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• The Bryant-Mio-Ferry-Weinberger construc-

tion of 2n-dimensional exotic homology man-

ifolds for 2n > 6 with Quinn index 9 starts

with

E8 × T2n 6= 0 ∈ L2n(Z[Z2n])

and proceeds by controlled Wall realiza-

tion.

• Edwards challenge: find an explicit

(−)n-quadratic form over Z[Z2n]

realizing the non-zero element E8 × T2n.
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The surgery obstruction groups

• Wall (1970) defined the surgery obstruc-

tion groups Lm(Λ) of a ring with involution

Λ, with

Lm(Λ) = Lm+4(Λ) .

• The surgery obstruction of an m-dimensional

normal map (f, b) : M → X is an element

σ∗(f, b) ∈ Lm(Z[π1(X)])

with σ∗(f, b) = 0 if (and for m > 5 only

if) (f, b) is normal bordant to a homotopy

equivalence.
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L2n(Λ)

• L2n(Λ) = the Witt group of nonsingular
(−)n-quadratic forms (K, λ, µ) over Λ, with
K a f.g. free Λ-module,

λ = (−)nλ∗ : K → K∗ = HomΛ(K,Λ)

and µ a (−)n-quadratic refinement of λ.

• For n-connected (f, b) : M2n → X

σ∗(f, b) = (Kn(M), λ, µ) ∈ L2n(Z[π1(X)])

with Kn(M) = ker(f̃∗ : Hn(M̃) → Hn(X̃))
the kernel (stably) f.g. free Z[π1(X)]-module.

• For a finitely presented group π every form
(K, λ, µ) over Z[π] is realized as σ∗(f, b) for
some (f, b) : M2n → X with π1(X) = π.

• If π has no 2-torsion and n is even, then λ

determines µ.
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E8

• Nonsingular quadratic form (Z8, E8) over Z

E8 =




2 0 0 1 0 0 0 0
0 2 1 0 0 0 0 0
0 1 2 1 0 0 0 0
1 0 1 2 1 0 0 0
0 0 0 1 2 1 0 0
0 0 0 0 1 2 1 0
0 0 0 0 0 1 2 1
0 0 0 0 0 0 1 2




Positive definite, rank = signature = 8.

• For m > 2 E8 is realized in the PL category
as the surgery obstruction

σ∗(f0, b0) = (Z8, E8) = 1 ∈ L4m(Z) = Z
of 2m-connected 4m-dimensional normal map

(f0, b0) : M4m
0 → S4m

with M0 the Milnor E8-plumbing of 8 τS2m’s.
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E8×T2n

• E8 × T2n is the surgery obstruction of the
2m-connected (4m + 2n)-dimensional nor-
mal map

(g, c) = (f0, b0)×1 : M4m
0 ×T2n → S4m×T2n .

E8 × T2n = σ∗(g, c) = (0, . . . ,0,1) 6= 0

∈ L4m+2n(Z[Z2n]) = L2n(Z[Z2n]) =

L2n(Z)⊕ · · · ⊕
(
2n
k

)
L2n−k(Z)⊕ · · · ⊕ L0(Z).

• E8×T2n is represented by the kernel (−)n-
quadratic form (K2m+n(M1), λ, µ) of any
bordant (2m + n)-connected normal map
(g1, c1) : M4m+2n

1 → S4m × T2n.

• In order to find an explicit form (K, λ, µ) for
E8×T2n need to work out (K2m+n(M1), λ, µ)
by algebraic surgery below the middle
dimension.
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The algebraic theory of surgery

• Theorem (R., 1980) Lm(Λ) is isomorphic
to the cobordism group of m-dimensional
quadratic Poincaré complexes over Λ. The
surgery obstruction of (f, b) : Mm → X is
the cobordism class

σ∗(f, b) = (C, ψ) ∈ Lm(Z[π1(X)])

of an m-dimensional quadratic Poincaré com-
plex (C, ψ).

• C = C(f ! : C(X̃) → C(M̃)) with

f ! : C(X̃) ' C(X̃)m−∗ f∗
// C(M̃)m−∗ ' C(M̃)

• X̃ = universal cover of X, M̃ = f∗X̃

• H∗(C) = K∗(M) = ker(f∗ : H∗(M̃) → H∗(X̃))

• (1 + T )ψ0 : Cm−∗ = HomΛ(C,Λ) ' // C.
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The instant surgery obstruction

• Corollary The surgery obstruction of a 2n-

dimensional normal map (f, b) : M → X is

given by

σ∗(f, b) = (K, λ, µ) ∈ L2n(Z[π1(X)])

with

K = coker(

(
d∗ 0

(−)n+1(1 + T )ψ0 d

)
:

Cn−1 ⊕ Cn+2 → Cn ⊕ Cn+1)

λ =

(
(1 + T )ψ0 d

(−)nd∗ 0

)
, µ =

(
ψ0 d
0 0

)

the (−)n-quadratic form determined by (C, ψ).

