IP,(X; p). For example, suppose
we have a “horn” of k-simplices of IP,(X; p), yo, ..., ¥, satisfying ¢;y,= —&,y;,,
(0gi<j<k). After some necessary suspensions, we can fit y,,...,y, together to
produce a new k-simplex y,, ;. There is an obvious cobordism {product cobor-
dism) between y,_, and itself, and this gives a (k+1)-simplex x such that J, x
=y, (i=0,1,...,k+1). The radius and support of x depend on those of y’s (i
=0, 1,..., k). Therefore, IL,(X; p) also satisfies the Kan condition.

The next result describes the spectrum structure. Unfortunately, our sub-
scripts for IL do not coincide with the indexing for spectra.

(3.4) Theorem. There is a wnatural homotopy equivalence T: QI (X;p)
_)H‘11+I(X;p)~

Proof. A k-simplex of QIL, (X;p) is a A-map o: 4*Q[0, 0)®I -1IP,(X;p). We
define To: A*®[0,00)>1P,, ,(X;p) as follows. Let 7 be an m-simplex of 4*
®[0, ). c(r®1I) consists of several simplices of IP,(X;p). We can fit these
together after some necessary suspensions and the result is an m-simplex of
P, (X;p), since o6(1®0)=0c(t®1)=0. This defines a k-simplex To of
L,  (X;p)

We will show that T is a homotopy equivalence. First of all, note that each
0-simplex of IP,, ,(X;p) can be naturally regarded as a I-simplex of IP,(X; p)
with two 0 faces, and a O-simplex g: [0, 0)—> P, (X;p) of I, ((X; p) can be
expressed as in the following picture.

a([0, 1]) a([1,2])

This itself is not a O-simpiex of QIL,(X;p), since this picture is not tri-
angulated. By inserting trivial cobordisms as in 3.3(2), we can triangulate this
picture:
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Here t; denotes the trivial (=product) cobordism between o (i) and itself. Or one
can supply a more formal construction: suppose a([i,i+1])<IP,, (X, K,,p,¢),
then one can easily construct a “simplicial” map A'®[i,i+1]>IP,(X,K,,p,,)
by sending one of the two 2-simplices of A' ®[i,i+ 1] to the 2-simplex o([i,i
+17) whose edges are o(i), 6(i+1) and 0, and the other to the l-simplex a(i).
Then use the relative A-map approximation theorem of Rourke and Sanderson
[14, theorem 5.3] to get a d-map. Here we use the fact that IP(X,K,,p,¢;) is
Kan (3.3). Observe that this gives the same map as above (up to homotopy).
Similar argument will be used often later, and will be called the “triangulation
argument”. Now this defines a O-simplex [0, c0)® I ->IP(X;p) of QIL,(X,p). If
we apply T to this, then the result is different from the original only by trivial
cobordisms; therefore these two can be connected by a I-simplex of
IL,. .(X;p); 1e, T maps into every component. Next consider an element of
the relative homotopy group =,(T). By the Kan condition it is represented by a
map p: #/®[0,0)—1P,, ,(X;p) such that p|d,4/=0 for i<j and p|d;4'=To
for some a: 471 ®[0, 00) ® I »1P,(X ; p). We need a deformation of prel d;p to
a map in the image of 7. An extension ¢: A/®[0,00)®I—-IP,(X;p) of ¢ can
be constructed by first letting ¢'(r)=0 for 7 in ({8, 4)®[0,0)@IU A’

P<j

®[0,00)®{0,1} and then using the triangulation argument. There is an ob-
vious cobordism which gives a simplex connecting p and Te'. [J

Now let us consider a special case when X is a single point =. In this case,
IL;(*; E— %) is homotopy equivalent to IP/(x; E - x). We denote IP(+; E— *) by
IL;(E).

(3.5) Proposition. There is a natural isomorphism
9: L;*(G) >, IL(E)
where G is the fundamental group of E.
Here L, is the direct limit lim L;” of Ranicki’s lower L-groups [11].

jo®

L~7(G) is defined to be the kernel of the product of projection maps

L

n+j+1

j+1
@' % G)— [ I8

wt o1 (@7 % G).
The map L ?— L/~ is induced by the map
*(SN®: L (@7 xG) > L, (27 ? x G).

Proof of 3.5. First let us define 6. An element of I{;?(G) can be represented by
a free (n+j+1)-dimensional quadratic Poincaré complex over Z[Z/*!x G].
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Represent this by a geometric Z-module quadratic Poincaré complex on T/*!
x E, where T'*! is a (j+ 1)-torus. The pull-back of this on R/*!x E has a
bounded radius in the R/*? coordinates. So we can regard this as an n-simplex
of IL ,(E) with zero boundary, and hence as an element of x,IL (E). (¢*(S")®)
on the left side corresponds to X on the right, so this defines a homomorphism
0 of the direct limit.

Next we show that 6 is onto. Take an element of z,IL(E) and represent it
by a locally finite geometric Z-module quadratic Poincaré complex ¢ on R/
x E with bounded radius on IR’ for some j. Split ¢ along {0} xR/~'xE
without taking the external suspension; we obtain a splitting c~c_u,c_,
where b may lie all over R/x E. We proved that the geometric Z-module
quadratic Poincaré complex ¢*(S!)®b on S! xR/ x E is homotopy equivalent
to another complex d which lies on S'x {0} xIR/"!'xE. So Xc on RxR/xE
has a splitting ¢, U, ¢’_, where d' is the pull-back of d in R x {0} x R/~ ! x E.
Note that Xd', the pull-back of 6*(S')®d (on RxS'xR/~“!'xE) on RxR
xIR/~! x E also has a splitting d’, U, d_. Here + and — are with respect to
the second IR. We claim that Xc¢ and Xd' are cobordant. ZTc@®(—2d') is
cobordant to (¢, U (—d )P(c_u_,{—d_). Since ¢ u,(—d,) (resp.
¢_u_yz(—d")) lies over R x [0, 0) x R/"'x E (resp. R x(—00,0] x R/~! x E),
the next lemma implies that these are cobordant to 0, and hence Xc¢ is
cobordant to Xd'. Repeat this process until one gets X/¢, where ¢ is a
geometric Z-module quadratic Poincaré complex on T/ x E, and ¢ is the pull-
back of e on R’ x E. This e represents an element of L; ®(G). Obviously 0 sends
this element to [c]en, IL(E).

