
For &mensio;ls greater t ban  five the ~ a h  theorem gives nec- 

essary 2nd sufficient conditions t h a t  a snooth open manifold W 

be tine 5 r i t e r i o ~  of a smooth conipact manifold with boundary. 

Tne basic necessary condition i s  t h a t  each end s of W 

be t2r9. Taineness consists of two par t s  (a) and (b): 

(a) The system of fundamental groups of coraected open neighbor- 

,Lloo& of e is  skb le .  This means tht (with any base points and 

fl connecting pat'ns) there exists a cofinal sequence G <- 2 
1 G <- 

N - 2 - N . . . so tha t  isonorphisms are inched  b g e ( f ,  ) <- Inage(f2) . . . . . 
L 

(b) nam ex i s t  a rb i t r a r i ly  small open neighkrhoodJ o f  r that 
, I  

are do.dnabd each by a finite conplex. 

Taneness f o r  i: c1ear;ly depends only on the  topology of W. 

It Ls s h - i  tLkt if 7i i s  connscted and of  dimension 2 5 , i%s 

c o q c t  ~ m x E o l d .  Iiowever examples of smooth opsn ~ a n i f o l d s  W are 

corstzuc-kkd ";l s c h  &ension > 5 s o  t ha t  'w' i t s e l f  is riot the  

1 in+teeo;* of a sxooth corqpact -fold although 1.I X S is, 
N 

;Gin (a) M l d s  f o r  e , the pro jectine class  group ~ * ( n %  c) 

0: - (€1 = l p j  Gj 
" 1 i s  w e l l  defined up canonical fsonoqofsism. 

A t h e  sxoo tks s s  structu,'"~ as  w e l l  as the Aa;3010gy of W. It is closely 

reLzed 20 Ti.~aligs obstrdction t o  firtitaness f o r  C.W. coqlexes  ( u s  

ol :+;;th. 81(1965) pp. 56-69). 
. .. 



(2) 

M2in Theorem. A smooth open d f o l d  W" , n > 5 , is  the  interfor 

of a s ~ o o t h  conpact ribifold i f  ar,d only i f  W has f i n i t e l y  r z ~ q  

connected co~ponents, and each end c of 11 is tame with invariant 

&( P) = 0 . (Tnis genenl izes  a theoren of Bmwdsr, Levine, and Livesay, 

A.M.S. Notices 12, Jan. 1965, 619-205). 

For tho study of w(c) , a sum theorem ard a product theorem 

are estab'iishea f o r  C.T.C. I.lallVs related obstruction, 

A m l y s i s  of the diffeerent ways .t;6 f i t  a boundary onto W 

shows that fhere e x i s t  smooth contractible open subsets liJ of R" , 
n odd, n > 5 , and diffeomorphisms of T i  onto i t s e l f - t h a t  are 

sraothly  pseudo-isoc&pic but not smoothly isotopic. - 

The xain theorem can be relativized. A useful consequence is 

,rl-omsition: Su??ose 14 i s  a smooYl open ranifooTd of &ension 

> - 5 ar,d N is a sscoothly and properly irrioerldsd su'onranifdd of co- 

dinension k $ 2 . Suppose t h a t  W and N separately admit con- 

pls-Eom. If k = 1 ,uppose N i s  1-connected at each end. 'I"r.en 
- - 

them exists a conpact nanifold pair (w,N) such that W = Int 9 ,  

H = i n t  ii . 
If W" i s  a s ~ r i c t h  open mni fa ld  h&omrphic to iY x (0,l) 

~rhc-a 13 -Is a closed coraected bpolo@.c~l (n-1)-manifold, then 

H h s  tiio ends e 2nd €+ , both kme.  With nl( E ) and T T ~ (  E+) - - 
ident i f ied ~ 5 t h  v1(?4) t i e r s  i s  a duality V ( C + )  = ( - l ) n - l # v  

d-iere the  bay dem-ks a certa in  involution of the projective c lass  
N 

omup Eo(nl1*1) aanlogoxs to on3 defined by J.11. l i l n o r  for Initahead 

groups. H e m  a m  tm coml lades .  If P? is r sta'oly sxooothable 

closad topological manifold, the obstruction C(H) ta lI having 



the homtopy type of a f i n i t e  complex has tha s m e t l y  o(l.;) = (-l)"v(?.:), 

If E i s  a tjne end bf an open topological manlfold I? and el, 

E: a m  the corresponciing smooth ends fo r  two sr;.oothings of V, 2 
n- 

Ylen the differanca &(el )  - G ( E ~ )  = b0 sa t i s f i e s  co = (-1) q, . 
Warmixg: In case evary conipact topological wnifo ld  has the homAapy 

tma of a firLte complex a l l  t'nree dual i ty  statements. above are 

It i s  widely bslieved t ha t  a l l  t h e  'handlebody techniques used 

in tEs thesis  have counterparts f o r  pfece~dse-linear ~ i ~ ~ n i f o l d s .  

Granting this, all the above results can be restated for piecedse- 

E n e a r  manifolds with one s l igh t  exception. For the proposition 

on pairs  (W,N) one mst i n s i s t  t h a t  N be local ly unhotted in W 

iE case it has codimension ona. 



me starSng point f o r  this thes is  i s  a pmblen broachgd by 

Y. Sror.iier, J. Levine and G.R. Livesay in [ I ] ,  They characterize 

%lose szooth open manifolds wW , n > 5 tha t  form the i n t e r i o r  

of sox= smooth compact manifold -7 with a simpiy connected boundary. 

CI" course, r ramolds a r e  t o  be Hausdorff and paracompact. Bayond 

A "his, tne concii.tions a re  

(A) T'nere ex5st a r b i t r a r i l y  l a x e  cowact  se t s  i n  T i  -xitin ?-con- 

zected complement. 

(3) R.+(X) i s  f M t e l y  generated as an abalian group. 

I extend this characterization and give conditions that W 

ba the i n t e r i o r  of smooth compact mmifold, For the purposes 

or' t h i s  intm&ac"u on l e t  wW be s connected smooth open ranifold,  

*rat-has one end -- i.e. such t h a t  the coiriplenent of any conpact 

se t  3.x exactly o m  unhunded coponent. T;lis end -- ca l l  it c 

-- m y  ba ident i f ied with the collection of neigh3orbods of m 

. c i s  sa id  t o  be a if it s a t i s f i e s  tws conditions analogous 

b (A) and (B): 

2 n i s  s table  at s , 
. . 

b Tnere ex i s t  a r ' o i t r a i l y  smll neighborhaods o f  e , each &am- 

i u A t d  by a f i n i t e  complex. 

$hen e i s  tame an invariant  ~ ( e )  i s  defined, and f o r  t 3 i s  

d e f h i t i o n ,  no res t f ic t ion  on the dimension v of W is mquimd, 

Tr.5 aaLn theorem s t a t e s  t h a t  if w > 5 , the necessary and &r^iciant 

conciitions tha t  W be tho i n t e r i o r  of a smooth conpact manifold 

are t'nat e be taxe and the invariant  ( T ( B )  ba zero. Exargles are 



ii 

cor.str,~cted in each &ension 2 5 where E i s  tame but U- (E)  # 0 . 
Toor dimnsions > 5 , E- is  tame if and only i f  H X S' i s  tha 

5nterior of a smooth conpact manifold. 

Zi:le s t ab i l i t y  of nl a t  E can bs tes ted by ewnbning the 

C -un2ar.ental gmup systea f o r  any convenient sequence Y1 3 4 3 ... 
05 open connected neighborhoods of c with ni c l o s u r a ( ~ ~ )  = fl . 
- 
~f n1 i s  s table  a t  c , nl(e) = $imi nt (Yi) i s  Well defined up 

ison?oqXsrn i n  a preferred conjugacy class. 

Condition b) can be tested as  follows. Let V be any closed 

coxected neighboyhood of e which i s  a topological manifold ( w i t h  

Sscndazy) an& is  s m r l l  enon~h so that t d e )  is a retract.  o f  n (V) 1 

- i.e. so t h a t  the natural ho~omorphism nl( E) ( V )  bas a 

l e f t  inverse. ( ~ t a b i l i t y  of n1 a t  E guarantees t h a t  such a neL& 

'mrhood e e s t s . )  It turns out t h a t  condiiion b) holds i f  and orJy 

-E V is doninated by a finite coqlex. 30 condition on the  h:atopy. 1 i 
t p e  of W can raplace b), f o ~  there ex i s t  contractible W such 

5:lat a) holds and n, ( e) i s  evsn f i n t t e l y  presented, but E is, 
1 

2~ sp i te  of %?is, not tme.  On the other hmd, taxensss c lear ly  

Le?ex& only on tha "apology of TCJ . f 
3: 

'%e i - i i - iar iant  6 ( E )  of a krze end € is an element of the k 
N 

e 
? 

F P O ~  KO (7; E) of s k b l e  is~mrp'hisrn classes of f i n i t e l y  generated - * 

s,-o jective slo&J1es over rr ( s)  . If, i n  tes t ing  b) one chooses 1 
J-'e  LA^ migY~orhood V of c (above) t o  be a smooth sxbqarAfold, then 

h. . ..+..ere -F 6(?T) K (IT V) is up to sign C.T.C. \ la l l@s obstruction [ 2 ]  
0 1 

V ha17Ir.g t'na hon;ot~?y 5ypa of a finite conplex, and r, i s  
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h d ~ c e d  by a retract ion of nl(V) onto ni(e) . Xote t h a t  ~ ( s )  
- 

seexs to depend or, the snoothness structure of W . For example, j 

every tame end of dirnecsion at least 5 ' ,has a rb i t r a r i ly  small'open 
. . 3 

neigi?borh.oods each ho~oto?y equivalent to a f i n i t e  co,mplex (use 8.6 & - /  
6.5 1 a' The discassion of tameness and or the definit ion f o r  cr( s) 

i s  scattered in vaAous chapters, The nain refemaces are: 3.6, 

4.2, 3 ,  6 7.7, pages 107-108, 11.6. 

The proof of t'ne main theorem applies the theory of non-simply- 

comected handlebodies a s  expounded by Barden [31] and W a l l .  C3I 

find a co l l a r  f o r  c -- viz.  a closed neighborhood V which i s  

a s ~ o o t h  submanifold diffeoniorphic with E!d V x [O,1) . Irr dimension 

5 , Vfie proof breaks do:m only because Whi.tney's faxous device f a i l s  

to ukng2.e 2-spheres in 4-ranifolds '(c.f. page 40). In dimension 

2, L+~eness alone ensxres t ha t  a co l la r  ex is t s  (see Kerekjarto [26, 

p. 1711, It seems possible t l n t  the sane i s  t rue i n  &ension 3 

(ziociulo the Poincari, Conjecture) -- c.f. Wall [30]. hemion 4 
- - 

- is a conrplete mystery. 

Ynem i s  a s t r ik ing  parallelism betwon the theory of tame 

e-nds chveloped here and the well known theory of h-cobordisms, For 

exaxple the naih t h e a k n  corresponds to  the s-cobolrfisrn thsorez of 

3. ?kmr [3?;][3]. '&a relationship can Sa explained thus. For a 
N 

A +  L A V . ~  v ezd E: of dimension 2 6 the invariant a ( € )  € K (n s) i s  
0 1 

the  03stnicAdon t o  finding a collar. When a co l l a r  e ; d s t s , p a N e l  

fcr~5Xies of col la rs  am classif ied relat ive to a fixed co l l a r  by 

b r s i o n s  cS E !dh(n. s) of cer tain h-cobordisms (c.f. 9.5). Pknghly 
i 

sLated, C i s  t're obstnrction t o  capping c with a boun2az-y and 

2 then c l a s s i f i e s  t'ne cEfferar?t lays of f i t t i n g  a boundary on, 
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S%ce ',-!?in ) is a quotient of K (rr s) [I?], the s i tua t ion  i s  1 1 1  

v e r j  r exb i scon t  of c lass ica l  obstruction theory. 

A closer  analysis of the ways of f i t t i n g  a boundary onto an 

open ranifold gives the first counterexamples of any kind to the 

conjecture t h a t  pseudo-isotopy of diffeornorphisms implies (smooth) 

isotopy. Unfortunately open  athe her than closed) manifold are involved. 

Cnapters VI and VII give sum and product theorems f o r  Flail's 

obstmction t o  f ini teness  f o r  C.W. conplexes. Here are two simp1e 

conseauences f o r  a sxtiooth open manifold W with one end e .  If 

c is  tame, then Wall's obstruction a(W) i s  defined and G(W) = 

i g ( c )  whem i: nI(e) -> n (W) is the natural map. If N i s  1 

any closed smooth manifold then the end E: X N of W X N is tam 

and only if s i s  tame. When they are tame 

xhere j i s  the natural  inclusion ni ( e) -> n ( E X N) = nl( s) 1 

X nl (N) and X(N) i s  the Euler  character is t ic  of N . men, i f  

X(X) = 0 and W X N has dimension > 5 , the main theorem says 

&- bnat !PI X N is the i n t e r i o r  of a smooth c o q a c t  ns?nifold, 

Tne .sum and product theorems f o r  F U 1 s  obstructLon mentioned 

above :.lava comterparts f o r  Whitehead h r s i o n  (pages 56 , 63; C19] ) . 
Likehis0 the relat ivized thaorern in Chapter X and the dual i ty  theoren 

in Cnqcter X i  have counteqarts  in the theory of h-cobordisms. 

I ~ o f e s s o y  ;Cihor has pointed out t h a t  examples ex i s t  where Yne standard 
N 

k a i i t y  iwo lu t ion  on KO(") i s  not the identity. In contrast  no 

sic;?. e-xaqle h s  been given foY . Wh(n). The examples are f o r  n = ' 

2 
229 

a Z they ston from tha remarkable research of E.E. 
257 ' 

e r  (see the appendix. ) 
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It i s  ny i q r e s s i o n  tha t  the P .L. ( = piece-dse-linear) version - 
of the main theoren i s  %id. This opinion i s  based on t h e  general 

consensus t h a t  hzndl.ebod;r theory works f o r  POL. ranifolds. J. Stall ings 
I 

saem to have worked out the de ta i l s  fo r  the s-cobordism theorem 

in 1962-63. 2. Eizurfs  paper [35] (to appear) nay be helpful. The 

theory shodd  be f o m l l y  the same as  1.7allvs eqosit;ion [3] with 

2.L. just5.fica-kLions f o r  tine indi.JWual steps. 

For the saxe reason it should be possible to t rans la te  f o r  

the P.L. category vi*ually a l i  other  t h e o m s  or, m a ~ o l d s  given 

in this %hrsis. Eowever the theorems f o r  pa i rs  10.3-10.10 nust be 

ri3-ejca,nhed since tubular neighborhoods a re  used in tho proofsand 

;I. Iiirsch has recently shown tha t  tubular neighborhoods do not gen- 

era3ly e j d s t  in Yne P.L. categozy. For 10.3 i n  codimension 2 3 

it seems that a more coxplicated arbwent  employing only r e - d a r  .. 
neighbo9toods does succeed. It makes usa of kdson and Z e e m  C36, 

Cor, 1.4, p. 731. It also succeeds i n  codinension 1 if one ass~L11:ss 

t 'naxt'ne given P.L. imbedding hn-I -ic W" i s  loca l ly  Wetted C36, 
8 I 

?. 72 1. I do not know i f  19.6 holds in the POL. category. Tius 
L i 

10.8 and 10.9 a-m undecided. ht it seems 10.7 and 10.10 can be 

salvaged. 

Trofessor J.V. bYlnor mer,tioned to ne, 5n Wovsmber 1964, cer- I 
I 

A, din groun2.s mO=. believing that an obstruction t o  finding a boundary 

N 

skauld lfie i n  KO (iij c) . The suggestion was fratfl. He has con- 

t r i h t e d  rnator5ally to miscellaneous algebmic qaestions. The appendix. 

Tor exanyle, i s  ?cis o>m idoa. I wish to express my deep g ~ a t i t u d e  

Zor all this axd f o r  the nurribmus iritel.esting and helpful questiozs :I 
i?i: has raised trhile scpersising this thesis.  



I have had several  helpful conversations with Professor W i l l l a m  

b x d e r ,  who was  perhaps the f i r s t  t o  attack the pmblem of finding 

a &u~,dazy [5 11. I thank him and also Jon Sondov who suggested that 

t h e  =in theorem ( re la t iv ized)  could be applled to wnifold  pairs. 

I a m  grateful t o  Dr. Charles Giffen f o r  his assistance in preparing 

tha mnuscript. 
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koizotopy e ~ i v a l e n c e .  

h c l u s i o n  nap of X into ?. 

f ron t i e r  of the subspace S .  

lxmxkry. of the panifold M . 
=z?ping cyEc&r of f . 
miversa1  caveling of X , 

U e r  cha.rac+&risA&c. 

the class of -busclorff spaces with the homidpg type of a 

3 .  co;n?lex and dominated by a finite C.W. co;npIex. 

4.4,- L lira c ~ l y  ge~erateil ,  

GTothendieck group of finitely generated projective ~ o ~ e s  

o-.w tfie group n . 
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p o j e c t i v e  rr,oMes over t he  group IT. 
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o e  n S  . . Sausdorfr' ar,d paraccnpact topological maniLEold. 

- 3 ' 3 ~ ~  ~ 3 3  continuous rap such that the pxeimaga of every con- 

p2-L s e t  i s  coqact .  

- . c  
r x c !  -.nl-se f1-~yction . . . i % ~ ~ e  ~ h c t i o n  such that the value of cr5t icai  

i s  an incrsasing function o f  Index. 



Chaoter I. Ends in bnera l .  

The intern1 (0,l) has two (open) ends while CO,l) has 

om. \?a mst xake 'chis idea p c i s e .  Folloving FreudeaW Cjl 

va de2ir.e the ends of  an arbitrary tfausdorff space X in ter~ls  of 

opon sets ha- conpact frontier. Consider co3lections c of sub- 

sets o f  X so that: 

(i) Each G G s is a connected open non-esqpt;J set. ~ 5 t h  coa- 

Adding to e every open cornacted norm-ernpty set , H c X with 

bX coapact such that  G c X for  some G 6 s , t;e produce a colleo- 

tion E' satisfying ( 5 )  , (ii) , (iii) , which we cail th2 end of X 
- ,  

d e t ~ m t m d  bv e . 
1crm-x I. 1. Mith e as above, l e t  H be any s a t  52th coxpact frontier. - 

Proofa Since b is  compact, there efists G E 6 so small that -* - - 
G f l  bB = 8 (by (ii) and (iii) ) . Since G is cotklected, G C H 

or  e l s e  5 fl Ii = fl as asserted. 0 

It foILorrs t h a t  if el 3 e a lso  sat iaf les  (i), (ii) (iii), 

thaa every mnibar H of c contains a m d e r  G of c , i.e. 1 

H € or . For, tha alternative n H = # in kha le- is hem rrtzed 

out. Thus e7 s E 3 c , acd so we carr niake the more direct 
1 

bf5.r&"i;_on 1.2. An of  a Hausdo-i.ff space X is  a collection 

of s ~ b s e t s  of' X which is r i  with r s s p c t  to the properties 

(i), (=I, (L i i )  ahve .  



" 
z x = :  =As point epsi lon wjll alwws denote an end. 

&fi?-c!tf cn 1.3. A piphborhood, of an end c is q y  set N C X ' . 

As t'ze neighborhoods of s are closed under intersection 

MixiA.a d o n ,  the definition is justified. Suppose in fact  

xa aZd to X and idaa l  point ~ ( c )  fo r  each end e and l e t  
/ A  I\ 
)G  I G E €1 be a basis of neighborhoods of o(s) , where G = G 

A 
u &( c1 ) 1 G E F*] . Then a topologicd. space X results. It is 

5=dorff  bacause 

LCZZ 1.4. Ilistillct ends el, s of X have disjoint neighborhoods. - 2 

C1~5en-at5.0z 1) If N is  a neighborhood of an end r of X , 
- 
G C 9 f o r  &ficiently snall G E c (by L e m  1.1). '~ lnrs e 

d ~ t e , ~ e s  a U q u e  end of N . 
0 2) If Y c X is closed with coqact  frontier by., 

2 cV is a end of Y, then s' datemines an exid 4 of X. 

r Y is a r,eighborbcd of s and e daAvarnines tne  end 

sv of Y a 2-r~ Cbservation 1). 

(ZxpEcity, if G E C' is sufr'i_cienQ small, the closure 

or' G (in Y) does not neat the cornpet sat by. Then as a suSUb 

s ~ t  of XI, G is non-%rap*, open =d connected d t h  bG coqact .  

- .  
L .- Y-cz G G c *  debmine the end s of X . ) 



-. .@ m, i r i . t ton 1.5. An end B of X is $soIated if it has a m e h r  
- 

ii tkt balows to ao other end. 

From t'se above obsemations it follows that has one and only 

oca end. 

7 Xo 
~ : m . ~ ~ 1 e :  Tha universal covar of tine fig- 8 has 2 a d s ,  none 

f solaAcd. 

Cbsem Ybat a c o q n c t  flausdoflf space It has no ends. For, 

~ = c h  cmtradicts $ # G C X . &en a noncompact connected Hausdorff 

space 2 may have no ends -- for example an infinite collection 

of  ccpies of [0,1] with dl. in i t ia l  pofnts identified. 

Eio~aver according to Yne theorem below, every nckcozpact con- 

cacted &old (separable, topological) bas a t  least ona end. For 

ex,=zzle X has t~;o ends and , n 2 2 , has one end. Also a 

c c q a c t  czarXold I ndms k connected boundarg coqonents Bi, . . . ,% 
has exacLSy k ecds E ( P I ~ ) ,  . . . ,E(N~) . The neighbrhoods of C(N~) 

k 
a m  %ha sat. U -VN. *era U is a neighborhood of 4 in" M . 

351  3 

kis&--fr space X that i s  locally compact a.nd locally coruzacteZI 

isas at b a s t  one erd. 

?-T-x?<: Xotice that the above e q l e  satisfies a l l  conditions 



except local  coqactness. 

- 
%of* I3y a fari l lar arguniant ons can produce a cover U U U -* - 1' 2' 3'... 
so that  Ui is conpact, Ui is  connected and m e t s  only finitely 

mny U j p i .  Tnen nnVn=$ whant Y - 3 ' - u n u u * p  0 . .  . 
Each coqonsnt W of V apparenw is  the union of a certain sub- 

n 
collection of tha connected open sets Un,Untl,... . In particular 

W is  open =d 'DW A V = # . Then bW is coqact since it must n 

lie in x - VnC Fl U 0 . 0  I 1  which is  conpact. Now b'cf f: $3 

or  else W ,  boing open a d  connacted, i s  a l l  of the  connected space X. 

If bli # # ,  som U C W lcaets U u ... u Un. 
S 1 

By construction 

this caii happen fo r  only finitely lolqy U Hence there' can be . 5 ' 
orily finitely many cojrponents W i n  Vn . It follows that at least 
ona c o q o m t  of V -- c a l l  it W -- is unbounded (i.e. has non- n 

conpact closure). 

l!or W f l  V,,,is a union of soze of tine fizxitaly many conp~nents 

of V . So, of these, a t  leas t  one is unbounded. It is clear 

m w  that  wa can inriuctively define a sequenca 

nrhu;.a W is an -anboundad component of V Than c satisfies 
n n o  

(i) , (ii) , (iii) axd detemkas an erd of I . 0 

Tns above proof can be  sad to establish mch xom than T h e o m  

1,6. V e r y  briefly wa i n a c a t e  s o m  . 
Cqmileri_es of the proof: 1.7. It fol low that an infinite sequence 

i X o i t h e ~  has a cluster paint in X ,  o r  else k s  a subssquanca 

tkat convargos to an end detmined by a sequence (*). Also, an 



irdinite sequence of end points always has a cluster point. Assming 
Ir 

no:< that X is seoarable we sea X I s  c o ~ o s c t ,  One can see tha t  

every end of X is detenoined by a sequance (*) . Tnen the end points 
A 

S = I: - X are the  inverse l i m i t  of a systen; of finite sots,  ~ 1 3 . 9 l y  

ths  r;?bour.dod conponents of V n ,  n = 1,2,... . From Eilenbelp 

and Stee~rod [ 6 ,  p. 254, Ex. B.11 it follows that E 3s compact 

. With X as in Theoma 1.6 l e t  U rango over all open scb- 

s e t s  of X with coqact .  Let e(U) denote the d e r  of non- . 

c o q a c t  components of X - U , and le t  e denote the d e r  of ends 

of X . (Wa &nqt  distinguish types of irfinity.) Using Freudenthal's 

thaoren it is  not hard to shout 

- Assxma nox Ynat X is a topological Ir.nntfold (always separable) 

o r  else a locdl lg finite simplicial complex. la t  Bz(X) be the 

coho;tology of singular cochabs on X mdulo cocf.llfns a t 6  cozpaat 

sx?~or t .  Coafficisnts are in some field. 

to t'zo nm-Ser of ezds of X or both a m  i r S i n i b .  

