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Sylvester’s Law of Inertia

» A demonstration of the theorem that every homogeneous quadratic

polynomial is reducible by real orthogonal substitutions to the form of a
sum of positive and negative squares.
Philosophical Magazine IV, 138-142 (1852)

demonstration. My knowledge of the fact of this equivalence is, as T have
stated, deduced from that remarkable but simple law to which I have
adverted, which affirms the invariability of the number of the positive and
negative signs between all linearly equivalent functions of the form I + ¢,.a”
(subject, of course, to the condition that the equivalence is expressible by
means of equations into which only real quantities enter); a law to which
my view of the physical meaning of quantity of matter inclines me, upon the
ground of analogy, to give the name of the Law of Inertia for Quadratic
Forms, as expressing the fact of the existence of an invariable number
inseparably attached to such forms.


http://www.maths.ed.ac.uk/~aar/sylv/inertia.pdf
http://www.maths.ed.ac.uk/~aar/sylv/inertia.pdf
http://www.maths.ed.ac.uk/~aar/sylv/inertia.pdf

Symmetric and symplectic forms over R

> Let e =+1or —1.
» An e-symmetric form (K, ¢) is a finite dimensional real vector space

K together with a bilinear pairing
¢ KxK—=R; (x,y) = o(x,y)

such that

o(x,y) = €p(y,x) ER.
The pairing ¢ can be identified with the adjoint linear map to the dual
vector space

¢ K= K" = Homg(K,R) ; x— (v — o(x,y))
such that ¢* = €.

» The form (K, ¢) is nonsingular if ¢ : K — K* is an isomorphism.

v

v

A 1-symmetric form is called symmetric.
A (—1)-symmetric form is called symplectic.



Lagrangians and hyperbolic forms I.

» Definition A lagrangian of a nonsingular form (K, ¢) is a subspace
L C K such that L = L+, that is

L = {xeK|¢(x,y)=0forallyelL}.

» Definition The hyperbolic e-symmetric form is defined for any
finite-dimensional real vector space L by

H) = (Loto=(2 7).
¢ Lol*xLal* >R, ((x,f),(y,g)) — g(x)+ ef(y)

with lagrangian L.
» The graph of a (—¢)-symmetric form (L, ) is the lagrangian of H(L)

Fiyy = {(GAX) [ xel}clalr.



Lagrangians and hyperbolic forms IlI.

» Proposition The inclusion L — K of a lagrangian in a nonsingular
e-symmetric form (K, ¢) extends to an isomorphism

~

He(L) — (K. 9) .

» Example For any nonsingular e-symmetric form (K, ¢) the inclusion of
the diagonal lagrangian in (K, ¢) & (K, —¢)

A: K>KoK; x—(x,x)

extends to the isomorphism

_¢—1
1 5 ~
(b*l : HE(K) — (Ka¢)®(K7_¢) .
1 R
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The classification of symmetric forms over R

Proposition Every symmetric form (K, ¢) is isomorphic to
P q r

with p + g + r = dimg(K). Nonsingular if and only if r = 0.
Two forms are isomorphic if and only if they have the same p, g, r.
Definition The signature (or the index of inertia) of (K, ¢) is

o(K,¢) = p—q€eZ.

Proposition The following conditions on a nonsingular form (K, ¢) are
equivalent:

» o(K,¢) =0, that is p = g,

» (K, ¢) admits a lagrangian L,

» (K, ¢) is isomorphic to (R, 1) & P(R, —1) = H(RP).



The classification of symplectic forms over R

Theorem Every symplectic form (K, ¢) is isomorphic to
H_(R?) & EB(R, 0)
r

with 2p + r = dimg(K). Nonsingular if and only if r = 0.

» Two forms are isomorphic if and only if they have the same p, r.
Proposition Every nonsingular symplectic form (K, ¢) admits a
lagrangian.

Proof By induction on dimg(K).

For every x € K have ¢(x,x) = 0. If x # 0 € K the linear map

K—=R; y—¢(x,y)

is onto, so there exists y € K with ¢(x,y) =1 € R. The subform
(Rx @ Ry, ¢|) is isomorphic to H_(R), and

(K.¢) = H-(R)& (K", ¢)
with dimR(K’) = dimR(K) — 2.