(3.6) Lemma. Any locally finite Z-module quadratic Poincaré complex on R’
x E which lies over [0, 00) x R~ x E is locally finitely cobordant to zero.

Proof. Let ¢ be such a complex, and ¢ denote the parrallel translation of R
xR/~'x E defined by t(x,y,z)=(x+1,y,2). Then ¢ is cobordant to a locally
finite complex

c®(—tg@(Ple(—g@* )] ...
=[c@®(—t)]D*)D(->)]D ...

which is cobordant to zero. [

Let us go back to the proof of 3.5. We will prove the injectivity of 0. Pick
an element x in the kernel of 6. Its image is cobordant to 0. Apply the same
argument to this null cobordism as in the onto part. This will show that x

=0. O

This justifies the following notation:
3.7 Notation. L, *(E) =mn,IL(E).

Next we describe homology H, (X ;IL(p)) defined by Quinn [9, §8], in terms
of A-sets. We assume X is a finite polyhedron and p is a simplicial stratified
system of fibrations. We fix a 4-set K with realization |K| equal to X; for
example, the first derived of a triangulation of X gives such a A4-set.
H_(X;IL(p)) does not depend on the choice of K [ibid.]. Recall that IL(—) is a
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covariant functor from spaces to spectra of A-sets (3.4). We apply IL(-)
blockwise to p. Define a 4-set IL,(p) by:

{UL,(p~ () ®4}/~,

AeK
where a simplex 4eK is given the obvious A-set structure, and the equivalence
relation ~ is generated by : a simplex in ILn(p"l((?jA))®8jA is identified with
its image in IL_(p~'(4)) ® 4. The realization |IL, (p)| is homeomorphic to:

{UIIL (P~ (D x |41}/ ~,

since IL, (p~*(4)) is Kan. Here ~ is induced by the identification of simplices
given above. Denote by p, the natural projection of [IL,(p)| to X. Also the
section i: X —[IL,(p)| is defined by fitting together the base points of the pieces.
Further the structure maps [IL_,(p~*(4))| = |QIL_, ,(p™ () ~QIL_,_,(p~' (1))
fit together to make [IL_,(p)| into an ex-spectrum ([9, p. 423]):

L _, (p)l = Cx (I _, _,(p)))-
For a subpolyhedron Y of X, the composition

inclusion

L _,(p)l - Qx(IL_,_,(p)) ——— QL _,_,(p)I/i(X))

induces a map:
L _(p)l/iX)up, (Y) - QL _, ,(p)/i(X)up; (V).
Taking Q"7 of this we have a map:
QL _, (/XY wpy (Y) QI L, ()I/i(X)upy ' (Y)).

We replace this by a 4-map between 4-sets, applying singular complex functor
S and then applying forgetful functor F [14].

(3.8) Definition. The homology spectrum H(X, Y;IL(p)) is an Q-spectrum of A-
sets defined by

H (X, Y;IL(p)) = lim FSQ"J(IL _,(p)l/i(X)p, *(Y)).
The homology groups are the homotopy groups of this spectrum.

The functor IL(—) which was used to construct H(X, Y;IL(p)) is homotopy
invariant; in fact, the homotopy type of IL(E) depends only on the fundamental
group w, E (3.5). Therefore, according to Quinn [9, p. 421], H(—;I{—)) is a
homology theory on the category of polyhedra with stratified systems of
fibrations. From now on we always assume p as such. The following is the
main theorem of this section.

(3.9) Theorem. (Characterization theorem). Let p: E— X be a polyhedral
stratified system of fibrations on a finite polyhedron X. Then there is a homotopy
equivalence A;: H (X ;IL(p)) »IL _ (X ;p).
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Proof. One way to prove this is to use Characterization theorem (8.5) of Quinn
[9]. But, since we will also need something more explicit (3.10 below), we give
a definition of the map A, called the assembly map, and prove that it is a
homotopy equivalence.

A k-simplex of FSQ"I(JIL_, (p)I/i(X)) is a map p: S"~/ x 4* > |IL_, (p)I/i(X).
By modifying p a little, if necessary, we may assume that there exist a compact
codimension 0 submanifold V of §"~/ x 4* and a cellular map p": V—[IL_, (p)|
with respect to a triangulation of V such that p sends the complement of int(}V)
to the base point [i(X)] and p|V factors through p’. We may assume the
triangulation of V is a derived of another, and regard V as a A-set. By a
simplex-wise inductive application of the relative 4-map approximation theo-
rem of Rourke and Sanderson [14, theorem 5.3], we may assume p’ is a
(realization of) a A-map, because IL_ (p~'(4))®4 is Kan. A further appli-
cation of the approximation theorem produces a homotopic 4-map, also de-
noted by p’, into a subcomplex UIL_,(p~ '(4)) x FG(4) of IL_,(p), because
IL_,(p~'(4)) is Kan. For each (n—j+k)-dimensional simplex 4 of V, p'(4) is
given a structure of (—j+k+I[)-dimensional geometric Z-module quadratic
Poincaré special (n—j+k+2)-ad on R'x E with radius measured in X =the
diameter of p, p'(4). Glueing all these, after taking external suspensions if
necessary, we obtain a (—j+k+/[)-dimensional geometric Z-module quadratic
Poincaré special (k+2)-ad on RYxE with radius max {diameter of
Py p'(4)| A€V}, which is a simplex of IP_;(X; p). Note that, since p is a stratified
system of fibrations, each piece can be shrunk to produce a copy of a smaller
radius lying over a simplex 4’ of a barycentric subdivision of p, p'(4) (use a lift
to E of a shrinking map p, p'(4)— 4’), and we fill in the resultant gaps with
fine product cobordisms and glue these together to obtain a simplex with a
smaller radius. More precisely, let V' denote the barycentric subdivision of V.
There is an obvious simplicial map f: V' — V homotopic to the identity which
maps, for each (n—j+k)-simplex 4 of ¥, one of the (n —j+k)-simplex 4’ of V'
contained in 4 to 4 and all the others to faces of 4. Apply the argument above
to approximate (relatively) the composition p'f: V'—=|IL_,(p)] by a 4-map.
Then use a lift of the homotopy 1,2~/ to shrink things. This is called the
“barycentric subdivision shrinking argument”. There is a cobordism between
the original and the new simplex, and repeated application of this barycentric
subdivision shrinking argument, together with the triangulation argument, gen-
erates a map 4*®[0, co) »IP_,(X;p). Since the radius goes to 0 as t— o, this
defines a simplex of IL_;(X; p). This defines the desired map A;.

