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Introduction

These notes are based on a seminar held in Cambridge 1960-61. In writing up,
it has seemed desirable to elaborate the foundations considerably beyond the
point form which the lectures started, and the notes have expanded accordingly;
this is only the first set. It is divided three parts:

e Part 0 Analytical Foundations
e Part I Geometrical Foundations
e Part II Theorems of Transversality and General Position

(No index is included since numeration and pagination are by chapters.)

We hope to have given a thorough treatment of the basic theorems of use in
investigating smooth manifolds; the only others to my knowledge are a paper
by J. Cerf (Bulletin de Société Mathématique de France 89, pp227-380 (1961))
and a forthcoming book by S. Lang (on unbounded manifolds only). It is in-
tended that subsequent parts of these notes shall be as follows: imbeddings and
immersions, cobordism theory, the h-cobordism theorem, and surgery; however,
this is somewhat optimistic.

It is perhaps appropriate to comment here on a few points which were only
noticed when notes were typed out. Part 0, 4.3 (the Implicit Function Theorem)
is not needed; a proof can be given as in 1.2.5. Proofs of 0, 4.1 and 0, 4.5 can
be found in any good book on analysis. The proof of I, 4.8 is cooked: I should
have extended the method of proof of I, 4.4. The proofs in I, 5 of uniqueness
of tubular neighbourhoods can be used to give a local piercing together, and
hence prove existence also: this avoids the difficulties in I, 6.2, and is the method
adopted by Cerf and Lang. I have used a more direct geometrical construction by
preference; the other method is, however, stronger, and removes the restriction
to compact submanifolds, thus answering, for example, the problem of I, 7.2.
By an oversight, the existence part of the proof of I, 6.7 was omitted - it is very
simple, the reader will easily supply it for himself.

I am indebted to all the Cambridge topology research students of last year
for participating in the seminar; in particular to P. Baxandall for taking notes on
the first 6 seminars, and to Steve Gersten for doing the rest, and for considerable
assistance in writing up.
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Notations, etc.

We assume known a certain amount of analysis, and a few terms and results
from analytical topology - for example,

“y” denotes a metric, and a paracompact space is defined by the property
that any open covering admits a locally finite refinement.

The word “smooth” is always used to mean “infinitely differentiable”; i.e.,
C.

We use R to denote the real numbers, R™ for the vector space of n-tuples,
with is usual metric and topological structure, R’}, R’ for the subsets
with the first, or first two terms non-negative.

For x € R™, |z is the root square sum of the terms, and U(z,r) = {y: |y —
x| < r}.

GL,(R) is the group of non-singular linear transformation of R", with
subgroups GLY (R), (with positive determinant), the orthogonal group
O,, (preserving the metric |z|), and SO,,, their intersection.

The interval I is the subset 0 < 2 < 1 of R, and D", S™~! are the subsets
|z] £ 1, |z| =1 of R™.

We denote set membership by €, and set inclusion by C.
The restriction of a map f to a subset X of the domain is f|X.

Composition of maps is (usually) denoted by a circle, as f o g, and is
written in the illogical order.

The image of a map of f is Imf .

If X, Y are sets, X x Y is the set of pairs {(z,y): z € X,y € Y}, and
A(X) is the diagonal subset of X x X, with pairs {(z,z): z € X} .

Finally, the conclusion of a proof is signaled by [J.
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Chapter 1

Definitions

Definition 1.1. A smooth n-manifold M" is a paracompact Hausdorff space
with a family F = Fy; of continuous real-valued functions defined on M and
satisfying the following conditions:

i) Fis local. If f: M — R is such that each point of M has a neighbourhood
in which f agrees with a function of ¥, then f € .

ii) ¥ is differentiably closed. If f1,..., fr € F, and F' is a smooth function on
R"™, then F(fl,;fk) ed.

iii) (M, ) is locally Euclidean. For each point P € M, there are m functions
fis-ooy fm € Fsuch that Q — (f1(Q),- -, fm(Q)) gives a homeomorphism
of a neighbourhood U of P onto an open subset V' of R™. Every function
f € F coincides on U with F(f1,..., fm), where F is a smooth function on
V.

We call functions f € F smooth functions of M, and the mapping defined
in iii) (or, by abuse of language, the set U) a coordinate neighbourhood, or C.N.
of P. Tt follows from ii) that sums, products, and constant multiples of smooth
functions are also smooth.

The first tool we need, to work with the above definition, is a bump function.
Define first a function ¥ on R! by:

0 otherwise.

e = {exp(l/(x(x “1)) i 0Sz<i,

Then v is smooth, non-negative, and differs from zero when 0 < z < 1.

Definition 1.2. The bump function Bp(x) is now given by

Bola) = | "ty | v
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Since v (z) is smooth, so is Bp(z). Also

Bp(z)=0 if =<0,
0<Bp(r)<l if 0<xz<1, and
Bp(z)=1 if z=21

These are the essential properties of the bump function; any other function with
them would serve the same purpose. We now have

Proposition 1.3. Let ¢o: U — V be a C.N. of P € M, and let F be a smooth
function on V. Then there is a function f € F, agreeing with F o ¢ in a
neighbourhood of P, and zero outside U.

Proof. Without loss of generality, let ©(P) = 0. Since V is a neighbourhood
of 0, we can find r > 0 with U(0,3r) C V. Define ®(x) = Bp(2 — |z|/r) then
®(z) =1 for |z| £ 7, &(x) =0 for |z| = 2r, and @ is a smooth function on R™,
hence also on V, since Bp is smooth, and |z| is smooth except at 0. Then f®
is also smooth on V, and F(z)®(x) = 0 if || = 2r. We define a function f on
M by:

F®op(P if PeM
f(P) = #F) .
0 otherwise.

Then, by condition ii), f € F, and f agrees with fopin o~ z: |z| <r}. O

This proposition enables us to observe that the above definition of smooth
manifold coincides with the definition in terms of an open covering {U,} of
M, each U, provided with a homeomorphism ¢, onto an open subset of R™,
such that in the intersection U, N Ug we have a smooth change of coordinates.
Indeed, the only real difference between this definition and Definition 1.1 is that
Definition 1.1 requires ¢, to be defined by functions which extend to smooth
functions on the whole M. But since the proof of Proposition 1.3 is equally valid
for the other definition, we see that any locally smooth functions, provided we
allow their range to be slightly restricted, extend smoothly to all M.

We now give some simple examples of smooth manifolds.

1. The empty set is a smooth m-manifold (the definition is vacuously satis-
fied).

2. R™, with smooth functions taken in the ordinary sense, is a smooth m-
manifold. Condition i) is trivial, ii) follows from the rule for differentiating
a function of a function, and for iii), since the coordinate functions are
smooth, we take the identity map.

3. The discrete union of an arbitrary set of smooth m-manifolds is another.
Define a function to be smooth if the induced function on each summand
is so; the conditions are then all trivial.



4. Let M be a smooth m-manifold, O an open subset of M. Write Go for
the restriction to O of functions of Fys; Fo for the localisation of Gp, i.e.,
the set of functions locally agreeing with a function of Gp. Then it is
clear, since O is open in M, that (O, Go) satisfies conditions i), iii); (O,
Fo) satisfies them and also condition ii). So in this way, the structure of
smooth m-manifold on M naturally induces such a structure on O. We
call O an open submanifold of M.

5. Let M™, V* be smooth manifolds. Then the topological product N"*? =
M™ x V" has a natural structure of smooth manifold. For let 7, w9 denote
projections on the factors. Then for f € Fys, g € Fy, we define f o7y,
g o ma to belong to F; any smooth functions of a finite set of these; and
any function locally agreeing with one of these functions. This definition
ensures that conditions i) and ii) are satisfied. But so is iii), for it now
follows that if ¢1: Uy — R™, wa: Us — RY are C.N.s in M and V, then
©1 X pg: Uy x Uy — R™T can be taken as a C.N.in M x V.

Definition 1.4. Let M™, V¥ be smooth manifolds. A mapping ¢: M — V is
called smooth if for each f € Fy, fop € Fy.

