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l/ocobu% - Lucideon (Like TR“B- : n 1960 ,Moron Brousw | Mazur & Morse  provec Vet
No pogeess wos made in Hhase shidy (unlibe thad in PLdffwnbob) meg{ N i \
wnbl 1968 whan Kicby | Sicbenmann and Walk solsed most fra:ST L] ——> 5" 5 an embedding
gmestions  for |rwatv dimansion ol vvw«wifolds (ah least on mech Han  S"\ g(5"'x0)  han 2 compomernds D, D, such thak
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‘:'_‘;it)m‘_m deﬂwvm e aemmi : 5 } 3) Anndun Cov%ad:m«e
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él. Basic proper hes of 4opologecal M,owmfb‘ds

L‘Q‘k R"::{(x‘:——‘)xv\)éﬁéh\ xv\>O} .
ldenbify R ity §lky— IR [xnm0} =BRY

Defraton 11 A (topological) - mewdfald Gtk bovndany) is a
Hauodorth space M sudh trak each poink of M hao am opem
MWMQ& howeomorphic o R, . The nderiocaf M kM

s W seb ot points (M wlith howe m‘%bm/wkﬁoda Quwaoch
T R The boundong f M OM = M\ Bt M .

‘W{TM‘S Mc‘per\ sef Fw M )’QM 15 closed sek nM.

. Mg an open mam:&u L* G0 mm-com')adf amok /QM=¢
My & dlosed mamifld &b ¢ in towpack and OM - 5

EX&MQLM ) ij open. Avdoset of an V\-mM,{rfuu YN K-Wﬁ(vl
@ Lk M be & conmeched warafold  isith M= & | I xem
Har Fhomaommruicn, hi MM it k() “y.

ﬂ_\fﬂﬂm |2 (hwoamance og dowaw) Lok O,V CR™ be subsets
such Rk Ug\/.’l‘/\h\ Ulr U e open w [R“) {hoa so s \/
Hoof + Later (@)

Cmvuouﬂ‘} ‘F M vy am A-M(Wfou, then IM v am (A—D-Mamlfolc(
wilhvouk  boundony .
Procf - Suppose x€M and £: R} —>M  bea homed owhy « neighbourhood
Not £ in M. Then xedM & < e FR™) (%)
A cd fR™) = xe (RTN\R"') 2IR™
ZF xemk M = x¢IM | aw
(B) < 4OM =3 x bt M e Jeibhd U o{ « homeo o R“CJ‘(RQ)

@

so 3 nbhd Vol = which is spen . M st VCU homeo
4o open set in R™

€' (V) c Ry cR"
By Thaotem 12, §7'(V) is open i R™
Bl G4 Rt O IREY  vsipasitla.
Su.Ppcse x4 F(IR“") : Hhan :F"(x\)C-IRH , bk Hrzan fYV) con't be
& neighbowrheod of £76, 0 £7(V) not open A

SO REF(RY') = x€OM .
D®

Now suppose yedM | Lok g:RL—>M bea howos oo a wblkd P
h g e M P contiing open nhd Wol a in M-
Noo WM = Wng(®R™) by (x)

ond  xEWRDM = Dte\/\;,\g(nz"") .

o Wa QURH) n oo MWW& o& 4 WM e Ao G pan seb
W I a nh .M homeoto R™ an requuecl . -

CGYM If Mw\) N" oue mam(fnlalﬁ #@v\ MxN v an {(mn)- W\M\A]ou

s QMxN) = (BMxN) (M xBN)
e, Wk (MxXN) = IEM xInk N

P@_F: l)( £ € MxN |, then x has o ,\dﬁl\ml\gn& ko.wwmmpkfc
o RY x RY #RI™ 50 MxN s an (w) -wawafold
Claatly, Mk M x b N € (MmN
I e (@MxN) O(MXDN) | then = han nai%kkwrkm& homeo
Yv R x R™, R™«x Ry or RT xRy - all howr 4 TRW:“ h{} a luwu,cwm\ks\\
comging x o R By 60 | 2 €3VixN)
Nences rean L



