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Abstract

Traditional Morse theory deals with real valued functions f : M — R and ordinary
homology H,(M). The critical points of a Morse function f generate the Morse-Smale
complex CM5( f) over Z, using the gradient flow to define the differentials. The isomor-
phism H,(CM3(f)) = H,(M) imposes homological restrictions on real valued Morse
functions. There is also a universal coefficient version of the Morse-Smale complex,
involving the universal cover M and the fundamental group ring Z[mi(M)].

The more recent Morse theory of circle valued functions f : M — S' is more
complicated, but shares many features of the real valued theory. The critical points
of a Morse function f generate the Novikov complex CV°U(f) over the Novikov ring
Z((z)) of formal power series with integer coefficients, using the gradient flow of the
real valued Morse function f : M = f*R — R on the infinite cyclic cover to define the
differentials. The Novikov homology HN°V(M) is the Z((2))-coefficient homology of
M. The isomorphism H,(CN°V(f)) = HN°Y(M) imposes homological restrictions on
circle valued Morse functions.

Chapter 1 reviews real valued Morse theory. Chapters 2,3,4 introduce circle valued
Morse theory and the universal coefficient versions of the Novikov co/mglex and Novikov
homology, which involve the universal cover M and a completion Zlmy(M)] of Z[my (M)].
Chapter 5 formulates an algebraic chain complex model (in the universal coefficient
version) for the relationship between the Z((z))-module Novikov complex CV°(f) of
a circle valued Morse function f : M — S' and the Z-module Morse-Smale complex
CMS(fxn) of the real valued Morse function fy = f| : My = 771[0, 1] — [0,1] on a
fundamental domain of the infinite cyclic cover M.
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1 Introduction

The Morse theory of circle valued functions f : M — S* relates the topology of a manifold M
to the critical points of f, generalizing the traditional theory of real valued Morse functions
M — R. However, the relationship is somewhat more complicated in the circle valued case
than in the real valued case, and the roles of the fundamental group (M) and of the choice
of gradient-like vector field v are more significant (and less well understood).

The Morse-Smale complex C' = CM5(M, f,v) is defined geometrically for a real valued
Morse function f : M™ — R and a suitable choice of gradient-like vector field v : M —
Ta- In general, there is a Z[r|-coefficient Morse-Smale complex for each group morphism
m (M) — 7, with

C, = Z[ﬂ-]ci(f)
if there are ¢;(f) critical points of index i. The differentials d : C; — C;_; are defined by
counting the v-gradient flow lines in the cover M of M classified by m (M) — 7. In the
simplest case m = {1} this is just M = M, and if p € M is a critical point of index i and
q € M is a critical point of index ¢ — 1 the (p, ¢)-coefficient in d is the number n(p, ¢) of lines

from p to ¢, with sign chosen according to orientations. The homology of the Morse-Smale
complex is isomorphic to the ordinary homology of M

H*(CMS(M,f,’U)) = H*(M)
so that

(a) the critical points of f can be used to compute H,(M),

(b) H.(M) provides lower bounds on the number of critical points in any Morse function
f: M — R, which must have at least as many critical points of index ¢ as there are
Z-module generators for H;(M) (Morse inequalities).

Basic real valued Morse theory is reviewed in Chapter 2.

In the last 40 years there has been much interest in the Morse theory of circle valued
functions f : M™ — S starting with the work of Stallings [36], Browder and Levine [3],
Farrell [8] and Siebenmann [35] on the characterization of the maps f which are homotopic
to the projections of fibre bundles over S! : these are the circle valued Morse functions
without any critical points.

About 20 years ago, Novikov ([17],[18],[19],[20] (pp. 194-199)) was motivated by problems
in physics and dynamical systems to initiate the general Morse theory of closed 1-forms,
including circle valued functions f : M — S' as the most important special case. The new
idea was to use the Nowvikov ring of formal power series with an infinite number of positive
coefficients and a finite number of negative coefficients

Z((2)) = Z[[2)][z7"] ={ Z n;z’ |nj € Z, nj =0 for all j < k, for some k}
j=—00

as a counting device for the gradient flow lines of the real valued Morse function f: M=
f*R — R on the (non-compact) infinite cyclic cover M of M, with the indeterminate z
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corresponding to the generating covering translation z : M — M. For f the number of
gradient flow lines starting at a critical point p € M is finite in the generic case. On the
other hand, for f the number of gradient flow lines starting at a critical point p € M may be
infinite in the generic case, so the counting methods for real and circle valued Morse theory
are necessarily different.

The Novikov complex C = CN°(M, f,v) is defined for a circle valued Morse function
f: M™ — S and a suitable choice of gradient-like vector field v : M — 73,. In general,

there is a Z|[II]-coefficient Novikov complex for each factorization of f, : (M) — m(S') = Z
as m (M) — II — Z, with Z[II] a completion of Z[I1], with

~ — ci(f
¢ — "

if there are ¢;(f) critical points of index i. The differentials d : C; — C;_; are defined
by counting the v-gradient flow lines in the cover M of M classified by (M) — II. The

—_—

construction of the Novikov complex for arbitrary Z[II] is described in Chapter 3. In the
simplest case

—_ —~

=72,z = Zlz,z ", Z[I] = Z((2)), M = M = fR.

