An introduction to algebraic surgery
Andrew Ranicki

Introduction

Surgery theory investigates the homotopy types of manifolds, using a
combination of algebra and topology. It is the aim of these notes to provide
an introduction to the more algebraic aspects of the theory, without losing
sight of the geometric motivation.

0.1 Historical background

A closed m-dimensional topological manifold M has Poincaré duality

isomorphisms

H" (M) & H.(M) .
In order for a space X to be homotopy equivalent to an m-dimensional
manifold it is thus necessary (but not in general sufficient) for X to be
an m-dimensional Poincaré duality space, with H™ *(X) = H,(X). The
topological structure set 8TOP(X) is defined to be the set of equivalence
classes of pairs

(m-dimensional manifold M , homotopy equivalence h : M — X)
subject to the equivalence relation
(M,h) ~ (M',h") if there exists a homeomorphism
f:M — M’ such that 'f ~h: M — X.

The basic problem of surgery theory is to decide if a Poincaré complex X
is homotopy equivalent to a manifold (i.e. if $T9F(X) is non-empty), and
if so to compute 87O (X) in terms of the algebraic topology of X.

Surgery theory was first developed for differentiable manifolds, and then
extended to PL and topological manifolds.

The classic Browder—Novikov—Sullivan—Wall obstruction theory for de-
ciding if a Poincaré complex X is homotopy equivalent to a manifold has
two stages :
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(i) the primary topological K-theory obstruction vy € [X, B(G/TOP)]
to a TOP reduction vx : X — BTOP of the Spivak normal fibration
vx : X — BG, which vanishes if and only if there exists a manifold M
with a normal map (f,b) : M — X, that is a degree I map f: M — X
with a bundle map b: vy — vy,

(ii) a secondary algebraic L-theory obstruction
0.(f,b) € Lin(Z[m (X))

in the surgery obstruction group of Wall [29], which is defined if the
obstruction in (i) vanishes, and which depends on the choice of TOP
reduction Uy, or equivalently on the bordism class of the normal map
(f,b) : M — X. The surgery obstruction is such that o.(f,b) = 0
if (and for m > 5 only if) (f,b) is normal bordant to a homotopy
equivalence.

There exists a TOP reduction vx of vx for which the corresponding normal
map (f,b) : M — X has zero surgery obstruction if (and for m > 5
only if) the structure set $79F(X) is non-empty. A relative version of the
theory gives a two-stage obstruction for deciding if a homotopy equivalence
M — X from a manifold M is homotopic to a homeomorphism, which is
traditionally formulated as the surgery exvact sequence

= L (ZIm (X)) = ST (X) = [X,G/TOP| = L(Z[m (X)) -
See the paper by Browder [2] for an account of the original Sullivan-Wall
surgery exact sequence in the differentiable category in the case when X
has the homotopy type of a differentiable manifold
= L (2l (X)) = 82(X) = [X,G/0] = Lin(Z[m (X)) .

The algebraic L-groups L.(A) of a ring with involution A are defined
using quadratic forms over A and their automorphisms, and are 4-periodic
L (A) = Lysa(A) .

The surgery classification of exotic spheres of Kervaire and Milnor [7] in-
cluded the first computation of the L-groups, namely
Z iftm=0 (mod4)
0 ifm=1(mod4)
Zs if m=2 (mod4)
0 ifm=3(mod4).

The relationship between topological and PL manifolds was investigated
using surgery methods in the 1960’s by Novikov, Casson, Sullivan, Kirby
and Siebenmann [8] (cf. Ranicki [23]), culminating in a disproof of the

manifold Hauptvermutung: there exist homeomorphisms of PL manifolds
which are not homotopic to PL homeomorphisms, and in fact there exist

Ly, (Z) =
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topological manifolds without PL structure. The surgery exact sequence
for the PL manifold structure set 8©*(M) for a PL manifold M was re-
lated to the exact sequence for 87O (M) by a commutative braid of exact

sequences
H?’(M;ZQ) [MvG/PL} Lm(Z[ﬂ-l(M)D
SPL(M) [M,G/TOP]
L1 (Z[m (M))]) 8TOP (M) H*(M;Zs)
with

7.(G/TOP) = L.(Z) .

Quinn [17] gave a geometric construction of a spectrum of simplicial sets
for any group 7

Le(Z[x]) = {Ln(Z[r]) | QLn(Z[r]) ~ L1 (Z[x])}
with homotopy groups

and
Lo(Z) ~ Lo(Z) x G/TOP .
The construction included an assembly map
A HA(X5La(Z)) = Lo(Zm (X))

and for a manifold X the surgery obstruction function is given by

[X,G/TOP] C [X,Lo(Z) x G/TOP] = H,(X;Ld(Z)) 4 Lo (Z[m1(X)]) .

The surgery classifying spectra Lo(A) and the assembly map A were con-
structed algebraically in Ranicki [22] for any ring with involution A, using
quadratic Poincaré complex n-ads over A. The spectrum L4 (Z) is appropri-
ate for the surgery classification of homology manifold structures (Bryant,
Ferry, Mio and Weinberger [3]); for topological manifolds it is necessary
to work with the 1-connective spectrum L, = L4(Z)(1), such that L, is
n-connected with Ly ~ G/TOP. The relative homotopy groups of the
spectrum-level assembly map

8m(X) = mm(A: Xy ALe — Lo(Z[m1(X)]))
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fit into the algebraic surgery exact sequence
o= L (Z[Trl (X)]) - 8m+1(X)

A
— Hp(X;Le) — Lpn(Z[m(X)]) — ... .

The algebraic surgery theory of Ranicki [20], [22] provided one-stage ob-

structions:

(i) An m-dimensional Poincaré duality space X has a total surgery ob-
struction s(X) € 8,,(X) such that s(X) = 0 if (and for m > 5 only
if) X is homotopy equivalent to a manifold.

(ii) A homotopy equivalence of m-dimensional manifolds h : M — M
has a total surgery obstruction s(h) € 8,,41(M) such that s(h) = 0 if
(and for m > 5 only if) h is homotopic to a homeomorphism.

Moreover, if X is an m-dimensional manifold and m > 5 the geometric
surgery exact sequence is isomorphic to the algebraic surgery exact se-
quence

v Ly (Z[m (X)]) = 87O (X) — [X, G/TOP] — Ly, (Z[m1 (X))

-

o+ > L1 (Z[m1(X)]) == Smg1 (X) —= Hp(X;La) = Loy (Z[m1 (X))

with
STOP(X) — 81 (X) ; (M,h: M — X) 1— s(h) .

Given a normal map (f,b) : M™ — X it is possible to kill an element
x € m.(f) by surgery if and only if 2 can be represented by an embedding
ST x D"+ < M with a null-homotopy in X, in which case the trace
of the surgery is a normal bordism

((g;0); (£,0), (f',0)) = (N; M, M') — X x ([0,1]; {0}, {1})
with
Nt = M xTUD" x D™+

M/m — (M\ST71 X DmfrJrl) UDT X Smfr .

The normal map (f',b) : M’ — X is the geometric effect of the surgery on
(f,b). Surgery theory investigates the extent to which a normal map can be
made bordant to a homotopy equivalence by killing as much of 7. ( f) as pos-
sible. The original definition of the non-simply-connected surgery obstruc-
tion 0. (f,b) € Ly, (Z[m1(X)]) (Wall [29]) was obtained after preliminary
surgeries below the middle dimension, to kill the relative homotopy groups
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7 (f) for 2r < m. It could thus be assumed that (f,b) : M — X is [m/2]-
connected, with m.(f) = 0 for 2r < m, and o,(f,b) was defined using the
Poincaré duality structure on the middle-dimensional homotopy kernel(s).
The surgery obstruction theory is much easier in the even-dimensional case
m = 2n when 7,.(f) can be non-zero at most for r = m + 1 than in the
odd-dimensional case m = 2n+1 when 7.(f) can be non-zero for r = m+1
and r =m+ 2.

Wall [29,§18G] asked for a chain complex formulation of surgery, in which
the obstruction groups L,,(A) would appear as the cobordism groups of
chain complexes with m-dimensional quadratic Poincaré duality, by anal-
ogy with the cobordism groups of manifolds €2,. Mishchenko [15] initiated
such a theory of “m-dimensional symmetric Poincaré complexes” (C, ¢)
with C' an m-dimensional f. g. free A-module chain complex

d d d
C Cm—>0m_1 —>Cm_2 I Cl —>Co

and ¢ a quadratic structure inducing m-dimensional Poincaré duality iso-
morphisms ¢g : H*(C) — H,,—«(C). The cobordism groups L™ (A) (which
are covariant in A) are such that for any m-dimensional geometric Poincaré
complex X there is defined a symmetric signature invariant

o*(X) = (C(X),¢) € L™(Z[m (X)) .
The corresponding quadratic theory was developed in Ranicki [19]; the
m-dimensional quadratic L-groups L,,(A) for any m > 0 were obtained
as the groups of equivalence classes of “m-dimensional quadratic Poincaré

complexes” (C, ). The surgery obstruction of an m-dimensional normal
map (f,b) : M™ — X was expressed as a cobordism class

U*(fv b) = (Cv 1/)) € Lm(Z[Wl(X)])
with
H,(C) = K, (M) = Hy(f: M — X) .
The symmetrization maps 1 + 7 : L.(A) — L*(A) are isomorphisms mod-
ulo 8-torsion, and the symmetrization of the surgery obstruction is the
difference of the symmetric signatures
(1+T)ou(f,0) = o"(M) —0"(X) € L™ (Z[m (X)]) .

However, the theory of [19] is fairly elaborate. The algebra of [18] and [19]
is used in these notes to simplify the original theory of Wall [29] in the
odd-dimensional case, without invoking the full theory of [19]. Ranicki [25]
is a companion paper to this one, which provides an introduction to the
use of algebraic Poincaré complexes in surgery theory.
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0.2 What is in these notes

These notes give an elementary account of the construction of the L-
groups L, and the surgery obstruction o, for differentiable manifolds. For
the more computational aspects of the L-groups see the papers by Ham-
bleton and Taylor [4] and Stark [26].

The even-dimensional L-groups Lo, (A) are the Witt groups of nonsin-
gular (—1)"-quadratic forms over A. It is relatively easy to pass from
an n-connected 2n-dimensional normal map (f,b) : M?" — X to a (—1)"-
quadratic form representing o, (f, b), and to see how the form changes under
a surgery on (f,b). This will be done in §§1-5 of these notes.

The odd-dimensional L-groups La,1(A) are the stable automorphism
groups of nonsingular (—1)"-quadratic forms over A. It is relatively hard
to pass from an n-connected (2n + 1)-dimensional normal map (f,b) :
M?*+1 — X to an automorphism of a (—1)"-quadratic form representing
o.(f,b), and even harder to follow through in algebra the effect of a surgery
on (f,b). Novikov [16] suggested the reformulation of the odd-dimensional
theory in terms of the language of hamiltonian physics, and to replace the
automorphisms by ordered pairs of lagrangians (= maximal isotropic sub-
spaces). This reformulation was carried out in Ranicki [18], where such
pairs were called ‘formations’, but it was still hard to follow the algebraic
effects of individual surgeries. This became easier after the further refor-
mulation of Ranicki [19] in terms of chain complexes with Poincaré duality
— see §§8,9 for a description of how the kernel formation changes under a
surgery on (f,b).

The original definition of L, (A) in Wall [29] was for the category of based
f. g. free A-modules and simple isomorphisms, for surgery up to simple
homotopy equivalence. Here, f. g. stands for finitely generated and simple
means that the Whitehead torsion is trivial, as in the hypothesis of the s-
cobordism theorem. These notes will only deal with free L-groups L.(A) =
L"(A), the obstruction groups for surgery up to homotopy equivalence.

The algebraic theory of e-quadratic forms (K, A, u) over a ring A with an
involution A — A;a +— a is developed in §§1,2, with ¢ = +1 and
AKX K = A5 (2,9) — A,y)

an e-symmetric pairing on a A-module K such that

AMz,y) = eXy,z) €A (v,y € K)
and

p o K—QJ(A) = A/{a—ecalac A}
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an e-quadratic refinement of A\ such that

AMz,z) = plx) +ep(z) e A (x e K).

For an n-connected 2n-dimensional normal map (f,b) : M?" — X geomet-
ric (intersection, self-intersection) numbers define a (—1)™-quadratic form
(Kn(M), A, 1) on the kernel stably f. g. free Z[m (X)]-module

Ko (M) = ker(f, : Hy(M) — H,(X))
with X the universal cover of X and M = f *X the pullback of X to M.

The hyperbolic e-quadratic form on a f. g. free A-module A*
H (A*) = (A%, p)
is defined by
A AR AR A

k
(a1, a2, . azk), (b1, ba, -, bok)) = D (bai— 182 + €byilini 1) ,
i=1
k
poo A= Q(A) ; (ar,az, ..., az;) 1— Zazifﬂ_lm .
i=1

The even-dimensional L-group Ls,(A) is defined in §3 to be the abelian
group of stable isomorphism classes of nonsingular (—1)"-quadratic forms
on (stably) f. g. free A-modules, where stabilization is with respect to
the hyperbolic forms H_1y»(A*). A nonsingular (—1)"-quadratic form
(K, A\, ) represents 0 in Loy, (A) if and only if there exists an isomorphism

(KA 1) @ Hi_1yn(A%) = Hi_p)n(AY)
for some integers k,k’ > 0. The surgery obstruction of an n-connected
2n-dimensional normal map (f,b) : M?" — X is defined by
o (f,0) = (Kn(M),\ ) € Lan(Z[m1(X)]) -

The algebraic effect of a geometric surgery on an n-connected 2n-
dimensional normal map (f,b) is given in §5. Assuming that the result of
the surgery is still n-connected, the effect on the kernel form of a surgery
on S"1 x DL M (resp. S™ x D™ — M) is to add on (resp. split off)
a hyperbolic (—1)"-quadratic form H_yn (Z[m1(X)]).

§6 introduces the notion of a “(2n + 1)-complex” (C,), which is a f. g.
free A-module chain complex of the type
d
cC:...-0-Ch4y1 —C, -0—...

together with a quadratic structure 1 inducing Poincaré duality isomor-
phisms (1 + T)¢ : H**1=*(C) — H,(C). (This is just a (2n + 1)-
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dimensional quadratic Poincaré complex (C,) in the sense of [19], with
C, =0for r # n,n+1.) An n-connected (2n+ 1)-dimensional normal map
(f,b) : M?"*1 — X determines a kernel (2n + 1)-complex (C, 1) (or rather
a homotopy equivalence class of such complexes) with

H,(C) = K.(M) = ker(f,: H. (M) — H.(X)) .

The cobordism of (2n+ 1)-complexes is defined in §7. The odd-dimensional
L-group Loy+1(A) is defined in §8 as the cobordism group of (2n + 1)-
complexes. The surgery obstruction of an n-connected normal map (f,d) :
M?+1 5 X is the cobordism class of the kernel complex

o.(f,b) = (C,¢) € Longa (Z[m (X)]) -

The odd-dimensional L-group La,4+1(A) was originally defined in [29]
as a potentially non-abelian quotient of the stable unitary group of the
matrices of automorphisms of hyperbolic (—1)"-quadratic forms over A

L2n+1 (A) == U(,l)n (A)/EU(,l)n (A)
with

U(_l)n(A) = U AutAH(_l)n(Ak)
k=1
and EU(_1yn(A) < U—1y»(A) the normal subgroup generated by the ele-
mentary matrices of the type

(@ ) (o 1) ()

for any invertible matrix «, and any square matrix 3. The group Lo, 11(A)
is abelian, since

[U—1)n (A), U—1yn (A)] € EU—1)= (A) .

The surgery obstruction o, (f,b) € Lopy1(Z[m1(X)]) of an n-connected
(2n + 1)-dimensional normal map (f,b) : M?"*! — X is represented
by an automorphism of a hyperbolic (—1)™-quadratic form obtained from
a high-dimensional generalization of the Heegaard decompositions of 3-
dimensional manifolds as twisted doubles.

§8, 89 and §10 describe three equivalent ways of defining Lo, +1(A), using
unitary matrices, formations and chain complexes. In each case it is nec-
essary to make some choices in passing from the geometry to the algebra,
and to verify that the equivalence class in the L-group is independent of
the choices.

The definition of Lo, 11(A) using complexes given in §8 is a special case
of the general theory of chain complexes with Poincaré duality of Ranicki
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[19]. The 4-periodicity in the quadratic L-groups

Ly, (A) = Lm+4 (A)
(given geometrically by taking product with CP2, as in Chapter 9 of Wall
[29]) was proved in [19] using an algebraic analogue of surgery below the
middle dimension: it is possible to represent every element of L,,(A) by a
quadratic Poincaré complex (C, ) which is “highly-connected”, meaning
that
r#mn if m=2n
r#nn+1 fm=2n+1.
In these notes only the highly-connected (2n + 1)-dimensional quadratic
Poincaré complexes are considered, namely the “(2n+ 1)-complexes” of §6.

C, = Ofor{

I am grateful to the referee for suggesting several improvements.

The titles of the sections are:

§1. Duality

§2. Quadratic forms

83. The even-dimensional L-groups
§4. Split forms

§5. Surgery on forms

§6. Short odd complexes

§7. Complex cobordism

§8. The odd-dimensional L-groups
89. Formations

§10. Automorphisms

¢1. Duality

81 considers rings A equipped with an “involution” reversing the order of
multiplication. An involution allows right A-modules to be regarded as left
A-modules, especially the right A-modules which arise as the duals of left A-
modules. In particular, the group ring Z[m;(M)] of the fundamental group
71 (M) of a manifold M has an involution, which allows the Poincaré duality

of the universal cover M to be regarded as Z|71(M)]-module isomorphisms.

Let X be a connected space, and let X bea regular cover of X with group
of covering translations w. The action of m on X by covering translations
TxX =X ; (g,2)— gz

induces a left action of the group ring Z[n] on the homology of X

2] x Ho(X) = HA(K) 5 (Y ngg) — Y mgge

gem gem
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so that the homology groups H, (X ) are left Z[r]-modules. In dealing with
cohomology let

H*(X) = H!

cpt()()
be the compactly supported cohomology groups, regarded as left Z[r]-
modules by

Zlr] x H*(X) — H*(X) ; (ang,x) — ano:gfl

gem gem

(For finite 7 H*(X) is just the ordinary cohomology of X.) Cap product
with any homology class [X] € H,,(X) defines Z[r]-module morphisms

[(X]N— : H*X) — Hp_(X) .

DEFINITION 1.1 An oriented m-dimensional geometric Poincaré complex
(Wall [28]) is a finite CW complex X with a fundamental class [X] €
H,,(X) such that cap product defines Z[mr; (X)]-module isomorphisms

X]n—: HYX)

LIR

Hyp o (X)

with X the universal cover of X. |

See 1.14 below for the general definition of a geometric Poincaré complex,
including the nonorientable case.

EXAMPLE 1.2 A compact oriented m-dimensional manifold is an oriented
m~dimensional geometric Poincaré complex. ]

In order to also deal with nonorientable manifolds and Poincaré com-
plexes it is convenient to have an involution:

DEFINITION 1.3 Let A be an associative ring with 1. An involution on A
is a function

A—A;a—a

satisfying

(a+b) = a+b, (ab) =ba,a =a,1 =1€A. O

ExXAMPLE 1.4 A commutative ring A admits the identity involution

A—>A;a—a =a. m]

DEFINITION 1.5 Given a group 7 and a group morphism
w T — Loy = {£1}



An introduction to algebraic surgery 91

define the w-twisted involution on the integral group ring A = Z[n]

A—A;a = angl-u_z = Zw(g)nggf1 (ng €Z). m

gem ge™T

In the topological application 7 is the fundamental group of a space with
w : ™ — Zs an orientation character. In the oriented case w(g) = +1 for
all g € m.