Examples (o,y‘w\omi olds) ;

T R v e b ey e é
D S™ U an m- manifdd (streogfaphic. projection goes aheds) - clowed l
DB i  compack"manald ; with s, i
N RY s an M-Mam-:(blcl wiik Buwmlng R, f
v) Products OY’U'UZSQ i
v e, orthogonal goups O ave manifdds

Thare are alk differentin e momdfols THopological mamsfolds which do

Mk “)OSS?SS‘ a |Lln:\grpr\’h'a,lohz S‘*Y\L(MP .

Lema |5 f XCS™ s homeomarphic o 85, thon H,(S*\X\) =0 Wz,
PL_QQ%.T ‘)J nducbon e k |

Thwe t} k-0 'S"\{Pk.} ¥ R"

Aszume b f k=L ;e prove b for kel4d.

Choose home omor phism g:g_xI‘ ey X

Suppose o e H, (SN\X) @BN
Take teT -.ba"w\dmﬁmhﬂpouxnsis,H,(S“\f(leﬂ> =0

N S
0L i tepresented 53 Y bowdﬂmaa}mp.&w@du MCW S \f@*\
Inbhd Ny of £RxE) in S" such tak € lies W S*\N. |
- Jopen nderoal TpC T contniningt Sich Weak Clheawn 3™\ §(B'xTy)
Since wnit interuel s compack we cam cover by finikly mony o b Tis .
. dimseekion O=toct, < <t | st Et‘,,.,kp] C Fome Jg .

b N0 TS TSNS« Uot) (ashse 3 <)

Now 4>,,,.,P(oa =0 \7’1>.
Stappuse e fively hat doil)= O shut with o=l
By main induchve hypasss, HS"\f(@xt)) = O s= 6,041 .
Sels S\ ('« [tp, tq]) e spen
o S\ '{(‘Slxti) .

We hove (athee s“\ﬂa\:}o,m) TSN BB R e bed)

ST @ x o D)

@ M%@k - Viefons sayuence
O = F,(s"\Ff (8 [5,¢.,7) )

DH M FB bY@ H (SN £t it k) —0
W@P irwluce.c[ ‘7\\’ w,&,«mm

Sw Cbo)‘(d) =0 ownd C}J (:,\:+| (o(\ =0, e L\g,,q_ (}olm(d\:o - Luw?(;_ly,
Snall  ivoltncHon

: C}%lk(*) =0 ) e x>0 el Nr(S"\X) =0 ;a9 requurel
=

Lﬂ‘_"‘_“_l__éi If XCS" is homeomorphic 4o S¥, then H (S"\X) R (SV*)

E"ﬂ?‘ mdaction on k . Result is g \% k’o){;,, Sk\w o Pi‘hogo‘é::(,‘_w\' @

Asswme tesulk koldsf@ k=Lt . ‘)TB\& & for k=1

Chovse knmmm?NSM :F'.S"—-—)X )

Lot D, ,D; be northorn & soubham. hamas phares Jf— Sl)so DD =st D,nDlﬁ’SL

Sebs 5"\ X | S™\ {(D) » ST\E(D.DL) ppen . We hawe ladhice
S"\£(0,nD)

o
S™\4 (D)

N\

$"\ X

SN\$0)

Mmaw-\/idvv{f Sequtice N
0 5H (SN DA - H (SN — ©

Snce Mo (SNFON) & Wy 5\ f00) 2 0 by prevonn limnca
Wheneo reaudt by inductive JnﬁPoL,k@;g__ o
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@‘ Q@M]—z l} j”-swlﬁ—) S'\ s -l and CUY\M) thien
S™\fES™"Y han ("th 2 compononds .
Proof s Byle | M s™\f&™) 2 H,(S9) 2 Z