For a critical point p € M of index i and a critical point § € M of an index i — 1 the
(P, 7)-coefficients in d is

Zn P, 29)2 € Z((2))

with n(p, 27q) the signed number of T-gradient flow lines of the real valued Morse function
f: M — R from P to the translate 27g of g, and k = [f(p) — f(g)]. The convention is that
the generating covering translation z : M — M is to be chosen parallel to the downward
gradient flow v : M — 7,7, with

flzx) = f(x)—1€R (x €M) .
In particular, this means that for f =1: M = St — S?
z2: M =R—-M =R;z—ax—-1.

Circle valued Morse theory is necessarily more complicated than real valued Morse theory.
The Morse-Smale complex CM5(M, f : M — R, v) is an absolute object, describing M on
the chain level, with ¢o(f) > 0, ¢,,(f) > 0. This is the algebraic analogue of the fact that
every continuous function f : M — R on a compact space attains an absolute minimum
and an absolute maximum. By contrast, the Novikov complex CN°(M, f : M — S, v)
is a relative object, measuring the chain level difference between f and the projection of a
fibre bundle (= Morse function with no critical points). A continuous function f: M — S!
can just go round and round! The connection between the geometric properties of f and
the algebraic topology of M is still not yet completely understood, although there has been
much progress in the work of Pajitnov, Farber, the author and others.



The Nowvikov homology groups of a space M with respect to a cohomology class f €
(M, S'] = H'(M) are defined by

HY (M, f) = H,(Z((2)) @z C(OD)) .

The homology groups of the Novikov complex are isomorphic to the Novikov homology
groups
H.(CN (M, f,v)) = HN(M, f) .

By analogy with the real valued case :

(a) the critical points of f can be used to compute HN°?(M, f),

(b) HN°*(M, f) provides lower bounds on the number of critical points in any Morse func-
tion f : M — S', which must have at least as many critical points of index i as there
are Z((z))-module generators for HNV(M, f) (Morse-Novikov inequalities).

—_—

Novikov homology is constructed in Chapter 4, for arbitrary Z|[II]-coefficients..

Novikov conjectured ([1]) that for a generic class of gradient-like vector fields v € G7 (f)
the function j +— n(p, 27q) has subexponential growth.

Let S C Z|z] be the subring of the polynomials s(z) such that s(0) = 1. Such polynomials
are invertible in Z[[z]]. The localization S™'Z[z, 27| of Z[z, 2] is identified with the subring

of Z((z)) consisting of the quotients % with 7(2) € Z[z,271], s(2) € S.
s(z
Pajitnov [23],[24] constructed a C%-dense subspace GECT (f) C GT(f) of gradient-like
vector fields v for which the differentials in the Novikov complex CN°V(M, f,v) are rational

o0

n(p,q) = Z n(p, 29z € ST'Z[z, 27 C Z((2)) .

j=—o00

and j +— n(p, 2’q) has polynomial growth. The idea is to cut M along the inverse image
N = f71(0) (assuming 0 € S! is a regular value of f), giving a fundamental domain

(My; N,z7'N) = 7 ([0,1];{0}, {1})

for f: M — R, and to then use a kind of cellular approximation theorem to give a chain
level approximation to the gradient flow in

(fvsow) = (F.9)] + (My, fa,on) — ([0, 1]; {0}, {1}) .

The mechanism described in Chapter 5 below then gives a chain complex over S™'Z[z, 2!
inducing CN°*(M, f,v). Hutchings and Lee [10],[11] used a similar method to get enough
information from CN°(M, f,v) for generic v to obtain an estimate on the number of closed
v-gradient flow lines v : St — M.

Farber and Ranicki [7] and Ranicki [31] constructed an ‘algebraic Novikov complex’ in
S™1Z[z, 27 for any circle Morse valued function f: M — S!, using any CW structure on
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N = f71(0), the extension to a CW structure on My, and a cellular approximation to the
inclusion 27! N — My. The construction is recalled in Chapter 5, including the non simply
connected version. In many cases (e.g. for v € GECT (f)) this algebraic model does actually
coincide with the geometric Novikov complex CNV(M, f, v).

The Morse-Novikov theory of circle valued functions on finite-dimensional manifolds and
Novikov homology have many applications to symplectic topology, Floer homology, and
Seiberg-Witten theory (Pozniak [27], Le and Ono [14], Hutchings and Lee [10], [11], ...).
Also, circle valued Morse theory on infinite-dimensional manifolds features in the work of
Taubes on Casson’s homology 3-sphere invariant and gauge theory. However, these notes
are not a survey of all the applications of circle valued Morse theory and Novikov homology!
They deal exclusively with the basic development in the finite-dimensional case and some of
the applications to the classification of manifolds.