Poincaré duality

» H.P. Analysis Situs and its Five Supplements (1892-1904)
(English translation by John Stillwell, 2009)

>
228 ANALYSIS SITUS,

Done

Par conséquent, pour une variété fermée, les nombres de Betti égale-

ment distants des extrémes sont égaux. .

Ce théoréme n’a, je crois, jamais été énoncé; il était cependant connu de

plusieurs personnes qui en ont méme fait des applications.
Voyons maintenant ce qui se passe quand /. est pair pour le mombre
moyen P,. Supposons que % soit multiple de 4 -2, de telle facon que
3

oo, .
= soil impair.
2


http://www.maths.ed.ac.uk/~aar/papers/poincare2009.pdf

The (—)"-symmetric form of a 2n-dimensional manifold

Manifolds will be oriented.

» Homology and cohomology will be with R-coefficients.
» The intersection form of a 2n-dimensional manifold with boundary

(M,0M) is the (—)"-symmetric form given by the evaluation of the cup
product on the fundamental class [M] € Hp,(M,0M)

(Hn(MvaM)’ ¢M : (va) = <XU_)/, [M]>) :
By Poincaré duality and universal coefficient isomorphisms
H"(M,0M) = Hp,(M), H"(M,0M) = H,(M,oM)*

the adjoint linear map ¢y fits into an exact sequence

= Hp(OM) = Ho(M) 2% Ho(M, OM) = Hy_1(OM) > - - - -

The isomorphism class of the form is a homotopy invariant of (M, 9M).
» If M is closed, OM = (), then (H"(M,OM), ¢p) is nonsingular.
» The intersection form of S” x S™is H_y»(R).
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The lagrangian of a (2n + 1)-dimensional manifold with boundary

» Proposition If (N2"1 M2m) is a (2n + 1)-dimensional manifold with
boundary then

L = ker(Ha(M) — Ho(N)) = im(H(N) — H"(M)) C H"(M)

is a lagrangian of the (—)"-symmetric intersection form (H"(M), ¢um).

» Proof Consider the commutative diagram

H(N) HP(M) — Hr (N

-

Hny1(N, M) —— Hy(M)

E

1
-
1

with H"(N) = H,, 1(N, M), H"Y(N, M) = H,(N) the
Poincaré-Lefschetz duality isomorphisms.



The signature of a manifold .

» Analisis situs combinatorio
H.Weyl, Rev. Mat. Hispano-Americana 5, 390-432 (1923)

Asi se. obtiene para m impar una «<base candnica» para las cade-
nas m-dimensionales cerradas, tal como Riemann la construyé para
las superficies bidimensionales (m = 1); formada por pares

v, vy ... , (Vb Y,

de tal modo que dos cadenas de pares distintos tienen la caracteris-
tica cero (no se cortan) y las de un mismo par tienen la caracte-
ristica &= 1. Si m es par, se puede sustituir la forma bilineal simé-
trica s (§7) por la cuadritica s (§E): la caracteristica de una cadena
cerrada Vy, respecto a si misma. Aqui no existe ninguna forma nor-
mal unitaria; sino que las formas cuadraticas con coeficientes enteros
y determinante - 1 se descomponen en varias clases no equivalen-
tes, de formas no transformables unas en otras mediante sustitucio-
nes unimodulares. Por tanto, con m par, la clase a que pertenece la
forma caracteristica de grado m (en particular su indice de inercia)
constituye una nueva peculiaridad de las superficies 2 m-dimensio-
nales respecto al Andlisis-Situs.

» Published in Spanish in South America to spare the author
the shame of being regarded as a topologist.


http://www.maths.ed.ac.uk/~aar/papers/weyl.pdf
http://www.maths.ed.ac.uk/~aar/papers/beno.pdf
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The signature of a manifold II.

» The signature of a 4k-dimensional manifold with boundary (M, 9M) is
a(M) = o(H*)(M,OM), o) € Z .

» Theorem (Thom, 1954) If a 4k-dimensional manifold M is the
boundary M = 9N of a (4k + 1)-dimensional manifold N then

o(M) = o(H*(M),ém) = 0€Z.
Cobordant manifolds have the same signature.

V.11 de [27]: Si une variété V** orientée est une variété-bord, I'index
7 de la forme quadratique définie par le cup-produit sur H2k(V4k)
est nul, va donner:

Théoréme IV.1. 8¢ deux variétés V, V', orientées, de dimension 4k,
sont cobordantes, les formes quadratiques définies par le cup-produit
sur H¥%(V) resp. H**(V') ont méme index 7.