 SM™\FE"Y has heo Componlznfs .
]

Corollovny 18 I §:8"—S" is -l and condinuous then §(imt &)
S o e SN
Proof : By Lemma 1.5 H, (SVHBY) = O | 55 S™NE(BY 15 connacted .
New S\EESTY = FUtBY o S“\Si(B“)NM
ond - f(kR™) | S\ F(RY) are connecked, | gt S*\J(S") is not (by
qunmj \'7>' Thws S(ink Y and SN F(BY ove the am\pomu&: oQ
STNE™Y | and ane clogad tn STNF(SH)
Ny §%% §(wk B") Open. N S"\ff(swl) ,‘“\MQ#N( opem m St

O
Bacf of e 12 -
We hauve U,:/‘ULCRR"’ homeo gkj—’*\/ ,Uopen un ="
Choose xeU AE] closed n-ball B'CU  sidh condre x .
4 map g:R" —s S* whidh » Jomeo oo 9(0%"3

{G‘s.\m Cf W@hc ?rﬁ\achcw\\

95‘:U—-)S“ is -1 and conbinusus , SO 5:3\7 3F(h\k8") IS Sper S

amd 5(3") is 5‘*:\ w R
Neow f(ﬂ € f(mk () C—f(U)=V , So Vica m@uﬁwhmd o( .!(,a\‘

Smee V= EU) ,V s open i R,
O

L
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§2.The generalized Schisnflies thaotem

M WM,NmMW'{;US,M embedding of M in N s
a map £:M—>N which is a homeomorphism owh (M)

[‘F ™M '\SCoMPw:k'%.m oy 1-l conbimawn mop £:M—N s an
embedding , but this is not fnu in gerosal].

Theotem 2.2 (Morton Browm’s. Schionflies theorem)

W £:sMxE) S is an ombedding , Hhan each component
of "\ F(5™'x0) has closwe homeomorphic o B,

Prof : belaw,

Defnifion23 [ob M be & momifld and XC ink M .
A seb YCU such Hok Y¥B" amd X< htY,

Examples i) Any collapsible pdaredron in R™ is calludas
‘i) ‘f g:g”._) " s iy en\bcd;ﬂnﬂ,-{kz.\sn\f(@) s cellulas

lomma 2.4 FM is a manfdld jand XM is colludar then Wy =h
by a. homeomorphism fixed on. OM .

Proof i Stnce X caliular, TY,C Wk MY 2 B and XekYo
Yo has matnc d . Lok U= Cye 1d X,y < £ 1. Defre
induchively : assume Yo &M constucted with Xc mtY,,

X celludar =T kY, ) n U, such tad ¥, 2 B amd Xehet
Lk v, < tdeaor o - i M ]

\CDMYoJ}?D kY > . >X=ﬁY«

Yo Q



@ We conshuck kmp_owwrp’\isw\s he:M—>M such Hot
. 1) h, = 1

i't) kr’M\Yv-‘ = L\«v/-l M\Y¢-|

i) he(X) han diomeder < L Gt mabic d)

Suppose e, is defined . Choose & homeomorpism
Frha (e )— B
oo YChtb Y, | S0 £(h YD) € hkB" oo
A< st b0 € AB" and afno
Je>0st. Fiery hos diameter < & .
3 komwmor‘:b\i\om 9: 8" > " gl ek 3,‘88“21
amd 8(’*8.\\ ceR"
Deftne byt M —>M by
he () ={ ) x e\,
g Fha G xex,

o vengy i) :
he @) S £9 00, () < a8y c £ e
har diamaler < M .

Uehne (s} = Lim L (s} £ cach xeM.

