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Homology classes

» Algebraic topologists have studied the homology classes
represented by submanifolds N” C M™ and their intersections
from the beginnings of the subject. So what is there to add?

» Theorem (Wall, 1966) The double points of an immersion
f : S" 9 M>" are counted by an element

w(f) € Ho(Zy; Zmi(M)], (—)") = Z[m(M)]

{g—(-)"g"t|g € m(M)}

such that u(f) = 0 if (and for n > 3 only if) f is regular
homotopic to an embedding.

» Traditional algebraic topology methods do not deal with .
So surgery theory requires a better understanding of the
algebraic topology of self-intersections.



The double point set D(f, )
The double point set of maps f; : Ny — M, fr: Nob — M is
D(fi,f) = {(x1,x) € Ny x No | fi(x1) = a(x2) € M} ,

the pullback in the diagram

D(f, f) _h, Ny x Ny

gl lﬂ «
A

M Mx M

with
A: M—>MxM; x— (x,x),
g : D(fi,h) = M; (x1,%) — fAlx1) = falx) ,
h @ D(fi,f) — Ny x No; (x1,x) — (x1,x2) .

fi(N1), f2(N2) € M are disjoint if and only if D(f;, ) = 0.



The double point classes of immersions

Manifolds are assumed to be oriented, unless specified
otherwise!

An m-dimensional manifold M has a fundamental class
[M] € Hn(M), and Poincaré duality isomorphisms

M= : H™*(M) —= H.(M); x— [M]Nx .
A map of manifolds f : N" — M™ represents a homology
class f[N] € H,(M), with Poincaré dual f[N]* € H™"(M).
If f1:(N1)™ 9 M™, £ : (N2)™ 9 M™ are transverse
immersions the double point set D(fi, f2) is an oriented
(n1 + n2 — m)-dimensional submanifold of Ny x Nb.
The immersion and embedding

g ¢ D(fi, )" ™ ™o M, h o D(f, £)" T < Ny x Ny
represent the double point classes
g[D(fl, 762)] € Hn1+n2—m(M)a h[D(ﬂ? 7(2)] € Hn1+n2—m(N1><N2) :




The Thom space

» An oriented k-plane bundle v : X — BSO(k) has a
(D*, S*=1)-bundle

(DX, 8571 — (B(r),S(v)) — X .
» The Thom space of v is the pointed space
T(v) = B(v)/S(v) .

Cap product with the Thom class U, € H*(T(v)) defines a
chain equivalence

U=+ C(T()) = C(X)uk -
» Example For the trivial k-plane bundle €% : X — BSO(k)
T(eF) = (DF x X)/(SF 1 x X) = Thx*
with X = X U {+}.



Normal bundles

» An immersion f : N7 9 M™ has a normal bundle
ve: N — BSO(m — n) such that
f*rm = tn® v : N— BSO(m) ,

with a codimension 0 immersion B(vf) & M extending f.
» For transverse f; : (N1)™ & M™, £, : (N2)™ & M™ the
normal bundle of g : D(fi, )™+ ™" M is

" h
vg = h*(vg xvg) @ D(f,h) —

Vv, X Vf.
Ni x Ny ——2

BSO(2m — ny — ) .
» The normal bundle of h: D(fi,f2) — Ny x Ny is

vy = g'm ¢ D(f,h) —5> M M- BSO(m) .



The Umkehr map |.

» The Umkehr of a map f : N” — M™ is the chain map

Fo oMy = c(M)y™ o c(N)™* = SNy

such that

(F)(In) = FIN]" € H™"(M) , f'[M] = [N] € Hqn(N).

» Given an embedding f : N” < M™ use the tubular
neighbourhood B(v¢) < M and the Pontrjagin-Thom
construction to define the geometric Umkehr map

F : MT — M/(M—B(vs)) = B(ve)/S(ve) = T(vr)
inducing the Umkehr chain map

fle C(MT) = C(M) — C(T () = C(N)smmn -



The Umkehr map II.

» Every immersion f : N” & M™ can be approximated by an
embedding

(e, f) : N < DK x M : x — (e(x), f(x))
for some k >2n—m+1, e: N — Dk, with
Vief) = ve® e N — BSO(m—n+ k).