In the following proof, we will not mention taking barycentric subdivisions
or external suspensions when we glue or split things for simplicity. First we
will show that A; maps into every component. Let ¢ be a O-simplex of
IL_,(X;p); since X is compact, we may assume that ¢ is a map from [0, o) to
P (X;p)™ with a sequence ¢ monotone decreasing to 0 such that
o([i, 0) = IP_(X,p,&)™ for each i, where N is some positive integer. Embed X
in S"~J for a sufficiently large n, and let W and r denote a regular neigh-
borhood of X in $" 7/ and the retraction: W—X. Let p': E—»W be the
stratified system of fibrations obtained as the pull-back of p by r; E’ retracts
to E, and p’ is an extension of p and has the advantage that the base space is a
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manifold. ¢(0) can now be regarded as an (I —j)-dimensional geometric Z-
module quadratic Poincaré complex on R’ x E' with radius ¢, (with respect to
p'). Let us split (stably) ¢(0) into pieces lying over the simplices of W. Let ¢ be
any positive number; the stable splitting lemma gives 6 >0 such that if ¢(0) has
radius 4, then each split piece lies over an e-neighborhood of the corresponding
simplex of W. We may assume that this is the case. If ¢,>4J, then we can
replace ¢ by another simplex ¢'(t)=0(t+1i) in the same component as o, where
i is chosen to be sufficiently large so that ¢ < 4. If we had chosen ¢ sufficiently
small at the beginning, we can construct a map of p’ to itself of radius & which
sends (p))~! (e-neighborhood of A4) to (p)~'(4) for each simplex AeW. This
map induces e-isomorphisms which make each split piece lie exactly over the
corresponding simplex of W. The retraction E’— E, then, induces isomorphisms
that make each piece lying on R! x E for some I. Thus we have a triangulation
of W such that each simplex of W is given a geometric Z-module quadratic
Poincaré ad on R!x E. Since there are only trivial ads over the simplices in
W, we can associate trivial ads to the simplices in §"~/ —int(W) and define a
0-simplex of FSQ"~/(|IL _,(p)|/i(X)). We will show that 4; sends p into the same
component as o. First of all, by construction, (4;p)(0) and ¢(0) can be joined
by a l-simplex in IP” ;(X;p). This is the first step of the inductive construction
of a 1—simplex T connecting o and Ajp. Assume we have constructed a map
from 6,4 ®[0,0)uA* ®[0,m]ud, A’ ®[0, ) for some integer m, giving ¢
and 4;p on each end. We can extend this over A ® [m,m+ 1] by applying the
“ barycentrlc subdivision” shrinking argument to the union o([m,m+1]ju(4?
®{m})uA;p([m,m+1]) to get (4'® {m+1}) and then applylng the triangu-
lation argument to the resulted cobordism to fill in the square A' ® [m,m+1].
This inductively constructs the desired homotopy. Thus 4; maps into every
component.

Next we will show that the relative homotopy groups =, (4;) vanish for all
k. Its element is represented by a map o¢: 4*®[0, 00)>IP” ,(X;p) such that
16, 4*=0 for i<k and o]0, 4*=4;p for some p: §"7/x 9, 4*>|IL_,(p){/i(X)
such that p(S"~7x 80, 4%)=[i(X)]. We may assume that p maps the comple-
ment of the interior of some codimension 0 submanifold V of S"~/x g, 4* to
i(X), and hence restricts to a map p’: V—|IL_,(p). Roughly speaking, ¢(0) is a
Poincaré pair whose boundary is split into pieces lying over simplices of V. To
find a k-simplex p, of FSQ"/(|IL_,(p)|i(X)) whose image A;p, by A; is homo-
topic to ¢ fixing the boundary, we want to apply the stable splitting lemma to
6(0). As before we assume that X is a subcomplex of $"/. This time let W
denote a regular neighborhood of X in $"~7 x 4*, where $"~/ is identified with
S"~7 x {the center of the (k —1)-simplex 0, A4*}. We extend p to the pull-back p’:
E'— W using the retraction W— X and split things here as before. Unfor-
tunately, the splitting of the boundary of (0) is not over W,=Wn(S"~/
x J, 4% but over V. We remedy this as follows, changing p by homotopy. First
apply the “barycentric subdivision™ shrinking argument to each split piece to
get a homotopic map, denoted by p again, for which the radius of each split
piece is very small. Consider the composition p, p’: ¥V — X. Choose sufficiently
large m, so that the mapping cylinder M of p, p' can be embedded in ™ S"~/
x 0, A*x [0,1] so that V<Z™S" 7 x0, A*x {0} and X<X"S" I xq, 4*x {1}.
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Take a regular neighborhood N of M in 2™ $" =/ x ¢, A* x [0, 1], then N retracts
to M and then to X. Use this to get a pull-back E¥* >N of E—X. At 0, 2™p’
gives a geometric Z-module quadratic Poincaré complex on E* split over
simplices of Z™S"~/ x 9, A* x {0}, and at 1, consider ™ of the boundary of ¢(0)
regarded to be on E*. Since these are essentially the same thing, these can be
connected by a cobordism. Actually, if one places sufficiently many layers of
product cobordisms along the mapping cylinder, we may assume that the
radius of the cobordism is very small. If everything is sufficiently small, then
we can apply the stable splitting lemma over N, to get a homotopy of p to a
new map for which the splitting is over a regular neighborhood of X in
2™ S"=ix 0, A% Thus, from the beginning, we may assume that the splitting of
the boundary of ¢(0) is over W,. Now we can apply the stable splitting lemma
to obtain a map p,:S" I xA*>L_ (p)|/i(X). p, is a k-simplex of
FSQ"=J(IL_,(p)I/i(X)) with all faces at the base point except p. The same
argument as in the first part gives a homotopy between ¢ and 4, p, fixing the
boundary. This completes the proof. [

