On the signature of fibre bundles and
absolute Whitehead torsion.

Andrew John Korzeniewski

Doctor of Philosophy
University of Edinburgh
2005



Declaration

I declare that this thesis was composed by myself and that the work contained

therein is my own, except where explicitly stated otherwise in the text.

(Andrew John Korzeniewski)



Abstract

In 1957 Chern, Hirzebruch and Serre proved that the signature of the total space
of a fibration of manifolds is equal to the product of the signatures of the base
space and the fibre space if the action of the fundamental group of the base space
on the real cohomology of the fibre is trivial. In the late 1960s Kodaira, Atiyah
and Hirzebruch independently discovered examples of fibrations of manifolds with
non-multiplicative signature. These examples are in the lowest possible dimension
where the base and fibre spaces are both surfaces. W. Meyer investigated this
phenomenon further and in 1973 proved that every multiple of four occurs as
the signature of the total space of a fibration of manifolds with base and fibre
both surfaces. Then in 1998 H. Endo showed that the simplest example of such
a fibration with non-multiplicative signature occurs when the genus of the base
space is 111.

We will prove two results about the signature of fibrations of Poincaré spaces.
Firstly we show that the signature is always multiplicative modulo four, extending
joint work with I. Hambleton and A. Ranicki on the modulo four multiplicativity
of the signature in a PL-manifold fibre bundle. Secondly we show that if the
action of the fundamental group of the base space on the middle-dimensional
homology of the fibre with coefficients in Zs is trivial, and that the dimension of
the base space is a multiple of four, then the signature is multiplicative modulo
eight.

The main ingredient of the first result is the development of absolute White-
head torsion; this is a refinement of the usual Whitehead torsion which takes
values in the absolute group Kj(R) of a ring R, rather than the reduced group
K 1(R). When applied to the algebraic Poincaré complexes of Ranicki the “sign”
term (the part which vanishes in K;(R)) will be identified with the signature
modulo four. We prove a formula for the absolute Whitehead torsion of the total
space of a fibration and a simple calculation yields the first result.

The second result is proved by means of an equivariant Pontrjagin square, a
refinement of the usual one. We make use of the Theorem of Morita which states
that the signature modulo eight is equal to the Arf invariant of the Pontrjagin
square. The Pontrjagin square of the total space of the bundles concerned is
expressed in terms of the equivariant Pontrjagin square on the base space and

this allows us to compute the Arf invariant.
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Chapter 1

Introduction.

1.1 A brief history of the signature of fibrations.

Given a 4k-dimensional Poincaré space X the signature is defined as usual to
be the signature of the form given by the cup product and evaluation on the

fundamental class:

H*(X;C)® H*(X;C) - C
z@y— ((X],zUy)

(Poincaré spaces will always be oriented and assumed to have the homotopy type
of a finite C'W-complex in this thesis). If the dimension of X is not a multiple of
four the signature is defined to be 0. We denote the signature by sign(X).

One can easily show that the signature is multiplicative for products of spaces
sign(X x Y) = sign(X)sign(Y)

so a natural question to ask is whether this result extends to fibrations of Poincaré

spaces.

Definition 1.1. A (Hurewicz) fibration is a map p : E — B of topological spaces
satisfying the homotopy lifting property; that is for all spaces X and maps f : X —
E, F: X x I — B such that F(x,0) = f(x) we may find a map H: X xI — E
such that H(x,0) = f(x) and p(H(z,t)) = F(x,t).

A slightly better way of seeing the homotopy lifting property is in commutative

diagrams. It say that for all commutative diagrams of the type:

x—1.p
mH(m,O)i D
XxIt-B



then there exists a map H : X x I — E such that:

commutes. The space B will always be path-connected in the fibrations we con-
sider. We write F' = p~!(by), where by is a distinguished base-point of B, for
the fibre of p. In fact the homotopy type of the space F' does not depend on the
choice of by. We often write F' — E — B for a fibration.

The most trivial example of a fibration is a product of spaces X x Y —
X. It is known [Got79] that if B and F are n- and m-dimensional Poincaré
spaces respectively and that the action of m1(B) on the H,,(F';Z) is trivial (see
below) then E is an (n + m)-dimensional Poincaré space [Ped82]. Moreover the
orientation of F can be made compatible with that of B and F' (more about this
in chapter 4).

Therefore we may ask: If F'™ — E™" — B™ is a fibration of Poincaré spaces
(the superscript denoting the dimension of the space), is it true that sign(F) =
sign(B)sign(F)? In 1957 Chern, Hirzebruch and Serre proved (over afternoon
tea at the Institute for Advanced Study in Princeton) that this is the case if the
action of the fundamental group of the base-space on the homology of the fibre
H.(F;C) is trivial [CHS57]. We explain what this means:

Let w : I — B be a loop in B starting and finishing at the base-point by.

Then we have a diagram:

F E

woprr

Fx]———8B

with pr; and 7y the obvious projection and inclusion maps. By the homotopy

lifting property there exists a map H : F' x I — FE such that

o 2

woprr

Fx]————B

. —(f,1
commutes. The composition F Eind SN

FxI % Elandsin F C E so it is
a self-map of F. One can show that it is a homotopy equivalence and that it
only depends (up to homotopy) on the class of w in m(B). Taking homology

this describes the action of 7 (B) on H,(F'). The proof of Chern, Hirzebruch

bt



and Serre uses the Serre spectral sequence which we do not discuss in depth here,
although a certain amount of familiarity with it is assumed. One can use a similar
argument to show that the signature is always multiplicative if the dimension of
the base space is odd.

The next natural question which could be asked is whether there are any fi-
brations with non-multiplicative signature. In the late 1960s Kodaira [Kod67],
Atiyah [Ati69] and Hirzebruch [Hir69] independently produced examples of surface-
bundles over surfaces where the signature of the total space was a multiple of 16.
This is the lowest possible dimension where non-multiplicativity could occur.
Atiyah went further and derived a characteristic class formula in the case of a
differentiable fibre bundle.

In 1972 Meyer [Mey72, Mey73| went on to describe the signature of a fibration
over a differentiable manifold as the signature of a local coefficient system: Let
M be a 2k-dimensional manifold and let V' be a real vector space equipped with
a (—)*-symmetric form. Suppose we have a map m (M) — Aut(V) preserving
the form. Then this determines a local coefficient system I' — M with fibre
V. The combination of the cup product and the (—)*-symmetric form on V
yield a symmetric form on H™(M;T'); we refer to the signature of this form as
the signature of the local coefficient system. Given a differentiable fibre bundle
F*m — E?nt2m 5 B2 with n + m even the action of m(B) on H™(F;R)
determines a local coefficient system over the base space B. Meyer proved that
the signature of this system is equal to the signature of the total space.

Of course one could dispense with the fibration entirely and just study the
signature of local coefficient systems. This was done by Meyer who then went
on to study in great depth the case of surface bundles over surfaces. He showed
that every multiple of four occurs as the signature of a surface bundle over a
surface, but did not give explicit topological examples. He gave an example of
a local coefficient system with non-multiplicative signature over the surface of
genus two.

Endo [End98] then went on to construct an example of a surface bundle over
a surface with signature four. The genus of the base space of this example is
111, although the genus of the fibre is only three. To date no example of non-
multiplicativity is known where the base space has a lower genus.

The multiplicativity of the signature has also been studied by Neumann [Neu78]
who investigated which fundamental groups of the base space give rise to non-
multiplicative signatures. He showed that the signature is always multiplicative
for a large class of groups, including finite groups and free groups. The work

of Karras, Kreck, Neumann and Ossa on the cutting and pasting of manifolds



[KKNOT73| investigated the strong relationship of this subject with the multi-
plicativity of the signature, we do not go into detail here.

In [HKRO5] (jointly with I. Hambleton and A. Ranicki) we proved that the
signature of a fibre bundle of PL-manifolds is multiplicative modulo four. In this

thesis we will extend this result to fibrations of Poincaré spaces.

1.2 The results concerning the signature of fi-
brations.

We will be concerned with fibrations p : £ — B with particular properties. To

save ourselves repeating the same conditions we introduce:

Assumption 1.2. The space B is a connected finite CW -complez (the CW struc-
ture is part of the data) and the fibre F = p~(by) has the homotopy type of a finite
CW -complex. We have choices of base-points by and ey such that p(eq) = by.

We say a fibration is Poincaré if F', E and B are Poincaré spaces and that
the orientation of E' is compatible with that of F' and B.

Our two main results will be the following:

Theorem 7.2. Let F'™ — E™™ — B" be a Poincaré fibration satisfying as-

sumption 1.2, and such that 7(B) =0 € Wh(m(B)). Then

sign(E) = sign(B)sign(F') (mod 4)

Recall that for a Poincaré space X the Whitehead torsion 7(X) € Wh(m (X))
is defined to be the Whitehead torsion of the Poincaré duality map 7 (¢ : C(X )"
C(X)). Tt is always zero if X is a manifold. We do not know whether this Theo-

rem fails if the Whitehead torsion condition is not satisfied.

Theorem 8.1. Let ™ — EAntim . Bin be o Poincaré fibration satisfying
assumption 1.2, and such that the action of w1 (B) on (Hay(F; Z)/torsion) ® Zs

is trivial. Then
sign(E) = sign(B)sign(F) (mod 8)

S. Klaus and P. Teichner [KT03] have conjectured that this is true even if the

dimension of B is not a multiple of four.



1.3 Symmetric L-theory.

This thesis will use Ranicki’s chain complex techniques. We assume that the
reader is familiar with chain complexes, chain maps, chain homotopies etc..2qw.
We will present a more detailed description of the symmetric Poincaré complexes
of Ranicki [Ran80a, Ran80b] in chapter 2; we will just give a brief description
here. An n-dimensional symmetric complex (C, ¢) consists of a chain complex C'
of modules over a ring with involution R, a chain equivalence ¢y : C"™* — (), a
homotopy ¢, between ¢ and its dual, and higher homotopies ¢,. Such a complex
is said to be Poincaré if ¢, is a chain equivalence. If now (C, ¢) is 4k-dimensional
and over the ring Z (or Q, R or C) then the signature sign(C, ¢) is defined to be
the signature of the middle dimensional symmetric form ¢q : H?*(C) — Ho(C).

Let X be an n-dimensional Poincaré complex. Then we can form an n-
dimensional symmetric complex (C/(X), ¢) over the ring Z[m (X )] where C(X) is
a chain complex of X and the chain equivalence ¢g represents cap product with

the fundamental class:

¢ = [X]N—: C(X)"" — C(X)

We say that (C(X),¢) represents X.

The abelian group L"(R) consists of n-dimensional symmetric Poincaré com-
plexes modulo the boundaries of (n + 1)-dimensional symmetric complexes (see
chapter 2) with composition given by direct sum. Ranicki [Ran80b] shows that
the signature gives a well-defined map from L*(Z) to Z and that moreover this
map is an isomorphism.

We have a map € : Z[r| — Z of rings defined by g — 1 on the group elements
and this induces a map of symmetric L-groups L*(Z[r]) — L*(Z) = Z. The
image under this map of a symmetric Poincaré complex representing a Poincaré
space X is the signature of the space X. The element o*(X) of L™(Z[m (X))
representing a space X is often referred to as the symmetric signature of X.

Unfortunately not every element of L™(Z[rn]) can be represented as a repre-
sentative of a Poincaré space X. There exists a subtle variation on symmetric L-
theory called wisible symmetric L-theory, developed by Weiss [Wei92]. The groups
V L™(Z[r]) have the advantage that every element may be geometrically realized,;
they are also easier to compute. There exists a map VL™"(Z[r]) — L™(Z[r]) by

forgetting that the complexes are visible.



1.4 The algebraic surgery transfer map.

In many ways the theory we develop here is very much inspired by the algebraic
surgery transfer map of Liick and Ranicki [LR92]. We will assume familiarity with
the surgery theory of Wall [Wal99| and the algebraic theory of surgery of Ranicki
[Ran80a, Ran80b]) in this section of the introduction. The surgery transfer is
defined for a fibration F' — E — B where F' is an m-dimensional manifold. It is
a map:

P+ Lu(Z[mi(B)]) = Lutm(Zlmi(B)))

which gives an algebraic description of the surgery transfer map of Quinn [Qui70].
This sends the surgery obstruction o, ( f, b) of an n-dimensional normal map (f, b) :
M — X with reference map X — B to the surgery obstruction o, (f*,b') of the
(n + m)-dimensional normal map (f*,b') : M' — X' obtained by pullback from
p: E — B. It is a Theorem of Wall [Wal99] that every surgery obstruction in
L,(Z|m(B)]) may be represented by a normal map (f,b) : M — X with reference
map X — B, so the geometric transfer is well-defined.

This is a very nice situation because the algebraic situation fits the geometric
one precisely; this is to be expected because the quadratic L-groups can always be
geometrically realized. One might hope to do something similar in the symmetric

case, in other words construct a map algebraically:
P LY(Z[m(B)]) — L™ (Z]m(B)))

however in the appendix to [LR92| Liick and Ranicki argued that such a map
cannot be constructed using their algebraic techniques. It cannot even be con-
structed geometrically since not every element of L™(Z[mr;(B)]) can be realized as
the symmetric signature of a Poincaré complex, even when n is large. There is a
transfer map in the visible symmetric L-groups but this is rather unwieldy and

we do not describe it here (see [Ran92]).

1.5 Describing the signature of a fibration alge-
braically.

One of the key steps in proving our main results will be to describe the signature
of a fibration in terms of the symmetric complex of the base space and the action
of m(B) on the fibre. This can be seen as the algebraic analogue of Meyer’s
description of the signature of a fibration in terms of the intersection form on B

with coefficients in a local coefficient system.



In chapter 4 we define a (Z, m)-symmetric representation of a ring with invo-
lution R; this consists of a triple (A, o, U) where A is a free Z-module, o : A* — A
a map such that o* = (—=)"a and U : R — Hom(A, A)®? a map of rings such
that u(r)*a = au(r*). We can construct a (Z,m)-symmetric representation
(K, ¢",U) of Z|m (B)] from a Poincaré fibration F?™ — E*m+2n — B2 by defin-
ing K = H,,(F;Z)/torsion and ¢ the form on K given by Poincaré duality.
The map U is defined on pure group elements g € Z[m(B)] by the action of g on
K = H,,(F;Z)/torsion and we extend this to the ring Z[m(B)] in the obvious
way. This is very much analogous to the notion of a local coefficient system.

We can use the map U to form a twisted tensor product M ® (A,«a,U) of a
based left Z[m(B)]-module with A as follows: We first identify M with Z[m;(B)]*

using the basis and define

M® (Ao U)=PA
k

For morphisms f : M — N we define
foAa,U): M® (A a,U) = N® (A o)

to be U(fi;) on the components f; ; of f with respect to the basis (in other words
we consider f to be a matrix and apply U to every element). We can think of
tensor product —® (A, o, U) as a functor from the category of based left Z[m(B)]

modules to the category of free Z-modules. This functor induces a map:
—® (A, ,U) : L'(Z[m(B)]) — L"*™(Z)

in symmetric L-theory described explicitly in chapter 4. We prove the following
Theorem which allows us to study the signature of a fibration using chain complex

techniques:

Theorem 4.9. Let F*™ — E*2m . B2n be o Poincaré fibration satisfying
assumption 1.2, let (C’(E), ®P) be a symmetric Poincaré complex representing B
and denote by (K, ¢",U) the (Z, m)-symmetric representation constructed from

the fibration. Then the signature of E is equal to the signature of the symmetric
Poincaré complez (C(B), ¢P) @ (K, ¢F, U).

We will refer to (C(E),¢B) ® (K,¢!" U) as the twisted tensor product of
(C(B), $B) and (K, ¢",U). We will prove our two main theorem by proving the
corresponding statement for visible symmetric complexes and (Z, m)-symmetric
representations and then by applying this theorem. Given this theorem one can

naturally ask:

10



Question 1.3. Is it possible (either geometrically or algebraically) to describe the
symmetric signature o*(E) € L™ (Z[r1(E)]) of the total space of a fibration in
terms of the symmetric signature of the base space and the fibre and the action of
m1(B) on the fibre?

1.6 The chain complex of a fibration.

An important tool in this thesis will be a description of the chain complex of
the total space of a fibration in terms of the base space and the action of 7 (B)
on the fibre; this is the subject of chapter 3. Obviously one cannot produce a
complete description of C(E) from this data, otherwise fibrations with simply
connected base spaces wouldn’t be very interesting. Instead we take advantage
of the fact that the chain complex of the total space is a filtered complex and we
describe the associated complez (defined in chapter 3) in these terms. This is very
similar to using the Serre spectral sequence to study fibrations and many readers
may at this point be wondering why we don’t do so. The main disadvantage to
working with spectral sequences is that taking homology produces some rather
exotic modules when working over a group ring Z[r], and therefore it is rather
unsuitable when one wants to use algebraic surgery theory. We can overcome this
problem by working with chain complexes instead. The description of the chain
complex of a fibration given here is quite general and may well be of independent
interest. It is very much inspired by the work of Liick [Liic86] on the transfer map
in algebraic K-theory. The key theorem (Theorem 3.11) describes not only the
chain complex of the fibration but also the diagonal approximation. It is the link
between topology and algebra which we require. We will postpone the statement
of this Theorem until chapter 3 because even this requires some rather technical

language that would be out of place here.

1.7 Absolute Whitehead torsion.

We develop a theory of absolute Whitehead torsion which refines the usual theory.
This can be read quite separately from the rest of the thesis (indeed this chapter
is essentially the preprint [Kor05]) and is of sufficient independent interest that
the author feels that its intrusion in the title is entirely justified. The motivation
for introducing this theory is that it may be used to detect the signature of a
symmetric Poincaré complex modulo four, generalizing the formula of Hirzebruch

and Koh [HNKT71], that for a unimodular symmetric form ¢ over the integers

sign(¢) = det(¢) + rank(¢) — 1 (mod 4)
11



Another motivation is that the definition used in [HRT87] of the absolute torsion
of a round (x(C) = 0) symmetric Poincaré complex does not have the desired
properties.

The Whitehead torsion of a homotopy equivalence f : X — Y of finite CW
complexes is an element of the Whitehead group of m = 7 (X) = m(Y)

7(f) = 7(f: C(X) = C(Y)) € Wh(r) = Ki(Z[n])/{=n} ,

with f the induced chain equivalence of based f.g. free cellular Z[r]-module chain
complexes (see e.g [Mil66]). The Whitehead torsion of a finite n-dimensional

Poincaré complex X is
(X) = 7([X]Nn—:C(X)"™* = C(X)) € Wh(r) .

In this chapter we extend the methods of [Ran85] to consider absolute Whitehead
torsion invariants for homotopy equivalences of certain finite CW complexes and
finite Poincaré complexes, which take values in K (Z[r]) rather than Wh(x).

The absolute torsion of a finite contractible chain complex of finitely generated
based R-modules C' is defined by

7(C) = 7(d+T : Cogqa — Ceven) € K1(R) .

for a chain contraction I'; it is independent of the choice of I". The algebraic map-
ping cone of a chain equivalence of finite chain complexes of finitely generated
based R-modules f : C' — D is a contractible chain complex C(f). The naive
absolute torsion 7(C(f)) € Ki(R) only has good additive and composition for-
mulae modulo Im(K;(Z) — K;(R)). Likewise, the naive definition of the torsion

of an n-dimensional symmetric Poincaré complex (C, ¢)
7(C,9) = 7(C(¢o: C"* — C))

only has good cobordism and additivity properties in }N(l(R). The Tate Zo-
cohomology class
7(C,¢) € H"(Zy; K1(R))

may not be defined, and even if defined may not be a cobordism invariant.

In [Ran85] Ranicki developed a theory of absolute torsion for chain equiva-
lences of round chain complexes, that is chain complexes C' satisfying x(C') = 0.
This absolute torsion has a good composition formula but it is not additive, and
for round Poincaré complexes 7(C, ¢g) is not a cobordism invariant (contrary to
the assertions of [Ran89, 7.21, 7.22]).

There are two main aims of this chapter, firstly to develop a more satisfac-

tory definition of the absolute torsion of a chain equivalence with good additive

12



and composition formulae and secondly to define an absolute torsion invariant of
Poincaré complexes which behaves predictably under cobordism. Section 5.1 is
devoted to the first of these aims. Following [Ran85] we work in the more general
context of an additive category A. The chief novelty here is the introduction of a
signed chain complex; this is a pair (C, n¢) where C'is a finite chain complex and
ne is a “sign” term living in K7 (A), which will be made precise in section 5.1. We
give definitions for the sum and suspension of two signed chain complexes, and

we define the absolute torsion of a chain equivalence of signed chain complexes.
T™NEW(f.C — D) € Ki**(A)

This gives us a definition of absolute torsion with good additive and composition
formulae at the cost of making the definition more complicated by adding sign
terms to the chain complexes. This definition is similar to the one given in
[Ran85], indeed if the chain complexes C' and D are round and ne = np = 0
then the definition of the absolute torsion of a chain equivalence f : C' — D is
precisely that given in [Ran85]. When working over a ring R the absolute torsion
defined here reduces to the usual torsion in E(R)

In section 5.3 we work over a category with involution and define the dual of
a signed chain complex. We can then define in section 5.5 the absolute torsion of
a symmetric Poincaré complex to be the absolute torsion of the chain equivalence
¢o : C"* — (C. This new invariant is shown to be additive and to have good
behavior under round algebraic cobordism. Although we have to choose a sign
nc in order to define the absolute torsion of ¢y, we show that the absolute torsion
is independent of this choice.

