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The Image of J as a Space Mod p

James D. Stasheff

The J-homomorphism of Whitehead [10] was originally defined
for homotopy groups, but it has an important interpretation in terms
of fibrations. The (classical) classification theorem for vector

bundles reads:

Theorem. The equivalence classes of n-plane bundles over a CW-
complex X are in one-to-one correspondence with the set of homotopy

classes [X,B0(n)].

" Two vector bundles over X are called fibre homotopy equiva-
lent if their sphere bundles are homotopy equivalent via fibre wise
maps and homotopies. Iet G(n) denote the topological monoid of
homotopy equivalences Sn —_— Sn and let F(n) denote the sub-

monoid of base point preserving ones. Dold and Lashof showed:

Theorem. Fibre homotopy equivalence classes of n-plane bundles over
a CW-complex X are in one-to-one correspondence with the image of

[X,B0(n)] — [X,B06(n-1)] .

As for [X,BG(n)] , I have shown it classifies spherical

fibrations S" —>E —> X .

Suspension induces a map G(n) —> F(n+l) . Taking X = s

and noting F(n+l) is two components of Qn+lSn+l we can analyze N

the above map.

ﬂq(BO(n)) —_— nq(BG(n-l)) x o
b Q

1y 1(0(m)) —> =, (6(n-1)) — =, (F(n)) = (s") .

ﬂ:q+n-l
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The lower composite is Whitehead's original J-homomorphism [10].

For q small with respect to n , the groups and homomorphism

are independent of n . This is the stable J-homomorphism
3 S . ‘
J: nq_l(o) —_ Tyl ? the stable (g-1)-stem.

Except for a factor of two in certain dimensions, the image of
ﬁq_l(O) is known. It is in fact a direct summand. There is some
evidence to indicate that this image 1s realized by a subspace of

BG = BF .

Conjecture: There exists a space BJ and maps BO —> BJ —> BF
such phat

1) the composite .is the usual map

2) ni(BO) — ﬁi(BJ) is onto

3) ﬁi(BJ) — ni(BF) is mono.

Since ni(BF) is finite for each i , we can define spaces
BFp, P prime, such that BFp has only p-primary homotopy and
BF ~II BF . If BJ existed, it would have the same sort of decom-

p P
position, so we attach the conjecture in p-primary parts.

Conjecture mod p « There exists a space BJp and maps

BO — BJp — BFP such that

1) ni(Bo) —_— ni(BJP) is onto
2) ni(BJp) —_— ni(BFp) is mono
3) ﬂi(BO) —_— ni(BFp) is the p-primary component of the

J-homomorphism.
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Since this research was initiated, Clough has attacked the
case p =2 [3]. This paper is primarily concerned with p > 2 ,
but an effort is made to indicate how much of the argument is the

same for p =2 .

Theorem 1. For p > 2 , there exists BJp and a map
BO —> BIp such that ﬂi(BO) maps onto ﬁi(BJp) which is iso-

morphic with the p-primary part of Im(ni(BO) —_ ni(BF)) .

These particular spaces BJp were suggested to me by
Frank Adams.

This theorem depends on our complete knowledge of the
p-primary component of the image of the J-homomorphism. Our next
concern is to discover the cohomology of this space, which turns
out to have a particularly simple structure related to known
characteristic classes of spherical fibrations.

1

For any oriemtable spherical fibration S & —>E -5 B,

we have a Thom isomorphism @: H-(B) —— H™ (CE U B) . With z,
It

coefficients, p > 2 , there are characteristic Wu classes
q; € Hgl(p-l)(B;Zp) , analogous to Stiefel-Whitney classes, defined
by
-1 pi
a, = §7 P ()
where 591 is the i-th Steenrod reduced power operation. In par-
ticular qi is defined in terms of the universal example as a class
* *
in H (BSF;ZP) or H (BSO;ZP) . Here the letter S is used to

refer to the component of the identity of O or F . With Zp

* *
coefficients, H (BSF;ZP) ~ H (BF;ZP) , as remarked by Milnor [5],
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since BF ~ BSF X K(Z,,1) . Finally we have need of the Bockstein