The proof actually gives the following:

(3.10) Corollary. (Shrinking lemma). Let p be as in 3.9. Then, given any positive
integer n, there exists a positive number ¢ such that for any 0<d<g, there is a
function (“shrinking function”) §: IP{(X,p,0)" —IL (X ;p) such that the map
P (X, p, 8)" > P(X ; p) induced by the following composition is homotopic to the
inclusion map:

B/ (X, p, 8" ——1L;(X;p)

restriction to O

IP,(X; p).

4. Crystallographic groups

We begin this section by reviewing some work on crystallographic groups by
Farrell and Hsiang in [6]. I' is crystallographic if it is a discrete co-compact
subgroup of E(n), the group of rigid motions of Euclidean n-space. Identify R"
with the group of translations of R", then E(n)=R">0(n). The intersection of
I' and R” is the maximal abelian subgroup of I' with finite index, which is
denoted by A4 and is called the translation subgroup of I'. The finite factor
group I'/A is called the holonomy group of I'. The rank of I' is the rank of A.
For any positive integer s,I;=I/s4 and A,=A/sA. T and T, denote the infinite
cyclic group and the finite cyclic group of order n respectively.

4.1 Examples. (1) D, will denote the infinite dihedral group; ie., D cE(1) is
the subgroup generated by x—x+1 and x+ —x (where x€lR). It is a semi-
direct product T>T,, where T, acts on T via multiplication by —1.

(2) See [6, p. 658] for the definition of 2-dimensional crystallographic
groups of type 1, 2 and 3. The holonomy group of a crystallographic group of
type2or3is I, ® T,.

(3) A crystallographic group I' of rank n=2 with holonomy group G is
called special if there exist a crystallographic group I' of rank m>1 and an
infinite sequence of positive integers s such that, if H is a maximal hyper-
elementary subgroup of I, either
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(4.1.1) H projects to a proper subgroup of G via the canonical map I, - G; or

(4.1.2) H is conjugate to a hyperelementary subgroup H’ and there is a group
surjection #: g~ !(H)—T together with a m-equivariant affine surjection h:
R"—IR"™ such that

[dh(X)| Z(2/)/5) X

for each vector X tangent to IR”, where q: I'— I is the natural projection and
| I's are the Euclidean metrics on R™ and IR". Note that I" is required to be
independent of the choice of s and H.

Farrell and Hsiang showed that 2-dimensional crystallographic groups of
type 1, 2 or 3 are special [6, theorem 4.2].

On the other hand, T and D_ are not special, because they have rank 1.
But a similar statement as above holds true for D when we replace “hyper-
elementary” by “elementary”. In fact, let I'=D_ and {s} be the set of all odd
primes; then the only maximal elementary subgroups of (D)= T,> T, (dihed-
ral group of order 2s) are H, =T, and H,=T, up to conjugacy. The image of
H, in T, is {1}, so H, satisfies (4.1.1). For H,, ¢~ '(H,)=(sT)>T,, so we can
let n be the obvious isomorphism: (st)><T,—»T>T,=1I, and h be the linear
map h(x)=(1/s)x (xeR). Thus H, satisties (4.1.2).

The following results of Farrell and Hsiang will play a key role in the proof
of our main theorem.

(4.2) Theorem. ([6, theorem 1.17, [5, theorem 3.1]). Let I' be a crystallographic
group of rank n and holonomy group G, then either

(i) I'=I">aT where I'" is a crystallographic subgroup of rank n—1; or

(ii) there is an infinite sequence of positive integers s =1mod |G| such that any
hyperelementary subgroup of I, which projects onto G (via the canonical map)
projects isomorphically onto G; or

(i1} G is an elementary abelian 2-group and

(a) if |G]=2, then T'=A>T, and T,=G acts on A via multiplication by —1,
and

(b} if |GI>2, then I' maps epimorphically onto a crystallographic group of
type 2 or 3.

(4.3) Lemma. ([6, lemma 1.2]). Let ¢: I'>I" be an epimorphism between
crystallographic groups I of rank n and I of rank m. Then there exists a ¢-
equivariant affine surjection F: R*—>R"™.

Theorem 4.2 above is stated in a slightly different form from [6, theorem
1.1]; this stronger version is implicitly used in the proof of [6, theorem 5.1].
On p. 665 of [6], a crystallographic group I’ is replaced by I', via an epi-
morphism : I'—I". This epimorphism should not increase the order of the
holonomy group. In the case of possibility (i) of 4.2 (with [ used as I), ¥ is
the identity map. In the case of possibility (iii)-(a), one uses the obvious
epimorphism from I’ to (T@ T)>T,; so both have the same holonomy group.
In the case of possibility (iii)-(b), I’ has holonomy group of order =4; so the
epimorphism does not increase the order of holonomy group.
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Suppose I' satisfies 4.2(ii). Theorem 4.1 in [6] and an argument in the
proof of theorem 4.4 [ibid.] shows that I' is special; I' itself is used as I
If I' satisfies the possibility (iii) of 4.2, then I' maps epimorphically onto a
crystallographic group of type 1, 2 or 3 with the order of the holonomy group
<1Gl, or I' is T>aT,. Therefore we can rephrase 4.2 as follows:

(4.4) Corollary. Let I" be a crystallographic group of rank n2 1, then either

(1) I'=T" >aT where I'" is a crystallographic subgroup of rank n—1; or

(2) there is an epimorphism from TI' onto a special crystallographic group
which does not increase the order of the holonomy group; or

(3) I is isomorphic to D .