2 Real valued Morse theory

This section reviews the real valued Morse theory, which is a prerequisite for circle valued
Morse theory. The traditional references Milnor [15], [16] remain the best introductions to
real valued Morse theory. Bott [2] gives a beautiful account of the history of Morse theory,
including the development of the modern chain complex point of view inspired by Witten.

Let M be a compact differentiable m-dimensional manifold. The critical points of a
differentiable function f : M — R are the zeros p € M of the differential Vf : 7py — . A
Morse function f : M — R is a differentiable function in which every critical point p € M
is required to be isolated and nondegenerate, meaning that in local coordinates

7 m

f(p—i_(*’rlvx??“‘?xm» = f(p)_Z(Ij)2+ Z (‘Tj)2

j=1 j=i+1

with ¢ the index of p. The subspace of Morse functions is C?-dense in the space of all
differentiable functions f : M — R.

A vector field v : M — 7y is gradient-like for f if there exists a Riemannian metric ( , )
on M such that
(v,w) = Vf(w)eR (weTy).

Note that ( , ) and Vf determine v, and that the zeros of v are the critical points of f.
A v-gradient flow line v : R — M satisfies

V() = —v(y(t) € u(1(t)) (tE€R).

The minus sign here gives the downward gradient flow, so that

F(v(s) > f(v(t) if s <t.

The limits
lim ~v(t) = p , tlim v(t) = geM

t——o00



are critical points of f with f(¢) < f(p), and if 7 is isolated then
index(q) = index(p) — 1.

For every non-critical point © € M there is a v-gradient flow line 7, : R — M (which is
unique up to scaling) such that 7,(0) =z € M.

The unstable and stable manifolds of a critical point p € M of index ¢ are the open
manifolds

Wp,v) = {x e M| lim v(t) =p}, W(p,v) = {zc M| lim (1) = p}

which are diffeomorphic to R, R™~% respectively.

The basic results relating a Morse function f : M™ — R to the topology of M concern
the inverse images

of the regular values a € R, which are closed (m — 1)-dimensional manifolds, and the cobor-
disms

(May; Noy Ny) = 7} ([a, B]: {a}, {b}) (a <D).

The results are:

(i) if [a,b] C R contains no critical values the v-gradient flow determines a diffeomorphism
Nb - Na ; L 'Ym((erx)_l(a)) )

(ii) if [a,b] C R contains a unique critical value f(p) € (a,b), and p € M is a critical
point of index ¢, then NN, is obtained from N, by surgery on a tubular neighbourhood
St x D™ C N, of S©1 =W"(p,v) N N,

Ny, = NN\(S"'x D"y uD' x 8™t

with D? x S™~=1 C N, a tubular neighbourhood of S™~~! = W#(p,v) N N}, and
(M,p; Ng, Np) the trace of the surgery

M,y = N, x[0,1]UuD"x D™".

Let G7 (f) denote the set of gradient-like vector fields v on M which satisfy the Morse-
Smale transversality condition that for any critical points p,q € M with index(p) = 1,
index(q) = j the submanifolds W*(p,v)*, W#(q,v)™ 7 C M™ intersect transversely in an
(¢ — j)-dimensional submanifold W*(p,v) N W?*(q,v) C M. The subspace G7 (f) is dense in
the space of gradient-like vector fields for f.

Suppose that the Morse function f: M — R has ¢;(f) critical points of f of index i, and
that the critical points pg, p1, pe, - -+ € M are arranged to satisfy

index(pg) < index(p;) < index(ps) < ..., f(po) < f(p1) < f(p2) < ... .
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A choice of v € GT(f) determines a handle decomposition of M

= QU o

1=0¢;(f

with one i-handle h' = D? x D™~ for each critical point of index i.

The Morse-Smale complex CMS(M, f,v) is defined for a Morse-Smale pair (f : M —

R,v € GT(f)) and a regular cover M of M with group of covering translations 7, to be the
based f.g. free Z[r]-module chain complex with

d : CMS(M, f,v); = Zx)"V) — CMS(M, fv)ia = Zr) Y5 B> 03,97

with n(p, q) € Z the finite signed number of v-gradient flow lines v : R — M which start at

a critical point p € M of f M — R with index i and terminate at a critical point g € M
of index 7 — 1. Choose an arbitrary lift of each critical point p € M of f to a critical point

pE M of f, obtaining a basis for CMS(M, f,v). The Morse-Smale complex is the cellular
chain complex

CMS(M, f,0) = C(M)

of the CW structure on M in which the i-cells are the lifts of the i-handles hi. In particular,
the homology of the Morse-Smale complex is the ordinary homology of M

H.(CMS(M, f,v)) = H.(M) .

