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HIGHER PRODUCT OPERATIONS

Gerald J. Porter *

It has been recognized for some time that the Massey product operation
in cohomology and the Toda bracket operation in stable homotopy were in
some sense similar operations. However, the Massey product has always
been defined in an algebraic category and the Toda bracket in a topological
category. We define a universal topological higher product such that the
associated internal product is the Massey product and the external product
is the stable Toda bracket. This construction extends the definition of
Massey products to cohomology theories arising from associative ringed
spectra. We sketch the construction and give the properties of such pro-

ducts. The details will appear in [4].

DEFINITION OF HIGHER PRODUCTS

Definition 1: A ringed set of topological spaces, G{:= {Ri, i€z, u}
a collection of based topological spaces and maps,
e Ri X Rj ~ Rk (some %k ¢ I) , such that p(r, *) = p(*, r) = » for

all r €R . We say y is associative if

1 x = X 1 [ R R - R(i.5
u( 1) ulp ) Rix jx . (i,3,k).

We denote the range of | on Ri X Rj by R(i,j) and assume that

all possible pairings on Rj Xe oo X Rj have R(jl,..., jn) as their
1 n

*The author was supported in part by NSF GP-6969.
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common range.

Example 1: CX\= (sP, p 20, u} where u:sP x s - sP*Y ig the quotient

map .

Example 2: &= {K(m, n), n =20, u, m a commutative ring with 1)
w:K(m, n) x K(m,m) - K(r, m+n) is the map which induces the cup product.
There are many models for K(m, n) and many maps y . However it is

possible to choose models and a map u such that | is associative.
Example 3: For any ringed set,G{ ; the associated ringed set

n _ -
TR = (% Ri’ Ri E(%( , h 20, u) .where

h: 2R, x IR, - =%
i 3 1tj

is defined by

t » 8)) = (t

u((tl’coc,tn, r),(tn+l,-'|’ n+m

127 tm+n: H(r) s))

where | is the product in ®_ and r € R,y s € Rj .
t .
The universal n—h-order product, corresponding to the n-tuple,
» LA 4 R. . i 3 LI ) i i
(RJ , , ) RJi € ﬂ\, is denoted Bn(]l, , jn) and is an element

1 Jn

of [E (j,,e00, 7)), Qn-zR(j »y+s+y J_)) where Q is the loop space,
n 1 n 1 n

square brackets indicate homotopy classes, and En(jl,..., jn) is the

universal example for ﬂn(jl,..., Jn) .

We first construct the universal examples Ek(jl,..., jn) ;, 2 <k <n.

If k= 2 set Ez(jl,..., jn) =le Xo oo X Rj .
n



nY

. - . - . . - - R . /) . S - » -
92(]1, 32).le X Rj2 R(Jl, 32) is the product py in & Assume in
ductively that er(jl,..., jr) has been defined for r ¢ n and
Ek(jl,..., jr) has been defined for k¥ v n and r >k . Assume further-

more that for t 2k +1 and s <n - ¢t there are canonical pio;:ctions

k . . . .
qs,t' Ek(Jl,..., Jn) - Ek(js,..., Js+t) such that

k Xk _ Xk
qr-s+1,k-l qs,t - qr,k-l

whenever s s r ¢ r+k -1 <s + t .
For r > n we set En(jl,..., jr) equal to the fibre space induced

from the path fibration by

r-n+2

. . n-3_ . .
é e En_l(Jl,ooo, Jr) - -H Q R(Ji’uno, Ji+n..2)
i=1
r-n+2 n-1
where % = 121 LNRS FRRREY ien2)9 non
r-n+2 n-3
We regard En(Jl’n--, Jr) C En-l(Jl’--', Jr)x .H PQ R(Ji,voo,31+n-2)a

i=1l

n -
q is then qn 1

s. t s.t on the first factor and the obvious projection on the
2 2

second factor. This completes the definition of En(jl,..., jr) .

. . . . k-2_ . .
~ Let h()i,..., Ji+k—l)'En(Jl""’ Jn) - PO R(Ji,..., Ji+le) be the

composite of En(jl,..., jn) - E and the projection

k+l(]1"..’ Jn)
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k

. -2, . )
Ek+l(31""’ jn) P Q R(Ji,..., ji+k_1) . (More precisely the second

projection should be included in the induction hypothesis). Also let

h(ji):En(jl,..., jn) - Rj be the composite
i

En(jl,..., jn) - EZ(JI""’ Jn) - Rji

where the second map is the obvious projection.

We generalize the definition given by Kraines (2] and define

n-1 i+l
en(Jl:"‘) Jn) = izl("l) h(Jl"": Ji) * h(Ji,l_l:"‘,]n)

For this to be meaningful, we must define what we mean by multiplication
and addition in the above expression.