In chapter 6 we compute the absolute torsion of fibration using the techniques
of [HKRO5]. This is a generalization of the result of [HKRO5] to fibrations of
Poincaré spaces. In chapter 7 we compute the absolute torsion of a twisted
tensor product in order to prove that the signature of a fibration is multiplicative

modulo four, one of our two main Theorems.

1.8 The generalized Pontrjagin square.

To investigate the multiplicativity of the signature modulo eight we will make use
of the fact that the signature modulo eight can be determined from the Pontr-
jagin square (see chapter 8 for details). The Pontrjagin square is a cohomology
operation:

P HY(X;Zy) — H*(X;Z,)

13



which refines the Zo-valued cup product; ie. i,P(z) = v Uz € H*(X;Z)
where i, : H**(X;Z4) — H?(X;Z,) is the map induced by the non-trivial map
Z, — 7. If X is a 2k-dimensional Poincaré space then we have a map:
P HYNX;Zy) — Z4
z = ([X],P(z))

given by the Pontrjagin square evaluated on the fundamental class. One can
also define a map P : H*(C;Z,) — Z, for 2k-dimensional symmetric Poincaré
complexes (C, ¢) over Z which is consistent with that defined for spaces. It is a
Theorem of Morita ([Mor71], see also Theorem 8.5) that in the case where k is
even the Arf invariant of P detects the signature of a symmetric Poincaré space
modulo eight. Our novelty is to introduce a generalized Pontrjagin square for a
2k-dimensional symmetric Poincaré complex over a ring with involution R and

an ideal [ in the ring:
Pcoyr : HY(C;R/I) — R/(I* +21)

which is a further refinement of the Pontrjagin square. If we now take R to be a

group ring Z[r] and the ideal I = ¢ *(2Z) we have a map:
Pcoyr : HN(C; Zy) — Z[n|/1? = Zy ® Hy(7; Zy) (1.8.1)
We say a (Z, m)-symmetric representation is Zo-trivial if
Ur)@Zs=€(r)l @Zy: AR Zy — AR Zy

This is satisfied for the (Z,m)-symmetric representation of a fibration F?™ —
E?m+2n . B2 if the action of 71(B) on (H,,(F;Z)/torsion) @ Z, is trivial.

It turns out that the Pontrjagin square on a twisted tensor product of a sym-
metric complex (C, ¢) and a Zo-trivial (Z, m)-symmetric representation (A, a, U)
can be expressed in terms of the map 1.8.1 on (C, ¢) and the map «. Moreover it
is seen to depend only on the diagonal elements of the matrices U(g). This implies
that the signature of the twisted product is equal to the sum of the signatures of
twisted products of (C, ¢) and rank 1 (Z, m)-symmetric representations. There-
fore it is sufficient to demonstrate modulo eight multiplicativity of the signature

for such representations.

1.9 Chapter outlines.

In chapter 2 we recall all of the necessary theory of symmetric Poincaré complexes.

In chapter 3 we derive our algebraic description of a fibration; this is used in
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chapter 4 to prove Theorem 4.9 which gives us an algebraic description of the
signature of a fibration. We develop the theory of Absolute Whitehead torsion
in chapter 5 which we apply in chapter 6 to compute the absolute torsion of the
total space of a fibration and in chapter 7 to show that the signature of a fibration
is multiplicative modulo four. Finally in chapter 8 we prove our modulo eight
result.

I would like to express my thanks to my supervisor Andrew Ranicki for his
help and encouragement during my time as a student at Edinburgh, and for
suggesting these projects. I would also like to thank Ian Hambleton for many
useful conversations and for going beyond the call of duty by carefully checking
the sign terms in chapter 5 while suffering from jet lag. Finally I wish to thank
my fellow graduate students in the School of Mathematics, particularly those in

room 4620, for making my time in Edinburgh so enjoyable.
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Chapter 2

Chain complexes, the algebraic
theory of surgery and the
symmetric construction.

In this chapter we will recall some of the algebraic theory of Ranicki [Ran80a,
Ran80b], which underpins the results of this thesis. As the name suggests, the
Algebraic Theory of Surgery was origionally developed to give a purely algebraic
formulation of the surgery theory of Wall [Wal99] via quadratic complexes. We
will not be directly concerned with surgery theory here, although we will be
comparing our results with the surgery transfer of Liick and Ranicki [LR92]. The
main algebraic basis of this thesis will be the closely related symmetric complexes
which, in the same way that quadratic complexes are an algebraic model of surgery
obstructions, provide an algebraic model of certain properties of a space which
arise from the diagonal map. The process of extracting this algebra from an
actual topological space is called the symmetric construction, originally due to

Mischenko but in the present formulation to Ranicki [Ran80b.

2.1 Symmetric L-theory

All chain complexes are finite and non-zero only in positive dimensions unless
stated otherwise.

We will develop the theory in the most general way with chain complexes in
an additive category A. We will write A(R) for the additive category of finitely
generated free left R-modules and A’**¢d(R) if in addition the modules are to be
based. We denote by D(A) the additive category of finite chain complexes in an
additive category A with morphisms the chain homotopy classes of chain maps.
This category is referred to throughout as the derived category . We write D(R)
as shorthand for D(A(R)).
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Following [Ran89] we define an involution on an additive category A to be a

contravariant functor
A A M—->M, (f: M—N)—(f:N"— M)
together with a natural equivalence
e:idy — #x: A — Ay M — (e(M): M — M™)
such that for any object M of A
e(M*) = (e(M)™")" : M* — M*

A functor of derived categories with involution consists of a functor F' : A — B
of the underlying categories together with a natural equivalence H : F'x — *xF :

A — B such that for every M € A there is a commutative diagram:

e(F(M))

F(M) F(M)™
F(e(M))J/ J{G(M)*

Given a ring with involution R the category A(R) and A*¢d(R) are categories
with involution xM = M~*. We the left action of an element r € R on M* is
defined to be the right action of the involution applied to . When we work over
a ring with involution we have left actions as well as right actions so the tensor
product M ®g N is always well-defined.

We write SC,. = C)._; for the suspension of a chain complex. We should state

the sign conventions that we’ll be using;:

Sign Convention 2.1. The tensor product C' ®s D of chain complexes C' and D

of right, respectively left S-modules is a chain complex given by:

(C® D), = P Ci® D;

i+j=r

deop(r @ y) =2 @dp(y) + (=) de(z) @y

Sign Convention 2.2. We define the algebraic mapping cone of a chain map
f:C — D to be the chain complex C(F) given by :

_\r+1
de(f) = ( d(;) ( Zi: d ) 2 C(f)r =D, ®Cr1 = C(f)ro1 =D 1 ©Crs
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Sign Convention 2.3. Given a n-dimensional chain complex

c.o%c Lo, % L,

we use the following sign convention for the dual complex C™*.

ani* — (—)Tdé N GLLam N Cn—r+1

We define the duality isomorphism 7' as:
T : Homy(C?,D,) — Homy(D?,C,) ; ¢ — (—)P¢"

Before we get into the full technical detail of symmetric complexes we start
off with a slightly easier notion that will be useful later on. We define an n-
dimensional symmetric chain equivalence (C, ¢) in A to be an n-dimensional chain
complex C'in A and a chain equivalence ¢ : C"* — (' such that T'¢q : C"* — C
is chain equivalent to ¢y,. We see that ¢ induces an isomorphism in homology
¢ : H""(C) — H,(C) such that ¢ = (—)"™"¢* : H*"(C) — H,(C). We define
the signature of a 4k-dimensional symmetric chain equivalence in A(Z) (or Q, R
or C) to be the signature of the form ¢ : H*(C) — Ho,(C). We denote this by

sign(C, ¢).

Definition 2.4. 1. An n-dimensional symmetric complex (C,¢g) is a finite

chain complex C in A, together with a collection of morphisms
¢={¢gs: C" " = C,|s>0}
such that

dC¢s + (_)Tqbs *C + (_)n+s+1(¢s_1 + (_)sTgbs—l) =0
Ol L O (5> 0,0, = 0)

Hence ¢g : C"* is a chain map and ¢y is a chain homotopy ¢y : g =~ T'¢yg.

2. The complex is said to be Poincaré if ¢g is a chain equivalence. In this case

(C, ¢p) is an n-dimensional symmetric chain equivalence.

3. A morphism between n-dimensional symmetric complexes (C, ¢) and (C', @)
consists of a chain map f : C — C' and morphisms o, : omtitser C!
s > 0 such that

¢; - f¢sf* = dcas —+ (_)T’O'Sdg —+ (_)n+s(as_1 + (_)STUS—l) . C«n—r-ﬁ-s N C’r‘

(in particular ¢ ~ féof*). Such a morphism is said to be a homotopy

equivalence if f is a chain equivalence.
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4. The boundary (0C,0¢) of a n-dimensional symmetric complex (C, ) is the
(n — 1)-dimensional symmetric Poincaré complex defined by
d =)’ n—r
doc = ( OC ((_))rfg > 100, =Crpp @ C"T —
0C,_, =C,®Crtir

_\n—r—1 _\rn
a¢0 — ( ( ) . T¢1 ( (3 > :acnfrfl — Cnfr @CrJrl N

9C, = Chy @ C™T

_\n—r—1 _\rn
gy = < (=) 0 Téorr O) > O Ol Y O

90, =Chy BT

We will show how symmetric complexes occur topologically in the next section.
A more intrinsic way of defining symmetric complexes in A(R) (R a ring with

involution) is as follows: We have a slant product:

\:C®s D — Hom(C™*, D)

r@y = (f = f(x)y)
Let W be the standard free resolution of Z over Z[Z,]:

W — Z[Z) =5 7(Z,] 25 Z[Z,] 5 Z[Z)

Then for a finite chain complex C' we may regard a symmetric complex (C, ¢) to

be an n-cycle in the chain complex
¢ € Homz[ZQ}(W, C ®R C)

(the action of Zy on C' ®g C'is given by interchanging the components) with the
morphisms ¢; being the images under ¢ of the canonical generators of W after

applying the slant product.

Definition 2.5. We define an (n + 1)-dimensional symmetric pair (f : C —
D, (8¢, 9)) to be a symmetric complex (C,), a chain map f : C — D and
{0¢s : D"+ — D} a collection of morphisms such that:

()" o = dpbds + (=) 0edpy + (=) (0651 + (=) T¢s-1)
. anr+s N Dr (S > O,6¢—1 = 0)

The pair is said to be Poincaré if the chain map:
6¢0 +1—x*
: D" —C
< (_)n—l—'r—l—l(bof* ) (f)

1 a chain equivalence.
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The condition of a pair being Poincaré is equivalent to saying that the chain
map:

(d¢o0 foo ):C(f)"*'*—D

is a chain equivalence. The reason we bring this up in the first place is that there
is a Theorem of Ranicki [Ran80a] which states that a symmetric Poincaré complex
(C, ¢) is homotopy equivalent to the boundary of some symmetric complex if and
only if there exists a symmetric Poincaré pair (f : C' — D, (d¢, ¢)). We say that
a symmetric Poincaré complex satisfying these conditions is null-cobordant. We
often refer to a pair as a null-cobordism of (C, ¢).

We now define the symmetric L-groups L™(A) of an additive category with
involution to be the set of n-dimensional symmetric Poincaré complexes (with ad-
dition given by direct sum) modulo those which are null-cobordant. In particular
this implies that homotopy equivalent symmetric Poincaré complexes represent
the same element in L"(A). We will write L"(R) = L"(A(R)). As an example we

recall from [Ran80b] the computation of the symmetric L-groups of Z.

Proposition 2.6. The symmetric L-groups of Z for n > 0 are as follows:

Z  (signature) 0
[(Z) = (?2 (de Rham invariant) for n = ;
0 3

There is a lot more that can be said about symmetric L-theory and how it
relates to the other constructions of algebraic surgery; for more information see

[Ran80a, Ran80b].

2.2 The symmetric construction.

We now explain how the above algebra occurs topologically. We will show that
for an n-dimensional Poincaré space X there is an associated symmetric Poincaré
complex over Z[m(X)].

Let X be a space with the homotopy type of a CW-complex. We may as
well replace X by such a complex so we can form the chain complex C'(X). Let
X — X be the universal cover of X. Then the chain complex C(X) may be
regarded as a chain complex of finite free left Z[m (X)]-modules. For any space
we have the diagonal map X > XxX ; © — (z,z). If we approximate this via

the G-C'W-approximation Thorem we get a chain map:
AYC(X) = C(X) ©z C(X)
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which extends (via acyclic model theory, see e.g. [MT68], [Ran80b]) to a map:
AX : C(X) — Homgz, (W, C(X) ®z C(X))

We can now tensor with Z to get a map:

AX ®Z[7r1(X)] Z . C(X) d HOHIZ[ZQ](W, C()ZV) ®z[ﬂ1(x)} C(X))

If now X is an n-dimensional Poincaré space then we can find a chain level repre-
sentative of the orientation class [X] on the left hand side. The image of [X] under
the map AX ®gzr, (x) Z determines a symmetric Poincaré complex (C (X), ). We
say that this symmetric Poincaré complex represents X. The process by which
(C ()? ), @) is obtained from X is often referred to as the symmetric construction.
Note that the homotopy class of (C()? ), ¢) is independent of any choices that
may have been made. We write o*(X) € L"(Z[r1(X)]) for the class of (C(X), ¢)
in the symmetric L-group and refer to this as the symmetric signature of X.
We don’t have to take the universal cover of X as our starting point. For every
regular covering X — X with group of transformations m we can play the same
game and obtain an element of L™(Z[r]). However this will not contain any more
information than the symmetric Poincaré complex obtained from the universal
cover. For example, let X — Y be a map with X a Poincaré space and let X be
the pull-back of the universal cover of Y. Then the symmetric Poincaré complex

representing X can be obtained from (C/(X), ¢) by tensoring with Z[m (Y)] thus:

(C(X) ®zpry () Z[m1(Y)], ¢ @z x0) Z[m1(Y)])

Here the action of Z[m(X)] on Z[m(Y)] is determined by the induced map
m(X) — m(Y). In particular by tensoring with Z we can obtain an ele-

ment of L"(Z) representing the trivial cover. If n = 4k then the signature of
o*(X) € L*(Z) is just the signature of X.

2.3 Visible symmetric complexes

The symmetric L-groups have the disadvantage that not every element of L"(Z[r])
is realizable as the symmetric signature of a Poincaré space o* ()? ). However
Michael Weiss has developed a variation on symmetric L-theory called visible
symmetric L-theory [Wei92]. He constructs groups V L"(Z[r]) in which every
element can be represented by a symmetric Poincaré complex (for high enough
dimension). We will discuss only group rings over the integers, see [Wei92] for a

complete description.
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Let Z[r] be a group ring and let P be a right free resolution of Z over Z[r].
Then a visible symmetric complex consists of a chain complex C' in A(Z[r]) along
with an n-cycle in:

¢ e P ®Z[7r] Homz[zz](VV, C Qg C)

The augmentation map P — Z determines a natural map:
P Qz[x] Homz[zﬂ(VV, C ®z C) — HOIIl(VV, C Xz[x] C)

so we have a natural way of making a symmetric complex from a visible symmetric
one. A visible symmetric complex is said to be Poincaré if it is Poincaré as
a symmetric complex. We write V L"(Z[r]) for the group of visible Poincaré

complexes modulo the boundaries of such complexes. There is a natural map:
VL"(Z[r]) — L"(Z[n])

We will only really be concerned with symmetric complexes that occur as visible
symmetric complexes so we're not going to be saying any more about V L™ (Z|[r]).
However it should be noted that it is (in principle) easier to compute than
L™(Z[r]). To get the right feel for visible symmetric complexes the reader should
try and prove this lemma (quoted from [Ran92]).

Lemma 2.7. Let (C,¢) be a 0-dimensional visible symmetric complex over Z|r].
Then for all x € Cy:

<¢0($),$>
is of the form a+ b+ b*, with a € Z and b € Z[r]

A symmetric Poincaré complex which occurs as the symmetric signature of a

Poincaré space X is always visible (see [Wei92] page 466 for details).
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Chapter 3

The chain complex of a fibration.

All topological spaces will be compactly generated.

The aim of this chapter is to prove a theorem linking algebra and topology
(Theorem 3.11). This theorem extracts just enough information from the topo-
logical situation of a fibration p : £ — B satisfying assumption 1.2 to allow
us to apply the algebraic techniques developed later in this thesis. This is the
only chapter of this thesis with a significant amount of “hands on” topology in it
and as such can be read quite independently of the rest of this thesis. Similarly
there is nothing after the statement of Theorem 3.11 which the rest of the thesis
depends on.

The theory is very much inspired by [HKR05],[LR88] and especially [Liic86],
indeed much of the notation comes from here and a few of the arguments. We
always note in the text where this is the case. The theory developed here differs

from [Liic86] in two significant aspects:

e In [Liic86] Liick was concerned solely with the algebraic K-theory transfer
map p' : K;(Z[m(B)]) — Kij(Z[m(E)]) (i = 0,1) and was able to take
advantage of the existence of a geometric realization of the elements of
Wh(m(B)). In other words he could make the geometry match the algebra
whereas we will have to make the algebra match the geometry. Specifically
we will have to algebraically model filtered complexes to develop a filtered

version of this theory (see the section on filtered complexes below).

e Since we will be concerned with Poincaré duality we will have to consider

the diagonal approximation on the total space.

We should also mention the relationship between this theory and that developed
in [HKRO5] for P L-manifolds. The definition of a CTW-model 3.14 is a reflection of
that of a “pointed fibre bundle torsion structure” in [HKRO05], and is also followed

by a “realization” theorem (Theorem 3.15). The advantage to our approach is not
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only that it holds for more general topological spaces but that we avoid having
to deal with absolute torsion in the topological part of the argument. This not

only cleans it up but also allows the theory to be applied in other situations.

3.1 Filtered complexes and filtered spaces.

3.1.1 Filtered complexes.
We recall the following definition from [HKRO05]. Let A be an additive category.

Definition 3.1. 1. A k-filtered object F, M in A is an object M in A together

with a direct sum decomposition.:
M=My®&MG...06 M
which we regard as a length k filtration
F{M=0CFMcCFMCcC...CFE,M=M
with
FM=My®M®&...oM, (0<j<k).
We refer to M, as the r-th filtration quotient of M.

2. A filtered morphism f : F,M — F.N of k-filtered objects in A is a mor-
phism in A of the type

fO fl f2 fk’

0 fo fi -+ fea . k
f: 0 0 fO fk*? M:®Ms—>N:®Ns

: . : s=0 s=0

00 0 ... f

so that

JIEEM) C BN (0<j < k).
The (u,v)-component of this upper triangular matriz is a morphism f,_,: M, —
Ny, 0 <u < v <k, where fj: M, — N,—;, 0 < j < k, are graded mor-

phisms in A. We refer to the f; as the component morphisms of f.

3. We denote by Fily(A) the additive category whose objects are filtered objects

in A and whose morphisms are filtered morphisms.

4. A filtered complex F.C in A is a chain complezr in Fil(A). We write C,
for the r-th object in the chain complex and write C, s for the s-th filtration
quotient of C,.
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5. A filtered map [ : F.C — F,D of filtered complexes is a chain map in
Filg(A).

Example 3.2. Let C and D be chain complezes in A(R) and A(R) respectively,
where R and S are rings. Then the tensor product chain compler C' @z D may
be regarded as a filtered complex with (C' @ D), s = Cs @ D, _s.

3.1.2 The associated complex

We will now define the associated complex of a filtered complex. This is a chain
complex in the derived category D(A), in other words it is a chain complex whose
objects are chain complexes in A and whose differentials are chain homotopy

classes of chain maps.

Definition 3.3. Let F.C be a k-filtered complex in A. We write d; : C, s —
Cr_1,5—j for the component morphisms of the differential d. The associated com-

plex G.(C) is a k-dimensional complez in D(A)
G.(C) : G(C) = ... = G.(C) &% G, _1(C) = ... = Gy(C)
The objects G,(C) are chain complexes in A given by:
dag,c =do: G (C)s = Crysr — Gr(C)so1 = Crps1yr

and the differentials G.d are the chain homotopy classes of the maps

Grd = (_)Sdl: Gr<c)s = Uprpsr — Gr—l(c)s = Upqs—1,r—1-

Example 3.4. The associated complex of a tensor product C'®@ D with the filtered

structure defined in example 3.2 has objects:
G.(C®D)=C.®D

and differentials
Gd=d"®1:C, @D —C,_,®D
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3.1.3 Filtered spaces.

Here we define the notion of a filtered space and prove a two technical lemmas
which will be useful later on. We work in the category of compactly generated

spaces.