(connecting) homomorphism B: H( 5Zp) —_— Hl+l( ;Zp) derived from

the coefficient sequence

0 > 7 7 7 0 .
P p2 iy

Theorem 2. For p>2 sand i > 0 there are non-trivial

classes T, € Hzl(p-l)(BJp;Zp) with non-trivial Bocksteins Br,

such that Ty maps to qi in BSO and
1 (BT ;2 ) ~ 7 [r,] ®E(pr,)
'’ T i Prs) -

We also describe the k-invariants of BJp and relate them

to a certain cyclic exact sequence of Toda [9, p.1koO].

§1. Iocalization: The p-primery parts of a space.

Given a space X with ni(X) finite for each 1 , there
are spaces Xp for each prime p , such that X = g Xp and ni(Xp)
is isomorphic to the p-primary part of ni(X) . These spaces can
be defined functorially as follows:

For any homotopy associative, homotopy commutative H-space
X , the set of homotopy classes [ ,X] is a representable functor,
and it follows easily that [ ,X] ® Qp is also where Qp denotes
the subgroup of the rationals consisting of those which expressed in
lowest terms have deonominators prime to »p . ILet Xp represent
[ ,x] 8>Qp . The stated properties follow easily if ni(X) is

finite.
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Another case of interest is BOp . For p o044, there is

p-1

a space Wp such that BOp ~ iEO thWb [7, p.299] and
H*(wp;zp) ~ Zp[qilt > 1] .
§2. The Adams maps and BJp for all p.

The space BO represents ﬁb-theory, at least on finite com-
plexes. J. F. Adams has described operations \J/k in KO-theory which
are represented by maps Wk: BO — BO . We are interested in the
map Wk-l or rather would be interested in a desuspension mapping
BBO —> BBO , except that such does not exist. By Bott periodicity,
we know BBO exists, namely it can be defined to be Q7 of a suitably
connected covering of BO . Adams shows that under Bott periodicity
we have

k
Ko(s8x) R AN KO(SSX)

q kl; k A
Ko(x) —¥ > xo(x) ,

which means that kuwk: BO —= BO can be "delooped" eight times.

Turning to Wk ® 1: BOp — BOp , 1f k is prime to p , we see
that it can be delooped eight times to a map induced by vk 8>l/kh .
Now let f: ]3130p _— 13130p be induced by 97(14;}‘ ® 1/1«:1* - 1)
and let BJp be the fibre of f for k a primitive root of unity
mod p such that KP-T # l(pg) . BJp is up to homotopy independent

of the choice of such k .
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Equivalently we can regard BJp as induced over BBOP by

f from the path space fibration over BBQp

BO BO
lp Lp
BJ —> [ _BBO
lp ‘Ll P
BBOP—E—-——>BBOP

Thus we have our map BO —> BOp —_— BJp

From Adams [2] we learn:

vl

is multiplication by (k°1-1) .

Now let p be an odd prime. If k is a primitive root of

s=-1

pS

is the largest power of p dividing i/2(p-l) « This is precisely

unity mod p and 1Pt #£1 (pg) , we have ni(BJp) ~ % _ where p

the p-primary component of the image of J [6, 1]. This establishes
Theorem 1.

For p=2, a space BJ2 is defined by the same method, but
the homotopy groups are not the 2-~component of the image of J .

However, this discrepancy is necessary, except in very low dimensions,

as indicated by Clough.
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§3. The Postnikov system of BJ.

Next we study the k-invariants of BJp . For any space X ,
let X[0,n) denote the (n-1)}ststage of the Postnikov system of X ;
i.e. there is a map X — X[0,n) which induces Jti(X) zni(X[O,n))
for i<n and ﬁi(X[O,n)) =0 for i>mn . We are interested in
the k-invariants k € Hn+l(X[O,n),nn(X)) which determine the
fibrations X[0,n+1) — X[0O,n) . In particular for X = BJp , we
have k, € I—I2i(p'l>+l(BIp[O,2i(p-l)),Zru(i)) where u(i) is one
more than the power of p in i . Iet r = 2(p-1) .