ExAMPLE 1.6 Complex conjugation defines an involution on the ring of
complex numbers A = C

C—-C; 2z =a+ib—zZ=a—1b. ]

A “hermitian” form is a symmetric form on a (finite-dimensional) vector
space over C with respect to this involution. The study of forms over
rings with involution is sometimes called “hermitian K-theory”, although
“algebraic L-theory” seems preferable.

The dual of a left A-module K is the right A-module
K* = Homu (K, A)
with
K*xA— K*; (f,a) — (z— f(x).a) .

An involution A — A;a — a determines an isomorphism of categories

{right A-modules} = {left A-modules} ; L — L,

with L°P the left A-module with the same additive group as the right A-
module L and A acting by

AXLP — L (a,z)— xa .

From now on we shall work with a ring A which is equipped with a
particular choice of involution A — A. Also, A-modules will always be
understood to be left A-modules.

For any A-module K the A-module (K*)°P is written as K*. Here is the
definition of K* all at once:

DEFINITION 1.7 The dual of a A-module K is the A-module
K* = Homp (K,A),
with A acting by
AX K" — K" (a, f) — (z— f(z).a)
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forallae A, fe K*,z € K. m]
There is a corresponding notion for morphisms:

DEFINITION 1.8 The dual of a A-module morphism f : K — L is the
A-module morphism

f* . L*_>K*;g|—> (x>—>g(f($))) .

Thus duality is a contravariant functor
% : {A-modules} — {A-modules} ; K — K™ .

DEFINITION 1.9 For any A-module K define the A-module morphism

ex + K — K™ ; x— (f— f(2)) . m

The morphism eg is natural in the sense that for any A-module mor-
phism f : K — L there is defined a commutative diagram

K f L

BK\L leL
f**

K > [**

DEFINITION 1.10 (i) A A-module K is f. g. projective if there exists a
A-module L such that K @ L is isomorphic to the f. g. free A-module A™,
for some n > 0.

(ii) A A-module K is stably f. g. free if K & A™ is isomorphic to A™, for
some m,n > 0. m]

In particular, f. g. free A-modules are stably f. g. free, and stably f. g.
free A-modules are f. g. projective.

PROPOSITION 1.11 The dual of a f. g. projective A-module K is a f. g.
projective A-module K*, and ex : K — K** is an isomorphism. Moreover,
if K is stably f. g. free then so is K*.
PRrROOF: For any A-modules K, L there are evident identifications
(KeL)* = K*oL*,
expL = €k Der : KoL — (K@L)** = K™ @ L** ,
so it suffices to consider the special case K = A. The A-module isomor-
phism

IR

f: A=A a— (b—ba),
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can be used to construct an explicit inverse for ez
(eA)™h : A = A5 g—g(f(1)) . =

In dealing with f. g. projective A-modules K use the natural isomorphism
ex : K =2 K** to identify K** = K. For any morphism f: K — L of f. g.
projective A-modules there is a corresponding identification

[ =f:K"=K->L"=1.

REMARK 1.12 The additive group Hompa(A™,A™) of the morphisms
A™ — A™ between f. g. free A-modules A™ A" may be identified with
the additive group M,, ,(A) of m x n matrices (a;j)i1<i<m,1<j<n With en-
tries a;; € A, using the isomorphism

~

My n(A) = Homa(A™,A™) ;

m m m
(aij) — ((x1,22,..., ) — (Z LiQil, inam» ceey inam)) .
i=1 i=1 i=1

The composition of morphisms
Homp (A™, A™) x Homp (A", A?) — Homy (A™, AP) ;

(f,9) = (9f 2 — (9f)(z) = g(f(2)))

corresponds to the multiplication of matrices
Mm,n(A) X Mn,p(A) - Mm,p(A) ) ((aij)v (bj )) = (Cik)

(Cik = Zaijbjk (ISZST)’L, 1§k§p))
j=1

Use the isomorphism of f. g. free A-modules

m

(A™) 5 (21,22, m) — (Y192, - Ym) — Zyz@)
i=1

IR

Am

to identify
(A™) = A™.
The duality isomorphism

1

x : Homp (A™,A™) — Homy ((A™)*, (A™)*) = Homa (A", A™) ;
f—= 1

can be identified with the isomorphism defined by conjugate transposition
of matrices

IR

s
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EXAMPLE 1.13 A 2 x 2 matrix

(‘C‘ Z) € Mao(A)

corresponds to the A-module morphism

d

The conjugate transpose matrix

(Z ;) € Mao(A)

corresponds to the dual A-module morphism

-

The dual of a chain complex of modules over a ring with involution A

d d

b
f = (a > AGA—-ADA; (z,y) — (xza+yb,zc+ yd) .
c

) c(ADA) =AdA—-(ADA) = ADA;

o> Ql
Ul ol

(z,y) — (2@ + ye, xb + yd) . O

c:... —Cyg —C, — Cpy —— ...
is the cochain complex
O* . Crfl d* C’l" d* Cr+1

with
C" = (Cy)* = Homy(Cy,A) .

DEFINITION 1.14 An m-dimensional geometric Poincaré complex (Wall
[28]) is a finite CW complex X with an orientation character w(X) :
71(X) — Zy and a w(X)-twisted fundamental class [X] € H,, (X;Z*(X))
such that cap product defines Z[r; (X )]-module isomorphisms

~

[(XIn—: HZJ(X)(X) = Hpo(X)

with X the universal cover of X. The w(X)-twisted cohomology groups
are given by

Hy, xy(X) = H*(C(X)")

with C(X) the cellular Z[r1(X)]-module chain complex, using the w(X)-
twisted involution on Z[m(X)] (1.5) to define the left Z[mr(X)]-module
structure on the dual cochain complex

C(X)* = Homgpr, (xy(C(X), Z[r1(X)]) . o
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The orientation character w(X) : 71 (X) — Zy sends a loop g : ST — X
to w(g) = 41 (resp. = —1) if g is orientation-preserving (resp. orientation-
reversing).

An oriented Poincaré complex X (1.1) is just a Poincaré complex (1.14)
with w(X) = +1.

ExXaMPLE 1.15 A compact m-dimensional manifold is an m-dimensional
geometric Poincaré complex. ]

§2. Quadratic forms

In the first instance suppose that the ground ring A is commutative, with
the identity involution a = a (1.4). A symmetric form (K, ) over A is a
A-module K together with a bilinear pairing

A KxXK—Aj; (z,y)— Mz, y)
such that for all x,y,z € K and a € A
Az, ay) = aX(z,y) ,
Mz, y+2) = Mz,y) + Mz, 2)
AMz,y) = My,xz) €A

A quadratic form (K, A, p) over A is a symmetric form (K, \) together with
a function

por K= Qu(A) = Ay x— p(x)
such that for all z,y € K and a € A
p+y) = p@)+ply) + Az,y),
plaz) = a®u(r) € Qua(A) .
In particular, for every z € K
2u(x) = Mx,z) € QTH(A) = A .
If 2 € A is invertible (e.g. if A is a field of characteristic # 2, such as

R,C,Q) there is no difference between symmetric and quadratic forms,
with p determined by A according to u(x) = A(z, z)/2.

A symplectic form (K, \) over a commutative ring A is a A-module K
together with a bilinear pairing A : K x K — A such that for all x,y,z € K
and a € A

)\(:I:,at) - a)‘(zvy)a
Az y+2) = Mz,y) + Az, 2)
Mz,y) = =My, z) € A
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A (—1)-quadratic form (K, A, ) over A is a symplectic form (K, A) together
with a function
por K= Qa(A) = A/{2alac A} s 21— p()
such that for all z,y € K and a € A
pe+y) = @)+ py) + Az,y) ,
plaz) = ap(r) € Q-1 (A) .
In particular, for every x € K
2u(x) = Mz,7) € Q"Y(A) = {a€A|2a=0}.

If 2 € A is invertible then @_1(A) = 0 and there is no difference between
symplectic and (—1)-quadratic forms, with p = 0.

In the applications of forms to surgery theory it is necessary to work with
quadratic and (—1)-quadratic forms over noncommutative group rings with
the involution as in 1.5. §2 develops the general theory of forms over rings
with involution, taking account of these differences.

Let X be an m-dimensional geometric Poincaré complex with universal
cover X and fundamental group ring A = Z[m; (X)], with the w(X)-twisted
involution. The Poincaré duality isomorphism

o = XIN— : BIGH(X) = H(X

and the evaluation pairing

w0 (X) = Ho(X)* = Homa(H(X),A) ;91— (v— (y,2))

can be combined to define a sesquilinear pairing

A Ho(X) X Hypo(X) = A s (2,6(y)) — (y, )
such that
Ay,2) = (=1)"" X (@,y)

with A — A;a1— a the involution of 1.5.

If M is an m-dimensional manifold with fundamental group ring A =
Z[m1(M)] the pairing X : H.(M) x Hy,—-(M) — A can be interpreted
geometrically using the geometric intersection numbers of cycles. For any

two immersions x : S & M, y : S™™" & M in general position

AMz,y) = Z ngg € A
gem1 (M)

with ny € Z the algebraic number of intersections in M of z and gy. In
particular, for m = 2n there is defined a (—1)"-symmetric pairing

At Hy(M) x H,(M) — A
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which is relevant to surgery in the middle dimension n. An element
x € m,(M) can be killed by surgery if and only if it is represented by
an embedding S™ x D" — M 27 The condition that the Hurewicz image
x € Hp(M) be such that A(xz,z) = 0 € A is necessary but not sufficient to
kill z € 7, (M) by surgery. The theory of forms developed in §2 is required
for an algebraic formulation of the necessary and sufficient condition for
an element in the kernel K, (M) of an n-connected 2n-dimensional normal
map (f,b) : M — X to be killed by surgery, assuming n > 3.

As in §1 let A be a ring with involution, not necessarily a group ring.

DEFINITION 2.1 A sesquilinear pairing (K, L,\) on A-modules K, L is a
function

A KxL—Aj (2,y) — AMa,y)

such that for all w,z € K, y,z € L, a,b € A
() Mw+z,y+2) = Mw,y) +Mw,z) + Az, y) + Mz, 2) €A,
(ii) Max,by) = bA(z,y)a e A .

The dual (or transpose) sesquilinear pairing is

TN : LxK—A; (y,2)— TAy,z) = Mz,y) . o

DEFINITION 2.2 Given A-modules K, L let S(K, L) be the additive group of
sesquilinear pairings A : K x L — A. Transposition defines an isomorphism

T : SK,L) = S(L,K)
such that

IR
IR

7? = id. : S(K,L) = S(L,K) — S(K,L) . o

PROPOSITION 2.3 For any A-modules K, L there is a natural isomorphism
of additive groups

S(K,L) = Homy (K, L*) ;

A:KXL—=A)— AN: K—=L";z— (y— Ax,v))) .

o~

For f. g. projective K, L the transposition isomorphism T : S(K, L)
S(L, K) corresponds to the duality isomorphism

« :Homy (K, L*) — Homy (L, K*);
ANK—->L)— (N :L - K';y— (z — AMy,a))). m
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Use 2.3 to identify
S(K,L) = Homy(K,L*), S(K) = Homa(K,K*) ,
Q°(K) = ker(l =T, : Homy (K, K*) — Homp (K, K™")) ,
Q:(K) = coker(l — T, : Homp (K, K*) — Homy (K, K*))
for any f. g. projective A-modules K, L.

REMARK 2.4 For f. g. free A-modules A™, A™ it is possible to identify
S(A™, A™) with the additive group M, ,(A) of m x n matrices (a;;) with
entries a;; € A, using the isomorphism

My n(A) = S(A™ A™) 5 (a5;) — A
defined by

m n
)\((9317552,-~~:$m)7(yl,y27-~-7yn)) = Zzyjazjfz .

i=1 j=1
The transposition isomorphism 7' : S(A™ A™) = S(A™ A™) corresponds
to the isomorphism defined by conjugate transposition of matrices

~

T : Mm,n(A) - Mnm(A) N (a”) — (bﬂ) s bﬂ = Eij . O

The group S(K, L) is particularly significant in the case K = L:

DEFINITION 2.5 (i) Given a A-module K let
S(K) = S(K,K)
be the abelian group of sesquilinear pairings A : K x K — A.
(ii) The e-transposition involution is given for e = +1 by
T. : S(K) = S(K); A —TA = (TN,
such that
TA(z,y) = ey, z) €A, (T)? = id : S(K) — S(K) . m

DEFINITION 2.6 The e-symmetric group of a A-module K is the additive
group
Q(K) = ker(1-T.: S(K) — S(K)) .
The e-quadratic group of K is the additive group
Q(K) = coker(1-T,:S(K)— S(K)) .
The e-symmetrization morphism is given by
L4+ Te : Qu(K) = Q(K) 5 & — &+ ot 0
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For ¢ = 41 it is customary to refer to e-symmetric and e-quadratic
objects as symmetric and quadratic, as in the commutative case.

For K = A there is an isomorphism of additive groups with involution

A SM); a— ((2y) — yaz)
allowing the identifications
Q(A) = {acAla=a},
Q(A) = Af{a—calaeA},
14T : Q(A) - Q°(A); ar—a+ea.

ExaMpPLE 2.7 Let A = Z. The e-symmetric and e-quadratic groups of
K =7 are given by

Z ife=+1
€§(7) =
@ (2) {O ife=-1,
Z ife=+41
Z =
Q(2) {Z/Q ife=—1
with generators represented by 1 € Z, and with
14+Ty = 2 : Qu(Z) = Z— Q™ (2) = Z. o

DEFINITION 2.8 An e-symmetric form (K, \) over A is a A-module K to-
gether with an element A € Q¢(K). Thus A is a sesquilinear pairing

A KxXK—Aj; (z,y)— Mz,y)
such that for all z,y € K
Mz,y) = eX(y,z) €A .
The adjoint of (K, \) is the A-module morphism
K— K" z— (y— Mz,y))
which is also denoted by A. The form is nonsingular if A : K — K* is an

isomorphism. )

Unless specified otherwise, only forms (K, \) with K a f.g. projective
A-module will be considered.

EXAMPLE 2.9 The symmetric form (A, \) defined by
A=1:A—=A; a— (b— ba)

is nonsingular. 0
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DEFINITION 2.10 For any f. g. projective A-module L define the nonsin-
gular hyperbolic e-symmetric form

HY(L) = (L& L")\
by

01
A= ( O> Lol —(LeL*) = L*®L;
€

(z, f)— ((y,9) — f(y) +eg(x)) . o

ExXAMPLE 2.11 Let X be an m-dimensional geometric Poincaré complex,
and let X be a regular oriented covering of X with group of covering trans-
lations 7 and orientation character w : @ — Zy. An element g € 7 has
w(g) = +1 (resp. —1) if and only if the covering translation g : X — X is
orientation-preserving (resp. reversing).

(i) Cap product with the fundamental class [X]| € H,,(X;Z") defines the
Poincaré duality Z[n]-module isomorphisms

~

(X]n— : H™*(X) = H.(X) .
If m = 2n and X is a manifold geometric intersection numbers define a
(—=1)™-symmetric form (H,(X),\) over Z[r] with adjoint the composite

~ (X]n=)"* ~ evaluation

A Hy(X) H'(X) ———— H,(X)* .

(i) In general H, (X) is not a f. g. projective Z[r]-module. If H, (X) is
g. projective then the evaluation map is an isomorphism, and (H,(X),
is a nonsingular form.

f.
A)
o

REMARK 2.12 (i) Let M be a 2n-dimensional manifold, with universal

cover M and intersection pairing A : H, (M) x H,(M) — Z[r(M)]. An
element z € im(m, (M) — Hn(],\\j)) can be killed by surgery if and only
if it can be represented by an embedding = : S™ x D" < M, in which
case the homology class © € H, (M) is such that A(z,x2) = 0. However,
the condition A(x,z) = 0 given by the symmetric structure alone is not
sufficient for the existence of such an embedding — see (ii) below for an
explicit example.

(ii) The intersection form over Z for M?" = S™ x S™ is the hyperbolic form
(2.10)

(Ho(S™ x S™),\) = HY" (7).
The element x = (1,1) € H,(S™ x S™) is such that
Az,z) = x(S") = 1+(-1)"eZ,

so that A(z,z) = 0 for odd n. The diagonal embedding A : S™ — S™ x S
has normal bundle vA = 7g» : S™ — BO(n), which is non-trivial for
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n #1,3,7, so that it is not possible to kill z = A,[S™] € H,(S™ x S™) by
surgery in these dimensions. m]

DEFINITION 2.13 An e-quadratic form (K, A, p) over A is an e-symmetric
form (K, \) together with a function

w: K— QA ; x— p(x)
such that for all z,y € K, a € A

() u(w+y);u(w)—u(y) = Mz,y) € Qc(A)

(i) p(x) +ep(x) = Mz, z) € im(1+Te: Qc(A) — Q(A))

(iii) p(az) = ap(z)a € Q(A) .

DEFINITION 2.14 For any f. g. projective A-module L define the nonsin-
gular hyperbolic e-quadratic form over A by

H (L) = (L& LA p)

with
0 1
A= ( 0) cLeLl*—=(Lel")" = L"&L;
€
(@, f)— ((y,9) — f(y) +eg(x))
(L @ L*, \) is the hyperbolic e-symmetric form H¢(L) of 2.10. m

EXAMPLE 2.15 (Wall [29, Chapter 5]) An n-connected normal map (f,b) :
M?*" — X from a 2n-dimensional manifold with boundary (M,dM) to a
geometric Poincaré pair (X,0X) with 0f = f| : 9M — 90X a homotopy
equivalence determines a (—1)"-quadratic form (K, (M), \,u) over A =
Z[m (X)] with the w(X)-twisted involution (1.5), with

Kn(M) = mui(f) = Hupa(f) = ker(fo : Hy(M) — H, (X))

the stably f. g. free kernel A-module, and f: M—Xa m1(X)-equivariant
lift of f to the universal covers. Note that K,(M) = 0 if (and for
n > 2 only if) f : M — X is a homotopy equivalence, by the theorem
of J.H.C. Whitehead.