\f x €M\x  Hhon xe M\Y: for some ¥ , omd

S helD =henl) = =K@ by 3 sohld) exisks.

e () Pheal¥) > 0w dlam hlt) —s 0
ﬁ h(v,) - Tyl fr o 4eM

‘ Ty —) 08
fxe X,heeh () so dihbo, g < 5 by &) )5kt —>y 2 ) .

h i€ conbinous ak xeM\X becapwe h=hy i a
neighbourhood o > (for soma ©)
h 4 contimouns ok x€X becamse Yo isaﬂvﬂ\‘h"“""‘
oo and  h(Y) c 3 .ol Y Fiommk inebrrepr—o—
Thun h wmduces & covdinmmoun wap
STy
Sice b tinciden 5 sowe e ockside BE X
| L"lm\x —> M\ ig} IS a kommovsvak«m
h(X) =y ,so h is b'n]'ec:f\'ve ,
ﬁ“M\x ;S OPQ,V\.
If Uisa nbhd. of Xin Mt USY, Smev
So ye kvn(Ym)C het '\,(Y.,) Clx(U)
omd ‘r\.(U) S o WM o{, y )Xakif6})?m.
O
Lomma 25 I XcWMEB is closed and B i hameo
to some swhset of S*, then X is calhuder.
Prook : Lk 1B —>S™ imdice an embedding 8, — $°
Suppase {O@ﬂj;
Then $(@ = F(B/) + % (AP Thm 12 4o niuds o e

Lk U be amgw-a‘\i)aur‘\md o{— X in BM‘,»((U) iSam%W
(4— 3 (1, Sm




1)

&/’ p(B“S sa proper closed subset fPSV\, .
‘LHNMMOMDWMGM,k}Sm—*gAﬂMkﬁmkL%@mm“f%%
and h(f(RY) € £(Uy: i
IYCS™ st vy 2R FBY< kY |
L@Zbe a swoll conuex ball sith yehdtZ  Then rackal wm
6“"” oo, ) . "
Define q:B"—> B by

ot - | S0 i

- = xeX

)M‘\. (g v codllhuous owce k=1 ahd 14 "K‘A(SOS\S -1

o

A ?
(sf(x-.) tY = F‘kf x well-dL{\"ud) ;

Now o) 2B and gy c 1), [BY <750 =U | and
g1 o nhd.of X ,’Iko,w{w—)“g(gnpx , omd X is clladonr
Foof of Theotem 22 f:s“"x Gl —Bs* s )
S\ £(5*'x0) har 4w componerds , D, and D .
Sowy F(s™ x-1) c D
Lek Xy = D\ F(S"'x (0,))
Xos DAFE"" < (1,0))
Than X, and X_ oue both closed [ amd X, u X_ =s"\((s>1,0)

Nok that £Ba(ST5 ) i = e )/

o '_”] Ma/P SISV\__)SK <. 8()(_‘3:3+ )8({)(_3:.3_ [N
ond glgm\(x, UX) B homeomorphism oty S\ U ,Y-1

U

; @ Y+ Y- akeszFoLQsoFS"_

X, uX_ i alelosed subsek of S
S AYCSY, YEB X, uX_ChtY
Since oY) s a prepes closed subset o' S

HkomtwwwrPMM h:S"— 8" quch that h=1on
0 naighbourhood of Y- ond h(g(v)) cS™\$y,1

Define $:Y =Sy
d=) ={9-'h9(x) g

‘ x

@'\*Lhwus since h=1 on o neighborcrheod OFU_
b is injective on Y\X, and PX)= gk
S induces g ewbeold@,,\g +1\%<+»—> S") Yar
Bg\j LQW 25 ) X_,_ iS (:Qu,(,«‘or

D*. quMﬂM@d with X+CD+'~' [t B+ :
Bg lemmg, 24 Dp& E/X v SV [o1]

Smilarly £ 1 o

x¢X_
xeX.