If (f,v): M — R is modified to (f',v") : M — R by adding a pair of critical points p, ¢
of index 7,7 — 1 with n(p, ¢,v) = 1 the Morse-Smale complex CM5(M, f’,v') is obtained from
CMS(M, f,v) by attaching an elementary chain complex

E:...->0—-FLE = Z[W]LEi,l = Zlr] - 0— ...
with an exact sequence
0— CMS(M, f,v) = CMS(M, f',v') - E —0.

Conversely, if m > 5 then the Whitney trick applies to realize the elementary moves of
Whitehead torsion theory by cancellation of pairs of critical points (or equivalently, handles).
This cancellation is the basis of the proofs of the hA- and s-cobordism theorems.

The identity CMS(M, f,v) = C(M) (for M = M) gives the Morse inequalities
ci(f) > bi(M) + (M) + qi—1 (M)

with
bi(M) = dimg(H,(M)/T;,(M)) , :(M) = #T;(M)
the Betti numbers of M, where

T;,(M) = {x € Hi(M)|nz =0 for some n # 0 € Z}



is the torsion subgroup of H;(M) and # denotes the minimum number of generators. Smale
used the cancellation of critical points to prove that these inequalities are sharp for m (M) =
{1}, m > 5: there exists (f,v) : M — R with the minimum possible number of critical
points
¢i(f) = bi(M) + @(M) + g1 (M) .

The method is to start with an arbitrary Morse function f: M — R, and to systematically
cancel pairs of critical points until this is no longer possible.

The Morse-Smale complex CM9(M, f,v) is also defined for a Morse function on an m-
dimensional cobordism f : (M; N, N') — ([0,1]; {0}, {1}) with v € GT (f). In this case there
is a relative handle decomposition

M = N x [0,1]uLmJ | D' x D
i=0 ci(f)

and CMS(M, f,v) =C (]\7 ,N). The s-cobordism theorem states that for a Morse function f
on an h-cobordism 7(CM5(M, f,v)) = 0 € Wh(m (M)) if (and for m > 6 only if) the critical
points of f can be stably cancelled in pairs.

3 The Novikov complex

Morse functions f : M — St gradient-like vector field v, critical points, index, ¢;(f), are
defined in the same way as for the real valued case in Chapter 1. Again, the subspace of
Morse functions is C*-dense in the space of all functions f : M — S. But it is harder to
decide which pairs of critical points can be cancelled.

A Morse function f: M — S lifts to a Z-equivariant Morse function f: M = f*R — R
on the infinite cyclic cover. Let z : M — M be the generating covering translation parallel
to the v-gradient flow, so that (dz,v) > 0. Let G7(f) be the space of gradient-like vector
fields v : M — 7y such that a lift ¥ : M — 77 satisfies the Morse-Smale transversality
condition. The Novikov complex of a circle valued Morse function is defined by analogy with
the Morse-Smale complex of a real valued function, as follows.

Given a ring A and an automorphism a : A — A let z be an indeterminate over A with
az = zaf(a) (a€A).

The a-twisted Laurent polynomial extension of A is the localization of the a-twisted
polynomial extension A,|[z] inverting z

Aa['za 271] = Aa[z][z71]>

the ring of polynomials > a;z? (a; € A) such that {j € Z|a; # 0} is finite.

j=—o0

The a-twisted Novikov ring of A is the localization of the completion of A,[z]

Aa((2)) = Aull2lllz7]
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the ring of power series > a;2’ (a; € A) such that {j <0|a; # 0} is finite.

j=—oo

Given f: M — St let M be a regular cover of M, with group of covering translations
m. Only the case of connected M , M, M will be considered. Let II be the group of covering
translations of M over M, so that there is defined a group extension

{1} -7 -1 —->Z— {1}
with a lift of 1 € Z to an element z € II such that the covering translation z : M — M
induces z : M — M on M = M /7. Thus
I = 7x,Z , Z[| = Z[r]a|z, 27 .
Write the a-twisted Novikov ring as
2] = Zfrla((2) -
Choose a lift of each critical point p € M of f to a critical point p € M of f

The Nowikov complex CN°(M, f,v) of (f : M — S',v € GT(f)) is the based f.g. free
Z[I1]-module chain complex with

d : CNU(M, f,v); = Z[ﬂ]a((Z))”(QHCN"”(M, fiv)icn = Zala((2)) )5
P X Yon(p A9 q

Jj=—00 ¢

with n(p, q) € Z the finite 51gned number of v-gradient flow lines 7 : R — M which start at

a critical point p € M of f M — R with index i and terminate at a critical point g € M
of index 7 — 1.

Exercise. Work out CNov(St, f,v) for
f oSt =St 4t—-9+6t°] (0<t<1). O
The original definition of Novikov [17],[18] was in the special case
M=M,rn={1}, I =2,a=1,2Z0 = Z((2))
when CN°U(M, f,v) is a based f.g. free Z((z))-module chain complex (as in the Exercise).