(i) The pairing A : K,,(M) x K, (M) — A is defined by geometric intersec-
tion numbers, as follows. Every element @ € K, (M) is represented by an
X-nullhomotopic framed immersion g : S™ & M with a choice of path in
g9(S™) C M from the base point * € M to g(1) € M. Any two elements
x,y € K,(M) can be represented by such immersions g,h : S™ & M with
transverse intersections and self-intersections. The intersection of g and h

D(g,h) = {(a,b) € 8" x S™|g(a) = h(b) € M}
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is finite. For each intersection point (a,b) € D(g,h) let
v(a,b) € m (M) = m(X)

be the homotopy class of the loop in M obtained by joining the path in
g(S™) C M from the base point * € M to g(a) to the path in h(S™) C M
from h(b) back to the base point. Choose an orientation for 7.(M) and
transport it to an orientation for 7,(,) (M) = 74) (M) by the path for g,
and let

€(a,b) = [1a(S™) © 1(S™) : Ty(a)(M)] € {£1}
be +1 (resp. —1) if the isomorphism

LR

(dg dh) : Ta(‘gn) 52 Tb(Sn) Tg(a)(M)

is orientation-preserving (resp. reversing). The geometric intersection of
x,y € K,(M) is given by

Mayy) = >, I(ab)eA
(a,b)eD(g,h)
with
I(a,b) = €e(a,b)y(a,b) € A.
It follows from
eb,a) = [1,S" & 7,8 1 7,8" & 1,5 |e(a, b)

= det( ( ) R" @ R" — R" @ R")e(a, b)
= (—=1)"¢(a,d) € {£1},

v(b,a) = w(X)(’V(av b))’V(aﬂ b) € 771(X) )
I(bya) = (—=1)"I(a,b) € A

that

)\(y,l’) = (_1)n)\($7y) €A
(which also holds from purely homological considerations).
(i) The quadratic function p : K,(M) — Q_1)»(A) is defined by geo-
metric self-intersection numbers, as follows. Represent « € K, (M) by an
immersion g : S™ % M as in (i), with transverse self-intersections. The
double point set of g

D2(g) = D(g,9)\A(S™)
= {(a,b) € S" x S"|a#be S", g(a) = g(b) € M}
is finite, with a free Zy-action (a,b) — (b,a). For each (a,b) € D2(g) let

v(a,b) be the loop in M obtained by transporting to the base point the
image under g of a path in S™ from a to b. The geometric self-intersection
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of = is defined by
) = Y Iab) € Qran()

(a,b)ED2(9)/Z2

with I(a,b) = €(a,b)vy(a,b) as in (i). Note that u(z) is independent of the
choice of ordering of (a,b) since I(b,a) = (—1)"I(a,b) € A.

(iii) The kernel (—1)"-quadratic form (K, (M), A, p) is such that p(x) = 0 if
(and for n > 3 only if) x € K,,(M) can be killed by surgery on S™ C M?",
i.e. represented by an embedding S™ x D™ < M with a nullhomotopy in
X — the condition p(z) = 0 allows the double points of a representative
framed immersion g : S™ & M to be matched in pairs, which for n > 3 can
be cancelled by the Whitney trick. The effect of the surgery is a bordant
(n — 1)-connected normal map

(f )« M™ = cl.(M\S" x D")uD"" x §"7 ' - X

with kernel A-modules

coker(z*\: K, (M) — A*) ifi=n—-1
ker(z*\ : K,,(M) — A¥)

Ki(M') = { @A = RK,0) i m
ker(z : A — K, (M)) ifi=n+1
0 otherwise .

Thus (f’,b") is n-connected if and only if x generates a direct summand
L = (z) C K,(M), in which case L is a sublagrangian of (K, (M), A, u) in
the terminology of §5, with

LC L = {ye Ky(M)|Nz,y) =0},
(Kn(M/)a )‘/a M/) = (LL/L’ [)‘]7 [:u]) s
(Kn(M);)\,M) = (KH(M/)a)‘/v/J'/) EB-[7[(—1)"(A) .

(iv) The effect on (f,b) of a surgery on an X-nullhomotopic embedding
Sl x D"t < M is an n-connected bordant normal map

(f" 0"« M = L (M\S" 'xD"TYUD"x 8" = M#(S"xS") — X

with kernel A-modules
Ki (M//) — {
and kernel (—1)"-quadratic form

(KTL(MH)’)‘N’“H) = (KH(M)v)‘?ﬂ)@H(—l)”(A)'

(v) The main result of even-dimensional surgery obstruction theory is that
for n > 3 an n-connected 2n-dimensional normal map (f,b) : M?" — X
is normal bordant to a homotopy equivalence if and only if there exists an
isomorphism of (—1)™-quadratic forms over A = Z[m;(X)] of the type

K, (M)A A* ifi=n
0 otherwise

~
’

(Kn(M), A, ) & H(_1ys (A*) = H(_1y (A¥)
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for some k, k' > 0. ]

ExXAMPLE 2.16 There is also a relative version of 2.15. An n-connected
2n-dimensional normal map of pairs (f,b) : (M?",0M) — (X,0X) has a
kernel (—1)"-quadratic form (K, (M), A, u) over Z[m(X)] is nonsingular if
and only if 9f : OM — 0X is a homotopy equivalence (assuming 71 (9X) =
™1 (X) ) . 0O

~

REMARK 2.17 (Realization of even-dimensional surgery obstructions, Wall
[29,5.8])

(i) Let X271 be a (2n — 1)-dimensional manifold, and suppose given an
embedding e : S"7! x D™ — X, together with a null-homotopy de of
e|: 8"~ — X and a null-homotopy of the map S"~! — O comparing the
(stable) trivializations of v, : S"~' — BO(n) given by e and de. Then
there is defined an n-connected 2n-dimensional normal map

(f,0) : (M;0-M,0, M) — X x ([0,1]; {0}, {1})
with
o_f =id. : 0-M = X - X,
M? = X x[0,1]U, D™ x D",
Oy M = cl(X\e(S" ! x D"))uD™ x S" 1.
The kernel (—1)"-quadratic form (A, A, p) over A (2.16) is the (self-)-
intersection of the framed immersion S"~! x [0,1] & X x [0,1] defined
by the track of a regular homotopy ey ~ e : "~ x D" — X from a trivial
unlinked embedding
eo 1 S"TIX D" 5 ST = STl DPUDT x SMTH s X#SPT = X
Moreover, every form (A, A, 1) arises in this way : starting with e construct
a regular homotopy eg =~ e to a (self-)linked embedding e such that the track
has (self-)intersection (A, u).
(ii) Let (K, A, 1) be a (—1)"-quadratic form over Z[x|, with 7 a finitely
presented group and K = Z[r]* f. g. free. Let n > 3, so that there exists a
(2n—1)-dimensional manifold X?"~! with 71 (X) = 7. For any such n > 3,
X there exists an n-connected 2n-dimensional normal map
(fv b) : (M2n7 8—M7 8+M) - X2n71 X ([Ov 1]1 {0}7 {1})
with kernel form (K, A, u) and
o_f =id. : 0-M = X - X, K,(M) = K,
K,_1(0+M) = coker(A: K — K*),
K,(0+M) = ker(A\: K — K¥) .
The map 94 f : 0 M — X is a homotopy equivalence if and only if the
form (K, A, i) is nonsingular. Given (K, \, u), X the construction of (f,b)
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proceeds as in (i). m

EXAMPLE 2.18 For m1(X) = {1} the realization of even-dimensional
surgery obstructions (2.17) is essentially the same as the Milnor [11], [12]
construction of (n — 1)-connected 2n-dimensional manifolds by plumbing
together n-plane bundles over S™. Let G be a finite connected graph with-
out loops (= edges joining a vertex to itself), with vertices vy, v, ..., vg.
Suppose given an oriented n-plane bundle over S™ at each vertex

Wi, ws, ... ,wg € T, (BSO(n)) = m,-1(S0O(n)) ,

regarded as a weight. Let (Z* \) be the (—1)"-symmetric form over Z
defined by the (—1)"-symmetrized adjacency matrix of G and the Euler
numbers x(w;) € Z, with

no. of edges in G joining v; to v; ifi<j
Xij = < (=1)"(no. of edges in G joining v; to v;) ifi>j
x(wi) ifi=7,

k k
A Zk X Zk — 7 5 ((wlvx%'~"$k)a(ylvy2a"'ayk)) = ZZ)‘ijlyJ :
i=1 j=1

The graph G and the Euler numbers x(w;) determine and are determined
by the form (ZF,\).

(i) See Browder [1, Chapter V] for a detailed account of the plumbing con-
struction which uses G to glue together the (D™, S"~!)-bundles

(D", 8"71) = (B(wi), S(wi)) — 8" (i=1,2,....k)
to obtain a connected 2n-dimensional manifold with boundary
(P,0P) = (P(G,w),0P(G,w))

such that P is an identification space

k
P = ([ Ew)/ ~

with 1-skeleton homotopy equivalent to G, fundamental group
m(P) = m(G) = #,Z

the free group on g = 1 — x(G) generators, homology

Z ifr=0

79 ifr=1

7k ifr=n

0  otherwise ,

H.(P) =

and intersection form (H,(P), ). Killing 71 (P) by surgeries removing g
embeddings S! x D?"~1 C P representing the generators, there is obtained
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an (n — 1)-connected 2n-dimensional manifold with boundary
(M,0M) = (M(G,w),0M(G,w))
such that

Z ifr=0
H.(M) = {Zk ifr=n

0  otherwise ,
A Hy(M)x H,(M)—Z;

k k
((.Tl,xg, e ,J}k), (y17y27 R ayk)) = ZZAljxlyJ )
i=1 j—1

k k
™o~ \(wi@e) : M ~ \/S"— BSO(2n),
i=1 i=1
Z ifr=0,2n-1
coker(\: ZF — ZF) ifr=n-1
ker(\ : ZF — ZF) ifr=n
0 otherwise .
If G is a tree then g = 0, m (P(G,w)) = {1}, and

(M(G,w),0M(G,w)) = (P(G,w),0P(G,w)) .

H,(0M) =

(ii) By Wall [27] for n > 3 an integral (—1)™-symmetric matrix (Ai;)1<i i<k
and elements wy,ws, ..., wy € T, (BSO(n)) with

Ni = X(wi) €Z (i=1,2,....k)
determine an embedding

T = sz . Usn—lan(_>32n—l
k k

such that:
(a) for 1<i<j<k
linking number(z;(S™ ™! x 0) Nx;(S" ! x 0) — $*" 1) = \; €Z,
(b) for 1 <i <k a;: 8" ! x D" — §2"~! is isotopic to the embedding
w;, : ST x DM e S = gl pry DT x ST
(s,) = (s,wi(5) (1)) -
Using z to attach k n-handles to D?" there is obtained an oriented (n—1)-
connected 2n-dimensional manifold
M(G,w) = D*"U, | Jn-handles D" x D"
k
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with boundary an oriented (n—2)-connected (2n—1)-dimensional manifold

OM(G,w) = cl(S* N Js" ' xD)ul D" x 5" 7" .
k k

Moreover, every oriented (n — 1)-connected 2n-dimensional manifold with

non-empty (n—2)-connected boundary is of the form (M (G,w), 0M (G, w)),

with (A;j,w;) the complete set of diffeomorphism invariants.

(iii) Stably trivialized n-plane bundles over S™ are classified by Q_1)»(Z),

with an isomorphism

Q-1 (Z)

LR

Tn+1(BSO,BSO(n)) ; 1 +— (d7gn, Tgn)
with
OTgn @ Tgn De = T

the stable trivialization given by the standard embedding S™ C S™*!. The
map

Q-1 (Z) = mp1(BSO,BSO(n)) — m,(BSO(n)) ; 1+ 7gn
is an injection for n # 1,3,7. With G as above, suppose now that the
vertices v, vs, ...,V are weighted by elements

By 2y - ik € Tp1 (BSO, BSO(n)) = Q1) (Z) .
Define
w; = [wi] € im(m,41(BSO, BSO(n)) — 7, (BSO(n)))
= ker(m,(BSO(n)) — 7, (BSO))
and let (Z*, X\, 1) be the (—1)"-quadratic form over Z with A as before and

k
B z*F — Q1)L ; (T1,22,...,2) — Z NijTiTj + Zui(l’z‘)2 )
1

1<i<j<k i=
such that
Ai = x(wi) = I+ ()" €Z.
The (n — 1)-connected 2n-dimensional manifold
M(G,p1, b2y pin) = M(Gwi,wa, ... wy)
is stably parallelizable, with an n-connected normal map
(M(G, 1, 2, - - ), OM(G, i, iz, - i) — (D?7, S0

with kernel form (Z*, \, ).
(iv) For n > 3 the realization of a (—1)"-quadratic form (Z*, \, u) over Z
(2.17) is an n-connected 2n-dimensional normal map

(f; b) . (MZn; SQn_1,8+M)
= (L. (M(G,p1,. .., ux)\D*); S*" 1 OM(G, s . . ., j1z))
— 8271 ([0,1]; {0}, {1}) .
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with kernel form (Z*, \, p). If (Z*, \, p) is nonsingular then
Opf = 271 = OM(G,p,. .., pup) — S*1

is a homotopy equivalence, and ¥2"~! is a homotopy sphere with a poten-
tially exotic differentiable structure (Milnor [10], Kervaire and Milnor [7])
—see 2.20, 3.6 and 3.7 below. O

EXAMPLE 2.19 (i) Consider the special case k = 1 of 2.18 (i). Here G =
{v1} is the graph with one vertex, and

w € mr(BSO(n)) = m,—1(SO(n))

classifies an n-plane bundle over S™. The plumbed (n — 1)-connected 2n-
dimensional manifold with boundary is the (D", S"~!)-bundle over S™

(M(G,w),0M(G,w)) = (E(w),S5(w))
with
Ew) = 8" X D" U y)n(ew@m) S x D"
= D*u,, D" x D"
obtained from D?" by attaching an n-handle along the embedding
ey 8" X DT e §PTL = Gl DM UD" x ST
(z,y) = (z,w(z)(y)) -

(i) Consider the special case k = 1 of 2.18 (iii), the realization of a (—1)"-
quadratic form (Z, A, i) over Z, with G = {v1} as in (i). An element

p = (dw,w) € T4 1(BSO,BSO(n)) = Q-1)»(Z)

[z ifn=0(mod?2)
| Zs if n=1(mod?2)

classifies an n-plane bundle w : S™ — BSO(n) with a stable trivialization
dw @ wPe>® =2 T
and
(M(G, ), 0M (G, ) = (BE(w),S(w)) -
For n #1,3,7 dw is determined by w. For even n u € Q11(Z) = Z and

H TSn

S" BSO(n)

is the unique stably trivial n-plane bundle over S™ with Euler number
xw) = 2u€eZ.

For odd n #1,3,7 u € Q_1(Z) = Z3 and

_ TSn 1f/,L:].
YT {e” ifpu=0.

w = prtgn : S”
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Forn=1,3,7
w = Ten = € : 8" — BSO(n)

and dw is the (stable) trivialization of w with mod 2 Hopf invariant .
The plumbed (n — 1)-connected 2n-dimensional manifold

(M(G, ), OM(G, ) = (M(G,w),0M(G,w)) = (E(w),S(w))

(as in (i)) is stably parallelizable. The trace of the surgery on the normal
map

(f-,b_) = id. : O_M, = §*~ 1 g2n—1

killing e, : S"~! x D™ < S§2"~! is an n-connected 2n-dimensional normal
map

(funbss) = (M2 M, 0, M) — 82" x (0, 1]; 0}, {1})

with

M, = cl.(M(G,u)\D?*") = cl.(E(w)\D?")

= §*~ 1 x 0,1 U., D" x D™,
Oy M, = cl. (8" Ney (S" ™t x D"))uD" x "1
= D"xS" 'y, D" xS"! = S(w),

K,(M,) = Z

and kernel form (Z, A\, p). If =0 € Q(_1)»(Z) then
w=¢€":8"—=BSOM) , O,M, = S(") = "t x 8",

If u=1¢€Q1)y(Z) then
w = T19n : S"—= BSO(n) , 04+M, = S(tsn) = O(n+1)/0O(n—-1).

(iii) Consider the special case k = 2 of 2.18 (i), with G = I the graph with
1 edge and 2 vertices

U1 V2
@

I
For any weights wy,ws € m,(BSO(n)) there is obtained an (n — 1)-
connected 2n-dimensional manifold
M(I,wy,wp) = D*"Ue, Ue,, (D™ x D"UD" x D")
by plumbing as in Milnor [11],[12], with intersection form the (—1)"-
symmetric form (Z & Z, \) over Z defined by
AN ZBSLXLBL —Z;
((z1,72), (Y1,y2)) = x(wi)z1y1 + x(w2) T2y + T1y2 + (=1)" 221
(iv) Consider the special case k = 2 of 2.18 (iii), with G = I as in (iii). For
p1, po € Q—1y»(Z) and
wi =[] € im(Q(-1yn(Z) — m(BSO(n)))
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the (—1)"-quadratic form (Z @ Z, A\, p1) over Z defined by
po: ZOL— Qoryn(Z) ; (z1,2) — pa(21)* + pa(x2)? + 2122
is the kernel form of an n-connected 2n-dimensional normal map
(f,b) « M(I,p1,p2) = M(I,w,wy) — D" .

If iy = pp = 0 then (Z&Z, A\, 1) = H_1y»(Z) is hyperbolic (—1)"-quadratic
form over 7Z, with

AN ZOBLXLZDL —Z; ((x1,22), (y1,92)) — x1y2 + (—1)"x2y1 ,

po ZOL— Quyn(Z) = Z/{1+ (=)'} (21,2) = w122,
and the plumbed manifold is a punctured torus

(M(I,0,0)",0M(I1,0,0)) = (cl.(S™ x S™\D?"), 5?"~1) .

The hyperbolic form is the kernel of the n-connected 2n-dimensional normal
map

(f,0) + (M;0-M,0;M) = (cL(M(I,0,0)\D*"); 2", §2n1)
— 8271 ([0, 1); {0}, {1})
defined by the trace of surgeries on the linked spheres
Sn—l Usn—l s SQn—l _ Sn—l x D" U D" x Sn—l

with no self-linking. These are the attaching maps for the cores of the
n-handles in the decomposition
M(I,0,0) = D*"UD"™x D"UD" x D",
using the standard framings of S”~! c §?"~1. If n is odd, say n = 2k + 1,
and po = p1 = 1 € Q_1(Z) the form in 2.18 (i) is just the Arf (—1)-
quadratic form over Z (Z ® Z, A, p’) with
W ZOL— Q@) = Lo ; (5,y)— 2 +ay -+
The plumbed manifold
M(I 1 1)4k+2 _ D4k+2 UD2k+1 % D2k+l UD21€+1 % D2k+l

has the same attaching maps for the cores of the (2k + 1)-handles as
M(I,0,0), but now using the framings of S2* C S4+! classified by

Tg2k+1 € 7T2k+1(BSO(2k + 1)) = 7T2}C(SO(2]€ + 1))

(which is zero if and only if £ = 0,1,3). The Arf form is the kernel of the
(2k + 1)-connected (4k 4 2)-dimensional normal map

(FL0) + (M5O-M", 0, M) = (cL(M(L,1,1)\D*+2); §H+1 nik+1)
— 5™ ([0,1]; {03, {1})
defined by the trace of surgeries on the linked spheres
SQk, U SQk, N S4k,+1 _ SQk % D2k,+1 U D2k’+1 % SQk
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with self-linking given by the non-standard framing. (See 3.7 below for a
brief account of the exotic sphere Y4*+1). o

EXAMPLE 2.20 The sphere bundles S(w) of certain oriented 4-plane bundles
w over S* (the special case n = 4 of 2.19 (i)) give explicit exotic 7-spheres.
An oriented 4-plane bundle w : S* — BSO(4) is determined by the Euler
number and first Pontrjagin class

x(w),p1(w) € HY(SY) = Z,
which must be such that
2x(w) = p1(w)(mod 4) ,

with an isomorphism

m4(BSO(4)) S 2eZ;w— (2x(w) + p1(w))/4, 2x(w) — p1(w))/4) -
If x(w) =1 then S(w) is a homotopy 7-sphere, and
pi(w) = 20€ HY(S*) = Z

for some odd integer £. The 7-dimensional differentiable manifold ©7 =
S(w) is homeomorphic to S7 (by Smale’s generalized Poincaré conjecture,
or by a direct Morse-theoretic argument). If £ is diffeomorphic to S” then

M® = E(w)Ug; D°
is a closed 8-dimensional differentiable manifold with
(M) = pi(w) = 20 HM) =Z , o(M) = 1€Z.
By the Hirzebruch signature theorem
o(M) = (L(M), [M))
= (Tp2(M) Pl(M)Q)/45
= (Tpo(M) —40*) )45 = 1€ Z .
If £ # +1(mod 7) then
po(M) = (45+40%)/1¢ H3(M) = Z

so that there is no such diffeomorphism, and ¥ is an exotic 7-sphere (Mil-
nor [10], Milnor and Stasheff [14, p.247]). o

DEFINITION 2.21 An isomorphism of e-symmetric forms

~

fo (KN = (KN
is a A-module isomorphism f : K = K’ such that

N(f(@), f(y) = Ma,y) €A
An isomorphism of e-quadratic forms f : (K, A\, pu) = (K', N, ') is an iso-
morphism of the underlying e-symmetric forms f : (K,\) = (K’, \') such
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that
f(f(x) = @) € Qe(A) . O

PROPOSITION 2.22 [f there exists a central element s € A such that
s+s5=1€A
there is an identification of categories
{e-quadratic forms over A} = {e-symmetric forms over A} .