e

BV\
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Proof’ \f $: 9B —>OR" is a homwmmplw:m,bkan
b extends 4po. homsomorhisn b B>
(i coviows woy akm\gww\ii, C P ) = vy Ose<l xe%@
AR YL Y, are homeomorphue to balls  and
$:9Y, =Y, s homeomorphism , then b extends
o o howeomonhism Y, —>,
let O, ,D_ beCoW\pOf\.U\tS of S\ f(s*'x0O)
E, , E. —r - S‘“\QQSW' X O)
DCGVU;’LVLC(SMX@ Fo ke 33“") So L\-.(aEr—yaE;_
Sincg D, 2 Er ¥B" . I cay be exdended fo o

SV\“‘ x O = é si\'\ x O

o :B‘SW}(O :

O
Defivhon. 27 A collar o} M im M 0 an. ombeclding
f. MxL — M sweh Heal ,E(I)O) = x (xaM)

O

E}(Cq‘@g ._j P xT) o a molgﬁ\,boujkmd O{ oM v M ‘

Remosk 1 From nou m)wemba/cons&lw

VY\,dY\,ZD\HQ mwwﬁ)\d/) (_l're . o) MSM(J/\QR 2V\0\ ccwd:aﬂa)

Exerise. (dmpack manifolda are mebnizablo .
Theorem. 23 (Morton Bawen) If M is mabizabl |
then OM haa a collar wm M | o
% ¥ U isan open sk UnOM | say that U 15 ©
wllowed o U has o clor in ot masifold hito!
Lek VCU\OeaSW\auu' o‘)e,n S@{j
Lek ’,\:U~—>I=Ib,l] be o coydiimmows mop
such thak A =0 & x¢V. D@FY\Q_ a spndle
Y\Sugt'\)omwkwd OP V oam OxT 4o be
S(V,) =2 ®BeUxT [£<A® } (spervso o
neighbourhood. of V*O) .

Lomma 2.9 Lok £ Stv,2) — UxT ke an embedd
e 106 = 1. Thon J homeo h: OxT —» <1
such thak
‘>) hp =1 on S(V)}k\ ’J:\D“’SOW\L/,LS-\:. ,Asi\
\\ k\UXI\:FGW),'{)) S (\dju\ﬁha/

E@_o@)SPimuL nohds . L5 o lse of nbhda




- (6
QS> of Vx0in UxT SuPposq VxOCW, Wopen, {5 Lemma 210 1f U,V €M aue colloned | +hen

let d be a4 metvic on U - dofire & watvic d
on UxT by
d ((xot),(x',t@) = dx,x)+ H:—t/l
e L9 mim (A, 0), OT\WI PIRRINTY
COBESV, ) t< w0 D (b eW
SV, e W
Jp st SV, 20) €8V, 42) A FISIV, D)
3 e"'\bedduxg g:UxI —» UxT, (x,bB) V—> {(x,&) £722pc
with tmage UxI\S‘(v)}Q and. 8,
D&?Fm h:UxT — UxT by
N f-'(ff) ' x € ﬁ\/,}'ﬁ
(x) = {3)0@—}' ) xe £SV.AN £S(V, 1)

OISV, 21 ~ t.

* ¢ £(S(v, V) ,
K ortianss B KA0A8Y Kot
G447 ¥, fues |

COYLQM% of h & s venfred .
W fack, b 5w homeomorphism o £. hf =1 oV, )
ond h =1 e ofF frsw.») .

]

(x)pwrk&) k< '2/;(’:\

UovV is collored .

Frool : Lot f:UxT —>M , 9 VT —M ke cdla;
Choose 4:UuV—>T g that SN
Apply Lommn 2.9 o the embedding

g 574 SNV, —> VxT
ASUAV, W e SWAV, D and a homeoms
h. VxT — VxT

wt k3—"Cls(u'\v,p =1 Thoe gand f Ay
Q\ S (Un\/,/b .