Take M to be the universal cover of M and T = wiﬁ), a : ™ — m the automorphism
induced by a generating covering translation z : M — M, I = (M) = 7 X, Z. This case

gives the based f.g. free Zm)]—module Novikov complex CN(M, f,v) of Pajitnov [22].

There is only one class of Morse functions f : M — S' for which the Novikov complex is
easy to compute:

Ezample. Let M be the mapping torus of a diffeomorphism h: N — N of a closed (m — 1)-
dimensional manifold

M = T(h) = (N x[0,1])/{(z,0) ~ (h(z),1)} .
The fibre bundle projection
foM—St=1[0,1/{0~1}; [2,t] =[]
has no critical points, so that CN°V(M, f,v) = 0 for any v € GT (f). O



4 Novikov homology

—_

The Novikov homology HNU(M, f; Z[I1]) is defined for a space M with a map f : M — S?
and a factorization of f, : m (M) — m1(S') through a group II. The relevance of the Novikov
complex CN°U(M, f,v) to the Morse theory of a Morse map f : M — S! is immediately
obvious. The relevance of the Novikov homology is rather less obvious, even though there

—_—

are isomorphisms H,(CN°(M, f,v)) = HN°(M, f; Z[1]) !
The R-coefficient homology of a space M is defined for any ring morphism Z[m (M)] — R

H.(M;R) = H.(C(M;R))

—

using any free Z[m; (M )]-module chain complex C(M) (e.g. cellular, if M is a CW complex)
and C(M; R) = R @z, C(M).

Given a group 7 and an automorphism « : 7 — 7 let ™ X, Z be the group with elements
g%’ (g € 7, j € Z), and multiplication by gz = a(g)z, so that

Zr xoZ) = Zlnlalz,27Y .

For any map f: M — S with M connected the infinite cyclic cover M = f*R is connected
if and only if f, : (M) — m(S') = Z is onto, in which case

m(M) = m(M) Xq,, Z

ap

with ayy : (M) — m(M) the automorphism induced by a generating covering translation
z: M — M.

Suppose given a connected space M with a cohomology class f € [M,S'] = H'(M) such
that M = f*R is connected. Given a factorization of the surjection f, : 71 (M) — 7(S?)

fo i m(M) = mi(M) Xop, Z— 1 — 7

let 7 = ker(Il — Z) and let z € II be the image of z = (0,1) € m (M), so that Il =7 x, Z
with
o T T gHZ’lgz.

—_—

The Z[I]-coefficient Novikov homology of (M, f) is

— —_—

HY' (M, f;Z[10)) = H.(M;Z[1)) ,

—

with Z[II] = Z[r]a((2)).
In the original case

—

M=M,r={1},1I = Z, 2] = Z((2)),

—_—

and HN°(M, f;Z[l1]) may be written as HN°"(M, f), or even just HN°(M).
Example 1. The Z((z))-coefficient cellular chain complex of S! is

C(SHZ((2) & - — 0= Z((2)) — Z((2))
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and 1 — z € Z((2)) is a unit, so HN*’(S!) = 0. O

Ezxample 2. Let N be a connected finite CW complex with cellular Z-module chain complex
C(N), and let h : N — N be a self-map with induced Z-module chain map h : C(N) —
C(N). The Z((z))-coetlicient cellular chain complex of the mapping torus T°(h) with respect

to the canonical projection
f : T(h) — S'; [x,t] — [t

is the algebraic mapping cone
CHTMYZ((=) = C(1—2h: CNY(2)) = CIN)(2))) -
Now 1 — zh is a Z((z))-module chain equivalence, so that
HY'(T(h), f) = 0.

The Z((z))-coefficient cellular chain complex of the mapping torus 7'(h) with respect to the
other projection
—f + T(h) = 8" [z,1] = [1 1]

is the algebraic mapping cone
C (T ZA(=)) = C(=—h: CN)((2) = CN)((2))) -

If h: N — N is a homotopy equivalence then z — h is a Z((z))-module chain equivalence, so
that
HY'(T(h),—f) = 0,

but in general HN°(T'(h), —f) # 0 — see Example 3 below for an explicit non-zero example.
U

Ezample 3. The Novikov homology groups of the mapping torus 7'(2) of the double covering
map 2: St — St are
HY(T(2), f) = Z((2))/(1 —22) = 0,
H{™(T(2),—f) = Z((2))/(z =2) = Zu[1/2] = Q2 #0
with @, the 2-adic field (Example 23.25 of Hughes and Ranicki [9]). The inverse of
n o= 292b+1) €z

is

nt = 21— b+ 20— PP+ ) e Z((2)/2—2) = Q. O
Theorem. (Novikov [17], [18] for m = {1}, Pajitnov [21])
The Novikov complex CN°°(M, f,v) is Z[Il]-module chain equivalent to C(M;Z[I1]), with
1somorphisms

—_

H,(CN(M, f,v)) = HN(M, f;7Z[1]) . O

—

The chain equivalence CV°°(M, f,v) ~ C(M; Z[l1]) will be described in Chapter 4 below.
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The Novikov ring Z((z)) is a principal ideal domain, and HN°’(M, f) is the homology
of a f.g. free Z((z))-module chain complex. Thus each HY°*(M, f) is a f.g. Z((z))-module,
which splits as free@torsion, by the structure theorem for f.g. modules over a principal ideal
domain.