Definition 3.5. o A k-filtered space X is a topological space X together with

a series of sub-spaces
X1=0CXoCXj...CXy=X

To avoid introducing extra terminology we also insist that each inclusion
X; C X1 be a cofibration - this will always be the case in this thesis. We

will sometimes have a base-point xq € Xy.

o A filtered map between two filtered spaces X and Y is a map f: X — Y
such that f(X;) C Y;. A filtered homotopy between two such maps f and
f"is a homotopy H : X x I — 'Y such that H(X; x I) C Y;. A filtered
homotopy equivalence is a filtered map f : X — Y such that there exists a
filtered map g : Y — X such that fg and gf are filtered homotopic to the
wdentity maps on'Y and X respectively.

o A k-filtered CW-complex X is a CW-complex X together with a series of
sub-complexes
X 1=0CcXyC..CX,=X

The cellular chain complex C(X) is filtered with
F;C(X) = C(X;)

A cellular map f: X —Y between filtered CW-complexes X and Y is said
to be filtered if f(X;) C Y. In this case the chain map f. : C(W) — C(Y)
is filtered.

Notice that G;C(X) = S77C(X;, X;-1) for a filtered CW-complex X.

Our main example of a filtered complex arises from a fibration p : £ — B
satisfying assumption 1.2. The C'W-complex B is filtered by its skeleta and we
give E a filtered structure by defining Ej := p~!(By). Each inclusion Ej_; C Ej
is a cofibration because we're working in the category of compactly generated

spaces.

Lemma 3.6. A filtered map f: X — Y is a filtered homotopy equivalence if and

only if each f; : X; — Y} is a homotopy equivalence of unfiltered spaces.
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Proof. Apply the result of Brown [Bro68] 7.4.1 inductively. O

A filtered cellular map f : X — Y of filtered C'W-complexes induces a filtered
map F.f : F,.C(X) — F.C(Y). The following lemma should help the reader get
a feel for how the algebra matches the topology.

Lemma 3.7. Let f, ' be filtered homotopic filtered cellular maps between cellular
maps X and Y. Then:

G.f=G.f :C(X)— C(Y)

Proof. The map f; : G;C(X) — C(Y) depends only on the homotopy class of
the map of pairs (f;, fi—1) : (Xj, X;-1) — (Y;,Y;-1) which in turn depends only
on the filtered homotopy class of f. n

For a discrete group G we have a corresponding notation of a filtered G-space
and a filtered G-CW -complex. The obvious G-space versions of the above lemmas
hold.

3.1.4 Products of filtered complexes and spaces.
Definition 3.8. There is a natural map:

CeD)@(C"e2D)— (CeC)® (Do D)
given by

QpRd,@c.@d— (=), ®c ®@d,®d,

Given filtered complexes F,.C' and F.D over rings R and S respectively we
can form the filtered complex F,(C ®z D) with filtration quotients given by:

F,(C®z D)= P FiC @z F;D

i+j=r
By analogy with the lost sign-term of algebraic surgery, for filtered complexes

F.C and F,D we have a natural map
6°P. G.(C® D) — G,.C ® G,D

where the tensor of chain complexes in D(A) is given by the Z-tensor products of

the object chain complexes. This map is given explicitly by:

0:cpg®@dy s — (—)S(Z’*q)cp,q ® dy s
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If now X and Y are filtered spaces then we define the product space X x Y
by

Observe that F,C(X xY) = F,(C(X) x D(X)) so we have a map:

g% = g XCM) . G .O(X xY) = Go(X) @ G, (Y)

3.2 (G-Fibrations

In this thesis we will be dealing with the more general notion of a G-fibration,

this is a fibration with a group action on the total space:

Definition 3.9 ([Liic86] definition 1.1). Let G be a discrete group. A G-fibration
consists of a G-map E — B with E a G-space and B a plain topological space
(with the trivial G-action) which satisfies the G-equivariant homotopy lifting prop-
erty, that is for all G-spaces X, G-map f : X — E and map F : X x I — B
such that F(z,0) = f(z) we may find a G-homotopy H : X x I — E such that
H(z,0) = f(z) and p(H (z,t)) = F(z,1).

Note that a fibration is a G-fibration with G the trivial group. For any fibra-
tion p : £ — B we may form the m; (EF)-fibration p : E— B by composing p with
the universal cover of F; this will be our main example of a G-fibration.

Following Liick [Liic86] we introduce some standard terminology:

e A map (f,f): p — p between G-fibrations p : E — B and p' : E' — B’
consists of a pair of G-maps f : E — E' and f : B — B’ such that

pof=rfop.
e A G-homotopy between G-maps f1, fo : X — Y between G-spaces X and Y

is a homotopy H : X x I — Y between f; and f, which is a also a G-map,
where G acts on the left-hand side by acting only on X.

e A G-fibre homotopy between G-maps fi, fo: Z — E is a G-homotopy h :
Z x I — E such that poh=po fi =po f5

3.2.1 Fibre transport.

This material is also from Liick [Liic86].
Let £ % B be a G-fibration and h : fy ~ f, : Z — B a G-homotopy between

two maps from a G-space Z into the base space. Then we can construct a G-fibre
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homotopy equivalence f;E — f{E as follows: The lifting problem below has a

solution H )
B —"——%F
L
ho(py.,Id
fiEx I L B

By the universal property of the pull-back we have a map of G-fibrations oy, :
foE — fi{E such that the diagram

JoE
& H(—,1)
Pfq ffE » E
f1
Pfy lp
77— B

commutes. One can easily verify that the G-fibre homotopy class of «;, depends
only on the G-homotopy class of h. Furthermore if now g : Z x I — B is a G-
homotopy between f; and a map fo, and h * g is the obvious homotopy between

fo and f5 then

Qg py, g © O (3.2.1)

If we now consider a loop x representing an element of m(B) as a G-homotopy
from by to itself then we have a map «, : F' — F. This depends only on the class
of z in m(B) and we write u(x) : F' — F for the G-homotopy class of maps given

by «,. Hence we have a map
w:m(B) — [F, F]g

which is a homomorphism of monoids by equation 3.2.1. In particular each u(g)

is a homotopy equivalence.

3.2.2 Algebraic fibre transport.

We now concentrate on the m (E)-fibration p : E — B for some fibration p: B —
B satisfying assumption 1.2. The transport of the fibre F = p1(by) along an

element x is 7 (FE)-equivariant, so fibre transport determines a homomorphism

w:m(B) = [F,F?

into the monoid of 7 (E)-homotopy classes of 7 (E)-equivariant self maps of F'.
Suppose now we have a m;(E)-CW-complex FEW which is m;(E)-homotopy
equivalent to F. Then we can form the chain complex C(F) of free Z[ri(E)|-

modules. The map u determines an algebraic map:
u, s m(B) = [C(F),C(F)]”
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which extends to a ring morphism.

~

U : Z[m(B)] — [C(F),C(F)]*”

3.2.3 Transfer functors.
We recall the following from Liick and Ranicki [LR88].

Definition 3.10. A representation (A,U) of a ring R in an additive category A
is an object A in A together with a morphism of rings U : R — Homy (A, A)°P.

A representation (A4, U) of aring R determines a transfer functor F : Ab**¢¢(R) —
D(A) as follows:
F(R") = A"
F((ay) : R* — R™) = (U(ay) : A" — A™)
We denote this functor by — ® (A4,U) : Ab»d(R) — D(A).
Given a fibration E 2 B, the fibre transport map

~ ~

U : Z[m(B)] — [C(F),C(F)]*

constructed above gives rise to a representation (C(F),U) of the ring Z[m (B)]
in the category D(A(Z[r(E)])). This determines the transfer functor of the
fibration:

—® (C(F),U) : A" (Z[m (B)]) — D(A(Z[m (E)]))

(in [HKRO5] this functor is denoted by JE).

If we apply such a functor to a chain complex of objects in Ab**d(Z[m(B)]
(i.e. a chain complex of based free modules) then we get a chain complex whose
objects are themselves chain complexes and the differentials are given by chain
complexes of chain maps.

The transfer for the product of a fibration with itself p x p : ExE— BxB

is given by:
~ @ (C(F) @z C(F),U@zU) : A*Z[ry(B) x m(B)]) — D(Z[mi(E) x m1(E)))

By analogy with the map 6” for filtered complexes, for all Z[r;(B)] chain com-

plexes C' and D there is a natural map:
09" (CzD)®(C(F)@2C(F),UgzU) — (C®(C(F),U)) @z (Do (C(F),U))
given by:

09 (e, @dy) ® (fr @ f1) = (=)P(c, ® f,) ® (dy @ £1)

We are now in a position to state the main theorem of this chapter:
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Theorem 3.11. Let E — B be a fibration satisfying assumption 1.2, A(B) :
C’(E) — C’(E) ®C’(§) a chain approximation of the diagonal and suppose further
that we have chosen a basis for C(B). Then there exists a filtered m (E)-CW-
complex X, filtered w1 (E)-homotopy equivalent to E, and a filtered chain diagonal
approzimation A(X) such that:

1. There exists a natural chain isomorphism € : G,C(X) — C(B)® (C(F),U)
on chain complezes in D(Z[m(E)]).

2. The diagram

G.C(X) e C(B)® (C(F),U)
lG*C(AX) iG*C’(AE)@Aﬁ
G.(C(X) ®z C(X)) (C(B) @ C(B)) @z (C(F) @ C(F),U @ U)
9X,Xl igc(g)’c(g)
G.O(X) 87 G.C(X)=5 (C(B) ® (C(F),U)) @7 (C(B) ® (C(F),U))
(3.2.2)
commautes, where A(F) 1s the unique chain homotopy class of the diagonal
map on C(F).

When we say that the chain isomorphism £ is natural we mean that for all such
fibrations there is a specific choice of £ which satisfies the following: Suppose that
f: B'— B is a cellular map; we write B’ for the pull-back of the universal cover
of B over f. If apply the above theorem for f “F then there exists some space X'
filtered m(E)-homotopy equivalent to f*E and a natural map & : G.C(X') —
C(B"®(C(F),U). Then naturality of the maps € and £ means that the diagram:

C(X") C(X) (3.2.3)

°|

C(B') @ (C(F),U)

commutes in D(Z[m (E)]).
The rest of this chapter is devoted to the proof of this theorem; none of the

material is used elsewhere in the thesis.

3.2.4 Trivializations of the bundle.

The first thing that we need to do is to investigate the pull-back of a bundle over

an attaching map on the base space. We recall again from [Liic86]:
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Definition 3.12. Let (D, dy) be a pointed contractible space, f : D — B a map
and & a path from f(dy) to by. Given any homotopy h : D x I — B between the
constant map taking D to by and f such that h(dy,1) = &(1) we may construct a
map

Tw(f,§) DX F — E

by ay, @ D X F— f*E composed with the map f*E — E. Up to G-fibre homotopy
this map is independent of the choice of h and we write T(f,£) for the G-fibre
homotopy class of Ty(f,€). Observe that poT(f,&) = foprp: D — B, so for a
map of pairs f : (D*,S*"1) — (By, Bx_1) we have a corresponding map

T(f,€): (D*,$* 1) x I — (Ey, Ej_1)

One may think of the map T'(f,§) as “trivialization of the bundle along the
path £”. Liick proves the following:

Lemma 3.13. Let h : (D*,S*1) x I — (By, By_1) be a homotopy between two
maps fi, fo : D¥ — B and &1, & paths from fi(dy) respectively fo(dg) to by. Write
¢ for the path h(dy, —). Then the following diagram commutes up to homotopy of
pairs:

(DF, §k=1) 5 fr— 1€
u(gl*g—*g)xldi

(DF, S¥1) x F

(Ek7 Ek*l)

T(f27£2)

3.3 Describing the C'WW-complex of a fibration.

From this point on the proof becomes rather more algebraic and involves chain
maps. We consider all chain maps to be defined only up to chain homotopy. When
we write C(f) for maps f: X — Y of G-CW-complexes what we mean is the
chain homotopy class of some G-C'W-approximation to f. This is well defined
since all such approximations yield chain homotopic chain maps. In the case
of filtered maps we will similarly take filtered G-C'W-approximations. We will
identify C(D¥, S*) with the chain complex which is Z concentrated in dimension
k; furthermore we will write C'((D¥, S¥~1)x F') as S¥C/(F) using this identification.
We also consider (DF, S*71) to be a filtered space with (k — 1)-th filtration S*
and k-th filtration D*. In this case we identify G,C((DF,S* 1) x FCV) with
C(FCW).

We will now fix some fibration p : £ — B satisfying assumption 1.2. The
k-cells in B will be indexed by a set J; and we will denote the attaching maps by
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(Q(5),q(4)) : (D*,S*1) — (By, B_1), j € Ji; we also assume that the set Jj is
ordered.

Suppose we have a map (R,r) : (D*, S*1) — (By, By_1) and a path & from
R(dy) to by. Then we can find a unique map (R,7,£) : (D*, S*1) — (B, By_1)
such that

1. The composition of (E, 7) with the universal cover projection of B is (R, ).

2. There exists a lift E of the path £ to the universal cover which goes from
R(dy) to by € B the base-point.

We have a chain map
C(R,7,€) : S*Z — C(By, By_1)

Taking the tensor product with Z[m(B)] (with 7 (B) acting trivially on Z) and

ignoring all but the k’th term we have a chain map
C(R,1,€) = C(R.7.€)x @ Z[mi(B)] : Z[m(B)] — C(B);

We can use this construction to define a basis for C' (E)k Choosing paths 7;

for j € Ji from Q(j)(dp) to the base-point by we have an isomorphism:

JEJk

which is effectively a basis for C' (E)k since we've assumed that .Jj is ordered.
From now on we assume that we’ve chosen paths 7; which define such a basis for
cach C(B)y.

If £ > 2 then by the relative Hurewicz theorem we have an isomorphism:
7(Br, Bie1,by) = C(By, By—1)

Furthermore we can apply the long exact sequence of a fibration to the covering

map B — B to get an isomorphism of groups:
H : (B, By_1,bo) — C(By, By_1) (3.3.1)

We can see this map explicitly (as well as the left 7;(B)-action on the left-hand
side) by using the above construction: Choose (R,r) and ¢ as above. We can
always approximate £ by a path lying in By_; so we assume that £ is such a path.
Regarding £~ o 7|40} : {do} x I — B as a homotopy we can use the homotopy
extension property of the pairs (S*71 dy) and (D¥,dy) to construct a homotopy
of pairs

H: (D* S* 1) x I — (By, Br_1)
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such that the diagram

(Dk, Sk—l) . (Dk, Sk—l) % I

(R,r)l /ixldT
B 5707"‘(10

doXI

commutes. Then H(—,1) : (D¥, S*1) — (B, By_1) is an element of 7y, ( By, By_1, bg)-
We denote this element by (R, r, ). Note that this depends only on the homotopy
class of £ modulo the end-points rather than on ¢ itself, in particular it doesn’t
depend on any approximation we may have taken for £. The image of (R, 7,£)
under the isomorphism 3.3.1 is given by the image of the generator 1 € Z[m B]
under the map C(R,r,&). The action of an element x of m;(B) on an element
(R,r) of Wl(ék, Bi_1, bo) is given by

z.(R,r) = (R,r,x")
(note that the inverse is required to make this into a left action)

Definition 3.14. A CW-model (X, ¢, FCW, MY EXY for the total space E of a

fibration p: E — B satisfying assumption 1.2 consists of

o A (E)-CW-complex F°V and a m,(E)-homotopy equivalence XX : FCW —

F.

o A filtered m(E)-CW -complex X and a m (E)-homotopy equivalence ¢~ :
E—X.

e [For each k an isomorphism of chain complexes:
& GrC(X) = C(B)e ® (C(F).U)

where — @ (C(FW),U) : Abed(Z[r(B)]) — D(Z[m(B)) is the transfer
functor defined in section 3.2.3 (recall that we've chosen a basis for C(B)
so the right-hand side is well-defined)

To clear up the notation we define
TV (f,€) =¥ o T(f,6) 0 (Id x X¥): D x FV — X

for maps f : D — B from a contractible space D and paths £ : f(dy) — by.
In addition the following condition must be satisfied: For each attaching map
(Q(5),q(5)) : (D*, S¥=1) — (B,, B,_1) and basis path n; the trivialization
TM(Q(),my) = (DF,8%) % ' — (X, Xia)
34



satisfies

glg( © G*C(TCW(Q(])a nj))k = é(Q(])ﬂﬂ(] Jlj) & (C(F), [{)) (3 3 2)
. C(F) — C(B)y @ (C(F >

Note that we do not insist that the map &, : C(X) — C(B) @ (C(F),U) is a
chain map (of chain complexes in D(Z[m;(F)])), although it will turn out that this
is the case (Theorem 3.17). Observe also that the condition 3.3.2 is equivalent to
saying that:

D G.or (@G m) =€ OBl & (C(F),U) = GC(X)  (33.3)
JE€Jk
since B, C(Q(j),4q(4),n,) is by definition the based identity map.

Having made such a definition we ought to show that such things exist:

Theorem 3.15. Given a fibration p : E — B satisfying assumption 1.2 then
there exists a CW -model (X, 9™, Few, N EXY for E.

Proof. This is essentially a “filtered” version of the argument of [Liic86] section
7A. We first choose any 7 (E)-homotopy equivalence AX : FCW _ F from some
m1(E)-space FCW 'We now proceed by induction on the filtration of E. Since EO is
just a disjoint union of spaces homotopy equivalent to F we define X, to be #(Jo)
copies of FOW and P Eo — Xy the obvious 7 (F)-homotopy equivalence. We
can now simply define the map & to be the inverse of P, C(TY(Q(5),m;))
so it clearly satisfies the condition.

We proceed to the inductive step: Suppose that we have already constructed
a CW-model (Xy_1,9X |, FOW \X €X) for E,_;. We have a m(E)-push-out

diagram given by the attaching maps (Q(7),q(7)):

Q(])*E*)Ek

I

Q(j)*E g Ekq
which we extend using the trivializations 7" (Q(j), n;) to a diagram:

uT(Q(>4).m5)

|_|Jk DF x FOW Q(j)*E > Ej,
j CW T - T iy
|_le S¥ X F q(j)*FE Er 1 Xi—1
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We choose a 71 (E)-CW-approximation ¢ to the bottom row and write hy, for
the homotopy. We define X}, to be the m (E)-push-out

N T .
|_le Dk X FCW UT(Q(5)m5) Xk

|

|—|Jk Sk X FCW O Xk—l

Observe that X} has the structure of a 7 (E)-CW-complex with attaching maps
given by those for Xj,_; and the maps D* x F€W — X,. Observe that X, _; C X,
so X} inherits the filtration of X;_;. We are now required to find a filtered m; (E)-
homotopy equivalence £ — X. We have a diagram of maps (c.f. [Lic86] page
115):

|—|j€Jk QU)E I_ljejk q(j)" B E'k_l
Vi1

2 UTW(Q(5).m5)
s, 871 x FOW = X

k "CW
|—|j€JkD x F

10 10 Id
A A h
k CW —1 CcCW k
Lljes, D x FOV X I <—| e, S* " x FOV x I Xk
i1 i1 Id

ey, D x Fow Ljcy, S50 x Fow Pk Xy

The total space Ek is the push-out of the top row, the space X} is the push-out
of the bottom row so we are required to show that each of the triplets of vertical
maps induces a homotopy equivalence of the filtered spaces given by the push-
outs of the rows (the filtrations on the push-outs of the middle two row are given
in the obvious way). The fact that all of the left-hand horizontal maps have the
homotopy extension property implies that the induced maps are homotopy equiv-
alences (see Brown [Bro68] page 249)). We can now apply the equivariant version
of lemma 3.6 to see that the induced maps are m(E)-homotopy equivalences of
filtered spaces. Hence we have constructed the map ™~.

We have an isomorphism:

Ji

Again we simply define £ to be the inverse of this map so as to satisfy the

alternative formulation of the required condition (equation 3.3.3). ]
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The aim now is to prove the following proposition which relates algebra and
topology for a C'W-model. In effect it generalizes the condition 3.3.2 to all maps
(R,r) : (D* S*1) — (By, Bx_1) rather than just those that represent the basis.
It allows us to put the most technical calculations involving the fibre transport

in one place.