The embedding (e, f) is regular homotopic to (0, f).
» The geometric Umkehr of f is the geometric Umkehr of (e, f)

F i (DFxM)/(S* IxM) = Z*MT — T(ver) = Z¥T(vf) |
a stable map inducing the Umkehr chain map

Fm s C(EEM*) 2 C(M) i — C(ERT (1)) = C(N)emin 4



Capturing [D(f1, f2)] by homology I.

» Proposition (Modern version of Lefschetz, 1930)
The double point classes of transverse immersions
fi : (N;)" 9 M™ (i = 1,2) are given by

gID(f1, R)] = (A[N]" U K[No]*) N [M] € Hnyyny—-m(M)
h[D(f1,£)] = (A x K) AIM] € Haysnp—m(N1 x No) .
» Proof Approximate f; : N; & M by an embedding
(ei, i) : Nj — Dk x M with geometric Umkehr map
Fio ShMT — 5T ()
The immersion g : D(f1, f,) & M is approximated by the
embedding
(e1,e,8) : D(f, ) — D" x D x M = DMtk x M

with a geometric Umkehr map
G . Thitkpyt , shtkT@y,).



Capturing [D(f1, )] by homology II.

» The formulae for the double point classes follow from the
commutative diagrams

T(h)

Ytk T(vy) YR T(vg) AZRT(vg)

GT TFI A\ F2
Zk1+k2 M+ AM Zkl M+ A Zkz M+

C(D(fb f2))*—2m+n1+n2 i) C(Nl X N2)*—2m+n1+n2

ANV

> g[D(fi, B)* = (hg')* (Inyxn,) = (A X ) Am)*(Tnyxm)-
> h[D(f, )] = hg'[M] = (f x f)' Au[M].
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The double point sets D(f), D(f)
» For any map f : N — M there is defined a Zy-equivariant map
fxf : NxN—->MxM; (xy)— (f(x),f(y))

with the generator T € Z, acting by T(x,y) = (y, x).
D(f, f) is Zo-invariant, with fixed points D(f, )% = Ap.
» The ordered double point set of f is the free Z,-set

D(f) = D(f,f)— D(f,f)*
= {(x,y) e NxN|x#yeN,f(x)="Ff(y)e M}.

The Zy-set D(f,f) C N x N is the union
D(faf) = D(f’f)Z2U(D(f’f)—D(f’f)Z2)

= Zp-fixed pointsU free Zp-set = ApnUD(f) .
» The unordered double point set of f : N — M is
D(f) = D(f)/Z> .
» f: N — M is an embedding if and only if D(f) = 0.
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The ordered double point classes of an immersion

The double point set of a self-transverse immersion
f:N"% M™ with n < mis a stratified set

D(f,f) = AnUD(f)U (< 3n— 2m)-dimensional strata

with Ay n-dimensional and D(f) (2n — m)-dimensional.
D(f) is oriented, with a fundamental class

[D()] € Hzn-m(D(f)) .

The ordered double point classes are the images

g[D(f)] € Han—m(M) , h[D(f)] € Hapn_m(N x N)

with g : D(f) % M, h: D(f) < N x N as before.
The covering translation T : D(f) — D(f) is orientation-

preserving if and only if m — nis even. Thus D(f) only has a
twisted fundamental class [D(f)] € Hap_m(D(f); Z()"").
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Capturing [D(f)] by homology I.
Proposition (Modern version of Whitney, 1940)
The ordered double point classes of f : N" & M™ are
g[D(f)] = (fIN]* UFIN]* — fre(vf)) N [M] € Han-m(M) ,
WD = ((F % F)' By — Aoy F)IM] € Hanm(N x N)

with e(vr) € H™"(N) the Euler class.
Proof The immersion

g : D(f) M; (x,y) — f(x) =f(y)
has normal bundle
ve = h*(ve x v¢) @ D(f) — BSO(2(m — n))

with h: D(f) = N x N the inclusion. If f is approximated by
an embedding (e, f) : N < D* x M then f and g have
geometric Umkehr maps

F:SfMY - 5T (vf), G:X%*MT — 22K T (1) .
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Capturing [D(f)] by homology II.