Since BJp[o,ir) = BJp[O,(i-l)r+l) , we can define classes

(i+1l)r+1
by €8

Z i),ir;Z

( pp'( ): ) P)

by restricting k, , to the fibre of BJP[O,(i+l)r) — BJP[O, ir) ,
and reducing mod p . The sequence (£ i} realizes a certain exact

sequence of Toda [9, p.140] in & sense we will meke precise. The

exact sequence in question is:

A Rp"2>A > ... %,A
Bfl-ﬁylﬁ\ /l;Pl
A/B®a/p

with Ri(a) = a[(i+1)’Kng - iB )’1] . Toda uses R, for

1 <i< p-2 ; we will also refer to Rp—l with the same definition

and for i > p , will regard R, as the same as Rj where 1= j(p) .

Al
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Theorem 3. For i # O(p) , we have Zi+l = kRi(lﬁr) for
. _ 1 1o,
some AN#O0 € Zp . For i=0(p) , we have £i+l._x(sj7 + l’ B )Lir

where B' i€ the higher order Bochstein which is non-zero on ‘ﬁr .

Proof. The k-invariants are determined only up to automor-
phisms of the system so the coefficient A is unimportant. If we

consider BJ —> B;p 5, then £i+ will map to a corresponding class

1

)

£i+l

¥* .
€ H (Z,ir;Zp)

which, according to Milnor [5] or Singer [T7], is B ¥ l“‘zr up to
such a constant A . Thus £, must be of the form R.¢L. for
i+l J ir

some J , up to such a coefficient A\ . (For i=1, we eliminate
a possible term LBl by recognizing that BJp is a loop space.)

Conslder first i = p-1 . Since = = 7 , we must have

pr p2
1
B = 0 which implies £ = = AR . Thus
D P p =8P L 0y, p-18(p-1)r
for kp to exist, we must have B Kjlﬂp_l = 0 . B8ince we are in
*

the stable range of H (Zp,ir;Zp) for i> 1, Toda's exact
sequence, together with the fact that f3671Rp_1 # 0 , implies kp

could exist only if ﬂp were a multiple of Rp-2‘%p-2)r » and

-1

we know Zp 1 cannot be zero. By recursion we establish the theorem

for 811l i<p .
To handle zp+l , notice that for i = O(p) , in the stable
*
range, H (Zpu(i),ir;ZP) is isomorphic to A/B ©®A/B where one

copy is (A/B)l,ir and the other is (A/B) —II{(BTFT t.ir . Since
P

£p+l is a non-zero class of which the transgression restricts to

zero in K(Zp fp-1)r) , Toda's exact sequence implies £p+l is a
2
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non-zero multiple of (BFl + Fl E(%'_l )"pr .

Repetition of this argument and the similar one for i # O(p)

establishes the Theoren.

Clough has analyzed the case p =2 .

' *
§4. Computation of H (EUp;Zp) for p>2 .

From the definition of BIp » its cohomology is intimately
related to that of BSO and BBSO . For p > 2 however the same
space may be obtained by replacing BSO by BU and BBSO by BHU .
Recall that H (BU;Z) ~ Zle; |4 >1] where c, is the i-th Chern
class. By Bott periodicity H*(BBU;Z) ~ H*(SU;Z) , which is
E(yili > 1) where Y; € H2i+l(SU;Z) « We need a more detailed
result.

Tet S5 be the symmetric polynomial ici teoot ci which

is primitive. TIf we write c; formally as the i-th elementary

symmetric function ci(t tn) n>i then s, =3 t; .