Next let us consider a slightly larger class of groups. Suppose A is a finitely
generated group which maps onto a crystallographic group I' of rank n with a
finite kernel. For example, if 4 is a virtually abelian group of rank n, then, by
lemma 1.2 in [5], there is a surjection A —1TI onto a crystallographic group of
rank n with a finite kernel. Via this surjection, A acts by isometries on R”
discretely, virtually faithfully, with compact orbit space. The orbit space R"/A
is equal to R"/I". The action of I' may not be free, since I' may have torsion,
but its translation subgroup A acts on R” freely and the orbit space is a flat
torus T". The holonomy group G of I' acts on T" as a group of isometries so
that R"/I'= T"/G. Therefore the orbit space can be viewed as the orbit space of
a finite group action on a compact smooth manifold. If (H} is the conjugacy
class of a subgroup H of G, then Yy, denotes the subset of T"/G consisting of
the points x such that the isotropy subgroup at a point of T" lying in the orbit
x is in (H). It is observed in [6] that {Y,} gives a stratification of T"/G.

Let W, denote a free contractible A-complex. A acts freely on R" x W,
diagonally.

(4.5) Proposition. The projection p: (R" x W,)/A—-R"/A is a stratified system of
fibrations.

Proof. Let f: A— 1T denote the surjection and r: R" ->R"/A the quotient map.
For each orbit xeR"/A=R"/T, define A, and I, to be the isotropy subgroups
of A and I at a point Xer~!(x). A, and I, are well-defined up to conjugacy.
The map p has point inverses p~'(x)=W,/4,, which are classifying spaces of
A,. Since A, = p~'(I}), this proposition will be proved if one can show that (I})
is constant on each component of each stratum Yy,. Suppose x is in Yy,, and
let [x]eT" denote the orbit of X by A. The isotropy subgroup of G at [x] is H.
Let n denote the quotient map: I' - G. Then n|I: I,— H is an isomorphism.
This implies that I is locally constant on Yy, and it in turn implies the
proposition. [

Again let § be the surjection A —1I'. Let us study the geometric implication
of corollary 4.4(1), (2), and (3). First suppose (1) I'=I">T Then by 4.3, the
epimorphism ¢: I' - T induces a ¢-equivariant affine surjection F: R"—>R. F
is also (¢ f)-equivariant and defines a map F: R"/A—IR/T=S'; F is a fibre
bundle with fibre R"~!/A’, where R"~! is a fibre of F and A'=ker(¢p)
=B~ Y(I"). (R"x W,)/A also fibres over S' with fibre (R"~'x W,)/A". Then p
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restricts to a stratified system of fibrations between the fibres p’: (R"™*
x Wy)/A' >R"= /A"

Next suppose I' satisfies 4.4(2) (resp. (3)), and let ¢ be the surjection I' - I
(resp. the identity map: D_— D). Let I, s, #, h be as in 4.1(3) with I" replaced
by I". Suppose H is a maximal hyperelementary (resp. elementary) subgroup of
I’. Define a subgroup Ay of A (I of I') by Ap=p"'¢ " 'q '(H) (I
=¢~1q~}(H)). I; is a subgroup of I' of finite index, and hence a crystallog-
raphic group. Thus A, maps onto a crystallographic group, and we can
consider py: (R"x Wy)/Ay —IR"/Ay. Here the complex W, is used as W,_.

If H satisfies (4.1.1), then the holonomy group of ¢~ !(H) has a strictly
smaller order than I".

Next suppose that H satisfies (4.1.2). Replace H by H'. The surjection ¢

induces a ¢-equivariant affine surjection f: R"—R'. The maps f and h induce
a surjection .
a: RY/Ay=R"/I;;»R'/qg'(H)-»R™/I.
The composition Af: R"—IR™ will be denoted by & We consider the com-
position « py; the map py can be understood by studying o p, and the restric-
tion of py to the preimages of points of R™/[. For an orbit xeR™/, I.
denotes the isotropy subgroup of I' at a point £€R™ in the orbit x, as usual.
Define a subgroup Ax(x) of Ag(Ty(x) of I) by Ax(x)=(n¢ Bl Az~ E) (%)
=\~ (I); ie, Ax(x)(Iy(x)) is the set of elements of A,(I}) which leaves
the affine subspace R""™=4"1(x) of R" invariant. A4(x) and I;(x) are well-
defined up to conjugacy. The point inverses (apg)~'(x) of apy, are (R"™™
x W,)/Ax(x). Note that a py is a stratified system of fibrations, and that we can
use the same filtration of R™/I" and the same neighborhoods of strata as those
for the projection p: (R™ x Wy)/I'—-R"™/I", since A, is determined by I.. The
actions of Ay(x) and I4(x) on R"™™ give a homomorphism

Ag(x)—2

where ' is the restriction of . Let I}#(x) denote the image of this in E(n —m).

(4.6) Proposition. I;}(x) is a crystallographic subgroup of E(n—m) and the
kernel of Ay(x)— I;F(x) is finite.

Proof. Let K be the kernel of n¢|I;;: I;—T. Since K is a normal subgroup of
a crystallographic group I, K is also a crystallographic group. In fact there is
a K-invariant (n —m)-dimensional affine subspace V of R" on which K acts
discretely and faithfully with compact quotient. (See Farkas [3], theorem 17.)
Since all the parallels of R"~™ in IR" are of the form &~ '(pt), they are all
invariant under the action of K, and hence V is contained in one of these, say
& Y(x,) for some x,eR™ Both V and & '(x,) have the same dimension, so
they are actually equal. Therefore &~ !(x,)/K is compact. On the other hand,
the actions of K on & !(X) and on & '(x,) are affinely equivalent. So
R*™/y(K) is also compact. Since I;f(x) contains y(K), R*“"/I;§(x) is compact.
L¥(x) is obviously discrete in E(n—m); therefore, I}f(x) is a crystal}ographic
subgroup of E(n—m). Now |Ker(y)|=[K-Ker(y): K]<[I(x): K]=|[| <00, so
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Ker(y) is finite. Since the kernel of § is finite by assumption, so is the kernel of
A O

Thus p, restricts to p,: (R"™™ x W,)/A4(x)>R"""/Ay(x), where Ay maps
onto a crystallographic group Ijf(x) with finite kernel and acts on R"™™ via
the action of I}}(x). Note that n —m is strictly smaller than n.