» The formulae for the ordered double point classes follow from
the commutative diagrams

AT(V{) V T(h

Y2k T (vr) vV Z2 T (1) )sz(yf) ATZET (vr)

Fv GT TF AF
T2k pt Bu TEME A TEM
_ ANe(Vf) @ h
C(N)*—m+n S C(D(f))*—2m+2n C(N X N)*—2m+2n
f!@g!T T(fx f)’
A
(M) Y C(M x M)

0J
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The quadratic construction

» In order to capture D(f) by homology need to take account of
the Zp-action on D(f).
» The quadratic construction on a space X is
Q(X) = 5% xz, (X x X)
with T(x,y) = (y,x) on X x X and

T : S = LSk—>5°°;s»—>—s.
k

The projection Q(X) — RP> classifies the double cover

Q(X) = S x (X xX)— Q(X) .

» The reduced quadratic construction on a pointed space Y is
QYY) = (S®) Az (YAY).
In particular, for an unpointed space X

QXT) = QX)* .
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The unordered double point class of an immersion I.

» Approximate the immersion f : N7 &5 M™ by an embedding
(e,f): N — DX x M. The Zy-equivariant map

d : D(f) — S I (NxN); (x,y) — (M,X,y)

induces a map
d : D(f) — Skt xz, (N x N) c Q(N) .

» The unordered double point class of f is

)mn

[D()] = d[D(f)] € Han-m(Q(N); ZE)™") .

> The composite D(f) — RP*~1 C RP™ classifies the double
cover p : D(f) — D(f). The transfer of p sends [D(f)] to the
ordered double point class

PID()] = HD(F)] € Han m(QN)) = Han_m(N x N) .
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The unordered double point class of an immersion II.

For m1(M) = {1} Wall's self-intersection invariant for
f : N" 9 M?" is the unordered double point class

n

u(f) = [D(F)] € Ho(QIN):ZU)") = Ho(Z2i Z,(-)")

The algebraic theory of surgery (R., 1980) identified
[D(f : N" 9 M™)] € Hop—m(Q(N); ZL)"")

for any f with a chain level desuspension obstruction for a
geometric Umkehr F : TKM* — KT (v¢), including a
m1(M)-equivariant version.

Joint project with Michael Crabb: apply Zs-equivariant stable
homotopy theory and the ‘geometric Hopf invariant’ to
provide a homotopy theoretic treatment of [D(f)].
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The geometric Hopf invariant h(F) I.

When is a k-stable map F : ¥¥X — YXY homotopic to the
k-fold suspension ¥XFy of an unstable map Fy: X — Y?

The geometric Hopf invariant of F is the stable
Z»-equivariant map

hF) = (FAF)Ax —AyF : X > YAY.

> If F ~ YkF, for an unstable map Fp: X — Y then h(F) ~ x.

» The stable Z,-equivariant homotopy class of h(F) depends

only on the homotopy class of F, and is the primary
obstruction to the k-fold desuspension of F.

For the geometric Umkehr map F : XM+ — KT (vf) of an
immersion f : N" & M™ the stable Zy-equivariant homotopy

class of h(F) factors through the ordered double point Z;-set
D(f).
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The stable Z,-equivariant homotopy groups

» Given pointed Zy-spaces X, Y let [X, Y]z, be the set of
Zo-equivariant homotopy classes of Zjy-equivariant maps
X =Y.

» The stable Zj-equivariant homotopy group is

: . K,k k,k
{X;Y}z, = ILrg[Z X, 2%%Y ]z,
k

where
T : TRkX = SKASKAX — ZREX (s,t,x) = (t,5, T(X)).

» Example The Zy-equivariant Pontrjagin-Thom isomorphism
identifies {S?; S%}7, with the cobordism group of
O-dimensional framed Z-manifolds (= finite Zp-sets).

The decomposition of finite Zy-sets as fixed U Zy-free
determines an isomorphism

Al — IAZQ\>

{59,5%), = 287, A= A2 U(A-A") s (]AZ2|, 5
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Zy-equivariant stable homotopy theory
= fixed-points + fixed-point-free

» Theorem (Crabb, 1980) For any pointed spaces X, Y there is
a split exact sequence of abelian groups

0— (X Q(V)} — XY A Y}z, 2= (X, ¥} —0
with the injection induced by the projection S — {x}

{(X;Q(Y)} = {X;(S®)TA(YAY)}z, = {X; YA Y]y, .