The Novikov numbers of any finite CW complex M and f € H'(M) are the Betti numbers
of Novikov homology

b (M, f) = dimgey (HY(M, )/TY(M, f)) 6 (M, f) = #TY(M, f)

where
TN(M, f) = {x € HY(M, f)| ax = 0 for some a # 0 € Z((2))}
is the torsion Z((z))-submodule of HN°*(M, f), and # denotes the minimum number of
generators.
The Morse-Novikov inequalities ([17])

ci(f) = b (M, f) + " (M, f) + ¢ (M, f)

are an immediate consequence of the isomorphisms H,(CN°*(M, f,v)) = HN°*(M, f), since
for any f.g. free chain complex C over a principal ideal domain R

dlmR(CZ) Z bz(C) + (]Z(C) + qi_1(0)

where
bi(C) = dimg(Hi(C)/T(C)) , 4:(C) = #T(C)
with
T:,(C) = {x € Hy(C)|rx =0 for some r #0 € R}
the R-torsion submodule of H;(C'), and # denoting the minimal number of R-module gen-
erators.

Farber [5] proved that the Morse-Novikov inequalities are sharp for m (M) = Z, m > 6 :
for any such manifold there exists a Morse function f : M — S representing 1 € [M, S'] =
H'(M) with the minimum possible numbers of critical points

ci(f) = oYM, f)+a " (M, f) + ¢ 5 (M, f) .

Again, the method is to start with an arbitrary Morse function f : M — S in the homotopy
class, and to systematically cancel pairs of critical points until this is no longer possible.

When does the Novikov homology vanish?

Proposition (Ranicki [29]) Let A be a ring with an automorphism « : A — A. A finite f.g.
free A,[z,27']-module chain complex C'is such that

H,(Aa((2) @aafzo- C) = Hi(Aa((271)) ®aofpz—1) C) = 0

if and only if C' is A-module chain equivalent to a finite f.g. projective A-module chain
complex. N



12 Circle valued Morse theory

Note that for an algebraic Poincaré complex (C, ¢)
H,(Aa((2)) ®a,z-11 C) = 0if and only if H,(Aa((27")) ®4,p.-yC) = 0,

so the two Novikov homology vanishing conditions can be replaced by just one.
Recall that a space X is finitely dominated if there exist a finite C'W complex and maps
: X = K, j: K — X such that ji ~1: X — X. Wall [37] proved that a CW complex X
is ﬁmtely dommated if and only if 71 (X) is finitely presented and the cellular chain complex
C'(X) of the universal cover X is chain equivalent to a finite f.g. projective Z[m (X)]-module
chain complex.

In the simply-connected case (M) = {1} the following conditions on a map f : M — S*
from an m-dimensional manifold M are equivalent :

(i) M is finitely dominated,

(i

is homotopy equivalent to a finite C'W complex,

(iii

0 i
HY (M, [ Z((2))) =0,

"L f) = g¥ (M. ) =0,

C(M) is chain equivalent to a finite f.g. free Z-module chain complex,

(v

)
)
)
(iv) b
)
(vi) the homology groups H,(M) are f.g. Z-modules.
Browder and Levine [3] used handle exchanges (= the ambient surgery version of the can-
cellation of adjacent critical points) to prove that (vi) holds if (and for m > 6 only if)
f: M — S' is homotopic to the projection of a fibre bundle.

Farrell [8] and Siebenmann [35] defined a Whitehead torsion obstruction ®(M, f)
Wh(m (M)) for amap f : M™ — S! with finitely dominated M = f*R, such that ®(M, f)
0 if (and for m > 6 only if) f is homotopic to the projection of a fibre bundle.

Theorem (Ranicki [29]) o

(i) For any map f : M — S on a manifold M the infinite cyclic cover M = f*R of M 1is
finitely dominated if and only if m (M) is finitely presented aninyov(M, f; Zm/[)]) =0.
(ii) For any Morse map f : M — S' with finitely dominated M the torsion of the Novikov
complex T(CNV(M, f,v)) € K, (Z[’/T/l(]\W)])/[ determines and is determined by the Farrell-
Siebenmann fibering obstruction ®(M, f) € Wh(m(M)), where I C Kl(Z[’/T/l(TW)]) is the

subgroup generated by +m (M) and 7(1 — zh) for square matrices h over Z[m(M)]. Thus
T(CNv(M, f,v)) € I if (and for m > 6 only if) f is homotopic to a fibre bundle. O

See Chapter 22 of Hughes and Ranicki [9] and Chapter 15 of Ranicki [30] for more
detailed accounts of the relationship between the torsion of the Novikov complex and the
Farrell-Siebenmann fibering obstruction.