PROOF: The e-symmetrization map 14T, : Q. (K) — Q¢(K) is an isomor-
phism for any A-module K, with inverse

QYK) = Qc(K) 3 A= ((z,y) — sA(z,y)) -
For any e-quadratic form (K, A, u) the e-quadratic function p is determined
by the e-symmetric pairing A\, with

w(x) = sA(z,z) € Qc(A) . o
EXAMPLE 2.23 If 2 € A is invertible then 2.22 applies with s =1/2 € A.0

For any e-symmetric form (K, A) and z € K

Mz, x) € Q°(A) .

DEFINITION 2.24 An e-symmetric form (K, A) is even if for all x € K
Mz, z) € im(1+ T, : Qc(A) — Q°(A)) . o

PROPOSITION 2.25 Let e =1 or —1. If the e-symmetrization map
1+Te 2 Qc(A) — Q(A)
is an injection there is an identification of categories
{e-quadratic forms over A} = {even e-symmetric forms over A} .

PROOF: Given an even e-symmetric form (K, A) over A there is a unique
function p : K — Qc(A) such that for all x € K

I+ T)(u(x) = Mz,z) € Q°(A)
which then automatically satisfies the conditions of 2.13 for (K, A, 1) to be
an e-quadratic form. ]

EXAMPLE 2.26 The symmetrization map
1+T =2 :QuZ) =7Z—-Q™7) = Z

is an injection, so that quadratic forms over Z coincide with the even sym-
metric forms. O



An introduction to algebraic surgery 113

EXAMPLE 2.27 The (—1)-symmetrization map
1+T : Qa(Z) = Zy—Q ' (Z) = 0

is not an injection, so that (—1)-quadratic forms over Z have a richer struc-
ture than even (—1)-symmetric forms. The hyperbolic (—1)-symmetric
form (K,\) = H~Y(Z) over Z

K=7ZaZ , \: KxK—1Z; ((a,b),(c,d)) — ad — bc
admits two distinet (—1)-quadratic refinements (K, A, u), (K, A, '), with
po K—Qa(Z) = Z/2; (z,y) — =y,
por K —=Qa(2) = 2/2; (v,y) — 2> +ay+y° .

See §3 below for the definition of the Arf invariant, which distinguishes
the hyperbolic (—1)-quadratic form (K, A, u) = H_1(Z) from the Arf form
(K, A\, /) (which already appeared in 2.19 (iv)). o

§3. The even-dimensional L-groups

The even-dimensional surgery obstruction groups Lo, (A) will now be
defined, using the following preliminary result.

LEMMA 3.1 For any nonsingular e-quadratic form (K, \, 1) there is defined
an isomorphism

(K7 A,/.L) S (K7 _)\7 —M) = HE(K) )
with He(K) the hyperbolic e-quadratic form (2.14).
PROOF: Let L be a f. g. projective A-module such that K @ L is f. g. free,
with basis elements {x1,za,..., 2} say. Let
Aij = A@0)(zj,7) e N (1<i<j<k)
and choose representatives p; € A of u(z;) € Q(A) (1 < i < k). Define
the A-module morphism

wKGBL : K@LH(K@L)*,

k k k
Zaixi — (Z ijL'j — Zblulm + Z bj)\ijﬁi) .
i=1 j=1 i=1

1<i<j<k
The A-module morphism defined by

inclusion YKoL projection

b : K ——> KoL — (KoL) = K*oL" ——— K*
is such that

A=Y+ : K— K,

wlx) = Plx,z) € Q.(A) (x € K) .
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As (K, A, p) is nonsingular ¢ 4+ eyp* : K — K* is an isomorphism. The
A-module morphism defined by
Vo= W) @ )T s KT K
is such that
W+ep) ™t = d+e” K= K.

Define an isomorphism of e-quadratic forms

~

fi H(K) = (KSKA® -\ pu®—p)
by

- 1—6{/;* ) .,
f<1 {Z;).K@K Ko K. 0

DEFINITION 3.2 The 2n-dimensional L-group Lo, (A) is the group of equiv-
alence classes of nonsingular (—1)"-quadratic forms (K, \, 1) on stably
f. g. free A-modules, subject to the equivalence relation

(K, A ) ~ (K/a N, /1'/)

if there exists an isomorphism of (—1)"-quadratic forms

~
’

(KA ) @ Hi_pye (AF) = (K, X, ') @ Hi_1)n (AY)
for some f. g. free A-modules A¥, AF'.
Addition and inverses in Lg,(A) are given by
(K1, A ) + (K2, Az, p2) = (K1 © Ko, A @ Aoy pn © pi2)
S(K AR = (K =\ —p1) € Lan(A) . o

The groups Lo, (A) only depend on the residue n(mod 2), so that only
two L-groups have actually been defined, Ly(A) and La(A). Note that 3.2
uses Lemma 3.1 to justify (K, \,u) @ (K, -\, —p) ~ 0.

REMARK 3.3 The surgery obstruction of an m-connected 2n-dimensional
normal map (f,b) : M?"* — X is an element

0.(f;b) = (Kn(M), ) € Lon(Z[m1(X)])

such that o.(f,b) = 0 if (and for n > 3 only if) (f,b) is normal bordant to
a homotopy equivalence. ]

EXAMPLE 3.4 Let M = M be the orientable 2-manifold (= surface) of
genus ¢, with degree 1 map f : M — S2. A choice of framing of the
stable normal bundle of an embedding M < R? determines a 1-connected
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2-dimensional normal map (f,b) : M — S2?. For a standard choice of
framing (i.e. one which extends to a 3-manifold N with ON = M) the
kernel form and the surgery obstruction are given by

O'*(f,b) = H_l(Zg) =0 ELQ(Z)

and (f,b) is normal bordant to a homotopy equivalence, i.e. M is framed
null-cobordant. o

EXAMPLE 3.5 The even-dimensional L-groups of the ring A = R of real
numbers with the identity involution are given by
Z if n is even

Ly, (R) =
2n(R) {0 if n is odd .

Since 1/2 € R there is no difference between symmetric and quadratic
forms over R. o

The signature (alias index) of a nonsingular symmetric form (X, A) over
R is defined by

o(K,X) = no. of positive eigenvalues of A
— no. of negative eigenvalues of A € Z .

Here, the symmetric form A € QT(K) is identified with the symmetric
k x k matrix (M2, 2)1<i,j<x) € Mk x(R) determined by any choice of ba-
sis x1, X2, ..., 2, for K. By Sylvester’s law of inertia the rank k and the
signature o (K, \) define a complete set of invariants for the isomorphism
classification of nonsingular symmetric forms (K, \) over R, meaning that
two forms are isomorphic if and only if they have the same rank and sig-
nature. A nonsingular quadratic form (K,v) over R is isomorphic to a
hyperbolic form if and only if it has signature 0. Two such forms (X, A),
(K’,\') are related by an isomorphism

~

(KN ® Hu(R™) = (K',X) @ Hy (R™)
if and only if they have the same signature
o(K,\) = o(K'\\)eZ.

Moreover, every integer is the signature of a form, since 1 € Z is the
signature of the nonsingular symmetric form (R,1) with

1: R->R"; 20— (y— ay)
and for any nonsingular symmetric forms (K, A), (K’, \') over R
o(K,\) & (K, \)) = o(K,\) +a(K',\),
o(K,-\) = —o(K,\) €eZ.
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The isomorphism of 3.5 in the case n = 0(mod 2) is defined by

IR

LO(R) L ; (K7 A) = U(K7 A) .
Ly(R) = 0 because every nonsingular (—1)-symmetric (alias symplectic)
form over R admits is isomorphic to a hyperbolic form.

It is not possible to obtain a complete isomorphism classification of non-
singular symmetric and quadratic forms over Z — see Chapter II of Milnor
and Husemoller [13] for the state of the art in 1973. Fortunately, it is much
easier to decide if two forms become isomorphic after adding hyperbolics
then whether they are actually isomorphic. Define the signature of a non-
singular symmetric form (K, A) over Z to be the signature of the induced
nonsingular symmetric form over R

c(K,\) = cROK,1Q)N) €Z.

It is a non-trivial theorem that two nonsingular even symmetric forms
(K, )\), (K',X) are related by an isomorphism

~
—

(K, \) ® Ho(Z™) = (K", X) @ Hy (Z™)
if and only if they have the same signature
o(K,\) = o(K'\\N)eZ.
Moreover, not every integer arises as the signature of an even symmetric
form, only those divisible by 8. The Dynkin diagram of the exceptional Lie

group Fy is a tree

U1

V2 U3 V4 Us Ve U7 Ug

Weighing each vertex by 1 € Q11(Z) = 7Z gives (by the method recalled in
2.18) a nonsingular quadratic form (Z8, A\g,, pg,) with signature

o(Z8 \g,) = 8€Z,
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where

20010000
02100000
01210000
10121000 .

M= lo 0012100 L@
00001210
000001 2 1
000000 1 2

and pg, is determined by Ag,.

EXAMPLE 3.6 (i) The signature divided by 8 defines an isomorphism
o Ly(Z) = Z; (K,\ pu)— o(K,\)/8

so that (Z8 Agy, irs) € Lax(Z) represents a generator.

(ii) See Kervaire and Milnor [7] and Levine [9] for the surgery classifica-
tion of high-dimensional exotic spheres, including the expression of the
h-cobordism group ©" of n-dimensional exotic spheres for n > 5 as

0" = 7,(TOP/O) = m,(PL/O)
and the exact sequence
oo = Tpt1(G/O) = Lpi1(Z) — O™ — m,(G/O) — ... .

(iii) In the original case n = 7 (Milnor [10]) there is defined an isomorphism

O = Zog ; X7 s o(W)/8

for any framed 8-dimensional manifold W with OW = 7. The realization
(2.17) of (Z%, \g,, i) as the kernel form of a 4-connected 8-dimensional
normal bordism

(f,b) : (M®,S",0, M) = (cl.(M(FEg,1,...,1)\D®); S",0M(FEg, 1,...,1))
— ST ([0,1);{0}, {1})
gives the exotic sphere
Y = 0,M = OM(FEg,1,...,1)

generating ©7: the framed 8-dimensional manifold W = M (Eg,1,...,1)
obtained by the Eg-plumbing of 8 copies of 7g4 (2.18) has (W) = 8. The 7-
dimensional homotopy sphere X7 defined for any odd integer £ in 2.20 is the
boundary of a framed 8-dimensional manifold W, with o(W;) = 8(¢? — 1).

o



118 Andrew Ranicki

For any nonsingular (—1)-quadratic form (K, A, ) over Z there exists a
symplectic basis x1, ..., To, for K, such that

1 ifi—j53=m
AMzi,zj) = ¢ =1 ifj—i=m

0 otherwise .
The Arf invariant of (K, A, u) is defined using any such basis to be

(K, M\, ) Zuxl (Tirm) € Ly .

EXAMPLE 3.7 (i) The Arf invariant defines an isomorphism
¢ ¢ Lap2(Z) = Zo 5 (K, M\ p) — (K, A\ p)
The nonsingular (—1)-quadratic form (Z & Z, A, u) over Z defined by
M(@,y), (2,y) = a'y—ay €L,
pla,y) = a® +ay+y*> € Q(2) = Zo
has Arf invariant ¢(Z & Z, A, 1) = 1, and so generates Lyg12(Z).

(ii) The realization (2.19 (iv)) of the Arf form (Z @& Z, A, 1) as the kernel
form of a 5-connected 10-dimensional normal bordism

(f,b) : (M*™,8%,0,M) = (cl.(M(I,1,1)\D');S° oM (I,1,1))
— 5% ([0,1]; {0}, {1})
is obtained by plumbing together 2 copies of 7gs5 (2.18) where I is the tree
with 1 edge and 2 vertices

*——0

1
and ¥° = 0, M = OM(I,1,1) is the exotic 9-sphere generating ©° = Z,.
Coning off the boundary components gives the closed 10-dimensional PL
manifold ¢S? U M U ¢X? without differentiable structure of Kervaire [5]. 0

§4. Split forms

A “split form” on a A-module K is an element
Y € S(K) = Homy(K,K")
which can be regarded as a sesquilinear pairing
Y KxK—A; (2,y) = ¢(z,y) .

Split forms are more convenient to deal with than e-quadratic forms in
describing the algebraic effects of even-dimensional surgery (in §5 below),
and are closer to the geometric applications such as knot theory.

The main result of §4 is that the e-quadratic structures (A, x) on a f.g.
projective A-module K correspond to the elements of the e-quadratic group
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of 2.6
Q(K) = coker(1-T.:S(K)— S(K)) .

The pair of functions (A, ) used to define an e-quadratic form (K, A, u)
can thus be replaced by an equivalence class of A-module morphisms ¥ :
K — K* such that

/\(x,y) = ¢($ay) + 61/’(1/»55) eA,
p(x) = Pz, ) € Qe(A)

i.e. by an equivalence class of split forms.

DEFINITION 4.1 (i) A split form (K, ) over A is af. g. projective A-module
K together with an element ¢ € S(K).
(ii) A morphism (resp. isomorphism) of split forms over A
o (K) — (K 9)

is a A-module morphism (resp. isomorphism) f : K — K’ such that

fUf = Ko K"
(iii) An e-quadratic morphism (resp. isomorphism) of split forms over A

(fix) = (K,9) — (K", ¢)
is a A-module morphism (resp. isomorphism) f : K — K’ together with
an element x € QQ_(K) such that

fUf—v = x—ex” + K= K".

(iv) A split form (K, ) is e-nonsingular if v +ep* : K — K* is a A-module
isomorphism. ]

PROPOSITION 4.2 (i) A split form (K,v) determines an e-quadratic form
(K, A, 1) by

A=t s KK o (y— la,y) + (g, 7))
n K= QuA) s o — pla,a)

(ii) Every e-quadratic form (K, X, p) is determined by a split form (K, 1),
which is unique up to

W o~ Y if Y=Y = x—ex* for somex: K — K* .
(iii) The isomorphism classes of (nonsingular) e-quadratic forms (K, A, u)
over A are in one-one correspondence with the e-quadratic isomorphism
classes of (e-nonsingular) split forms (K, ) over A.
ProoF: (i) By construction.

(ii) There is no loss of generality in taking K to be f.g. free, K = AF.
An e-quadratic form (A¥ )\ u) over A is determined by a k x k-matrix
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A={\ij € A|1<4,j <k} such that

/\ij = €>\ji eA
and a collection of elements = {u; € Q(A)|1 <4 < k} such that
pi + el = Aii € Q°(A) .
Choosing any representatives p; € A of p; € Q.(A¥) there is defined a split
form (A%, ¢) with ¢ = {¢;; € A|1 <i,j <k} the k x k matrix defined by
N i<
Vij = i ifi=j
0  otherwise .
(iii) An e-quadratic (iso)morphism (f,x) : (K,v) — (K’, ') of split forms
determines an (iso)morphism f : (K, A\, u) — (K',N,u') of e-quadratic
forms. Conversely, an e-quadratic form (K, A, i) determines an e-quadratic

isomorphism class of split forms (K, ) as in 3.1, and every (iso)morphism
of e-quadratic forms lifts to an e-quadratic (iso)morphism of split forms. o

Thus Q.(K) is both the group of isomorphism classes of e-quadratic
forms and the group of e-quadratic isomorphism classes of split forms on a
f. g. projective A-module K.

The following algebraic result will be used in 4.6 below to obtain a ho-
mological split form ¢ on the kernel Z[r;(X)]-module K, (M) of an n-
connected 2n-dimensional normal map (f,b) : M — X with some extra
structure, which determines the kernel (—1)"-quadratic form (K, (M), A, )
as in 4.2 (i).

LEMMA 4.3 Let (K, A\, i) be an e-quadratic form over A.
(i) If s : K — K is an endomorphism such that

(1fs) + (K,0,0) = (KA ) © (K, A, —p)

defines a morphism of e-quadratic forms then (K, \s) is a split form which
determines the e-quadratic form (K, A, p).

(i) If (K, A\, p) is nonsingular and (K1) is a split form which determines
(K, A\, ) then

s =\ K- K
is an endomorphism such that

(ﬁs) (K.0,0) = (KA ) © (K, A, —p)

defines a morphism of e-quadratic forms.
PROOF: (i) By 4.2 there exist a split form (K1) which determines
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(K, \, 1) and an e-quadratic morphism of split forms

((1f5>,x) L (K, 0) = (K, 4) @ (K, —) .

It follows from
A=Yv+ept 1 K— K"

S * 1/) 0 S o * *
() (0 5) (00) = e

that
As—1p = ¥ —ex™ : K— K*
with
X' =x—-sv: K—>K".
(ii) From the definitions. O

In the terminology of §5 the morphism of 4.3 (ii)

(185> D (K,0,0) = (K, A\ p) @ (K, =\, —p)

is the inclusion of a lagrangian

1—s
ker(((—=1)""1y* ¢): K® K — K*).

L = im(( s >:K—>K@K)

EXAMPLE 4.4 A (2n — 1)-knot is an embedding of a homotopy (2n — 1)-
sphere in a standard (2n + 1)-sphere

e . 2271—1 M 52n+1 .

For n = 1 this is just a classical knot £ : &' = §' — §3; forn > 3 £2" ! is
homeomorphic to $27"~!, by the generalized Poincaré conjecture, but may
have an exotic differentiable structure. Split forms (K, 1) first appeared as
the Seifert forms over Z of (2n — 1)-knots, originally for n = 1. See Ranicki
[21,7.8],[24] for a surgery treatment of high-dimensional knot theory. In
particular, a Seifert form is an integral refinement of an even-dimensional
surgery kernel form, as follows.

(i) A (2n — 1)-knot £ : 221 — §27F1 ig gimple if

o (STTINL(EP ) = 7.(SY) 1<r<n-—-1).