Proposition 3.16. Given a map (R,r) : (D*,S*1) — (By, By_1) and a path &
from f(dy) to by then

EX 0 G.C(TY (R, €)= C(R,1,€) ® (C(F),U): C(F°Y) — C(B) ® (C(F),U)

Proof. This is essentially proved (at least in the case k£ > 2) in [Liic86] section
7D, using slightly different language. The author prefers a slightly different,
more algebraic proof which is that presented here: We first demonstrate that the
proposition holds for (R,7) = (Q(j),q(7)) for some j € J,. We will write the path
¢ as n; * x for some loop x, which we can do because everything depends only on
the homotopy class of £ modulo {0,1}. By lemma 3.13 we have a commutative

diagram:

. T(QU)m) I
(D¥, §%1) x FCW 2 (Ew, Eyr)

])7$ 777)

Composing with ¢ and A\* and taking associated chain complexes we get:

G.C(T™(Q(5),17))

z~HR(C(F),U
(z=He(C(F) )l G C(TY(Q(5)m;*x))
C(F™)

By the definition of a C'W-model the top map is given by C(Q(j),q(j),n;) ®
(C(FCY),U) so we get

G.C(TY(QU),m; ) = G.C(TY(Q(),m)) e ((x) @ (C(FY),U))
= («71.C(Q),q(j),m)) ® (C(FY),U)

= CQU):a(j),my + x) © (C(ETY),U)

This completes the proof of the (R,r) = (Q(j),q(j)) case, it also covers the
k = 0 case since all maps take this form. We now tackle the general case; we
will deal with the case £ = 1 at the end so without further ado we assume that
k > 2. The first observation which we make is that the trivialization of (R,r)
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along the path ¢ is m(E)-homotopic to the trivialization of the map (R, 7,§) :
(D*, S*=1) — (B, Bj_1, bp) along the trivial path from by to itself. By lemma 3.13
the map T (R, r) depends (up to homotopy of pairs) only on the class (R, r,£) €
7, (By, Bx_1, bo). Therefore it is sufficient to prove that the lemma holds for maps
(R,7) : (D¥,S*1) — (By, Bi_1, by) representing elements of m(By, By_1,by). We
have a topologically defined map:

Q : 7 (By, Bi_1,bo) — [C(F),C(B)r @ (C(F),U)]

(R, 1) — (& o G,O(T“V (R, Id))

In order to prove the lemma we must show that this coincides with the map given
by
(R.r) = (C(R,r) @ (F,U))

We do this in two steps:
1. We show that €2 is a homomorphism.
2. We show that the required formula holds for generators of 7 (B, Bi_1, bo).

For the first step, let (R, r) and (R', ") be two maps from (D*, S¥~1) to (By, By_1, bo)
and let V : (D¥, Sk=1)v(D*1, Sk=1) — (DF, S*¥=1) be the map inducing the group

structure in 71 (By, Br_1,bp). Then we have a commutative diagram:

(Dk75k—1) > F(JW
TVXId

((D¥,$%71) v (DY, 5¥71)) x FOV

TCW ((RVR")oV,bg)

T(R,bo)VT (R’ bo

(X, Xp—1)

T TEW (R,bo)UTCW (R ,bo)
((DF, S571) L (DF, 5%71)) x £

Taking associated chain complexes we see that Q((R,r) + (R',r")) = Q(R,r) +
Q(R',r") as required for the first step. For the second step, observe that m(By, Bx_1, bo)
has a basis given by element of the form £.(Q(7), ¢(j),n;) for j € J; and £ € m(B)
(equation 3.3.1). However proving that the required formula holds for these maps
is equivalent to proving that it holds for maps (Q(j),q(j)) and paths n;.§, which
we’ve already covered at the beginning of the proof. This completes the proof of
the k > 2 case.

We now turn our attention to the case k = 1. A map (D', S°) — (B, By)
represents a path between vertices in By. Any such path can be represented by

the composition of elementary paths given by the attaching maps (Q(j), q(j)) for
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j € Ji. We will write the composition of paths (R,r) and (R',r’) as (RxR',rxr').
By considering the lifts of the relevant paths we deduce that

C(RxR,r*1",&)=C(R,r, &)+ C(R,r,R*¢)

for paths (R,r) and (R',7") such that R(1) = R'(0) and a path £ in B from R(0)
to by. In order to complete the proof we are required to show two things:

1. That C(T“V(R+R',£)) = C(TY(R,€))+C(T°V(R', R*¢€)) : Z|m(B)] —
C(B), ® (C(F),U) for (R,r),(R,r),¢ as above.

2. That the lemma holds for the maps (Q(j),q(j)) for all j € J; and paths
n;.£ for £ € m(B).

We have already shown that the second statement is true at the beginning of the

proof. For the first statement we have a commutative diagram:

(Dl, SO) w [CW
T TCW (R+R'£)
*XID

T(RE+T (R, RxE)

((D', 89 % (D', 89)) x FCW (X1, Xo)

T TW (REUTW (R, Rx€)

((D', 8% LU (D', 8%) x FCW

Taking chain complexes yields the required formula and hence we’'ve proved the

lemma in the case k = 1. This completes the proof of the lemma. O
We now prove, as promised, that the map £ is a chain map.

Theorem 3.17. Let X be a CW -model for the total space of a fibration p : E —

B. Then the maps & induce an isomorphism of chain complexes in D(Z[m B]):

£:G.C(X)— C(B)® (C(F),U)

Proof. We are required to show that the differential in G,C(X) is given by

Grd =&Y 0 (dP @ (C(F),U) 0 & : GuC(X) — G_1C(X)

~

under the identification € of G,C(X) with C(B), ® (C(F),U). We write (7(5),.)

for the composition

(DF18%2) — (S sp) 49, (Bk—1, Bi—2)
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The basis of C(B) identifies it with € 7, Llmi(B)], moreover we can describe the
map dy, : C(B), — C(B)x_1 with respect to this identification as:

dk_@c 7 777j C(E)kﬁc(ghf—l

For each j € J; we have a commutative diagram:

~ o C(TCV(Q)my))

C((D*, Sk1) x F) C(Xp, Xi1)
SC((S1, 59) x FCW) a

i ~ c(Tew 7(. ’ 7)
SC((Dk_l, Sk—Q) X FCW) %)SC(X,#D Xk—Z)
Both the top-left and bottom-left groups can be identified with C(FC") in a
canonical way, in this case the composition of the maps on the left-hand side is
given by (=)t : C(FCY) — C(F°Y) (the sign term comes from that in the
definition of the tensor product of two chain complexes).

Looking at the graded complex we get the diagram:

GrO(TYV(Q()m)))

C(FCW) GrC(X)
Idl led
C(FCW) GrC(T (a(5).m5)) Go1C(X)
Summing over all 7 € J; and extending to the right we get a diagram

£\ ©GLC(TY(Q))m;))

®D,cs, C(F) GiC(X) —5 C(B), ® C(F)
Idi dei ldk@)((f(ﬁ)ﬂ)
D, C(F) ZECTMD) 6 0(X) 5 ( By ® C(F)

The left-hand square clearly commutes from the above. The composition along

the the top is given by

gko@Gk (T"(QG) ) = EDC@QG),ali)my) © (C(F),U)

| - i
6]9 C(F ® (C(F),U) — C(B)x ® (C(F),U)

Applying proposition 3.16 to the maps ¢(j) we see that the composition along
the bottom is given by:

Ex-1 0 P GC(TM (@(), ) = D CA), - my) @ (C(F),U)

j€Jk j€Jk



A

P C(F) = C(B) @ (C(F),U) — C(B)x ® (C(F),U)

Hence the outer square commutes so we deduce that the right-hand square com-

mutes. Therefore £ is a chain map as required. O

3.3.1 Finishing the proof.

Proof of theorem 3.11. By theorem 3.15 there exists a CW-model (X, ¥, FOW £\X, EX)
for £ and we take X to be the filtered space here. By theorem 3.17 the chain
maps & induce the required isomorphism of G,C(X) with C(B) ® (C(F),U).
We must establish that this construction satisfies the required naturality prop-
erty 3.2.3. Suppose f : B — B is a cellular map and let B’ be the pull-
back of the universal cover of B over f as before. There exists a C'WW-model
(X7, 0%, OV XX €X). Lot (Q(7),q(7)) : (D, 1) — (B}, Bj_,) be the at-
taching maps for B’ and let n; be some basis paths. For each k we have a diagram

of chain complexes:

BGL(TY(Q'(4)m;))

D, C(FW) GLC(X) GyC(X)
l is’ £
A 2(Q(5),4(5)m))R(C(F)U)  ~ . .
®J,'€ C’(chf( (4),a(5)m;)(C(F) )C'( C(F) CéF)@J W @ (C(F),U)

The left-hand square commutes from the definition of a C'W-model and the outer
square commutes by Proposition 3.16. However the two left-hand horizontal maps
are isomorphism so the right-hand square must commute. Hence the C'W-model
construction satisfies the required naturality condition.

The only thing left for us to do it to find the filtered approximation to the
diagonal and to show that is has the required properties. Let h: Bx I — Bx B
be a homotopy between diag?® and a cellular map AZ. Consider the following
diagram:

~ diagE

E ExE

et pur—-BxB

The map p x p: E x E — B x B is a m (E)-fibration with 7;(E) acting via the

diagonal action and the above diagram is a homotopy lifting problem so there
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exists a map H : E x I — E x E such that

~ dzag

T

EXIHBX[HBXB

commutes. We define the filtered map AE := H (—=,1): E — E x E and define
AX 1 X — X x X to be the composition of filtered maps:

@)1 = AP PXxypX

X EL2LExEYX Y X xX

(defined up to homotopy) We have a C'W-model for the 7 (E) x m(E)-fibration
ExE given by

(X x X, % x X, FOW 5 FOW \X x 2 (09BICBN (£ g, £) 0 0%X) (3.3.4)

We are required to show that diagram 3.2.2 commutes. Fix £ > 0. For any
j € Jp we choose a homotopy h between the map Q(j) : D¥ — By and the map
taking all of D* to the base point dy and such that h(i,dy) : I — By represents
the path n;. Choosing a lift H of the map h o (ipry;) : D¥ x F' x I — By, such
that

~ prg ~
Dk x F i E
\L /lA
p
. ho(ipk )
DFx Fx]———">B

commutes allows us to construct an explicit trivialization:
TMQ(j),m;) = (D*,8%) x F — (E, By-1)

(the map H is required to explicitly construct a choice of ). Similarly the map
H o A¥ is a lift of the homotopy composing h with the diagonal approximation

h o AP so we have an explicit trivialization:
TAM(AP 0 Q(5),m; x 1;) : (D*,8%) x (F x F) — ((E x E), (E x E);_1)

These explicit maps allow us to see that the following diagram commutes:

N Idxdiag?
(Dk’ Sk—l) « FCW xdiag (Dk7 Sk—l) FCW % FCW)
T”(Q(J'),m)l l Bon(ABoQ(j)m; xn;)
E
FE = ExE
X A% X x X
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We can now take associated chain complexes of this diagram to yield:

. C(AF SN
cF) —8) L c(F x B
GkC(TCW(Q(j)m]'))l J{GkC(TCW(ABOQ(j)ijW))
X
G O(X) 2D GLo(X % X)

and sum over all j € J; to obtain:

~ . Id@C(AF&V ~ . .
C(B)r @ (C(F),U) —=C(B)r® (C(F x F),UaU)
@GkC(TCW(Q(j)ﬂ?j))i iEBGkC(TOW(ABOQ(J’)mjan))
X
CrO(X) — S | G.O(X x X)

(3.3.5)
By equation 3.3.3 we know that

P G.oT™ Q). n) = (€Y)

JE€Jk

and by proposition 3.16 to the given C'WW-model for ExE (equation 3.3.4) we
deduce that

@ GrC(TY (A 0 Q(j), m; % n;))
e o (g g g 07
o P C(AP 0 Q(j), A” 0 q(j), ; x 1) ® (C(F) ®z C(F)),U @7 U)
Jj€Jk _ _
= (05) o ((§1) @z (E5) ) 0 0°BHCB)

o(C(AP), @ (C(F) ®z C(F)),U @z U))

:C(B) @ (C(F x F),U®U) — G4C(X x X)
If we now substitute these two expressions for the vertical maps of diagram 3.3.5
and do a significant amount of rearranging to make it humanly readable we obtain

the required diagram (equation 3.2.2):

G.C(X) £ C(B)® (C(F),U) (3.3.6)
lG*C(AX) lG*C(A§)®AF
G.(C(X) ® C(X)) (C(B) ® C(B)) @ (C(F) @ C(F),U @ U)
9X,Xl \LQC(E),C(E)

G.C(X) ® G.C(X)=25(C(B) @ (C(F),U)) ® (C(B) @ (C(F),U))

43



Chapter 4

The signature of a fibration.

In this chapter we will show how the signature of a fibration may be obtained
from the symmetric complex of the base space and the action of m;(B) on the
middle dimension of the fibre. We present a new way of obtaining this result from

our description of a fibration.

4.1 Compatible orientations.

We say a fibration is Poincaré if F' and B are Poincaré spaces of dimension m and
n respectively and if the action of 7 (B) on H,,(F') the top dimensional homology
of F'is trivial. It is already known [Got79] that in this case E is a Poincaré space.
We wish to describe explicitly how an orientation of E is determined from that
of F and B; we refer to this as the compatible orientation.

One way of doing this is via spectral sequences. For a fibration satisfying

these conditions we know that
Hyym(E) = Eg,m(E) = H,(B; Hy(F)) = Hy(B) @ Hp(F)

so the natural orientation of E' is [B] ® [F] under this identification. We wish
to describe this using the algebraic model of a fibration developed in the pre-
vious chapter. By Theorem 3.11 there exists a filtered m(E)-C'W-complex X
which is filtered homotopy equivalent to E and such that there exists a natural
isomorphism:

£:G.C(X)— C(B)® (C(F),U)
We write (C(F),U) for the representation of Z[m B] in D(Z) given by the action
of m(B) on C(F). After tensoring with Z we have a chain isomorphism
€ @zimey Z - C.C(X) @zpmy () Z — C(B) @ (C(F),U)
in the category I(Z). From now on for the sake of clarity we'll write C'(E) for
C(X) and C(E) for C(X) RZ[r1 (B)] Z.
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Definition 4.1. We define an (m,n)-cycle x of a chain complex G.C in D(R)
to be a cycle in G,C,, such that G.d(x) represents 0 in H,,(G,_1C).

Let f be a cycle in C(F),, representing [F] and b a cycle in C'(B),, representing
[B]. The tensor product b ® f is a well-defined m-cycle of C,(B) ® (C(F),U).
The fact that 7, (B) acts trivially on H,,(F) implies that d® @ (C(F),U) applied
to b ® f represents zero in H,,(G,_1C(F)). Hence b® f is a (m,n)-cycle. If we
now take the inverse image of b® f under (some chain-level representative of) the
chain isomorphism £ ®zx, () Z we get a well-defined (m, n)-cycle in G,C(X),,
which we denote by e. But this may also be considered to be an element of
C(E)n+m and because it is in the top dimension it is a cycle in C(E),q1pm. It is
the class of this cycle which defines the compatible orientation of E which we
denote by [E].

4.2 Duality.

4.2.1 Duality for filtered complexes.

We now work over an additive category with involution A. We recall from
[HKRO5]:

Definition 4.2. o We define the n-filtered dual M* of a filtered object M of
filtration degree at most m to be the filtered object with filtration quotients:

[MY =M@ M ®..0 M

Observe that if f : M — N s a filtered map of filtered objects then f* :
N* — M* is a filtered map with respect to this filtration.

e Given a filtered chain complex F,.C of dimension n+m and with the degree of
each F,.C not exceeding n we define the (n, m)-filtered dual complex F™C
to be the filtered chain complex with objects F)»"™C'" the m-dual of Fyyp—C,
and differentials as one would expect but with a rather unwieldy looking sign

term; specifically:
m,m __ (  \r+s+j(m+r) gk . n,m v *
dj - ( ) dj : Fr OS - Cn+mfr,nfs - Cn+mfr+1,nfs+j

The point of this sign term will be revealed in the next lemma. In [HKR05]
Frm(C s denoted by F(C.

o The derived category with m-involution D,,(A) is the category D(A) equipped
with the involution:

*:C— (O >
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and for morphisms f : C — D

*f — fm—* . Dmi* N C«mf*
(see sign convention 2.3). The natural equivalence epay(A) : A — xx A for
any object A is given by:

ey (A) = (=)"en 1 Ap — xx A,

Lemma 4.3 ([HKRO05] lemma 12.23). The associated complex of the (n,m)-
filtered dual of a filtered complex C' satisfies:

G.(F"C) = (G.O)"
when G,C' is considered to lie in the category D,,(A).

We have a chain equivalence ([HKRO05] lemma 12.25):
Op.c : E}"C — C"T (4.2.1)

given by the direct sum of the following map on the filtration quotients:

(_)s(m+r+1) S O*

n+m—r,n—s

— O

n+m-—r,n—s

4.2.2 Duality for the transfer functor.

In definition 3.10 we introduced (following [LLR88]) the notion of a transfer functor
F : A(R)bsed — D(A). We now extend this (still following [LR88]) to a functor

of additive categories with involution:

Definition 4.4. e A non-singular symmetric form (A, «) in an additive cat-
egory with involution A consists of an object A € A and an isomorphism

a: A* — A such that o = «.

e Given a non-singular symmetric form (A, «) we define the ring with invo-
lution Hom$ (A, A)°P to have underlying ring Homy (A, A)°P and involution
given by:

#*(F:A— A =afa!
A symmetric representation (A, «,U) of a ring with involution R in an
additive category with involution A consists of a non-singular symmetric

form (A, «) in A along with a morphism of rings with involution:
R — Hom{ (A, A)P

In particular, (A,U) is a representation of R (definition 3.10).
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e Given a symmetric representation (A, a,U) we define the transfer functor
F : Absed(R) — A, a functor of categories with involution, to be the functor
of definition 3.10 determined by (A,U). To be a functor of categories with
involution we define the natural equivalence H : xF — Fx : A(R) — A to

be:
HR") =@Pa:«F(R) =P A - FrR") =P A

Suppose we have a chain map f : C™* — D of chain complexes in a category
A. Then we can regard f as a morphism in D,,(A). When we apply the involution
of D,,(A) we get the morphism

fm—* . Dm—* N (Om—*)m—*

When we compose this with the inverse of the natural equivalence ep,,(4)(C) we
get:
ep, ) (C)o fM=Tf: D" = C

Therefore if (C, ¢) is an m-dimensional symmetric Poincaré complex in A the pair
(C, ¢o) define a non-singular symmetric form in D, (A).

The main example of a symmetric representation comes from a fibration
F™ — E — B satisfying assumption 1.2 where F' is an m-dimensional Poincaré
space. We choose some C'W-complex F“W homotopy equivalent to F and apply
the symmetric construction of section 2.2 to obtain a symmetric Poincaré com-
plex (C(F),¢"). For each g € m(B) the map U(g) : I — F is a homotopy
equivalence so the induced maps U(g) : C(F) — C(F) satisfy U(g)¢EU(g)"* =
ot C(F)"* — C(F). Hence ¢EU(r) = U(r*)¢L so the triple (C(F), ¢F, U) is
a symmetric representation of Z[m(B)] in the category D, (Z[m(EF)]). We refer
to this as the symmetric representation associated to F'.

We can now state one of the main theorems of this section which describes

the symmetric Poincaré complex of the total space of a fibration.

Theorem 4.5. Let F'™ — E™" 2, B be o Poincaré fibration satisfying assump-
tion 1.2 and (C’(F), oY, U) the symmetric representation associated to p defined
above. Let (C’(E),QSB) be an n-dimensional symmetric Poincaré complex repre-
senting B. Then there exists an (n+m)-dimensional symmetric Poincaré complex
(C’(E),ng) representing F satisfying:

1. The complex C(E) is n-filtered and there exists a chain isomorphism (in
D,.(A)): o
£:G,0(FE)— C(B)® (C(F),¢,U)
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2. The chain map ¢F o Or.ci) FrmC(E) — C(E) is a filtered map and

satisfies:

£ 0 CL6F 0 bp,cz)) 08" = 0 ® (C(F),6§.,U) o H(C(B))
(C(B) & (C(F, 6", 0)" = C(B) @ (C(F),0",U)

Proof. Let AB: C(B) — C(B) ®z[r1 (B)] C(B) be the chain diagonal approxima-
tion such that
¢ = \(A"([B])) : C(B)"™" — C(B)

. By theorem 3.11 we can find a m;(E)-space filtered homotopy equivalent to E
(which we now replace the space E with), a filtered chain diagonal approximation
AP . O(E) — CO(E) ®gmey) C(E) and a chain isomorphism & : G.C(E) —
C(B) ® (C(F),U) such that the diagram:

G.C(E) S o C(B)® (C(F),U)
lG*C(AE) icmﬁ)@mﬁ
G.(C(E) @zjm () C(E)) (C(B) @zir,5 C(B)) @ (C(F) @z, iy C(F), U @ U)
QE,E\L igc(ﬁ)yc(g)
G.C(E) @gim () G-C(E) —"= (C(B) @ (C(F),U)) @zjmy (C(B) ® (C(E), V)

(4.2.2)
commutes (we are now considering Z[m (E)] as a ring with involution so these
tensor products are well-defined). We have an orientation [E] for E which cor-
responds to [B] ® [F] under the isomorphism £ ® Z and we apply the sym-
metric construction to form the symmetric Poincaré complex (C(E),¢¥) with
o = \(AF([E])). To avoid confusion we will write G,[E] when the orientation
in considered to lie in G,,C(FE),, and [E] when considered to lie in C(E),1m.