Note that in view of condition iii) this is equivalent to the requirement that
each transformation of coordinates induced by ¢ between C.N.s in M and in
V' be smooth in the usual sense. However, the above definition is much more
convenient.

Proposition 1.5. If p1: My — My and p2: My — Ms are smooth, then so is
P2 0Py M1 —)Mg.

Proof. If f € F3, fops € Fy,and so fopyop; € F; O
Proposition 1.6. If O is an open submanifold of M, i: O C M is smooth.
Proof. If f € Fpr, foi € Go C Fo. O

These two propositions merely assert the consistency of our definitions. To
conclude this chapter, we define the equivalence relation which classifies mani-
folds.

Definition 1.7. A 1 - 1 correspondence ¢: M™ — V™ between two smooth
manifolds is a diffeomorphism if both ¢ and ¢! are smooth. M™ and V™ are
called diffeomorphic.

Thus a diffeomorphism defines a 1 - 1 correspondence between the two man-
ifolds, under which smooth functions correspond. Differential geometry and
topology each consist of the study (from different points of view) of those prop-
erties of smooth manifolds which are invariant under diffeomorphisms.
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Chapter 2

Analytic Topology

We collect in this chapter, for purpose of reference, most of the results from
analytic topology of which we will later make use. The reader desiring continuity
should read up to Proposition 2.11 and then go on to Chapter 3, referring back
later when necessary. We first elucidate the conditions of paracompactness in
Definition 1.1.

Theorem 2.1. We can find a set of C.N.s p,: Uy — U(0,3) for M™ such that
i) The sets o1 (U(0,1)) cover M.

it) Each P € M has a neighbourhood in M which meets only a finite number
of sets Uy, i.e., the U, are locally finite. Moreover, the covering by the U,
may be chosen to refine any given covering of M.

Proof. First take any set of C.N.s ¢3: Og — R™ for M, such that the Og cover
M and refine the given covering. Since M is paracompact, there is a locally
finite refinement {W3} of {Ogs}, still covering M. If we now prove the result for
Wpg, the union of all such C.N.s for the various Wpg satisfies the same conditions.
But g defines a diffeomorphism of Wy on an open submanifold of R™. So we
can suppose that M is an open submanifold of R™.

For each positive integer i, take all the open sets U(x,3y/m/i) which are
contained in M (actually, since we use Proposition 1.3 to say that a C.N. in Wjp
above is also one in M above, say: whose closures are contained in M), and
such that iz has integral coordinates. Suppose y € M; then some U(y,d) C M.
Choose i > 4y/m/6. Then some x with iz integral (i.e., iz € Z) is within a
distance v/m/i of y, and U(x, 3v/m/i) C U(y,4v/m/i) C U(y,d) C M. Thus the
corresponding sets U(x, /m/i) cover M. Delete any of these which is contained
in another. Then the remaining ones still cover M. We say also, that the
corresponding U(z,3+/m/i) are locally finite. Now y has a neighbourhood of
the form U(x,+/m/i); choose ¢ such that U(y,2d) C U(z,4/m/i). Then if
Jj > 3ym/é, and U(z,3y/m/j) meets U(y,d) it is contained in U(y,26), and so
in U(x,/m/i), so it was one of the neighbourhoods which we discarded. Thus

7
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Uy, d) only meets sets U(z,3y/m/j) with j < 3y/m/§, and hence only a finite
number of such sets. O

Corollary 2.2. Let f be a continuous positive function on M. Then we can
find a smooth function g, with 0 < g(P) < f(P) for all P € M.

Proof. With the notation of the Theorem, choose d, > 0 less than the infimum
of f on the compact set ;1 (U(0,2))). Set

Bp(2 — if PeUy, Yo(P)=
pop)_ [Pl i PEULun(P)=a

0 otherwise;
as in the proof of Proposition 1.3, ®,(P) is smooth. The functions ®, have the
properties:

i) For each P € M, there is an «, with ®,(P) = 1.

ii) Each P € M has a neighbourhood on which all but a finite number of
functions ®,, vanish.

These, in fact, translate properties i) and ii) of the Theorem. By ii), the function
Yo Pa(P) = >"(P) can be defined, and is everywhere smooth; We set ¥, (P) =
@, (P)/ > (P). Again using ii) we can define

g(P) = Zéa\I}a(P);

since > W, (P) =1, this is a weighted mean of numbers ¢, all less than f(P),
hence also is, and it is positive, as all d, > 0 and so is some ¥, (P). O

Complement 2.3. We can find a countable set of pairs of disjoint coordinate
discs (Uy, Vi) such that the U, X Vy, cover all M x M except the diagonal points

(z, z).

Proof. As above, we easily reduce this to a problem in Euclidean space, and
there the disjoint pairs of U(z,/m/i), (where iz has integer coordinates) will
clearly do what we want. O

Definition 2.4. A set of nonnegative smooth functions 1, on M is called a
partition of unity if the sets U, = {P: ¥4 (P) > 0} form a locally finite covering
of M and > ¥,(P)=1.

The functions ¥, above had this property, and, in addition, that the closure
of the U, were compact.
Our next investigation of smooth manifolds concerns connectedness.

Definition 2.5. A smooth map a: R — M is called a path in M. Two points
P, @Q in M are called connected in M if there is a path in M whose image
contains P and Q.



Lemma 2.6. Connectedness in M is an equivalence relation.

Proof. By definition, the relation is symmetric. It is reflexive, since a constant
map is a path. To prove transitivity, let «, 5, be paths with images containing
(P,Q)(Q, R), and suppose without loss of generality a(—1) = P, «(0) = Q,
B(0) =@, and 3(1) = R. Let ¢: U — V be a C.N. of @ such that V is convex.
Sincec is continuous, for some ¢ > 0 and < 1, |[t| < ¢ = «(t) € U. Similarly for
B; let’s suppose that ¢ will do for both. Now define by

a(t) t< —¢
W) = (1= Na(®) + AB(t) —e<t<e
B(t) t>e¢

where the linear combination is taken in V' and A is a smoothing function which
isOnear t = —¢ and 1 near t = ¢, e.g.,

At) = Bp(t/e —1/2)
then ~ is clearly smooth, and its image contains P and R. O
Lemma 2.7. FEach equivalence class is open in M.

Proof. If ¢: U — V is a C.N. of P such that V is convex, every point of U can
be joined to P using the path corresponding to the straight line in V' (suitably
parametrised). O

Corollary 2.8. Each equivalence class is closed in M.

Proof. Each equivalence class is the complement of the union of the other equiv-
alence classes. O

Lemma 2.9. A subset of M is open and closed if and only if it is a union of
equivalence classes.

Proof. Sufficiency follows by Lemma 2.7 and Corollary. For necessity, observe
that since R! is connected, any path which meets an open and closed subset is
contained in it, so such a subset is saturated for the equivalence relation. O

Definition 2.10. The equivalence classes are called the components of M. M
is commected if it only has one component.

Lemma 2.9 shows that this is taking components in their usual sense. Com-
paring with Definition 2.5, we note that for smooth manifolds, connection and
connection by smooth paths are equivalent. A component of M, being open, is
an open submanifold; and M is the discrete union of all its components. Thus
to study M up to diffeomorphism, it suffices to take the components separately;
we shall frequently do this.

Proposition 2.11. A connected smooth manifold M™ has a countable base of
open sets.
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Proof. Since R™ has a countable base, it is sufficient to show that the set of
neighbourhoods occurring in Theorem 2.1 is countable. Since M™ is connected,
there is a path joining any two points, so between any two neighbourhoods
02 1(U(0,1)) there is a finite chain of such neighbourhoods, each overlapping
the next. Now the sets U, are locally finite: each point has a neighbourhood
meeting only a finite number, so each compact set meets only a finite number.
Thus each »;*(U(0,1) and so each ¢ '(U(0,1)) meets only a finite number
of others. By induction, the number of sets U(0, 1) joined to a given one by a
chain of length at most £ is finite; hence their total number is at most countably
infinite. O

Corollary 2.12. A smooth manifold M™ is second countable if and only if the
set of its components is finite or enumerable.