The universal covar- of the fibre 8 is  contractible, but 



6 

Theorem 1.10. If W" i s  a connected combinatoriel or smooth mani- - 

f o l d  with colrpaci boun+ry and- e ends, . - .  - - 

(Again we confuse types of infinity. ) 

we deduce 

e = rank #(E) 5 rank H+Q,E) + 1,. 

since is connected and E is totally disconnected. By a form 

of Alexander-Lefschetz duality 

result* 

- To verify this duality l e t  Ui c U2 C ... be a sequence of 
A 

coxpsct n-sab~panifolds with Bd W C Ui , W = Ui 5 let Vn be 

9 - Int On. Than the following dJ.agra. c o d e s r  

* 
where e is excision, P is Poincare dudl.fty end i,, j are induced 



'i"hzs ( 7 )  is established. 0 . 



Su?pose W is a smoth mn-cozqact marUold with coqact 

possibly e q t y  bozn6az-y Ed W . 
bfi;+.tion 2.1. A es+et?.on fo;. w is a =moth ~ e c i c i i n g  2: w 9 ii 
of 'ri Zrto a simoth coqact -fold so "ct - i(W) corsists 

of sozo of t h s  boundary cozpr,ents of E. 

Kot; let c be an end of the d E o l d  W above, 

I h f i ~ 3 t 5 o n  2.2, A coL la r  for s (or a col3.z~ mi~h5orhood  of e ) 

." 
The follo-hg proposition is evident from the collar mi&- 

-?m~osltion 2.3. A-m.ooth maifold W has a colpletion if and only 

if Bd W is compact and W has finitely nsny ends each of W c h  

has a collar- D 

Tk~s t i a  question whethar a given smooth open minifold W 

is ciiffeorcoqSc to the inA&rfor of sor- szooth coxpact maifold 



9 

a s s ~ z m  alvavs that c: 5 s  an en3 of an open xlmifold (rather  than 

a non-compact manifold with coorpact boundary), 

We will s e t  I I ~  pmgressiva12.y stronger conditions wfifch guar- 

=tea  tho existence of a r b i t r a r i l y  s d  neighborhoods of  E that 

share pmg,-sssively nore of  the proparties of a collar. 
I 

inside any prescribed neighbor- 

hood of € ,  or, equivalently, i n  the coorp1er;;ent of any prescrfbed 

coapact subset of W, 

Lbfh5t50n 2.4. A 0-nai~hborhood of e is  a neighborhood V of 

c wXch is a smooth comected manifold having a compact comected 

b o u d a r y  and just one end. 

R E :  We w i l l  eventually define k-neighborhoods for any k 2 0 . 
Paughly,. a k-nsigFborhood i s  a co l l a r  so far a s  k-dimensional horntow 

typa i s  concerned. 

Tisoran 2.5. Every i so la ted  end c of  a' snooth open manifold W 

Proof: Let K be a given corcpact set i n  W , and l e t  G E c be -- 
a z a d e r  of  no other  ead. Choose a proper Parse function f: I? -> [~,a), 

E h o r  [8, p. 361. Since un f-'~o,n) = W %ham exists an intagor 

n so large t h a t  (X u bG) A fw1~n,a) = 0 . A s  fvl[O,n] is conpact, 

6r.a of tka conpor.snts Vn of T ~ [ Z I , ~ )  is a neighborhood of c .  

As Vn is corneetad,neeessarily V C G , and so Vn has j u s t  one end. n 

If Ed Vn i s  not csnmd.ed, dim U > 1 and we can join 

1 ka of tha codynants of Ed Vn by an arc 3 smothly  imbedded i n  Vn 

A&.+ -il.c -,cats M V tA-ansversely. (In dimensions 2 3, ~ ~ ~ t n e y ' s  
A 



10 

in5odding theorem will apply. In  dimession 2 one can use the  Hopf- 

E n o u  'chao~am -- see i h o r  18, p. 62 1. ) If ue now excise fron 

Vn an open tubular neighborhood T of D' i n  Vn and round off  

th corners (see the  note below), the resul t ing manifold V;I has 

023 103s boundary coqonent, is st i l l  corinaated tri th compact boundary 

and satisfies V1 n K = @ . Hence a f t e r  finitely rnaqr s teps  we obtair, 
A 

.- 
r!ote on mumline carnersr In  the  above situation, tenporarilg change 

tho  snoothnsss s t luc tum on V - T smoothing tha eomors by tha 
n 

=attad of 1ilnor [g]. Then l e t  h: Bd (Vn - T) x CO , I )  7 (Vn - T) 
ba a smooth colla;lng of the boundary. For any 3 (0, i) , 
h[Pd (V3 - T) X $1 is a smoth  submnifold of Int  (Vn - T) c W. 

1.b doffis V1 = (Vn - T) - h/8d (Vn - I) X [o.%)] . Clearly V1 n il 

is diffeoxxphic t o  Vn - T (s~oothed) . And the old  Vn - T C W 

is VA with a topological co l l a r  added i n  W .  

If one wishes t o  mmd off t he  corners of V - T so that 
n 

14 of tfia cornea thare is an obvious way to accomplish 'this with 

the c o ' a a r i ~ g  h furction (h: Ed (Vn - T) -> [0,1) 

zoro 0 ~ t s i 2 a  N and positiva near tha cornar set. 

Xenceiorth we assma t h a t  th is  sork of davica is  applied whenever 

m1?~~6ing of corzars i s  cdilod for. 



1 i 

Chzotzr 111. Stability of n a t  an End. 1 

G <L G <& . . . are con.i:z~ate if there exist elements I 2 g i E  Gi 
-1 so tht ( x )  = f i x  g . ("a say fi is  conjugate to fi . ) 

A 9 E 

Z Eg a subsequence of G G <- . . . wa man a sequence 
f : 1 2 

zap G <- 
ai Gn f r o m  t h a  first sequence. 

i-t 1 

: Gt G . . . comidrir tb follo-dng three possibilities. 4 1 2 

e ard ,fq a m  isoeorphic; they are conjugate; oce is a subsequence 
0 

of tha othst.. 

is ths eqtxivalenca re la t ion  genszated by the above three relations. 

3.- ,~?osa X i s  a separabla topological P?esrffold and o i s  



L-57-3. 3*3. - 5 is conjugate equivalent to H . 
M: fdnis is easy if Xi = Yi , hence also easy if [Y 3 is a 

i 
 soqua qua ace of jxiI . For the genela case wa can find a sequeoce 

&f init5on 3.4. An invame sequence G <- G <- ... of 1 
f2 

2 ,, C.. 

'2 groups is stable if them exists a subsequence G. G <- 
r, . . . 

k = 6 <- 1 G <- 
2 ... is stable it is certafnrly con- 

e N 

;-gate equivalent to the constant sequence In (f i) <A h (f;) & . . . . 
id id col-jcgbte sqrt2valent to a constant s q t a n c e  G <- G C  ... 

J. *  CIA G <- G <- . . . s stable. 
1 2 \ 

ba ix:a IRVOTSB seqceencas of groups. 

P - y ) ,  ". . - . .'. . If is i s o z o q M c  to f j *  or $ is a ,Yseqcence of 

" oo f * of $' , tha pmposition is obvicus. So it dll suffice 
d 

pmva t l  lermea when $ . Tag subsequexes is conjugate to 



,hi5 l;s st?= have fi (x) = gifi (x) gi -1 for  s o m  gi 15 Gi (= 0;) . 
::a-Y I= <fQ) 1 = g l h  (el)$ 

-1 , and h ( f i )  = g Z h  (f2)g2 . Clearly 

s r ~ z a n 2  mzZC-s for  f * f Q  e " ~ .  
2, 3 9  

Then fj ' is  stable and 

r i n g  =, ( f l )  =, (q) = li, $. 0 
<- C-- 

: If 9 i s  conjugate equivalent to $ * , but not necessarily 

a sizzle ex~;;1:ple contributed by Professor Y b o r .  Consider the nnolranea 

lies in fl%*..f F LS the fom x l ~ . . . x  fil -1 -1 n n+l n n "0~2 
-.- -:.em $ E Fe1 . AS does not involva , the (uniqde) 

n 

=z?:ced ward f o r  )? certainly involva; 3,. . . ,% or else is tlw 

--..- ".a secoxd invarse lindt is the identity. 



Again let t' ba an end of the topological nanifold X. 

C3finl"cion 3.6. n is stable at c if  thare exlsts a sequence of 1 

r ~ c h  that (with base points and base paths chosen) the sequence 

bmss 3.3 and 3.5 show that if n1 is stable at c and 

Yi 3 Y2 3 . . . is path connected sequence of neighbarhoods bf 

e so that = fl ,then for choico of base points and base 

%r'i?Ztion 3.7. If ni is stable at  s , define n (E) = 
1 <- - 4  

~ o z  soE;r fixed systoa 5 as above. 
. 

y (v) 



msclLbs f o r  sa5tabl.y chosen j, j' i n  the mtural conjugzcy classas 

dabrAzsd  by inc~usions.  piis s ~ x m s  for example tht. the statercent 

tjat - (e) -> n (v) is an isoxio~phisn (or onto, or 1-1) is  %xi- 
" I 1 

2zpnCsr.t of tho p r t i c - d a r  choice o f  (% to define n i ( e )  . The 

?=id ;'lrsss the idaas of 3.3 2.d 3.5 again. I omit itm 

- c m t  be stable a t  c , The f i r s t  saquerie occurs naturally " 1 

fo'or th coqlemnt of the dyadio solenoid i b d d a d  in S" , n 2 4. 

-.I , -r - ..- . ,- 2 e: If TCI 5s fontad bj delctizg a boundary coqon~xt  M f r o m  

a c s p c t  topologkal &old 2 ,  than ni is stable at the or& 

e-8 E 00 W s i x a  XI 5, . . . can be a ssquence of collars in- 

'La~~c'czb &tb W . (see t'aa co ar theo=an of M. BFOT+~ [15].) \ 
3 ( )  ( I )  5s f h t t a l y  p ~ s a n b d .  For M, be* a 

c o q a c t  ~ s o ~ u b  neig'dborhood =tract (sea Ci63) that irp'bds in 

c.;cXCsa space, is doainatod by a finite c o q h x .  Fnen ni(N) 

is a z l e a s t  a =tract of a finitely presented gm=p. Bat 

bt W ba a smo'ch opsn -fold and c an end of W . 

2) V C V gives aa i somqkisn nl(E!d V) - ni(V) . 



Eere i s  the  impr"~ant r e s i t  on" this chapter. 

n 0 .  Let fl be a s150cth open  ani if old, n 2 5 , and 

e m i s o l ~ t e d  ocd of GI. If ni is sbb le  at c and T T ~ ( E )  

IP;51m: Is t h i s  theorem valid with n = 3 or n = 4 ? 

I :  T'n3 conGition tht ni(r) be finitely prasented is not 
. . 

236ylGant. Given a coiitable presentation {x;r] of a non-finitelg- 

p=ser,tabla group G rn can c o z ~ ~ t m c t  a smoth open manifold W 

or' dimasion n 2 5 with one end SO that for a suitable ssqnence 

id 
%:-.a co~mspozdir,g seqxome of A ~ d c e l l t a l  g m u ~ s  is G -&- G +-- ... . 
C,=3 s L ~ l y t a k a s  Lha n-disk and at'tac'nes W hitely ~ l a r ~ +  i-hazdles 

;::a coqlozant  of the i t h  handlebo*, ni(Xi) -> n (W) 9 G is 
1 

G;? cikzr?sfon (21-2), (3-1) and o m  of &,ansfon n. 

L;?-~G~S of E Wits I\Vi = $$ ailj Vi+l c Int Vie Since ni is 

A 
I 

I 
7 v - n (V ) <- - 1 2  ... is suchthat i f  H i = f  1 s 1 (V I+l )C ni(Vi) 



3x~;i: V1 wi.33 be V1, ~ o = i e d  by V'txding 2 - ~ ~ d ' L f t s v  along Bd V4. 
7 m r  comanionce ve mag. assme that the base points for vl,**-Jb 

;=a 2l the om point * E Ed VY . & a nicely irbedded, based i-dtsk 

Li V a t k c h d  to Eki Vb ~ ; e  wiU. man a triple (D,h,ht) consisting 3 
of oriented saoth3.y Weddad 1 4 s k  D in int V that meets 3 
Z V in its tip end points, transversely, and two paths h, hv 

i 3 2  V h a  * to the zegative and positive end points of D. 4 
N 

2 f i n i t e  s e t  of geneators for = n. (e) . 

is rL'if&r izbdded excapt possib that Int Dl meets Bb V4 in 

---.-:d. - + 
&i - e q  zzv - 5237 pi -- points, tzaasvarsaly. k t  then it is  

c 2  v ri i I nicely icbodded l-disks represent* e1emnb 
(11 CZi+i ) 
ci ,.**,E. in n (V ) ' with yi - (1) (pi+l) 

1. 1 3  - u5 ***. 

i *;: C' : A ~ L C S  LI V3 atta.c2& to EJ I i i  - m p r e s a t i ~ z  elensats in n (V ) 

. --. 2 - 1 3  
----el ~ ~ g ~ t h ~ ~  g o i z a t a  a s ~ b ~ m u p  canbntai- H? . h g e  that 

4 

i k 3  :-%s!-s BTB disj~iit and t h m  constmct d i s j o h t  brl?.&Lar tioigh- 

5 2 k [ ~ ~ f  for ti-, each Tj n tubular naighhorhod in 
v4 

G2 L2 :I 
3 - h t  4 .  If " is i n  V4 sabtrrrct Y&e own & M a r  

h 
'3 * 

- - 2  3 .  V ----d--a1-sod T f.xa Vq . + is i? V3 - Int Vk add T 

- 3 -5 J 
cs; .$ . Favir,g d3na t M s  for each P. 0~00th the  raMSYIA- sub- 

3 '  



,kso3Son 2 )  %era exists a 0-ad.g'abor'mod V C Xnt V such that 2 

ni(El V) - n1(V2) is (1-1) onto H2 ; and any mch V is a 

1-naig3borkood of 6 , 

d ( V) - ni(v) a m  both (1-1); so by Van Xaqeass thaorem 

E~(v) -> R (V ) is (1-1). Pnt, since Ed V C V, rri(V) - i n  (V ) 1 1  1 1  

1) nl(V) 3 rrl(Vi) is (1-1) onto Hi 

2) nl(E;i V) -- n (V) is an isorroqhiszi. 
1 

N - - 
Choose k so lazga that  Vk C V . Then as X <- I a, 

1:3 sea n (V ) c n1 (V) smds I-$ (1-1) onto n1 (V) using I*). So 1 k  

3+.3 es3ablishas the secorrd 

%?a naighborhod V by trading 2-h~dles 

d o r g  Ed V* , whsm Vt is tho neighborhood of Assertion I). m~ 

follc~xhgo le- shows trat 

r. 

u 1 9 * e * 9 %  
of the kernel. 

T - -,,,, . 3.11. S;tppose 0:  G->a is a hommxpEsmof agroup 

C- o x b  a ,mu? H , Lat [x; r] and {y; sj be pmsaataMons for 

C- E :.&a 1x1 gs;7a:a"lor for G an6 Is1 rdaJiars for H. 

r - - .  -*L.1 o x  (9) c, h e q x s s a d  as tha Laast nornal sub,rly;up 

~mkZ+ag (5.9. the mnndL closure of) a set of 1x1 + Is 1 elems;lt,s. 



?aturning to t h  pmof of Assertion 2) we represent zi by 

L? 05cnted  circle S ( - i t h  base path) iEb~dded in fd V8 . Since 
Siz;) = 0 an3 Bd Yq is 2-sided ve can find a 2-disk D bhd2ed  

2 -.. .. '5 so tt3t D intcnects Bd V8 transversely, in S = Bd D 

.z-2 Iiriitsly mv circles in Int D . 



5 %  X = Vi - Ink  V2 , all of tha follo-fin2 i c c l ~ s i o ; l s  give 





N 

of eovsrimg spaces x2.l a~-$!,y. X w31 mgalarly dmote a wiversa l  

c . ~ v . w ~ ~ T  of X with projection p: ? -> X , If an inclusion P C X 
rY 

is a i-w~vaianca than p-'(~) is a univarsal covering Y 02 Y. 
H N  

Ix tZEs situation l;e say Y d X is k-camacfxd (k E 2) if H (x,Y) = 0 , i 

0 5 i 5 k , wi't'n integer coefficients, If f: Ye ----> X is 

tm3 of a C.V. coqlox, tkt are d o z h a t i d  by a finite coqlex. 
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- 4  r- 
u e - ~  1s ~ c e  ~ 2 ~ 3 .  P.5 r e s t ~ c S o n  is t3s.t F ?  (?J) ba finitely g s ~ e r a t o d  

n -o cla==5LCy th3 r,o'ion of taziazoss 0x0 caa p m ~ ,  m M o  a 

--- L=o,-ez: of C b s p t e r ~ ,  t h e  



9 is th3 uaion of iiw subco,7lexas Xi, X2 with intersectim XO . 
(a) x0,.xl9 ~ € 9  ==> X G B ;  

(j) X ~ P  X a => XI. X2 EB pmvidod that nf (5) -> n1 (x) and 

nl(%) -> ( 1  have left inverses (i.0. nl ( ~ ~ 1 ,  n1 (5) 
w h a c t s  of nl(x) ) . 0 

o-,;.n czighboAmods X 2 5 3 . . . of B with ni Ti = $4 so that 

( -4 W--1 A *  s o 3  base points ard basa p a t h )  

N - CY - 
E-. q < A h  (I?) <A ...e 

2 
2 % o m  is a comoobd opan naighoorhood V of & in 3 so 

",a-2 .5,>!t vcx,. 



= it is a 1-~sighborhoad and ~~(y,Bd % = 0 , 0 i 5 k . 
Z a  ozziz msult of this chapter 5s: 

p- --... -. -..- -- A 4.5. if c is a t a .e  and of dioension > 5 , thara e&t 

arbi- l~ari ly  s d  (21-3) -zaighborhoods of e . 
- 
-::--tf;: I-i ttr,zns out that a (n-2)-neighborhood V wuld ba a collar 

r-~ig%orhood, 2.e. V = Ed V X [o,  1) . In the next chapter &a show 

A ', ir' V is an (n-3)-naighborhood, 
- a - 2  (?,M 'Y) is o finitev 

;szsratod pmjectiva ~ o d u l e  owr mi(e) and its class mmilo f m e  

a. ( c > - z & l c s  is t'ae obstruction to finding a col lar  neigbrhood of 6. 

. --., 1. . - 4.6. L e t  I: K -> X be a map fmn a fMta complex to - 

N N  - --.-- --5-3 f is arr inclusion. According to Wall [2, maoan A] %(X,L) 

- - -- N N N  

L . o r  ( x )  . BuZ for Yna tr ip le  (X,K,L) w3 'mva 



Evan a c o q a c t  s e t  C wa mst construct a k-naighborkood t h a t  does 

E S (V9M V) is a pair (D,h) consisting of a scootlily imbedded 
5 

N N N 

a l j ,o rkd  lc-&sk in V with Ed D C Ed V , this e e s  good sense.) 

-.-\- ..-,.-L .- U"U-I L. ;u; , -kdxa a t ~ b 7 1 3 ~  mig?koAmod of 3 in V , subt~aet 

- - -  L c;;l 5~ 'D.cnz  r;ig33orhood f m a  V a ~ ~ ~ & ~ ~  tha e m ~ ,  a.?d call 



- L 
*that i.+ = 3 i , , . ~ m m  ths sequence of 
w -  m N N 

(V,U ,Ed V) see that & V ,  , ) is  zero in n ' . i o m  

Tkus V1 is a (k-1)-neighborhood and I&(Ye,i3d % ) has (-1) 
* 

generzbrt. Lnter exactly m steps nt obtain a k-neighborhood. 

This  e s t j l l s h e s  Pk and cornpletas the induction for Thwntn 4.5. 0 

N N 

t h t  x is represented by a cycle i n  U mod Bd V, vhsm U = V - Int V9 . 
Proof: x is represented by a singular cycle and the 8kgtd.a~ sim- 

N 

pl icas  a3.l map into u cornpat set C C V. Thsre exS.sts a (k-1)- 

nai&karkood Y' C Int  V  so small that the projection of C lies 
N 

in U = V - Int V'. %en U contains C and t ne  assertton follows. a 
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ciieci! .  points of indcx 4 o n l y  and B is a level maidfold of f . X 
!4s3 e; .<-I is a product if k = 2 . 

CI 

0 ~ 0 s ~  a lin 3' € U of the base point + e U ; choose base 

p s  f * ia each cri t ical  point of f ; and choose a? orion- . 

"d-Lior, TOT each left b d  t?-ls!c. For 

,. 2. . . n T i s t l r  slrz?nt 
+ is ths class of tbs path io=.sd by tha base 



N CV ,/ Accorti~g B Ziror [b, p. 901, if ha defina C = , B )  nnd 

CY 
/ 

( B ) ,/ 
h N 

$-I 9-i7 N-i 
thaz  ~ ( U , i ? i l V ) ~ E S p ( C ) .  -her, by W a l l  c3, ' l ' h o r ~ m  5.1, p. 231 



2 2  ppaYdc"l"r )D&) = 0 so that  is represented by %(pol + c . 
77-7- ..-." T'J c a  z ~ p l y  Wall's k a e  AZditioa Tneomm f3, p. 171 repeatedly 

:<a r9-a have a criticdl poizt p so that %(pi) I s  a cycle 
- 1 

-----ms3"&qg x . . If k = 2 , ti.a mst of th3  a r g c m ~ t  is easy. .. ..*d - 
-. 7..* c = 5 , the only case in q~ast&on is 2 = k = n - 3 .  ) 
-. 
=x: tta outset, t h a n  30 c r i t i c a l  points of inden: < 2. % i s  

-.'a% ?bat -;hl t r a j c c b r i e s  in U going to pi f o n  a disk %(pi) 

- ...- --- 2 CA . is %(>;) Ydta a collar rddad. It is czsy M see that Zf,(pl) 

. . -  
:-;.I t t o  o5anbtion bzse path of %(pi) is a r icdy ir5od&d 
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Cnzpter V. The Obstnrction to f inding a Collar Naighk~orhood, 

This chapter brings us t o  the M a h  Theorem (so?), which we 

L ~ v a  baen mrking towards in Chapbrs 11, In and IV. What ~8aLains 

of the proof is  broken into two parts . The first (5 .I) is an ele- 

nsntary observation that serves ;to i so late  the obstntction. The 

scoond (5.6) proves that when the obstruction vanishes, one can find 

a collar, It i s  the heart o f  the thoomm. 

As usual o is an end of a .moth open manifold $.  , 

Pmoositi~q 5.1. Suppose n 3 5 , rrl is stable at c , and ni(e) 
. 

is  finitely presented. If V is  a (n-3)-noighborhod of s , then , - 
N N N N 

Hi(V,Bd V) = 0 ,  i # n - 2  and # - 2(V,Bd V) is.pmjective over ni(c). 

so that Bd V C ; V  is a tiomtopy equivalence. If in addition there , 

are arioi t ra r f l y  snalJ. (n-2) -neighborhood3 of c , than . V i s  a collar 

~aighborhood. 



