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ON THE HOMOTOPY GROUPS OF THE EXCEPTIONAL LIE GROUPS

M. Mivwawnvca

Let G2, Fq, E6’ E7, E8 be the compact connected, simply
j connected forms of these exceptional groups.
The purpose of this note 1s to describe how to compute the
homotopy groups of these exceptional Lie gfoups.

In fact,

vi(GE) and vi(F4) are calculated in [6],
21ri(E6), 21ri(E7) and 2W1(E8) are calculated in (3],
pvi(E6), pwi(EY) and pvi(EB) (for odd prime p) will be

calculated by making use of the results in [7].

80. The regularity

Let G be a compact, connected, simply connected, simple
Lie group. The well known Hopf theorem states that
(1) H*(G;Q) = H*(X(G);Q),

ny ne

where X(G) = S *x ... x 8%, with n, = odd, 4 = rank G and
Zni = dim. Go

Recall [8] that a prim p is called regular if there exists
a map f:X(G) — G such that

f*:H*(G;Zp) = H*(X(G);Zp).

When one computes the homotopy groups of a Lie group G, one of
the most useful theorems is the following ([4] and [8])

Theorem (Kumpel-Serre)

dim. G

A prime p 1is regular if and only if p > N(G) = Tank G



The immediate corollary is

(2) Pry(a) = Pmy(x(0))

for p > N(G)
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So one can know p1ri(G) from the known results on sphere.

TABLE I

G dim. G N(G) p-torsion (ny, --v , n,)

G, 14 6 2 (3,11)

F) 52 12 2,3 (3,11,15,23)

Eg 78 12 2,3 (3,9,11,15,17,23)

E, 133 18 2,3 (3,11,15,19,23,27,35)

Eg 2U8 30 2,3,5 (3,15,23,27,35,39,47,59)

To compute the p-component of wi(G) for a prime p < N(G),

we use the following two methods, namely:

(A) Using the homotopy exact sequence of the bundle,

(B) killing homotopy methods due to Cartan-Serre-Whitehead.

8]. The cases where G has p-torsions.

(I) G=20G, and Fy for p = 2.

To compute QW(GQ) we use the homotopy sequence of the

bundle GQ/SU(B) = S6.

the generator of #S(SU(3)) =

The characterlstic class of this bundle is

The 2-components of Wi(Fu) are calculated by making use of

the exact sequence of the homogeneous space F4/G2. Here one has
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. - 1] 8
H*(FM/GQ’ZQ) = A(ylS,\QB), where Sq X15 = Yo3- (The result

Wla(Fq) = Z, 1s important in this calculation.)

(11) G = E6,E7 and Eg for p = 2.
The 2-primary components of Wi(G) for G = E6’ E7 and
Eg are calculated up to 1 = 22, 25 and 285 respectively in [7]

by making use of the killing method.

(II1) G = Eg, E7 and Eg for p = 3, G = Eg for p = 5.
In these cases one can also calculate the p-components

of Wi(G) by the killing homotopy method to some extent.

B2. The cases where G has no p-torsions.
We have that

, X, ..
s AL ’  ng

(For the values of p and (nl, cee ne) see Table I.)

(2.1) H*(G;Zp) = N¥

One of the main results of [7] is the following

¢ 1f and only if t - s = 2(p - 1)

1
Theorem In (2.1) éxs = X

and s + 2p + 1.

(1) G = G, for p = 3.

> 2
Consider the bundle G2/S = V7,2
— 7,2 such that it induces the isomorphism
14

Z5) = H*(S11;7

and choose a map

f:S11

H* (

V7,28 5)-
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Then we have the induced bundle £*Gy;

g

-— f")('(}2 — G2 — 83
|4
11
ST V1,2
and 1t gives the isomorphisms of 3-primary components:

3wi(f*Gg) ol 3Tri(Gg),

where the characteristic class of f*G2 is On, 2 generator of

3 3y =

(11) G = E, for p = 5 and G = E, and Eg for p = 7.

The above theorem enables us to calculate P (G) to

i
some extent by the killing homotopy method.