(Every 1-knot is simple). A simple (2n — 1)-knot ¢ has a simple Seifert
surface, that is an (n — 1)-connected framed codimension 1 submanifold
M?" ¢ 8§21 with boundary

OM = ((x* 1) c g2t
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The kernel of the n-connected normal map
(f,b) = inclusion : (M,0M) — (X,0X) = (D**2 ¢(x?"~1))

is a nonsingular (—1)"-quadratic form (H,(M), A, u) over Z. The Seifert
form of ¢ with respect to M is the refinement of (H,, (M), A, i) to a (—1)™-
nonsingular split form (H,,(M), 1) over Z which is defined using Alexander
duality and the universal coefficient theorem

Y = i, @ Hy(M)— H,(S*1\M) = H"(M) = H,(M)*

with 4 : M — S?"*1\M the map pushing M off itself along a normal
direction in S?"*t. If i : M — S?"*\M pushes M off itself in the
opposite direction

il = (=1)""y* o Ho (M) — H,(S*"T\M) = H*(M) = H,(M)*

*

with

il = Y+~ = A
= (MNn=)"" : Hy(M) — H"(M) = H,(M)*
the Poincaré duality isomorphism. If x1, xo, ...,z € H, (M) is a basis then

(Y(zj,2,)) is a Seifert matriz for the (2n — 1)-knot ¢. For any embeddings
z,y:S"—> M

Y(z,y)

linking number(iz(S™) U y(S™) C §?n+1)
= degree(y*iz : S" — S") € Z
with

vz o 5" —Ts M e g2t Yo g2ty (eny ~ogn

For n > 3 every element & € H,(M) is represented by an embedding
e: S™ — M, using the Whitney embedding theorem, and 71 (M) = {1}.
Moreover, for any embedding x : S™ — M the framed embedding M —
527+l determines a stable trivialization of the normal bundle v, : S* —
BSO(n)

Svy Uy Pe 2 L
such that
Y(x,x) = (0, V) € Tpe1(BSO(n+1),BSO(n)) = Z .
Every element « € H,, (M) is represented by an embedding
er Xey 1 ST MxR
with e; : S™ & M a framed immersion such that the composite

€1 X ey
—_—

S M x R — §2ntl
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is isotopic to the standard framed embedding S™ — S?7"*+1. Then

Yz, x) = Z I(a,b) € Z

(a,b)€Ds(e1),e2(a)<ez(b)

is an integral lift of the geometric self-intersection (2.15 (ii))

w(z) = > I(a,b) € Q1) (Z) |

(a,b)EDg(el)/ZQ
with
Dyfer) = {(a,b) € 8" x S™[a £ be 8™ e1(a) = e (b) € M}

the double point set. For even n ¢(z,z) = p(x) € Q+1(Z) = Z, while
for odd n ¢¥(z,z) € Z is a lift of pu(x) € Q_1(Z) = Zs. The Seifert form
(Hn(M),) is such that ¢(z,x) = 0 if (and for n > 3 only if) z € H, (M)

can be killed by an ambient surgery on M?" C $2"*! i.e. represented by
a framed embedding of pairs

x o (D" x D", 8" x D™) «— (S % [0,1], M x {0})
so that the effect of the surgery on M is another Seifert surface for the
(2n — 1)-knot ¢

M' = cl.(M x 2(S™ x D™))u D"*! x §n~1 ¢ g2+l

If z € H,(M) generates a direct summand L = (z) C H, (M) then M' is
also (n — 1)-connected, with Seifert form

(Hn(M/),w/) = (LJ_/La WJD )

where
Lt = {y € Ho(M)| (¢ + (=1)"*)(z)(y) = 0 for z € L} C Hy (M) .
(ii) Every (—1)"-nonsingular split form (K,) over Z is realized as the
Seifert form of a simple (2n — 1)-knot £ : ¥27~1 — §2n+Ll (Kervaire [6]).
From the algebraic surgery point of view the realization proceeds as fol-
lows. By 2.17 the nonsingular (—1)"-quadratic form (K, A, u) determined
by (K,v¢) (4.2 (i)) is the kernel form of an n-connected 2n-dimensional
normal map
(f7 b) . (]\42n7 ZQn—l) N (DQn, SQn—l)
with f| : £2n~1 — §27~1 3 homotopy equivalence. The double of (f,b)
defines an n-connected 2n-dimensional normal map
(g.¢) = (f,b)U—(f,b) : N? = MUs2n-1—M — D*"Ugan—1—D?" = 52"
with kernel form (K @& K, A ® —\, u ® —p). The direct summand
L = ker(((-1)"'¢* ¢): KoK —K)CKoK

is such that for any (z,y) € L

u(e) — ply) = (14 (-1 Y(e.2) = 0€ Qi (Z).
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Let k = ranky(K). The trace of the k surgeries on (g,c) killing a ba-
sis (zj,y;) € K@ K (j = 1,2,...,k) for L is an n-connected (2n + 1)-
dimensional normal map
(W2 N, 827) — 8% x ([0,1];{0}, {1})
such that
¢ ¥l (2l DY U (WU DY U (M x [0,1]) = §2nHL
is a simple (2n — 1)-knot with Seifert surface M and Seifert form (K, 1).

Note that M itself is entirely determined by the (—1)™-quadratic form
(K, A\, 1), with cl.(M\D?") the trace of k surgeries on S?"~! removing

Usn—l % D" < S2n—1

k
with (self-)linking numbers (), ). The embedding M — S*"*! is deter-
mined by the choice of split structure 9 for (A, ).
(iii) In particular, (ii) gives a knot version of the plumbing construction
(2.18): let G be a finite graph with vertices vy,va,..., v, weighted by
By 2y - e € Q(—1)n(Z), so that there are defined a (—1)"-quadratic
form (Z*, A\, ) and a plumbed stably parallelizable (n — 1)-connected 2n-
dimensional manifold with boundary

MQTL = M(G,,LL]_,/LQ,...,,LL[C) )

killing H;(G) by surgery if G is not a tree. A choice of split form 1 for
(\, ) determines a compression of a framed embedding M «— S2"*J (j
large) to a framed embedding M — S?"*1 so that OM — STl is a
codimension 2 framed embedding. The form (Z*,\, i) is nonsingular if
and only if ¥2"~1 = OM is a homotopy (2n — 1)-sphere, in which case
»2n-1l oy §2n+l s a simple (2n — 1)-knot with simple Seifert surface M.
(iv) Given a simple (2n — 1)-knot ¢ : %2"~1 < §27+1 and a simple Seifert
surface M?" — §?7+1 there is defined an n-connected 2n-dimensional nor-
mal map

(f,b) = inclusion : (M,0M) — (X,0X) = (D?"*2 ¢(x2"1))

as in (i). The knot complement is a (2n + 1)-dimensional manifold with
boundary

(W,0W) = (cL(S¥F\(¢(521) x D2)), (5201 x §Y)
with a Z-homology equivalence p : (W,0W) — S! such that
p| = projection : OW = ¥?"71x gt - gt
ptpt) = McCcW.

Cutting W along M C W there is obtained a cobordism (N; M, M’) with
M’ a copy of M, and N a deformation retract of 2"\ M, such that (f,b)
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extends to an n-connected normal map
(g,¢) + (N; M, M') — X x ([0,1];{0},{1})

with (g,¢)| = (f',b') : M’ — X a copy of (f,b). The n-connected (2n + 1)-
dimensional normal map

(h,d) = (g,0)/((£,0) = (f',V)) :

(W,0W) = (N;M,M')/(M = M) = (X,0X) x §'
is a Z-homology equivalence which is the identity on W, and such that

(f,0) = (h,d)] : (M,0M) = h7'((X,0X) x {pt.}) — (X,0X) . ©

EXAMPLE 4.5 (i) Split forms over group rings arise in the following geo-
metric situation, generalizing 4.4 (iv).

Let X be a 2n-dimensional Poincaré complex, and let (h,d) : W — X x St
be an n-connected (2n + 1)-dimensional normal map which is a Z[m1(X)]-
homology equivalence. Cut (h,d) along X x {pt.} C X x S* to obtain an
n-connected 2n-dimensional normal map

(f;0) = (h,d)] - M = 7 '({pt.}) = X
and an n-connected normal bordism
(9:¢) + (Ns M, M') — X x ([0,1]; {0}, {1})

with N a deformation retract of W\M, such that (g,¢)| = (f,b) : M — X,
and such that (g,c¢)| = (f',0") : M’ — X is a copy of (f,b). The inclusions
i: M — N,i: M — N induce Z[n1(X)]-module morphisms

iv + Kp(M)— Ku(N) , i, @ K,(M') = K,(M)— K,(N)

which fit into an exact sequence

-/
*_Z*

K1 (W) = 0 ——— K, (M) % K, (N) ——> K, (W) =0,
so that i, — i, : K,,(M) — K, (N) is an isomorphism. Let (K, (M), A, 1)
be the kernel (—1)"-quadratic form of (f,b). The endomorphism

s = (ix —i) Yy © K,(M) — K,(M)
is such that

<1is) (K (M),0,0) = (Kn(M), A, 1) & (Kn(M), =, =)

defines a morphism of (—1)"-quadratic forms, so that by 4.3 the split form
(Kn(M),v) with

Y = As 1 Kp(M) — Kn(M)*

determines (K, (M), \, ). Every element x € K,,(M) can be represented
by a framed immersion z : S™ & M with a null-homotopy fz ~ *:S" —
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X. Use the null-homotopy and the normal Z[m; (X )]-homology equivalence
(h,d) : W — X x S to extend x to a framed immersion dz : D" o W. If
Z1,T2,...,2 € K, (M) is a basis for the kernel f.g. free Z[mr;(X)]-module
then

k
s(zg) = ) sjjray € Kn(M)
j'=1

s;; = linking number(iz;(S™) Uz (S™) C W)
= intersection number(iz;(S™) N éz;/ (D" 1) C W) € Z[m (X)) .
The split form (K, (M),) is thus a (non-simply connected) Seifert form.
(ii) Suppose given an n-connected 2n-dimensional normal map (f,b) :
(M,0M) — (X,0X), with kernel (—1)"-quadratic form (K, (M), A\, u) over
Z[m1(X)]. A choice of split form ¢ for (A, u) can be realized by an (n+ 1)-
connected (2n + 2)-dimensional normal map
(g,¢) : (L,0L) — (X x D*, X x S*UdX x D?)
which is a Z[m (X)]-homology equivalence with
(f;0) = (g9,0)| + (M, 0M) = g_l((X,ﬁX) x {0}) — (X,0X) ,

H, 1 (L, M) = K. (M) (= 0 for  #n)
as follows. The inclusion M — 0L is a codimension 2 embedding with
Seifert surface M — OL and Seifert form (K, (M),v) as in the relative
version of (i), with
(h,d) = (g,c)] : W = 0L — X x StUIX x D?*.
The choice of split form 1 for (A, 1) determines a sequence of surgeries on
the n-connected (2n + 1)-dimensional normal map

(f;0) x 1y = M x ([0,1]; {0}, {1}) — X x ([0, 1]; {0}, {1})
killing the (stably) f. g. free Z[m1(X)]-module
Kn(M % [0,1]) = Kn(M),
obtaining a rel 0 normal bordant map
(fn,bn) = (N3 M, M') — X x ([0,1]; {0}, {1})
with K;(N) = 0 for ¢ # n. The Z[r1(X)]-module morphisms induced by
the inclusions i : M — N, ¢ : M’ — N
it Kn(M) = En(N) , i, : Ko(M) = Kn(M') — Kn(N)
are such that i, —i, : K,,(M) — K, (N) is a Z[m1(X)]-module isomorphism,
with

(e —13") " Yin adjoint(\)
v Kp(M) ——— K,(M) ——— K,(M)*.
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Thus it is possible to identify

i = ¥ @ Kp(M)— Ky(N) & K,(M)*,

i, = ()" 1 K, (M) = K,(M')— K,(N) & K,(M)*
with

IR

in—i, = Y+ (=1)"* = adjoint(A) : K, (M)
The (2n + 1)-dimensional manifold with boundary defined by
(V,0V) = (N/(M = M"),0M x S*)
is equipped with a normal map
(fy,by) :+ (V,0V) — (X x S*,0X x S1)

which is an n-connected Z[mr; (X)]-homology equivalence, with K;(V) =0
for j #n+ 1 and

K1 (V) = coker(zip + (=1)"* : K, (M)[z,271] — K, (M)*[z,27"])
identifying
Zm (X x SY] = Zm(X)][z 27" EF=2"").
The trace of the surgeries on (f,b) x 119 1] gives an extension of (fy,by) to
an (n + 1)-connected (2n + 2)-dimensional normal bordism
(fo.bu) + (UsV,M x S') — X x S' x ([0,1]; {0}, {1})

with K;(U) = 0 for i # n+1 and (singular) kernel (—1)"*!-quadratic form
over Z[m (X)][z, 271

(Knt1(U), Au,s pu)

= (Kn(M)[z, 271, (1= 2)y + (=1)"" (1 = 271", (1= 2)v) -
The (2n + 2)-dimensional manifold with boundary defined by

(W,0W) = (M x D*UU,0M x D*UYV)

is such that (f,b) extends to an (n + 1)-connected normal map
(g,¢) = (f,b) x1p2U(frr,br) : (W,0W) — (X x D*,0X x D*UX x S')
which is a Z[r (X)]-homology equivalence, with H,1 (W, M) = K,(M).
See Example 27.9 of Ranicki [24] for further details (noting that the split
form 1) here corresponds to the asymmetric form A there).

(iii) Given a simple knot £ : $2"~1 — §27*+1 and a simple Seifert surface
M?" C §?"*1 there is defined an n-connected normal map

(f,b) = inclusion : (M?" 0M) — (X,0X) = (D2 ¢(x?"1))

with a Seifert form ¢ on K,,(M) = H, (M), as in 4.4. For n > 2 the surgery
construction of (i) applied to (f,b), ¥ recovers the knot

€3 = OM — oW = §*H!
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with M?* ¢ W = D?"*2 the Seifert surface pushed into the interior of
D?7+2 The knot complement

(V2L oV) = (el (S (0(S*"1) x D?)), 62" 1) x S1)
is such that there is defined an n-connected (2n + 1)-dimensional normal
map
(fv,by) = (V,0V) — (X,0X) x S*
which is a homology equivalence, with
(fv.bv)l = (£,0) + (M, 0M) = (fr)"'((X,0X) x {x}) — (X,0X) .
Cutting (fv,by) along (f,b) results in a normal map as in (i)

(fn,by) + (NPFL M2 M2 — X x ([0,1]; {0}, {1}) . =

§5. Surgery on forms

85 develops algebraic surgery on forms. The effect of a geometric surgery
on an n-connected 2n-dimensional normal map is an algebraic surgery on
the kernel (—1)™-quadratic form. Moreover, geometric surgery is possible
if and only if algebraic surgery is possible.

Given an e-quadratic form (K, A, p) over A it is possible to kill an element
x € K by algebraic surgery if and only if u(x) = 0 € Q(A) and = generates
a direct summand (z) = Az C K. The effect of the surgery is the e-
quadratic form (K’, N, i/) defined on the subquotient K’ = (z)*/(z) of K,
with (2)+ = {y € K |\(z,y) =0 € A}.

DEFINITION 5.1 (i) Given an e-symmetric form (K, A) and a submodule
L C K define the orthogonal submodule
Lt = {zeK|\z,y)=0€Aforallye L}
= ker(i*"A: K — L*)

with ¢ : L — K the inclusion. If (K, ) is nonsingular and L is a direct
summand of K then so is L*.

(ii) A sublagrangian of a nonsingular e-quadratic form (K, \, ) over A is a
direct summand L C K such that

n(L) = {0} € Qc(A) ,
and
MNL)(L) = {0} , LCL*.
(iii) A lagrangian of (K, \, 1) is a sublagrangian L such that L+ = L. O
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The main result of §5 is that the inclusion of a sublagrangian is a mor-
phism of e-quadratic forms

i : (L,0,0) = (K, \ pn)

which extends to an isomorphism

IR

[ Ho(D) @ (LY/L, [N, 1) = (KA, )
with H (L) the hyperbolic e-quadratic form (2.14).

EXAMPLE 5.2 Let (f,b) : M?™ — X be an n-connected 2n-dimensional nor-
mal map with kernel (—1)"-quadratic form (K, (M), , u) over Z[m (X)],
and n > 3. An element z € K, (M) generates a sublagrangian L = (x) C
K, (M) if and only if it can be killed by surgery on S™ x D" — M with
trace an n-connected normal bordism
((g.€)s (£,0), (f/,0) = (W2 M2 M™2") — X x ([0,1]; {0}, {1})
such that K1 (W, M’) = 0. The kernel form of the effect of such a surgery
(f,0) : M = cl.(M\S" x D")u D"t x §"71 - X
is given by
(Kn(M"), N, 1) = (L/L, [\, [u]) -

There exists an n-connected normal bordism (g, ¢) of (f,b) to a homotopy
equivalence (f',b') with K41 (W, M’') = 0 if and only if (K,(M), A, )
admits a lagrangian. m]

REMARK 5.3 There are other terminologies. In the classical theory of
quadratic forms over fields a lagrangian is a “maximal isotropic subspace”.
Wall called hyperbolic forms “kernels” and the lagrangians “subkernels”.
Novikov called hyperbolic forms “hamiltonian”, and introduced the name
“lagrangian”, because of the analogy with the hamiltonian formulation of
physics. o

EXAMPLE 5.4 An n-connected (2n + 1)-dimensional normal bordism
(60 (£.D), (/1)) = (W2 M2 A2n) - X x ([0, 1]; {0}, {1})
with K, +1(W, M’) = 0 determines a sublagrangian
L = im(Knys (W, M) = Ko(M)) € K(M)

of the kernel (—1)"-quadratic form (K, A, pu) of (f,b), with K = K, (M).
The sublagrangian L is a lagrangian if and only if (f/,b’) is a homotopy
equivalence. W has a handle decomposition on M of the type

W = M x TU|J(n+ 1)-handles D"' x D",
k
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and L = K, 1(W, M) = Z[r1(X)]* is a f. g. free Z[m(X)]-module with
rank the number k of (n + 1)-handles. The exact sequences of stably f. g.
free Z[m (X)]-modules

0— Knp1(W, M) — Kp(M) = Kn(W) =0,
0— K,(M") - K,(W)— K,(W,M") — 0

are isomorphic to

0= L — K —K/L—0,

[i* )
0— L)L - K/L — L* —0. o

DEFINITION 5.5 (i) A sublagrangian of an e-nonsingular split form (K, )
is an e-quadratic morphism of split forms

(4,0) = (L,0) = (K, ¢)

with ¢ : L — K a split injection.
(ii) A lagrangian of (K, 1) is a sublagrangian such that the sequence
i (Pte™)

0—-L — —— L =0

is exact. m]

An e-nonsingular split form (K,¢) admits a (sub)lagrangian if and
only if the associated e-quadratic form (K, \, p) admits a (sub)lagrang-
ian. (Sub)lagrangians in split e-quadratic forms are thus (sub)lagrangians
in e-quadratic forms with the (—e)-quadratic structure 8, which (following
Novikov) is sometimes called the “hessian” form.