Ii' p = V, - Int Via , 3d V, U, ' and Fd \+ 
. k t  a Ibrse function fig u > + on each 

triad (Ui;8d Yi,Ed Vi+l) . 
Tollowing the proof of Xikmr 14, Thaomrn 8.1, pa 1001 we 

c a  arrange that fi has no criticel points of index 0,  1, n ar;d 

n - 1 . ('i 'his is also the effect of V '  [3, Theorem 5.1].) Piece - 

the Fazse functions fo, f f 2,. . . togother to give a pmper Morse . 

f: V [o,-) with fn1(0) = Bd V. 

It follous f r o m  the uall knoun le- given below tbat (V,M V) 

u N 

of cficension 2 , 2 3 < n - 2 attached. Thus Hi(V,Bd V) = 0 , 
- .  

i n - l . A;rtt;er the cellular structure of (K ,s~  Y) gives a - N 

fmr nl(z)-coqlex for I&(i[,Bd V) - 
.n 

SLme the hornlogy is isolated *Ln dimnsion (k-2) it follows easi ly  

., - 
1,:73 5.3. S~ppose V is a mooth manifold and ft V -> CO,~) - 

a1 is a p m p r  b r s e  funetioa with f ( 0 )  = Ed V . Than there sxfsts 

(I C.;i. CO;=~;~GX i ~ ,  c o ~ ? s i s w  of Bd V ( tr ianwated)  uith one 
f 

tail of dikmsion 1 in iS - Ed V for each 3nndax 3, critical point, 

a;usc&?g f slightly (by PEhor C4, p. 17 or p. 371) we may assups 
b 



tha crlt ical  levels i n  [ ~ ~ , a * + ~ ]  are distinct. Then the- is a 

z w f ~ ~ x e n t  . bo = 0 < bl < bp < ... o f  a. < a < .. , so that bi 
1 

is noncr l t loa l  and fol[bi,bi+i ] c o n t i n s  at most one cf i t ical  point. 

We will constntct a nested sequence of C.W. complexes KO = 

= E d  V C X i C K 2 c  ... , K = U K i , M d a  sequence ofhomDtopy 

tht fi+l lui 'agmas with f Then f0,fi,f2,... defhe  a con- 
d 

t i i m s   lap f r V - K which induces an isomorphism of a l l  homotopy 

gaups. By  whitehead*^ theorem [ 111 it VLU be the required homatopy 

equivalence. 

Suppose indact&vely that fi, Ki ant defined. If fbL,bM3 

contains no critical point it is  a collar and no pmblem arises. 

OZhemise l o t  r: U -> U U be a deformtion retraatfon 
I+$ i 

x h o n  4. if the left hand disk of the one o r i t i c i l  point (c.f. 

to a hOmtopy equivalence 

wbm i s  a copy o f  % attached by the map fil~d = (P. 

ihfi2e X i +  = K uud le t  fi+l,= gorier. Then fi+i is 

a equivalence and fi+l 1 agrees with f2 . 0 

Next ue pmve a l e a u  neelod for the second main proposition. 

A, El, C .be free f . g .  leohrles over a group n with preferred 
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b s o s  a, b, c respectively. If C = A O B LZJ ask whether there 

e;bst,s a basis c 4 o (i.6. 
1 = 1 is  derived fmm c by repatcdly 

to o m  basis elemnt a ~[n]-mltAple of a different basis 

derant . )  so tht s o w  of the elezants of oe geneate A a d  the 

rest g9nerate B. !his is stably true. Let 8' = B O F where 

is a fme n-I;Odule with prefemd basis 

a d  l e t  the  enlarged bases for Be and C* be be = bf end c" = af , 

C 8  such t h a t  some of the elements of cn generate A and tb. rest 

Not i c s  that niltiplication on tbe right by an @elamentarg9 

ztri (I + $1 where Z is zem but for one off-diagonal e l een t  

and is the ident i ty ,  corresponds to adding to one 

Suppxe first t h a t  rank F = rank C . men 



is clearly 

a product of elementarg matrices. So the Lemma is  established in 

Chis case. In the general case just ignore the last [rank F - rank C] 

e l e ~ a n t s  o f  r' . 0 

C3finiZicn 5.5. Let G be a gro~p. Two Gnodules A, B &+XI stably 

isonorohic (w i t t en  A - B) U A @ F B (3 F for some fogo free 

Grodule F . A fog. G-module is  called stablv free if it is stab* 

isowqhio to a free module. 

Proaosition 5.6. Suppose E is  a tame end of dimension n > 5 . 
If V is a (n-3)-neighborhood of c , the sbb1e isomorphism class 

H N 

'n-2 (v,B~ V) i s  stably free and n 2 6 , there exlsts a (n-2)-neighborb.pod 

Arq fog.  projective module i s  a direct sur?nund of a fog. free 

A?parantly the class containing stably free md'des Ps the zero element. 

N 

zn obstmction d(e )  E ~ ~ ( 7 ~ ~ 6 )  that iq zero if a d  only if C has 

the end of th i s  chapter we draw a few conalusions fZXm 5.7, 
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- b ~ f  of Pmposi t ioq 5.6s The structitra of Hn *(V,B~  V) as  a n (o)- - 1 

~ o d x l e  is detomdnad only up to conjugation by elements of ni(e) . 
Tms if one action is denoted by juxbposit9on another equally good 

action is g.a = i i g x a  where x t rrl(r) is fixed and g c ni(c) , 
N N 

a E Yn 2(V,8d V) vary. Lvertheless the new ni( s)-module stmcture - 
'is isomrp-do to the old unhr  the mapping 

N N 

Xa conclude that the 5aolmxphhn class o f  En 2(V,Bd V) as a n ( r ) -  - 1 

u M e  is independent of the particular base point of  V and covering 
N 

bzse point of V , and of the particular isomqhisn nl(e) -> ni(V) 

(i;? t he  p;-eferi.ed con3agacy class). We have to establish further 

that t k a  stable isomrphilt. elass of X ( ) is an invadant . 
n-2 

c: a , i.02 does not depend on the particular (n-3)-neighborhod V. 

Z A s  -.+ill. becme clear during the quest of a (n-2)-neighborhwd 

V8 c Int V that re nou launch. 
N N 

Since Hn 2(V,Bd V) is fog.  over nl(r) , them, exists a - 
(A-3)-neighborhood V* C Int V bo small that d t h  U = V - Int V* 9 

X = % V  and 1J=i3dV*, themap 

N N N  

is onto. By bs2ecting the exact sequence for (V.UJ4) 



Since N C U is (n-4)-connected and N G U gives a mi-iso- 

usrphism ve can put a sa4~~-ind&.ng Pbme function f with a gradient 

l ike  vector field 5 (see YKLnor [4, p. 20, p, 441) on the trfad 

c = (u;N,N) so that f has cr i t i ca l  points of index (n-3) and ( 2 x 4  

o n l y  ( t U  C3, Theorem 5.53). 

Vie pm-ride f with the usual eqnipinentr base points * 
N 

for U and 7 over * for U ; base paths f r o m  * to the critics 

points; orfontations foi. the l e f t  hand disks, And we can assume that 

left and r ight  hand q h e s  intersect transversely C4, 8' 4.61 

liow ve ham a MU defined based, free- ni(s)-coqlex C, 
H IY 

Zoor Q(u,M) (*basedv m e a n s  with distinguished basis  over nl(o) ) . - 

It my be -xritten 



("  denotes stable ieoncrpbism). !h is  makes it clear that the stable 
CY CI 

isozorp'dsn ciass of Bn in (V,M V) does not depend on the p a r t i u l r r  - 
(-3)-neighhortaod V . So the first assertion of Pmposition 5.6 . 

is es'tab-fished. 

&en aB' B is also stably free. For convenience identify n-3 31-3 
By ui th  a Pixad subgroup in Cn that maps isomorp.tcnlly onto n-3 - 

2) If we add an arudliarp pair as above and delete  the arrdllnsg. . 

(n3) -d i sk  (tbickmed) f m m  V , then a Z[nj r] tmnmmd has been 

addad to . . . 

hCN 

~n the al terat ion 2) v changes. ~ l t  i, t R~-~(u,H) -> H ~ - ~  (?,GI 
is s t i l l  onto. For,as one easily wrlfies, the effect of 2) is to 

a a ~ [ n  c] s a m a d  to both 02 these modules and extend it by 
1 

*ng generaton correspond. 

2-n 1) and 2 )  it follows tbt it i s  no l e a s  sf generality 

as- that the stably free modules 8. and Hn in a m  actually n-3 - 
- 

e What is mm, L e m  5.4¶ together with tho Handle Addition 
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Theorem ( W a l l  [3, p, 171, c.fr Chapter PI, p. 30)  shows that ,  after 

app- 1) suCIicient3.y oftsn, the Morse b a t i o n  can be al tered 

so  that some of the basis elements of C generate H n-2 n-2 and the  

rest gene-%te B1 n-3 

W e  have reached the one point of the proof where ue must ham 

n 2 6 . L e t  be an oriented l e f t  hand disk with base path, f o r  

one of those basis elements of Cn that U e  in Hn 2 .  hTe m t  - - 
ti, say that, because 3% = 0 , it is  possible to  isotopically ds- 

fom tha l e f t  haml (n-3)-sphem SL = Ed % to  miss all the right 

hand 2-sphares i n  f - 2 . Flrst txy to proceed exactlg as 

in Chapter IV on p a p  30. b t i c e  t h a t  the intersection points of 

S d t h  any one r ight  hand 2-sphere can be arranged i n  pairs (P,Q) L 

so that gp = g Q  a d  ~p = -. 
Q 

Form the loop L and attempt 

to q1~1.y Tneomrn 6.6 of b i l n o r  E41 (which mquires (n-1) 2 5). This 

faiis baoause tha dimension mstzict ions are not quite satisfied. 

kt f a r t u ~ t e l y  they are satisfied after we replace f by f and 

c o m u r s ; ? o n ~  interchange tangent and nonnal odentat ions,  We 

~ o t e  that the new intersection rmnbers 5, E{ are still opposite 

arA &%at the new characteristia elsinents g;, gi are still eqtldl 

(saa Chaptar IY, p. 29) .  For a davice b show t h a t  the condition 

on tho funiiilental g l w p s  in 14, Theorea 6.61 it  satisfied, see W a l l  

[3, p. 23-2k-J After applying this arguiient suff icient ly often nr 

k v a  a snooth isotopy t i t  sweeps SL clear of a l l  right hand 2-spheres. 

C L q s  6 (and hence Ej.,) accordingly L4, 5 8.71. 



41 , 

h'ov alter f acconding to W . o r  [4, Lem 4.1, p. 373, to reduce 

the lewl of the critical po5& of to (n - 3$)0 

khen this operation has been carried out for each basis elemnt 

'n-2 in t h e  level diagram for f 1ooks.lik~ 

-1- 1 I Ussome that U' = f n  - ] U can be doformed mar itself 
M k 

o n b  2d V = H w i t h  based ( n - 2 ) d s k s  attached which, in U mod 24, 
N N N N 

giva a basis for Hn-$U,#) and so for Hn 2(V,M)o Thus is an - 
N N  N 

isomqhisn, in the sequence of (V,U8 ,M) : 

We assert  tbat Vo = V - Int U' is a (n-2)-neigliborhood of 6. 

it w i u  suffice to s b u  that Vo is a '1-neighborhood. For in that 
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Cj.aiqg Bd V o C , Y  gives a H -isom@ism* 1 - 
Granting U s  uo see Yo C V  gims a ni-isomorphism and hence mi(€) 

-> n (V ) is aa isomorphism - vhich pmms t h a t  Vo is a 1-neighborhood. 1 0  

To prom the olaim simply obseme that Ed Yo G F - Int U* 

gives a my-isomorphism, that (U - Int U') C U doe8 too because 

N G U  and N ~ ( u - h t U )  do, andffnal lythat  U 4 V  giveso  

mi-isomorphism. 

We have discowrod a (n-2)-neighborhood Yo in the interlor 

of the or ig ina l  (n-3)-neighborhood. T b s  Proposition 5.6 f s 

established. 0 

To conuluda this chapter we give sonre oorollarieu o f  the b i n  

Theoren 5.7. Bg Proposition 2.3 wa havet 

'Theoram 5.8. Suppose W is a m o t h  connected open manifold of dimension 

> 6. If W has finitely many ends el,. . . , \ , each tam, d t h  - 
invariant zero, then W is the interior of a smooth capact d f o l d  c. 
The converse is obvious, 

Assuming 1-connectectness at eaah end we get the main theortat 

of hwder, Levhe and Livesay [I] (s ightly  elaborated) . 
%.eo2uq 5.9. Suppose W is a snrooth open manifold of dinension 

has finitely m q y  ends ri,. . . , \ . U mi is stable at each ri , 
and n (s ) = 1 then W is the i n t e r i o r  of a m o t h  compact manUold. 

1 i 



is a l-neighborhood of ci , nl (V) = I , and %(V) is finitsly 

generated since %W is, Bg an elementaq argapasnt, V has the 

tp of a fMte comjlax (c.f; W a l l  C23). ci is tame. The 

obstmction =(eI) is zero because e v e q  subgmup of a free abelian 

g m q  is free, 0 

- .  
kith cowact boundary and one end cr . Suppose 
1 > Ed W C W is (n-2)-connected, 

h 3 f :  By 5.2, Bd W C W  is a hdmotopy equivalence. Since W - 
is a 1-neighborhood e is tame. Since W is a (n-2)-nei&borhood 

G( E )  = o (Proposition 5.6)r Bg the IMZI T~O~OIIX, 6 lus a collnre 

Zsx 5.2 s'mw that W itself is diffeolzorpMc to Ed W x [0,1) 0 

r ! . :  The above theorem indicambs s o m  overlap of our result w i t h  
___I 

S''klUngsl V i n g  Theorem, which muld give the same'conclnsion 

fo? n 2 5 with I), 2) replaced by 

1'; U W C W  is (n-3)-connected, 

2') For ewry compact C C W , them is a conpact D 2 Ed W con- 
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&~ter V I .  A Sum Theorem for 7Jall's Obstructton. 
- 

For path-connected spaces X i n  the class A of  spaces of 

t h a  homtom type of a C.W. complex t h a t  are dominated by a finite 

c o q l e x ,  C.T.C. Wall defines i n  [2] a cartain obstruction C ( X )  
N 

3ying 13 (nix) , the group of stable isolrorphisn classes (page 3 6 )  

of l e f t  ni(~)-aoQiles. The o b s t ~ c t i o n  O(X) is an invariant of 

ti;e hoatopy t p  of X , and V(X) = 0 if and only if  X is  homo- 

to?y equivalent to a finite complex. The obstzuction of oar b3.n 

Eqeomn 5.7 i s ,  up to sign, w(V) for any I-neighborhood V of 

the tame cad E . (See page 57. Wa will choose the sign for 'our 
o b s t ~ w t i o n  ~ ( 6 )  fa agree WI*Yh that of @(v) . ) The main re- 

su l t  of this chapter is a sum fonoula for Wall's obstruction, and 

a c o q l e m g n t  t h a t  was usefliL already in Chapter IV (page 23). 
CI 

R a e a  that IS0 gives a covariaat functor fron the category 

o f  gmups to the category of abelian groups. ff f z  G --> EI is 
N ry 

a g a p  horsmorphism, f ,r KO (G) -> ~ ~ ( 8 )  is defined as follows. 
N 

Snppose given an e l e ~ e n t  [PI E %(G) represented by a f.g. pmjectipe 

loft Gmodule P . Then ~ J P J  i s  mpresented by the l e f t  H-module 

C = Z[%] aG P where tta right action of G on Z[Ii] for  the tensor 

p;-'3&dct is that given ?qj f i G ---+ H .  

The following lema justifies our omission of base point in 

N 

7 - ---a 6.1. me cosposition of functors XOnl determines up to natural 

qAv;lenco a covariant f m h r  fmm the catogozy of path cornacted spacas 



- 
by the inner autoaorphism g -> x-'gr of nl(x,p) is the idenat= 

- - 

f o r  all x .  If P 13 a f.g. pmjecth,  ~ C P ]  I s  by definition 

From the defirbtion of the tensor prohot 

Tms the xap p g  P -> P' %ven by ~ ( p )  = 1 @ x p ,  for p E P ,  

CI 

If X his path components [xi] re define XO(niX) = 
CI N 

= Xi K ~ ( R ~ X ~ )  .  his clearw extends ~ ~ ' r ~  to a covaripnt faator 

fmn the cabgorp of a l l  topological spaces and continuous zuaps *, 

tine obstriction to X having t h e  hovotopy type of a finite complex. 

For path-meeted X a the invariant o ( X )  nay be defined 

as foXLoj3 (cat. W a l l  [zJ). It turns out that one can find a f in i te  
* 

coqle;: xn for  some n 2 2 , ahd a n-connected map fr K" ----?r X 



*n+1 (if) , is f .g. pmjeetiva over nl(X) . The invaxbnt e ( X )  
H 

is (-I)*' ti, class of this-mCbSB in %(nix) . (We have ~sversed 

tha sign used by W a l l . )  

We .will need the following notion of (cellular) surgery on 

a zap f: K -> X where K is a C.W. complex and X has the bomtopy 

type of one. If mre than one path component of K maps in to  a 

given path coeonent of X ,  one can join these cozqmcents by attaching 

Suppose fmm now on that K and X are path connected w i t h  fixed 

base points. Xf f'rif i s  P set of generators of rnI(X) one aan 

in nl(X) whose m.rmal closure is the kernel of I , r  ni(x) ->ni(x) , 
then one can attach one 2-cell to K for each yi pod extend f 

to n i-equivaeace K u 12-cells] -> x . ~ e x t  suppose f: x --> x 

is (n-1)-connected, n 2 2 , and f is a 1-equivalence (in case 
H rri - 

n = 2 ) . If f z  is  a set of generators of H ~ ( M ( ~ )  ,K) = %(G(f) ,c) 
N 

= f as a nl(~)-mcW.e, then up to homotopy -&ere is a natural 

xay to attach one n-ce3l to X for each zi and extend f to a 

c c u x e  wa a l iays  assume t ha t  the attaching maps are ce7Lular so that 

< i u cn-ceXLsj is n conplex. Also, if  X i s  a complex and f is 

cellular wa can asw.e  the extension of f to the erLarged c o m x  
t 

is cellular. (See the cellular approhat ion  theorem of Whitehead [ill a )  

Eere is a lemma -a WIU frequently use. 



tnnected C.W. ooa-plex and f t f ----> X 

is a r s p  of a finite complex to X that is a 1-equivalence. X 
h. rr. 

H* ( 1 0, K ) = P is a f. g. pm jectfve ni (X)-mdule isolated in o m  

dizansion n , then X E B  and @ ( I )  = (-I)~[P] . 
o f :  Oenrly it is enough to consider the case when, K and 

X me comiected. Tim a-fgment for !beorem E of [2, p. 633 shovs 

that X is homtoTy equivalent to K with infinitely n a q  -Us 

of cbension n and rn + 1 attachad. Hence X hns the type of 

a c o q l o *  of diFensipl -(dim K, MI). 

c = h n *  A =  z h l x j ,  and that ( ( ) )  I + m + i ,  

&*tor finitely nzaqr such steps we get  a fMte complex I, 

of dk2rs20n n = mx(& K, &I) and a n-connectad map 

g : p - > x  , 

N N 

r ~ c h  tOat k g )  L )  is f.g. pm jective isolated in dimension 

a has r Lstopy right inverse. Thus X 6 & pnd 
v 
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L m m  6.3 [2* Theorens E and F] . Each X E 8 is homobpy equivdLent - 
to a fh i to dimensional complex, 

1.s- 6.4 [2, lem 2.1 and Theorem E] ( c . f .  5.1). IF X is honotopy - 
n-1 equivalent to an n-complex and fa L -> X, n 1 3 ,  n L l p ,  

i s  a (n-1)-connected map of an (n-1)-conplex to X , then ~~(i(f) ,z) 
is a projective nl(X)-mdule isolated in cbmasion n . i? 

'i"no Sum Theoreq 6.5. Suppose that a connected COW. oomplex X is 

a d o n  of two co-tsd S&XXXP~~XBS Xi =d X2 IT X,X1,% -.7 - - 
and Xg = XIO 5 are in 8, then 

(b) X 0 9 X  EC& ixpliss X~,%€ provided n1(4) -2 n1(x) has 

a left inverse, i = 1,2. 

A%~prk 1: Notice that % is not in general comected. Wrltten - 
in fbll  t'na last tern of  the sum fomula is  

where Y1,. . . *\  a m  the coxponents of Xo . We have assumed t ha t  

W1 a d  f are connsctsd. Eotice t h a t  6.6 ?art (b) lzlakes sense 

0"LO whan X,X1 and ;(2 are co~ecteQ. Rat the assumption is un- 

""cajsarp for 6.5 and 6.6 part (a). In fact by repsatemy applging 



?-?:ark 2: In the Complemant, part (b), some restriction on fanda- 

m n * d  p u p s  is certainly necessazy, 

For a first exanple let X1 be tha complek t  of an infirdte 

string in R~ t h a t  has an i n f i d t e  sequence of knots tiad in it. 
1 Let 5 be a 2-disk cutting the string. lhan Xg = Xln X2 Z S , 

generated. To see this observe that nl(X) is infinfb fPee 

proclt;ct wfth amalgamatAon over Z 

- ( 2 corresponds t o a  m a l l  loop amnd the-string and Gi is the 

pov of the i-th ht). Thus nl(X1) has m i n f b i t a  ascending 

sequence % 9 $ ... of -ibgmupse And this elearly sham 

&At n1 (5) is mt fXnitely generated. 

For exaples *re the fundamentdl mups are a l l  finitely 

prasaatsd see the contractible manifolds constructed in chapterm. 

k 2 z t i a n :  Is it emugh to a s m e  in 6.6 part (b), that nl(Xi) 

ni(X) is (1-1). for i = 1,2 ? 

b?.' of 6.5 : To be;, notetion simple we a s m e  for the proof that . 

% is corxxctsd. At the end of the pmof ve point o u t  the changes 

mcess;ll.i then % is not connected. 

EJ Le- 6.3 we can suppose that XO .XI ,% ,X are & equivalent 
v 

c c q l e x ~ t  of dinension < n , n 2 3 .  Using the surgerg process 
L 

bmas 3.8 and 4.6 m can find a (n-l)-connected cellular map 

fa: xO -> 1(0 Surge- the composed map KO -> Xg G Xi for 

\ 
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i = 1.2 , we get fSnite (n-1)-complexes Kl, K2 with I1n T = KO 

ard (n-1)-connected cellular nups ft : Kl X1 , f2: K2 -> 5 
" L t  coincide uith f, on X . Tosether thev & m a  n fn-1 j-,-*n---*-~ 

U u - - -  
0 -  ----- ---- ,, D- --  - \--*#--uIA.'w\-wU 

cap f: K=Kiu K2 ->I= 4 V Xz . fir f gives a nl-isomorphi= 

by Van I(nnpen8s theorem; Md f is (n-1)-connected according to the 

hornlogy 03 the folloubg short exaat sequence, 

Q v 0 -> c*(Ei(fo),ilo) -> c*(Z(fl),E1) 0 C*(l(f,),E,) -.z c*(i(z),:) -> 0 

- I - - ---- 

- - "1 ' =2 
TO be specific let the chain complexes be for cellular . 

t:bory. Each is a free nl(X)-coqlex. 0 
Let us &&e a oloser look at the above exact sequence. For $? 

brevity write i t t  
* >  

($1 
N @j 

0 -> ao) -2 q 1 )  ~ ( 2 )  -> C -> 0. - b;, 

lia Ki31 establish below that 
i 

(5  1 For k = 0,,2, i$Z(k) = 0, i # n, and Iin??(k) is 
I 

f.g. pmjectint of class (-1)"jk,o(~) . I 

3153 this the sum form3.a follows easily. Sinca ue assunad X is 

gP-,  - 1-I~zlezt a comlsx of b e n s i a n  < n - Ir7ma~  A - h  L 9 

N N N 

US that H~ (c) = H~(w(I) ,x) = o if i # n , pnd H~(Z) 5s 
'.&- projective of class ( - 1  . Th.os the homologjr sequence 

? 

of (f> is 

ri" 
7 -  

"Ed Yr,e sequeryx splits giving tha desired forxila. 