For any chain complexes G,.C and G, D in D,,(R) a (m,n)-chain z in G,.C ®p

G.D determines a chain map

\&: (G.C)"™ — G.D
which is defined on each component

(G C)" % = (G,D)s

by the usual slant product on the component of = contained in (G,,_,.C),,_s Qz
(G,D)s. This map is determined up to chain homotopy by the class of x in
H, (G.C ® G.D),).
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We now apply this to the situation of a fibration. One can easily see from the
definition of the slant product and the fact that AX is a filtered map that the

composition

4 © 0o = \(AP([E]) 0 O o) : F*™(C(E)) — C(E)
is a filtered map and that moreover
G0 0 Op. o) = \(07F 0 GLAP(GLIE])) : G.(C(E))"™ — G.C(E)
By the commutativity of diagram 4.2.2 we see that:

E0 G0 00p o) 0 € = 50\(9EEOG AX(G,[E]) o0&
\(QCB)C 0 G.C(AP) @ AT 0 £(GLIE]))
= \(0°P1CE) o G,C(AP) © AT([B] ® [F]))
= 65 ® (C(F), 05, U)
U)

= ¢ ®(C(F),¢5,U) 0 H(C(B))

as required. O

Question 4.6. How much information does this give us about the symmetric

signature of E?

4.3 The signature of a fibre bundle.

We will now describe how the signature of a fibre bundle is determined by the
symmetric structure of the base space and the action of 7;(B) on the middle-

dimensional homology of the base space.

Definition 4.7. A (Z, m)-symmetric representation (A,a,U) of a group ring
Z[r] is a symmetric representation of Z[r] in the category A(Z™), where Z(™

is the ring Z with involution given by a* = (—)™a.

In other words the form « is (—)™-symmetric.

The most important examples of (Z, m)-symmetric representations are those
constructed from fibre bundles: Let F?* — E — B be a fibration satisfying
assumption 1.2 with F' a 2m-dimensional Poincaré space. Cup product on the

fibre F' gives us a (—)™-symmetric form

"« H™(F,Z)/torsion — H,,(F,Z)/torsion
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We write K = H,,(F,Z)/torsion and identify H™(F,Z)/torsion = K* via the
universal coefficient theorem. The action of 7m; B on the fibre determines a unitary
representation

U:mB — Aut(K,¢")?
which extends in the obvious way to a ring representation

U :Z[m B] — Hom(K, K)”

satisfying the required property. The triple (K, ¢, U) is a (Z, m)-symmetric
representation of Z[m B]; we refer to it as the (Z, m)-symmetric representation
associated to the fibration F?™ — E — B.

Definition 4.8. Let (C,¢) be an n-dimensional symmetric Poincaré complex
over Z[r| and (A, a,U) an (Z, m)-symmetric representation of Z[r]. We define
the twisted product (A, a,U)®g (C, @) to be the (2m+n)-dimensional symmetric
complex over Z with chain complex S"C ® (A, a, U) and morphisms ¢ R (A, o, U)s
given by:

¢®(A,a,U)s=¢s @ (A, ,U) o H(Cpysym—r) oMY ® (A, a,U) = Ciyy

What we’re doing here is applying the functor —® (A, a, U) and then bumping
up the dimension to make it a symmetric complex over Z with the standard
involution. It is simply a matter of sign counting to check that this is a (2m+n)-
dimensional symmetric complex. Observe that (C,¢) ® (A, «,U) is Poincaré if
and only if (C, ¢) is Poincaré. We give a simple example:

Let (A, @) be a (—)™-symmetric form. Then we can form a (Z, m)-symmetric

form (A, «, €) where the representation
€ : Z[r] — Hom(A, A)”
is given by €(r) = Ie(r) : A — A. In this case the functor
—® (A a,€) : Abased _, z(m)

is simply the usual tensor product with A. If we now consider (A,«a) to be a
an element of L?™(Z) then the twisted product of an n-dimensional symmetric

Poincaré complex (C, ¢) with (A, a) is equal to the usual product
Ln(z) ®L2m(z) N Ln+2m<z)

defined by Ranicki [Ran80a]. We refer to this as the untwisted product and write
it as (C,¢) ® (A, «). It is a result of [Ran80a] that:

sign((C, ¢) ® (A, ) = sign(C, ¢)sign(A, a)

Our main result in this chapter is the following theorem:
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Theorem 4.9. Let F?™ — E?"t?m . B2" be q Poincaré fibration satisfying
assumption 1.2, let (C(E),gbB) be a symmetric Poincaré complex representing
B and denote by (K,¢",U) the (Z,m)-symmetric representation associated to

fibration. Then the signature of E is equal to the signature of the symmetric
Poincaré complex (C(B), $8) ® (K, ¢F, U).

We will now work towards proving this result. One could equally well prove it
using an argument based on the Serre spectral sequence. The proof we give here

is based on our description of the symmetric complex of a fibration.

4.4 A signature for the derived category.

In this section we will construct a signature for 2n-dimensional symmetric chain
equivalences (G+C, ¢) in Dy, (Z) with n+m even which we denote by signy, )(G.C, ¢).

This signature will induce a well-defined map:
sighp,  (z) L* Dy (Z)) — Z

We construct signp, (z)(G«C, ) as follows: First of all we may form a sym-
metric chain equivalence in Dy, (R) by tensoring (G.C, ¢) with the reals (to avoid
extra notation we’ll still call this complex (G.C,¢)). We now define a new 2n-
dimensional symmetric chain equivalence (H.C, H.¢) in Do, (Z) with H,C the
r'th object in H,C' give by:

H,C, = H,(G,C)

with differentials H,d : H,C — H,_{C and the map H,¢ the maps induced
by G.d and ¢ respectively on homology. We now define yet another new pair
(H.C; H.¢) by:
HC =H,C/lm(H,d : H..1C — H,.C)

with trivial differentials and with H.¢ the map induced by H.¢ (this is well-
defined on the quotients). The process of going from (G.C,¢) to (H.C; H.¢)
is rather similar to forming the E?-term of a spectral sequence from the E°-
term. Observe that G,.C (over R) is chain equivalent to H.C' so this symmetric
chain equivalence in Dy, (Z) is equivalent to the one we started with. The map
H,¢ : (H,Cy)* — H,C,, in the middle dimension is a symmetric form over R;

we define the signature signmm(z)(G*C, ¢) to be the signature of this form.

Lemma 4.10. The map signy, () : L (Dam(Z)) — Z is well-defined, that is if
(G.C,¢) and (G.C',¢') represent the same element of L*"(Da,,(Z)) then

Siganm(Z)(G*Ca ¢) = Siganm(Z)<G*C/7 ¢')
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Proof. The construction of signp, z only depends on the homotopy class of
(G.C, ¢); therefore it is sufficient to show that signp, ) (G.C,¢) = 0 for ele-
ments representing zero in L*"(Dy,,(Z)) since signp, (7 is clearly additive. Let
(G.C, ) be such an element and (f : G.C — G.D,(d¢,¢)) a suitable null-
cobordism. We can play the same game to form a null-cobordism (H.f : H.C —
H!D,(H.d¢, H,¢)) of (H.C, H.¢) with the differentials in H,D zero.

*

We know that
( H.d¢o H.fH.¢o ):C(H.f)*"'™* — H.D

is a chain equivalence (of chain complexes in D(R)). The chain complex C(H_ f)**+1=*

is chain equivalent to the chain complex H.C(f) (in D(R)) given by:
H,C(f)s = Ker((Hyp 41y fom—s)") & Coker((Hy, ., fam—s)")
Hence the induced map
( Hiddo HLfH.do ) :Ker((Hyppi,fom—s)*) ® Coker((Hy,_, fom—s)*) — H, D,

is an isomorphism of R-vector spaces (observing that f¢f* = 0 implies that

foof is well-defined on Coker(f*)). We have a commutative diagram:

9 Ker((H., , fn)*) @ Coker((H, fn)*)

i(HﬁlHMo H}, fHy, ¢0)

H'D,,

(D) 2L (1
W

i,
H'C, !

Both of the vertical maps are isomorphisms of R-vector spaces and the top row is
exact. It follows that Im(H) f) is a Lagrangian for the form H] ¢ : (H,C),)* —
H! C,, so sign(C, ¢) = 0 as required. O

If one could define a map L™(D,,(Z[m(F)])) — L""™(Z[r(E)]) then one

might hope to construct the symmetric transfer map as the composition:

(C(F),07U)

L"(Z[m(B)]) — LDy (Z[my(B)))) — L"™™(Z[m (E)))

and get a description of the symmetric signature of E. This would be directly
analogous to the construction of Liick and Ranicki [LR92| of the surgery trans-
fer map. They construct a map L, (D,,(Z[m1(E)])) — Lyim(Z[m(F)]) in the
quadratic case by taking advantage of the fact that one can perform surgery be-
low the middle dimension on quadratic complexes. The difficulty in constructing
this map in the symmetric case is highlighted in [LR92] as the chief problem to

be overcome in understanding the symmetric signature of E.
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Let (C,¢,U) be a symmetric representation of a group ring Z[r| in Dy, (Z).
Then we can construct an (Z,m)-symmetric representation (A,«,U) of m by
A= H,,(C)/torsion, a the map induced from A* to A by ¢o and U(w) = U(7),,
the maps induced on A by U. Observe that if (C(F),¢",U) is the symmetric
representation associated to a fibration then the (Z, m)-symmetric representation
constructed from (C(F), ¢, U) in this way in the (Z,m)-symmetric representa-
tion associated to the fibration.

We have functors of additive categories with involution:
—®(C,¢,U) : A" — Dy, (Z)
— @ (A, a,U) : Abased - A(Z™)
which give rise to maps of symmetric L-groups:
—®(C,9,U) : L"(Z[x]) — L"(D2m(Z))
~® (A, a,U) : L"(Z[r]) — L"™™(Z)
We can relate these two maps:

Lemma 4.11. Let (C,¢,U), (A,a,U) be as above. Then for each n such that

n = m(mod 2) the diagram:

n 7®(Cv¢7U) n
L™(Z[x]) LDy, (Z))
®(A,a,U)J/ iSigHDQm(Z)
Ln+2m (Z) sign V/

commutes.

Proof. We can play the same game as before and tensor with R. The key step
is to observe that when we take the homology of C'® R the signature then only
depends on the middle dimension of C' ® R.

signo (—® (C,¢,U)) = signy, zo(-®(CoR,¢@R,URR))
= signp, &) ©°(—® (H.(C®R), (¢ ®R)., (U @R).))
= signo(-® (A®R,a®R,U®R))
— signo(—® (4,a,0))
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4.5 Finishing the proof

We now complete the proof of Theorem 4.9. We will require the following technical

lemma:

Lemma 4.12. Let C be a filtered 2n+2m-dimensional (n+m even) chain complex
and ¢ : C* 2= _ C' a map such that

1. T¢ is homotopic to ¢.
2. The composition ¢ o O : F?*mC — C is a filtered homotopy equivalence.

3. The associated map G.(¢p) (which we denote by G.¢p) is a symmetric chain

equivalence in the category Dy, (Z).

Then the signature of the associated symmetric form signp, (G.C,Gy(¢o00c)) is
equal to the signature of (C, ).

Proof. The argument we use here is essentially that of [CHS57] except that we
use slightly different language here. Again we first tensor everything with R.
We can perform a spectral-sequence type construction to construct a sequence
of filtered chain complexes F,C¥ and chain maps ¢ : (CO)r+m=— _, CO) e
first set C(0 = F.C, ¢ = ¢ and inductively define:

F}'CZ-(T_‘J) — F}CZ(T)/Im(dT : F}+TC§-T—)1 — F}CZ(T))

Because the differentials in each F,C") are filtered we have well-defined fil-
tered differentials F*C’i(r{l) — F*C’i(rH) and well-defined maps ¢+ defined
to be ¢ on the quotient. Note that at each stage ¢ o 0, is a filtered
map. The associated complex of (F,C®, ¢®)) is (H.C, H'¢) so we deduce that
sighp,,,(z)(G«¢) = SignDQm(z)(G*gb@)). By lemma 4 of [CHS57] (which roughly
states that the signature is preserved when moving to the next page of a spectral
sequence) we see that signDZm(Z)(G*qﬁ(”)) = signy, (z)(G.¢"). The sequence
(C™, M) converges to a term (C(*), ¢(>)) and by the usual arguments we know
that SignDQm(Z)(G*gb(oo)) = sign(¢). Putting all this together we see that

sign(¢) = sign(G.¢!™)) = sign(G.¢"?) = sign(G.¢)

as required. O

Proof of Theorem 4.9. By Theorem 4.5 we have a symmetric complex (C (E), oP)
representing E such that C (E ) is a filtered complex, ¢q 090( Bisa filtered map and
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the symmetric chain equivalence (G,C(E), G.¢p) is isomorphic to the symmetric
chain equivalence (C(B) @ (C(F), ¢",U),¢F ® (C(F),¢",U)). From the above

lemma the signature of ¢f is equal to the signature of G.¢ and hence:

sign(E) = sign(¢g)
= Siganm(Z) (G*ﬁb(?)
= signg,, ) (0 ® (C(F),¢",U) o H(B))

However we know from lemma 4.11 that this last signature is equal to the signa-
ture of the twisted product of C (E) with (K, ¢, U). The Theorem follows. [
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Chapter 5

Absolute Whitehead torsion.

This chapter is devoted to the development of the theory of absolute Whitehead
torsion; this is a refinement of the the usual Whitehead torsion (see e.g. Milnor
[Mil66]). Absolute torsion invariants lie in the unreduced group K;(R) rather
than the usual K 1(R); here we develop the theory in the even more general case
of an additive category A (following [Ran85]).

In order to make the formulae in this chapter more concise we introduce the
notion of a signed chain complex; this is a pair (C,n¢) where C' is a chain com-
plex and nc an element of Ki*°(A). The absolute torsion is then defined for
contractible signed complexes and chain equivalences of signed complexes. By
defining suitably chosen operations on signed chain complexes (e.g. sum, sus-
pension, dual etc...) we can establish nice properties for the absolute torsion. In
section 5.5 we apply the absolute torsion to develop a new invariant of symmetric
Poincaré complexes; in section 5.6 we show how this can be used as a replacement
for the incorrect absolute torsion in [HRT87]. Finally in section 5.8 we identify the
“sign” term in the absolute torsion of a Poincaré complex with more traditional
invariants. We will see that the absolute torsion and the Euler characteristic allow
us to determine the signature modulo four of a 4k-dimensional complex. This will
be applied in chapter 7 to show that the signature of a fibration is multiplicative
modulo four.

The material in this chapter is essentially that contained in the preprint
[Kor05].

5.1 Absolute torsion of contractible complexes
and chain equivalences.

In this section we introduce the absolute torsion of contractible complexes and
chain equivalences and derive their basic properties. This closely follows [Ran85]

but without the assumption that the complexes are round (x(C) =0 € Ky(A));
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we also develop the theory in the context of signed chain complexes which we will
define in this section.

Let A be an additive category. Following [Ran85] we define:

Definition 5.1. 1. The class group Ko(A) has one generator [M] for each

object in A and relations:
(a) [M] = [M'] if M is isomorphic to [M'].
(b) [M @& N] = [M]+ [N] for objects M, N in A.

2. The isomorphism torsion group K{*(A) has one generator 7*°(f) for each

isomorphism f : M — N in A, and relations:

(a) T%°(gf) = 7%°(f) + 7°(g) for isomorphisms f: M — N, g: N — P

(b) T(f @ f) = 7°(f) + 7%°(f") for isomorphisms f: M — N, f':
M — N’

5.1.1 Sign terms

The traditional torsion invariants are considered to lie in IN({SO(A), a particu-

lar quotient of Ki*°(A) (defined below) in which the torsion of maps such as

( (1) (1) ) :C DD — D@ C are trivial. In absolute torsion we must consider

such rearrangement maps; to this end we recall from [Ran85] the following nota-

tion:
Definition 5.2. Let C, D be free, finitely generated chain complezes in A.

1. The suspension of C' is the chain complex SC' such that SC, = C,_1 and
SCy=0

2. The sign of two objects X, Y € A is the element

(X,Y) = T(< fx 16” ) :X@YHYEBX) € Ki(A)

The sign only depends on the stable isomorphism classes of M and N and

satisfies:

(a) (M &M /N)=e(M,N)+eM' N)
(b) e(M,N)=—e(N,M)

(c) e(M,M)=r1"(-1: M — M)
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We may extend € to a morphism of abelian groups:

e: Ko(A) ® Ko(A) — Ki(A); ([M],[N]) — (M, N)

3. The reduced isomorphism torsion group K s0(A) is the quotient:

Ki*(A) = Ki*(A)/Tm(e: Ko(A) ® Ko(A) — K{*(A))

4. The intertwining of C' and D 1is the element defined by:

B(C, D) := Y (e(Cai, Daj) — €(Chis1, Daji1)) € Ki*(A)

>7

Example 5.3. The reader may find it useful to keep the following example in
mand, as it is the most frequently occurring context.

Let R be an associative ring with 1 such that rankg(M) is well-defined for f.g
free modules M. We define A(R) to be the category of based f.g. R-modules. In
this case the map Ko(A(R)) — Z given by M +— dim M is an isomorphism. We
have a forgetful functor:

K (A(R)) — Ki(R) ; 7°°(f) = 7(f)

mapping elements of Ki*°(A(R)) to the more familiar K\(R) in the obvious way.

In particular
Im(e: Ko(A(R)) ® Ko(A(R)) — Ki(R)) = {7(+1)} = Im(K1(Z) — Ki(R))

Justifying the terminology of a “sign” term; the map is given explicitly for modules
M and N by:
e(M,N) = rankg(M)rankg(N)7(—1)

We will make use of the notation:

Ceven = C(0 s>, 02 D 04 D ...

C’odcl: Cl @03@05@

and as usual we define the Euler characteristic x(C') as:
X(C) = [Ceven] - [Codd] € KO(A>

We also recall from [Ran85] proposition 3.4 the following relationships between

the “sign” terms:
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Lemma 5.4. Let C,C', D, D’ be finite chain complexes over A. Then

1. 6(07 D) = Tiso((cf @ D)even — Cepen Deven)
— 75((C'® D)aa — Codd ® Doda)

2. B(C & C', D) = B(C, D) + B(C", D)
3. B(C, D@ D') = B(C, D) + B(C, D)

4. B(C, D) = B(D,C) + X(=)e(Cr, D) = e(Covens Deven) — e(Codts Do)
5. B(SC, SD) = —B(C, D)

6. 6(507 C) = E(Codch Ceven)

5.1.2 Signed chain complexes.

In order to make to formulae in this chapter more concise we introduce the concept
of a signed chain complex; this is a chain complex with an associated element in
Im(e: Ko(A) ® Ko(A) — K{*(A)) which we refer to as the sign of the complex.

We use this element in the definition of the absolute torsion invariants.

Definition 5.5. 1. A signed chain complezx is a pair (C,nc) where C is a

finite chain complex in A and nc an element of
Im(e: Ko(A) ® Ko(A) — Ki*(A))
We will usually suppress mention of ng denoting such complezes as C.

2. Given a signed chain complex (C,nc) we give the suspension of C, SC' the
stgn

Nsc = —Tc

3. We define the sum signed chain complex of two signed chain complexes
(Cine), (Dynp) as (C @& D,necep) where C & D is the usual based sum of

two chain complexes and negp defined by:
ncep =nc +1p — B(C, D) + €(Coaa, X(D))

(it is easily shown that Ncepyer = Nca(Dok))
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5.1.3 The absolute torsion of isomorphisms

We now define the absolute torsion of a collection of isomorphisms { f,. : C. — D, }
between two signed chain complexes. Note that the map f need not be a chain
isomorphism (i.e. fdc = dpf need not hold). In the case where f is a chain
isomorphism the torsion invariant defined here will coincide with the definition

of the absolute torsion of chain equivalence given later.

Definition 5.6. The absolute torsion of a collection of isomorphisms {f,. : C, —

D, } between the chain groups of signed chain complexes C' and D is defined as:

o

w () =D ()T fe : Cr = Dy) = e +1p € K{(A)

T
r=0

Lemma 5.7. We have the following properties of the absolute torsion of isomor-

phisms:

1. The absolute torsion of isomorphisms is logarithmic, that is for isomor-
phisms f :C — D and f : D — F.

Ti];[oEW(gf) - TZ'J;ZOEW(f) + Ti];[oEW(g)
2. The absolute torsion of isomorphisms is additive, that is for isomorphisms
f:C—=Dandf .:C"—D

Ti]!OEW(f D g) = Ti];[oEW(f> + ngoEW(g)

3. The absolute torsion of the rearrangement isomorphism.:

0 1
[10)
CeD——Da(l
is e(x(C), x(D)) € Ki*(A).

4. The absolute torsion of the isomorphism:

S(C @ D) SC @ SD

is e(x(D), x(C)) € Ki(A).
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Proof. Parts 1 and 2 follow straight from the definitions. For part 3

o0

To " (C®D—=D&C) = Z(—)%(Or, D.) = ncep + npec
r=0

= Z(—)"e(cr, D,)+B(C,D) = (D, C)
—e(Cotas X(D)) + (Dot X(C)
6( even even) ( odd»Dodd)
—€(Coaa; X(D)) + €(Doaa, x(C'))
= e(x(C), x(D))

For part 4:

TV (S(C® D) — SC® SD) = nscasp — Ns(can)
= —B(8C,5D) + €(Ceven, x(5D))
—B(C, D) + €(Coaa, x(D))
= e(x(D),x(C))

5.1.4 The absolute torsion of contractible complexes and
short exact sequences.

We recall from [Ran85] the following:

Given a finite contractible chain complex over A

C: Cn — .. CO
and a chain contraction I': C;. — C.; we may form the following isomorphism:

d 0 0
r 0 ..
d+T = 0 d .. : Coddzcl@03®05---—> even:CO@CQ@Cz;-..