Lemma 2.13. Let Y be a metric space, X a closed subset. For any open
neighbourhood U of X in Y, there is a positive continuous function f on X
such that ¢ € X, p(z,y) < f(z) =y eU.

Proof. Define f(z) = o(x,Y \ U): clearly |f(z) — f(2')|] £ ¢(z,2'), so f is
continuous: it is nonzero and satisfies the condition. O

Corollary 2.14. If X is a compact subset of the metric space Y, any open
neighbourhood U of X in'Y contains an e-neighbourhood for some & > 0.

Proof. Take € = inf f, where f is given by the Lemma. O

Corollary 2.15. If X is a metric space, U a neighbourhood of the diagonal
A(X) € X x X, there is a positive continuous function fi on X such that

o(z,y) < fi(z) = (x,y) € U.

Proof. Take Y = X x X and ¢; a product metric in the Lemma, and set
fi(x) = (f(z,x)). Since o(x,y) = ¢1((z,y), (z,y)) the result follows. O

Corollary 2.16. If X is a compact metric space, U a neighbourhood of A(X)
in X x X, then for some e >0, o(z,y) <e = (z,y) € U.

Proof. Take € = inf f1, where f; is given by Corollary 2.15. O

Lemma 2.17. If X is a compact subset of the metric space Y, and U an
open neighbourhood of X x X in'Y X Y, then for some ¢ > 0, if V is the
e-neighbourhood of X in'Y, U contains V x V.

Proof. Take e = %ga(XxX, Y xY\U), which exists since Y XY is normal, X x X
is compact. Then if p(v1, X) < g, p(v2, X) < € we have p((v1 X v2, X x X) <
26 =p(X x X, Y xY \U), so v1 X vy does not liein ¥ x Y\ U. O

Corollary 2.18. Let X be a compact subspace of the metric space Y, f: Y — Z
be locally homeomorphic, and f|X be 1 - 1. Then X has a neighbourhood U in
Y such that f|U is a homeomorphism.
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Proof. Let D = {(y1,y2): y1 # y2, f(y1) = f(y2)} C Y x Y. By hypothesis, D
is disjoint from X x X (since f|X is 1 - 1). Now the closure D is contained
in the closed subset defined by f(y1) = f(y2), so is contained in D U A(Y).
But by hypothesis, f is a local homeomorphism, so each point (y,y) has a
neighbourhood disjoint from D. Thus D is disjoint from A(Y'), so D is closed.
Now apply Lemma 2.17, taking U =Y x Y\ D. We find V, so that V' x V does
not meet D. Hence f|X be 1 -1, so is a homeomorphism. O

Lemma 2.19. Let V be locally compact, N Hausdorff. Then a proper 1 - 1
map f:V — N is a homeomorphism onto its image.

Proof. Let M = f(V). Since f is proper onto M it extends to a continuous
map of the one-point compactifications

f:VUoo— MU .

fisal-1map of a compact set, so a homeomorphism. Hence f is a homeo-
morphism. O

Complement 2.20. If f: V — N is proper, then M is closed in N.

Proof. Define f: VUoo — NUoo for f. Then f is a homeomorphism into, with
compact image. Since M U oo is closed in N U oo, sois M in N. O

Theorem 2.21. (Baire’s theorem) Let M be a complete metric space. The
intersection of a countable family of dense open subsets of M is dense.

Proof. Let the given subsets be {U;}, and let V' be any nonempty open set.
Then V N Uyis nonempty and open, and so contains a spherical neighbourhood
U(x1,€1). Next, UsNU(z1,€1/2) is nonempty and open, so contains a U (zz, €2).
We can thus construct a decreasing sequence of neighbourhoods U(z;,¢;) and
clearly £; — 0. Then {X;} is a Cauchy sequence, so has a limit point X, which
lies in each U(X;,e;) (since the later X; do) and so in each U; and in V. O

Complement 2.22. If W is open in M, the theorem holds for W.

Proof. We construct the neighbourhoods as above. The limit point X exists in
M (which is complete), and hence by the argument above also in W. O



12

CHAPTER 2. ANALYTIC TOPOLOGY



Chapter 3

Tangent Vectors

Throughout this chapter, M™ will be a smooth manifold.

Definition 3.1. A tangent vector at P € M is a derivation on F to R. More
precisely, it is a mapping A: F — R which satisfies

i) If a1,a2 € R, f1, fa € F, Marfi + azf2) = a1 A(f1) + a2 A(f2).

i) If f1, f2 € F, A f1f2) = M f1) f2(P) + fr(P)A(f2)-

We shall discuss the structure of the set of all tangent vectors to M. Note that
sums and real multiples of tangent vectors at P are also tangent vectors at P,
thus these form a vector space.

Definition 3.2. The tangent space Mp to M at P is the vector space formed
by all tangent vectors to M at P.

Let ¢: U — V be a C.N. of P, and suppose without loss of generality
o(P) = 0. Let z1,...,x, be coordinates in R™. Then for each f € F, we
have f’ = f o ¢!, a smooth function on V, so there are partial derivatives
dif = g—i;\o. We assert that d; is a tangent vector at P: condition i) is clear,
and ii) follows by the rule for differentiating a product. We shall prove that
these form a basis for Mp; first, however, we need a lemma.

Lemma 3.3. Let f be a smooth function on an open convex subset V of R™
containing 0, and let f(0) = 0. Then there exist further smooth functions f;(1 <
i <m) onV such that f(z) = > 1" x;ifi(x). Moreover, if f is a smooth function
of additional parameters a;, we may suppose that f; also are.

13
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Proof.
1
af (tx
fa=0) = 5@ - 10 = [ 2
0
1 m
0
— / > ! (tx)dt
0 1 333,
m 1
0
= Zm/ / (tx)dt
1 0 81‘1
Hence we can take f;(x) = 01 g—i(m)dt. The last part also follows. O
Theorem 3.4. The tangent vectors dy,...,d,, form a basis for Mp.

Proof. We first remark that a tangent vector is essentially local in nature: if
f = ¢ in a neighbourhood U of P, and A is a tangent vector at P, then A(f) =
A(g). For by Proposition 1.3, we can find a function ® on M, equal to 1 in
a neighbourhood of P, and zero outside U. Then &f = &g, and so f — g =
(f —9)(1 —®). Thus
Af) = Mg) = Mf —9) = Mf —9) A = 2(P)) + (f(P) — g(P))A1 - @)
=0.

Hence it is sufficient to consider only functions defined and smooth in U, where
p: U — Visa C.N. of Pwith V convex; it will be simpler to speak directly of

functions on V.
For any smooth function f on V, by Lemma 3.3, we can put

f(X) = f(0) + infi(z)'
For any tangent vector A at P, then,
M) = MF(0) + > i, fi)
= FOOND) + D M) £i(0) + D 2i(0)A(fi)-
But
A1) =A1-1)=1-A(1)+ A1) -1 =2A(1),
and so A\(1) = 0. Thus
M) =D M) £i(0).

In particular
d;(f) = Zdj(fﬂifi(o) = Z5ijfi(0) = f;(0).
So
M) =D Mai)di(f)

and as this is true for all f, A = > A(z;)d;. Hence the d; span Mp. Since
d;(xj) = d;j, they are linearly independent. Hence they form a basis. O
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We shall usually, by abuse of notation, write 9/dx; for d;. Now let ¢: M™ —
V? be a smooth mapping, and let p(P) = Q.

Definition 3.5. The differential of ¢ at P, dp: Mp — Vg is defined by:
de(x)(f)=X(fop) for X € Mp,feTFy.

Since f, ¢ are smooth, so is f o ¢, so the right hand side is defined. Then
dp(x) is a derivation since X is. Clearly, dy is a linear mapping of Mp to Vp.

