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Cutting and Pasting

Cut a closed n-dimensional manifold M
M = MU M>
with My, M> manifolds with boundary

OM; = OM>

Paste together M; and M», using an iso-
morphism

h: oM, — OM>

to obtain a new closed n-dimensional man-
ifold

M' = My U, Mo

What are the invariants of manifolds which
do not change under cutting and pasting?
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Schneiden und Kleben

Janich (1968) characterized signature and
Euler characteristic as cut and paste invari-
ants.

Karras, Kreck, Neumann and Ossa (1973)
defined SK-groups, universal groups of cut
and paste invariants.

Applications to index of elliptic operators.

Some recent applications of cut and paste
methods to higher signatures, L2-cohomology

— Leichtnam, Lott, Luck, Weinberger, ...



The bordism SK-groups

e 2, (X) = bordism of maps from closed n-
dimensional manifolds

f M"'— X

e Definition SK,(X) = Q,(X)/~ with

My Ug Mo ~ My Up, Mo
for any isomorphisms g, h : M1 — OM>



Twisted doubles

e A closed n-dimensional manifold M is a
twisted double if

M = NUhN

for n-dimensional manifold with boundary
(N,0ON) and automorphism h: ON — ON.

e Lemma A map f: M — X from a closed
n-dimensional manifold M represents O in
SKn(X) ifand only if f : M — X is bordant
to a twisted double.

e Proof Whitehead identity in bordism
MqUg Mo+ MoUp M3 = MiUp,M3 € Qp(X)
with M3 = Mj.



Main result

e The identification of SK,(X) for n > 6
with the image of the assembly map in the
asymmetric L-theory of Z[m1(X)].

e Geometric realization of algebraic result:

— A symmetric Poincaré complex is an al-
gebraic twisted double if and only if it is
null-cobordant as an asymmetric Poincaré
complex.

e Identification almost proved in
High dimensional knot theory (Springer, 1998)



Symmetric L-theory (1.)

e A = ring with involution

e An n-dimensional symmetric Poincaré
complex (C, ¢) is an n-dimensional f.g. free
A-module chain complex

c:...—-0—-0C,— - —C1—Cp
with a chain equivalence
¢ C"" = Homy(C, Ay — C

such that ¢ ~ ¢*, and higher symmetry
conditions.

e Cobordism of symmetric Poincaré complexes

e L"(A) = cobordism group (Mishchenko, R.)
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Symmetric L-theory (II.)

Symmetric L-groups = Wall quadratic L-
groups modulo 2-primary torsion

L"(A) ® Z[1/2] = Ln(A) ® Z[1/2]

L*(Z) = Z (signature)

The symmetric signature of an n-dimensional
manifold M

(M) = (C(M),$) € L"(Z[r1(M)])

Symmetric signature map on bordism

o 1 Qu(X) — L*(Z[r1(X)])



Asymmetric L-theory (I.)

An n-dimensional asymmetric Poincaré
complex (C, ¢) is an n-dimensional f.g. free
A-module chain complex

with a chain equivalence
¢ C"" = Homy(C, Ay — C

(no symmetry condition)

Cobordism of asymmetric Poincaré com-
plexes

LAsy™(A) = cobordism group

Forgetful maps L"(A) — LAsy™(A)



Asymmetric L-theory (II.)

2-periodic

LAsy™(A) =2 LAsy"T2(A)

Odd-dimensional asymmetric L-groups van-
ish

LAsy>*T1(A) = 0

Even-dimensional asymmetric L-groups are
large, e.g.

LAsy®°(Z) = Pz PZrd P24
@) @) @)

Asymmetric signature of n-dimensional man-
ifold M

Asyo™ (M) = (C(M),¢) € LAsy™(Z[r1(M)])
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Algebraic twisted doubles

e [ heorem An n-dimensional symmetric Poincaré
complex (C, ¢) over A is an algebraic twisted
symmetric Poincaré double if and only if

(C,¢) = 0¢€ LAsy"(A)

e Proof Chapter 30 of High dimensional knot
theory

e Example If M = N U;, N is a twisted dou-
ble manifold then C(M) — C(N,0N) deter-
mines an asymmetric Poincaré null-cobordism
of the symmetric Poincaré complex of M,

so that
0" (M) € ker(L™(Z[r1(M)]) — LAsy"(Z[r1(M)]]
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Recognizing twisted doubles

Theorem For n > 6 an n-dimensional man-
ifold M is a twisted double if and only if

Asy([M]p) = 0 € LAsy"(Z[m1(M)])

Proof The asymmetric signature is the Quinn
(1979) obstruction to the existence of open
book structure on M

M = T(h:F — F)UJF x D?

(h,id.) = rel 9 automorphism of (n — 1)-
dimensional manifold with boundary (F,0F).

For n > 6 open book if and only if twisted
double.
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Assembly

AssemDbly map in symmetric L-theory
A Hp(X,1L(Z)) — L"(Z[m1(X)])
for any space X, with m«(IL(Z)) = L*(Z).

Every n-dimensional manifold M has an L-
theory orientation

[M]y, € Ho(M; L(Z))
with A([M]y) = o*(M) € L"(Z[n1(M)])

Symmetric signature factors through as-
sembly

o* 1 Qu(X) — Hn(X;L(Z)) 2 L™(Z[r1(X)])

Assembly map in asymmetric L-theory

Asy : Ho(X;L(Z)) 2 Ln(Z[r(X)])
— LAsy™(Z[r1(X)])
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The identification of the bordism
S K-groups

e Corollary For any space X and n > 6 the
asymmetric signature defines an isomor-
phism

SKn(X) =
im(Asy : Hn(X;L(Z)) — LAsy™(Z[m1(X)]))

e Proof Theorem gives that
SKn(X) Z2im(Asyoc™ : Qn(X) — LAsy"™(Z[r1(X
with
o Qu(X) - Ho(X;L(Z)); (f M — X) — f«l.

e Computation of homotopy type of L(Z)
(Taylor and Williams, 1979) shows that o*
IS onto, so

im(Asy) = im(Asyoc™) C LAsy"(Z[r1(X)])
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