5 



To pmve (§) consider 

- N N 

Lsma 6.7.. E(k) = - ZCnlxl % (X, ) C(k) , k = 0,1,2, where C(k) = 

N N 

1 K 

= C,(Y(fk),%) , and f o r  the tensor product Z[nlx] has the r igh t  

n (& ) -ruaule s t ructure given by -> " (XI. 
1 K 

N 

1 

Xox recall. t h a t  H,(C(~)) i s  f.g. projective of c l a s s  (-1)"a(%) 

and concsntrated i n  dimension n . Then 6.7 shows that ~~(z(k)) = 0, 

H (<(k)) , which is f.g. pm- i $ n and Hn(Z(k)) = Z(nlX) Bn (X ) 
1 k 

jective over n (X) of class l n j k )  . (Use the universal 1 

coefficisnt theomm [42, p. 1131 o r  argue directly.) This estabushes 

(2) and the Sum Theorem modulo a pmof of 6.7. 

?roof of Lsica 6.7: Fix k a s  O , i  or  2 .  he mp jkt nl(xk) 

-> n1 (1) f a c t o n  through Inage( jk) = G . Then 

A 
Srec 1) Let (h(fk) ,%) be the component of f , containing - 
the bzse y i n t .  Apparently it. i s  the  G f o l d  regular coverlng cor- 

A A 4 
m s ? o r d i r g  to n ( ) -> G. Then C(k) = C,(hS(fk),$) is a f ree  1 )5c 
i-:.o+ile - i t h  one generator f o r  each c e l l  e of ~ ( f  ) outside 

k 
A 

L . Ctsosing one covering c e l l  e f o r  each, we ge t  a preferred 
K 

fi  m N 

'cisis for C ( L )  . Kow the universal covering ( ~ ( f ~ )  ,%) i s  natural ly  
A A 

P coi-ar of- (M(fk),]io . SO in choosing a f ree  n ( ) -basis  f o r  - 1 Xk 
A 

-m can choose the c e l l  ; over e to l i e  above e . Suppose 

+'  N 

-2e hu&r-- fomula f o r  C(k) reads = Z r e where r 
p i  j i j j  . ij 

4 
6 z:z,%] . Then one can verify t h a t  the boundary formala for C(k). 



-shed ; o w ?  any cell e in H(fk) coincides v f t h  
i A N A 
e i" x(fk) C ~ ( f ~ )  . Then if the boundarp fo- for C(k) reads 

the boundaq folanrla for c(k) is exactly the same except that 

s is to be %a&& as an element of the larger ring z C ~  X'J . 
ij 1 

Going back to the definitions again ue see this verifies our c l a i m .  

This completes the pmof of h m a  6.7. Q 

Ramarks on t h a  general case of 6.5 where % i s  not connectad: 

k t  5 have components Y1,. . . ,Ys . We pick base points pi 6 Yi , 
i * l,...,s and let pl be the c o m n  base point for XI, 5 w 

X Choose o. path b; fmm pi to p1 to define homozorphisms 

1 ,  ( B p h -  6.1 the holl~m~rphiw 
N 

j$): %(rr1yi) 3 i 0 (n 1 I) does mt depend on the choice of Zi). 

b w  consider again tha pmof .of 6.5. Everything said up to b m  

6.7 remains valid. Notice that 

uhara L i s  the coqmnent of' K corresponding to the  commnent i 0 

Y, of +, mder fo , 
gif =i -' =i is the zap given by fo. 

S - For shrt wa v r i t e  this 0 = @ = C O ,  For k = 0 , the 
assertion of Lenma 6.7 should be changed t. 

- N 

(*') c ( o , ~ ,  i = 1 . . . . ,  a 

N N H 

U~B- c(0.i) = c&f(gi) ,L~) ~d for the i -th ~ B L U O ~  p ~ r r m ~ t ,  Z[R~X] 

h-s the d g h t  n1 (4) action given by the map n1 (xi) -> mi (1). 
\ 
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G m t i n g  this, pn obvious adjustzsnt of the o r i g i n a l  argument - 
esiablish (8). Th. argument givsn for Iama 6.7 establishes (**) 

vith slight change. Here is the begbmhg. We fix f , 0 i 8 , 
a d  l e t  H be the h g e  of n1 (Y~) -> ni (x) Then 

. A h 
S t m  i) Let (~(gl),~~) be the component of ( (  con- - 
the lift in M(f) of pi by the path l(il f m m  pl to pi. 

&pamt3y it is  the B-fold regular covering corresponding t. ni(Yi) 

on to  
->He The rest of Step 1)  and Step 2) give no new difflaulties. 

A A M 

They pmve respectively that C(N($),Yi) = H an (y ) C(O, i )  and 
- h 4 1 i 
C ( Q , i )  = ZblXl c ( ~ ( g ~ ) , Y . )  , pnd thus establish (**). T M s  con- 

p l e b s  the expsition of the Sum Theonm 6.5. 0 

*lies X I D ) .  The pmof is  based on 

L e z r i i  6.8. Suppose +, has the type of a complex of dimension 

n - 1 , n 2 3 : and Xi' X2 have the type of a cozpX8x of dimension 

5 n . Tnen X has the hosotopy type o f  a complex of  dimension 5 n . 
- 
.33f: L e t  I(O be a coqlex of dimension n - 1 so that there - 
is a homb~y equivale~ce f O: KO -> Xo Surgellng fo ue can 

eCih-,.e KO and &nd fO to a (n-1)somected map of a (n-1)- 

c o q l s x  f Zi -> Xi . Similarly fom f2: K2 -> X2 . According 
.y N 

to Led- 6.3 the w u p s  H,(N(~~) ,iii) . i = 1.2 , are projective 
ni (%)-mWas. Then surgering fl, f2 , we can add (n-i)-cells 

wid n-cells to 5' K2 and exbad fl, f2 to homtopy equivalences 

gl: L: -> xi , g2' L: -> X2 . (see the proof of Theoren E 
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on p. 63 of W a l l  C23). Since li n L2 = KO and pi, g 2  coincide 

with fO .on KO , we have a map g: L = L I U  Lt -3X.= XIU 5 
which 2s apparently a homotopy equivalenca of t i e  n-complex I, 

with X. Q 

For the pmof of 6.6 part (a), we simply look back at the pmof of 

the sum theoren and omit the asamption that X E 8 . the above 

Lem we can s t i l l  assune Xg, Xi, X2, X are equivalent to complexes 

of dime&on 5 n , ( n 2 3 ) . lemma 6.4 says that is pmjsctive 

and isolated in diraension n . The exact homology sequence shows 

that a,(;) is fog. Then Lama 6.2 says X ~ a .  Cj 

Proof of Comlems~t 6.6 part (b): We must show that 9 x ~ ~ 4 9  

j.rcpUes x ~ ,  5 E 8, provided n (X .) i s  a retract of nl (x) , 
1 3  

j = 1,2. 'Let Xo have co~ponents Y19...,Y8 and use the notations 

on page52 . 
Since nL(X) i s  finitely prescmfal so are nl(]LL) 

by Lersna 3.8. ! h i s  shows that the follordng pX'Op0si- Px holds 

with x = 1. 

(fx) t There exists a finite complex K~ ( o r  x2 if x = 1) that is a union 

of subcoizplexes K1, K2 Ylth intersection KO , and a map f: i[ -> X 

so that, restricted to I ( k ,  f gives o. map fk: 5 -. %, k = 

= 0,1,2 , which is x-connected and a 1-equivalezlca S f  x = 1 . 
Suppose for idduction that Pn - holds, n 2 2 ,  and corsider 

tha exact sequence e 



Part of the associated h~mlogy  sequence is 

. N 

COX H~(C) is  fog. over nl(X) by b r m ~  4.6. S M l r l y ,  

- N 

. N o d )  = ZbiXl Qn (Y ) C(0,i) (this  i s  (**) on page 52) 
1 i 

.J 

azd since C( '0 , i )  is  acyclic below diliiension n ,  the right - 

N 

exactr.ess of @shows that B E(0,i) = 
n H ~(0,i) , bnce 

- s B - C(O) = e i Z l  H (Z(0,i)) is  PInitaljr gemrated over ni(X) , %s 
L A  

( 7 )  s b r s  that H ) )  is fog. over nl(X) , j = 1,2 . ( T i  
u e s  t i e  fact that y, is orrbl) 

N 

a We would like to coaclude that H ~ c ( ~ )  is fogo ,. j = 1.2. 

21 f a c t  we have 

;fr;al-e a retraction n (x) - n (I[ ) makes z [ ~ ~ x , ]  a nl(x) r 1 - 1 3  J 

rac?do.  Tor ~,c(j) = Z[niX] @n (x ) H %) and 
1 5  
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;Z! E 3 is  completed as follows. We can suppose that X, and X 
IJ 

-- 

- have the homtopy type of an n-dimensional complex ( I s m  6.3), md 

that f: K -> X is  a (n-1)-comected map as in Pn . Then in ... 
N 

t he  exact sequence (7) on page 55 %E(o) and fLC  ant fog. pmjecuve 

and concentrated i n  dimension n . It follovs that %F( j) is f .g. 

pmjectiw and concentrated in dimension n for j = 1 , 2 .  Then 
CI 

by the argment of the previous paragraph &C( j) is f .g, pmjeottsa 

over R (X ) and concentrated i n  dimension n , j = 1.2 . By Le- 
1 5  

6.2 X3 C 8 , j = 1.2 . This c o ~ e t e s  the p o I  of Ccmplemnt 6.6. 0 

Inpassing we point out the analogous sum theorem for Whitehaad 

torsion. 

Tn9omn 6.9. Le t  X, X' be two finite connected complems each 

the union of two connected ~ubcomplems I XIU X2, X* = q U It 
2 ' 

Let f: X -> Xt be a map that mstricts to give lups f r X 
1 1  

f2: x2 -> 3 pnd SO I*': = xln x2 -> % = 
-> 4. 

X i f l 2 e  33'. 

fo 9 f 5, f are 111 homtopy equivalences then 

wbre jkl k = 1,2, Xg-',...,% ( 3  ' (4 818 
is by. 5 

(i 1 t i e  coqonmts  o f  15 and jO(? Is induced by XO C X , i = I ,..., s . 
cm4exent  6.10. If fo, fi, f2 are bmbpy equivalences so i s  f . 
If 5 q d  id a m  homoCpy equivaleaces so are f and f2 pm- 

0 
1 

v i Z e d  that mi (xi) -> n1 (X) has a left inverse, 1 = 1,2 . 
leave the proof on one side. It i s  s W a z  to  and rather 

easier that that for Wall's obstruction. A special case is proved 
\ 

by xsun and S Z C U ~ ~ &  Cl9l. 





In general I nn unable to decide whether the invariant of  a b e  

end dopsrds on the smoothness stmctura as veil as the topologlcll 

structure, (see Chapterx ) 

Thaomn 6.12. Suppose W is  a sniooth open marM01d of dfmem9011 

> 5 that is homeomorphia fa X x R* when X is an open t o p k o g i d  - 
ranifold in 8. Than W has one end 6 and e I s  tam. Fhrbr 

j: ni ( 6 )  -> ni(W) is an isomorphism. 

Pmaf z Identifg W ' with X x lI2 and consider complements of sets - 
K x D here  K C X is compact and D i s  a closed disk in I?. 

The coqlemnt is a connected smooth open neighborhood of - that 

I L 4 - +  -.> ._ 

50 

Notice tha t  c ( W )  may be zero while some of ~(2). ... ,u( %) are 

nonzam. One - use the constluctlons of Chapterm to giw examples. 

On the other hand, if them i s  j u s t  on. md el , u(W) = jl ,p(c) ; - 
so if j is an isomrpNsn 4 ~ )  detemdnes d a i )  . In this 1 * 
situation G( ri) Is a topologica invariant of W sinfe G(W) 

and Ji* am. Theorem 6.12 below points out a large class of e q l e s .  
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Chanter VII. A Pmduct Theorem for  Wall's Obstructione - - 

'i'ha ProZuct Theorem 7.2 takes tha wndarflzlly simple foxm 

!(x1 x KJ = *(xi) Q P ( x ~ )  .tf for path connected x in 8 wa 

define the composite invariant P(X) = o(X) @ % I ( )  in the Grothen- 
m - 

dteck ~ U D  K (n X) = K0niX @ Z + I intmduee 9 for restbhXc 0 1 ... 
reasons. We could get by w i t h  fewer words using w and KO &me. 

The Gmthendieck gmup KO(G) of finitely generated (f.g.) 

projective cadules over a group G may be defined as folios. Let 

O(G) be the ablipn mnoid of isomorphism classes of f .g. pmjeative 

Gm2ules uith addition given by d f n o t  sum. We a t e  ( P e e p )  -. . 
, for elewnts of T(G) x O ( G )  if there 8-ts free R € ~ ( G )  

s o t b t  P 1 + Q + R = P + Q 7 + R .  !ibis i s  an equivalence 

mlation, and ?(G) X 'P(G)/- i s  the abellm group KO(G) . 
Zst z P(G) -> KO (G) be the natural horsmqhiw given 

by P - (0,P) . It i s  apparent that (P) ~ ( 9 )  it and only 

if ? + i? = Q + F for some fog.  free rsdule F .  For convenience 

xa *a m i t e  Y(P) = P ; i i  w i l l  o w n  ur~te  F0 for P oppl~ed . 

tc the i s o m ~ h i a s  class o f  a given f.g. pmjoctlvs oodule Po . 
y: q ( G )  -. K0(0) has the following universal property. 

If fr 1 ( G )  -> A is arry hosomrphism there is a uniqua homoxorphism 

g: X(G) --> A so that f = gp. As an appUcation suppose 81 G 

-> 2 is any group homoeorph3.m. Them is a unique induced homo- 

r0qsMszi 3 ( G )  ->?(H) (c.f. page 114) . Ey the unfmraal property 

of t h a n  is a unique homorsrphisia 0, that makes the diagram 

on tfie next page conmnte. In thls way KO gives a covarlpnt functor 

f;mn groups to abeUmn groups. 

\ 



P 
The diagram G ;=_ > 1 show that $(G) kernel(r,) fi~ K o ( l )  

i 

r,: Ko(G) 3 Z is indncsd by assigning to P E T ( G )  the nnk 

of P , L e e  the rank of Z aG P as abelian group (hen, Z h s  the 

t r i v i a l  action of G on the right). Next observe that by assodating 
N 

to o. class [PI E Ko(G) the element - $ f kernel(r*) , *here 

N 

ard for convenience ue regard K~ ( 0 )  and 2 as subgroups. 

N 

s h z s  that tha r i p  f3*: j[p(G) -> Kg(E) hrhlce~ e 0,s K0(0) 
h. 

-> KO(H) ; and ths latter determines the f o m r  because the Z 

r i d  is z s p p e d  by a natural isonorphim. The latier is of c o m e  

tha ma? descfibed on page 44, 
? 

If G and H ue two groups, a pairing 
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i s  h&ced by tensoring projectivas. (Recpll that iZ A 43 B I s  

z tonsor p s o k c t  of abaliaa groups, m d  A has a le f t  G action 

~ 3 i l o  3 Las a lef t  B action, then A 4 S inherits a left G X K 

action.) ?his pairiDg carries kamel(r,) x kernal(r,) into bmol(r,) 

z?d so a pai f ing  

Sirice h e r  auto~arphism of G giws the identity map of 
N 

P ( G )  ( J . z .  Leiam 6.1) and so of Ko(G) (and KO(G) ) , it follow 
ry 

tbt the coompoition of h e b r a  KOnl (or v1 ) dettlrpfnes a . 

c a r a z i n t  functor fros path connected topologic.l spaces to a b e l h  

gxu?s. &re precisely ua must fix sons base point for each path 
N 

corz~ected space X to define KonlX (or KonlX ) , but a different 

c?xAco of base points leads to a naturally equivalsat L c t o r .  This 
N 

i s  tha prec i se  zneanhg of 6.1 for Konl . 
il-Jfirition 7.1. U 2 E 4 is path connected, define y (1) E K0(n1X) : 

-w 

X,(nlX) 6 Z to ba e(X) @ X ( X )  where Z(X) = zi ( - ~ ) ~ r a n k  Hi(X) ' 

is the mar chrachl lst ic  of X ( i t  is  w e l l  de-fined since x E ). . 
If I( is P space with path components {x& 

Qi+,ni% . Tbis oxtsnds XOnl to a fhnctor on a l l  t~poIogicP1 

s p c e s .  Tian If X E 8 h s  pi th  components 4,. . . ,X u. dofine 
S 

= (p(XI),...,g(Xs)) in KpiX = KomiXi @ ... Q 3 n X . . 
0 1 s  



Suppose Xi and 5 are path connected. Then Xi X 
=2 

This pairing extends naturally to the situation where 5 and 5 
am not path cormecbd. 

In term. of the obstruction s t h i s  says 

Fmx-k 1) We c m  b ~ d i a t e 1 . y  weaken the asstlnptim of 7.2 in two ways: 

(a) Since and p are invarhnts of hombyg type, it is enon& 

to assum that XI, $ and (hence) X. X 5 a m  path connected 
1 

6 p x s  in $ in order to get (*) and (t) . 
(b) kf,her, if X I ,  5 are any spees in ,,$) ( 4 )  continues to 

h d d  k i t h  tha exhnded pairing @ (because of tha uay @ is ezbndad). ' 

rr 
Bat note that ( t)  has to be rsvlsad sin& KonlX 3 KoniX Q Z &en 

X is not coniiected. 

B r a r k  2) The idea for the pmdact formola cones f m m  Kwun and Szczaxba 
\ 
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l19]  ( J ~ P J  1965) Jno prowda  product fondla for the hubhead 

t o s i o n  of f X 1 vhem ft Xi ->Xi I s  a homotopg equivalence 
=2 

of fMta cormacted c o ~ ~ ~ l e x e s  and 5 I s  any fY..aite connected coqlex; 

- 
2 7.2: R e  proof is based on tha Sun hwrsm 6.5 and diPides 



I) case 5 = sn, n = 1,2,3,... , Suppose inductively that 

(t) for 5 = sk, 1 j k  < n. ~ e t  sn = 9 UG be the 
(II 

usual decomposition of sn into closed nortbam and southern hsnd- 

spheres vitb interseotion snw1 . Thon apply the suzn t h e o r e m  to 

the  partition xi x S" = x1 x d' v 5 x q.0  
.I 

11) The case . X2 = a fMte complex. Since j(2 is connected, 

wo can assume it has a single O-eell. We asstme inductively that 

( t)  has been v e u i e d  for such 5 having < n cells. Consider 

with ezaotly n c e ~ s .  M x2 = Y VJ I F ,  L 5 1, hn, 

2: skV1 -> Y is an attaching map and Y has n - 1 ce&. Up 

to b a t o p y  type ve can assume f is an imbedding end Y A IF is 

a (k-(-1) -spham. How apply the sum theorem to the partition 

5 x x;! = x Y u 5 x $.  he inductive asmaption and (for 

t 2 2 ) the case I) complote the induction. 0 

III) The g e ~ e r a l  case. We insert a lemma needed for the proof. . 

h 7 . a  7.4. Suppose that (X,Y) is a connected COWe pair with X - 
and Y in . Suppose that Y 4 X gives o nl-isonorphian and 

N N 

X*(X,Y) is ni(X) - pmjective and isolated in dimeraion n . Then 
N N 

Pmoi'. Since C,(X,Y) = -* C,(X,Y) , the universal aosfficbnt 
N N  

t luoros  shows that &(x,Y) = Z % (x) &(X,Y) . The lexnma nou follous 
1 

fro= the exact sequence of (X,Y) . 0 

pmof of 111)s Replacing Xi, X2 by bnotapy equlvalant complexes 

LO m y  assma t ha t  Xi, X;! hve  f i n i t e  dinension < n say,and that 



there a m  finite (n-1) - subcoari>lexas KI C Xi , i = 1,2 , such that 
N N 

t b  incl~sfons give i s o m ~ ~ h i s m ~  of fundamental groups and %(Xi ,Xi) 

are f. g. projective n (X ) - mocbiles Pi concentrated in dimension n . 1 i 

Since the coaplex Y = Xi X K 2 W  Xi x 5 has dhension 

5 a, there e a s t 3  P f i n i t e  (2~1-1)-tonplex K and a map ft K '3 Y , 
N N 

g i ~ h g  a nl -isomorphism, such that %(M(~),K) is a fog. projective 

nl(x) -mchrle P conentrated in dimmion ih . . Replacing ? bg 

N N 

lEonca E X ,  is P 61 (pi @ P2 ) concentrated in dimension 2n . 

whem F FZ are free modules over n 
1' 1X19 w1X2 of the same rank 



PS PI, P2 d Eotfce that the first bracket can be rewrftten 

which is the formla (t).  This completes the proof of the Prodact 

Hare is an attritctive corollary of the Product T h e o r e m  7.2 and 

7.3. Let P be P fixed closed smooth manifold d t h  X(H) - 0 . 
(The circle is the simplest example.) Let  G be 'an end of a smooth 

'iheorex 7.5. Suppose &m(W X M) 2 6 , The end s is b e  if 

and only if the end e X M of' w X l4 has a collar, 

Our definition of tameness (4.4 on page 24) d e s  sense for 

any dizmsion. Btt so far we have had no theorems that apply la a 

taxe e.?d of &ension 3 or 1;. (A tame end of diniensiori 2 always 

has a collar - c.f. Ker6kjht6  C26, p. 1711.) Now xe .KPAU that 

the h 9 n e s s  conditions for sdch an end are equivalent, for example, 

to r x S' hving  a collar. 

It is perbps  worth pointing m t  now that the "3nvarLant cr 

can be defhed for a h e  end cr of any di108nsi.on. Since s is 

isolated there e d s t  arbitrarily small closed mighborhoods V of 



L tha t  are mcoth subzsnh-olds with compact boundary-and one-end,? 

Since n is stable at e , ue can find such a V so small &that 1 

Sotice that, by 6.9, this agrees d t h  oar or lg lnnl  definition o f  

-of of Pmnosition 7.6: We begin by showing t h a t  V E 8 .  Sin- 

va 25 not know that - P has arbi t rar i ly  s- 1-neighborhoods pr. 

exploy an interssting device. Consider the  end s X H vhem M 

has arbitrari ly sxalJ. 1-neighborhoods. Notice that  
L 

gives a Fiat irrperse for nl ( c x M) -2 ni (V X if) . 4 p W g  

Pmwsition4.3ue see that V X M E ~  . So V E B  b$7.3. 

To prove t h a t  r , d V )  i s  indepsndent of the choice of V and of r 

use 6.5 ami the  existame of neighborhoods V t c V  with t h e  properties 

of Y and so  small tha t  j : ( ) V )  has image . ir,(cir,(V) 
(---whence r* j is independent of t h e  choice of r ). 

- 

? % :  In Chapter VIII xa constmct tam ends of diin&sion > 5 - 
-4th prescribad invariant. I do not know any tam end e of dimension 

3 or 4 with @((c) # 0 . Such an er.d would be w2.g surprising in 

diizezsion 3 .  

& an exercise n i t h  the  product theonem on. can calculate 



- t5a  invariant f 

N O ~ ~ C Q  tst if 

or the end of  the pmdxct of two open il;anifolds. 

c is a t.- end of  a -th opsn manifold $, 

n 2 5 , there is a natural way to dafine 

p = p(e)  et X ( s )  E Fo(nie) z = , ~ ~ ( n ~ e )  . 
In fact let X ( E )  be $(Bd V) where V is any O-neighborhood of o. 