If fed,, [f: M™ — R is a smooth mapping, so that if f(P) = a, we have
df: Mp — R,. However, we may identify each R, with R itself in a natural
manner: if z is the parameter on R, identify the vector k0/0x with the number
x = k. By change of parameter y = Az, we have the same identification.
[Similarly, we identify tangent spaces to R™ with R™ itself.] Thus for f €
Fm, P € M, we have df: Mp — R. Since df is linear, it is an element of the
dual vector space, M to Mp. Now, if x1,...,x,, are local coordinates at P,
we have

dl‘l(a/al‘]) = 8%‘1/81‘] = 51’]’

so the dx; form the basis of M}, dual to the basis of (0/0x;) of Mp.

This concludes the discussion of tangent vectors at a single point. We now
wish to assemble together all tangent vectors: for this we need the idea of a
fibre bundle. We refer the reader to Steenrod’s book “The Topology of Fibre
Bundles” for a fuller description; we shall recapitulate some definitions here for
the sake of continuity of argument.

Definition 3.6. A map n: T — M is the projection of an n-vector bundle if
M can be covered by open sets U, such that

i) There are homeomorphisms
Yo: Uy xR" = 771(U,)
such that mp,(m,x) = m.
ii) For each pair (o, 3) there is a continuous map
9ap: Us NUz — GL,(R)
such that for m € U, NUg, X € R",
pp(m, x) = a(m, gas(m), X).

A map x: M — T is called a cross-section if m o x = 1. The bundle is
smooth if the maps g,p are smooth [GL,, (R) is an open submanifold of R .| In
this case T' admits a natural structure as smooth (m + n)-manifold, such that
the maps ¢, are diffeomorphisms on open submanifolds. For if we use these to
define C.N.s, then we have differentiable transformations of coordinates on the
intersections.



16 CHAPTER 3. TANGENT VECTORS

For a general fibre bundle, GL,,(R) is replaced by a general topological group
G (we shall only make use of Lie groups) and R™ by a general topological space
F (the fibre) on which G operates. The structure of the bundle is determined
by the maps g.g; two bundles with the same g,g but different fibres are called
associated. If the g, all have images in a subgroup G’ of G, we say that the
group of the bundle reduces to G’.

Write II(M) = U{Mp: P € M}; the set of all tangent vectors to M. Define
m: II(M) = M by n#(Mp) = P. Let H,: U, — V,, be a set of local coordinate
systems, with the U, covering M, and for P € U,,v € R™, define ¢, (P, v) as the
tangent vector at P determined by Y v;0/0z;. Then ¢, : Uy x R™ — 771(U,,)
is a 1 — 1 mapping for each a. On U, N Ug, denoting the two systems of
coordinates by %, 2”; we have, by the usual transformation rule

9/0z) = 0x% |0 /02,
so we define gop: Uy NUg — GL,,(R) by

ox§
Jap (Q) (axf )Q'
Then g,3 is a smooth mapping, and satisfies the condition above. To conclude
that we have a vector bundle, it remains only to topologise II(M). But since the
maps g are smooth, we may as above take the ¢, (or rather their inverses)
as C.N.s, and thus define on II(M) the structure of smooth manifold, which in
particular gives it a topology, with the ¢, homeomorphisms.

Definition 3.7. w(M) is the tangent bundle to M. Write ITo(M) for the zero
cross-section, i.e., the set of zero tangent vectors. In general, a smooth cross-
section of II(M) is called a wector field on M. Any bundle associated to II(M)
via a linear representation of GL,(R) is called a tensor bundle (and a points
of it are tensors, whose type is determined by the representation). The bundle
given by the adjoint representation is the bundle of differential 1-forms on M™;
its fibre over P is the dual space M} to Mp. The bundle whose fibre over P
is the set of all positive definite quadratic forms on Mp is called the Riemann
bundle, and any cross-section of it a Riemannian structure on M.

For further discussion of such bundles, we refer the reader to Nomizu’s book
‘Lie Groups and Differential Geometry’. The above contains more than we shall
need. We now prove the fundamental

Theorem 3.8. Every smooth manifold M™ has a Riemannian structure.

Proof. Let ¢q: Uy, — U(0,3) be the C.N.s constructed in Theorem 2.1 and
let U, be the partition of unity constructed in the Corollary. Now U(0,3)
has the standard Euclidean Riemannian structure: > dx?. We write ds* =
S U, S (dx; o dpy)?. As usual, since the U, are locally finite, th sum is de-
fined. Since a linear combination of positive definite quadratic forms is again
positive definite, ds? is everywhere positive definite. Thus it defines a Rieman-
nian structure on M™. O
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Now suppose a Riemannian structure chosen on M™. This induces an inner
product on each Mp, which we use to introduce notions of length of tangent
vector, etc. We can modify the maps ¢, : Uy, x R™ — 77 1(U,) so as to preserve
the inner product on the fibres; simply apply the Gram-Schmidt orthogonalisa-
tion process. In fact, consider ¢, as a map ¢: R™ — R™ depending on certain
parameters. We modify ¢ by putting

o'le) =D Nijep(e))

Jsi

where the \;; with j < ¢ are chosen to make the ¢'(e;) orthogonal and A;; > 0
so as to make the ¢'(e;) unit vectors. Then the \A;; are also smooth functions
of the parameters.

Thus if a Riemannian structure is chosen on M™, we can always consider
orthonormal bases in the fibres, so the group then reduces to the orthogonal
group O(n). The converse: that a reduction to O(n) corresponds to a Rieman-
nian structure, follows by reversing the argument. We observe that the choice of
an inner product on Mp allows us to identify Mp with M}. For a Riemannian
manifold, we shall usually do this.

Definition 3.9. M™ is called orientable if the group of the tangent bundle is
reducible to GL;' (R), oriented if the group is so reduced. Since the coordinate
transformations were given by the matrices (0x§/ 83:? ) the condition is that all
the Jacobian determinants are positive. The bundle associated to the tangent
bundle with fibre GL,,(R)/GL; (R) = Z, is a double covering of M, called
the orientation covering. Its projection on M, together with C.N.s of M, can
be taken as C.N.s, so the orientation covering is a smooth manifold. By the
definition, all the Jacobians occurring here are positive, so this manifold is
orientable. If M is non-orientable, we can find a closed chain of C.N.s, each
overlapping the next, such that the number of negative Jacobians is odd.

If M has a Riemannian structure, the same considerations of orientation
apply, replacing GL,,(R), GL} (R) by O,,,S0,,.
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Chapter 4
Analysis

In this chapter, we list a number of standard results from analysis which we
shall need later. Since a number of the proofs are long, we shall omit them, and
give references for the less accessible results.

Theorem 4.1. Inverse Function Theorem

Let f1,..., fn be smooth functions defined in a neighbourhood of O € R™ and
suppose |g | #£0 at O. Then in some neighbourhood U of O, f1,..., [, define
a diffeomorphism of U on an open subset of R™

J

Corollary 4.2. Let M™ be a smooth manifold; f1,..., f, be smooth functions
on M, Pe M. The f; may be taken as coordinate functions for a C.N. of P if
and only if the df; form a basis for Mp.

Proof. Let ¢: U — R"™ be a C.N. of P. Then the f; o p~! are smooth functions
on a neighbourhood of ¢(P) € R™; by the theorem, they define a diffeomorphism

of some such neighbourhood if and only if the Jacobian |8(f"3°7£_71)| # 0 at p(P).

But the elements of this matrix are just the coefficients in the df; of basis
elements dx; of M5. O

Theorem 4.3. Implicit Function Theorem

Let fi,..., f. be smooth functions defined in a neighbourhood of O € R"+*
and suppose the determinant formed by their partial derivatives with respect to
Z1,...,%, is nonzero at O. Then there are r smooth functions g1,..., g, defined
in a neighbourhood of O € R® such that within some neighbourhood of O € RT3,
a point satisfies f;(P) =0 (1 <i < r) if and only if it satisfies

i = gi(Tpa1, -y Trrs) (LSS 7).

Theorem 4.4. Whitney’s Ezxtension Theorem

Let f be a smooth function defined on the open set x1 > 0 of R", and suppose
that f and all its partial derivatives extend to continuous functions on R’} . Then
there is a smooth function g on R™ which agrees with f in its range of definition.