• If (f, b) is n-connected the usual Wall kernel

form (λ, µ) on K = Kn(M).

• In general, (f, b) is not n-connected.
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Almost (−)n symmetric forms

• Clauwens.

• An almost (−)n-symmetric form (A, α) over
a ring with involution Λ is a f.g. free Λ-
module A together with a nonsingular sesquilin-
ear pairing α : A → A∗ such that
1 + (−)n+1α−1α∗ : A → A is nilpotent.

• A 2n-dimensional manifold N with a Poincaré
duality cellular chain isomorphism on the
universal cover Ñ

φ0 = [N ] ∩ − : C(Ñ)2n−∗ ∼= C(Ñ)

has an almost (−)n-symmetric form over
Z[π1(N)]

(Cn(Ñ), α = φ0 + dφ1)

with φ1 : φ0 ' φ∗0 a chain homotopy and
d : Cn+1(Ñ) → Cn(Ñ) the differential.
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Quadratic ⊗ almost symmetric

• In a (−)m-quadratic form (K, λ, µ) over Λ
the (−)m-quadratic function µ corresponds
to an equivalence class of Λ-module mor-
phisms ψ : K → K∗ such that

λ = ψ + (−)mψ∗ : K → K∗

with ψ ∼ ψ′ if ψ′ = ψ + χ + (−)m+1χ∗.

• The product of (K, λ, µ) and an almost (−)n-
symmetric form (A, α) over Λ′ is the (−)m+n-
quadratic form over Λ⊗Z Λ′

(K, λ, µ)⊗ (A, α) = (K ⊗Z A, λ′, µ′)

λ′ = ψ′ + (−)m+nψ′∗ , ψ′ = ψ ⊗ α.

• Product of Witt groups

L2m(Λ)⊗AL2n(Λ′) → L2m+2n(Λ⊗ Λ′)
with AL2n(Λ′) the Witt group of almost
(−)n-symmetric forms over Λ′.
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The surgery product formula

• Theorem (R., Clauwens, 1979)

The surgery obstruction of a product nor-

mal map

(g, c) = (f, b)× 1 : M2m ×N2n → X ×N

is the product

σ∗(g, c) = σ∗(f, b)⊗Z (Cn(Ñ), α)

∈ L2m+2n(Z[π1(X)× π1(N)])

of surgery obstruction σ∗(f, b) ∈ L2m(Z[π1(X)])

and the almost (−)n-symmetric Witt class

(Cn(Ñ), α) ∈ AL2n(Z[π1(N)]) .

• Proof The instant surgery obstruction of

(g, c) is cobordant to the product (K, λ, µ)⊗
(Cn(Ñ), α), with (K, λ, µ) the instant surgery

obstruction of (f, b).
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The almost (−)n-symmetric form of T2n

• The standard CW structure on Tm has

C(T̃m)m−∗ ∼= C(T̃m) , Cn(T̃
m) =

(m

n

)
Z[Zm]

with Z[π1(T
m)] = Z[Zm] = Z[t1, t−1

1 , . . . , tm, t−1
m ].

• For m = 2n the almost (−)n-symmetric
form (Cn(T̃2n), α) has rank

(
2n
n

)
, so that

E8 × T2n is represented by a form of rank
8

(
2n
n

)
. For n = 1

α =

(
1− t1 1

t1t2 − t1 − t2 1− t2

)

• The rank
(
2n
n

)
almost (−1)n-symmetric form

of T2n is a lot of work to write down for
n > 1. Luckily T2n = T2 × · · · × T2 deter-
mines the Witt-equivalent form

n⊗
i=1

αi of

rank 2n, with αi the rank 2 form of ith T2.

11



An explicit form for E8×T2n

• Theorem The surgery obstruction

E8 × T2n ∈ L2n(Z[Z2n])

is represented by the (−)n-quadratic form

of rank 2n+3

(Z8, E8)⊗ (Z[Z2n]2
n
,

n⊗
i=1

αi)

over

Z[Z2n] = Z[t1, t−1
1 , . . . , t2n, t−1

2n ]

=
n⊗

i=1
Z[t2i−1, t−1

2i−1, t2i, t
−1
2i ]

with

αi =

(
1− t2i−1 1

t2i−1t2i − t2i−1 − t2i 1− t2i

)

the almost (−1)-symmetric form of the ith

T2 in T2n = T2 × T2 × · · · × T2.
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A commission

• The nonsingular (−1)-quadratic form of the

torus T2 over Z[1/2][Z2] = Z[1/2][t1, t−1
1 , t2, t−1

2 ]

α− α∗

2
=




t−1
1 − t1

2

1− t−1
1 t−1

2 + t−1
1 + t−1

2

2

−1 + t1t2 − t1 − t2
2

t−1
2 − t2

2




was commissioned by Gromov in 1995.
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