See Latour [12] and Pajitnov [22] for circle Morse-theoretic proofs that if m > 6, M is
finitely dominated and 7(CN°'(M, f,v)) € I then it is possible to pairwise cancel all the
critical points of f.

Il m
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5 The algebraic model for circle valued Morse theory

In many cases the Novikov complex CN°U(M, f, a) of a circle valued Morse function f : M —
S can be constructed from an algebraic model for the T-gradient flow in a fundamental
domain of the infinite cyclic cover M.

An algebraic fundamental domain (D, E, F, g, h) consists of finite based f.g. free A-module
chain complexes D, F and chain maps g : D — E, h: 27'D — E of the form

0 dp

g = (é) D~ E = D&l

h= <hD> D2 D= B = Dia F
hp

Define the algebraic Novikov complez F to be the based f.g. free Aq((z))-module chain
complex with

dﬁ = dp + th(l — ZhD)_IC

- dFJriZth(hD)j_lC DB o= (F)al(2) = Fo = (Fion)a((2))

J=1
as in Farber and Ranicki [7] and Ranicki [31]. The A,((z))-module chain map

1-— ZhD
—ZhF

6 = 9= = (') Du(e) - Eull2)

is a split injection in each degree (since 1 — zhp is an isomorphism), and the inclusions
F; — E; determine a canonical isomorphism of based f.g. free A,[z,27!]-module chain
complexes

F = coker(¢) .

Here is how algebraic fundamental domains and the algebraic Novikov complex arise in
topology.

Let f: M — S' be a Morse function with regular value 0 € S*. Cut M along the inverse
image

N = fTH0)c M
to obtain a geometric fundamental domain
_ ——1
(Mn; N, 27'N) = f ([0,1];{0}, {1})
for the infinite cyclic cover

M = 'R = D My .

j=—o00
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The restriction _
fx = fl + (My;N,27'N) — ([0,1]; {0}, {1})

is a real valued Morse function with vy = 9| € G7(fy). For any CW structure on N use
the handlebody decomposition

My = N x [0,1]u0 |J D' x D
i=0.ci(f)

with one i-handle for each index ¢ critical point of f. Given a CW structure on N with
¢;(N) i-cells use the handlebody structure on My to define a CW structure on My with
ci(N) + ¢i(f) i-cells. A regular cover M of M with group of covering translations 7 is a
regular cover of M with group of covering translations IT = 7 x,, Z (as before), with

—_—

zll] = Zlnlalz, 27", Z[] = Z[a((2)) -

Use a cellular approximation h : !N — My to the inclusion to define an algebraic funda-
mental domain (D, E, F, g, h) over A = Z|r|

D = C(N) , E = C(My) , F = CM(My, fy,vy) = C(My,N) .

The mapping cylinder of h : N — My is a CW complex M}, with two copies of N as
subcomplexes. Identifying these copies there is obtained a C'W complex structure on M

—

with Z[II]-coefficient cellular chain complex

—

C(M;Z[ID]) = C(¢)

—

the algebraic mapping cone of the Z[IT]-module chain map

¢ = g—=zh : Du((2)) = Eal(2)) ,

with
—dp 0 O
dc(¢) = 1— ZhD dD C
—ZhF 0 dD

C(¢)i = (Dic1®D; ® EF)olz,27Y) = C(¢)i1 = (Dica® Disy @ Fiq)alz, 271 .

The algebraic Novikov complex F = coker(¢) is a based f.g. free Z/[ﬁ]—module chain complex
such that R

dim F; = a(f) .
In many cases F = CNv(M, f,v), and in even more cases F is simple isomorphic to
QN (M, f,v). The philosophy here is that C(¢) counts the v-gradient flow lines of f :
M — R as follows:
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(i) the (27 'p, q)-coefficient of hp : z7'D; — D; counts the number of portions in My of
the D-gradient flow lines which start in z='My, enter My at z7'p € 271N, exit at
g € N and end in zMy,

(ii) the (27 'p, q)-coefficient of hy : 271 D; — F; counts the number of portions in My of
the v-gradient flow lines which start in 2= My, enter My at 27 !'p € 27! N and end at
q € My,

(iii) the (p,q)-coefficient of ¢ : F; — D;_; counts the number of portions in My of the
v-gradient flow lines which start at p € My, exit at ¢ € N, and end in zMy.

Then for j = 1,2,3,... the (p, 27q)-coefficient of hp(hp)’~tc: F; — 2/F; is the number of
the v-gradient flow lines which start at p € My and end at 2/q € 27 My, crossing the walls
N,zN,..., 27 N. If such is the case, i.e. if the chain map h is gradient-like in the terminol-
ogy of Ranicki [31], this is just the (p, 27q)-coefficient of donov(as .0y, S0 F = CNv(M, f, a).
Pajitnov [24] constructed a C%-dense subspace GECT (f) C GT(f) of gradient-like vector
fields v for which there exist a C'W structure N and a gradient-like chain map h. Cornea
and Ranicki [4] construct for any v € GT(f) a Morse function f': M — S! arbitrarily close
to f with v € GT(f’) such that

CNov(M, f',0") = C(9) .