Let L” ¢ in be [(tl,..., tn)| ti = 0 some i} . We take as

‘n+ +
our model for a°X , the set of maps f:(In 1, L? 1) - (X, *) ; and for

our model for PQn-lx , the set of maps f:(In, Ln) - (X, #) . Each of

these spaces is given the compact open topology.
Let F:X - 0'Y . The iEE face of F , Fh:x - Pﬂn-lY , is defined

i .
by F (x)(tl,..., tn) = F(x)(tl,..., ti_l,l,ti,..., tn) . We write

n+l . .

. + -

F = ,El(-l)l+lFl . Conversely given maps Fl,..., F 1, FliX~PQ" 1Y s
i

which are compatible (in the obvious sense) we define their sum
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n+l

L (-1)
i=1

41
i lFl

i
F to be the map which has F as its ish' face.

1]

This is addition in the sense of the homotopy addition theorem.

1

n-1 pe-lg (pq” Rj = Rj) be given.

Let £:X - PO Ry and g:X - PQ x

Define (f * g):x - pA™ ™ !x(j,%x) by

(£ - g)(x) (¢t cee,t )

t ) = “(f(x) (tl’..o’tn)’g(X) (tn m¥+n

177777 "mén +1’

where | 1is the product in the ringed set &1.

Assume inductively that for k <« n ,

N :
(8, (3y,+0053y)) " = N3y, eeey 3,00 Bl se005dy)

then the maps h(jl,e..,ji)- h(ji+1,...,jn) are compatible and the above
definition of en(jl,---,jn) makes sense and satisfies the inductive

hypothesis.

Definition 2: Given @:X - En(jl""’jn) , the nEE order Massey product

Mn(m) , is defined by

R . . n-2_ .. .
Mn(cp) cp [en(]l)."’Jn)] E [X,Q R(Jl’-..,Jn)]
We say o 1is of type (fl,ﬁ.,,fn) if hj P = fi for i=1,...,n .
i
The set of nEE order Massey products of type (fl,..., fn) is defined
by

<fl,...,fn> = {Mn(w)l @ is of type (fl,..., fn)] .



270

The definition of the external product is a bit more complicated.

First note that if n > 2,

n-2_ . . n-2_ . .
[xlx...x X ,0 R(]l,..-,jn)] has [A(xl,..., Xn),Q R(Jl,..-,Jn)]

as a direct summand, where A is the smash product. Let qd be the pro-
jection onto the above summand.

We say @:X, Xe..X Xn - En(]l,..-,Jn) is special if

1

h(ji,...,jk+i_l)¢ factors through Xix...x for 1 <k < n and

Xtiol
l1<is<n+1-%.

i ’ . . . th
Definition 3: Given anlx-.-x Xn - En(jl,...,Jn) », the n—=— order

Toda product, Tn(m) » is defined by
n n 1) b n 1: ’ n ’ 1’ ’ n
We say ¢ is of type (fl,...,fn) if ¢ covers

. . th
flx...x fn.xlx...x Xn E2(31,...,]n) « The set of n order Toda

products of type (fl,...,fn) is defined by

{fl,...,fn] = {Tn(m)l ® is special of type (fl,...,fn)] .

(Special maps are used to keep indeterminacy small.)
Thus the Massey products are the internal products and the Toda
products are the external products associated to the universal products,

en(jl’..',jn) -
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We note that Mn(@) and Tn(w) are unique elements while

<f fn> and {fl,...,fn} are (perhaps empty) subsets of tre

l,...’

appropriate homotocpy groups.

THE PROPERTIES OF THE HIGHER PRODUCTS

Corresponding to each property of Mn(cm (Tn(w)) there is a corollary

about <fl,...,fn> ({£ fn}) . We state only the theorems about

l,-u-,

Mn(m) and Tn(w) and leave the corollaries to the reader.

Theorxem 1 (Naturality)
a) Let f£f:X - Y and ¢:Y - En(jl,...,]n) then
* = . .
£ (9)) = M _(of)

b) Let fi: Xi - Y., l <iz<n and P:Y ] Xe e e X Ynﬂ En(jl,...,jn)

then (A(fl,...,fn))*Tn(¢) = Tn(@(flx...x fn)).
Definition 4: Let G{ and J be ringed sets. F:Qa\ﬂ { is said to be

a morphism of ringed sets if F = {f(3):R(3) - Ss(j3), J € J} 1is auch

that the following diagram commutes for all (i, j) ¢ J x J .

£(i) x £(3)
R(i) x R(§) ————— 5 S(i) x §(J)
o R (i, ) ans(i, 3)
~ £(i, 3)

R(i, 3) —r =y 81, 9)
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Theorem 2: Let F: @ - f/ be a morphism of ringed sets and let

en and 6;; be nEE' order universal products corresponding to ﬂl’and

.

