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Secondary Compositions and the Adams Spectral Sequence

R. M. F. Moss

Let H: th* -> 14 be a cohomology functor from Boardman's
stable homotopy category [1l] to a graded abelian category; so
H is contravariant and takes exact triangles to exact triangles.

A spectrum X has an Adams system for H if there exist maps
X = Xo «— Xl €e— ¢ — X — X &

such that H(x) = O for all n Z 1l and if there are exact triangles

X
Xn-l E ///?n
\K

such that (1) H(K) is projective

(11) the natural transformation

{X:K} — HOI.nA’(H(K) ,H(X))

is an isomorphism.

We shall assume that X c X _,, for all n 2 1, and that x is
the inclusion.
If X has an Adams system for H and X' is any spectrum then

there is an Adams spectral sequence

* _*

Exw (H(X),H(X'")) ==> {X',X],
Moreover there are pairings of Adams sequences [3],
E(X',X) ® E(X",X') » E(X",X)

E(X",X') ® E(X",X") » B(X',X")
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and so Massey products can be introduced. If a € Es’t(X',X),
r

s',t!
1 b4
a' € Er (

X",X') and a" e Ei"’t"(x'",x") are such that

aa' = 0 and a'a" = 0, then the Massey product {a,a',a"> can

be defined as in IE] and'belongs to a certain quotient group of
Ep’q+1(X"',X), where p = s + s' + 8" -+l and g =t + t' + t" - r+l.

Similarly matric Massey products can be formed. (In E, Massey

2
products are defined by using the Yoneda product in EXEAZ and
the isomorphism E2 ] EXE‘L; as H is contravariant a sign is

involved in this definition.)

Theorem 1 (i) Let a,a',a" € E. be such that aa' = 0 and a'a" = 0.
Then
a' 0 a"
dr<a,a',a"> c - b a, s
bt a' b"
. s
where b = d_a, b' = (-)ldra', p" = (-)l+i dra" and
1= +t-s, i' = t' - g'.
(ii) If a,a',a" also satisfy ad a' = 0 and a'dra" = 0 then

dr<a:a':a"> c - <dra”a":a"> - (')l<a1dra",a”>

- (_)i+i'<a’a' ,dra">-

In the next theorem we must suppose that all Adams sequences
s,t s, t ,
o = r\ E. " for all s,t.

are weakly convergent i.e. E
s
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Theorem 2 Let a,a',a" be permanent cycles in E, such that
aa' = 0 and a'a" = 0. Let w,w',w" be homotopy classes reallizing

a,a',a"

in E_ and suppose that ww' = O and w'w" = 0. Then
<a,a',a"> contains a permanent cycle that is realized by an
element of the Toda bracket {w,w',w'> provided all elements of

the following groups are permanent cycles.

s itit-ntl, on '
s+s'=-n+1 (X ;X) where O g_ ng_ s+ s' - r
. ty s
En,i +1 n+l(Xm’X') where 0 < n < gt + g" - 7

s'+s" -ntl D S

Theorem 2 is false without the additional conditions that

have been imposed; in the mod-2 Adams spectral sequence of a

n

o’hl> is a permanent cycle but

sphere, the Massey product <h§,h
the corresponding Toda bracket <®4;16t,ﬂ> is trivial. In this

case Eg’35 contains the element hgh , which is not a permanent

5
cycle.

Recently R. Lawrence of Chicago University has developed
methods which allow theorems 1 and 2 to be extended to higher
Massey products and higher differentials.

The additional conditions of theorem 2 are needed to ensure
that the elements a,a',a" can be represented by maps whose
“éompOSition“ is a boundary of a map of the correct filtration.
Thus let a,a',a" be represented by maps
h: X' > X, h': x" - XLy, h': X" > Xgn. We can assume that
h(Xﬁ)ﬁc X 4+g 8nd that h‘(X;) c X! o1+ Then theorem 2 is implied

- by theorem 3, whose proof generalizes to give theorem 1(i);

theorem 1(1ii) 1is a trivial consequence of theorem 1(i). 1In
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theorem 3 we shall write u=u'+ s" = s+ W =g+ s' + g" and

Theorem 3 Let the following compositions be nulhomotopic

1
xv AL, X!, —2 5x  —S 4% \
s u P
h" 1" h! C
"t I 1 1
X —— XS" —> XU_" Xpu

Then <a,a',a") contains a permanent cycle that is realized by

an element of <{w,w',w").

Proof  There exist maps H: TX" > Xp, and H': TX' > Xén
extending the above compositions and such that H(TXR)‘c,Xn+u,.
So the following commutative diagram can be formed.

1
TX H > X1y —I 4 x

LT
L

TX ™ —Tﬁm—) TX'S'"

Let v € {X'”,Xp}* be the class defined by the difference element
d(hH', H(Th")): SX'" - Xp.

It is clear that, in {X”',X}*, v defines an element of

{w,w';w">. On the other hand, in [X'”,Xp U Tx,}ys 1yv = LA
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An examination of the elements that v+ and y define in

{Xm,Xp v Txp-i-l}*

the Massey product <a,a',a").

shows that y does indeed define an glement of
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