Notice that >(Ed V) = 0 for n even and t h a t  y(Bd V) is  indepandent 

of V foor a odd. Also observe that as n z 5 ,  them prs Y'Ldtrarlly 

sinall. 1-neighborhoods V of o so that aV,Bd V) = 0 , i.e. 
= X(Bd v) = XV) . 

maole3 7.8. Suppose W and We are smooth connected open mud- 

folds of dlln:ension > 5 with k e  ends r and s. respectively. 

%en W X We has a single, tame end ; and 

f (3 = i& (4  ' p')] + iz*[fw @ p( .* 1: - i0*k (4 @ fJ p9j 

far mtually defined homomrphism io*, il*, i2* . 
0 :  Considar the corcplezant of U X U' in W X W* *ere 

V =  w .. U, V* = we - u* are 1-neighborhoo& of E and a* with 

X( E )  = ;((V) r( ee ! %(Vt ) . Then appw the Sxm Thacrea and Pmdnct 
rn ~momzx. (Tine ssu fornvla looks the same for b and P.) The reader 

e m  check tha 2 e t d . b .  0 

3 :  if W hat several ends, all b n e  6 = jci , . . . , %f , and 

II' ha;; *-a en& E *  = i c i ,  .-, a t ]  then W X W s t i l l  has j ~ ~ t  
S 

01.8 l a m  end. And if we define P ( F )  = ( p ( ~ ~ ) , . . . , f ( r  )) in K TT E @ 
r 9 1 1  .. . 8 X n e and f ( E * )  similarly, the above fo-a remains a d .  O l r  

Use, vith the help of defini t ion 7.7 one can U t e  the assuqtian 
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Cbxmter W. Z b  Construction of Strange &cis. - 
- 

The first task is to pmduce tame ends ' c of dimension 2 5 

K ( C )  # 0 . Such ends deserve the epithet strange because 

1 
E X S has a collar vhile r itself doas not (Theorem 7.5). ~t 

the erd of this chapter  a age 83) we constmct the contractible aanifolh 

pjXzdsed i n  CLpter N on page 23. 

xkers 3 is a f r a  nl (24) --module on infiniteb numy gerzaraiors, 

&rid is o r b  uith kernel P .  For example, if P 6 Q ia f .g .  

m d  fme, 6 c i n  be the natuz~!. pm jection F 2 P . Q P B Q . . . 
N 

-> 0 6 Q 6 8 Q @ . . = F . The analogous constmction for h - 
cobor2isrs of &ension 2 6 with prescribed torsion is expl&ed 

rA2.nor C17, 5 91. The problem of suitably attaching hame= is 

tihe sane here. Of course, we must addinfinitelymarly handles. 
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Wltm can add them one a t  a time thickening a t  each stage. Before 

adding a ?-handle we add *-the 2-handles involved i n  its boundary. 

W is then  an i n f in i t e  union of f ini te  handlebodies on M . Lemma 
N N 

8.2 below can be used t o  show rigorously tha t  Q(W,N) = E*(C) . 
We proceed to give a nore del icate  constntction f o r  strange 

ends which has t h e  a t t r ac t ive  features t 

(a) It proves tha t  strange ends e d s t  in dimension 5. 

Tne constmction is best.rnotivated by an analogous construction 

f o r  h -cobordismse Given , n 2 6 , and a d X d  m a t r i x  

T over z[nl&f] we are to find an h - cobordism c = (V;M,Mt ) with 

b m i o n  € Wh(rrl~) represented by T . Take the pmduct cobo-sm 
, . 

M X [0,1] and inse r t  2d complementary ( = auxiliarf) pairs of 

c r i t i c a l  points of index 2 and 3 i n  the projection to [o, I] (c.f. 
- ,  

[4, p .  101J). If the resulting lb r se  fuction f is suLtably equipped, 

in  the corresponding c o q l e x  

b i s  given by the 2d X 2d iden t i ty  matrix I . E3y Ci7, p. 23 

elenentarg row or columan operations serve t o  change I t o  

(: T:l) . Each elerentary operation can be re?liied by a change 

of f (c.f. [3, p. 171). After using W&taeyts Gevice a s  on pages 

20-31 hi can lower the l eve l  of the first d c r i t i c a l  points of index 

3 and raise the level  of the l a s t  d c r i t i c a l  points of index 2 

so t ha t  M X [0,1] is s p l i t  as the product of two  h - cobordisms 
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c, c*  with torsions 7 ( c )  = [TI =r and ~ ( c * )  = [T-'1 = -to - 
' Tne corresponding construction for strange ~ n d s  succeeds evan in 

d h ~ n s i o n  5 because Whitneyts device is  not ussd. 

Befora giving this del icate  constmction hg introduce 

some necessazy geometry and algebra. 

Let f: W -> [o,-) be a pmger Yorse function with gradient- 

l i k e  vecto-r f i e l d  $ , on a smoth  manifold W - having Bd W = f-'(0) . 
Suppose tka t  a base point + € Bd W has been chosen together with 

base paths from + t o  each c r i t i c a l  point. A t  each c r i t i c a l  point 

p we fix an orientation fo r  the index(p) -dimensional subspace of 

the tangent space TW to Y a t  p t h a t  i s  defined by t rajector ies  
P 

of -4  converging t o  p fmm below. Now f i s  called an eollip~ed 

pYo3er Y h s e  function. The equipment consists of 5 , * , base 
paths, and orientations. 

then f has in.fiz5tel.y m2qy c r i t i c a l  points we cannot hope 

to zake f nice in the sense t h a t  the l eve l  of a c r l t i c d l  point - 

is  an increasing function of its index. Btt  we can s A U  put con- 

di t ions on f which guarantee tha t  it dotemines a fme n (w) - 
1 

N N 

c o q l e x  f o r  4 ('tJ,~d W) . 
C e f i r l t i o n  8.1. We say t ha t  f is nicely equimsd (or  tha t  5 

i s  rice) if the following t-m conditions on hold: 

1 1 If p and q are c r i t i c a l  points and f(p) < f(q) , but 

inda&) > index(q) , then no 5-trajectory goes f rom p t o  q . 
Tnis guarantees tha t  iI f o r  my non-critical, l eve l  a, f res t r ic ted  

to f-lC[O,a] can be adjusted rdthout changing 6 t, a nice & k e  

function g (see f.4, 8 4. I]). 
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2) b such g: foi~0,a3 -> f.0,a.I has the property t h a t  f o r  

eve? index A and f o r  every l eve l  between bdex 3 and index 

A +  i , the l e f t  hand A-spheres in gDi(b) in te rsec t  the r i g h t  hmd 

(n - X - 1)-spheres transversely, i n  a f i n i t e  number of  points. 

In fact 2) is a property of 4 alone, f o r  it is equivalent ta 

the following property 2' ) Note t h a t  f o r  every (open) tra jectorg 

T f m m  a c r i t i c a l  point p of index 1 to a c r i t i c a l  point q 

of index 9i+1 and f o r  every x T , the t r a j e c b r i e s  fmm p 

daiemine a (n - %)-subspace V";X(p) of the tangent apace W 
X 

and tine tra$ectories to q deternine a (3  + 1)-subspace v'+'(~) 
X 

of mx . 
2') For every such T and f o r  one (and hence all) points x 

I c"(p) n vp i ' i q )  i s  the ~ v l e  in TIJ~ d e t e n ~ l e d  by 11. 

?a:ark: Any grad ien t l ike  vector f i e l d  f o r  f can be appmdmabd 

by a one (c*f* lfllnor C4, 4.4, 5 5.21). We vlll not use . 

this fact. 

. We say tha t  a Yarse function f on a compact t r i a d  (W;V,v*) 

i s  ri.~icely e o u i ~ m d  i f  i t  is nicely equipped on W - V' i n  t he  sanss 

of 3.1. s s l y  a that f can be xade nice without changing 

t h e  gradient-like vector field and t h a t  when this i s  done l e f t  hand 

I - s ? h r e s  meet right hand (n-%+1)-sPhorss t r m s m m e l y  i n  anj. l eve l  

betxaan index 1 and %+I . 
orr+b3 Suppose tha t  f r W -> [o,..) i s  a nicely equipped pmper 

? b ~ e  f u w t i o n  on thanomorpact smootln manifold ~ t h  h. = f-'(~) . 
Cy N 

Ve explain nou how f gives a f ree  n (W) - complex f o r  5 (W,E?d W) . 
1 

Let a be a noncrit ical  leve l  and adjust f to a nice Norse f ~ ~ c t i o n  



P m ~ ~ s i t i ~  8.2- In the aha, situation (c*) = % (F, Bd . 
0 :  mom is no problea i e n  f h a  om fimteiy m w  e n t i r r i  

pO'nts. For if a is wry large Q = C* (a) ~d $(C(E(a)) : 
-1. 1 Q(P f- CO.~J,&~ 3 ~ ( K M  G) whant the l a a t  ieomorpbtsm h&ds 

bscruse W is fW1[0,a] with an open co l lar  attached. &s w 

can assum fro% th is  point that f has iniinitely critical 

mints. 

We can adjust f witbut changing 4 SO that at l ~ s t  one 

c f i r c a l  point ils. a t  a given lev&; so ~8 m y  as- thit for  the 

J W Q ~ ~ C ~  a0 < a1 < . . fu'rli dm c ~ n t * ~  .me- 

one critical point. Also, arrange that a, = n + 1. 
J 

liotice that :k(C*) &(% C(a 1) l lza  q(C(a 1) We vUL 
n 

-.-.-3 n n 
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show t h a t  t h e  limit 

- - - - . ~ ~ ~ - 3  w ~ ~ n  r elsewhere, 
I1 

Suppose also that t h e  level of f for index % in I-'[o,~J 
T 

n 
5s 9 L- 

. . a - - * -  

-- -- C Q V L ~ X  r o r  t he  *Uf tod8  r u t e o n  p o l ~  c p o l ~  C .* 
N -1 

cO~an] c is M u r a g  isomt~hlc with the c0npleX 

%(an) b d  t h e  horology for the f i l t m t i 0 n  conplex is 

3 0 ~  not lee  that the i n c l u d o n  js fol[o,a 1 
n 

4 ~-'co, ancl I respects i i l t a t i o n s ,  me+ 4 * A~ 

---- --A wc~i7 121 a s t ra ight fornard  way that t h e  &-&c~d =? j# 

C+ (an) -> c* (a,;) 0. f a t r a t i o n  complexes is Jvrt the ~ t m a  

0 C(an) 4 C:%+, noted on page 7 3  Ths tha C O - ~ + J ~ ~ Y  



(=here th 

t h a t  

e varticii e m - a  are the nakral isommphisms), te l l s  us 

Next cose sone algebraic preparations. Let be a -up 

rlne Z ~ G ]  and consider infinite 'elementary* nutrices E = E ( q t ,  j) 

in =(A,-) &I GL(A,n) that have 1.s tin the dingo-, the 
-> 
n 

Suppose now that F is an Iniinitely generated free 4 -m& 

ard let oC = i0(i,%,...] and = f@1,/32 ,... 1 be two bases. It 

is conyenient to vrlte the subnoue of F generated by elements 

g 1 9 ~ 2 , * * a  as ( i1,1(2, - ) -- with mud brackets. 

a 8 3  There exlots an infinite sequence of elementarj. opemtiom 

E E E 
1' 2' 3**** 

and a sequence of integers 0 = No < N1 < N2 < ... 
so that fop each integer k, the following statemant holds: 

%nark: (*I i q i l i e s  that for n > t i  , E = , w h  



(or r = 0 ) . But i < k is  certainly allowable. - 

~ u p ~ s e  that Px is  expnssed i n  tenns of ths basis 5 . . . 
x-1 **.z 4 = I Y b7 B,=blY1 + ..* + b 3 

Y Y '  b i € A ,  y > x .  !hen& 

- 

p1 is the natrual p m  jection determFned by the basis 1 , is certpt i ly  

onto. Heace (Zl,. ., , Y ) i s  the ciiract sum of  Dn subIsodrilesr 
9 

mmlt  of iacreasing y by one i s  to add a free aummurd to Ker(*) . 
%s, after n;l)bng y sufficiently large wa can assrmre . ~ e r ( ~ )  

is free Cnoosa a basis ($&,. .. , X;) for Ker(p) . (Note that 
this basis necessa.KLy has rankf~ @A ~ e r ( ~ ) j  = y - x elements.) 

Xou conssder t h s  aatFLx whose mi express . , in 5 F 



X - 1  to the last y - ;  + 9 - ;,--- - U V W  

aGoin to each basis the elements . 'pi' &,*** ,  Xml SO that 

the lower right box has +.ha r-- .a- 

-- 

Mt* of the -me dimension as Ii . 8p the pmo* of L~- 5.4 t.n 
further opemtions tbt c h g e  this box to 11 o i  ( ~ n d  

r- - uuraU 

- --A*- wquam of elenentaw operations On 8 
9 %  +F*&) 

~ 4 1  - - X 
so that (*I Z I O ~  holds for I- r - --- a 2 * *  Y E S  co;lpletes the b&cfiOne 0 

wnat need 5s a a d  gensrU-ization of 1- 8.3. 
su~POse F - G @ H ahem G , we F , is a A- 

P?C+"..J ,. CU -- I \  

* a d  H as subdrl*~ OI F md let i = PI,,' z,... 3 , 
P = be bases for J? - . - 

We need a carof- stated varsion of the h r C e  A&tton 



F b ~ r e s  f3, p. 173. Suppose 

~ 9 t h  a nicely equipped lbme 

T~,...,P, all of index h , 
i? has t i e  form 

N -- 
~2%" Cl = zA(W,v) is free over n1 (w) with one gweiabr ecPi) 

Tor each c l r k k i l  point pi Suppose f (pl) > f (pt) . k t  
( i  be prescribed, together with a real number E > 0 a d  a 

si&n 21 

* o m d % m  8.5. By iltellng the gradientue field 

possible to give C1\ tha 

b a d s  e ( ~ ~ ) ~ e ( ~ ~ ) ~ g ~ ( p ~ ) , ~ ( p ~ ) , - ~ ~ , e ( ~ ~ )  

2 :  A coqosition of such operations gives q ele~entary ~ p ~ ~ ~ o ~  

a(%l,z) 9 . t z f 2 W  M by permuting indices ue see that eel) 
=d e(? .) could 

3 a p h c e  '(pi) and e(p2) if f(pi) > f(p ) . - j 

Fmo:: Tne construction i s  essentially the sme as for the Basis 

Tha03x [ U ,  5 7.63. We point out that  the choice of  g E  nl(W) 

d3=& a special  choice of the imbedding "q1: ( 0 ~ 3 )  
-> vo" On 

0" P* 96 of C43. Also, f is never changed dur ing our comtruotion. 

Yii3 pmof in {4, 3 7.63 that the construction accoqEshes &t one 

h k x k  i s  not ciifficult ta generalize to th is  sittmtion. 0 

E;dster.ce Tieoreq8.6. Suppose given 

9 - 1  1) . A , u 2 5 , a smoth closed mardIcld 



2) k , an integer with 2 5 k 5 u - 3 

Then them e d s t s  a smooth manifold p, with one tane end r , 
vfiich is k? open subset of N X [0,1) with Bd W = H X 0 , such that 
(a) Inclusims induce isomorphisms 

and % ( W , B d i ) = 0 ,  i f k .  

Rmark: After an adequate efistence theorem there follows log ica l ly  

t h a  qoestion of classifying strange ends. It is  surely one t h a t  . < .  ' ?f 
should have som b b r e s t i n g  answers. I ignore it simply because 

$ 8  
-:I , 

I hava only be,- to consider it. . .i! 9 L 1 

I : c \  

o f :  @ cowtructicn W vill be an open subset of  H X [ o , I )  
I - 

3 ohto that adzdts a nice ly  equipped proper Home function it W -> LO,--) 
2 

with foi(0) = M X 0 . Only index k Ad index k + 1 d t i c a l  

points w i l l  occur. Then according to Theorem 1.10 W can have just 

ons erd e . 2%. left-hand sphere of each critical point of M o x  

k -s i l l  be contact f i le  in M X 0 . 5 M X 0 W will be a i 
I a 
. I  
: f  (k-1) -equivalence. If k < n - 3 , n is autoloaticallg tame at 

4 
1 

1 J r  I f  , 
4 e , acd nI ( F) -> nl (W) is an i s o m q h i s x .  If k = n - 3 b- 

, Y :1 

1 
: .  
' 1 
? 

w i l l .  have to check tois &i5ng the construct5on. Tne complex Cg - . +  I 

.f 
t o  - N I .  , - X '  . 

1 for f ~5.23 be so chosen that H,(Cr) = q ( W , E d  W) is isozorphla . . L ;  

'i 
I 

* :  i 
to  P and concentrated h e m i o n  k . Tkus ( c )  YFU follow. i 

Taen the txiaeness of r axai condition (b) uiU. follopr fmln ( c )  and 

3 ; L a m  602 . I 



L%ii:a t h i s  mch introduction ue begin the pmof in serious. 

- Consider the free I\ = an (H X o)] -complex 

where P -- A- . and b corresponds to the identity map o f  F  . There 
ex i s t s  a integer r and a A -niodule Q so  that P el 0 1 ~ ~ .  

TAan f g ( ~  0 0) €3 (P 8 Q) 0 . . . : P @  (Q@ P) @ ...eP@ F. 

So n b a n  F G @ P where G A=. Regard G and P as sub- 

&es of F and chuose bases & 2,.. .? and p=ff,,f32,...3 

for F a d  G respctively. 

b v i d a r  the subcoriiplex o f  C, 

 are b c o r n s p o n ~ ~ ~  to t h e  incIusion G G F . L 4 e v e  the 

basis f o r  %+l* Ck arid % ; and let p give the basis f o r  . 
iSe uill denota the based cocplexas by C and Ct (withoat * ) . 
ZT a s e c a n t  of C ve vill m e a n  the based subcomplex of C corresponding 

to a segzezc [di.e2,. . . ,d j of 4 . r 

3j h ~ d  8.4 t'km-e exists a sequence EI,E2,E3,... of elementary 

operatio= znd a ssepence 0 = H < HI < N2 12 . . . of integers so 
0 

A T  mat, for n 2 2; tna first s basis elements of EnEn-l...El< S *  

coincice -Ath , . . . , fS . We let El,E2 ,Ej9 . . . act on 4 as a 

basis of CIct1 a d  in this way on the based complex C . For each 

h t a g a r  s cbose a sement C(s) of C so larga that P1,...,fs E 

Ch+l(s) a d  E 5 act on C(S) . 
s 

I 
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kit C'(S) be t b  based subcmplr of . . J$c(.) condrthg 
S 

5 )  ad tne S p a  of 9 . ,ps in Srtl (s) (with basis 

flv**q3s 1 Notice c h a t  C' (s) is  a based ~ ~ b c o q l g y  of C. ad 

C' = us CV(6 )  . 
Ckmse any seqser.ce O = a o < a  < a  C... 

1 2  of real nambe~s 
1 -  c0nve-g 5. Ve c o n ~ t r u c t  q 

i*eeb equipped Eorse functions 

l a SqUence fl ,f2 ,f3,. determines a nice17 

; C0.11 and f-l(a ) f-l[a n 
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In visjr of our  introductory renarks on page 23 it nou remains 

o* ta constmet the sequence f f f 
1' 2' 3'- 

as advertfzed in t h e  

sacond h s t  paragraph a3ove. Here are the details. h e r t  enough 

coq2e=an tuy  pain of index k and k .f 1 crZticnl points (c .  f. 

onto [kt 8 8.23) in  the pmjection M x [0,1) -> [OTi] to ge t  a krse 

f u r . c t b n  that ,  when suitably equipped, realizes the segment C(1) 

of C . &ply the elexentary operations El,. . . ,% to C(1) and 
1 

alter t i  k r s e  function accordingly using t he  Handle Addition T h e o r e m  

of %dl [3, p. 17, p. 193. Now lover the critical points represented 

in ( 1  & . ..l() to levels < ai without ch-ng the  g r a d i ~ t  

l ike wetor  field o r  t h e  rest of the equipment. This is possible 

becaue a l l  the critical points of index k are in (I) . C a l l  

ti.e n t s d t i n g  Ibrse f u x t i o n  fl . Adjust the gradlent-Xke vector- 

f i e ld  5 [&, k.4, 9 5-21 so that fi is rdcely eqxipped. 

tiext, suppose ~ c t i v e l y  that a nicely equipped Parse h c t i o n  

fn has been dafb~ed realizing . . .EIC(n) on N X [0,1] and 
n 

Any eiezenLkry opx-ation we have t o  realize is o f  tha form E(r ; I ,  j) 

where j > ri , uhich mans 'that r tiF.es the i-th basis element 

e(ji) is to be addad to the j-th basis element e(p .) when, 
3 p3 

l i e s  ir; f i ; ' ~ a ~ , l ]  . Change the pnssant &rsa f h c t i o n  f* on 
n 
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$4, ian,l] increasing the level of p so tha t  f l ( p  ) - & = d , 

22 S n 3 
( E > 0 ) exceeds f1  (pi) , in , and th9 levels of the index k c r i t i c l l  . 

-7bts. Temporarily change f;l on f;-'[~,d] t o  a nice Morse f'unction 

znd l e t  c be a level between index k and k + 1 . Applylng Proposition 

8. j on f l-l[c, 11 we can now rake the required change of basis molply 

E 
by zltef-ng ( on fkoi[d,d + ~ 1 .  By C4, fl 4.4, 8 5.21 we can as- 

-a t'xt f is SKQ. nice. ~ e x t  ia can l e t  i1 retyn to its 
. . n 

o r i ~ b n a l  form on f;[0,d] without changing 4 .  ( T t i s  akaus tha= 

'"a didn't =al l y  have to change f: on f l"[~,d] in the first place.) 
n 

hfter repeat* this performance often enough we get a nicely equipped 

Y s s e  function - still  called fi -- that r&l&es Eml...EIC(n+l) 

-1 3 C' (MI) and coincides with fn on fn [O,an] . Changirg f; 

-1 
0 1  fn [a,, 11 adjust t o  values i n  (an,a*) the levels of c r i t i c a l  

of P that U a  in  Ct(n+l) but do not lie Ln CV(n) (i.e. n . 
20 riot lie i n  f;;'[O,anl 1. S k c s  a l l *  index k cr i t i ca l  points of 

f1 a m  included in C1 (mi) t M s  i s  certa idly  possible. Wa c a l l  n 

t h e  resiLting riicely equipped bkse function fwl . 
2qprentl.y fnti realizes t h e  complex % ... ZiC(n+l) on 

' n -- 

X x i0,1] and mdlizes C B  ( ~ 1 )  when restricted to f21[~,~ml] . 
E e  i r i ~ c t i u e  defizition of the desired lb&e functions f1,f2,f3,... 

i s  r3x coqlete.  Tias t he or em 8.6 i s  established. 0 

In tha 7 a s t  part of this chapter we construct t he  contractible 

rxri5foids promised 13 Chapter IV. That the neaaer m y  keep i n  nd;r~d 

>&st ahat ve want  t o  accomplish we state  

Pxmnsi t ioo 8.7. Let n be a finitely presented perfeat group that 

has a fMta mntrivipl  quotient group. Then fo r  w 2 8 t5am e x i s t s  
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a contractible opan -fold W such that n is stable at the 1 
one e n d  o of W and ( C )  = n , but 6 i s  nevertheless not tam. 

4 :  Such examples should exis t  with w 2 5 a t  least for -table rr . 
Let [I; I) ba a finite presentation for a perfect gmup n , 

and fom a 2-complex I? realizing fx; P] . Since H ~ ( K ~ )  must 

be free a b e l i h ,  on0 can attach finitely znany 3-cells to to 
- 

'0" a ~ 0 ~ 1 8 ~  L' with  Hi(L) = 0 , i > 2 . S i c e  Ei(l)  = Hl(Q 

= n/f.n,n] = 1 , L has the homolop. of P point. If m m e d  L 

in sY, w 1 7 or rat he^ imbed a m o t h  handlebog H = L that  

has one handle for each c e l l  of I ,  then fl = sW - Int H is n 

~000th  compact contrsctible manifold u i th  nl(M M) = n . The ~onrtmotion 

is due to M.B.A. R e - i  [27]. 