Next we observe that H _(R"/A;IL(p)) and L *((R" x W,)/A) satisfy elemen-
tary and hyperelementary induction. Let §: A—1I be as before, and suppose
we have an epimorphism : I' -G onto a finite group G (not necessarily the
holonomy group of I'). Of course, what we have in mind is the composition
q¢: I'>T"—I' above, where I'" is a special crystallographic group. For a
subgroup H of G, let Ay=8""¢~'(H) and I;=¢~'(H). Let & denote the
category of the subgroups of G and conjugations and Ab denote the category
of abelian groups.

Let us define a Mackey functor M: & — Ab. For a subgroup H of G, M(H)
is defined to be H;(R"/Ay; IL(py)), where py is the projection (RR"
x W)/ Ay —R"Ay. Suppose f=(H,g,K) is a morphism from H to K, ie., g is
an element of G such that g~! Hg< K. Pick an element AeA such that ¥ S(4)
=g Then the actions of A on R"x W, and R" induce a map f.: py—px
between stratified systems of fibrations; i.e, we have a commutative diagram:

(R” 5 W)/ Ay~ (R % W)/ Ay

R*/Ay

. ny
T R"/Ag.

We have the following two operations corresponding to f,:

(1) (functorial image f,: IP(R"/Ay; py) = IP(R"/ Ay ; py)). I Z[S], h: S—(R”
x W)/ Ay, is a geometric Z-module on (R"x W,)/A,, then a geometric Z-
module f,(Z[S],h) on (R"x W,)/Ay is defined to be Z[S] with feh: S>(R”
x W)/Ag. If k=Zm,p is a morphism between geometric Z-modules on (R”
x W)/ Ay, then f, k=Zm,f. p is the functorial image of k. These induce a
map f,: IP(R"/Ay; py) = IP(R"/Ag; p).

(2) (pullback f*: IP(R"/Ag;pg)— PR Ay;py)). If Z[S], h: S—(R"
x W)/Ag, is a geometric Z-module on (R"x W,)/Ag, then f*(Z[S],h) 1s
(Z[S*],h*), where h*: $* —(IR"x W,)/A, is the pullback of h. Pullbacks of
morphisms are also defined by pullbacks of paths in the obvious way. These
define a map f*: IP(R"/Ay; pg) = IP(R"/Ay; py).

Obviously, f, does not increase the radius. On the other hand, f* may
increase the radius in general; but f* does not increase the radius measured in
R", so it does not increase the radii of things which have sufficiently small
radius. Therefore f, and f* induce maps IL(R"/Ay;py)—~IL(R"/Ag; pg) and
IL(R"/Ag; pg) ~IL(R"/Ay; py). By the characterization theorem, these induce
the desired maps f,: M(H)— M(K) and f*: M(K)— M(H). M is a bifunctor.

(4.7) Proposition. M satisfies the double coset formula, and hence is a Mackey
functor.
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Proof. Let L and L be subgroups of a subgroup H of G, and suppose H has a
double coset decomposition H= U Lg,L, gieH. Let Ay U A8, 4, be a

corresponding double coset decomposmon of Ay, where g, is an element of Ay
such that ¥ B(g;)=g,. Let P be the pullback:

P RO X WA,
(L'ye,H)s

(IR" x WA)/AL ——— (R" x WA)/AH s

P={([x],[yDe(R"x W)/A; x (R" x W,)/A,.
[x14,, = [)’]AHE(]RH x W)/ Ay},

where xelR"x W, and [ ] denotes the corresponding orbit. Then it is easily
verified that the map

k

U @R W)y =P

D0ay 1y (X008 XD)

is a Ag-isomorphism. Therefore we obtain a pullback diagram:

(Lng, L'g g ' LNe
Il L L RN

%
U (R"X W)/ Ap girrgmt (R™x W)/ 4,

(LngL'git e, Lys (L', e, H)s

(R > W)/, — (R"XW,)/ Ay

(L,e,Hys

and the double coset formula is easily derived from this. [

Dress’s equivariant Witt ring GW(H,Z) [2] acts on M(H) by tensor pro-
duct. Recall that GW(H,Z) is constructed using H-spaces. An H-space is a Z-
free (left) ZH-module N together with a symmetric H-invariant non-singular
form f: NxN—Z. Let N¥*=Homg(N,Z), then N* is also a (left) ZH-module.
An element heH acts on N* by h-a(y)=a(h~' y) for ae N*, yeN. By letting
(Cy)o=N* and (Cy);=0 for i#0, we have a Z-module chain complex C,. We
define a O-dimensional symmetric Poincaré structure ¢,: N—N* by ¢ (x)
= f(x, —). By assumption ¢, is an isomorphism. If {e,...,e,} is a (free Z-
module) basis of N* and Z[S], h: S —>(R"x W,)/A, is a geometric Z-module,
then N*®,Z[S] is a geometric Z-module Z[{e,,...,e,} xS] on (R"x W,)/ A,
where a basis element e, ® x is sent to h(x) for x€S. Since A, maps onto H, Ay
acts on N*. Ay is supposed to act diagonally on the free ZA,-module corre-
sponding to this geometric Z-module on (R"x W,)/A,. This can be done
through the following definition of morphisms. Suppose a: M- N is a ZH-
homomorphism of Z-free ZH-modules with Z-bases {d;}, {¢,} and b:
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Z{T]—Z{S] is a morphism of geometric Z-modules on (R"x W,)/A. Let
p$°¥ be a path in the morphism b. Pick a point % (resp. y)elR"x W, in the
orbit x (resp. y)e(R" x W,)/Ay. Lift this path to a path in R" x W, from X to J.
Let geAy be the unique covering transformation which sends § to 7. Write
g '-a(d)=Xa;.e. Then consider a sum of paths Xa,;, p{4®%®”, where
pihEmex®) = px? The tensor product a®b is a morphism from M ®,Z[T] to
N ®Z[S] defined as the sum of these sums for all p$s in b. The tensor
product formula in [13, §1.9], viewed as above, allows us to take tensor
products with (Cy,¢;), and this induces the desired action of GW(H,Z) on
M(H). The following theorem can be proved in the same way as the proof of
[4, theorem 2.3].