l,.."
*
Theorem 4. H (BBU;Z) zE(dili > 1) where d; represents
TS, .
Proof. Consider the Eilenberg-Moore spectral sequence
ith E, = Ext (z,2) i to E H*(BBU)
wi » = Ex Hx (BU)\2 which converges to o .
Hy(BU;2) is isomorphic to Z[yi] where y, is dual to s, .
A "little" resolution of Z over Z[yi] is Z[yi] @>E(zi) with
A — . . o g . . .
Z5 v Thus Ext H*(BU)(Z’Z) is additively isomorphic with the

dual of E(zi) . Since the E_, term of the Eilenberg-Moore spectral

2

seqQuence is a Hopf algebra, it must, as an algebra, be an exterior
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algebra. The spectral sequence collapses since the chains of BU
can be given by a complex with trivial differential. 1In homology
the classes zZs survive to E. as representatives of ay; » SO in
cohomology, Em is an exterior algebra cn di . Since di is odd
dimensional, Eoo is free commutative and there is no extension
problem; the theorem follows.
*
Now to compute H (BJp;Zp) we need to know the effect of
* % .

Wk-l on H (BU) . From Adams we learn (Wk-l) 5, = (kl-l)si .
Thus in the fibration BU—> BJ —> BBU, ve have ts, = (kl-l)di .

We also need to know the behavior of the Wu classes. Iet

*
qi € H (BU;Zp) denote the pullback of the i-th Wu class into BU .
Since the Wu classes can be expressed in terms of the Pontrjagin
classes reduced mod p [4, p.120], the 9; in BU can similarly be
i T . i =
expressed in terms of the Chern classes. We find qi xci(p-l)
modulo decomposable elements with A # O(p) . Thus, A = Zp[qi] is
*
a sub Hopf algebra and we can write H*(BU;ZP)=¥A QDZp[yj|j #£ 0(p-1)]
where #* denotes the dual Hopf algebra. Since k = 1(p) iff
* *

i = 0(p-1) we obtain H*(BJP;ZP) ~ A ®E(di(p_l)) [8, p.130] ana
H*(BJ 32 ) ~ 7 [q.] ® B(a ) , where projection onto Z [g.] is
p’7p P i(p-1)" "’ i

induced by pulling back to BU .
Next we wish to show, by a change of basis, the generators

d can be replaced by Bri where ri are classes which pull

i(p-1)
back to qi in BU . For this purpose we look at the Eilenberg-
Moore spectral sequence for the principal fibration

BU,—> HJj,—> BJ_ . We have E, =~ Ext H*(BU;ZP)(H*(BU;ZP)’ZP)

where H*(BU;ZP) is a module over itself via (wk-l)* . The spectral
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sequence again collapses and Ew being free graded commutative will
be isomorphic to H*(BJP5ZP) .

In general if A ® R 1is a resolution of M over an algebra
A a].nd f: A—> A' is a homomorphism, then we can compute Tor , (A',M)
from A' ® R where if o(1®r) = = a; ®r, then o'(1®r) = Zf(ai)®ri .
Since H,(BU) ® H,(BBU) with Od % =y, 1is a resolution of Z over

H(BU) , we can compute Ext (u,(BU) ,Zp) as the Zp-cohomology

Hy(BU)* X

of H,(B) ® H,(BBU) with Od * = (kl-l)yi . Since k' =1(p) iff
* *

i = 0(p-1) , we get A ®E(di(p_l) ) . Dually we have Zp[qi]®E(di)

. i(p-1
with §si(ql,...,qn) = (k (p-1)

-1)a; . This is trivial mod p , but
we must look at it to determine the Bochsteins we need. We can write
8¢, = M, modulo decomposable terms. On the other hand
Si(ql""’qn) = ig; + decomposeble terms, so we have I\ = (ki(p-l)-l).
Now there is one more power of p in ki(P'l) -1 then in i
[1, Iemma (2.12)] so p divides A but p2 does mot. Thus 4,
can be replaced as a generator of H*(BJP;ZP) by fr, where T,
pulls back to qi .

An argument for p =2 similar to that just given is possible
for a complex analogue of BJ2 , called BJC2 « We find that
H*(BJCQ;ZE) ~ Z2[ci] ® E(di) where d, can be chosen to be Bc,

if i is odd and g c__.L if 1 1is even. This difference occurs
because (ki-l) is divisible by 2 but not 4 if i is odd, while
k21-l is divisible by one more power of 2 than 2i is, i.e. by 2

more powers of 2 than 1 is divisible by.

ot
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