- 
= %(point) and one can get by with v 2 5 . So, ewmples a m  

a5 = (ab12 = b3] , which gives the binary i c o s a h e w  gmnD 

with n srg intager. The presentations P are gicen by Curtis 
I? ' 

a d  K3Yn [24]. For n even 2 6 than, i s  a hoaoxoiorpMsm o f  the 

pn or,ta tne altarmting gmup A on n letters .  (See n 
~oxe ter -~aser  C21, p. 671. ) Unfortunately re ~ F U  act-g need 

v 2 8 for different reasons. 



C2 has one fms gwernto~ a ,  C has t im  free gonerator. 
3 

bl b2 vlth 

ard C4 has one free generator c with 

hnsohng  C With the tpifld right n -,,as ha t& 

oi mpladng each group eleient  h ~[n] by 1 . n let - 
a = 1 @ a  and define , a d  2 a m a r b ,  then 

SO easFZjr see that  Z @ C is acycxce n 

is to show that the ideal h ~ [ n ]  



*ch is iqoss ible  because m ( 1 ) cannot divide both L - k 
(the coef f i c i sa t  of 1 in 1 - kL ) and also -k (the coefficient 

C 

of other elesents of no in 1 - kZ) . This contradiction coqletes , !, 

tb proof. 0 

Eow rre are ready to construct the contractibie -old W. 
- - - -  - -  

Let n be the perfect group given in ~roposition 8.7.- - -- - 

* :  

Take a c o q l e x  C provided by Lemma 8.8 and let C' be the direct ' ?  

5m of inf i i i te ly  m;ugr copies of C . Then Z C* is acyclic but 
' L.g 

3(C) is infinitely gemrated over ~ [ n ]  . Let 8 , u 2 8 , be ,. . .; f,., ? # 

a contractible ranifold with nl(E?d M) = n . To form W we attach , " i i  ?; $- ; 

- 8 % -  
o m  at a t h a  infinitely n a q y  2, 3, and 4 - handles to N thickening 1, % ::, : 

'. ; :. t 
after each sfR;). The attaching 1-spfiem of  each 2-handle is to be - , *r . 
contractible. Then W has one end and nl is stabla at 6 with 

, 4q 
) -> n1(W - M) = n an isomorphism. The handles are to be so 

8 

srranged that thara is a nicely equipped Morse function (see page 72) i ! &  
' I  

I: '1 = 'ii - k t  X -> LO,-) with fol(0) = Bd M having assodated 

fnaa n1(2d I) = n - ecrrplex precisely C1 . Bg la- 8.2 I$(y,~a ';;) 

c E a t  i$(Cw) is infiaitelygeneratadover n and V 

is a l-neighborhod of c . So 4.4 and 4.6 say that c cannot be 

&-a. Zioi;ever E,(W,M) = q(V ,Bd M) = q ( Z  Qn c') = 0 ,  ard the exact 

seqcenca of , then shczs that W has t he  homology of a point. 

Since ( = 1 , W is contractible by Hilton C23, p. 981. 
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~t reaxins now t o  add h a a s  t o  M r e a z i n g  C*  as claimed. 

Each 2-handle added is, to be precise, an elenientalg cobordism of 
, ' 

index 1 . It is equipped with Parse funct ion,gadient  f ield,crienttion 
1 

f o r  tfie left  hind &&,and base path to t h s  c r i t i c a l  point. It con- I s  
, J !  

r !  

t,i"il-tas m a  generator t o  the conpiex for f . We order the free I 

i 
geasrakrs z ,z , . . . of .Ct so tht z. -hvolvas orrly z w i t h  . -  1 

1 2  1 S . .  * 1 
' I  

i i 

j < i , then zdd corresponding handles i n  this order. > .  . t  

' 2 
1 / 

Suppose inductively that we have constructed a fMte handlebody , .  
, I $ ;  . a . ; b 3 1  We on M and fomed a nicelv equipped Parse function on W' - Int  M 

i . 8:: '1 
1 - '  , x  ? ' 

that realizes the subcomplsx of Ce  generated by zip ..., zii. - 2 ,  . . 
We sup?ose also that We is pardllelizable,  t h a t  the attaching 1-spheres 1 

fo r  a l l  2-handles are spanned by disks in Bd M and that the 3- 

h m i l e s  a l l  have a cer tain dosirable property t ha t  h~ s t a t e  precisely . ,  
, * - - 1 ,  

i' - 
balow. ! i , , . ; s \  , I  

4 ' L l  - ,  Since we are building a contractible (hence parai le l ieable)  4 . ;  , :  : 1 I '  

manifold ti= ~ l s t  certainly keep each handlebody para3l~Uzable.  'I ; ' i  
{ ,  L ! $  

Now in the pmof of Theorem 2 i n  H i h o r  C14, p. 471 it is shown how .. 4 -  

I 

t o  take a givan homtogy class  in nk(Bd W q )  , k < and paste 2' 
! ' .  
I, 

on a handlo d t h  attaching sphere i n  tha  given class so that Wt U : I 

I ' I 

T&thaut changing the gradient-Ue v e c t o ~  field 5 , tomporarUp I 

. i" 
I 

mske t he  Y.brse function nice so that  W' - k t  M is  a product c c c . . < ' I  

2 3 4 I 

of cobo,-dlsn~ c = (X ;B a 1 a - i v B a )  * 9 = 2, 3, 4 , with c r i t i c a l  points 

of one index % o w .  I 
I 
I 





% conclude that with any &.ension 2, 3 or 4 h r  xe cm 

add a b d l a  at Bd W' extend the brse h c t i o n  and itp eqolp- 

~ e n t  ta the handle so the subcomplex of C1 generatgd by zl,... 
9% 

i s  mallzed, azd all inductiva assumpXo% s t F U  hold. Thns the 

requimd construction has been defined to estabUsh 8.7. G 

h m r k  8.92 M~ was s s m o t n  conpact submanis~ld of sY. ~t is 

easy ta add a l l  the .'squired 2, 3 and 4 -han;iles to M ins ide sW, 
l'hen W YFU be a contractible open subset of sW. 
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Chapter I X .  Classif.yina Completions. 
- 

Recall that a oompletion of a smooth open xsmifold W is 

a smoth imbedding i of W onto the interior o f  a smooth compact 

manifold ?. Our kin Theorem 5.7 gives necessary and sufficient 

conditions for the existence of a completion when dtim W z  6. If 

e coq1,letion ddes e x i s t  one would l i k e  to  classic the different 

k i p  of completfng W e  We give two classifications by Whitehead 

torsion corresponding to tuo notions of equivalsme betmen completions 

-- isotopy equ3.valence and pseudo-isotopy equivalence. As a comllarg 

-a find that t i r e  e d s t  diffeomrpNsms of contractible open sub- 

sets of euclidean space that an, pseudo-isotopic buf not isotopic. 

According to J. Cerf thls cannot Xappen for diffeomorpMsms of closed 

2-connected m o t h  manifolds of dimension 2 6 .  

For the arguments of this chapter we will frequently need . 

the following 

Cellarlnz Uniqueness Theorem 9.1. Let V be a szooth manifold with . 

coqxict boundary M. Suppose h and h* are collarlags o f  M 

in V -- vtz. smooth inibeddings of M X LO, I] into V so that 

h(x ,0 )  = h'(x.0) = x for x E M e  Then there e d t t s  a diffeonorphisxt 

f of V oato itself, fixing M and points outstde sore compact 

~eigirbarhood of M , so that h1 = f o h  . 
The pmof f o l l c ~ ~ s  directly f m m  the pmof of the tubular naighbork~ood : 

neighborhood uniqueness theorem in Nilnor 125, p. 221. To apply the 

l a t t e r  d i r e c t l y  one oan extend h and h* to bicollars ( le: tubaZar 

neighborhoods) of Pi in  the double of V. 



of a smooth end 
Y l  

are called 

, parallel if there exists a third toll= neighborhood P C Int V h t  Ym - 
such that the gobordisms V - Int V" and Vt - Int Vn are dfffw- 

mor?hfc to a v" X C0,l-J 

P o :  Let Vn C int V A &at. V* be as in 9.2. Then Vt - Int V* 

is P collar neighbgthood of Bd Vn in V - Int Y". & the coLZo- 

uniqueness theom 9.1 then is  a diffeoaorphislp of V - Int P 
onto itself thnt  carries . Vt - V" onto a small standard coLlnr of . 

% - 
Bd V" and hence V - Int V* onto the complement of the small standard 

collar. Since the estandarde collar can be so chosen that its comple- 

ment is diffaomorphic to Bd V x [0,i)  , the Ix,,rnaa is estnbUshed. D 

o n  9 If V a Vt *.am my tm collars of i , the 
. -- 

differonce torsion T(V,V*) 6 Wh(nja) is deterzuined as follows. - 

Let V" be a col lar paral le l  to V* SO smel l  that VwC Int V . 
Then (V - Int Vn; Bd V. Bd Y") is e a s i l y  seen to be r h - cobordim. * 

Its torsin is T(V,V*) . 
. It is a trivial ;latter t o  verlfy that r(V,Vq) i s  veil defined 

"2. depends only on the parallel classes of Y and V* . Notice - 

that 7(Vn,Y) = -5(V,Vt) and 7(V,V1j) = 'C(V,Vt) + T(V*,V~) if - 

Vu i s  a t h i r d  collar. (See Y i l n o r  [17, 8 111.) 

An immediate consequence of Stellings* classification of  





Pn 
l n m m ~  9.7. If d h ~  W > 6 , - 'C(i.3.') = 0 if and oniy If gim a m  

C O W ~ C ~  K C  W thgre exists a diff eoeorphism f 8 -> * so that 
6 

the hrmced &ff%oZCOiphi~. f1  8 W V W fhes m h s r ,  if 

is  fixed, awry possible torsion occun as i1 vmes.  Q 

that ti- dVfeomrphisms i a d  g of -- 
:old W onto i t sex  are c a l l  ed (smoothly) $ s o h ~ i c  

J ' s ' u ~ C ' - i ~ ~ ~ ~ i ~ I  if there e-dsts a level  pmse-g [mswct~VelP 

' ['*l] that F/WXO f X 0  ~d ~1~x1  
g ~ l .  





95 
re the i.ohti,tl, of ht W n g h  an m a e  . Then fop 

- 
dist inct  a r a e s  0 e2 tine coqpletion~ i o  re , i o r  an, di8-t. 

1 $2 
XJI fact the inrmced m p  int 3 -> bt Dz does not s h ~  a 

c o n t h o u s  m~ 3 -- .' l 4pa.rently these com&iions mud 

not even be perfectly equivalent i n  the to pological catagowe 

For a somewhat l e s s  obVious reason, them a v c o u n t n b l y  

mW coqlet ions  of ht d * ( I  1 )  no two of xblch a m  peif.cQ 

q a w n t *  If i m d  it two completiom (-1.1) -> [-I, 11 

*em i s  ~ 9 ~ -  induced homeomomhisn fl of [-1,1] onh 

itself a t  e*emb the monotone m o t h  fMction f (t) = @ ct)) . 
UP t~ a pe*ct equivalence m c a  .sue tivt i ( t )  3 1 

' - 1 as t -> 1 Let h - 1  - 0 ,  be the map 

( 1  = (1 + / - 1 fom the fmctiom g(t) = b ~ ( t )  -, 
gt t )  = h i '  ( 1  In case i p~ i1 are pesecuy  a v a e a t  

f1 is a d5ffeomrphisn and one can venfy tht g(t;/g*(tj  hs 

u t  4 (1) t - 1 and &zit 1 / 4 ( - 1 )  t -> .I 
( a n t :  m l ( t )  = (m*(i-'(t)))/(rn(i*-'(t))) is s,_ ium the 

l i m i t  as {dt ) /g t  (t)) 21 when t -> t 1 by applying 

~ ' H s P ~ W ' S  a e . 1  For any positive red nmber u c ~ l l ~ i d a p  the 

co'lefion iq( t )  = h-l(h[tY) and the map g (t) = h(&(t)) = h( t )40  
oT, 

men 4 and (3 are distinct positive real W e 2 . s  

does not converge to a finite non-zem value as t - 1 . bbue 

the above discussion show thdt io( and io c m o t  be perffectly 

equivalent. 
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'iring the  idea of -our first example 0.. s~ tbt if a 

s m o t h  Open m m 0 1 d  W ( # D' ) has OD. coqyletton, then it be 

c o ~ l e t i m s  no h of which a, p.rr.cay q u r a a n t e  in fact 

UP " p'eect e q u i v a l s n c e t h e ~  a, ,ctb 2x0 completions, To 

6 k w  t hem a re  no more obserpe tbt 

Y o  (') C i s  f h d  then,  a t  2 c ~ Q ~ ~ ~ ~ ~ ~  5s 

-> 2 since then, a m  O* #O contimous maps w -> t, 

d i f f e o ~ r p h s i m  classes  of smooth m- 
fO1* smce  each smoth  mni fo ld  is i&&&& as a closed smoth 

*-fold of a euclidean space. 

rmms i t iOn  9.9. me ~ ~ a s s i f i c a t i o n  of c ~ ~ ~ ~ t i ~ n ~  up to isobpg 

B E a m e n c e  is Just c lass i f ica t ion  aceo*g b the c o ~ s p o n d ) i g ,  

fa;rilles of paraUe1 co l l a r s  of - 



9? 

To pmve the opposite -Smplication suppose V C W is a c o n e  
- 

of for both i and i' . Thus tnsra are diffeomrphislap: 

hr i(V) V' Bd -> Bd V X [o,I] 

he: i e (V)U Bd P -> Eil V X  [ 0 . 1 ] .  

Using the collaring uniqueness theorem 9.1 we see that h can be 

altered so tht heoh-' ~ixes points near ~d v x o . %fine 
fr 8-G' by 

h(x) for x E I(V) u ~d i? . 
Than f is a diffeomorphism such that the induced diffeomorphism 

f ' 8  W -> W fixes a neighborhood of W - Int V . The folloving 

L o r n  9.10. let H be a closed m o t h  manifold and g be a dtifeo- 

morpMsm of H x [o, 1) thatVf3xes a neighborhood of N X 0 . 
Then there exists an isotopy g t ,  0 < t < 1, of the  identity of 

M x [0,1) to g that fixes a naighborhood of M X 0 . 
(m,x) if t = o 

.-,: The isotopy i s  gt(m,x) = where 
tdm,f) if t # 0 

Wo now discuss the looser pseudo-isotcm equivalence betvsen 

completions. For simplicity M i n i t i a l l y  suppose that the smooth 

open arnifold W" has just  one end r . Then if i: W w and - 

it W - F8 tuo completions there  is by 9.5 and 9.9 a differrence 



t o r s i o n  r(i,it ) C wn(nl r) that i s  an invariant of isotopy equivalence, 

and, provided n 2 6 , classifies completions i as it varies - 
w h i l e  i mlsains fixed. Here 7 ( i . i 9 )  = T(v,v') where V and 

V' a m  collars corresponding to i and 5.'. 

Theorern 9.11. Suppose the maniiold $ above has dixension n 2 5 . 
If t h s  coqletion i is  pseudo-isotopy equivalent to i , then 

n-l- ( i t )  =To + ( 1  r0 where T o e  Wh(nje) is anelement so that 

jI(CO) = 0 E Wn(nlW) . If n > 6 the converse is  true. (Hem 

j, i s  the inclusion induced map Wh(nis) 3 Wh(ntw) and F0 
is  the con>~gate of % under the involution of Wh(njr) dfscussed 

by ZtUmr in C17, p. 49 a d  pp. 35-36] .) 

Proof of Tkeoren 9.llt First we explain the construction that gives 

the key to the proof. Giwn a smooth closed manifold 8 , m 2 4 , 
xe f om the unique (relative) h - cobordism X with left end M X [O ,I] 

that bas torsion T < Wn(rrl~) . It i s  understood that X i s  to 

gin pmciuct cobordisms Xg and Xi over M X 0 and M X 1 . 
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'  he construction i n  mlmr Ci7, p. 581 applies uith only obvious .: 

changes needed because Y X h, 11 has a boundary. We w i l l  c a l l  

X the wed ~e  over M X f0,1] kith torsion . 
Notice that the right hand end b+X of X gives a h -co- 

bordism between the r ight  hand ends a+% and a+Xl of % and 

% Tna torsion of b+x0 C, X is  T and the torsion of b+X G X 

&I- is  (-1) Z by the dcality tl:eeoiem of Efilnor [I73 . It follows . 

that the torsion of d+xO C b +X is  f - (-1) x l q  = +C + (-I)? by 

C17, P* 353. 

Observe also that, as a cobordisn % to Xi, X has a 

two-sided inverse, namely the mdge over M X [ O ,  11 with tomion 

-r. Then the i n f i n i t e  pmduot argumnt of Stelllngs [ lo)  show. 

that X -  Xg-4 X [0,1). 

We now pmw the first statement of the theorem. Snppose that 
- 

t h b r s  exists a aiffeomsphism f r  E -Z w9 so that there i s  a pseu&- 

isotopy F of the induced map f * ~  W-> W to  the identity. The . 

pseudo-isotopy F is a diffeomorphism of  W X 

the identity on W X 0 and fe X 1 on W X  

venient to identify W uith i (W) C ? . 



If V is a collar neighborhood for 

n lo 

the ; 

3.3 
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1 

" 1 , s Now 2 is a c o ~ a d  h - cobordism f r o m  a "ulffold n, 4 

identu~ Mth ii a m o l d  LI ii. c l e  tht the COP I . , 
pletfon in: W id X 1 8 di 1G * i s  isotopy eqi l iaent  to 5 ' .  'I 

%I; 
d + X =  V *  1 V  M P is a b-cobolms. n t h  tor&& T~ + , 2 

, f 

= -l-(i,it) . Thus .((i',i") = 0 . 
s h e  n 2 6 our claim is verified* 

"xa* 1) If' inshad  of one end , w a fmb of 

e = fei s*--, -0mn 9.11 generalizes &st m* ,,* ' 

i n  the shteaent ,  W&rlr) i s  ~ ( W ~ C ~ )  x ... 



Jean Grf has mcen tb  established t h a t  pseudo-isobpp *ues 
isotopy on smooth closed n-manifolds, n 2 6 , t ha t  a% Z-con- 

~ e c b d  (c*f* f28I). Theorsrn 9.13 shows this is fop open -- 
fold.~ -- even cor tmct ib le  open subsets of acl-idean .PCB, 

m3~n% 9.13. For n 2 2 them exists s c o ~ t r a c ~ b l e  w o i h  open 

r z a n i f o ~  tha t  i s  tne in ia f io r  of a m00th c o ~ ~ t  manifold 



W X R ~ I n t ( ~ x [ o , i ~ ) .  kt 

' lo, ( d t h  comers smoothed) h a  contnct ib le  "math -fold 

~ ' '  s - ~ Y  comecbd h~a? .  -- hence is a smooth (%)-ark 

C4, 5 9-11. Thus W x R z R  2n+1 and it is  veil 
a?y 

o ~ ~ l ~ t b n  pmse%g m f f e o n o ~ ~ ~ ~ s  of R*l a m  hohpic 

2) TO e ~ b n d  9.13 'h allow even &emions ( > 6 ) for w ,  - 
I wnzld need a tors: ?On # T, (for the standard i n v o w o n )  

none 5s  b o r n  f o r  any emup. However using the e-b 

,, , = - c17, P. 563 one can distinguish isotopy ,d 

?s@Ub-isobpy on a "suitable non-allen%ble W = kt ij2" 
9 n z 3 ,  

is m o t h  and compact with n1 (w) - 
- Z 2 '  nlBdG= '8 

"-2' 3) 1 10 E O ~  h o w  whether pseudo-is~bpy hues isotopy for 

d i f f e o r n ~ l h i m a  of Open m a f o l d s  that a m  in ter iors  of mad- 

fohk ~5 th  1- .~~1ect rd  b o ~ d l ~ .  Us0 it reem i m p o w t  to decide 

f o r  U f e o m q h . j s m  of closed ~ 0 0 t h  manifolds tm not 
2-coriected, 

%of of " e o n  9-13: We suppose first ttht t is 2 3 . F~~ 
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a contractible smooth coinpact manifold ? 2 n + 1 ~  s2l*l with nlBd 

= n Vie binary icosahedral- group 1 a,b ; a5 = b3 = (ab)*Z (see page 

84). and l e t  w = b t  ij . ~n  em 9.14 below ue show tht tham 

is a napping 'f' z5 '-3 n so tha t  y,: Wh(Zs) Wh(n) is 1-1. 

Ey i'iiinor C17, p. 261 Wh(Z5) = Z and 7 = f fo r  a l l  T€ Wh(Z5) 

5 
-- hence i'or all elements of %Wh(Z ) . Let /3 be a generator 

of ;Wn( Z ) and form completions 5 ik: w->Fq of w s  k=1,2,*.* 

such tbt ~( i , \ )  = I+ + ( - I ) ~ % E =  2 v  &ere i t  WGJ.  since 

W =  1 ,  9.11 says t ha t  i and 1 fk a m  psado-isotopy equivlenti  

i.e. there e d s t s  e diffeomrphism g : W -> so *t the in- 
k k 

deed diffeomorphism fk: W->W is pseudo-isotopic to lW, 

k =  1,2,.... If f were isotopic to fk, j # k, f ~ f - ~ t  W 3 k 3 
-> X would be isotopic to pUt fw1of is induced by 

k j 
g. eg-l: # 
1~ j 

. -  % . Hence i and \ muld be isotopy equivalent 
j 

FT contradiction ta flij,\) = 2(k - j ) P  # 0 .  

'then n = 2 ,  i.e. dim W =  5 ,  the above argtment breaks 

do-m in tuo  spots. It i s  not apparent t h a t  ik 
efists vlth a(i9ik) 

= 2 9  . And when \ is constructed it is  not c lea r  t h a t  it is 

pseudo-isotopy equivalent t o  i . Repair the argument a s  fol low. 

If V i s  a co l l a r  comsponding +a i , l e t  Vk Int V be a col- 

lar such that t h e  h - cobordisn V - In t  Vk i s  d i f f eoe~rph ic  to t h e  

xignt end of the hiedge over E?d V X [o ,  11 w i t h  torsi.cn k . Then 
4- t (V9Vk) = k? + (-1) kp = 2kp. So d i , i k )  = 2ka if we let \t 

I? - -2 be a c o q l e t i o n  fo r  which Vk is a coLlar. 'lo shov that 

t:zis pafrlcular $ i s  pseudo-isotopp equivalent to i we trp to 

folio-$ t he  pmof f o r  t he  second statement of 9.11 taking i* = %  
and = 

' i t  needs ta be adjusted is the  pmof on page 101 that 



-%of; RY P* 261 " " ( ~ ~ 1  is infinite q c ~ c  *th gsl;smhr 

4 ra?msenbd by the unit (t + t-I - 1) 6 z[z5] t -js a 

genapator of Z5 . The quot ien t  [a&: a5 = b3 = (ab)2 = 1 l  of 

is the m h t i o n  GmuP A of t h e  i m s a h a h n  (see [21, pp. 67-69]). 5 
10 n order 120 and A has order 00 SO = 1 . n_ 5 



To s k w  that is 1 h ( it w i l l .  suffice to give 

2 
SO t h a t  if ue apply h to jp(t + tgi - 1) = a + a9 - 1 ve get 

a rat* 1P w i t h  determinant not. equal to +I . For by Nilnor [17, 

p. h determines a homomorphism h, fmm Wh(n) to the 

d t i p l i c a f i v e  €POUP of positive -real numbers , and kl, (o() 2 1 det . 
Zhe hommozphism we choose i s  the  composite 

 re the sec0.M map is an inclusion so chosen that a A is & 
5 

r o b t i o n  about the Ziuds t-h a w e  e = 772'. ~mts 

cos e s i n e ,  



107 

Chapter X.- The M n  Theomm Relativized and - 
Ap~licat ions to h n i f o l d  Pairs. 

form a proper smooth map 

2) f is the  rrst~ctlon of a proper L m e  fu:cUon fq on the 

d~ubls  31;5 

(TO do this one first fixes f lai W ;  thm consimctr  f* by 

~ e t b d i  of i%or [4, B 21.) T h e  follow the a m a n t  of 2.5 to 

the d s s i n d  conciusion iszenbanng tiit I m n t i e r  shodd mplace bu-es. 