» p is given by the Zs-fixed points, split by

o {X; Y} = {X;YAY}z,; F— AyF.



The geometric Hopf invariant h(F) Il.

» The geometric Hopf invariant of F : kX — TkY
h(F) = (FAF)Ax — AyF
eker(p: {X;YAY}z, = {X:Y})
= im({X; Q(Y)} = {X: Y A Y}z,)

has the following properties:
(i) The function

b (XY} = X QY)}: F e h(F)
is nonadditive, being quadratic in nature:
h(F 4+ G) = h(F)+ h(G)+(F A G)Ax .

(i) If F € im([X, Y] — {X; Y}) then h(F) = 0.

21
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The Z;-equivariant Umkehr map

» An immersion f : N" & M™ determines a commutative
square of Zy-equivariant immersions and embeddings

AnyUh

N U D(f) Nx N
ngl lfxf
Ap
M Mx M

g(Xa)/) = f(X) = f(y) ) h(Xa)/) = (Xay) y Vg = h*(yf X Vf) .
> An approximating embedding (e, f) : N < Dk x M
determines Zjy-equivariant embeddings

(exe fxf): NxNe—DKxDFkx MxM,
(exe|l,g) : D(f)— DK xDKx M.
» The Umkehr of (e x e|, g) is a Zy-equivariant Umkehr map
G . TREMT - TRKT (1) .
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Capturing [D(f)] by homology |.

» Proposition (Crabb+R.) If f: N" & M™ is an immersion with
Umkehr map F : ¥KM* — YXT(vf) the geometric Hopf

invariant h(F) factors through T(vg)

hF) = T(hG
€ ker(p i {M*; T(ve) A T(v5)}z, — {M*; T(vr)})
im({MF; QT (ve))} — {MT; T(vr) A T(vr)}z,)

with h: D(f) < N x N the inclusion, i.e.

h(F) : M* G, T(vg) L(hl T(ve xve) = T(ve) A T(vf) .
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Capturing [D(f)] by homology II.

» The formula for the unordered double point classes follows
from the commutative diagrams of Zy-equivariant maps

AT(W) V T(h

YRRT (vf) v ZRET (1) )sz(uf) AXZET (vr)
Fv GT TF AF
Ay

YRk pmt YEMT A TkMF

Ol
» Corollary The unordered double point class of f: N" & M™ is

)m—n

[D(F)] = h(F)IM] € An(Q(T (1)) = Hon-m(Q(N); Z

regarding h(F) as a stable map Mt — Q(T (i¢)).

)
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The m-equivariant geometric Hopf

» Let m be a group, and let X be a pointed 7-space. The
diagonal map A : X — X A X is m-equivariant, so induces

AJr o X/m— XA X5 [x] =[x, x] .
» Let X, Y be pointed m-spaces. The geometric Hopf invariant

of a m-equivariant stable map F : ¥XX — XY is the stable
Zo-equivariant map

h=(F) = (FAF)Ax —AyF)/m : X/t —= Y A Y
which can be regarded as a stable map

he(F) @ X/m— Q:(Y) = (S°) Az, (Y AR Y) .
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The m-equivariant unordered double point class
> An immersion f : N & M™ lifts to a m-equivariant immersion
f N % M, with 7 = 71 (M), M the universal cover of M and
N = f*M.
» Proposition (C.4+R.) The m-equivariant unordered double

point class of f is the evaluation on [M] € Hn(M) of the
m-equivariant geometric Hopf invariant of a 7-equivariant
geometric Umkehr F : £KM* — £XT(v2) for f, that is

[D(F)/7] = h(F)[M]
€ Hn(Qu(T(12)) = Han-m(Qu(N); 2"y .

» For f : S" 9 M?" this is Wall's self-intersection invariant
u(f) = [D(F)/x] = hx(F)[M]
€ Fn(Qe(T(15))) = Ho(Qx(N);Z") = Ho(Za;: Z[m], (—)") -