(4.8) Theorem. M is a GW(—, Z)-module.

Another Mackey functor M': & —> Ab can be defined by setting M'(H)
=L;"(R" x Wy)/Ay). f, and f* are defined in the same way as for M. We can
prove:

(4.9) Theorem. M’ is a GW(—,Z)-module.

As an immediate consequence of 4.8 and 4.9, we have the following theo-
rem. See [2].

(4.10) Theorem. If F is the family of the conjugacy classes of maximal hyper-
elementary subgroups of G. Then the following sequences are exact.

(resg)H

0 H{R"/A;IL(p) —"=> (B H,(R"/Ay; L(py)
e s @ Hj(]Rn/AHngKg’ 15 ]L(pngKgf 1)
H, K, g
0 L; “ (R x W,)/4) "0, D L (R"x W,)/Ay)
— @ L; * ((IR" X WA)/AHngKg’ ‘)'
H,K,g

If F is the family of the conjugacy classes of maximal elementary subgroups of
G, then these are exact when each term is tensored with Z[1/2].

The following is the main result of this paper.

(4.11) Theorem. Suppose A is a finitely generated group which acts by isomet-
ries on IR" discretely, virtually faithfully, with compact quotient. Let p be the
projection (R" x W,)/A —R"/A, where W, is a contractible free A-complex. Then
there is a natural isomorphism

1®a: Z[1/2]1@H,(R"/A;1L(p) »Z[1/2] ® L; *(A).
Proof. The composition
H_(R"/A;L(p) = L (R"/A; p)—— P(R"/A; p)

has image in IP/(R"/A; p)=1P,(x;(R" x W )/A—*)=IL (R" x W,)/A), where 4_;
is the assembly map (3.9) and F is the restriction to 0; so it defines a map
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H_(R"/A;L(p) »IL;(R" x W,)/A4). This induces the desired map a:
H;(R"/A;IL(p)) > L; *(A).

Note that the theorem is a statement on the action of A4 on R” and not on
the group itsell. We will prove the theorem inductively on the “size” {n, h(I")) of
the action of A, where I' is the image of A in E(n) and h(I') is the holonomy
number of I'; i.e., h(I') is the order of the holonomy group of I' if rank(IN)=1,
and h(I') is the minimum order of the holonomy group of a crystallographic
group of rank =2 onto which I can map epimorphically if rank(I') = 2. We use
the lexicographic order for the pairs (n,A(I'). If n=0, then IR"*/A is a single
point. Since H_;(x;IL(p))~IL;(+;p) (=L ;(W,/4)) by 3.9, the theorem is ob-
vious in this case. So assume that n2> 1.

First suppose that I" satisfies (1) of 4.4. We use the notation in the remarks
after 4.4. Recall that R"/A fibres over S' with fibre diffeomorphic to R*~1/A",
The homology group H,(R"/4, R"~*/AIL(p) is isomorphic to
H;_,(R"~'/A';IL(p")). Thus we have a commutative ladder:

oo HYR"YAGL(P) ———  H(R"/A;L(p))

e L;=(A) L;*(A)

—H;_ (R /A ILp) —— H,;_ (R" /A5 IL(p) ..

S LR ——— L) o

The first row is the exact sequence for the pair (R"/A, R"~!/A'); and the
second row is induced from the well-known exact sequence due to Wall,
Shaneson, Farrell and Hsiang. By induction hypothesis and 5-lemma, 1®a is
proved to be an isomorphism.

Next suppose I' satisfies 4.4(2). Choose an epimorphism ¢: I'>I" onto a
crystallographic group I of rank /=2 whose holonomy group G’ has order
equal to A(I'). Apply corollary 4.4 to I". As rank(I) =2, the possibility (3) does
not occur. In the case of possibility (1), I” maps epimorphically onto T, and
hence so does I'. We have already observed that the theorem holds true in this
case. In the case of possibility (2), I" maps epimorphically onto a special
crystallographic group I'” with holonomy group G”, and |G"|Z|G|. I is
special, so it has rank =2. As |G'| is the minimum, |G”|=|G’|=h(I"). So we may
assume from the beginning that I'" is special. So there exist a crystallographic
group I' of rank m=1 and an infinite sequence of positive integers s such that
any maximal hyperelementary subgroup of I satisfies (4.1.1) or (4.1.2) with I’
and G replaced by I and G".

We first show that the map being considered is injective. Suppose y is an
element of the kernel. We will show that y=0. We can regard 2"y to be an
element of H(R"/A;IL(p)), for some r. Represent 2"y by a O-cell p of
H_,;(R"/A;IL(p)). A_;p(0) represents the image a(2"y) by a, which represents 0



L-groups of crystallographic groups 599

in Z[12]®L;*((R"x W,)/4). By choosing a sufficiently large r, we may
assume that A_;p(0) represents 0 in L;*((R"x W,)/4). The Kan condition
implies that there exists a l-simplex ¢ of IL,(R"x W,)/A) which connects
A_;p(0) and 0. Pull ¢ back to R"x W, and ¢ be the radius measured in R". It
is a finite number. Choose a positive number s in (2) sufficiently large so that

20K/)s <e

where K is the Lipschitz constant of the affine surjection f: R"—»IR' induced
by the epimorphism ¢: I'=TI" and ¢ is the positive number posited in 3.10,
where we consider IP/(R™/[", p, —)"*. Note that ¢ depends not only on I but
also on the dimension of o, so we cannot choose s which works for all y’s.
Now we have a commutative diagram:

0— H,(RYA;IL(p) 2% DH R/ Ay: L(py) —
a Day ,
0 L (R x W)/ A) oy DL~ (R" x W)/ M)~

where each row comes from the restriction maps corresponding to the con-
jugacy classes of the maximal hyperelementary subgroups H of I (4.10). For H
which projects to a proper subgroup of G’, the size of the action of Ay is
strictly smaller than the size of the action of A, because A, maps onto ¢~ '(H)
and the order of the holonomy group of ¢~ !(H) is strictly smaller than |G'|
=h(I). So, by induction hypothesis, 1®ay, is an isomorphism, and hence
resg(2"y)=0. For H which projects onto G, we have a shrinking map «:
R"/A,—»R™T, after replacing H by H'. Notice that the map ay factors
through H (]R'”/F ;IL(xpy)), by regarding things controlled in R"/4y to be
controlled in IR™/I" via o, and that the image of resy(2"y) in H; (]R'"/F IL(x pp))
which is represented by resy(4_; p(0)) is 0, due to smallness of o in R™/I" and
the shrinking lemma. Now we claim that the map

Z[1/2]® H(R"/Ag; L(py)) - Z[1/2] ® H (R™/T;IL(x py))

is an isomorphism; this will imply that resg(2" y)=0.
Recall that
H  (X;IL(p))=[S* lim FSQ/(IL _ ;(p)|/i(X))].

To prove the claim, we show that the map
lim FSQ/(IL _ ;(pp)l/(R"/ Apy)) = lim FSQ/(IL _(« p)l/(R™/F))

is a homotopy equivalence up to 2-torsion. For the convenience of the proof,
we replace IL(p) by

IL'(p) ={kA) L(p~'(v)®4}/~,
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where v, is a carefully chosen vertex of a simplex 4 of the control space. See
[9, proof of 8.6]. Recall that (axpy)~'(v,)=(R""™x W,)/Ag4(v,), and that the
size of the action of Agx{v,) is strictly smaller than that of A. Therefore, by
induction, IL((otpp)~ ' (v,)) ~IHR"~™/Ag(v,);IL(p,)) modulo 2-torsion. Here p,
is the stratified system of fibrations (R"~™x W,)/A,(v,) >R"""/Ag4(v,). So,
modulo 2-torsion,

lim FSQ/(IL_ (pp)l/(R"/ A )

=lmFSQ {( |} ML_;_(pe) ™ (0D x 4')/ ~ I (R"/ A )

itk A CRAy
~lim FSQ' {A Cym/f lilfn QH(IL_, _ (P IR/ Ay (0,4))) x A] ~)(R™/T)

~lim FSQ"((LA) IH(R" ="/ Ay (v,); L(p )] x 4)/ ~)(R™/T)
~lim FSQ' (UL _, (e pg) ™~ (v,))] x 4)/ ~)AR™/T)

=lim FSQ'(IL'_ (o p)l(R™/)).

Thus the claim is proved. Now we have proved that resy(2"y)=0 for all H.
Since the product of restriction maps (resy)y is injective, this implies that 27y,
and hence y, is 0; i.e, 1 ®a is injective.

The onto part is similar. Pick an element y of Z[1/2]® L; *((R" x W)/ A).
Without loss of generality we may assume that y belongs to L; “((R" x W)/ A).
Represent y by a geometric Z-module quadratic Poincaré complex y* on (IR"
x W,)/A. We want to show that the restriction image resy(y) of y in each
Z[12]®L; “((R"x Wy)/Ay) lies in the image of 1®ay. If the size of the
action of A is strictly smaller than that of A, then by induction hypothesis
this is the case. If not, then there is a shrinking map a: R"/A, —»R™/T for
some crystallographic group I' of rank m>1, and we can make the radius of
the restriction image resy(y*) of y* arbitrarily small on IR™/I, by choosing a
very large integer s. (Thus s is chosen after y* is picked up and I is inde-
pendent of s and H, as in the injectivity part) Now the characterization
theorem implies that resg(y) comes from an element of Z[1/2]
QH(R™/[;IL(apy), and hence from an element y, of Z[1/2]
®@H (R"/Ay;IL(py)). Finally (yg)y is the image of an element x of Z[1/2]
® H,(R"/A;1L(p)) by the restriction map. Here we need to use the next column
of the diagram, which is already known to be isomorphic or at least injective.
(This is why we proved injectivity part first.) Since restriction maps are in-
jective, | ®a sends x to y, and this completes the onto part in case 4.4(2).

Lastly, if I" satisfies (3), we use elementary induction instead of hyper-
elementary induction. This is the only place where we need to use Z[1/2]®.
Now the induction step is completed, and the theorem is proved. []

Note that, if I" contains no element of order 2, then D_ never shows up in
the induction steps. Therefore, for A acting on R" with no elements of period
2, the theorem holds true without taking tensor products Z[1/2]®.

As a final remark, let us relate this result to the usual assembly map.
Consider the following diagram:
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H (B ;IL(1) —— H (R A IL{p) —— L,*(4)

H, (R"/A;1L(1))

where B, =(R"x W,)/A is a classifying space of A. The composition af is the
usual assembly map. This diagram is induced by a diagram of morphisms of
stratified system of fibrations:

(1:By,»>By— (p:B,—»R"A) —(B,—x*)

N

(1: R"/A—R"A).

Note that the point inverses of p are the classifying spaces of the isotropy
subgroups of A, which are finite, and hence are Z[1/k]-acyclic, where k 1s any
integer such that k and the order of these finite subgroups are coprime. This
implies that p is an ordinary-Z[1/k]-homology isomorphism, and hence p, is a
(Z[1/k] ®)-isomorphism. And this, in return, implies that f is a split (Z[1/k]
®)-injection. The main theorem states that a is a (Z[1/2]®)-isomorphism.
Therefore we get:

(4.12) Corollary. Suppose A is a group which acts by isometries on R discretely,
virtually faithfully, with compact quotient, and k is an integer which is coprime
with the order of each isotropy subgroup of A. Then the assembly map

Z11/2, 1/k]@H (B ;IL(1) > Z[1/2, 1/k] ® L, (4)
is a split injection.

This is a stronger form of the Novikov conjecture, which states that the
assembly map is injective when tensored with Q.
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