¥ . . R L. 3 RS ceu
. respectively. Then there exists F :E (31, R Jn) En(Jl, ’ Jn)

which covers f(jl) Xe oo X f(jn) and such that

ne2 . . R
Q. F = 0 (f(Jl:"‘: Jn)) en .

Corollary: Let IF:CQ1~ Qg be a morphism of ringed sets
a) if ©:X —» E(§i,e., 3.) then (D T2E(3.,c00,5.)) .M (9)=M (F @)
n -1’ > “n 1’ ’ n’ " *'n n n

. R, . .
b) if .CP.XlX-o-X Xn En (Jl,cc-,Jn) then

-2_,. .
(Q 7T E(3, 4,3 )),T_(@=T_(F_o) .

Definition 5: 1If [Ri’ Ri] is a group for each R, €RX , let k:R,~ R,

be (Id +...+ Id) (k times) . We say 6{ is linear if the following dia-

gram commutes.

1 Jj .‘
\
A2 Laz
v N
RG, 3 > R(, )

where the top map is either 1 xk or %k x 1 .

Theorem 3 (Linearity). If GK is linear then for each t, 1l <t =sn,

. n . . . . .
there is a map kt : En(jl,..., jn) - En(Jl,.-., Jn) which covers



A

1 XeeoX K XeoaeX 1 2 R, XesooeX R, XewoeX R, = R. XouoX R, X...X R, and
n
such that o0 k = kb6
nt n

, | | "
Corollary: a) Let @:X - En(jl,---, ]n), then Mn(ktw) = an(m) .
b) Let @:xlXo oo X Xn - En(Jl, LI Jn)’ then

n
Tn(kt p) = an(cp) .

Theorem 4 (Higher Associativity)

a) Let @:X - En_l(Jl,..., jn) be of type (fl,..., fn) , then
. n-1 _ n+l n-1 .
fl Mn-l(qZ,n-Zw) = (1) Mn-l(ql,n—Zw) fn
. . n-1 n+l n-2 .
b) The projections of fl Tn_l(qz’n_z@) and (-1) Tn-l(ql,n-2¢) f

n

. -3_,. .
into [A(Xl,..., Xn), 9) R(jl,.--, ]n)] are equal.

Theorem 5: a) Let Yo X - En_l(jl,---, jn) be a map of type (fl,...,fn
which can be lifted to En(jl,---, jn) then {Mn(¢)| o lifts wn—l]

is a coset of

-2, . n-2_ . .
fl‘ [X,Qn R(JZ’-..’ Jn)] + [X;Q R(le"‘:J )] - £

n-1 n

b) Let mn-l: Xlx...x Xn~ En_l(]l,..., Jn) be a special map

of type (fl,..., fn) which can be lifted to En(jl,.--, jn) then
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{Tn(¢)| v lifts is a coset of

cpn__l]

. n-2_ .. . n-2_ . . . ’
fl [/\(XZ,...,Xn),Q R(jz,...,Jn)]+[/\(Xl,...,xn_l),Q R(Jl,,..,Jn-l)] fn
Theorem 6: Let (:IX - En(Jl,...,gn) , then Mn(w) =0 .

n-1

Corollary: Let Q*:[X,Qn'zR(jl,...,jn)] - [(X,Q R(jl,...,jn)] be the

cohomology suspension. For all @:X - En(jl,...,jn) s Q*Mn(m) =0 .

Theorem 7: In IR _ 1let En(j1’°'°’jn) and En(Ejl,-..,Zjn) be the

universal examples corresponding to (R, ,..., R, ) and (SR, yees, IR, )
1 In 5 In

respectively. There is a function o, which associates a map,

on(w):le Xe oo X an - En(Zai,...,Zah) , of type (Zfl,-..,an), to each

map m:Xlx...x Xn ~En(]l,.5.,jn) of type (fl,...,fn) such that

Tn(ch(m)) = ZnTn(w) - Thus ‘'stable' Toda products can be defined.

Remark 1: 1If Oi’is not associative but is homotopy associative then we
define the analogue of Stasheff's A -forms [5]. 1Ff } has An forms

for n <k, en may be defined.

Remark 2: Under a more general definition of ringed set, the matrix
Massey products of May [3] and the matrix Toda products of Cohen [1] are
special cases of the above construction. In particular, one considers a
set of topological spaces and products between distinguished pairs of
spaces. The theorems stated above remain valid in this more general

setting.
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Remark 3: The commutator product in (X 1s not associative or homotopy
associative; however, it does satisfy a Jacobi identity. 1In this case,

there is an analagous construction which yields higher Samelson products

and higher group commutators.
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