(Rappelons que I'index d’une forme quadratique est ici I'excés du
nombre des carrés positifs sur celui des carrés négatifs — en coefficients
réels ou rationnels.)

» The signature map o : Q4 — Z is onto for k > 1, with
o(CP?k) =1 € Z. Isomorphism for k = 1.



Novikov additivity of the signature

» Let M* be a closed 4k-dimensional manifold which is a union of
4 k-dimensional manifolds with boundary My, M,

M¥* = My UM,
with intersection a separating hypersurface

(My N M) = oMy = OMy c M .

N

[ ™ v )

» Theorem (N., 1967) The union has signature
o(M) = o(M1)+o(Mx) € Z .

13
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Formations

Definition An e-symmetric formation (K, ¢; L1, L) is a nonsingular
e-symmetric form (K, ¢) with an ordered pair of lagrangians Ly, L.
Example The boundary of a (—¢)-symmetric form (L, \) is the
e-symmetric formation

AL, A) = (He(L); L,T(1n)

with T n) = {(x, A(x)) [ x € L} the graph lagrangian of H(L).
Definition (i) An isomorphism of e-symmetric formations

f(K,¢ L1, L) — (K',¢'; L}, L}) is an isomorphism of forms
f1(K,0) = (K',¢') such that f(L1) = L}, f(L2) = Lb.

(ii) A stable isomorphism of e-symmetric formations

[f] : (K, L1, Lo) — (K', ¢'; L}, L) is an isomorphism of the type

f o (Ka Qb; le L2) D (HG(L)v L’ L*) - (K,7 ¢,; L?la LIQ) D (HE(L,); Ll? L/*) .
Two formations are stably isomorphic if and only if

dimR(Ll N L2) = dimR(Lll N L/2) .
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Formations and automorphisms of forms

» Proposition Given a nonsingular e-symmetric form (K, ¢), a lagrangian
L, and an automorphism « : (K, ¢) — (K, ¢) there is defined an
e-symmetric formation (K, ¢; L, a(L)).

» Proposition For any formation (K, ¢; L1, Ly) there exists an
automorphism « : (K, ¢) — (K, ¢) such that a(L;) = L.

» Proof The inclusions (L;,0) — (K, ¢) (i = 1,2) extend to
isomorphisms f; : H.(L;) = (K, ¢). Since

dimR(Ll) = dimR(H)/2 = dimR(Lz)

there exists an isomorphism g : L; = L,. The composite automorphism

it h fz
ot (K.9) —= Hll) —2= Hla) —2> (K,0)

is such that o(L1) = L, where

h— <g’ (g*o)1> L H(L) —== H(L) .
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The (—)"-symmetric formation of a (2n + 1)-dimensional manifold

» Proposition Let N2""1 be a closed (2n + 1)-dimensional manifold.

TN

S N, )

A separating hypersurface M?" C N = Ny Up No determines a
(—)"-symmetric formation

(K, ¢ L1, La) = (H"(M), pp; im(H"(N1) = H" (M), im(H" (N2) = H"(M)))

If H (M) — H,(N1) @ H,(N>) is onto for r = n+ 1 and one-one for
r =n—1 then

Linly = H'(N) = Hpp1(N), H/(Li+La) = H™Y(N) = Ha(N) .

» The stable isomorphism class of the formation is a homotopy invariant
of N. If N = OP for some P271+2 the class includes O(H...«(P). ép).
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The triple signature

Definition (Wall 1969) The triple signature of lagrangians Ly, Ly, L3
in a nonsingular symplectic form (K, ¢) is

o(Ly, Lo, L3) = 0(L123,M\123) € Z
with (L123, A123) the symmetric form defined by

[_123 = ker(Ll@L2@L3 I K)7

0 A2 A3

A23 = Ajpz = M1 0 A3 K —— K*,
A31 Az 0

Nj o= Ay L K —2> K Lt .

Motivation A stable isomorphism of formations

[f] © (K,¢;L1,L2) ® (K, ¢; Lz, L3) ® (K, ¢; Lz, L1) = O(L123, A123)
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Wall non-additivity for M* = M; U M, U M5 I.