-

The element 7°%°(d+T') € K{*°(A) is independent of the choice of I" and is denoted
7(C) (following [Ran85| section 3).

We define the absolute torsion of a contractible signed chain complex C' as
NEW(C) = 7(C) +ne € Ki*°(A)
Given a short exact sequence of signed chain complexes over A:
0-CLe" Lo —o
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we may find a sequence of splitting morphisms {k : C!. — C/|r > 0} such that
jk=1:C. — Cl (r >0) and each (i k) : C, @ C. — C (r > 0) is an

isomorphism. The torsion of this collection of isomorphisms

NEW (i k). C @ O — C)

[Xe)

is independent of the choice of the k., so we may define the absolute torsion of a

short exact sequence as:

TNEW (. C" C'iy5) = TREV((i k) Cr @ O — CF)

150

Lemma 5.8. We have the following properties of the absolute torsion of signed

contractible complexes:
1. Suppose we have a short exact sequence of contractible signed complexes:
0-CLc" Lo =0
Then

7_NEW(CW) — 7_NEW(C«) + 7_NEW(Cr/) + 7_NEI/V(C«’ CH, C/; 27])

2. Let C, C" be contractible signed complexes. Then:

TNEW(C D C/) — TNEW(C) + TNEW(C/)

Proof. 1. From [Ran85] proposition 3.3 we have that

T(C") =7(C)+7(C) + Y 7 ((i k) : C, & C. — C") + B(C, C)
r=0
for some choice of splitting morphisms {k : C/ — C/|r > 0}. By the
definition of the absolute torsion of a short exact sequence and the definition
of the sum torsion (noting that contractible complexes have x(C') = 0 €
Ko(A)) we get:
TNEW(C.C" i) = Y (=) (k) e CL— C)
r=0
+6(C,C") = ne — ner + new

By comparing these two formulae and the definition of the absolute torsion

of a contractible signed complex, the result follows.

2. Apply the above to C" = C & C".
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5.1.5 The absolute torsion of chain equivalences.

We make the algebraic mapping cone (2.2) C(f) into a signed complex by setting

Nie(f) = Nbesc

Lemma 5.9. The absolute torsion of a chain isomorphism f: C — D of signed

chain complexes satisfies:

Tiso | (f)=7"E(C())

Proof. In the case of an isomorphism we may choose the chain contraction for

C(f) to be:

0 0N ap
T (S R T C T

We have a commutative diagram:

(des) +Tep)

(D1 @ Ch) ® (D3 ® Co) B ... Dy@ (D2 Ch)® (D1 C3) b ...
f dp 0
0 —f 1t de
0 0 f
Co® D1 ®Cy@® Ds... Dy & C1 @ Dy @ Cs

The torsion of the upper map is 7*°(C(f)), the torsion of the lower isomorphism
is Y2 (=) 7T (fr + Cr — D;) + €(Coga, Coaa) and the difference between the
torsions of the downward maps is Y 2 (—)"€(C,, C,_1) (using the fact that C, =
D,). Hence

NEW(C(f)) = TiSO(C(f))+nC(f)

= ) ()T 1 Cr— D) = > (=) €e(Cr, Cron)
T—:ﬁO(C, SC) + €(Coad, X(5C)) ‘T‘::(Codd; Codd) — Nc + b
= ) (=)7*(f, : C. = D,) = e +np
= )
(using the formulae of lemma 5.4) O

We can now give a definition of the absolute torsion of a chain equivalence
f + € — D which coincides with the previous definition in the case when f is a

chain isomorphism.
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Definition 5.10. We define the absolute torsion of a chain equivalence of signed

chain complexes f : C'— D as:
PV (f) = NPV (C(f)) € K (A)

In the case where f is a chain isomorphism the above lemma shows that this

definition of the torsion agrees with that given in definition 5.6.

Lemma 5.11. The absolute torsion of a chain equivalence of chain complexes
with torsion f: C — D 1is:

TNEW(f) =7(C(f)) — B(D,SC) = €(Doaa, x(C)) +np — nc € K1(A)

(c.f. definition of torsion on pages 223 and 226 of [Ran85]. The two definitions

coincide if C and D are even and ng = np).

Proof. Simply a matter of unravelling definitions. n
We have the following properties of the torsion of chain equivalences:

Proposition 5.12. 1. Let f : C' — D and g : D — E be chain equivalences

of signed chain complexes in A, then

PNEW () = 7VEV(f) 4 7VEV () € Ki(A)

2. Suppose f . C' — D is map of contractible signed chain complexes. Then

7_NEW(f) — 7_NEW(Z)) - TNEW(C) c KiSO(A)

3. The absolute torsion TNEW(f) is a chain homotopy invariant of f.

4. Suppose we have a commutative diagram of chain maps as follows where the

rows are exact and the vertical maps are chain equivalences:

0 A——B C 0
|
0— A —> B —= (' —0
Then
TN = NPV (a) + 7NV (¢) — 7NEW(A, B, Cy4, )

—i—TNEW(A,,B,,O,;Z'/,j/) c K{SO(A)
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5. The torsion of a sum f& f: CdC" — D ® D' is given by:

VIV (f @ 1) = TN () 4 7V () € KPo(A)

6. Suppose we have a short exact sequence
/ g
0—-A=>B=>C—0
where C' is a contractible complex and f is a chain equivalence. Then

TNEW(f) = 7VEW(A, B, C; £, 9) + TV (C)

Proof. The proofs of these follow those in [Ran85] propositions 4.2 and 4.4, mod-

ified where appropriate.

1. We denote by Q2C' the chain complex defined by:
dQC = dC : QCT = CrJrl - chfl = Cr
We define a chain map
h - QC(g) — C(f)
by

(8 _01):96(9>TI r1 @D, — C(f)r =D, @ Cry

The algebraic mapping cone C(h) fits into the following short exact se-

quences:
0= C(f) 5 c(h) L clg)— 0 (5.1.1)
0—Clgf) & eh)y L e(~1p: D — D) -0 (5.1.2)
where
i~ () et —cmn =, =,
j=(0 1):C(h),=C(f)r®Clg)r — C(9),
00
i = (1) (1) ) :C9f)r=E. ®SC, —»C(h), =D, ®SC, © E. ®SD,
0 f
j' = ( (1] _Of 8 (1) ) C(h), = D,®SC,&E,&SD, — C(~1p), = D,®SD,

Applying lemma 5.8 part 1 to the first short exact sequence (5.1.1) we have

PNEW () = 7NEW gy | oNEW (0 (5.1.3)
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Notice that

0010
NEW (1 1.\ _ _NEW 0100 | B
Tiso ((Z k)) = Tiso ( 10 0 0 C(gf>7‘@c( 1D)T
0 f 01

=FE.&SC.®D,&SD, —-C(h),=D,®SC, ®E,®SD,)
= NEW(D® SC — SC @ D)

180

+TNEW(E @ SC — SC @ E)

S0

+NEW(D® E — E @ D)

S0

= e(x(D),x(D))

(using the results of lemma 5.7, the fact that x(C) = x(D) = x(F) and

that f has no effect on the torsion). We also see that 7V¥W(C(—1p)) =
NEW

S0

(—1p) = e(x(D), x(D)). Applying these two expressions and lemma

5.8 part 1 to the second exact sequence (5.1.2) we see that
PNEW (g f) = 7NEY (h)
and comparison with (5.1.3) yields the result.

. By construction we have C(0 AN D) = D and hence
7_NEW(O R D) = TNEW(D>

Applying this and the composition formula (part 1) to the composition

yields the result.

. A chain homotopy
g: f~f:C—D

gives rise to an isomorphism

((1) (_l)rg):C(f):D@CSHC(f’):D@SC

which has trivial torsion. Using part 2
0=V (C(f) VIV ()

the result follows.
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4. We choose splitting morphisms {k : C;, — B,|r > 0} and {k' : C/ — Bl|r >

0}. We have the following short exact sequence of mapping cones:

ety (03],

C(b)

We note that

P (ememeer(1):(7))
(

FNEW (l 0 k );A'@SA@C’@SCHB’@B)

ZSO /l/

_ TNEW((Z k Q 0):A’@C’@SA@SO—>B’@B)
00 i k
+TNEW(SA QD C' — C' @ SA)

= 70 ((i k) : SA® SC — SB) + 1PV (i k') + e(x(SA), x(C"))

= NEW((ik): S(A® C) — SB) + TNEV((i' k)

180 150 k
+TNEW(SA @ SC — S(A® O)) + ¢(x(C), x(A))
)

’LSO

= —7NEW((ik): A C — B)+1XEW (i k)

’LSO 180

—e(x(C), x(4)) + e(x(C), x(4))
= =WV k) AeC — B)+ 7 V([ K))

180 180

= TNEW(A,7 B,7 0,7 il:j ) - TNEW(Av B7 C) Z.a j)
The result now follows from applying lemma 5.8 part 1 to the short exact
sequence above.

5. Applying the result for a commutative diagram of short exact sequences
(part 4) witha=f:C—-D,c=f:C"—-D andb=faf . CoC —
D @ D' yields the result.

6. We have a commutative diagram with short exact rows:

The result follows by applying part 4 to the above diagram.
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5.1.6 Applications to topology and examples of use.

Let X be a connected finite CW-complex. We may form the cellular chain com-
plex of the universal cover of X as a complex C' (X' ) over the fundamental group
ring Z[m, X|; we may further make C'(X) into a signed complex with an arbitrary
choice of Nek)- For a cellular homotopy equivalence f: X — X we have an as-
sociated chain equivalence f, : C(X) — C(X); we can make C'(X) into a signed

chain complex by choosing some Ne(x) and define the torsion of f to be
TNEW(f) = VEV (1L O(X) — O(X)) € Ki(Z[m X))
this is independent of the choice of Nex)- We now give some examples:

1. The torsion of the identity map of any connected C'W-complex is trivial.

2. Let X = CP?; we choose homogeneous coordinates (z : y : z) and we give
X a CW-structure as follows:
O-cell (1:0:0)
2-cell (2 :1:0)
4-cell (z1:29:1)
Let f : CP? — CP? be the cellular self-homeomorphism given by complex

conjugation in all three coordinates, that is:

filx:y:2)—(T:9:2)
This map preserves the orientation of the O-cell and 4-cell, and it reverses
the orientation of the 2-cell. Hence 7VFW (f) = 7(—1). In corollary 5.28 we
show that for any orientation preserving self-homeomorphism ¢ of a simply

NI (g

connected manifold of dimension 4k + 2, that 7 = 0. This example

shows that for self-homeomorphism f of a 4k-dimensional manifold it is
possible for TVEW (£) #£ 0

5.2 The signed derived category.

Chapter 6 will require the use of the signed derived category. In this section we

define SD(A) and prove some basic properties.

Definition 5.13. The signed derived category SD(A) is the additive category
with objects signed chain complexes in A and morphisms chain homotopy classes

of chain maps between such complexes.

We write SD(R) for SD(A(R))
68



Proposition 5.14. (i) The Euler characteristic defines a surjection
X : Ko(SD(A)) — Ko(A) 5 [Cone] = x(C) = Y (=)C] .

(ii) Isomorphism torsion defines a forgetful map
jo ¢ KEOED(A)) — K#(A) ; 7)) = [PV ()] = 75 (g)
which 1s a surjection split by the injection
K (A) — K (SD(A)) ; 7°(f : A— B) = 7"V (f 1 (4,0) — (B,0)) .
(iii) The diagram
Ko(SD(A)) ® Ko(SD(A)) —— K{*(SD(A))
x® x| Ji
Ko(A) © Ko(A) : Ki(A)

commutes, that is the sign of objects (C,nc), (D,np) in SD(A) has image

i.e((Cyne), (D,np)) = €e(x(C),x(D)) € Ki*(4) .

Proof. (i) A short exact sequence 0 — C' — D — E — 0 of finite chain complexes

in A determines a relation
[C.ne] = [D,np] + [E,ne] = 0€ Ko(SD(A))

for any signs 7¢, np, -
(ii) By construction.
(iii) The sign

6((07 770)7 <D> nD))

- TNEW((? é) H(Cone) @ (D,np) — (D, np) © (C,nc)) € Ki(SD(A))

has image

i*€<<c> 770)7 <D> 77D))

= 2§ 0) (e ® (Do) = (Do) @ (Cor)

S 0 1
_ 2<—>TTNEW<( ):OT@DNDT@GAMD@C—%@D

r=0 10
- i (=) e(Cy, D) — e(x(D), x(C)) + i (—)e(D,.C,)

= e(x(D),x(C)) = e(x(C),x(D)) € Ki*(A) .
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5.3 Duality properties of absolute torsion.

In this section we extend the notion of absolute torsion to encompass dual objects
and dual maps. We now work over an additive category with involution and
introduce the notion of a dual signed complex C"* (defined below). We prove

the following result:

Proposition 5.15. 1. Let C' be a contractible signed complex. Then

TNEW(Cm_*> - (_)”+1TNEW(C’)* € KiSO(A)

2. Let f:C — D be a chain equivalence of signed chain complexes. Then

TNEW(fn—* SO Dn—*) — (—)nTNEW(f)* c KiSO(A)

3. Let f:C"* — D be a chain equivalence of signed chain complexes. Then
the chain equivalence T'f : D"* — C' (defined below) satisfies:

PYEW(TS DY = €)= ()Y () DD (), X(C)) € K (A)

The rest of this section will be concerned with defining these concepts and
proving proposition 5.15.

Throughout the rest of this chapter A is an additive category with involution.
An involution on A induces an involution on K?*°(A) in the obvious way.

We define the sign term

o, (C) = > e(C",C") € Ki*(A)

r=n+2,n+3 (mod 4)
Given a signed chain complex (C,n¢) we define the dual signed chain complex

with (C™*,ngn-+) by

Nen—+ 1= (=)""e 4+ (=)"B(C, O) + an(C) € K1™(A)

Lemma 5.16. Let A and B be elements of A and C' and D chain complexes over
A. We have the following basic properties of the absolute torsion in an additive

category with involution:

1. x(C"7) = (=)"x(C)
2. ¢(A*, B*) = ¢(B, A)*
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3. 5(Cn—*’ Dn—*) — (—)nﬁ(D,C)*
4. For chain isomorphisms f : C' — D we have that:

7_NEW(fn—* N L RN Cn—*) — (—)nTNEW(f)* c K{SO(A)

7_NEW((Cv D D)nf* N Cnf* D an*> —_ {

6. TNEW (1 0n* s (SC)mH1%) = 0,
7. PNEW ((—1)7: Ot o §(Cm)) = 0,

8. TNEW ((—1)(ntDr. (Cn—*)n—> _, ) = 5(n+1De(x(C), x(C))”

Proof. Parts 1 to 4 follow straight from the definitions. For part 5:

TNEW((C D D)n—* INYe L ® Dn—*)
= TNcn—+gDn—+ — N)(CoD)"—*
= E(X(Cn_*>7 (Dn_*)even) + (—)HE(X(C), Deven)*
The result follows after considering the odd and even cases.

Part 6 follows straight from the definitions. For part 7:

TNEW((_l)r: C«n-i—l—* N S(Cm—*))

FNEW ((—1)7: Cnlr — S(Cm))
Ns(cn—s) = Nomei— + 3=, (mod 2) (G, Cr)*
n41(C) + an(C) + 3, (mod 2) (G, Gy
=0

For part 8:

PN (1) (O )
= 1o — ey +7((=) " Cr = C))
= ap(C"7) 4+ ()" n(C) + (n+1) 32, 4 €(Cr, Cr)
= 2rzn+2,n+3(mod 4) (6(07“7 CT‘) + €<Cnfr7 Onfr))
+(n+1)>2, 0aa €(Cr, Cr)

0 0
_ ) (O)x(@) =) ]
E(X(C)(;X(C)) B g
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Lemma 5.17. The torsion of a contractible signed chain complex C' in A satisfies:

7_NEW(Cm—*) — (_)"+1TNEW(C)* S KiSO(A)

Proof. We denote by C"* the chain complex with (C"~*), = (C,,_,)* and
den—w =df: C"" — C"H

We have an isomorphism f: C"* — C"* given by f = —1ifr = n+2,n+
3 (mod 4) and f = 1 otherwise. By considering the torsion of this isomorphism
we have:

7(C"*) = 7(C") + a, (O) (5.3.1)

Let neyen be the greatest even integer < n, similarly n,q4q. For any chain contrac-
tion I' for C' we have the following commutative diagram:

dagA 0 0
' d 0
o I dJd*

Creven @y .. @ C° Cnodd @y ... @ C!

1 1
1 1
1 1

CO@ ... Qneven Cla ... (Cnodd
aQa ™~ o ...
0 df TI'*

0 0 d

The torsion of the lower map in this diagram is 7(C)*; the torsion of the upper-
most map is (—)"17(C"*). So, by first considering the torsions of the maps in

the above diagram we have:

O = (IO (Y ) Y o)
PO 4 (CrHC O
Hence by equation 5.3.1
H(C™) = ()HH(C) + () B(C, O + an(C)
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Using the definition of the dual signed chain complex we have:
TNEW(cmf*) — (_)n+17_NEW<C)*

]

Lemma 5.18. Let C, D be n-dimensional signed chain complexes in A and f :

C — D a chain equivalence. Then

TNEW(fnf* 5 Lo N Cn—*) — (—)nTNEW(f)* c KiSO(A)

Proof. We have an isomorphism of chain complexes 6 : C(f"™*) — C(f)"*~*

given by:

C(fnf*)r — Cmfr D anrJrl C(f)nJrlf* — anH»l D Cmfr

r

The torsion of the map 6 is given by:

TNEW(G) — TNEW((_)n—T . S(Dn_* N Dn—l—l—*)

+rNEW(On= — (SC)T )
+rNEW (sCyHr @ DM (SC @ D))
+(=)"NEV(D @ SC — SC @ D)*
= ne(x(D), x(D))" + (n+ De(x(D), x(D))*
+e(x(D), x(D))*
= 0

and the result follows since TVEW (C(f)"T1*) = (=)"rVEW(f)* O

Lemma 5.19. Let C, D be n-dimensional signed chain complexes in A and f :

C"* — D a chain equivalence. Then

PYEW(TS DY = €)= ()Y () 4 2 0+ De(x(C), X(C) € K ()

Proof. Using lemmas 5.16 and 5.18 we have:
TNEW(Tf . Dn—* N C) — 7_NE‘W(f* . Dn—* N (Cn—*)n—*)
+7_NEW<( )n+1 (Cn *)n * C)

= (=) V)T §(n + De(x(C), x(C))

as required. O

Together the above three lemma prove proposition 5.15.

73



5.4 The signed Poincaré derived category with
involution.

In this section we will add an involution to a particular subcategory of the signed
derived category. Let SPD, (A(R)) denote the category whose object are signed
n-dimensional chain complexes C' in A(R) which are isomorphic to their dual

complexes C"* and x(C) = 0 ifn is odd. Then we have an involution
x:C—C" "

x:(f:C—=D)— (fr": D" —=C")

with the natural equivalence e(C') given by
6(0) _ (_)(nJrl)r O — (Cnf*)nf*

We call this category the signed Poincaré derived category with n-involution.
Again we write SPD,,(A(r)) as SPD(r). In order to show that this is a covariant
functor of additive categories we must show that *(A® B) = xA @ xB. However,
the condition that x(C') is odd if n is odd implies that the torsion of the rear-
rangement map (C' @ D)"™* — C"* @ D" * is trivial (see lemma 5.16 part 5)
and the functor x is additive. As in the case of the signed derived category we

have a map
iv : K7 (SPD,(A(R))) — Ky (A(R)) 5 7°°(f) = 772V (f)
The behaviour of i, under the involution on SPD,,(A(R)) is given by

i (f) = (=) ()"

5.5 Torsion of Poincaré complexes

We now move on to consider symmetric Poincaré complexes. We will restrict
ourselves to considering symmetric Poincaré complexes over a ring R, that is we
work over A = A(R) and we will consider the torsion invariants to lie in the more
familiar K;(R). We will define the notion of the absolute torsion of a symmetric
Poincaré complex to be, essentially, the torsion of the Poincaré duality chain
equivalence.