DEFINITION 5.6 The e-nonsingular hyperbolic split form H (L) is given for
any f. g. projective A-module L by

01
H.(L) = (L@L*,(O 0) Lol —(Lel") = L*al),
. . . 1
with lagrangian (i = (0) ,0): (L,0) — H.(L). m

THEOREM 5.7 An e-nonsingular split form (K,v) admits a lagrangian if
and only if it is e-quadratic isomorphic isomorphic to the hyperbolic form
H.(L). Moreover, the inclusion (i,60) : (L,0) — (K,v) of a lagrangian ex-
tends to an e-quadratic isomorphism of split forms (f,x) : He(L) & (K, ).
PROOF: An isomorphism of forms sends lagrangians to lagrangians, so
any form isomorphic to a hyperbolic has at least one lagrangian. Con-
versely suppose that (K,) has a lagrangian (¢,6) : (L,0) — (K,®). An
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extension of (i,60) to an e-quadratic isomorphism (f,x) : He(L) = (K, )
determines a lagrangian f(L*) C K complementary to L. Construct an iso-
morphism f by choosing a complementary lagrangian to L in (K, ). Let
i € Homp (L, K) be the inclusion, and choose a splitting j/ € Homp (L*, K)
of i*(¢ + ep*) € Homy (K, L*), so that
i*(¢ + e*)j’ = 1€ Homy(L*,L*) .
In general, j' : L* — K is not the inclusion of a lagrangian, with j™*j’ #
0 € Qc(L*). Given any k € Homy (L*, L) there is defined another splitting
j =4 +ik : LI* - K
such that
UG = T Rk R+ ik
= J"Yj +k €Qc(L) .

Choosing a representative ¢ € Homy (K, K*) of ¥ € Q.(K) and setting

k — _j/*wjl . L*—>L*
there is obtained a splitting j : L* — K which is the inclusion of a la-
grangian

(Jyv) = (L*,0) = (K,v) .

The isomorphism of e-quadratic forms

0 0 > =
17) = i : H (L) — (K,
(0 = (0, 0) ¢ ) = (50)
is an e-quadratic isomorphism of split forms. O

REMARK 5.8 Theorem 5.7 is a generalization of Witt’s theorem on the
extension to isomorphism of an isometry of quadratic forms over fields. The
procedure for modifying the choice of complement to be a lagrangian is a
generalization of the Gram-Schmidt method of constructing orthonormal
bases in an inner product space. Ignoring the split structure 5.7 shows
that a nonsingular e-quadratic form admits a lagrangian (in the sense of
5.1 (iii)) if and only if it is isomorphic to a hyperbolic form. i

COROLLARY 5.9 For any e-nonsingular split form (K,v) the diagonal in-
clusion

A: K—-KoK; z— (x,2)
extends to an e-quadratic isomorphism of split forms
PROOF: Apply 5.7 to the inclusion of the lagrangian
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(This result has already been used in 3.1). o

PROPOSITION 5.10 The inclusion (i,0) : (L,0) — (K, ) of a sublagrangian
in an e-nonsingular split form (K, ) extends to an isomorphism of forms

(f,x) © He(L)® (L)L, [¢]) = (K,9) -
PRrROOF: For any direct complement L; to L' in K there is defined a
A-module isomorphism
e Ly = L' a— (yi— (1+T)d(,y) .

Define a A-module morphism

e ! inclusion

j : L* L1
The e-nonsingular split form defined by

0 1
H,¢) = LEBL*,( - >
(H,6) = ( 0 o)
has lagrangian L, so that it is isomorphic to the hyperbolic form H (L) by
5.7. Also, there is defined an e-quadratic morphism of split forms

w=G (g ') e~ )

with g : H — K an injection split by
h=((1+T)¢) '¢*(1+T)v : K—H .
The direct summand of K defined by
H* = {z € K|(1+T)¢(x,gy) = Oforallyec H}
ker(¢*(1+Te)y : K — H*) = ker(h: K — H)

is such that
K = g(H)oH .
It follows from the factorization
FOA+T : K—— H = Ler 220
that
Lt = ker(i*(1+T): K - L*) = Lo H: .

The restriction of ¢ € S(K) to H* defines an e-nonsingular split form
(H+, ¢%). The injection g and the inclusion g+ : H+ — K are the compo-
nents of a A-module isomorphism

f=1(gg") : HpH* - K

which defines an e-quadratic isomorphism of split forms

(fv) : (H.6)® (H 6%) = (K.0)
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with
(H+, ¢") = (L*/L,[¥)) . D

EXAMPLE 5.11 An n-connected (2n + 1)-dimensional normal bordism
((g,¢); (£,0), (f,07)) = (WHL M2 M) — X x ([0,1];{0}, {1})
is such that W has a handle decomposition on M of the type

W = M x TU| Jn-handles D" x D"*' U| J(n 4 1)-handles D"*' x D™ .
k k'
Let

(WM, My = (W's M,M") Upgr (W' M", M)
with
W' = M x[0,1]U| J n-handles D" x D"*! |
k

M" = cl.(OW'\M) ,
W’ = M" x[0,1]ulJ (n+ 1)-handles D"** x D™ .
k/
The restriction of (g,c¢) to M"” is an n-connected 2n-dimensional normal
map

(F70") « M" = M#(#,S™ x S™) = M'#(#pS" x S") — X
with kernel (—1)™-quadratic form
(K (M), X', ") = (K (M), A, ) & Hiyn (Z[m (X)]")

(Ko (M), N, ') @ H_yye (Zlmy (X)]F) -
Thus (K, (M"), X\, 1) has sublagrangians

L = im(Kp (W, M") — K,(M")) = Zm(X)]",

L = (K (W, M) = K, (M") 2 Zlm (X))
such that

1

’

(LH/L N (W) = (K (M), A p)

(L1 (")) = (K (M), N i)
Note that L is a lagrangian if and only if (f,b) : M — X is a homotopy
equivalence. Similarly for L' and (f',0') : M’ — X. o
§6. Short odd complexes

A “(2n+1)-complex” is the algebraic structure best suited to describing
the surgery obstruction of an n-connected (2n + 1)-dimensional normal
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map. In essence it is a 1-dimensional chain complex with (—1)"-quadratic
Poincaré duality.

As before, let A be a ring with involution.

DEFINITION 6.1 A (2n + 1)-complex over A (C, 1)) is a f. g. free A-module
chain complex of the type

C:...—-0— Ch1 L C,—0—...

together with two A-module morphisms
Yo : C" = (Cn)" = Cpga, Y1 1 C" = Cy

such that

dipo + 1 + (1)) = 0 : C" = Cy
and such that the chain map

(L+T)py = C*HI* 5 C
defined by
deonii-« = (=1)"Tg* .
(C2H1=%) | = O™ — (C2H1—Y), = ot

[t (@) = O = G
(1+T)¢0 = {wg . (02n+17*)n _ Cn+1~>Cn,

(C*Hi="), = C* 1" = Oforr #n,n+1

is a chain equivalence

, . (_1)n+1d*

cPntl—x. 0 cn cntl 0

L+ o l wl o wl l
C N 0 Cn—i—l d Cn O

O

REMARK 6.2 A (2n+1)-complex is essentially the inclusion of a lagrangian
in a hyperbolic split (—1)"-quadratic form

() o)+ €0 = Hie (€.

The chain map (1+7)tg : C?"F1=* — (C is a chain equivalence if and only



An introduction to algebraic surgery 135

if the algebraic mapping cone
(wo ) —
d* d )™
0-C" —— n+1@C"+1M>Cn—>O

is contractible, which is just the lagrangian condition. The triple
( form ; lagrangian , lagrangian ) = (H_1y»(Cpy1); Cny1,im <1§S>)

is an example of a “(—1)"-quadratic formation”. Formations will be studied
in greater detail in §9 below. o

EXAMPLE 6.3 Define a presentation of an n-connected (2n+1)-dimensional
normal map (f,b) : M?"*! — X to be a normal bordism

((g.€)s (£,0), (f/,0)) « (W22 M2 Mr2ndt) — X ([0,1]; {0}, {1})
such that W — X x [0, 1] is n-connected, with

K.W) = 0forr#n+1.
Then K, 1 (W) af. g. free Z[m;(X)]-module and W has a handle decom-
position on M of the type

W = M x TU|J(n+ 1)-handles D"*' x D"¥1
k

and K, 1 (W, M) = Z[r1(X)]* is a f. g. free Z[m(X)]-module with rank
the number k of (n + 1)-handles. Thus (W; M, M’) is the trace of surg-
eries on k disjoint embeddings S™ x D"t! < M?"*t! with null-homotopy
in X representing a set of Z[m;(X)]-module generators of K,(M). For
every n-connected (2n + 1)-dimensional normal map (f,b) : M?" Tt — X
the kernel Z[m (X)]-module K,, (M) is f. g., so that there exists a presen-
tation (g,c¢) : (W; M, M') — X x (]0,1];{0},{1}). Poincaré duality and
the universal coefficient theorem give natural identifications of f. g. free
Z[m (X)]-modules

Knt(W) = K™N(W,0W) = Ko (W,0W)" (OW = MU M),
K1 (W, M) = K" (W, M) = Knt(W,M')" .
The presentation determines a (2n + 1)-complex (C, ) such that
H(C) = K.(M)

with
d = (inclusion), : Chy1 = Kpp1t(W,M') — C, = K, 1(W,0W) ,
o = (inclusion), : C" = K, (W) — Chy1 = Kpa(W,M') .

The hessian (C", —¢1 € Q(_1)»+1(C™)) is the geometric self-intersection
(—1)"*l-quadratic form on the kernel C" = K, 1(W) of the normal map
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W2n+2 — X x [0, 1], such that
— (1 + (=1)"TpF) = dipg = inclusion, :
C" = Kp1(W) = Cp = Kyt (W,0W) = Kp(W)*

The chain equivalence (1 4+ T)¢g : C?*"*'=* — C induces the Poincaré
duality isomorphisms

IR

[M]ﬁ— . H2n+1—*(c) — K27l+1—*(M)

REMARK 6.4 The (2n + 1)-complex (C,4) of 6.3 can also be obtained by
working inside M, assuming that X has a single (2n + 1)-cell

X = X,uD*!

(as is possible by the Poincaré disc theorem of Wall [28]) so that there is
defined a degree 1 map

collapse : X — X/X, = S?"t!.

Let U € M?"*! be the disjoint union of the k embeddings S™ x D"*1 < M
with null-homotopies in X, so that (f,b) has a Heegaard splitting as a union
of normal maps

(f;0) = (e;a) U (fo,bo) :
M = (U,0U)U (Mo, 0Mo) — X = (D*'*1,8%") U (Xo,0Xo)
)

with the inclusion (6.2) of the lagrangian

( ) : Cn — n—+1 @ Cn+1

in the hyperbolic (—1)"-quadratic form H(_1y»(Cy41) given by
inclusion,. : KnH(MOﬁU) — K,(0U) = K,+1(U,0U) & K,(U) .

Wall obtained the surgery obstruction of (f,b) using an extension (cf. 5.7)
of this inclusion to an automorphism

o
—

a : H1)n(Cni1) H_1)n(Cny1) »

which will be discussed further in §10 below. The presentation of (f,b)
used to obtain (C, 1) in 6.3 is the trace of the k surgeries on U C M

(9,¢) = (e1,a1) U (fo,bo) xid :
(W;M,M") = (V;U,U")U M, x ([0,1]; {0}, {1}) — X x ([0,1]; {0}, {1})
with

(ViU U') = | @ x D" 87 x DL Dt smy o
k
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EXAMPLE 6.5 There is also a relative version of 6.3. A presentation of an
n-connected normal map (f,b) : M?>® — X from a (2n + 1)-dimensional
manifold with boundary (M,0M) to a geometric Poincaré pair (X,0X)
with 9f = f| : M — 90X a homotopy equivalence is a normal map of
triads
(W2n+2; M2n+1)M/2n+1; OM x [O, 1])
— (X x[0,1]; X x {0}, X x {1};0X x [0,1])

such that W — X x [0,1] is n-connected. Again, the presentation deter-
mines a (2n + 1)-complex (C, 1) over Z[m (X)] with

Cpn = Knp1(W,0W) , Copr = Kn+1(WvM/) , H(C) = K.(M) . o

REMARK 6.6 (Realization of odd-dimensional surgery obstructions, Wall
[29,6.5]) The theorem of [29] realizing automorphisms of hyperbolic forms
as odd-dimensional surgery obstructions has the following interpretation in
terms of complexes. Let (C, 1) be a (2n + 1)-complex over Z[r], with 7 a
finitely presented group. Let n > 2, so that there exists a 2n-dimensional
manifold X?" with 71(X) = 7. For any such n > 2, X there exists an
n-connected (2n + 1)-dimensional normal map

(f,0) = (M*H0-M,0. M) — X*" x ([0,1]; {0}, {1})
with 0_M = X — X the identity and 04+ M — X a homotopy equivalence,
and with a presentation with respect to which (f,b) has kernel (2n + 1)-
complex (C, ). Such a normal map is constructed from the identity X —
X in two stages. First, choose a basis {b1, ba, ..., by} for Cp, 11, and perform
surgeries on k disjoint trivial embeddings S™~! x D"*! < X?" with trace
(U; X,0,U) = (X x[0,1JUJD" x D" X x {0}, X##,S" x S")
k
— X x ([0,1/2];{0},{1/2}) .
The n-connected 2n-dimensional normal map ;U — X x {1/2} has kernel
(—1)"-quadratic form
(Kn(04U), A\ i) = Hpn(Z[n]*) = H1yn(Cpyr) -
Second, choose a basis {c1,ca,...,c,} for C™ and realize the inclusion of
the lagrangian in H(_1yn (Cy,41) by surgeries on k disjoint embeddings S™ x
D" — 04U with trace
(Mo; 0,.U,0,+ M) — X x ([0,1]; {0}, {1})
such that
W) _ 9L 0m = K (Mo,0uU
) =9 = Kun11(Mo,0.U)
- Ch1 ®C" = K, 1 (U,0,U)® K,(U) = K,(0.U) .
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The required (2n+ 1)-dimensional normal map realizing (C, ) is the union
(M;0_M,0, M) = (U3 X,0,0)0(Mo; 0:.U, 0, M) — X ([0, 1]; {0}, {1})
The corresponding presentation is the trace of surgeries on k disjoint em-

beddings S™ x D"*t! < U ¢ M?"*!. This is the terminology (and result)
of Wall [29, Chapter 6]. o

The choice of presentation (6.3) for an n-connected (2n + 1)-dimensional
normal map (f,b) : M?"*+1 — X does not change the “homotopy type” of
the associated (2n + 1)-complex (C, 1)), in the following sense.

DEFINITION 6.7 (i) A map of (2n + 1)-complexes over A
[ (C) = (¢ )
is a chain map f : C — C’ such that there exist A-module morphisms
xo @ CMTt Chih s x1: C"—0Cy,

with

fof* —vh = (xo+ (1) xg)d™ - C™ = Clyy

forf =y = =d'xod” +x1+ (=1)"xi : C" = C;, .
(ii) A homotopy equivalence of (2n+1)-complexes is a map with f : C — C’
a chain equivalence.

(iii) An isomorphism of (2n + 1)-complexes is a map with f : C — C’ an
isomorphism of chain complexes. ]

PROPOSITION 6.8 Homotopy equivalence is an equivalence relation on (2n+
1)-complezes.

PROOF: For m > 0 let E(m) be the contractible f. g. free A-module chain
complex defined by

dpm)y = 1+ E(m)py1 = A" — E(m), = A™,
E(m), = Oforr#n,n+1.

A map f: (C,¢) — (C',4¢') is a homotopy equivalence if and only if for
some m,m’ > 0 there exists an isomorphism

f'o(Co) @ (B(m),0) = (C",¢") @ (B(m),0)
such that the underlying chain map f’ is chain homotopic to
f®0 : CoEMm)—C ®Em).

Isomorphism is an equivalence relation on (2n + 1)-complexes, and hence
so is homotopy equivalence. m]

EXAMPLE 6.9 The (2n + 1)-complexes (C, ), (C’,9’) associated by 6.3 to
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any two presentations
(W; M, M) — X x (10,1]; {0}, {1}) , (W'; M, M") = X x ([0, 1]; {0}, {1})
of an n-connected normal map M?*t! — X are homotopy equivalent.
Without loss of generality it may be assumed that W and W' are the
traces of surgeries on disjoint embeddings

g' : S"x D" s M, g7 s ST D' s M
corresponding to two sets of Z[r1 (X )]-module generators of K,,(M). Define
a presentation of M — X
(W M, M") = (W: M, M)U(V: M, M") = (W' M, M)U(V'; M, M")
with (V; M, M) the presentation of M — X defined by the trace of the
surgeries on the copies g7 : S™ x D"! < M of g7 : §™ x D" — M,
and (V'; M', M") the presentation of M’ — X defined by the trace of the
surgeries on the copies §* : S® x D"t — M’ of ¢* : 8™ x D"t — M.

The projections C” — C, C"” — C’ define homotopy equivalences of (2n +
1)-complexes

(C", ") = (Co) , (C"9") = (C"0)) . 0

DEFINITION 6.10 A (2n + 1)-complex (C,v) over A is contractible if it
is homotopy equivalent to the zero complex (0,0), or equivalently if d :
Cn41 — Cy, is a A-module isomorphism. O

EXAMPLE 6.11 A (2n + 1)-complex (C,)) associated to an n-connected
(2n+1)-dimensional normal map (f,b) : M?"+! — X is contractible if (and
for n > 2 only if) f is a homotopy equivalence, by the theorem of J.H.C.
Whitehead. The (2n + 1)-complexes (C, 1)) associated to the various pre-
sentations of a homotopy equivalence (f,b) : M?"Tt — X are contractible,
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by 6.9. The zero complex (0,0) is associated to the presentation

(f;0) xid. = M x ([0,1]; {0}, {1}) — X x ([0, 1];{0}, {1}) . O

§7. Complex cobordism

The cobordism of (2n + 1)-complexes is the equivalence relation which
corresponds to the normal bordism of n-connected (2n+1)-dimensional nor-
mal maps. The (2n + 1)-dimensional surgery obstruction group Lay,11(A)
will be defined in §8 below to be the cobordism group of (2n+ 1)-complexes
over A.

DEFINITION 7.1 A cobordism of (2n + 1)-complexes (C,v), (C',v)

((G47):COC"— D, (69, ¢ & —¢"))
is a f. g. free A-module chain complex of the type

D:...-0—-Dypy1 —-0—...
together with A-module morphisms
j i Coy1 = Dpyr , §° 1 Cryy — Doy,

§1g : D" = (Dyy1)* — Dy

such that the duality A-module chain map
(1+T) (%0, o ® =) = C(5")*" 7" — €(j)

defined by

) S R Y S LY A
(1+ ) (690, v & —}) = ( ¢0+<¢31j>* ¥ J:f)

. e(j/)2n+1 — DTL+1 @ Cln N e(j)n+1 = Dn+1 &) C’n

is a chain equivalence, with C(j), C(j’) the algebraic mapping cones of the
chain maps j: C — D, j': C' — D. o

The duality chain map C(j')?"*27* — () is given by

Q") t2* .. —>0—>0—> Dl g Qm — Ot —=( —> -
(1+T)6w0l L l i l i
@) .. ——>=0—>Cpy1 —>Dp1®Cp, ——=0—>0 —> -

The condition for it to be a chain equivalence is just that the A-module
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morphism

d 0 YoJ*
0 dl* j/*

(=)™l G + (1) e
: CnJrl @ Cln @ Dn+1 — Cn @ C/TLJrl @ Dn+1

be an isomorphism.