» Let M*k be a closed 4k-dimensional manifold which is a triple union
M* = My UMy U My

of 4k-dimensional manifolds with boundary My, My, M3 such that the
double intersections /\/I,-‘Jl-k_1 = M;NM; (1<i<j<3) are codimension
1 submanifolds of M. The triple intersection Mfé} 2 =MinMyNMsis
required to be a codimension 2 submanifold of M, with

oM; = 8(/\/’2 UMy, M3) = My UMi0s M3 etc.
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Wall non-additivity for M* = M; U Mo U M3 II.

» Theorem (W. Non-additivity of the signature, Invent. Math. 7,
269-274 (1969))
The signature of a triple union M = My U M, U M3 of 4k-dimensional
manifolds with boundary is

o(M) = o(M1) + o(Ma) + o(Ms) + o(L1, Lo, L3) € Z
with o (L, Lo, L3) the triple signature of the three lagrangians

Li = im(Hok(Mjx, Mi23) = K) C K = Hak—1(M23)
in the symplectic intersection form of Mjz3

(K,¢) = (Hak—1(M123), dmy) -


http://www.maths.ed.ac.uk/~aar/papers/wall6.pdf
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Wall non-additivity for M* = My U My U M3 1L,

» Ildea of proof o(L1, L2, L3) = o(N) € Z is the signature of a manifold
neighbourhood (N*%, ON) of My, U M3 U Mz € M

N = (M12 U Mp3 U M13) x D' U (M123 X D2) .
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The space of lagrangians A(n)

Definition For n > 1 let A(n) be the spaces of lagrangians
Lc H-(R").
Use the complex structure on H_(R")

J i R"®R" > R"®R"; (x,y) = (—y,x)

to associate to every lagrangian L € A(n) a canonical complement
JL e N(n) with L& JL=R" @ R".
For every L € A(n) there exists a unitary matrix A € U(n) such that

AR"® {0}) = LeA(n).
If A" € U(n) is another such unitary matrix then

)4 = (5 g (B <o)

with (bj)® = (byj) the transpose.
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Maslov index : 7m1(A(n)) 2 Z
» Proposition (Arnold, 1967) (i) The function
U(n)/O(n) = A(n) : A— AR" & {0})
is a diffeomorphism. A(n) is a compact manifold of dimension

dimA(n) = dimU(n) —dim O(n) = n® — n(n2— 1 = n(n2+ D .
The graphs {['(gn )| #* = ¢} C A(n) define a chart at R” € A(n).
» (ii) The square of the determinant function
det? : A(n) = S*; L=AR" @ {0}) — det(A)?

induces the Maslov index isomorphism

det® : m1(A(n)) = (S = 7.

» Proposition (Kashiwara and Schapira, 1992) The triple signature
o(L1, Ly, L3) € Z of Ly, Ly, L3 € A(n) is the Maslov index of a loop
St — A(n) passing through Ly, Lo, L3.



The algebraic n-invariant

» Definition/Proposition (Atiyah-Patodi-Singer 1974,
Cappell-Lee-Miller 1994, Bunke 1995)
(i) The algebraic n-invariant of Ly, Ly € A(n) is

n

n(l, L) = Y (1-20/m)eR
j=1,0;#0

with 61,0,...,0, € [0,7) such that +e/%, +e/% ... +e/% are the
eigenvalues of any A € U(n) with A(Ly) = L.

» (ii) The algebraic n-invariant is a cocycle for the triple index of
Ll, L2, L3 c /\(n)

o(L1, L2, L3) = n(L1, L2) +n(L2, L3) +n(L3,L1) EZCR.

23



24

The real signature .

> Let M be a 4k-dimensional manifold with a decomposed boundary
OM = Ny Up N, where P C OM is a separating codimension 1
submanifold. Let (Hak—1(P), ¢p) be the nonsingular symplectic
intersection form, and n = dimg(Hak_1(P))/2.
» Given a choice of isomorphism
J (H2k—1(P)a¢P) = H,(Rn)

(or just a complex structure on (Hax—1(P), ¢p)) define the real
signature

o)(M;Ni, Np, P) = o(M)+n(Li,L2) eR
using the lagrangians
Lj = ker(Hak—1(P) = Hok—1(N;)) C (Hok—-1(P), ¢p) .
» Proposition The real signature is additive

oy(M Uy, M'; Ny, N3, P) = o ,(M; Ny, Np, P) + o ;(M'; N, N3, P) € R .
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The real signature Il.
» Proof Apply the Wall non-additivity formula to the union
MUM U—-(MUn, M) = d(MUn, M) x 1),

which is an (un)twisted double with signature o = 0.