A signed symmetric (Poincaré) complex is a symmetric (Poincaré) complex
(C, ¢p) where in addition C' is a signed chain complex. Such a complex is said to

be round or even if C'is round or even respectively.
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Lemma 5.20. The boundary (0C,0¢) of any signed n-dimensional symmetric
complex (C, @) satisfies

TNV (9, : ()" = DC) = Z(n+1)e(x(C), x(O)) € Ku(R)

Proof. The map

8@50 — ( (_)n_1_1T¢1 (_O)rn ) :aon—r—l _ aCT

is an isomorphism.
We have that

TV (0gy) = TNV (( (1) (_ST” > HQCecmT)IT s Qe C”*>

= TNEW((QC @ cr)mi T - (o) g (Cn )
NEW (nesynlox L (omelorynelon
+rNEW(yrr(QomtnTiTr  Q0)
FrNEW Oy s o)

= NEV(C" 3 Q0 — Q0 @ C"TY)

= S+ De(x(€),x(C)

using the results of lemma 5.16. O]

We can now define a new absolute torsion invariant of Poincaré complexes

which is additive and a cobordism invariant.

Definition 5.21. We define the absolute torsion of a signed Poincaré complex

(C,9) as
TNEW(C, ) = TNEW (¢y) € K1 (R)

Proposition 5.22. Let (C, ¢) and (C', ¢') be signed n-dimensional Poincaré com-
plexes. Then:

1. Additivity:

NEW (O @ @ d) = VW (O, 6) + TVEV(C'¢) € Ky (R)

2. Duality:

TNEW(C, ) = (=)"rVEV(C,8)" + Z(n+ De(x(C), X(C)) € Ki(R)
n.b. the above sign term disappears in the case where A = A(R) and where
( g pp

anti-symmetric form over the ring R necessarily have even rank; this is the

case for R="7 or R = Q but not R =C).
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3. Homotopy invariance: Suppose (f,os) is a homotopy equivalence from (C, ¢)
to (C',¢"). Then

TVEW(C, @) = TVEW(C, ) + 7(f) + (=)"7(f)" € Ki(R)
4. Cobordism Invariance: Suppose that (C,¢) is homotopy equivalent to the

boundary of some (n+1)-dimensional symmetric complex with torsion (D, ¢P).
Then

7_NEW(C’ gb) — (_)”+17NEW(C — 8D)* — TNEW(C — aD)
%m +1)(n +2)e(x(D), x(D)) € Ki(R)

5. Orientation change:

TNEW(C,—g) = TNV (C,9) + e(x(C), X(C)) € Ki(R)

6. The absolute torsion of a signed Poincaré complex is independent of the

choice of sign ne.

Proof. 1. A symmetric Poincaré complex of odd dimension satisfies x(C') = 0,
hence the map (C' & C')"* — C"* @& C"" ™ has trivial absolute torsion.

Additivity now follows from the additivity of chain equivalences.

2. We know that ¢ is homotopic to T'¢y; duality now follows by applying

lemma 5.19.

3. We have that ¢ ~ f¢of* and hence

TV () = TVEV(f) 4 VY (o) + (<) TVEY ()

4. This follows from proposition 5.20 and homotopy invariance.

5. We have that 7VEW (—¢g) = 7VEW (¢o)+17VEW (—1: C — C) = 7VEW () +
X(C)r(=1).

6. A change in n¢ leads to a corresponding change in nen— so 7VEW (¢y) is
unchanged.
O
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5.6 Round L-theory

We refer the reader to [HRTS87] for the definition of the round symmetric L-groups
L™(A). The absolute torsion defined in this paper as 7(C, ¢g) = 7(¢) (here ()
refers to the absolute torsion defined in [Ran85]) is not a cobordism invariant.
We can define such an invariant using the absolute torsion of a Poincaré complex.
If this invariant is substituted for 7(C, ¢o) as defined in [HRT87] then the results

become correct.

Lemma 5.23. Let (C, ¢) be a round Poincaré complex. The reduced element
TNE(C.0) € H'(Zo; Ki(R))

is independent of the choice of sign nc; moreover we have a well defined homo-
morphism:
Ly(R) — H"(Zy; K1 (R))

given by (C, ¢) — TVEW(C, ¢).

Proof. The element 7VEW (C, ¢) € H"(Zy: K1(R)) is independent of the choice of
sign by proposition 5.22 part 6. The absolute torsion is additive by proposition
5.22 part 1. The absolute torsion of the boundary of a round symmetric complex
is trivial in the reduced group H"(Zi; K (R)) by proposition 5.22 part 4. Hence
the torsion of a round null-cobordant complex is trivial and the map

LM(R) — H™(Zy; K\(R))

given by (C, ¢) — 7VNEW(C| ¢) is well defined. O

5.7 Applications to Poincaré spaces.

5.7.1 The absolute torsion of Poincaré spaces.

To any n-dimensional Poincaré space X we may associate via the symmetric
construction a symmetric Poincaré complex (C/(X), ¢) over the ring R = Z[m; (X))
, well defined up to homotopy equivalence. By property 2 of proposition 5.22 the

absolute torsion of such a Poincaré complex satisfies
TVE(C, ) = (=)' TVEN(CL )

since x(X) = 0 (mod 2) unless n = 0 (mod 4). Hence the torsion 7VEW(C, ¢)
may be considered to lie in the group H"(Zy; K1(Z[r1(X)])). By property 3 of
proposition 5.22 if (C, ¢) is homotopy equivalent to (C’, ¢') then
TNEW(C, ) = TVEV(C! ¢') € H"(Zo; Ko (Z[mi (X))
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hence
TVEW (X) .= tNEW (O b) € H"(Zo; Z[my (X)])

is well defined.

5.7.2 Examples of the absolute torsion of Poincaré spaces.
5.7.2.1 The circle

We may associate to the circle (S') the following chain complex over R =
Z[m(SY)] = Z[t,t7] by giving it the CW-decomposition consisting of one 1-cell
and one 0-cell:
Zit, 7 ——=Z[t, t7]
tlll ll—t
Zltt ] = Z[t, t71]
In this diagram the two modules on the right are the chain complex, the two

modules on the left are the dual complex and the sideways arrows represent ¢.
Hence 7VEW (81) = 7(—t) € H"(Zs; K (Z[t, t7Y)).
5.7.2.2 The absolute torsion of an algebraic mapping torus.

The mapping torus of a map f : X — X is the space obtained from X x [
obtained by attaching the boundaries X x {0} and X x {1} using the map f.
The following algebraic analogue is defined by Ranicki ([Ran98] definition 24.3,

the reader should note the different sign convention used here).

Definition 5.24. The algebraic mapping torus of a morphism (f,o) : (C,¢) —
(C,¢) from an n-dimensional symmetric Poincaré complex (C, ¢) over a ring R
to itself is the (n + 1)-dimensional symmetric complex (T'(f),0) over the ring
R[z, 27! defined by:

(—)"o0 Poz ) n—r+1
Oy = :T —T(f),
0 < (_)n_H—l(bOf* 0 (f) (f)
The complex is Poincaré if the morphism f is a chain equivalence.

Lemma 5.25. Let (f,0) : (C,¢) — (C,¢) be a self chain equivalence from an

n-dimensional symmetric Poincaré complex (C,¢) over a ring R to itself. Then:

TNEW(T(£),0) = TNEV(f) + VW (2. O — C) € Ki(R[z,27Y))
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Proof. We have a commutative diagram with short exact rows:

0
|21 lo |-ranr
c, (1> el = —rg 750

0

The absolute torsion of the lower short exact sequence is trivial; for the top map

we have:
o (et —zpsen (). (6 0)) =

TNEW (1) (_()) ) . (CEB SC«)n+1—* BN S(Cn—*))

— 7_NEW((C D SC)nJrl—* — Ol o) (SC)"H**)
+7.NEW((_1)T . Cn+1—* N S(c«n—*))
+TNEW(<Sc)n+1—* N On_*)
+rVEW(S(Cm ) @ Cm — C @ S(C™7))

=0

Using proposition 5.12 part 4 we have:
PVEW(T(f),0) = TVEY ()
= TVEW(200) + TNEW((=1)"S(¢o f*) : S(C™™*) — SC)
_ —TNEW(f*) + 7_NEW(_Z O = C)
— (_)nJrlf*TNEW(f)* + 7_NEW(_Z O = C)

— TNEW(f)+TNEW(—ZZC—>C)

as required. O

5.7.2.3 A specific example of a mapping torus.

We return to the example of the orientation preserving self-homeomorphism
f : CP? — CP? given by complex conjugation in some choice of homoge-
neous coordinates (see section 5.1.6). We recall that the torsion of this map is
TNEW(f) = 7(—1) € K{(Z). Using lemma 5.25 we compute the absolute torsion
of the mapping torus of f as

TNEW(T(f)) — 7(23) e Kl(Z[Z, 271])

where z is a generator of m,(T(f)) = 71(S') = Z. By contrast we may compute
the absolute torsion of the space T'(Id : CP? — CP?) = S! x CP? as

TNEW(SY x CP?) = 7(—2") € Ki(Z[z,27"))
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hence the absolute torsion can distinguish between these two CP? bundles over
St

5.8 Identifying the sign term

Throughout this section we work over a group ring R = Z[r| for some group = (or,
more generally, any ring with involution R which admits a map R — Z such that
the composition Z — R — Z is the identity). We first identify the relationship
between the “sign” term of the absolute torsion of a Poincaré complex and the
traditional signature and Fuler characteristic and semi-characteristic invariants.

We have a canonical decomposition of K;(Z[r]) as follows:
K\(Z[7)) = K\(Z[7]) & Zs

with the Zy component the “sign” term identified by the map
i.K1(Z[r)) — K1(Z) = Z>

induced by the augmentation map i : 7 — 1 (more generally, a map R — Z gives a
map K;(R) — K1(Z) = Z, which gives a splitting K;(R) = K(R)EBZQ). We wish
to determine the Zy component in terms of more traditional invariants of Poincaré
complexes. The augmentation map may also be applied to a symmetric complex
(C, ¢) over Z[r] to form a symmetric complex over Z by forgetting the group.
Functoriality of the absolute torsion tells us that this complex has the same sign
term as (C, ¢), hence to identify the sign term it is sufficient to consider symmetric
Poincaré complexes over Z. We will require the Euler semi-characteristic x1/2(C)
of Kervaire [Ker56]

Definition 5.26. The Euler semi-characteristic x1/2(C) of a (2k—1)-dimensional
chain complex C' over a field F' is defined by

o
—_

x1/2(C) = (—)'rankpH;(C) € Z

i

I
<)

For a (2k — 1)-dimensional chain complex C over Z we define

X1/2(C5 F) = x1/2(C ®z F)

Proposition 5.27. The absolute torsion of an n-dimensional symmetric Poincaré
complex over Z 1is determined by the signature and the Fuler characteristic and

semi-characteristic as follows:
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1. If n = 4k then:

sign(C, ¢) — (1 + 2k)x(C)

N (C0) = ;

7(=1)
with o(C') the signature of the complez.
2. If n =4k + 1 then T™VEW(C, ¢) = x1,2(C; Q).
3. Otherwise TNEW (C, ¢) = 0.
As an example we have a simple corollary:
Corollary 5.28. The absolute torsion of a self homotopy equivalence of a 4k + 2-

dimensional symmetric Poincaré complex over Zi is trivial.

Proof. Let (C,¢) be the symmetric Poincaré complex and f : C' — C the self-
homotopy equvialence. Then the algebraic mapping torus T'(f) is a 4k + 3-

dimensional symmetric Poincaré complex and by lemma 5.25 we have
TN ET(f) = TVE(f) € Ku(Z[z, 2 7))

The augmentation map € : Z — 1 induces a map of rings €, : Z[z, 27| — Z. Since
L-theory and the absolute torsion are functorial, €,7'( f) represents an element of
LA*+3(Z) with absolute torsion 7VEW (e, T(f)) = TVEW(f) € K1(Z). However by
part 3 of the above proposition TV¥W (e, T(f)) = 0. O

The aim of the rest of this section is to prove proposition 5.27 . We recall

from [Ran80b] the computation of the symmetric L-groups Lj'(Z) of the integers

Z (signature) 0
LNZ) = 52 (de Rham invariant) for n = ; (mod 4)
0 3

The deRham invariant d(C') € Zs of a (4k + 1)-dimensional Poincaré complex
was expressed in [LMPG69] as the difference

d(C) = x1/2(C; Z3) — x1/2(C; Q)

For dimensions n = 2, 3 (mod 4) the absolute torsion is a cobordism invariant
(proposition 5.22 part 4) so the above computation of the symmetric L-groups
tells us that the absolute torsion is trivial in these cases, thus proving the third

part of proposition 5.27.
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If n = 4k + 1 then the absolute torsion is not a cobordism invariant; however

it is a round cobordism invariant, so absolute torsion defines a map:
Ly Z) — K\(2Z)

Since x(C') = 0 for all odd-dimensional symmetric Poincaré complexes every such
(4k + 1)-dimensional complex represents an element in L**!(Z). In [HRT87]
(proposition 4.2) the group LY+*(Z) is identified as:

Ly Z) =28 Zy; Crs (x1/2(C5Z2), x1/2(C, Q))

We now construct explicit generators of this group and compute their absolute
torsions. We define the generator (G, ¢) to have chain complex G concentrated
in dimensions 2k and 2k + 1 defined by:

dG:02G2k+1:Z—>G2k=Z

with the morphisms ¢ given by:

. 12G2k:Z—>G2k+1:Z .
¢0—{ 1:G* =7 Gy=2 N0

Geometrically (G, ¢) is the symmetric Poincaré complex over Z associated to the
circle. By direct computation, x1/2(G, Z2) = 1, x1/2(G, Q) = Land 7VEW (G, ¢) =
7(—1). We define the generator (H, ) to have chain complex H concentrated in
dimensions 2k and 2k + 1 defined by:

dH:22H2k+1:Z—>H2k:Z
with the morphisms ¢ given by:

wl =1: H%H - H2I<:+1

’QD: —12H2k:Z—>H2k+1:Z
0 1:H*' =7 — Hy =17

Geometrically (H, ) is a symmetric Poincaré complex over Z which is cobordant
to the complex associated to the mapping torus of the self-diffeomorphism of CP?
given by complex conjugation. Again by direct computation, x1/2(H,%Z;) = 1,
xi12(H,Q) = 0 and 7¥FW(H,¢) = 0. By considering the absolute torsion of

these two generators we see that the map L*¥*!(Z) — K,(Z) is given by:

(C,0) = x1/2(C, Q)7(—1)

thus proving part two of proposition 5.27.
To prove part 1 of proposition 5.27 we use the following lemma (from [HKRO05]):
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E

Lemma 5.29. We have the following relationship between ™V and signature

modulo 4 of a 4k-dimensional Poincaré complex (C,¢):
sign(C, ¢) = 2rVW(C, ¢) + (2k + 1)x(C) € Zy
where the map 2 : K1(Z) = Zy — Zy4 takes 7(—1) to 2 € Zy.
Proof. The right-hand side is clearly additive. Suppose momentarily that C' is
null-cobordant, in other words that C' is homotopy equivalent to the boundary of

some (n + 1)-dimensional symmetric complex (D, ¢”). Then by proposition 5.22

part 4:
TVEW(C0) = e(x(D), x(D))

and one can easily see that (D) = $x(C) so
2rVEW(CL ) + (2k + 1)x(C) = 0 € Zy

in this case. Hence the right-hand side is a cobordism invariant so we only have
to show that the formula holds for a generator of L*(Z) = Z. One can easily
check this. O

A simple rearrangement of the formula of the above lemma yields the first

part of proposition 5.27.
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Chapter 6

The absolute torsion of a fibre
bundle.

For the sake of completeness we now prove a formula for the absolute torsion
of the total space of a Poincaré fibration satisfying assumption 1.2. This first
appeared in [HKRO05] in the special case of a fibre bundle of P L-manifolds. We will
use the results of [HKRO05] concerning the absolute torsion of filtered complexes.
Unlike in [HKRO05] we will not use this result to prove that the signature of
a fibration is multiplicative modulo four, instead we will compute the absolute
torsion of a twisted product of a symmetric Poincaré complex and a (Z,m)-
symmetric representation.

We first recall from [Liic86] and [LR88] the construction of the algebraic K-
theory transfer map associated to a fibration. Let p : E — B be a fibration

satisfying assumption 1.2. Then we have an associated transfer functor
—® (C(F),U) : A*(Z[m(B)]) — D(Z[m(E)))

If we choose some sign (arbitrarily) for C'(F') we can assume that this functor lands
in the signed derived category SD(Z[m(F)]), since the functor applied objects
Zm (B))* is @, C(F) a well-defined signed complex. If we take K% of this

functor we have a homomorphism:
K\(Z[r(B))) — K (SD(Z[m(E)]))

If we now compose with the forgetful map i, : Ki*°(SD(Z[r1(E)])) — K (Z[r(E)])

of proposition 5.14 we have a map:
p': Ki(Z[m(B))) — Ki(Z[m(E)))

Note that this depends only on the action of 7;(B) on the fibre (in particular it
doesn’t depend on the choice of sign for C'(F)).

We can now state the main Theorem of this chapter:
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Theorem 6.1. Let p : F™ — E™™ — B" be a Poincaré fibration satisfying

assumption 1.2. Then:
TNEV(E) = prNEY(B) + x(B)g.m VY (F) € H™ ™ (Zo; Ky (Z[mi(E)]))

where q, @ Ky(Z[m(F)]) — Ki(Z[m(E)]) is the map induced by the inclusion
F—F.

6.1 The absolute torsion of filtered chain com-
plexes.

In this chapter we recall the definitions and results (without proof) of [HKRO05]
chapter 12. First we must define signed analogues of filtered complexes and

associated complexes (definitions 3.1 and 3.3).

Definition 6.2. o A signed k-filtered complex (F.C\ng.c) in A consists of
a filtered complex F,C' together with signs:

na.c € KiP(SD(A)) (6.1.1)

ne, € K{(A) (6.1.2)

for all0 < j < k. A map of such complexes is a map of the underlying

filtered complezxes.

o Given a signed filtered complex (F.C,ng.c) we define the signed associated
complex (G.C,ng.c) to be the signed chain complex in SD(A) whose under-
lying unsigned chain complex in D(A) is the usual associated complez, but

with signed objects (G;C,ng,c) and “global” sign na,c.

e Given a signed filtered complex (F.C,ng,.c) we define the unfiltered signed
complex (C,nc) by:

No = 11a.c + NGoCoS(G10BS(G2C...SGLC)...)
The best justification for the sign terms appearing in this definition is the
following theorem ([HKRO05] Theorem 12.17):

Theorem 6.3. Let F.f : (F.C,ng.c) — (FiD,na,.p) be a filtered homotopy equiv-
alence of signed filtered complezes. Then the associated map G, f : (G.C,ng,c) —

(G«D,ng,p) is a chain equivalence of signed complezes in SD(A); moreover

T (f 1 (Cone) = (Dynp)) = i (GLS) € Ki(A)
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We now introduce sign terms for the filtered dual complex (definition 4.2).

Let A be an additive category with involution

Definition 6.4. 1. A filtered complex F,.C in an additive category with invo-
lution A s said to be m-admissible if each G,C' is isomorphic to its m-dual
(G, C)"*. In addition, if m is odd we require that x(G,) = 0. These
conditions are equivalent to saying that G.C' lifts to the category SPD,,(A).

2. Thesigned (n, m)-filtered dual (F""™C,ng, grmcy) complex of an m-admissible
signed filtered complex (F.C,ng,c) to be the signed filtered complex who’s un-
derlying filtered chain complex is the (n,m)-filtered dual of F.C' and with
filtered signs given by:

Na.(Frmc)y = N(G.on—= € K7°(SD(A))
NG, (Frmey = MG cym— € K7°(A)

Observe that the associated complex of the signed filtered dual is the dual of

the filtered complex; in other words

G.(F™C, UG*(Ff’mC)) = ((G.O)", 77(G*C)"—*)
as signed chain complexes in SPD,,(A). We recall Proposition 12.26 of [HKRO5]

Proposition 6.5. Let F,.C be a m-admissible signed filtered chain complex over
A(R). Then

TNEW(QF*C . Fn,mC N Cm—l—m—*) =0

as a map between unfiltered signed complexes.

6.2 Completing the proof

The proof of Theorem 6.1. Let (C(é), ®?) be a symmetric complex representing
B. By theorem 4.5 there exists a symmetric complex (C’(E),QSE ) representing
E with C(E) a filtered complex and an isomorphism € : G,.C(E) — C(B) ®
(C(F), ¢t ,U) such that ¢F o Ok, 07 is a filtered map and

E0GL(¢f 00y cip) 0 E" " = (5 @ (C(F), ¢f,U)) o H(C(B))

The existence of £ and the fact that C'(F) is isomorphic to C'(F)™ * imply that
C(E) is m-admissible. We choose signs to make C(E) a filtered signed complex

and C (E) a signed complex. Of course the absolute torsion computed will be
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independent of these choices. Applying Proposition 6.5 and Theorem 6.3 we see

that

7_NEW(E)

P )

MW (g o Op.c@)

iV (G (% OQFC )>

BT VEW(ET o (o8 @ (C(F), ¢F U)o H(C(B)) o (1))
i VEW (£71Y g (=) NEW (g71y)

+i, VPV (H(C(B))) + i, TNV (98 @ (C(F), ¢, U))

BTV EW(E) 4 (=) (@Y (€))7

+i, 7™VEW(H(C(B))) + i,V (08 @ (C(F), ¢, U))

i TVEV(H(C(B))) + in™VEV (08 @ (C(F), ¢F,U))

T

€ H""™(Zy; Ki(Z[mi(E)))) (6.2.1)

By the functoriality of absolute torsion and the definition of the transfer map

TV (o @ (C(F), ¢, U)) = (7" (65) ® (C(F), 67, U)) = p'rV W (47)
(6.2.2)
By the definition of the absolute torsion of a chain isomorphism:
i.TNW(H(C(B)) = Y (=)iT(H(C(B),))
r=0
= > () (H(C(B),))
r=0
_ Z ) rNEW @ oF)
r=0 rank(C(B))
= X(B).7"""(¢p) (6.2.3)

If we now substitute the expressions of 6.2.2 and 6.2.3 into equation 6.2.1 we

obtain:

TVW(E) = prNPY(B) + x(B)g. TV (F) € H™ " (Zo; Ky (Z[mi (E))]))

as required.
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Chapter 7

The signature of a fibration
modulo four.