19
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Whitney’s proof, which establishes results of much greater generality, can be
found e.g., in his paper: “Analytic extensions of differentiable functions defined
on closed sets”, in the Transactions of American Mathematical Society 36 (1934)
pp- 63-89.

We next consider Picard’s existence theorem for differential equations. It is
convenient to use the following terms. Let U be an open subset of R™, K be a
compact subset of U.

Theorem 4.5. Ezistence Theorem for Ordinary Differential Equations

Given a system of equations % = (z) where v is a smooth function on U
to R™, then for some ¢ > 0 there exists a unique smooth function x = g(xg,t)
on K x E to U (where E is the set: |t| < ¢) satisfying the equation, and such

that xg = g(x0,0).

We shall use this to develop the connection between vector fields on a smooth
manifold M™ and 1-parameter groups of diffeomorphisms of M.

Definition 4.6. A family {¢;: ¢ € R} of mappings of M into itself is called a
1-parameter group of diffeomorphisms of M if

i) The mapping ¢: M x R — M x R defined by ¢(m,t) = (¢i(m),t) is a
diffeomorphism

ii) For all s,t € R, w51 = Psts-

We observe that the first condition implies that each ¢; is in fact a diffeo-
morphism. Now suppose {¢:} does satisfy these conditions. Then we define a
vector field X on M as follows. For f € Fp;, P € M, we set

= LI @P)lzo

It is clear that Xp is a tangent vector to M at P. The fact that Xp varies
smoothly with P, so that X is a vector field, now follows from i).
Our present aim is to obtain a partial converse to this result.

Theorem 4.7. Let M™ be a smooth manifold, X a vector field on M, U an
open set in M with compact closure K. Then we can find € > 0, and for each t
with [t| < e, a map ¢y of U in M, such that

i) The map p: U x E — M x R (defined as above) is a diffeomorphism onto
an open submanifold.

i) If |s|, |t], and |s+t| are less than e; P and @i(P) are in U, then ps0:(P) =
Pstt(P).

iti) For each P € U, f € Far, Xp(f) = % f(0:(P))]i=0-

The map ¢ is uniquely determined by these conditions.
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Proof. Cover K by a finite number of compact sets K, each contained in the
interior of V,,, where H,: V,, — U, is a C.N. We shall now interpret our condi-
tions in U,. First, however, note that if f € F,

L euPllce = L f(pare(Plico

t
d
= 2 Fe(9s(P)))]i=0
= Xo.(p)(F)(1).
Now in U, write X =Y} f'0/0z;, and consider the system

d.%‘i i
]

We shall apply Theorem 4.5, taking U, for U, and H(K,) for K. Since X
is smooth, the f? are smooth, and the result does apply: we find ¢, and a
smooth function X = g(Xo,t) for Xy € K,, |t| < €, uniquely determined by the
equation. We write ¢;(xo) = g(xo,t) - or rather define o, in M by this relation
in U,. If € = min ¢,, ¢; is now defined on the required range: the fact that
the functions defined by different C.N.s agree on the intersection follows by the
uniqueness, and the fact that the equations solved are simply derived from each
other by change of variables.

We note that the functions s+ (P) — g(xo, s+1) satisfy the same equation,
with initial value g(xo, s). By the uniqueness, g(xo, s +t) = g(g(zo, s), 1), i.e.,
ws+t(T0) = wrps(xo) so each @, is a diffcomorphism (over a smaller set than
K, initially - but we could have enlarged K in the first place), and since ¢ is
smooth, it too is a diffeomorphism. O

Corollary 4.8. If M™ is compact, each vector field generates a I1-parameter
group of diffeomorphisms of M.

Proof. We can now take K = U = M in the theorem, and find ¢: M x E —
M x R. But the definition of ¢ can be extended over the whole R using the
functional equation @sp: = @s4+, since this is satisfied in |¢]| < e. O

In general, a vector field on M is called complete if it generates a 1-parameter
group of diffeomorphisms of M.

Corollary 4.9. If X is complete, and Y agrees with X outside a compact subset
of M, then'Y is also complete.

Proof. Outside a neighbourhood of such a subset, ¢ can be defined for |¢| < ¢,
by hypothesis, since it can for X. But such a neighbourhood is compact, so
inside it ¢ can also be defined for |t| < ¢, by the Theorem. The condition
follows as for the first Corollary. O

We observe that in R the constant vector field 9/0x is complete; indeed, we
then have ¢, = t + x. More generally, in the product M™ x R, the field which
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we may call 9/0t which maps to zero on the first factor and to the standard
field on the second is also complete; here we have

pi(x,s) = (z,s + ).

These results are our first justification of the use of the term tangent in
tangent vectors, since we now see that such vectors correspond to displacement
along the manifold.



Part 1

Geometrical Foundations
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Chapter 1

(zeodesics

In this chapter, we shall suppose that M™ has a fixed Riemannian structure
ds?, expressed in local coordinates by ds? = gijdx;dx;, where g;; is a positive
definite quadratic form. Let p: R! — M be a path (smooth map). We define
the length and energy of p between two of its points by

b
l(p):/ %dt
‘ b
E(p) = (b—a) / (ds/dt)*dt

where (ds/dt)? = g;j(dx;/dt)(dz;/dt)?, the derivatives being taken along the
path. We define a distance function on M by

o(P,Q) =infl(p): p a path joining Pto Q.

Thus ¢(P, Q) is defined if and only if P, Q are in the same component of M; in
fact we suppose M connected for the remainder of this chapter. We note that
at a point, by changing coordinates, we can diagonalise ds* = Y | a;dz?, and
it is then cleat that at this point, and so in a neighbourhood, its ratio to the
Euclidean metric is bounded above and below by positive numbers. Hence the
metric induces the given topology on M; we call it the Riemannian metric.

Definition 1.1. A geodesic is a smooth path p: U — M (U open in R?) giving
an extremal value to the energy between any two of its points.

By Schwarz’ inequality
b ds b b
o = Say < [ ar [ (asjanta
b
= (b—a)/ (ds/dt)*dt = E(p),

25
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with equality if and only if ds/dt is constant, so that the curve is parametrised
proportionately to arc length. If it is not, we clearly do not have an extremal
value, as a first order change in parametrisation, making it more even, will give
a first order decrease in E. Since any curve can be parametrised by arc length,
the geodesic gives an extremal value also to the length of the path.

Proposition 1.2. In local coordinates, geodesics are defined by the equations

d?z; ; daj dxy

a2 Vg g Y

Proof. Euler’s equation for the variational problem is

of d, of

d{,Ci
6$i a ﬁ(ﬁyl )’

dt’

where y; =

ie.,

Ogjn dojdv _ d o 4%,
oz, dt dt i I g
g B 5 00i dj day
Y2 Oz dt dt
d?z;  dxidri 0gi;  Ogik
— 99, %, 4% dTk 93 i
Gigz T a )

=2

oxy, Ox;
If g% is the inverse to g;;, multiply by g% and reduce;

d2:cl 1 li

da.i g, dain dx: d
Py Lo 09 | D9 Oginydo; doe _,
dt 2 oxy, Oz, Ox; ~ dt dt
The coefficient of the last term is usually abbreviated to Fé- k- O

Theorem 1.3. Let p: V — U be a C.N. in M, K a compact subset. Then
there exists € > 0 such that for P € K, v € Mp, and |v| < ¢, there is a unique
geodesic p(t) with p(0) = P, Lp(t)|,—0 = v; this is defined for |t| < 2, stays in
U, and depends smoothly on p, v, t.

Proof. We shall apply the Existence Theorem for Ordinary Differential Equa-
tions (4.5 of Part 0). Consider the system

dy; /dt = I‘;-k(ac)yjyk

where z € U, |y| < 3 corresponds to the U of that theorem, and z € K|y| < 2 to
its K. Then for some € > 0, we find a unique solution x = f(xo, yo,t), depending
smoothly on all its arguments, and lying in U. Lifting to V by ¢!, this gives
a geodesic in M. To deduce the theorem, we need only change parameter by
t = %t; this has the effect of multiplying the initial %p(t) by the inverse factor,
and so altering the condition |v| £ 2 to |V| S e. O
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Remark that the condition v = 4p(t)|;—o means that for f € F, v(f) =
4 p(t)|t=0. We shall refer to v as the direction of p at P.