The projection

—_—

p : COM;Z[)) = C(¢) — coker(¢) = F
is a chain equivalence of based f.g. free Z/[ﬁ]—module chain complexes, with torsion

o0
—

7(p) = Y (F)'7(1=zhp : (D)al(2) = (Di)a((2))) € Ki(Z[I]) .

1=0

If h is a gradient-like chain map the torsion of p is a measure of the number of closed orbits of
the v-gradient flow in M, i.e. the closed flow lines v : ST — M (Hutchings and Lee [10],[11],
Pajitnov [24],[26], Schiitz [32],[33]).

The algebraic surgery treatment of high-dimensional knot theory in Ranicki [30] gives
the following algebraic model for circle valued Morse theory on a knot complement.

Example. Let k : S™ C S" be a knot with 7 (S"*?\k(S™)) = Z. The complement of a
tubular neighbourhood k(S™) x D? C S™*? is an (n+2)-dimensional manifold with boundary

(M,0M) = (cL.(S""*\(k(S™) x D?)),k(S™) x S")
with
m(M) = Z, m(M) = {1}, H.(M) = H,(S").

Let f : (M,0M) — S be a map representing 1 € H'(M) = Z, with f| : OM — S!
the projection. Making f transverse regular at 0 € S! there is obtained a Seifert surface
Nt = f7Y0) € M for k, with ON = k(S™). As before, cut M along N to obtain a
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fundamental domain (My; N, 27 'N) for the infinite cyclic cover M = f*R of M. For any
CW structures on N, My write the reduced chain complexes as

C(N) = C(N,{pt.}) ., C(My) = C(My, {pt.}) .
The inclusions G : N — My, H : 27N — My induce Z-module chain maps
G : C(N) = C(My), H : z7'C(N) — C(My)
such that G — H : C(N) — C(My) is a chain equivalence. The chain map
e = (G—H)'G : C(N)— C(N)
is a generalization of the Seifert matrix, such that there are defined a Z-module chain ho-
motopy . .
l-e ~ —(G—H)'H : C(N)— C(N)

and a Z|z, 2~ ]-module chain equivalence

C(M,R) ~ C(e+z(1—e€): C(N)[z,27Y] = C(N)]z, =)

The short exact sequences of Z((z))-modules

0 — Hi(N)((2)) 2% Hy(N)((2)) — H¥(M, f) =0

can be used to express the Novikov numbers of the knot complement in terms of the Alexan-
der polynomials

Ai(z) = det(e+2(1—e): Hi(N)[z, 27 — Hi(N)[z,27']) € Z[z, 2] (1 <i<n),

]
generalizing the case n = 1 due to Lazarev [13]. Let W = cl.(N\D"!), for any embedding
D"t N\ON. For any handlebody decomposition of the (n + 1)-dimensional cobordism
(W5 k(S™), S™) with ¢;(N) i-handles

W = k(S OlUUUDZxD”“’

=1 Cz(N

there exists a Morse function f: M — S' in the homotopy class 1 € [M, S = HY(M) =Z
with
¢(f) = a(N) + ¢ (N)
critical points of index 4. In this case the algebraic model for CV*(M, f,v) has
D =C(N)=2ZaD, D; =z
F = CM5(My, fy,vy) = Cle: D — D),

dp = dp € D F o= Di@DFlHFz‘fl = Difl@Di*Q’
0 —dp

CcC = (0 1) . Fz = Di@Di—lﬁDi—ly
hD = _ll),L'—>l),L'7

0
1 —e _1 : :
hF A DZ — FZ = DZ D Di,1
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with algebraic Novikov complex

B!

ds = dp + szhp(hp)j_lc
j=1

- (déj Hi}b_ 6)) DBy o= (D@ Di)((2) = Fia = (D@ Diss)((2)) -

g

There is also a more refined version of the algebraic model for circle valued Morse theory,
using the noncommutative Cohn localization X' A, [z, 27!] of A,[z, 2] inverting the set 3
of square matrices of the form 1 — zh for a square matrix h over A. Indeed, the formula for
the differentials in the algebraic Novikov complex

dﬁ = dF—f—ZhF(l—ZhD)ilC

is already defined in 7' A, [z, 27!]. See Farber and Ranicki [7] and Ranicki [31] for further
details of the construction. Farber [6] applied the refinement to obtain improvements of the
Morse-Novikov inequalities, using homology with coefficients in flat line bundles instead of
Novikov homology. It should be noted that the natural morphism X7 1A,[z, 271 — A.((2))
is injective for commutative A with o = 1, but it is not injective in general (Sheiham [34]).
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