In this chapter we will extend the result of [HKRO5] that the signature of a PL-
fibre bundle of manifolds is multiplicative modulo four to the case of a fibration
of Poincaré spaces with the base space satisfying a Whitehead torsion condition
(Theorem 7.2). The main step is to prove the corresponding algebraic Theorem

for (Z, m)-symmetric representations and visible symmetric Poincaré complexes:

Theorem 7.1. Suppose that (C, ¢) is an n-dimensional visible symmetric Poincaré
complex over A(Z[r]) such that 7(C,¢) =0 € Wh(Z[r]) and (A,a,U) a (Z,m)-

symmetric representation of Z|w|. Then

sign((C, ¢) @ (A, o, U)) = sign(A, a, U)sign(C, ¢) (mod 4)

The main Theorem follows straight from this:

Theorem 7.2. Let F™ — E™"™™ — B™ be a Poincaré fibration satisfying as-
sumption 1.2 such that 7(B) =0 € Wh(m(B)). Then

sign(E) = sign(B)sign(F') (mod 4)

Proof. We know that the theorem is true if the dimension of F' is odd so we
assume that the dimension of F' is 2m. From theorem 4.9 the signature of E is
the signature of the twisted tensor product of the symmetric complex (C' (E ), ¢P)
with the Z-coefficient bundle (H,,(F)/torsion, ¢y, U) of m1(B) (Theorem 4.9).
However the above Theorem show that the signature of such a twisted tensor

product is multiplicative modulo four. O
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It remains to prove Theorem 7.1. We will describe the absolute torsion of the
twisted tensor product of a symmetric complex and a (Z,m)-symmetric repre-
sentation. Both the statement and proof are very similar to Theorem 6.1 but the
advantage here is that the technology of the torsion of filtered complexes is not

required.

Definition 7.3. We define the transfer map associated to a (Z,m)-symmetric

representation (A, a, U) to be the map
U': Ky(Z[r]) — Ki(Z)

induced by the functor — ® (A, a,U) : A(Z[r]) — A(Z).

Theorem 7.4. Suppose that (C, ¢) is an n-dimensional visible symmetric Poincaré
complez over A(Z[r]) and (A,a,U) a (Z,m)-symmetric representation of Zr].
Then:

TNW((C,0)®(A, a,U)) = U'TNW(C, 0)+x(C)TVW (a) € H" ™ (Zo; K1(2)) = K (2)

Proof. We make C' into a signed complex by choosing some 7o. The morphism
b0 ® (A, ,U) is given by:

b0 @ (A, a,U) = 8™ (¢ @ (A, a,U)) o B ol "CeAaU) T

rankz(C"—T)
- (Smc ® (A’ a, U)>r+m

We regard the chain complex S™(C' ® (A,«,U)) as the signed complex which
one obtains after applying the functor — ® (A, «,U) to the signed complex C'
and suspending m times. We observe that (S™C' ® (A, o, U)" 2" = SmC"* @

(A, o, U) as signed complexes. Hence:

V(O 9) @ (4,0,U0) = TVEV(S70 ® (A, 0, U)) + V(D) D a)

r rankz (Cr)
— DY (ge) +(C)r Y (a)

as required. O

Proof of Theorem 7.1. The theorem is known to be true if n is odd so we assume
that n = 2k. From Theorem 7.4 we know that:

VY (C,0) @ (A,0,0) = UTVE (C,6) + x(B)7VEY (a)
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We know that the signature modulo four is determined by the absolute torsion
5.29 and the Euler characteristic. We also know that the signature is multiplica-
tive for the untwisted product so it is sufficient to show that the right-hand side
of the above equation does not depend on action U. In other words we want to
show that

U'TNEW (O ¢) = rank(A).e.7(C, ¢) (7.0.1)

The assumption that 7(C,¢) = 0 € Wh(Z[x]) tells us that 7VEW(C, ¢) = 7(+g)
for some g € 7. In this the two sides of the above equation differ by 7(U(g)) so
it will be sufficient to show that 7(U(g)) = 0. We divide into two cases:

The case where n is even Suppose that 7(U(g)) = 7(—1). We define a map
A:m — 2y by
g —71(U(9))
The subgroup ker()) is a normal subgroup of index 2. We can form the

algebraic double-cover of (C,¢) associated to ker(\); this is given by the
twisted tensor product of (C,¢) with the form (B,3,V) with B = Z2

6:((1) ?)and

7 N\
O =
—_

0 ) if g € ker(X)

O =

( (1) ) if g ¢ ker())

We write V' : K (Z[r]) — K,(Z) for the transfer associated to this rep-
resentation. The absolute torsion of this algebraic double-cover is given
by:

T™W((Co) @ (B, V) = VITVE(C,¢)
= V'r(xg)

- v’7<i)+7((§’ é))
= (=) +7(4)

whereas the absolute torsion of the untwisted product is 7(%). Therefore
the signature of the double cover associated to ker(A) is not multiplicative
modulo four. However, we know from [Wei92] Observation 8.2 that the
signature of such a double cover of a visible symmetric complex is multi-
plicative modulo eight so we have a contradiction. Therefore 7(U(g)) = 0

in this case.
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The case where n is odd In this case the form « is anti-symmetric. Consid-
ering (A, «) to be a 2-dimensional symmetric Poincaré complex we see that

U(g) is a self-homotopy equivalence of such a complex. Therefore by corol-

lary 5.28 7(U(g)) = 0.
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Chapter 8

The signature of a fibration
modulo eight

In this chapter we will prove:

Theorem 8.1. Let 4™ — Eint4m . B4 phe o Poincaré fibration satisfying
assumption 1.2 such that the action of m(B) on (Haw(F;Z)/torsion) @ Zsy is

trivial. Then
sign(E) = sign(F)sign(B) (mod 8)

We will of course be proving this as a corollary of the analogous algebraic state-
ment for twisted products. First some terminology: We say a (Z, m)-symmetric

representation (A, o, U) of a group ring Z[n] is Zy-trivial if
Ur)@l=¢r)®1l: A®Zy — AR Zy

for all » € Z[r]. In the case of a fibration F*™ — Ei"Tm — Bin the (Z,2m)-

symmetric representation (K, ¢, U) is Zo-trivial if the action of m;(B) on
(Ha(F; Z) [torsion) @ Zo

is trivial.

We can now state the algebraic analogue of the main Theorem:

Theorem 8.2. Let (C, ¢) be a 4n-dimensional visible symmetric complex and let

(A, a,U) be a Zy-trivial (Z,2m)-symmetric representation. Then

sign((A, a, U) @ (C, ¢)) = sign(C, ¢)sign(A4, @) (mod 8)

The main idea behind the proof is to exploit the relationship between the
signature modulo 8 and the Arf invariant of the Pontrjagin square established
by Morita (Theorem 8.5). We will first show that the Theorem holds if the
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dimension of A is one by comparison with a double cover. We will then introduce
a generalized Pontrjagin square for symmetric Poincaré complexes and we will
relate this generalized Pontrjagin square on a symmetric complex to the usual
Pontrjagin square on a twisted product. This will allow us to reduce to the case
where (A, o, U) is the sum of one dimensional symmetric representations.

First we show how the main Theorem follows from the algebraic Theorem:

The proof of Theorem 8.1. Applying the symmetric construction to B yields a
4An-dimensional visible symmetric complex (C(B),¢?). We have an (Z,2m)-
symmetric representation (K, ¢™ U) of Z[rB] given by the middle dimension
of the fibre as in section 4.3. Moreover this representation is Zo-trivial. Theorem
4.9 states that the signature of E is the signature of (C(B), 5)® (K, ¢*', U). The
above Corollary tells us that modulo 8 this is the product of the signatures of
(C(B), $B) and (K, ¢""), which is the product of the signatures of F and B. [

8.1 The proof for one dimensional symmetric
representations.

We first prove that Theorem 8.2 holds in the special case where A = Z.

Proposition 8.3. Let (C,¢) be a 4n-dimensional visible symmetric complex and

let (Z,a,U) be a Zy-trivial (Z,2m)-symmetric representation. Then

sign((A, o, U) ® (C, ¢)) = sign(C, ¢)sign(Z, «) (mod 8)

Proof. The argument is similar to that used in proving the modulo four result in
the case where the dimension of the base space is a multiple of four, in that we
can reduce to the case of a double cover and use the fact that the signature of
such covers is known to be multiplicative modulo eight ([Wei92] Observation 7.6,
[Ran92] Example 23.5C).

Clearly the symmetric form « is either 1 or —1; without loss of generality we
assume that a = 1. For each g € 7 the representation U(g) is also either 1 or —1

- this induces a homomorphism A\ : 7 — Z, given by
g Ulg) € {£1} =2,

We can form the algebraic double-cover of (C, ¢) associated to ker(\); this is given

by the twisted tensor product of (C, ¢) with the (Z, 2m)-symmetric representation
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(B,3,V) with B=172 (= ((1) (1)> and

10 .
(O 1) if g € ker(A)

(g’ (1)) if g ¢ ker())

Vig) =

(c.f. the proof of Theorem 7.1 at the end of the previous chapter)

We now take the sum of (Z, 1, U) with a trivial (Z, 2m)-symmetric representa-
tion (Z, 1, €) to form a (Z, 2m)-symmetric representation (Z%, 1@ 1,U @¢). There
is an obvious notion of an (R, 2m)-symmetric representation given by replacing Z
with R and we can form such a representation by tensoring a (Z, 2m)-symmetric
representation with R (we will omit the ® R from the maps U,V and [3). After
such tensoring there is an isomorphism between the (R, 2m)-symmetric represen-
tations (B® R, 3,V) and (R?,1® 1,U @ €) given by:

-

(1®1)=00B06 :R* - R?

S-Sl
S-S

):B®R—>R2

which satisfies

and
oV(r)=(U(r)@e(r)of: B&R — R?

Hence for each r we have a commutative diagram:

<C2n—7" & (B ® Ra 67 V))* ~ <O2n—7" ® (R27 1& 17 U 6))*

@ o
leaﬁ lea(l@l)
C*" "2 (BRR,3,V) @0 C" "o (RLE191,U de)
l¢0®(B®R7/va) l¢0®(R271®1,U@6)
Do

C,®(B&R,5,V)

C,®(RL181L,U@e)
Consequently 8 induces an isomorphism of symmetric complexes:
0,:(C,0)®@ (BRR,3,V)— (C,¢) @ (R*101,U e
Therefore these complexes have the same signature and hence
sign((C, ¢) ® (B, 8,V)) = sign((C,¢) ® (Z°,1® 1,U @ ¢))

However we know that the signature of the double cover of a visible symmet-

ric complex is multiplicative modulo eight hence the left-hand side is equal to
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2sign(C, ¢) modulo eight (see [Wei92] Observation 7.6, [Ran92] Example 23.5C).
The signature of the right-hand side is equal to sum of the signatures of (C, ¢)
and (C,¢) ® (Z,1,U). Hence

sign((C, ¢) ® (Z,1,U)) = sign(C, ¢) = sign(C, ¢)sign(Z, o) (mod 8)

as required. O

8.2 The Pontrjagin square and a theorem of Morita.
The Pontrjagin square (see [BT62]) is an unstable cohomology operation:
P HY(X; Zoo) — H*(X; Zy,)

For a 2k-dimensional symmetric complex (C, ¢), there is defined a Pontrjagin

square:

Pcoy : HYNC  Zog) = Zaa s 2" = (27, (¢ + dn) (27))

where z* is a cochain representing [z*] € H¥(C;Zs,). This is related to the
traditional topological Pontrjagin square in the following way: For a space X and
homology class [X] € Hyk(X), the symmetric construction of Ranicki [Ran80b]
yields a 2k-dimensional symmetric complex (C(X),A[X]). Then for all z €
H*(X;Zy,) = H*(C(X); Zs,) we have

Pe,axy = (P(x), [X]) € Zua

The Pontrjagin square is an example of a quadratic enhancement of a bilinear

form on a Zy-vector space ([Mor71], [Tay]).

Definition 8.4. Let yp : V ® V. — Zs be a non-singular symmetric form on a

Zy-vector space V. A function n:V — Zy is said to be a quadratic enhancement
of wif
n(x+y) = nlz) +ny) +2uz ©y) € Zy

where 2 : 7y — 74 is the inclusion.

If (C,¢) is Poincaré then the Pontrjagin square is a quadratic enhancement
of the form on H*(C;Z,) given on the cochain level by (z ® y) — (z, do(y)).

We define the Arf invariant Arf(n) of a quadratic enhancement as follows
([Mor71], [Tay], [Bro72]): The Gauss sum G(n) € C is defined to be:

Gln) =) "™

eV
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It can be shown that G(n) is non-zero and that furthermore the argument of G(7)
is a multiple of §. We define the Arf invariant Arf(n) € Zg to be such that the
argument of G(n) is Arf(n)7.

We have the following theorem of Morita [Mor71], [Tay]:

Theorem 8.5. Let (C, ¢) be a 4k-dimensional symmetric Poincaré complex over

Z. Then the Arf invariant of Pc,¢) 2z H*(C; Zy) — Zy satisfies

Arf(P(c,p)2z) = sign(C, ¢) (mod 8)

Proof. The original proof of Morita [Mor71] holds in the more general case of
symmetric Poincaré complexes, as does the proof of Taylor [Tay]. See also the
recent work of Ranicki and Taylor [RT05]. O

8.3 The generalized Pontrjagin square.

We now generalize this to the setting of a symmetric complex over a ring with

involution R.

Definition 8.6. 1. A *-invariant ideal I in a ring with involution R is a left
ideal I satisfying I* = I. Note that such an ideal is also a right ideal. The

involution on R extends to an involution on R/I in the obvious way.

2. Given a 2k-dimensional symmetric complex (C, ¢) over R and a *~invariant

ideal I then we define the Pontrjagin square to be the map
Py HHC; R/T) — R/(IP +21) 5 @ v (x, (do + d)(x))

where x is a cochain representative of [x] € H*(C;R/I). One can easily
check that this map is well-defined.

By H*(C;R/I) we mean H*(C ®r R/I). If R = Z and I = 2aZ then this
coincides with the Pontrjagin square defined above. We list a few important
properties of the generalized Pontrjagin square analogous to those of the usual

Pontrjagin square:

Proposition 8.7. 1. P .1(re) = rPe),(z)r*
2. Pe(z +y) = Pea,i(z) + Peg),r(y) + (2, ¢0(y) + (—)*(z, do(y))*
3. Pg.a(x) = (x,do(x)) € R/I
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4. Pog)r(x)* = (=) P ()

Proof. Easy manipulations. ]

We will have a particular situation in mind. Suppose that R = Z[r] and

I = ¢71(2Z). Then the generalized Pontrjagin square is a map:
Pico.r : H*(C; Zy) — Zlx] /(1)

since the ideal I contains two. We can describe the right-hand side more explicitly:

The induced augmentation map € : Z[r]/(I?) — Z4 splits so we can decompose
Z[7]/(I?) as:

Z[n]/(I*) = Zy @ e '(0)
We have a basis for ¢ 1(0) given by the elements 1 — g for g € m. The relations
in €1(0) are given by the products

0=(1—-g)1-h)=1—g—h+gh

or in other words:
(1—-g)+ (@ —h)=(1-gh).

Therefore we have a map
6: m—e'(0)
g (1-9)
The group ¢ *(0) is abelian and consists only of 2-torsion so the map 6 factors

through 74, ® Zs. Examining the relations in €1(0) tells us that the induced map
0: T @ Zy — € (0)

is an isomorphism. The Hurewicz Theorem and the Universal Coefficient Theorem
combine to tells us that 7y, ® Zy is isomorphic to Hi(m;Zs). Putting all this
together we see that:

Z[r)/(I*) = Zy © H\(7; Zy) (8.3.1)

in a natural way.

8.4 The generalized Pontrjagin square on visible
symmetric complexes.

The results of this section have been withdrawn by the author. A new argument

is used in the next section to prove the modulo eight result.
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8.5 The generalized Pontrjagin square and twisted
products.

We now fix our ring to be a group ring Z[x| and I the ideal given by I = ¢ 1(2Z).

If (A, «a,U) is Zy-trivial we have a natural identification:
H>" 2O @ (A, 0, U); Zo) = H(C; Zy) @z, A= HP(C ® A; Zy)

The following technical lemma describes how the generalized Pontrjagin square

behaves on twisted products:

Lemma 8.8. Let (C,¢) be a 4n-dimensional symmetric complexr and (A, o, U)
be a Zy-trivial (Z,2m)-symmetric representation. Then the Pontrjagin square

evaluated on ¢ ® a, for a € A and ¢ a 2n-cochain in C' is given by:

Pegyoaar)2z(c®@a) = (a,U(Pg).1(c) o ala)) € Zy

Note that the map U is applied to the Pontrjagin square in the formula on the
right hand side; by this we mean U applied to some representative of P 4) 1(c)
in Z[r]. One can easily check that the RHS is well-defined. Note also that this
proposition applies only to elements of the form c® a € C** @ (A, o, U).

Proof.

Peoemar) = (c®@a,((¢o+ ¢1d") @ a)(c®a))
= (a,a0U((c, (¢o + ¢1d")c)")(a))
(a,U({c, (¢o + ¢1d")c)) o afa))
(a, U(Pcg)1(c)) o ala)) € Z/4iZ

a,

]

The proof of Theorem 8.2. Without loss of generality we may assume that we
have some choice of basis {a;} for A such that the form « is diagonal with respect
to this basis. We can represent any element of H*"**"(C'® (A, a,U)) as a sum
3. ¢ @ a; for some ¢; € C?"2™. Using the additivity property of the Pontrjagin

square, the above lemma and the fact that (A, a, U) is Zy-trivial we see that:

P(C,¢)®(A,a,U),2Z(Z ¢ ®a;) = Z(ai, U(Pcg).1(ci)) o alas))

—|—ZQ<CL]',Oé(ak)>€(<cj7¢0(ck)>)
= Z(ai, U(Pic,g),1(ci)) o ala;))
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From this expression we see that the Pontrjagin square on the twisted product
only depends on the diagonal elements of each U(r) with respect to the basis

{a;}. For each i we have a homomorphism w; : # — {£1} = Z, given by
wi(g) = U(g)i; (mod 4)

with U(g);; being the diagonal elements of U with respect to the basis. These
maps extend linearly to maps W; : Z[r] — Z in the obvious way and we may
construct a representation W — Hom(A, A)° given by:
Wi(r)
WQ(T‘)
W(r) = _ A=7Z"— A
Wn(R)

Clearly (A,a, W) is a Zy-trivial (Z,2m)-symmetric representation. Moreover
since the diagonal terms of U coincide with those of W modulo four we see that the
Pontrjagin square on the twisted products (C, ¢)®(A, a,U) and (C, ¢)@(A, a, W)
coincide. The Theorem of Morita 8.5 tells us that

sign((C, ¢) ® (A, a,U)) = sign((C, ¢) @ (A, a, W)) (mod 8)

But the symmetric representation (A, «, W) splits into a sum (A;, o, W;) with
each A; = Z. Hence

sign((C, ¢) @ (A, a,U)) Zs1gn (C, ) @ (Ai, i, W3)) (mod 8)

However by proposition 8.3 the signature is multiplicative modulo eight for the

twisted products on the right-hand side. Therefore
sign((C, ¢) ® (A, a,U)) = Z&gn (C,¢) ® (As, iy, Wi))
= Z sign(C, ¢)sign(A;, a;;)
= siign(C’, ¢)sign(A, a) (mod 8)
as required. O

The following example illustrates that the “visible” condition is required (see
also [Ran81] Proposition 7.6.8): Let m = Zy generated by ¢ and define the 0-

dimensional symmetric Poincaré complex (C, ¢) by Cy = Z[Z5| and
¢0 =t1: OO == Z[ZQ] — O() == Z[ZQ]
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We know that this complex is not visible because of lemma 2.7. Let (A, a,U)
be the (Z,0)-symmetric representation defined by A =7, a =1: A* — A and
U(t) = —1: A — A. Then the signature of the untwisted product is 1 whereas
the signature of the twisted product is —1. Note that this example shows that

the modulo four result is false without the ”visible” assumption.
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