Definition 1.4. Let P € M, v € Mp, and suppose that the geodesic with
direction v at P can be defined for |¢t| £ 1. Then exp(P,v) is the point at [t| = 1
on the geodesic. exp is called the exponential map. We also write

Exp(P,v) = (P,exp(P,v)).

Note that the local existence and uniqueness of geodesics of Theorem 1.3
does not imply global existence, but does imply uniqueness in the whole range
of existence (by applying the result to a sequence of points along the geodesic)
given the initial point and direction.

Corollary 1.5. exp: V — M, Exp: V. — M x M are smooth maps defined on
a neighbourhood V- of Tlo(M) in II(M).

Proof. By Theorem 1.3, each point of ITo(M) has a neighbourhood on which
they are defined. O

Proposition 1.6. The Jacobian determinant of Exp is nonzero on Iy(M).

Proof. For P € M, let ¢: U — R™ be a C.N., and choose z1,...,x,, as coor-
dinates in M, dx1,...,dx,, as coordinates in the fibres Mp; write the latter as
V1,...,Um, and write coordinates in M x M as x1,...,Zm,21,...,2m-. Lhen we
have Exp(z,v) = (z, z), so it remains to compute the partial derivatives of the
z; at 0. Now z is the point at £ = 1 on the solution of the equation % =y with
initial condition z = z, y = vy i.e., at the point £y on the solution with initial
condition z = x, y = vo/to = v. Hence z = z + tyv+ smaller terms (where tg is

small, v fixed), and so to find gf}"_, set (vg); = tody;; then
J

8Zi - 821(’[)())' — 5.
81}]‘ h 6t0 to=0 " T4

This proves the result: for later reference note also

6Zi
a$j

= 61’]’ (clear).

O

Corollary 1.7. IIo(M) has a neighbourhood V' in II(M) on which Exp is
defined, and is a local diffeomorphism.

Proof. Follows from the Proposition and the Inverse Function Theorem (Part
0,4.1). O

Corollary 1.8. If M is compact, IIo(M) has a neighbourhood V"' in TI(M) on
which Exp is defined, and is a diffeomorphism.
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Proof. Follows from 1.7, using Corollary 2.18 of Part 0. O

However, the result of the last corollary can also be obtained, in a stronger
form, without assumption of compactness.

Theorem 1.9. There is a neighbourhood W of A(M) in M x M such that if
(z,y) € W, there is a unique geodesic from x to y of length o(x,y). Hence Exp
defines a diffeomorphism of Exp~*(W) onto W.

Proof. For P € M, by Corollary 1.7, let U be a neighbourhood of P such that
Exp~! defines a diffeomorphism of U x U on a neighbourhood of Iy(U); and
let o: U — R™ be a C.N. of P. Then if U; is a sufficiently small neighbourhood
of P, each pair of points in U; is joined by a unique geodesic lying in U, and
each geodesic going outside U is longer. We say that it is obvious that this
geodesic gives a minimum length for curves in U joining the two points, by
comparison with the Euclidean problem (in the technical language of Calculus
of Variations, since the metric is positive definite, the problem is regular, and we
have constructed a semi-field of extremals, passing through a point and covering
a neighbourhood). Hence it gives the global minimum, which we defined as the
distance o(z,y). Thus Exp ' is a diffcomorphism on U; x U;: we take W as
the union of such neighbourhoods. O

We recall that a metric space is complete if each fundamental sequence of
points converges to a limit point, or equivalently, if each bounded closed subset is
compact. With this concept, we can give the global forms of the above theorems.

Theorem 1.10. M is complete if and only if geodesics may be indefinitely
produced, i.e., if exp and Exp are definable on II(M). Any two points in a
complete manifold may be joined by geodesics: the length of at least one such is
the distance between them.

Proof. Suppose first M is complete, and p(¢) a geodesic which exists only for
t < k. Then its points form a fundamental sequence: since M is complete, these
have a limit point P. But by Theorem 1.3, P has a compact neighbourhood
K such that any geodesic within k£ may be produced a distance €. This gives a
contradiction.

Now suppose exp globally definable, but that there are pairs of points (P, Q)
not joined by a geodesic of length ¢(P, Q). Let r be the greatest lower bound
of the distance of such points @ from P (by Theorem 1.9, r > 0), let Ky =
{v e Mp: [v]| £ r}, and let K = exp(K1). Then K; is compact, hence so
is K, by definition of r, K contains all points at distance less than r from
P. Choose 2¢ < r as the number ¢ in Theorem 1.3, and choose @ such that
©(P,Q) = rg < r+e¢, but Pand @ are not joined by a geodesic of length
»(P,Q). Now let P; be a smooth path from P to @ of length at most r¢ 4+ 1/1,
and let R; be the point on it at distance r —e from P. The R; lie in the compact
set K; let R be a cluster point. Then

QO(P, R) § limsup QO(P’ RZ) =r—g,
@(Ra Q) § thup (,O(R“ Q) =rg—r-+4e
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so by the triangle inequality we have
()O(P7R):T7€7 SO(R7Q):T07T+€'

By the definition of r, €; P can be joined to R by a geodesic of length r — ¢;
R to @ by on of length rg — r 4+ . If these met at an angle at @, by cutting a
corner, we could find a shorter path; a contradiction. Hence they have the same
direction at @, so by the uniqueness theorem form part of the same geodesic.
Thus P is joined to @ by a geodesic of length p(R, Q) : a contradiction.
Finally, suppose exp Mp = M. Then a bounded set lies within a finite
distance from P, so is contained in the image of a closed and bounded, hence
compact, subset of Mp. But the image of this set is also compact, so the result
follows. O

Theorem 1.11. Any connected manifold has a Riemannian metric in which it
1s complete.

Proof. We make a slight refinement of the proof of Theorem 3.8 in Part 0,
asserting the existence of Riemannian structures. Let ¢4 : Uy — U(0, 3) be the
C.N.s constructed in Theorem 2.1, Part 0, and define &, € F; by

8o (P) {BP(Q; ) if P €U pa(P)=a
0 it P¢U,.

Then write ds? = Y ®,(>" dz?) o ¢,. As in the earlier proof, we see that this
is a metric. In ¢, '(U(0,11)), it dominates the Euclidean metric, so the set of
points at distance < 1/3 from ¢ 1(U(0,1)) is a closed subset of ¢ 1 (U(0,2)),
so is compact. As in Theorem 1.10, it follows that all geodesics from a point of
0> 1(U(0,1)), and hence from any point of M, may be produced a distance at
least 1/3. Thus they can all be produced indefinitely. O
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Chapter 2

Submanifolds and Tubular
Neighbourhoods

Definition 2.1. A subset M™ of a smooth manifold N" is a submanifold (of
dimension m, codimension n — m) if for each point P € M, there is a C.N.
¢: U — R" of Pin N such that U N M = o= }(R™).

Note that by Part 0, Corollary 4.2 this is equivalent to the requirement that
in a neighbourhood of each point of M, M is defined by the vanishing of (n—m)
functions with linearly independent differentials. For in the case above, M is
defined by the vanishing of the last (n — m) coordinate functions; while by
that corollary, any set of functions with linearly independent differentials can
be take as functions of a C.N. If M is a closed subset of N, we call it a closed
submanifold.

With this definition, M™ has a natural structure of smooth m-manifold,
given by the restriction to M of the functions of Fy; the existence of C.N.s for
M follows immediately from the definition. We call this the induced structure
on M.

Definition 2.2. Amap f: V — N between two smooth manifolds will be called
an imbedding if f(V') is a submanifold M of N, and f induces a diffeomorphism
of V on M, where M has the induced structure.

Lemma 2.3. If a smooth map f: V¥ — N" is an imbedding then for each
QeV,if f(Q)=P, df: Vg — Np has rank v.