EXAMPLE 7.2 Suppose given two n-connected (2n+ 1)-dimensional normal
maps M2+t — X M2+t — X with presentations (6.3)

(W2n+2§ ]\42n+17 M2"+1) — X x ([0,1];{0},{1}) ,
(W,2n+2; JMIZTL-H7 ]/\4\/2”‘1'1) — X x ([0,1];{0}, {1})

and corresponding (2n + 1)-complexes (C,v), (C’,4’). An n-connected
normal bordism

(V2n+2;M2n+1,M/2n+1) X x ([0’ 1]; {0}, {1})
determines a cobordism i):CaC" — D,(0¢,y ® —¢')) (again, up

(G
to some choices) from (C,9) to (C’,4¢’). Define an n-connected normal
bordism

(V';M,M") = (W;M,M)U (V;M,M')U(W'; M, M)
— X x ([0,1]; {0}, {1}) .
The exact sequence of stably f. g. free Z[m;(X)]-modules
0= Knt1 (V) — Kpa (V',0V)
— Kt (W, W) @ Kyt (W, 0W') — 0
splits. Choosing any splitting K,,+1(V',0V’) — K, 11(V) define j, j' by
(GJ) : Cog1®Cryy = Knpr(W, -7\7) @ Kn+1(W/»]\//P)

incl, @incl, , ,
s Knt(V!,0V') = Knar(V) = Dy

Geometric intersection numbers provide a (—1)"*1-quadratic form (D"*1

§1bp) over Z[my (X)) such that the duality chain map C(j’)?"+2=* — C(j) is
a chain equivalence inducing the Poincaré duality isomorphisms

~

ViA— : H270() = K22V, M) = H.(j) = K.(V,M). o

DEFINITION 7.3 A null-cobordism of a (2n + 1)-complex (C, 1) is a cobor-
dism (j : C — D, (0v,)) to (0,0). o

EXAMPLE 7.4 Let (W?2n+2; M2ntl pp2ntl)y — X x ([0,1];{0},{1}) be a
presentation of an n-connected (2n 4 1)-dimensional normal map M — X,
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with (2n 4+ 1)-complex (C, ). For n > 2 there is a one-one correspondence
between n-connected normal bordisms of M — X

(V2 A N X (0,1 (0), 1))

to homotopy equivalences N — X and null-cobordisms (j : C — D, (§v,
v)). (Every normal bordism of n-connected (2n + 1)-dimensional normal

maps can be made n-connected by surgery below the middle dimension on
the interior.)

M’ w M |4 N

Vi=WuyV

Any such (V; M,N) — X x (]0,1]; {0}, {1}) determines by 7.2 a null-cob-
ordism (j : C' — D, (09, v)) of (C,4). o

Cobordisms of (2n + 1)-complexes arise in the following way:

CONSTRUCTION 7.5 An isomorphism of hyperbolic split (—1)"-quadratic
forms over A

<<Z Z)’(qu g)) D Hin(G)

with F,G f. g. free determines a cobordism of (2n + 1)-complexes

((G4"):CoC" — D, (69, v & —¢))

IR

H_1y~(F)

by

d=p :Chy1 = F—-0C, = G,

Yo =7:C" =G—>Chp = F,
00" = G C, = G
J=p" 1 Chp1 = F>Dpyy = G,
d =~ :0C,,, =F —C, =G,
= O = GOl =
1=-0:C"=G->0C, =G,
j =7 :0C = F —-Dy1 =G,
Spg = 0 : D" = G* =D, = G.
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It can be shown that every cobordism of (2n + 1)-complexes is homotopy
equivalent to one constructed as in 7.5.

EXAMPLE 7.6 An n-connected (2n + 2)-dimensional normal bordism
((9:€); (£,0), (f/,0)) = (W22 020t Mr2edty — X ([0,1]; {03, {1})

with ¢ : W — X x [0,1] n-connected can be regarded both as a pre-
sentation of (f,b) and as a presentation of (f',%’). The cobordism of
(2n + 1)-complexes ((j j') : C & C' — D, (§¢,¢ & —1)")) obtained in 7.2
with W=V =W/, M= M/, M' = M’ is the construction of 7.5 for an
extension of the inclusion of the lagrangian (6.2)

()0 = () o0 = €0 = HiCe(Con)

to an isomorphism of hyperbolic split (—1)™-quadratic forms
YA 6 0 n
(G2 8)) e

o) \F

j=0 : Chy1 = Knpx(W,M') — Dy = Kt (W)
j=73: C7IL+1 = Ky 1(W,M) — Dyyy = Knl (W) . O

IR

H_1yn(Cpt1) »

with

REMARK 7.7 Fix a (2n + 1)-dimensional geometric Poincaré complex X
with reducible Spivak normal fibration, and choose a stable vector bun-
dle vx : X — BO in the Spivak normal class, e.g. a manifold with
the stable normal bundle. Consider the set of n-connected normal maps
(f : M?" Tt — X b: vy — vx). The relation defined on this set by

(M — X) ~ (M"— X) if there exists an (n + 1)-connected normal
bordism (W; M, M') — X x ([0,1];{0},{1})
is an equivalence relation. Symmetry and transitivity are verified in the
same way as for any geometric cobordism relation. For reflexivity form

the cartesian product of an n-connected normal map M?"*! — X with
([0,1];{0},{1}), as usual. The product is an n-connected normal bordism

M ([0, 1];{0}, {1}) — X > ([0, 1};{0}, {1})
which can be made (n + 1)-connected by surgery killing the n-dimensional
kernel K, (M x [0,1]) = K, (M). The following verification that the cobor-
dism of (2n+ 1)-complexes is an equivalence relation uses algebraic surgery
in exactly the same way. ]

PROPOSITION 7.8 Cobordism is an equivalence relation on (2n + 1)-com-
plexes (C,v) over A, such that (C,v) & (C, =) is null-cobordant. Homo-
topy equivalent complexes are cobordant.
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PROOF: Symmetry is easy: if ((j j/) : C ® C' — D, (0¢,¢ ® —¢')) is a
cobordism from (C, ) to (C’,%’) then

(7" 4): C"®C — D', (=0, & —¢))

is a cobordism from (C’,9’) to (C,v). For transitivity, suppose given
adjoining cobordisms of (2n + 1)-complexes

((] Jl) : C@Cl —>D»(51/J»1/1@—1//)) )
((’JV/ j//) . C/ a C// _ D/, (5¢/’¢/ ® _1///)) )

C D Cl D/ Cl/

D" =DUg: D’

Define the union cobordism between (C, ) and (C”,¢")
(G7"):CoC" - D" (64", & "))

by
j/
D, = coker(i = d | Chiy—= Dnp1®CL @D, ),
j/

j=1j©080 : Coyr — Dy,
3” = [0®0®j"] : C)\y = Dpyy s

Sty 0 0
s = 0 0 0 | :D™t—DI .
0 0 &)

The A-module morphism i : C}, ,; — Dy 41 @ C), @ D, is a split injection
since the dual A-module morphism 7* is a surjection, as follows from the
Mayer-Vietoris exact sequence

Hn+2(D,C/) @H"+2(D’,C') _ OEBO N Hn+2(D//) HH””(C’) = 0.

Given any (2n + 1)-complex (C, ) let (C’,’) be the (2n + 1)-complex
defined by

d = (=) : Chpy = C"1 =) = Gy,
1)[)6 _ d* : C/n — CnH ;H—l _ CnJrl,
Yy =~ O = C" = Ch = Cn .
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Apply 5.7 to extend the inclusion of the lagrangian in H(_1yn(Cpy1)

(i/i}f> 10" = Cn1 @ O™
to an isomorphism of (—1)"-quadratic forms
(5 ) s Heuelen) = Hea(Con)

with 1;0 € Homp(Cp, Cpi1), d e Homy (Cry1,C™). Now apply 7.5 to
construct from any such extension a cobordism

((.7 .7/) : C@C/ - D7(6¢7¢@ _77[/))
with
j=d: Cp1— Dy = C™,
J =5 Chyy = C" = Dy = O
d =5 : Chyy = ™10 = o,
wé) — d* . Cln — Cn_>cln+1 _ Cn+1’
§g = 0 : D" = C, = Dypyy = C™ .
(This is the algebraic analogue of the construction of a presentation (6.3)
(W22 2t M) — X ([0,1); {03, {1})

of an n-connected (2n+1)-dimensional normal map M?"*! — X by surgery
on a finite set of Z[m (X)]-module generators of K,,(M)). The union of the
cobordisms

((44):CaC" = D, (¢, ®—y")),

((.]l .]) : O/ 52 O i D7 (—51/’71// S —77[1))
is a cobordism

((G7):CoC— D, (54,9 &—p))

with a A-module isomorphism

1 0 -1
Yo (=)™ 0
% R
Dy = coker(| g | - 0" e, @0 = M@ oy
s

This verifies that cobordism is reflexive, and also that (C, ) & (C, —) is
null-cobordant.
Suppose given a homotopy equivalence of (2n + 1)-complexes

f(Co) = (C9)
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with xo : C""*! — CJ ., as in 6.6. By reflexivity there exists a cobordism
((j" j) : C"® C" — D, (8¢, ¢ @& —v')) from (C',4') to itself. Define a
cobordism ((j ) : C & C' — D, (66, & —y')) from (C, ) to (C",4") by

i = 35"f : C f(]’ j”D
J =771 Cu1 — Chiy — Dnya,

5’(/10 — 5¢(l)+j//X0j”* . Dn+1_’Dn+1~ O

DEFINITION 7.9 (i) A weak map of (2n + 1)-complexes over A
[ (C) = (C)
is a chain map f : C — C’ such that there exist A-module morphisms
o s €™ Clyy oz O O
with
foof* =g = (xo+ ()" xg)d™ « O™ —Cpyy
(ii) A weak equivalence of (2n+1)-complexes is a weak map with f : C — C’
a chain equivalence.

(iii) A weak isomorphism of (2n + 1)-complexes is a weak map with f :
C — C’ an isomorphism of chain complexes. ]

PROPOSITION 7.10 Weakly equivalent (2n + 1)-complexes are cobordant.
PROOF: The proof in 7.8 that homotopy equivalent (2n+ 1)-complexes are
cobordant works just as well for weakly equivalent ones. ]

Given a (2n + 1)-complex (C, ) let

¢0 n
() o0 = ©.0) = fiCe(Con)
be the inclusion of a lagrangian in a hyperbolic split (—1)"-quadratic form
given by 6.2. The result of 7.10 is that the cobordism class of (C,) is
independent of the hessian (—1)"*!-quadratic form (C™, —1).

¢8. The odd-dimensional L-groups

The odd-dimensional surgery obstruction groups La,+1(A) of a ring with
involution A will now be defined to be the cobordism groups of (2n + 1)-
complexes over A.

DEFINITION 8.1 Let La,41(A) be the abelian group of cobordism classes
of (2n + 1)-complexes over A, with addition and inverses by

(C,Z/J) + (C/ﬂ/)/) = (C S O/a dj ¥ w/) 3
- (07 ¢) = (07 —¢) € L2n+1(A) . O
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The groups La,+1(A) only depend on the residue n( mod 2), so that only
two L-groups have actually been defined, Li(A) and L3(A). Note that 8.1
uses 7.8 to justify (C,v) @ (C,—¢) =0 € Lap11(A).

EXAMPLE 8.2 The odd-dimensional L-groups of A = Z are trivial
L2n+1(Z) =0. O

8.2 was implicit in the work of Kervaire and Milnor [7] on the surgery
classification of even-dimensional exotic spheres.

EXAMPLE 8.3 The surgery obstruction of an n-connected (2n + 1)-dimen-
sional normal map (f,b) : M?"+1 — X is the cobordism class

o.(f,b) = (C,¢) € Lapt1(Z[m (X))
of the (2n+1)-complex (C, ¢) associated in 6.3 to any choice of presentation
(Wi M, M") — X x ([0,1};{0},{1}) .

The surgery obstruction vanishes o.(f,b) = 0 if (and for n > 2 only if)
(f,b) is normal bordant to a homotopy equivalence.

DEFINITION 8.4 A surgery (j : C — D, (6¢,)) on a (2n + 1)-complex
(C,4) is a A-module chain map j : C — D with D, =0 for r #n + 1 and
Dy 11 af. g free A-module, together with a A-module morphism

51/10 : Dn+1 = (DnJrl)* - Dn+1 y
such that the A-module morphism
(d ¥35*) @ Crpr®@ D" = C,

is onto. The effect of the surgery is the (2n 4 1)-complex (C’,v’) defined
by

d/ _ ( d 1/)0.7 )
(=)™ o + (1) 1y
: C:z+1 = Cphn1 @ Dt — Cr/z = Cn® Dnt1 s

0
Yo = (120 1) 1O = C"e D" S Ly = Cra @D

1/},1 _ 2/11 _wO] . C/n —C"® Dn-‘rl N C’rlz — C’n D Dn+1 .
0 —d1g

The trace of the surgery is the cobordism of (2n + 1)-complexes ((j' j”) :

Col — D', (0,9 @ —y")), with

"= (k) Cryy = Cppn @DV
— D’:’L+1 = ker((d Yoj*) 1 Cpy1 & D Cn)
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a splitting of the split injection (d 93j*) : Cpi1 & D" — C,,. o

EXAMPLE 8.5 Let
((e;a); (£,0), (£7,61) = (V2H2 M0 M2 — X ([0,1]; {0}, {1})

be the trace of a sequence of k surgeries on an n-connected (2n + 1)-
dimensional normal map (f,b) : M — X killing elements 1, 22,..., Tk €
K, (M), with e n-connected and f’ n-connected. V has a handle decom-
position on M of the type

V = M x TU|J(n+1)-handles D"*! x D"*1
k

and also a handle decomposition on M’ of the same type

V = M xITU U(n + 1)-handles Dl pntl |
k

A presentation of (f,b)

((9,): (F,0), (£,0)) = (W2 M0+ M4 — X x ([0, 1]: {0}, {1})
with (2n + 1)-complex (C, 1) determines a presentation of (f’, ')

(g, )i (£,0), (f,0) = ((g,0); (£,0), (£,0)) U ((e,a); (£,0), (1)) :

(WM, M) = (W M, M)U (Vi M, M) — X x ([0,1]: {0}, {1})

such that the (2n + 1)-complex (C’, ') is the effect of a surgery (j : C —
D, (6v,1)) on (C,v) with
Dpy1 = Kpp1(V,M') = ZIm (X))",

t1 = Kt (W M) = Ky i(W, M) @ Kyt (V,M) = Crpy @ D™
C;L = n+1(W/7 8W/) = KnJrl(VVa 6W) @ K’n+1(‘/7 MI) = Cn =) Dn+1 .
Also, the geometric trace determines the algebraic trace, with

Dy = Koa(V). O

It can be shown that (2n 4 1)-complexes (C, ), (C’,4") are cobordant
if and only if (C’, ') is homotopy equivalent to the effect of a surgery on
(C, ). This result will only be needed for (C’,v") = (0,0), so it will only
be proved in this special case:

PROPOSITION 8.6 A (2n + 1)-complex (C, 1) represents 0 in Lopi1(A) if
and only if there exists a surgery (j : C — D, (6v,v)) with contractible
effect.

PROOF: The effect of a surgery is contractible if and only if it is a null-
cobordism. o
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Given an n-connected (2n+1)-dimensional normal map (f,b) : M2+ —
X it is possible to kill every element x € K,(M) by an embedding
S™ x D™t < M to obtain a bordant normal map

(f',0) « M = el (M\S" x D" uD"! x ST — X .

There are many ways of carrying out the surgery, which are quantified by
the surgeries on the kernel (2n + 1)-complex (C,4). In general, K,(M’)
need not be smaller than K, (M).

EXAMPLE 8.7 The kernel (2n 4 1)-complex (C,) over Z of the identity
normal map
(f, b) — id. : M2n+1 — SZn+1 N S2n+1
is (0,0). For any element
e 7Tn+1(SO, SO(TL + 1)) = Q(,l)n+1(Z)
let w = 0p € m,(SO(n+1)), and define a null-homotopic embedding of S™
in M
o+ 8" x D" My (2y) — (z.w@)®)/ ]| (z,w0@) @) ] -

Use p to kill 0 € K,,(M) by surgery on (f,b), with effect a normal bordant
n-connected (2n + 1)-dimensional normal map

(furbu) = ME™TH = ol (M\ey,(S™ x D™T))u D™ x g% — g2t
exactly as in 2.18, with the kernel complex (C’, ') given by
d = (1+T o)) : Copy = Z—-C,, =L
In particular, for 4 = 0,1 this gives the (2n + 1)-dimensional manifolds
M = My = 8" x S|
M" = M; = S(rgnt1), the tangent S™-bundle of S™*!
= O(n+2)/0(n)
= V42,2, the Stiefel manifold of orthonormal 2-frames in R™*2
(= SOB3) = RPP forn=1),
corresponding to the algebraic surgeries on (0, 0)
(0:0—D,(69",0)) , (0:0— D,(59",0))
with

Dpyr = Z, 60, =0, 6y = 1. o
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§9. Formations
As before, let A be a ring with involution, and let e = +1.

DEFINITION 9.1 An e-quadratic formation over A (Q,¢; F,G) is a non-
singular e-quadratic form (Q,¢) together with an ordered pair of la-
grangians F,G. m]

Formations with e = (—1)" are essentially the (2n + 1)-complexes of §6
expressed in the language of forms and lagrangians of §4. In the general
theory it is possible to consider formations (Q, ¢; F, G) with Q, F,G f. g.
projective, but in view of the more immediate topological applications only
the f. g. free case is considered here. Strictly speaking, 9.1 defines a
“nonsingular formation”. In the general theory a formation (Q, ¢; F,G) is
a nonsingular form (Q, ¢) together with a lagrangian F' and a sublagrangian
G. The automorphisms of hyperbolic forms in the original treatment due
to Wall [29] of odd-dimensional surgery theory were replaced by formations
by Novikov [16] and Ranicki [18].

In dealing with formations assume that the ground ring A is such that
the rank of f. g. free A-modules is well-defined (e.g. A = Z[r]). The rank
of a f. g. free A-module K is such that

ranky(K) = ke Z"
if and only if K is isomorphic to A¥. Also, since A*¥ = (A¥)*
ranky (K) = ranks(K*) € Z*1 .

DEFINITION 9.2 An isomorphism of e-quadratic formations over A

[ (QéFG) = (Q.¢:F .G
is an isomorphism of forms f : (Q, ¢) = (Q', ¢’) such that
fF) = F' | f(G) = @ o

PROPOSITION 9.3 (i) Every e-quadratic formation (Q, ¢; F,G) is isomor-
phic to one of the type (H.(F); F,G).