(III) G = G, Fu'and Eg for any p > 5 and @ = E, and Eg for

any p > 11.

The following are the results of [7], although they were

developed after the Conference.

2n+l 2n+2p-1

Let Bn(p) be S -bundle over S with the characteristic

P 2n+1
class al(2n+1), a generator of W2n+2(p-1)(s ).
Let X and Y be simply connected, finite CW-complexes. Let
p be a prime. X 1s called p-equivalent to Y if and only 1f there

exists a map f:X — Y such that

f*:H*(Y;2 ) = H*(X;Z ).
(Y; p) ‘( ; p)



(11)

(1ii)

B, (p)
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Then we have

Theorem

G2 1s
Fu is
FL[. is
F)_” 1is
E6 is
E6 is
E6 is
E7 is
E7 is
E7 is
E8 is
E8 is
E8 is
E8 is

E8 is

E8 is

Thus the p-components of

and sS™.

5-equivalent to Bl(5)

5-equivalent to B1(5) X B7(5)

7-equivalent to Bl(T) X

ll-equivalent

to B.(11)

1

5-equivalent to B1(5) X

7-equivalent to B1(7) X

ll-equivalent
ll-equivalent
15-equivalent
17-equivalent
ll-equivalent
15-equivalent
17-equivalent
19-equivalent
23~equivalent

29-equilvalent

An application

to Bl(ll)
to Bl(ll)
to B1(13)
to B1(17)
to Bl(ll)
to B1(13)
to B;(17)
to B1(19)
to B1(23)
to Bl(29)

vi(G) can

Consider the Hurewicz map

7T,(@)/tors — PH,(G)/tors,
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By (7)
X S11 X 815.

By(5) x B.(5)
B5(7) x s7 x si7,
X 89 ¥ Sll X 815 X 817.

X Bp(11) x sil x g19 x &°7,

x

B5(13) x 812 x 19 x &3,
x sT1 x g1 x 819 x §23 x $°7.

x

37(11) X B13(11) X 319(11).
B,(13) x By;(13) x B ,(13).
B,(17) x By5(17) X s23 x g9
Bll(lg) x §19x §°Tx 895 847.

>

=

x

x

B,(23) x s22 x §°7 x ¢35 x %9,
x 85 x 322 x 827 x %5 x 29 x &

be read off from those of

where PH, is a module of primitive elements in the coalgebra.
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Smith [9] proposed the following
Problem. To find the least integer N(t) such that N(t)-x is a
spherical class for an element x € PHt(G).

The above results, of course, can be applled to this problem.
Note that N(3) = 1.
N(11) = 2°:3:5
22.5, N(15) = 2°-3-7, N(23) = 2

G=~G

6

G=F,  N(11) -32.5.7.11

il

G=E  N(9) =2, N11) = 2°:5, N(13) = 2°-3.7
N(17) = 2%.3-5, N(23) = 2%3%.5.7.11
g = E§ N(11) = 2-5, etc.
This problem is closely related to the following
Problem Let G and X(G) be as in 81. To find a mapping degree
d(G):X(G@) = G for G the exceptional groups.
For instance: d(G2) = 120. I guess that d(G) i1s a function

of rank G, dim. G and the order of Weyl group of G.

84. Appendix. The table of the homotopy groups of exceptional
groups. (These facts are found in [3], [6] and [7].)

my (G)



11 12 13 14 15| 16} 17 18
Z+Z2 0 0 Z168+Z2 22 26+22+Z2 28+Z2 2240
Z+Z2 0 0 22 Z 22+22 Z2 2720+23
Z Z12 0 0 Z 0 Z+Z2 Z720+Z6
zZ Z2 22 0 Z 22 Z2 2120r236
0 0 0 0 yA 22 Z2 224
20 21 22 r 23 24 25 ‘
F4 0] 23+Z3 Zg7or29 Z+Ze+220rZ+Zu
E6 21512 Z3+Z3 ZQ7+2301~29+Zj
E7 22 Z6 Z1080r236 Z+ZQ+Z2 Zg+22+z2 26+Z2
E8 0 22 0 Z+Z2 22+Z2 Z6 >
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