Proof. We know f is an imbedding. Choose a C.N. at P as above, and let

T1,...,T, be the coordinate functions on N. By definition of the induced struc-
ture, 1 o f,...,x, o f define a C.N. of Q in V say y; = z; o f. But then
df (0/0y;) = 0/0x; and so df has rank v at Q. O

Definition 2.4. A map f: V¥ — N" between two smooth manifolds is called
an immersion if f is smooth, and for all Q € V, writing f(Q) = P, then
df : Vo — Np has rank v.

31
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Thus lemma 2.3 state that an imbedding is always an immersion. The con-
verse is of course false (the ‘figure of 8 curve in the plane shows that), bur we
can prove a partial converse, which is the first step in constructing imbeddings
- one of our main objects.

Lemma 2.5. An immersion is an imbedding if and only if it is a homeomor-
phism into.

Proof. Let f: VY — N™ be an immersion which is a homeomorphism onto its
image M. Let Q € V, f(Q) = P, and choose a C.N. ¢: U — R"™ of P in N
such that df*(x1),...,df*(x,) form a basis for Vg - this is possible since f is an
immersion. Write y; = x;0 f: then since dy,, . . ., dy, form a basis for Vy by Part
0, Corollary 4.2, y1,...,y, may be taken as coordinates in a neighbourhood of
Q. Since the other y; are smooth functions, by the definition of smooth manifold
we can write

Yi=9i(Y1,-- %) v<iZn

in a neighbourhood of @ in V. Since f is a homeomorphism into, we have
x; = gi(x1,...,%,) in a neighbourhood of P in M. Thus M is locally defined
by vanishing of the n — v smooth functions

Ti — gi(zla s wrv)

which clearly have linearly independent differentials. So M is a submanifold,
and it is now clear that f defines a diffeomorphism of V on M. O

Corollary 2.6. An immersion of a compact manifold is an imbedding if and
only if it is 1-1.

Proof. For a 1-1 continuous map of a compact space is a homeomorphism. [

Corollary 2.7. An immersion is an imbedding if and only if it is 1-1 and a
proper map onto its image.

Proof. For an imbedding is clearly 1-1 and proper onto its image, and if f is 1-1
and proper onto its image, then by Part 0, Lemma 2.19 it is a homeomorphism
into, and by the Lemma, it is then an imbedding. O

Corollary 2.8. An immersion is an imbedding as a closed submanifold if and
only if it is 1-1 and proper.

We now return to our consideration of a submanifold M™ of a manifold N™.
If P € M the inclusion i: M — N induces d;: Mp — Np of rank m, hence the
adjoint map df: Ny — M} also has rank m, and its kernel has rank (n — m).

Definition 2.9. The kernel of d}: Nj — M} is called the normal space to M
in N at P. The union of the normal space is the normal bundle N(N/M) of M
in N.
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We must check that the normal bundle is indeed a vector bundle over M.
Let o: U — R" be a C.N. of P in N with UNM = ¢~ }(R™); then in U N M
we may take dz,,4+1,...,dz, as a basis for the normal space. These give the
local product maps ¢, required of a fibre bundle; as with the tangent bundle,
the maps gos come from Jacobians on change of coordinates.

We usually suppose a Riemannian structure chosen on N, which also induces
one on M. The distinction between N and Np disappears, and in this case
we can regard N(IN/M) as a sub-bundle of the restriction II(N)|M of TI(N) to
M. We refer the reader again to Steenrod for definitions concerning bundles:
the Whitney sum of two vector bundles over M may be roughly described by
taking the direct sum of the fibres over each point.

Proposition 2.10. II(N)|M is the Whitney sum of N(N/M) and II(M),

Proof. Since all the above bundles are defined, and the latter two are sub-
bundles of the first, it is sufficient to verify that at each point the fibre of the
first is the direct sum of the latter two. Since we have a positive definite inner
product, it will be sufficient to verify that the fibre Vp of N(N/M) over P is the
orthogonal complement of the fibre Mp of II(M) in the fibre Np of II(N), or ,
that it is the annihilator of Mp in Nj. But since d; is adjoint to d;, the kernel
of df is certainly the annihilator of the image of d;. O

We now apply the results of Chapter 1.
Proposition 2.11. The Jacobian of exp: N(N/M) — N on Ilo(M) is nonzero.

Proof. Let P € M, and let ¢: U — R" be a C.N. of P in N such that U N
M = ¢ YR™). Then if z1,...,2, are coordinates in R™, we can take as
local coordinates in N(N/M) x1,...,x,, (coordinates in M) and vy41,...,0,
(coordinates in the fibre) where v; = dx;. Now refer back to Lemma 2.3, where

we showed that if exp(z,v) = z, then 92t = 221 = §;; s0 that with respect to
J J

our coordinates, the Jacobian matrix is the unit matrix, so its determinant is
nonzero. [

Corollary 2.12. exp: N(N/M) — N is a local diffeomorphism at I1o(M).

Proof. This follows from the Inverse Function Theorem (Part 0, Theorem 4.1).
O

Corollary 2.13. If M is compact, Ilo(M) has a neighbourhood in N(N/M) on
which exp is a diffeomorphism to a neighbourhood of M in N.

Proof. Use the above corollary and Part 0, Corollary 2.18. O

In fact, we can both strengthen the last corollary, and remove the assumption
of compactness, so will now do so.

Theorem 2.14. M has a neighbourhood U in N such that each point P of U is
joined by a unique geodesic of length (P, M); this meets M orthogonally. Thus
exp~! defines a diffeomorphism of U on a neighbourhood of To(M) in N(N/M).
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Proof. Let @Q € M, and let U; C Uy be neighbourhoods of @ as in the proof of
Theorem 1.9: any two points in U; are joined by a unique geodesic of minimal
length, and this lies in Uy. We may clearly also suppose that any path joining
a point of Uy to a point outside Uy is longer than the diameter of U; (simply
take Uy smaller). Then for P € Uy the closest point to P in M lies in Uy N M
(such a point exists by local compactness of M, if we assume, say, Uy compact
- the minimising point cannot lie outside Uy). If Us stands in the relation to Uy
that U; does to Uy, then for P € Us, the closest point to P in M lies in Uy N M,
so is joined to P by a unique shortest geodesic, lying in Uy. This, then, is the
shortest curve joining P to a point of M; we say it meets M orthogonally. For
if not, by a small modification near where it meets M, we could make it shorter
(take a path orthogonal to M, and smooth off the corner). If we take U as the
union of the sets Us, the first part of the theorem is proved. Taking exp~! to
be defined by the shortest geodesic, this, with Corollary 2.12, proves the second
part. ]

With this preparation, we are ready for the main results of this chapter,
which give a preliminary description of the way in which a submanifold lies in
a manifold by describing the structure of a neighbourhood of the submanifold.
With the extra precision which will be given in Chapter 4, this constitutes one
of our main tools for getting at the structure of manifolds.

N™ is still a manifold, with a Riemannian structure. M™ is a submanifold,
with normal bundle N(N/M) - this has group O, _,, . Let us write B for the
associated disc bundle: precisely, B consists of vectors of N(N/M) of at most
unit length.

Definition 2.15. A tubular neighbourhood of M in N is an imbedding ¢: B —
N (as submanifold with boundary, see definition 3.3 for exact definition): ex-
tending the diffeomorphism of IIp(M) on M induced by projection.

As with C.N.s, the actual neighbourhood (B) is the more geometrical con-
cept; but the mapping 1 is more convenient to work with. The above definition
appears to involve the Riemannian structure; however, if we extend it by letting
B be any (n — m)-disc bundle over M, we shall see in Chapter 4 that this gives
no extra generality; in fact we prove there a theorem of uniqueness for tubular
neighbourhoods. Here, we only obtain existence.

Theorem 2.16. There exist a tubular neighbourhood of M in N.