Define open set U, € UxT by

Lk Uy = {yeM | d(y,u\) <d (g, 0\ § )\ imloy
So UinVy= @ ,U,nV, = b
Rl Ua=0Un £ W)V, =y A g ()



Q ’1ULVL Ug,,va(JPen UiaVe = @ f(u)nglx'(\/) (Z
(U\W) xO < u, (\/\u>><0c V, 2o

W= U, v S(UnV, )UV (sawﬁ\r\bsmjmoo(
Ui((u VX0 n VoV x I

W » 509 xeQuS(Unv, 3
Defnr b W— M ),34)(}{ “ >xéS(LhV/of:4

Then & 1o nell~dofincd, ol oAz

Covdiywom ond -1,
d»:UuV—>T such thakt SUV, Hc W
Defe ¥r: (U xT — M |

(£,0 V> dx, bW This is
Cortnuoun ame I-1 | and  hance an
Weddm\% (trwanonce of domain). o

R’DOPOF MOW 28 :

1) collowed et cooer DM becaurae
x€M = Jhomeo
We proved 0 (o[ 3 f(ﬂE"xo) covdouns & nbhd,\orf xw@M
TI’UZYL UW a Co/Lur 84»% J&:)
gn UXT —M (4,1 S@f"(@ B

[RR, —>M oo o bl of <t

If 6M i compact | i OM v collorad by
Lemma 2.10. Befpre  procarding 16 general

Case pe prow :

Lemma. 2.1D% [0k U, (en) be o disjoint {amily
of open collored. sets T Then &e)AU"‘ s collasecl
Proof : Lok V, = SyeM| dly, U< d (y, }&Uﬁ)g |
Thaa 0 am rpen neighbowrhood of O M and
c¥p = Vo(n\/@,=¢ .
MW& {u:UxT —sM ke a cdlhar of Uy -
Lk W= £V | o reighbowrdwod of Ux0
w U, x T
AV 0T sudh ok S(Ca,0) S W,
D?/{\\!\.Q gu: UL — M béj
Gu (5,8 = F (a1, 800 7) ¢,
LY D@\\ru;, 97 Ugu: (YU xI —M
Thsis & colar st Ut w M




d9)

~ We hawe pgg\l%%o&ﬁmi d X=9M tem
.\)X.\Se&@a@céwsﬁ
W) —6»'\&8 wrvwon ot collmred sets collmed
n) disieind uswow of wllred sets s cdlored
W) genfsets of colloared sebs gy are cllped |

Thew

’\)-'N) + XM,(L‘!YCC - x coucwe& .
lemmo. 2.10 %

&:;Mﬁ cowtkoble union of llosed. sebs is collaed
QV\,O\A%‘/\ o covstcLo,b: countable nosted wwons
U=TUu «th UcUc
Rb V- fxeu, | dix, X\UD > 273
Then U - 5 Vo o xeUy = JntRix, 2 < U, ,‘
= dlx X\ >27 = d(I,X\Un”?»:’*GV"-;

Noo Vo €V, dhdoassssshonrimmsdond,
AL N Bym L N\W
Thon A= QAk S olgmvdc WALOM Ufl colosed sels ~ J
hence collored . QMM{B%'B:ng !
Nay U=AURUV, s colleredl.

|
|
B
|

Gl o family of suosels o X o-dispind
‘«F &t W a coundoble wiom JF d&s\‘oﬁvxtgwlior\?

,/ﬁwwd/« e .

loruma 2.10% Every open cover of o metnc space X ha
a - disipink ref:vwmv\)c .
ool (cf Kellay , p.129)
L&%M%o’rmco&to’f ”YVWJ:Y\CSPCM X
f Vel Wt U= {xeU)d(, X\U) > 2"}
Than (U, XN\ p 27

vy
' WC X\Unfl Uxc X\ VM‘
omd oy, athef case A(UF VK > 2™

LA U,: =@m\ D) WW %W%BC(
UV o UV digjant

WEWQLL—(;O fyove fn)/"gl)(\ =X |

fxeX bk U be Best (.ot O wambee od 24,
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