If e i s  an i so la ted  end of-  w s o  t h a t  n1 i s  s tab le  a t  6 and 

TT (e )  is ' f in i t e ly  presented, then c has a rb i t r a r i ly  small 1-neigh- 
1 

borhoods. ('The proof of 3.9 is easily adapted.) Thus we can give 

the following defini t ion of the invariant b ( c )  of a tame and a ,  

Consider a connected neighborhoods V of € t ha t  is a smooth sub- 

manifold (possibly with corners) having compact f ron t i e r  'and one 

end. If V is. so small t h a t  n1 ( c) -> IT (V) has a l e f t  inv8rss 1 

r then V E B  and 

i s  an invariant of s (see Proposition 7.6) . h f i n e  d(s) = r&V) , 

A co l l a r  f o r  an end E of W is a connected neighborhood V of  

c that i s  a closed subnanifold W such that the f m n t i e r  bV ' 

of V i s  a compact smooth s u b d f o l d  of W (possibly with boundary), 

and V i s  diffeomrphic to bV X [o,-) . 
Relativized iWn Theoren 10.1. Suppose W" , n > 6 , i s  e smooth 

ranifold such tha t  Bd W i s  difr"eonorpbic to the i n t e r i o r  of a com- 

pact manifold. If e i s  a tame end of W the invariant O-( e) 
N 

KO(nl c) i s  zem i f  and only i f  c has a collar nsighborhood. 

?roof+: ille have already observed t h a t  e 'has a r b i t r a w  smali 1- - 
neig'n'oorhoods. To complete the  proof one has to go b c k  and generalize 

the  argument of ChaptersIV and V. There i s  no d i f f icu l ty  in doing 

this; one has only t o  keep i n  mind t h a t  frontiers of k-neighborhoods 

are now to replace boundaries, and t ha t  all handle operations are 

t o  be p s r f o m d  away from Ed W . This should be suf f ic ien t  proof. 0 
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Suppose again t ha t  W- is a smooth manifold such that Bd W 

i s  difreozsrpMc to the i n t e r i o r  of a compact smooth &fold. 

B f i z i t t o n  10.2. A cornletion of W is a smooth imbedding ir W 
- 

-> W of W onto a compact ssooth znanifold so that i ( b t  W) = 

Int fi apd the closure of i(J3d W) is a empact smoth  manifold 

~ 5 t h  i n t e l l o r  .i(Bd W) . If 5s  a properly imbedded submanifold 

so that H is compact and N meets Bd W i n  J3d N , transversely, 

we sap i gives a cornletion of (W,N) if the closure 05 i(N) 

In i s  a c-ct subma~ifold B that meets Bd W in Bd 8 .  - 

khen W has a completion a col lar .of  is a neighborhood 

V of so that bV is a smooth compact s u b u f o l d  and V m  bV 

X [o, I)  . .~o!,tice t h a t  W has a cornpletio~ i f  (and only if) it 

has fillitely many ends, each with a collar. The natural constructlon 
- 

for U (c.f. page 92 ) yields a manifold 9 3 W tha t  has corners 

at the f ront ie r  oIP El3 W. Of course they can be smoothed as i n  

U r  C91. 

b r  t he  puqmses of the theorem balov obssrve t h a t  i f  the 

end e of t".3 h l a t i v i z e d  Main Theorem has one collar, then one 

cm. eas i ly  find anather collar V of e so t h a t  V 0 Bd W is a 

pAmscz%ed collar of the ends of Bd W contained by e . 
Tne l o l l o w i n g  theorem i s a p a r t i d  generalization of unlolotthg 

theorem for  i;l d, n - k # 2. (sea Theorem 10.7.) It might - 
be called a 'peripheral unknotting theorem*. The notion of tamexess 

a d  t h s  Zwariant  U' are essent ia l  i n  the pmof h t  obligingly dis- 

appear in the staAhnente 



'heoren 10.3. kt W be a ms~.ooth open manifold of dimension n 2 6 

and N a smooth properly imbedded subrcanifold (without boundawl , 

Suppose W and N separately admit a boundary. If Pi has codit:ension 

> 3 o r  e l s e h a s  codislension one and i s  I-connected at each end, 
- - 

then there exlsts a compact p a i r  (W.N) such t h a t  W = ht G ,  

~ = h t F .  

Co.mlonent 10.4. It is  a c0mllaz-y of the proof we give and of the 

observation above that can be chosen to determine a prescribed 

co l l a r  of in N , I 
Izemrks: A counterexample fo r  codimension 2 is  pmvlded by an 

infMte s t r i n g  K in R~ t h a t  has evenly spaced t r e f o i l  knots. 

( - K has non-finitely generated fundamental group ---see pags 
I 

I 
! 9 . 31% boundary of a tubular neighborhood of K gives an example 

f o r  codiaension 1 showing t h a t  a restriction on the ends of N 

i is  necessary. To ge t  e q l e s  i n  any dimension 2 3 consider 
( .P? ,K )x$ ,  k = 0 , 1 , 2  ,..., 

Let W1 be W with the  in te r lo r  of a tubular  neigh- 

N removed. Apparently it dll suPfice to show that 

both haat co~ le t ions . ,  - - 
\ 



Let  U z! E!d U U [O ,m) be a c o l l a r  of i n  h' . Then the par t  
I 

U of the smoth  disk bundle T over U i s  smootlfly equivalent t o  

the bundle [ T I  Bd US X [o,-) over Bcl U X [O,-) S U . One can deduce 

* a L'LS from a smooth version of Theorem 11.4 i n  Steearod [29]. It fol-  , 

lo-rs t h a t  (T,N) 'has a completion. 

E3y the  method suggested on page 107 form a proper Morse function 

f: W -> [ O  ,a) SO t h a t  - f 1 N has no c r i t i c a l  point on a c o l l a r  U = 

1 r\ fo1[a,-) 5 Bd U X [a ,-) , and so tha t ,  when restricted to TI U 2 
T I M  U x [a,=) , f gives the  obvious map t o  [a,-) . Then f o r  

b > a , .Vb = f-'[b,-) meets T i n  a c o l l a r  Tb of i n  T. 

Consider V i  = Vb - I n t  T = VbA We f o r  any b n m c r i t i c a l ,  b > A .  

If X has codimension 2 3 , 3.: V& G Vb i s  a 1-equivalence by a 

gsneral posit ion argument. Since Vb and V& A Tb are in 08 , - 
00 is .*V* by 6.6, and 0 = O(V ) = i , ~ ( V i )  bj the  Sum Theorem 6.5;. 

b b . 

as  i, i s  an isomrphism YVi)  = 0'. This- sEous t h a t  f o r  each . 

end s of W there  is a unique contained-end as of -We and t h a t  

c1 (like E ) is tame with b(ee) = 0 . Tnus the Helativized Main 

Zxoren  says t h a t  W' has a completion. This completes t h e  proof if 8 has codimension 2 3 . 
For codirnension 1 xe w i l l  reduce the  proof: t h a t  (W,N) has 

f m z o s i t i o n  i0.5. L a t  W be a smooth mni fo ld  of dimension 2 6 . --. 
so Ynst Ed W is diffeornorphic t o  the i n t e r i o r  of a conpact manifold, 

and l e t  N be s smooth properly imbedded submahifold of codimension 

1 so t h a t  ikf N i s  compact and N -'meets Bd W i n  Bd N, transversely. 

Sappose tha t  W and N both have one end and separately admit a com- 

pletion. If n ( ) = 1 , then the  p a i r  (W,N). adni t s  a completion. 
1 74 

t 



The proof appears below. Observe t ha t  Proposition lO,5 con- 

tinues to hold if N i s  replaced by several dis jo in t  submanifolds 

. - N1, .. . ,% each of which enjoys the pmperties postulated f o r  N . 
For we can apply Proposition 10.5 with N = N1, then replace W 

by W minus a small open 'tubular neighborhood of Hi (with resulting 

corners smoothed), and apply Roposition 10.5 again w i t h  N = I$ . 
. Eventually we deduce that  W nirms small open tubular neighborhoods 

of Hi,. . . ,lk (with re-silting corners smoothed) a M t s  a completion 

-- wNch irn~lies that  (W,N1 u . . . u Nk) adnits a completton as 

ApplyZng Proposition 10.5 thus extended, to the pair (vb,N A v ~ ) ,  

we see inmediate'ly t h a t  the pair (W,N) of Theorem 10.3 has a com- 

pletion %hen N has codi~ension 1. 

Proof of P r o ~ o s i t i o n  10.5. If T i s  a tubular ngighborhood of N 

i n  W we know t h a t  (T,N) admits a completion. With t h e  help of ' 

0 

L e a i  1.8 one seas t h a t  - W' = W - T has a t  riost tm ends, (xhem 
0 
T denotes the p ~ e n  l -disk bundla of. T ) , Consider a sequence 

Vl ,V2, .. . of 0-neighborhoods of in W (conshcted with the 

help of a suitable proper Morse function; c.f, pagd 111) so that 
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- 1) V.+l C Int Vi and flVi = @. 
2) 

I = v,n T is T ~ N ~  whera Ni is a co l lar  of - in N. * I  
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Case B) W1 has h s t  one end s* . - 
\ 

There e d s t s  a smooth loop Y1 i n  V1 t ha t  intersects H 
- 

just once, transversely. Since n ( T  ) = 1 ,  nl(V1) = nl(vi) + Z 
1 1  

where 1 6 Z i s  represented by b; . Since 8 could U s  in V, 

base points and paths ?rl R (V ) C- R (V ) <- ... is  the free 
1 1  1 2  

p m h c t  of vlt n (V' ) <- n (V1) <- . . . with the t r i v i a l  system 1 1  1 2  

Z Z . . The remainder of the pmof is  s imi lar  t~ Case 

A) but easier,  a s  the reader can verify. This completes the pmof 

oC Proposition 10.5, and hence of Theoram 10.3. 

The analogue of Theomm 10.3 in the theory of h - cobordisms is - 
. - 

Tneorem 10.6. Let N and V be smooth closed manifolds end sun- 

pose = & C O , ~ ]  is smoothly imbedded h W = V x [0,1] so 

tha t  N meets ~ d w  in M X O C  V X O  i d  M x i ~  y ~ 1 -  - .  
transversely. If W has dimension 2 6 and N hes scodimension 

2 3 , then (W,N) is diffeomorphic to (V x O,M x 0 )  x [ o , ~ ]  . 
The skme is twif N has codimension 1 , provided each compcnent 

of Y i s  simply connected. 

0 P m o f -  Let Wa be W with an open tubular neighborhood T of -* 

h: in W deleted. Ona shows tha t  W* gives a product cobordism 

fron V X 0 - To t o  V x 1 - To &ing the s - cobordism theorrtm. 

For codinension 2 3 see Wall C3, p. 271. W r  codhension 1, the 

arm.xent is somewhat similar to t ha t  f o r  Theorem 10.3 but more 

straightforward. 0 
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The canonically simple application of Theorem 10.3 and 10.6 

i s  t he  pmof that .tk mbts in R" , n 2 6,  n - k f 2. This 

i s  alrsaay mill known. I n  f a c t  it is true f o r  yy n except f o r  

t h o  single case n = 3 , k = 2 vtrem the result is false! See 

Corasli,  Yontgwzarg. and Ymg [13], and S t a l l i ngs  [IO]. 

rne--m i0.7. . IZ ($',HI IS a p a i r  consis t ing of q copy N of - 
$ s m o t h l y  a d .  pmperly  imbedded i n  R" , then (R",N) is diffeo- - 
nclqlric t o  t t e  standaal pair (R",R~) provlded n 2 6 and n - k # 2 . 
?roo?:- Bg Theorem 10.3 and its Compleaent 10.4 we know that (R",N) 

- - 
is the interior of a compact p a i r  (R$) where is  P copy o f  

- - 3. We establ ish the theorem by shoving (R,N) is  dfffeomorphio 

to the  standard p a i r  (r~,gk) . Choose a s x n k l l  ba l l  pair ($,$) 
. . 

in i? so t h a t  = n X i s  coacentric v i t h  B = Dk. the 
. . 

h - cobordism theorem H - Ink i s  an annulus. Thus, epp&g - - 
- - 

%eorez 10.6, va find t h a t  (R,N) i s  , with a (relative) 

pmduct c~bordisn attached a t  the boundary. &is completes the pmof. 0 

The I s o t o m  Extension Theorem of Thorn (Hiixor [25]) shows 

that if N i s  a smoothly pmperly  imbodded submanifold o f  an open 

nar;ifold W and ht , 0 5 t 5 i , i s  a saooth isotopy of the inclus ion 

- -p - 2; 4 W then b extends to an ambient isotopy of W provided t 

ht fixes p o ~ ~  autsida s o m  compact se t .  Ihe standard example 

to skou that t O i s  pmvlso- i s  necessarg involves a h o t  in a strLng 

t h a t  w?as to like a wave disturbance. N can be t h e  cen te r  

0: t he  string ( c o d i z m ~ ~ ~ i o n  2) o r  its sltrface (codimension 1) . 



Do counterex=uuples occur only i n  ~ ~ d i m e n s i o n  2 o r  I? Here is an 

attempt to say yes. 

Theoram 10.8. - Suppose N~ , is  e smooth open manifold smoothly and . 

properly imbedded i n  a smooth opan manifold W" , n  > 6 . n - k # 2 . 
Suppose tha t  N and W both admit a completion, and if n - k = 1 9 

suppose N i s  1-connected a t  each end. Let H be a smooth proper 

i s o t o p y o f t h e i n c l u s i o n  N G W ,  i .e .asmothlevelpreservlng . 
proper imbedding Hr N X [0,1] -> W X C O , ~ ]  , t ha t  f ixes  N X 0 . 
Then H extends to an ambient pseudo-isotopy -- ii.. to a diffeo- 

mrphisrn H W X 1 - W X C0,ll . t ha t  is ,the iden t i ty  on 

w x o .  

I 

Comllam 10.9. The p a i r  (W,N) i s  diffeomorphic t o  the p a i r  (W,N1) I , 

* I 
' I 

if Hi i s  the deformed image of N -- i.8. Ni = hl(N) where , (  I 

, ' 
I I 

ht, O S t < l ,  is  definedby H(t,x) = ( t ,h t (x) ) ,  . t €  [0,l], 

k g Pmcf (in outline) t Observe that  N f  = H(I X LO, 13) and W' = - !j 
W X [0,1] both admit co~1plet5ons tha t  are pmdncts d th  [0,1] . 

I 

- - 2 t 

By Theoren 10.3 (relativized) there ex is t s  a compact p A d r  (Wa ,lit ) 

with Wt = I n t  , N' = Int K t  . BJ the  CoqLe~lentent 10.4 (relati-dzed),  
- 

xa can assume N' i s  n pmduct k LO, 11 , the pmZuct struct-am 

agreeing on N' with t h a t  given by H. Furthermore, a f t e r  attaching , $ 1  1 I ;  k" 
I $ - - 

a suitable (relat ive)  h - cobcrdisn a t  the boun&ry of (W ,Hf  ) 

. 
*I 

4 
14 

I ,  

+ ,  
I : 

" 5  . ' 
I .  
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e Eo is also a pmduet uitii LO, I] . 
Ap&6ng Theorem 10.6 we find (Bd ?*,I% @) is a product 

with [o, 11 . A~plylng Theorwl 10.6 again (now i n  a relativized 
- - 

f we f d  (W9,N') is a pmduct. What  i s  mom, if we now go 

back and apply t he  r e l a t i v l zad  s -cobordim theorem ue see  t h a t  

the a w n  pmduct s t m c t a r s  E* x [0,1] CZUI be extend, to 

a product ~ t r u c t u r e  on q* (Wdl [3, Theorem 6.23). Rest r ic ted 

to X' this pmduct s t ruc tura  gives t h e  required diffeomorphism itr 

fir amrement we unknot a whole f o r e s t  of $*s i n  IL", n - k # 2. 

n 9 o r e x  10.10. Suppose ti is  a union of s d i s j o i n t  copies of $, 

s z o o t ~  and properly imbedded i n  R", n 2 6 ,  n - k # 2.  ' ?hen 

(P,:;*) is diffeonoq"c t o  a s t a n d a d  la ir  c o m i s t h g  of t he  corets 
.> 

Xk + (0 ,-..,O,i) c k", i = 1,2 ,..., s. . 

P-roof: me- alwa ys efists a smoothly, pmperb  imbedded copy of 

R' i h t  meetr each component of N i n  a s ingle  point, t n n s r r i e i y .  

%s after a diffeomorphism of ? we can as -we  t h a t  t he  c o w n e n t  

Hi of  X nieets the l a s t  co-ordinate ax i s  i n  (O,...,i) ,t*ansselsely, . 

i = I,. . . , s . Using C4, 8 5.61 we see  t h a t  aft& another diff eomorphisn 

of ? 2s can assme Ynat Ni coincides with R~ + (0,...,0,i) 

near 0 . . . 0 , A smooth proper isotopy of N i n  dl rnakes 

N coincide -with the  sb.ndarc? cosets. Now apply 10.9. 
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Chapter XI. A Il lali ty Theorem and the Question of - 
Topological Invarianco f o r  G (E)  . 

We give here a brief exposition of a dual i ty  between the  two 

ends E and e+ of a smooth manifold W" homeomo~hic to M X - 
(0,1) where N i s  a closed topological manifold. The ends c - 
and e+ a re  necessarily tame and the dual i ty  reads. B(c+) = (-i)n-l 

k m  where the bar denotes s certain involution of zo(nl~) . t h a t  - 
i s  the analogue of the involution of Wh(n, W) defined by BfUnor - 
in [17] . Keep in  mh~d that ,  by the Sum Iheorem, ~(6,) + CY( e-) = . 
"(w) = @(M) , which is  zem if M i s  equivalen-b to a finite complex. 

I unfortunately do not how any example where Q(E+) $ 0 . If I 

did some compact topological manifold (with boundaq) would cerd-bhlg 

be non-tz3angulable -- namely the closure i n  M X [o. l] = W 

of a 1-neighborhood V of e in W . When W is orirgn+cdble the + 
involution *bar1 depends on the gmup nl(W) alone. Prof. m h o r  has 

established that  this standard involution i s  i n  general non-trivial. 
N - - 

!here e ~ s t s  1103-zem x.y E K (2 ) so that  x = x a id  y = -y # y . 
0 3 7  

Tie appendix explains this (page 127). 

Suppose h: W -> ?It i s  a homorno~hism of a smooth opan 

inanifold W onto a srcooth open mnifo id  X i  t h a t  carries and end 

E of W to the end ct of W' . Fmm Definitim 4.4 it fol lous-  

that 6 is if and o n l y  if if6( 1s. For b e  ends we ask whether 

730 dual i ty  theorem shohx tha5 the diffarence 4u(€ )  .- ~ ( t ? )  = 6 
0 

satisfies tha res t r ic t ion  



TrLs i s  h r  f r o m  t he  a m w a r  t h a t  a' = 0 .  An example with % f 0 
0 

~ m u l d  again involve a non-t~an-&able manifold. 

i related question i s  " b e s  e-verj tame end have a topo~og ied .  

c.3llar neighl~orhood?~' This nay be &st as d i f f i c u l t  b ansxer as 

11- IS e m r y  ~ ~ 0 0 t h  h - co'cordisrg topologically a product colordisnln  
+ 

It saem a s a f e  guess that t h e  ansxer t o  both these q;lesAtions i s  

no. I3c-t proof is lacking. 

n-l- 
Tha sane duality C ( c + )  = (-1) 4 E-) holds f o r  the ends - 

E and 6 of a manifold t h a t  i s  an infinite cyc l ic  c o n r i n g  
i - 

of a s . m t h  conpact nanifold -- provided these ends a m  tame. The proof 

i s  Like t h a t  f o r  P x R .  It cin safely be l e f t  t o  t h e  reader. 

Caestim: L e t  c be a taxe end of djnens ion25  r r i t b  G(E)#O,  and l e i  
. .- 

I be t h i  bourdary of a ~ c z a r  f o r  c XS' .Does 21;; infinite cyclic cover 

0 x 4  corespoading t o  t h e  cokernsl ~ ~ ( ~ f )  --+ Z of t he  natural map -[E)+. 

T ~ ( X ) Z - ~ ( E X S I )  pro7ide a noa- t r iv ia l  exainple of this duality? 

Ti, explain dua l i ty  1.3 need s o m  algebba. Let R be an 

associativa ring x l t h  one-eleaent 1 and a given artLzuLonorp!-dsm 
- -  - -- 

r : R - R of period txo. Thus r + s = r + s , rs = s r 
- - 

and r = r fo r  r,  s € R. i%dulea are undwstaod to be left .  R 

n.o&des. For any irodulo A , the  anti-holronorphls~s f r o n  A t o  
- - 

R -- 2ensted A o r  liomR(~,P.) -- form a left I? - u & l e .  (Eoota 

t-hat iionR(~,R) wmld be a right I? - loodule. ) Thxs E is an 
- 

additive rap A --> 3 so h ( )  = r f o r  a 6 A ,  r C 3. 

h d  ( s d )  (a) = s(~(a)) f o r  a A , s R . I leave it to tha 

reader to verify that P -> gives an additive involut ion on 



the isoxorphism classes ?(R) of f. g, projective R -modules, and 

hence zldt ive involctions ( tha t  we a l so  c a l l  'bar') on KO(R) and 
C1 

KO<?) . 
- 

L'B C to be the cochain complex 

- 
2 i s  defined by the r u l e  

- - 
f o r  e E C A  and c E Csl 

For our p - q s e s  R will be a group ring Z[G] k-here G 

is a fuckcental Ocro'~p of a manifold and the anti-zutoinorphism 'bart 

i s  t > ~ t  i n d e e d  bj sending g to e(g) f l  i n  Z[G] , where B(~) 
a 

= .L 1 a c c o r 2  as g gives an ozientation preserving o r  orientation - 
re-i-ersicg koreomqMsm of the universal cover. If the manifold 

i s  orlentable B(g) i s  &ways + 1 and *barv than depends on 

G a l o m  a x  i s  called t h e  stzndard involution. 

Let (\?;v,v') be a smooth manifold triad w i t h  self-indexing 

:isrse fmc t ion  f. Provids the usual equipmentt base point p 

- - f o r  sv ; &se paths to  the c r i t i c a l  pohts of f ;  gradie2t-Ue 

v z c b r  field f o r  f ; orientat iors  for the  l e f t  h a ~ d  disks, Then 
N rY 

a bzsed free n i: coqlex C, for h ( W , V )  i s  well defined (Chapter 
1 

IV, ?age 29). 

;tl,en xe specify an or"rentation at p , georsetricaUy dual. 

eqci?:.snt i s  deb-ed fo r  tine ibrse  function -f and hence a geo- 
N N 

cstr5cal ly  d d .  corqlex C: f o r  V . With the help of the  



i.e, C: is the cochain complex with the gradlng suitably reversad; 
1 

a a l i t y  Tisoram f o r  E f  X R 11.1. Suppose t h a t  W is a smooth ogan 

maxifold sf dimension n 2 5 t h a t  i s  homaomorpkic to M X R f o r  

sons connected closed topologicdl manifold M. h e n  W bas t h i  

N 

ends E and E+ , both tame, and whsn we iden+ay K0n1s- and 
.I 

N N 

K n F with K g l W  .under the natural i s o m r p h i ~ r n s ~  . - 
0 1 +  

The proof begins after 11.4 below. 

Corollay 11.2: me above theorem holds wl;tnout r e s t r i c t i on  on 9 . 
- 

Proof of 11.2: Fom the carbsian product of W with a closed smooth 
, 6 mnifo ld  Nb having X(N) = 1 , e.g. real projective space P ( B) . 

i 
Then we bive maps ni (.d) -> m (W X N) so that  r e i  = 1 . Using <- 

l' I 

CoroUaro 11.3. Without restriction on n ,  



P k a r k :  It is  a conjecture of Professor Milnor tha t  i f  fl is  any 

closed topological aanifold, then b(N) = ( - I ) ~ ~ ( M )  o r  equivalently ' . 