(ii) Ewvery e-quadratic formation (Q,¢; F,G) is isomorphic to one of the
type (H(F); F,a(F)) for some automorphism o : H (F) = H.(F).
PROOF: (i) By Theorem 5.7 the inclusion of the lagrangian F' — @ extends
to an isomorphism of forms f : H(F) = (Q, ¢), defining an isomorphism
of formations

IR

fo (H(F):F f7HG) = (Q.65F.G)
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(ii) As in (i) extend the inclusions of the lagrangians to isomorphisms of
forms

LR
LR

[ H(F) = (@Q,9), g : H(G) = (Q,9) .
Then
ranky (F) = rank,(Q)/2 = rank,(G) € 271,

so that F' is isomorphic to G. Choosing a A-module isomorphism 3 : G = F
there is defined an automorphism of H,(F)

3 0
g ! (0 ﬁ“)

a : H(F) =S (Q,¢) —— H(G)

such that there is defined an isomorphism of formations

H(F)

o (HAF):Foa(F) = (Q.é:F.C). o

PROPOSITION 9.4 The weak isomorphism classes of (2n + 1)-complezes
(C, ) over A are in natural one-one correspondence with the isomorphism
classes of (—1)™-quadratic formations (Q, ; F, G) over A, with

H,(C) = Q/(F+G) , H,1(C) = FNG .
Moreover, if the complex (C,v) corresponds to the formation (Q,¢; F,G)
then (C,—1) corresponds to (Q,—¢; F, G).
PROOF: Given a (2n + 1)-complex (C, ¢) define a (—1)™-quadratic forma-
tion

. 1/} mn mn

(Q, 9, F,G) = (H(—l)"(cn+1)§cn+1alm(<dS :C" = Cppr @ C™HY) .
The formation associated in this way to the (2n + 1)-complex (C, —) is
isomorphic to (Q, —¢; F, G), by the isomorphism

-1 0 =
(3 1) @-are =

—o
d*

Conversely, suppose given an (—1)"-quadratic formation (Q, ¢; F,G). By
9.3 (i) this can be replaced by an isomorphic formation with (Q,¢) =
H_1yn(F). Let v € Homy (G, F'), p € Homy (G, F*) be the components of
the inclusion

(H(—l)" (CnJrl); Cn+17im(< ) O™ — Cn+1 &) Cn-‘rl)) )

i = <7) G- Q = FOF*,
o
Choose any 6 € Homp (G, G*) such that
fy*'u = 0+ (_1)n+19* S HOI’HA(G,G*) .
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Define a (2n + 1)-complex (C, ¢) by
d=p :Ch1 = F=0C, = G,
Yo =7 :C"=G—=>Chp1 = F,
v = (=)0 . C" = G—-C, = G*.
The exact sequence

(o4 (=1)"¢%)

1
0-G—Q ——— G" =0

is the algebraic mapping cone

(Z) (pr (=1)"y")

0—-—G@ —— FoF* — L, G"—=0

of the chain equivalence (1 + 1) : C?"T1=* — C. o

EXAMPLE 9.5 An n-connected (2n+ 1)-dimensional normal map M?"+1 —
X together with a choice of presentation (W; M, M') — X x ([0, 1]; {0}, {1})
determine by 9.3 a (2n + 1)-complex (C,), and hence by 9.4 a (—1)"-
quadratic formation (Q, ¢; F, G) over Z[r1(X)] such that

Q/(F+G) = H,(C) = K,(M),
FOG - Hn+1(C) - n+1(M) . O

The following equivalence relation on formations corresponds to the weak
equivalence (7.9) of (2n + 1)-complexes.

DEFINITION 9.6 (i) An e-quadratic formation (Q, ¢; F, G) is trivial if it is
isomorphic to (H.(L); L, L*) for some f. g. free A-module L.
(ii) A stable isomorphism of e-quadratic formations

f]: (Q&FG) = (@.6:F.C)

is an isomorphism of e-quadratic formations of the type

~

f i (Q,¢:F,G) @ (trivial) — (Q',¢; F',G') @ (trivial) . .

EXAMPLE 9.7 The (—1)™-quadratic formations associated in 9.5 to all the
presentations of an n-connected (2n+1)-dimensional normal map M?"+1 —
X define a stable isomorphism class. ]

PROPOSITION 9.8 The weak equivalence classes of (2n + 1)-complexes
over A are in natural one-one correspondence with the stable isomorphism
classes of (—1)"-quadratic formations over A.
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PROOF: The (2n + 1)-complex (C, 1)) associated (up to weak equivalence)
to a (—1)™-quadratic formation (Q, ¢; F, G) in 9.4 is contractible if and only
if the formation is trivial. O

The following formations correspond to the null-cobordant complexes.

DEFINITION 9.9 The boundary of a (—e)-quadratic form (K, p) is the
e-quadratic formation

a(K? /\7 M) = (He(K)7 K, F(K,A))
with I'(g y) the graph lagrangian
Likyy = {(@A\=z) e K& K" |z e K} . o

Note that the form (K, A, #) may be singular, that is the A-module mor-
phism A : K — K* need not be an isomorphism. The graphs T'(x )
of (—e)-quadratic forms (K, \, ) are precisely the lagrangians of H(K)
which are direct complements of K*.

PROPOSITION 9.10 A (—1)"-quadratic formation (Q, ¢; F,G) is stably iso-
morphic to a boundary (K, \, u) if and only if the corresponding (2n+1)-
complex (C, 1)) is null-cobordant.

PrROOF: Given a (—1)"*l-quadratic form (K,\,u) choose a split form
0: K — K* (4.2) and let (C,v) be the (2n + 1)-complex associated by 9.4
to the boundary formation (K, A, ), so that

d=X\= 0+(_1)n+10* : Cn+1 =K-—-C, = K*7
¢0:1:Cn:K—>Cn+1:K,
b= —6:0" = K0, = K*.

Then (C, 1) is null-cobordant, with a null-cobordism (j : C — D, (6%, 1))
defined by

j:130n+1 :K*)Dn_i'_l :K,
Stpg = 0 : D" = K* =D, = K.

Conversely, suppose given a (2n+1)-complex (C, ¢) with a null-cobordism
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(j: C = D, (6¢,%)) as in 8.1. The (2n + 1)-complex (F, ) defined by

Y1+ (1) ey d YoJ*

d = (_1)n+1d* 0 _j*
(=D gys (1) 6o + (=1)"Tag

E,,=C"aC,nnoD""' - E, =C,eC"" @D, 1,

p=1:E"=C"®Crp1 D" - By = C"®Cryy @ DV

=1 —d  —yYgi*
6= 0o o j*
0 0 —dho

E" = Cn®c7z+1 ®Dn+1 — B, = C7L®Cn+1 69l)'n-i-l

corresponds to the boundary (—1)™-quadratic formation O(E™, A1, 1) of
the (—1)"*l-quadratic form (E™, A1, 1) determined by the split form 67,
and there is defined a homotopy equivalence f : (E,0) — (C,v) with

fn = (1 ’l/)a 0) N En = Cn@cn+1@Dn+1—>On7
fos1 = (0 10) : Epyg = C"®Cpy1 @D — Cryy . o

PROPOSITION 9.11 The cobordism group La,+1(A) of (2n+1)-complezes is
naturally isomorphic to the abelian group of equivalence classes of (—1)"-
quadratic formations over A, subject to the equivalence relation

(Q,0; F,G) ~ (Q',¢'; F',G') if there exists a stable isomorphism

(a2
—

1] (Q&F.G) & Q¢ FG) — (K, p)
for some (—1)"-quadratic form (K, \, ) over A |
with addition and inverses by
Q& FG)+(Q. ¢4 F.G) = (QaQ,¢0d;FOF . Gad),
—(Q,¢:F.G) = (Q,—¢; F,G) € Lant1(A) .

PRroOF : This is just the translation of the definition (8.1) of Lo, 11(A) into
the language of (—1)"-quadratic formations, using 9.4, 9.8 and 9.10. o

Use 9.11 as an identification of La,11(A) with the group of equivalence
classes of (—1)"-quadratic formations over A.

COROLLARY 9.12 A (—1)™-quadratic formation (Q, ¢; F, G) over A is such
that (@, ¢; F,G) = 0 € Loy 11(A) if and only if it is stably isomorphic to
the boundary O(K,\, i) of a (—1)"*-quadratic form (K, u) on a f. g.
free A-module K.

PROOF : Immediate from 9.10. O
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Next, it is necessary to establish the relation

Q¢ F,G)®(Q,0;G H) = (Q,¢;F, H) € Lany1(A) .

This is the key step in the identification in §10 below of Lo, y1(A) with a
stable unitary group.

LEMMA 9.13 (i) An e-quadratic formation (Q, ¢; F, G) is trivial if and only
if the lagrangians F' and G are direct complements in Q.

(ii) An e-quadratic formation (Q,¢; F,G) is isomorphic to a boundary if
and only if (Q, ) has a lagrangian H which is a direct complement of both
the lagrangians I, G.

ProoF: (i) If F and G are direct complements in () express any represen-

tative ¢ € Homp (Q, Q*) of ¢ € Q(Q) as

A—eX*

¢:( ¢ 7*):Q=F@G—>Q*:F*@G*.
) W— €L

Then v + e§* € Homp (G, F*) is an A-module isomorphism, and there is

defined an isomorphism of e-quadratic formations

1 0 .
(0 (,Y+€6*)1> N (He(F)aFaF )
so that (Q, ¢; F, G) is trivial. The converse is obvious.
(ii) For the boundary O(K, A, u) of a (—e)-quadratic form (K, A, p) the
lagrangian K* of H.(K) is a direct complement of both the lagrangians
K, Tk ). Conversely, suppose that (Q, ¢; F,G) is such that there exists a
lagrangian H in (Q, ¢) which is a direct complement to both F' and G. By
the proof of (i) there exists an isomorphism of formations

(a2
—

(Q,¢: F,G)

1%

[ o (H(F); F,F*) = (Q,¢; F, H)

which is the identity on F. Now f~1(G) is a lagrangian of H.(F) which is a
direct complement of F™*, so that it is the graph I'(g,y) of a (—€)-quadratic
form (F, A\, ), and f defines an isomorphism of e-quadratic formations

[ O(F ) = (HF):F. Ty — (Qu6:F.C). o

PROPOSITION 9.14 For any lagrangians F,G, H in a nonsingular (—1)"-
quadratic form (Q, ¢) over A

(Q»¢aF7G)@(Q7¢7GaH) = (Q,¢7F7H> €L2n+1(A) .

PROOF: Choose lagrangians F*, G*, H* in (Q, ¢) complementary to F, G, H
respectively. The (—1)"-quadratic formations (Q;, ¢;; F;, G;) (1 < i < 4)
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defined by
(@1, 91:F1,G1) = (Q,—9:G*,GY)
(Q2,¢2:12,G2) = (Q@Q, 00— FSF", HaG")
DQ®Q, 90D Aq, H BG)
(Qs,03;F3,G3) = (Q9Q, 00—, FOF,GHG") ,
(Qu, 04 F1,Ga) = (@8 Q.00 -;GHG" HaG")
2QeQ,—0® ¢ Mg H &G)
are such that
(Q,¢; F,G) ©(Q,¢;G,H) ® (Q1,¢1; F1,G1) © (Qa, P2; Fa, Ga)
= (Q,¢;F, H) © (Q3, ¢3; F3,G3) © (Qu, da; Fu, Ga) .

Each of (Q;, ¢s; F;, G;) (1 < i < 4) is isomorphic to a boundary, since there
exists a lagrangian H; in (Q;, ¢;) complementary to both F; and G, so that
9.13 (ii) applies and (Q;, ¢;; F;, G;) represents 0 in Lo, 41(A). Explicitly,
take

H =Gc@ = Q,

Hy = Ao CQ2 = (QeQ)2(QeQq),

H; = AqCQ3 = QaQ,

Hy = Do CQ1 = QeQ)8(QeQ). o

REMARK 9.15 Tt is also possible to express La,11(A) as the abelian group
of equivalence classes of (—1)"-quadratic formations over A subject to the
equivalence relation generated by
(i) (Q,0; F,G) ~ (Q,¢; F',G') if (Q,¢; F,G) is stably isomorphic to
(i) (@Q,¢; F,G) & (Q,¢;G,H) ~ (Q,¢; F, H), with addition and inverses
by
(Q ¢ F.G)+(Q, ¢ F.G") = (QoQ,9a¢ i FeF ,Gad),

_(de); Fa G) (Q,¢7G7F) € L2n+1(A) .

This is immediate from 9.13 and the observation that for any (—1)"*!-
quadratic form (K, )\, u) on a f. g. free A-module K the lagrangian K* in
H_1y»(K) is a complement to both K and the graph T'(k »), so that

O(K N p) ~ (H—1yn (K); K, T n)) @ (H—1yn (K); T e n), K7
~ (H(,l)n(K);K,K*) ~ 0. a
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§10. Automorphisms

The (2n+1)-dimensional L-group Lo, +1(A) of a ring with involution A is
identified with a quotient of the stable automorphism group of hyperbolic
(—1)"-quadratic forms over A, as in the original definition of Wall [29].

Given a A-module K let Auty (K) be the group of automorphisms K —
K, with the composition as group law.

EXAMPLE 10.1 The automorphism group of the f. g. free A-module A is
the general linear group GLi(A) of invertible k& x k matrices in A

Auty (Ak) = GLk(A)

with the multiplication of matrices as group law (cf. Remark 1.12). The
general linear group is not abelian for k > 2, since

)G G D6 D

DEFINITION 10.2 For any e-quadratic form (K, A, ) let Autp (K, A, 1) be
the subgroup of Auta (K) consisting of the automorphisms f : (K, A, u) —
(Ka )‘a :U/) O

DEFINITION 10.3 The (e, k)-unitary group of A is defined for e = +1, k > 0
to be the automorphism group

Uek(A) = Auta(H(AY))
of the e-quadratic hyperbolic form H,(A*). o

PROPOSITION 10.4 U, ;(A) is the group of invertible 2k x 2k matrices

(a ﬁ) € GLak(A) such that
vy 6

QS+ ey B = 1€ Mp(A), a*y = 8% = 0€ Q(A¥) .
PRroOF : This is just the decoding of the condition

(5 )6 o) (0 5) = () o) caurany)

for (a ?) to define an automorphism of the hyperbolic (split) e-
v
quadratic form

H.(AF) = (A’“@(Ak)*,(g é)) .

Use 10.4 to express the automorphisms of H,(A*) as matrices.
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EXAMPLE 10.5 U, 1(A) is the subgroup of GLs(A) consisting of the 2 x 2

b
matrices (a ) such that
c d

di+ebe = 1€A,ca = db = 0€Q(A) . O

DEFINITION 10.6 The elementary (e, k)-quadratic unitary group of A is the
normal subgroup

EU. 1,(A) C U k(A)
of the full (e, k)-quadratic unitary group generated by the elements of the

following two types:

0
(i) (a *_1> for any automorphism a € GLi(A) ,
el

1 0
(ii) (9 o+ 1) for any split (—¢)-quadratic form (A*,6). i
—€

LEMMA 10.7 For any (—e)-quadratic form (A 6 € Q_.(A¥))

1 60— eb*
E A) .
(0 ) )G Uer(A)

PRrROOF : This is immediate from the identity
1 60— eb* 0 1\" 1 0\/0 1
(0 1 > - (1 0> (969* 1)(1 0)' D
Use the identifications
AL = Ao A H (AP = H (A" @ H (A)
to define injections of groups

Uer(A) = Uepri(A) 5 f — [,
such that EU, ,(A) is sent into EUe j4+1(A).

DEFINITION 10.8 (i) The stable e-quadratic unitary group of A is the union
Ue(A) = [ JUek(A) .
k=1
(ii) The elementary stable e-quadratic unitary group of A is the union
oo
EU(A) = | EU(A)
k=1

a normal subgroup of U(A).
(iii) The e-quadratic M-group of A is the quotient

Me(A) = Ue(A)/{EUE(A)vae}
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01

with o, = <
e 0

> € Ue1(A) CUL(A). o

The automorphism group M,(A) is the original definition due to Wall
[29, Chap. 6] of the odd-dimensional L-group Lao,11(A), with e = (=1)".
The original verification that M.(A) is abelian used a somewhat compli-
cated matrix identity ([29, p.66]), corresponding to the formation identity
9.14. Formations will now be used to identify M_;)»(A) with the a priori
abelian L-group Lo, t1(A) defined in §8.

Given an automorphism of a hyperbolic (—1)™-quadratic form
a = (Z ;) L H(_py(AR) = H_pyn (AF)
define a (2n + 1)-complex (C, ) by
d =p* : Coyr = A¥ =0, = AF
o =7 2 C" = A = Cpyy =AY,
corresponding to the (—1)™-quadratic formation

y

Bi(a) = <H(_1)n<A'“>;Ak,im<(u

) s AR — AR o (AF)) .

LEMMA 10.9 The formations ®(a1), Pr(ag) associated to two automor-
phisms

o = (Z ’ ) CH () = H e (AY) (1=1,2)

are isomorphic if and only if there exist 3; € GLi(A), 0; € S(A*) such that

e )
0 B! 0 1 [

— (72 %)(@ 0 )(1 92+(—1)n+19§>
pa f2) \ 0 Bt )\0 1

L HCpye (AR) = H_yyn (AF)

PROOF: An automorphism « of the hyperbolic (—1)"-quadratic form
H(_1)n (A¥) preserves the lagrangian A* C A*¥ & (A¥)* if and only if there
exist 8 € GLi(A), 6§ € S(A¥) such that

B0 \[1 0+(-1)tpr
(0 ﬁ*1> <0 ( 1) > : H(—l)"(Ak)

LIR

H(_l)n (Ak) .
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PRrROPOSITION 10.10 The function
D M_q1yn(A) = Lony1(A) 5 a 1— Ppa) (a € Uy ix(A))

is an isomorphism of groups.
PRrROOF: The function

Qp 0 U—yn w(A) = Long1(A) 5 a— Pp(a)

is a group morphism by 9.14. Each of the generators (10.6) of the elemen-
tary subgroup EU(_qyn 1 (A) is sent to 0 with

0 0 (g 50 ) = (e (0904 A5) = 0(45,0,0) = 0 € Lays(4),

1 0

(i) Py (0 4 (c1ypige 1) = O(A*, 0+ (—1)"10*,0) = 0 € Lans1(A).

Also, abbreviating o(_1)» to &
Pi(0) = (H-pn(A);A A7) =0,
Dppr(a®1) = Bx(a) @ (H 1y (A); A, A) = By(a) € Lonii(A) .
Thus the morphisms @y, (k > 0) fit together to define a group morphism
Q1 M pyn(A) = Lonti(A) 5 a— Pp(a) if a € Uyn x(A)
such that
D(ajaz) = Plag B az) = Play) @ Pag) € Lant1(A) .

® is onto by 9.3 (ii). It remains to prove that ® is one-one.
For any a; € U_1yn 1, (A) (i = 1,2)

a1 Do = as Pay € M(_l)n(A) s

ar 0N (0 1\ '/az 0 /0 1
0 a/) \1 0 0 o 1 0
. H(_l)n(Ak1+k2) N H(_l)n(Akthz) .

Now o0 =1 € M(_1)»(A) (by construction), so that for any a € U_qyn 1, (A)
a®o =oc®a = (@) (1®a) = ac M_p(A).

since

It follows that for every m > 1
cOoD...do = 1€ M_iyn(A) (m-fold sum) .

If @ € U_qynk(A) is such that ®(a) = 0 € La,y1(A) then by 9.12
the (—1)™-quadratic formation ®(«) is stably isomorphic to the boundary
O(A¥ X, ) of a (—1)"*-quadratic form (A¥, A, u). Choosing a split form
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0 € S(A¥) for (A, ) this can be expressed as

, 1 0
k = ’
AAY A ) = By <9+(_1)n+19* 1) :

Thus for a sufficiently large k" > 0 there exist by 10.9 8; € GLg~(A),

0; €

S(A*") (i =1,2) such that

Bi 0\ (1 6+~
(@ o)l "7

B 1 0 B2 0
- (<e+<1>”+10* 1>@"@'“@")<o ﬂ;‘l)

(1 0, + (_1)"+19;> ) .

)(a@a@...@a)

0 ) D H (A7) = Hi_pyn (AF)

so that by another application of 10.7

1 0

verifying that ® is one-one. ]
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