» Note Analogue of the additivity of [,, L-genus = o(M) 4+ n(0M) € R
in the Atiyah-Patodi-Singer signature theorem.

» Note In general o(M; Ny, Na, P) € R depends on the choice of
complex structure J on (Hak—1(P), ¢p).



26

Real and complex vector bundles

> In view of the fibration
A(n) = U(n)/O(n) — BO(n) — BU(n)

A(n) classifies real n-plane bundles 5 with a trivialisation
08 :C® B =" of the complex n-plane bundle C @ 8.
» The canonical real n-plane bundle v over A(n) is

E(v) = {(Lx)[LeAn), xelL}.
The complex n-plane bundle C ® ~
E(C®~) = {(L,z)|Le N(n), ze Cxg L}

is equipped with the canonical trivialisation 0y : C ® v = €" defined by

1%

0y + E(C®y) —= E(e") = N(n) xC";
(Lz)—~ (L (x,y)ifz=(x,y)=x+iyeCrl=LpJL=C".
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The Maslov index, whichever way you slice it! I.
The lagrangians L € A(1) are parametrized by § € R
L(8) = {(rcosh,rsinf)|rec R} CRE&R
with indeterminacy L(0) = L(6 + 7). The map
det? : A(1) = U(1)/0(1) = St ; L(h) — &2

is a diffeomorphism.
The canonical R-bundle ~ over A(1)

E(v) = {(L,x)|LeN1),x€e L}
is nontrivial = infinite Mdbius band. The induced C-bundle over A(1)
E(C®rvy) = {(L,2)|LeN1),zeC®g L}
is equipped with the canonical trivialisation §7 : C ®g v = € defined by

v : E(C®r~y) ——> E(e) = A1) xC ;
(L,z) = (L(6), (x + iy)(cos8,sin8)) s (L(6), (x + iy)e?) .
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The Maslov index, whichever way you slice it! II.

» Given a bagel B =S x D> C R3 and a map A : S — A(1) = St slice
B along
C = {(xy)eBlyeAlx)}.
» The slicing line (x, A(x)) C B is the fibre over x € St of the pullback
[-1,1]-bundle
[-1,1] = C = D(\*y) — S*

with boundary (where the knife goes in and out of the bagel)
9C = {(xy) € Cly € OA(x)}

a double cover of S'. There are two cases:

» Cis a trivial [-1, 1]-bundle over S! (i.e. an annulus), with C two
disjoint circles, which are linked in R3. The complement B\ C has two
components, with the same linking number.

» Cis a non trivial [-1, 1]-bundle over S* (i.e. a Mdbius band), with C a
single circle, which is self-linked in R3. The complement B\C is
connected, with the same self-linking number (= linking of 9C and
St x {(0,0)} Cc C C R3).
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The Maslov index, whichever way you slice it! 1ll.

» By definition, Maslov index(\) = degree(\) € Z.
» degree : m1(S?) — Z is an isomorphism, so it may be assumed that

A ST AQ); e¥ s L(nh)

with Maslov index = n > 0. The knife is turned through a total angle
nm as it goes round B. It may also be assumed that the bagel B is
horizontal. The projection of 9C onto the horizontal cross-section of B
consists of n = |[A\~1(L(0))| points. For n > 0 this corresponds to the
angles 6 = jm/n € [0,7) (0 <j < n—1) where L(nf) = L(0), i.e.
sinnf = 0.

» The two cases are distinguished by:

» If n = 2k then OC is a union of two disjoint linked circles in R3. Each
successive pair of points in the projection contributes 1 to the linking
number n/2 = k.

» If n =2k + 1 then OC is a single self-linked circle in R3. Each point in
the projection contributes 1 to the self-linking number n = 2k + 1.
(Thanks to Laurent Bartholdi for explaining this case to me.)



Maslov index = 0, C = annulus , linking number = 0
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Maslov index = 1, C = M0obius band , self-linking number = 1

A St St: 25 2.

Thanks to Clara Loh for this picture.



Maslov index = 2, C = annulus , linking number = 1

A St Stz 22

http://www.georgehart.com /bagel /bagel.html
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http://www.georgehart.com/bagel/bagel.html