O f  collrse the conjecture vanishes if a l l  closed manifolds a r e  tri- 

an,&able. Theorem il,i shows a t  l e a s t  t h a t  

p.eorex 11.4. If i s  a closed topological manifold such that 

fo r  same k , H X Iik has a smoothness s t ructure then ', 

, .  . 

G(X) = (-1)%(x) 

Tmof of 11.4: We can assume k i s  even and k > 2 . W e  w i l l  be 

zble to ident i fy a l l  f~mdamental groups naturally with rrl(M) . 
EJ 6.12 the end c of M X is tame and G ( E )  = O(M) . The 

open sibranifold w = M X R~ - M X 0 i s  homeomorphic to l4 X 

&-I 
X ii and U(W) = 0 by the Product !heorem since k - 1 is 

odd. r ' rom 11.2 and the Sum Theorem we get 

0 = g ( W )  =d(c) + (-1) d k -  1- d €1 

m-1- 0 = qM) -t (-1) 4%) as required. 0 

? -  It i s  h w n  t ha t  not every closed topological manifold M 
, -  

ii ~+ably xoothable (page 126). However it is  conceivable that ,  

f o r  sldTiciently large k , M X R~ can always be _triangulated 

AS a conbinatorial manifold. Then the piecewise l i n e a r  version of . 

1l.b (sm the introduction) would prove Professor Hihorns  conjecture. 
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Pmof o f  the Lhalitv Theorem 11.1: For convenience identi fy  Via 

m d e ~ l y h g  ~ p o l o g i c a l  manifold of W with 1.I X R . Ely 4.5 we 

can fLmi a (n-3)-neighborhood V o f  e+ 60 small that. it lies in . 

tL; X (0,~) . fltBr adding suitable (trivially attached) 2-handles 

to  tr .in :? X (0.~1, we can assume that U = W - Int V i s  a 2- 

zieigijorhood of a . N e x t  find a (n-3)-neighborhood of the posi- - 
A ~ i ~ e  ezd of .N X (--,o) . Adding PIX LO,=) to S t  we get a (n-3)- . 

nei&borkood Vr o f  -$ that contains M X [o,-) . After adding 

Z-i~.xr~dles ta Ve we can assume that U' = W - Int V' is  a 2-neigh- 

AI N N N 

By 5.1 we knox that H,(V,Ekl V) and H-+(V',Bd v*) are f.g. 

projective nl(',?) -modules P+ and P; concentrated i n  dimension 

n - 2 and both o f  class ( - I ) ~ - ~ ~ ( F + )  . By an argument s i ~ l a r  

. to f o r  5.1 one sho-xs that U admits a proper Morse  unction 

f: 3 -> [O ,-) .with f -I  (0) = Bd U so that f has c r i t i c a l  points 

- of kdex 2 and 3 only. ('The strong handle cancellation theoren 

m&ules ? and P' concentrated in dimension 3 and both of class - - 
3 . (-1) r( c ) by L e m  6.2 'and Proposition 6.11. - 



Let X = V* - Int V . - Since the composition Vt - M X (o,=) G 
N H N N 

X 4 V' i s  a homobpy equivalence & (X,Bd Vu ) -> --> (V* , E!d Vs ) . 
N N N  

i s  onto. Thus from t'ne exact sequence of (v' ,x,M) we deduce (c.f, 
N #.4 

page 37) tha t  An 2(X,Bd '3') 2 - 'n-2 ( ~ * , E ? ~ v * ) T P $  and H (?,my@) 
N 

N N CY N n-3 - - H ~ - ~ ( V * , X )  ; H ~ - ~ ( v , s ~  v) P+ - rr) N N 

Similarly one shows tha t  l& (x, EH V) -> '&(u,B~ V) is  onto. 
N N 

ks a consequence H ~ ( x , ~  V) $(:,&I 7) = P . 
a 

Now Bd V C X gives a ni - isomorphism. Also Bd V* C X 

is (nA)-connected (and gives a n -isomorphism when n = 5 ) . 1 

It follows f r o m  W a l l  [3,  heo or em 5.51 t h a t  the t r i ad  (X;W V1,Bd V) 

admits a nice Morse function f with c r i t i c a l  points of index n - 3 

and n - 2 o w .  

L e t  f be suitably equippad and consider the free n, (W) - 
I 

N I N  

coq lex  C, f o r  H,(X,&I V') . It has the f o m  (c.f. page 39) 

N whinere i s  an isomorphism of Be onto B 
n-3 . . n-3 and £in,2 = P; 

CV 

and H = P+ . 
-3 Then the complex is . 

- d 

whsra a gives an isoir.orp'hism of B 
n-3 

onto E A - ~  . ht xe have 
- N N 

observed tiat C i s  the complex C$ fo r  %(X,Bd V) that is 
n-* 

- - N -  

Eut itj(c8) 2 %(?,~d V) = P has class ( - I ) ~ O - ( ~  ) and = P+ a - -3 
n 2- . . has class (-1) -,a (e+) . So the. duality relation is established. 0 

. . 



Suppose '8 i s  an open topological manifold and B an ! 
i 

er.6 of Ii,. Let  a n d  d2 be beto smoothness structums for a 

I 

i; a.nd denote the smotin ends corrssponding+ to c by el, c2 . 
- 

Xotica Ynat r i s  tame if and only if e2 is, since the defini t ion 1 
$ 

o r  &hzer;ess does not rention the  smoothness structure. $ 1  

I ' 

, . -  
%ec%z 11.'5. = Suppose n > 5 . If ci i s  h e ,  so is  c2 , and 

N 

I 

tie %fernnee Q( c1 ) - (I ( c2) = Co 6 KOnl E sa t i s f i e s  the relation , ' 

1 :  
-Zer % is always zem if and o w  i f  the following statement i .  

! t i  1 '  I 

(S) ss tm9. 1, * 
< .  

( S )  i f  8 i s  a closed smooth and W" is  a smooth 

ra'arxold horeom~rphic to . H X R then both ends of W" have in- 

var;;r,t zero* 

a 11.6. The first assertion of 11.5 is  valld f ~ r  any. 

dksr.sion n . 
I 
i r  i. 
!: 

?XJC~:  Let N6 b4 a closed smooth icanifold vith T ( N )  = 1 , and 
I ] ;  

consider the smothings c X N, c2 X X of E X N. Now follow 1 ! '  

-4. bra rmof of 11.2. fj f 
I '  

I :  
.%cf I & t  Vl . 'be a 1-naighborhood of c1 . Wlth snooth~ess  from -* 

I d2 , ~ n t  v ' h s  tz-3 ends -- v i z .  c 
2 ' and the end eo whose neigh- 

borbcds are those of Eki V1 intersected with Vi . Since 
a 

c0 has a ~ e f g h b o r h o d  horeomrp'nic to Ed V1 X R , c0 is tame 
' 

a d  ~ c a )  + (-1)~-'~.3)~= 0 by Coro l l a ry  11.3 t o  the duality theorem. 

Let U S e a  1-neig'hborhoodof so.  Then V 2 = I n t V 1  - h t U  ' I 

i 



i s  c l ea r ly  a 1-neighborhood of c2 . Illt V1 = Int  V1 = U v '5 
and U 0 V2 is a finite complax. Thus, by the  Sum Theoren 6.5, . 

r(~l) = Q(vi) = o(v~) + U(U) = ~ ( h )  + a(%) . Thus t h e  first a s s a r t i m  

holds with crO = c ( ( c ~ )  . 
Now if ( S )  holds, to = G( c0)  = 0 because c0 is an end 

of a smooth manifold homeomorphic to Bd V1 X R. Conversely, if 

OO i s  always zem, i.e. ~ ( h )  = O( el) , then cf does not  depend 

on t he  &noothness structure. RRls (S) c l ea r ly  holds. This com- 

p l e t e s  t he  proof. 

Footnote8 TO j u s t i f y  an asse r t ion  on page 122 here i s  a fo lk lore  

exanple, due to Professor Mllnor, of a closed topological  manifold 

which i s  not  s t ab ly  smoothable. It i s  shown i n  Mllnor C32, 9.4, 9.53 

t h a t  there  i s  a f i n i t e  complex K and a topological micmbundle 
- 

6'' over K which is  s t ab ly  d i s t i n c t  (as idcmbundle) f r o m  any 

vector bundle. F'urther one can amange that K i s  a compact k-sub- 

k manifold with bourIdaly, of R f o r  some k . By Kister [33] the 

induced micmbundle D)" over t he  double. DM of K contains e 

l o c a l l y  t r i v i a l  bundle with fib= p. If one su i tab ly  cozpact i f ies  

the t o t a l  space adding a point-at- infinity to each f i b m ,  a closed 

topological nar+fold r e su l t s  which cannot be s t ab ly  smoothable sinca 

its tangent r d c m b ~ n d l s  r e s t r i c t s  t o  fn 6 bundle over K. I 



Appendix -- 

II-ds appendix expleins Professor Milnor8s proof that thrsre 
N 

ez&k nonzem x and y i n  K (2 ) so &at  ; = x a n d  y= 
0 257 

-y # y whem the bar  denotes the  standard involution (?ages 119-120).' 

E e o r e a s  A.6 and A.7 belox ac tua l ly  tell a good deal about t he  standard 
0.) 

I I 

involution on the projsetiva c lass  gmup K (2 ) cf t h e  cyclic grcap - 0 .P ' ,  
Z of pririe order p .  
P 

I 

. .. I 

Suppose A and B aro rings with i d e n t i t y  each equipped 1; 1 
1 )  I 

1 I 
snti-automorphisns *bar9 o f  period 2 . .- If er A --> B is. - - -  

I 

. , - 
a r i n g  houmnorphism so  t h a t  8(:) = @(a) , then one can show t h a t  - I 

: I 
tize dabgram I 

I I 

i *  I 

c o - ~ ~ t e s  xhem "bar1 i s  the addi t ive  invfiution of the  projective , j  
I 

a +  I 

class group defined on pages 119-120. Now &ecialize. Le t  A = I 

z vhere n = It; tP = J is cycl ic  of prime order. .&fine' 

- 1 = a ( t  f o r  a ( t )  ~ [ n ]  so  t h a t  
5 

ry N 

i s  tke skndard involukon of K *[ ] Xo(n) . i a t  8 = 2f.f ] whom 0" * I 

f is a ~ r l r L t i v a  p-th m o t  of 1 , and l e t  ~ ( t )  = 5 define 8: 

z -> ~ [ j ]  ( ~ o t i c s  t h a t  Lsr  8 i s  the  principal i d e a l  gen- 
I 

I 

I 

e a t a d  by 2 = 1 + -t + ... + tP-I.) Sirree 4.' is the  complex-con- 
: 
I 

. &gate 5 of 5 , e (g )  = e(a) h e m  the second bar is complex 

con2ugatioc. , 1 



The following i s  due to Rim [38, pp. 708-711]0 

Renark: Rim assigns to a f.g. project ive  P over ~[rr! the sub- - 
object  P = { X E  P I & X = O ~ ,  f = l + t +  ... + t P - I ,  w i t h t h e  Z 
obvious ac t ion  of ~[n]/($) " Z[]] . kt there is  an exac t  sequence r 

where d i s  inclusion and i s  mul t ip l icat ion by I - t . Hence 

$P ?/ ( 5 2 )  as . z[$ 1 - modules. .kt P/ (SF-). is e a s i l y  seen to  be 

isomolpMc with Z [ ~ I  BzCrr1 P . Thus F h * s  isomorphism is in fact 

W e  now have a commutative diagram 

N 

So it i s  enough t o  study *bar t  on KOZ[5] . To do this w e  go one 

more s tep  to the  i dea l  c l a s s  group of ZC~I  . 
Now Z i 4 ]  i s  kno-i to be the  r i n g  of a l l  algebraic integers 

i n  t h e  cyclotoiFi_c f i e i d  ~ ( 3 )  of  p-th roots of unity [ ~ 3 9 , ~ .  701. - 

Emce Z C ~ ]  i s  a Dedeidnd domain 140, p. 2813. A CedsMnd domain - 

may be defined as  an i n t eg ra l  domain R with 1 - e l exen t in  whibh 

t i e  (equivalent) conditions A) and 8) hold. [K), p. 2753 [41, 

CUP. 7, PP- 29-33]. 

A) ';he f r ac t i ona l  ideals f o n  a group under mult iplication,  

( A  f ~ a c t i o n a l  ideal i s  an R-module 01 Madded i n  the qubt ien t  f i e l d  
-. 

X of R such tha t  f o r  soine r E 11, rCn C R . ) 
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9) Z-mry i d a l  in R i s  a fog.  project ive  Rmodule. 
- 

C .r.e iGaal class 
CXUD CfR) of R 5 s  by dnf ini t ion t h e  gmup 

of f r a c t i ona l  i d e a l s  modulo t h e  subgroup generated by pr incipal  ideals. 

3) i -q l i~ s  tht any fog .  p n j e c t i v e  P ovsr  R i s  a d i r e c t  sun 

011 6 -. e O$ of i d e a b  i n  R . C~I?, p. 131 According to [38, 

Theoren 6.193 the i d e a l  c l a s s  of t h e  product h R depends on ly  1"' r 
on 2 and the  correspondence P -> a . .a gives an isomorphism 

N 
1 r 

y: x,(a) -> c(R). 

Le t  us def ine  *bar9: . c z [ ~ ]  -. C Z [ ~ ]  by sending a f r ac t i ona l .  ' 

i d e a l  CR to the f m e t i o &  i d e a l  (~(QL-') where cf ' denotes Eornplex 

con;-igztion in  ~ ( 5 )  . The fooilowing two ] . e m s  show t h a t  the diagram , 

- 
i.91' A.Z. LI an7 ~edsl-d donain R , HomR(&,I() 7 f o r  any - 
f r a c t i o r a l  i d e a l  M . 
ier-1 A. 7 .  Let 01 be any f rac t iona l  i d e a l  i n  z C ~  1 . T i n  G(&) - 
i s  naturally ~SOEO-'&C a s  Z[S] -module t o  @g k i t h  a neu ac t ion  

- 
of Z L ~ I  given by r-a = r a  f o r  r e  z[$] , a€m 

Tne sscond lemm i s  obvious. The f irst  i s  proved below. To 

see t3at  these l e m a s  i m p l j  t h a t  t h e  ciiagram above comates not ice  

r h t  I o r  a  rlng R equipped v i t h  ant iautosorphism 'bar', the l e f t  
- - N 

L r o c X L e  2 = %ux(?,R) used on page 110 to define 'bar' : K ~ ( R )  



-> Ko(R) , i s  na tura l ly  isomorphic to P* = Homi((P,R) provided - , 
with a l e f t  action of R by the  Rlle (ref) (x) = f (x); f o r  r E R , 
f €  ?* and x c P .  

/' 

Proof of  L e m  A.21 We know ot - l  =[y K I y a C  RJ where K is  

the  quotient  f i e l d  of R [MI, p. 2723. So thsm i s  a natura.7 i m -  

I 
1;  1 

which we prove i s  onto. Take f fE HomR(&,R) and x E &.A R .. Let 
t e ,  * 
I 

b = f (x)/x and consider t he  map fb defined by fb(x) = bx . . For. ,[ i 

a G k  t , ;  i t  
5 ,  
I 

2 '  I 

0 = ( f  - fb)(x) = a( f  - fb) (x) = ( f  - fb)ax = 
- "  I 

, I  ) 

= x(f - f,)(a) = ( f  - fb)(a)  . I I 

- ' $  , 
I 

hams f ;a)  = fb(a) = ba . Thus b E 60' and d is onto a s  required. \ r 

Let A be a hdek ind  domain, K i t s  quotient  f i e l d ,  L 

a f i n i t e  C-alois extension of K with degme d and gmup G .  

ihen the  i n t eg ra l  closure B of A i n  L is  a Dedakind domain. I I , * 

[M ,  p. 2811. Each elenailt E G maps in tegers  to .integer; and . 

s o  gives an autmmrphisn of B f ix ing A ,  Then O- clearly gives 

an autoxorphism of t he  group of fractional. i dea l s  of 3 t h a t  sends I 

principal  ideals t o  pr incipal  ideals.  Thus o incticas an automorphisn 
I 

c; of C(B) . Let us trTiie C(A) and C(B) a s  addi t ive  groups. 

"7 .?norm 8.4. There e x i s t  homomorphisms j: C(A) C(B) and 

11: c(a) -> C(A) so tht N o j  i s  d t i p l i c a t i o n  by d = [L;K] 

and -. 
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?-,a:: j i s  induced by sending each fract ional  idea l  4 E A to - 
the fract ional  idea l  orB of 3 .  N cores f r o m  the norm holcomrphisrn 

dd ined  i n  Lang C43, p. 18-19]. It i s  Proposition 22 on p. 21 of 

[L3: t ha t  shows N i s  well defined. That N * j  = d and j e N  = 

follows imed ia t e ly  f r o m  Comllary 1 and Corollary 3 on 

P?. 20-21 of C43J. /J 

2 Since , , . . , f o m  a . Z -basisb f o r  .the algebraic in- 

-$A- 
te;ert in Q(5) C39, p. 701, 5 + f ; .  . . ,~v + 5 2 form a 

Z - 3asis f o r  the self-eonjugate integers in ~ ( 5 )  , 2.8. the alge- 

brzic integers ' in  ~ ( 3 )  A lR = ~ ( 5  + F} . Bit z[$ + f] ik the span 

of 5 + f,...,r + 5- . Hence Z C ~  + 51 is  the full ' r ing 

of z lgebn ic  integers i n  Q(f + 5) and so is  s b d d d n d  domain 

[ W ,  p .  281 1. It i s  now easy t o  check tinat wa h v e  a s i t m t i o n  as 

described rbove d t h  A = z L ~  + 9, B = Z[$], d = 2 : and G =.{ ?,ffj 
wham 0. is  complex cmjugation. Observe tha t  wit;? the idea l  c lass  

- 
g m q  C Z [ ~ ]  written additively x = W* (-x) = -O*x , f o r  x e CZ[$] 
( p g e  129 ) . A s  a d i r ec t  application of the theorem above we have 

C- 
-.?33=n A.5 .  There exist  homomorphisms N and j 

s o  t k a t  j*N = 1 + &, and N o j  = 2. 

Kow the order h = h(p) of CZ[$] i s  the so-called c lass  

m.hr of the c y c l o t o ~ c  f i e l d  4(3) of p-th m o t s  of unity. It 

can 5e expmssed as a product hlhZ of positive integral factors ,  

wkem the f i r s t  i s  given by a closed formula of Kumer [44] 1850, 

and the second is the order of CZ[.~C?] , Vandiver [ J + S ~  p. 571). 



(h f a c t  j i s  1-1 ano l i  i s  onto, Kumer[50] , Hasse [~6;~.13 footnote 3),  

p.49 footnote 2)]). Yri te  $ = h12' where hi i s  odd. Recall 
- 

N 

t ha t  p I s  a prine number and K ( Z  ) i s  the group of s t ab l e  %so- 
0 P 

i x a r p h i s m  c lasses  of f .g. project ive  over tho group Z . Bar denotes P 
N 

t he  standard involution of K ( 2  ) (page \\9 ) . 
0 P 

N 

?'S,eorern A.6, 1) The subgroup i n  K ( 2  ) of a l l  x with x = x 
0 P 

has order a t  l e a s t  h i ;  

f o r  a l l  y e  S. 

. . .  _ -- . 
Proof: For x  kernel(^), ( 1  + O;)X = joNx = 0 implies x = x . - 
k t  kemel(H) has order  a t  l e a s t  hi ; so 1 )  is established. 

The co~ponent  of C Z [ ~  + F] prime t o  2 is  a subgroup S of order 

h i .  Since multiplication by -2 i s  an autbmorphism of S , N o j  = 2 
N 

says tha t  j maps S 1-1 into a m m n d  of K (2 ) . For y --- - O P  

- 
o r  y = -y . This proves ' 2). 0 

In case h2 i s  odd h2 = h$ , and t h e  proof of A . 6  gives 

t'ne clear-cut  result: 

7 h o r e n  A*?. If the second factor h2 of the c l a s s  number for tha 

c - c l o t o d c  f i a l d  of p-th m o t s  of unity is  odd, thzn 

In [4] 1870, Kummer proved that 2 1 h2 in?ltes 2 hl (c.f. 

[ k b ] ,  p. 119). H e  shows t h a t ,  although hl i s  even for P = 29 
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ard p = :13, h2 is odd. Tnen he shows that both hi and h2 

-re even f o r  p = 163 and s t a t e s  t h a t  the same i s  t r u e  f o r  p = 937. I t - . . 
-. I : 

I 
:.u.=.er c o ~ a b d  h for ali p < 100 i n  [44] 1850 (see [50, p. 1 3 3  1 . I 

2 I 
f o r  t'ne correct ion h (71) = 7 . ~ 7 9 2 4 1 ) ,  and f o r  101 p C 163 1 

" I 

F? [WJ 1874. In  CQI, hl is incor rec t ly  l i s t e d  as odd f o r  p = 
I 

163.. Supposing that t he  o ther  coqmtat ions  are c o m c t ,  one o b s a m s  
>! 

. a 

tht f o r  p < 163 , hl is odd excspt viisn p = 29 o r  p = 113 . . 
I IE 

- I  ne conclude tbt p = 263 i s  the  least prime so that h2 is ev6n. 

- .EX p = 163 i s  t h e  least prima where have t o  f a l l  back from A.7 

to the weaker theorem A.6. 
- .  .r 

' ELenentS x i n  K (Z ) , so t h a t  x = x , are plentGul .  
0 P 

After a slow start tha f ac to r  hl grows rapidly: hl(p) = 1 for 

?ri-.s p < 2 3 .  h1(23) = 3, h1(29) = 8, hi(31) = 9 ,  h1(37) = 37, 

hl(L1) = 11.11 r 121, hi(&?) = 5.139, h1(53) = 4889,*.., hl(lOl) 

= 55=i~i*112j9301,  e tc .  K m e r  [&I 1850 gives (xithout proof) t he  

as;qAtotic f o,%ula 

31t it s e e m  no one has shown that > 1 for a p > 23. 
- 

On the  o ther  hand elemsnts with x = -x are hard to get hold 

cf, f o r  wormtion about h i s  scanty. It has been 
2 

e s x o Z . s h a d  t3at P ( p )  = 0 foi.  pi5;r.e~ p c 23 (592 N ~ R ~ o u s ) ~  [48,p. 

2563 ). Li [k7j  1670, Kurrmer shows that hp i s  d iv i s i b l e  by 3 

f o r  p = 229 , 2nd ke as se r t s  t h e  same f o r  p = 257. 

Vzri6iver [45, p. 5711 lzzs used a c r i t e r i s n  of Kumner to show 

-%t Plhl(p) f o r  p = 257 (biit T~hl (P)  for p = 229) .  Since 
N 

h 2 2 ? )  , Tkeoren A. 6 shows Tor example t h a t  the re  is in  K ( Z  ) 0 2-57 



an eloirent x of order 257 with x = ; and another elezent y - 
of o rder  3 with ; = -y . - Notice tkt (x + y )  f +(x + y) . 

N 

2 a k :  It i s  no t  t o  be thought t h a t  K (2  ) i s  a cyclic group - 0 P 

in geneml. In 1501 1853, X ~ e r  discussed t h e  s t ructure  of t h e  sub- 

gmup G of all elements f o r  which ; = x , i.e. t h e  subgroup cor- 
P 

responding to t h e  ideals  & i n  z[$] such t h a t  4 C(R) i s  principal. 

For p < 100 , 4 i s  odd SO that this subgmup is a sunimrid o f  order  
. 

hl by T~eorem A*?. He found bhat 

For o the r  p < 100 there a re  no repeated factors in  hi hence no 

stnxtwe problem exists. 
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