Proof. Let W be a neighbourhood of Iy (M) in N(N/M) mapped diffeomorphi-
cally by exp: its existence is guaranteed by Theorem 2.14. Using Part 0, Lemma
2.13, let f be a positive continuous function on M such that vectors in (N/M)p,
of length less than f(P), are contained in W. By Part 0, Corollary 2.2, we can
find a positive smooth function g on M such that 0 < g(P) < f(P) for all
P € M. We now define a diffeomorphism . For each P € M, v € (N/M)p, set

Y(P,V) = exp(P, g(P)v))
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Multiplication by g(P) in the fibre is possible since g(P) # 0, and we have
vl = 1= lg(P)v| = g(P) < f(P)= (P,g(P)v) e W. O
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Chapter 3

Boundaries

We now extend the notion of manifold by considering manifolds with boundary.
In the sequel these will play as much part as manifolds; we have merely deferred
the definition till this point to help concentrate ideas.

Definition 3.1. N™ is a smooth manifold with boundary (or bounded manifold)
if it satisfies all the defining conditions of a smooth manifold, with the exception
that we allow C.N.s to map onto open sets in R"} (as well as R"™).

The image of points on x7; = 0 are called boundary points of N; it is cleat
that this property is preserved on change of C.N. Their union is the boundary of
N, which we always denote by ON. We write N = N \ N, the ‘interior’ of N.
By defining this as an open submanifold, it may be considered as a manifold.

There are various corresponding extensions or the notion of submanifold.

Definition 3.2. A subset M of a manifold with boundary N is a submanifold
if it satisfies the same conditions as when NN is not bounded, except that the
C.N. ¢ may map U to R" or R", and if M NN = M NON.

Thus in a neighbourhood of a point of M, the pair (N, M) is locally like
(R™,R™) or (R, R%"). Geometrically, we can say that M meets N transversely
(for precise definition of this, see Part II). M has an induced structure of
manifold with boundary, just as above, and we observe that OM = M NJIN.
In a particular case, M is empty, and M disjoint from ON; but then M is a
submanifold of N.

Definition 3.3. If N™ is a manifold (without boundary), we define M™ to be
a submanifold with boundary of N™, if M™ satisfies the defining conditions for
a submanifold, weakened to allow U N M = ¢~ !(R7") as an alternative possibly
to UNM = o~ L(R™).

In this case, in a neighbourhood of a point of M, the pair (N, M) is locally
like (R™,R™) or (R™,R?"). Again, M has the induced structure of manifold
with boundary.

37
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To the new kinds of submanifold correspond new kinds of imbedding. No
changes need to be made in Definition 2.2; to distinguish cases we speak of
imbedding V' as a submanifold, or, as a submanifold with boundary.

We have still not defined sufficiently many types of manifold, and must next
discuss corners. For example, the unit interval I is a manifold with boundary,
but the product I x [ is a square, so has corners, and is a new kind of object.

Definition 3.4. N" is a submanifold with corner if it satisfies the defining
conditions for a smooth manifold, except that C.N.s may map into open sets in
any of R"®, R and R" .

Points corresponding to ;3 = 0 (in the second case) or to z1z2 = 0 (in
the third) form the boundary ON; topologically (as opposed to differentiably),
N is a manifold with boundary, and ON the boundary. Points corresponding
to 1 = w2 = 0 (in the third case) form the corner, ZN, which is a smooth
manifold of dimension n — 2.

Now if M;,Ms are manifolds with boundary, products of C.N.s of M;,M> give
C.N.sin M; x M which (up to a permutation of coordinates) are appropriate for
a manifold N with corner. We observe that 9(M; x Ms) = OM7 X MaUM; x OM,
and Z(M; x My) = OM; x OM,. In this, as most other important cases, /N2
separates ON into two parts; of course this is always true locally.

We only introduce on more kind of submanifold, as we are not rally interested
in corners, except in so far as they occur naturally.

Definition 3.5. M™ is a submanifold with boundary of the manifold with
boundary N™ if M NON = M N 9IN and at each point of M a C.N. may be
found mapping the pair on an open set in one of (R",R™), (R",R7"), (R} ,RT"),
(R, R ).

Such an M has an induced structure of manifold with corner, and ZM
separates OM into two parts, one OMNN and the closure of the other OMNON =
M N ON. We now give generalisations of the notion of tubular neighbourhood.

Let M be a manifold with boundary, 7: B — M the projection of a disc
bundle, ¥ the boundary Sphere-bundle of B, and C = 7~*(0M). It is then clear
that B has the structure of a smooth manifold with corner, and /B = XN C
separates 0B into two parts, with closures ¥ and C. (If M has no boundary,
C is empty, and B a manifold with boundary; this was already assumed in
Definition 2.15).

Now suppose N™ a manifold with boundary, M™ a submanifold, and B an
(n — m)-disc bundle over M.

Definition 3.6. A tubular neighbourhood of M in N is an imbedding ¢): B — N
as submanifold with boundary, extending the diffeomorphism of the zero cross-
section on M induced by projection.

It is easy to see that ¢¥(c) = ON N (B) in this case. Of course, such
imbeddings may not exist for every disc-bundle B, or indeed for any at all: we
will show, however, that for some B they do.
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Definition 3.7. A tubular neighbourhood of ON in N is an imbedding v : ON X
I — N as submanifold with boundary, extending the projection of /N x 0 on
ON.

We define this separately, since we do not call ON a submanifold of N.
This completes our list of definitions; we now survey how the results of the two
preceding chapters extend to the boundaries. Let N be a smooth manifold with
boundary. Then N has a Riemannian metric - the proof is the same as before.
The discussion of geodesics at non-boundary points is also the same as before. At
boundary points P, we must distinguish between inward- and outward-pointing
tangent vectors; in terns of a C.N. of P, these are vectors X\;0/0x; with Ay > 0
resp. A1 < 0. If A\; =0, we call the vector tangent to the boundary; indeed, if
i: ON — N is the inclusion map, such vectors form the image of d;, so do come
from tangent vectors of ON. It is now clear, from the differential equations, that
local geodesics can be constructed for all inward-pointing tangent vectors and
for no outward-pointing ones. Is is not determinate in general what happens to
those tangent to the boundary; as examples, the reader may consider D? and
the closure of R? \ D?, each with the usual metric. The results of Chapter 1,
up to and including Proposition 1.6 now follow, in suitably modified forms (the
remainder are mostly false in general).

Proposition 3.8. There exists a tubular neighbourhood of ON in N.

Proof. We can identify ON x I with the set of inward-pointing normal vectors
to N, of length at most 1 (including those of zero length), for as there is only
one normal direction at a point of 9N, a normal vector there is determined by
its length. The proof of Proposition 2.11 and Theorem 2.14 now carries over to
this case. O

This proposition enables us in most cases, when discussing manifolds with
boundary, to avoid special difficulties arising at the boundary. Our first illus-
tration of this is with geodesics.

Definition 3.9. A Riemannian metric on N is adapted to the boundary if ON
is totally geodesic, i.e., if construction in N of geodesics for vectors tangent to
ON is locally possible, and if such geodesics are completely contained in ON.

Lemma 3.10. Let M™ be closed, with a Riemannian metric. Then the product
metric for N = M X R}‘_ is adapted to the boundary.

Proof. Let x1,...,x,, belocal coordinates in M, and x( the coordinate in R}r.
Then for the metric g;; we have go; = do;. Hence one of the defining equations
for geodesics is simply d?wzq/dt?> = 0. Thus if initially x¢ = dxo/dt = 0, we have
xp = 0 all along the geodesic, which thus stays in N - as indeed one would
expect. O]

Proposition 3.11. Every manifold with boundary has a Riemannian metric
adapted to the boundary.
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Proof. By Proposition 3.8, if N is the manifold, 0N has a tubular neighbourhood
¥: ON x I — N. Let ¢ be a metric on N, ¢’ the product of some metric on
ON with the standard metric of I. We define a metric ¢ by

n__ ) outside the image of
7 ¢+ (p—¢)Bp@Bt—1) at P(Pt).

The latter agrees with ¢ in a neighbourhood of ¢ = 1, so is smooth everywhere;
it is a Riemannian structure, as a positive linear combination of positive form
is another, and it agrees with ¢’ near ¢t = 0, so by Lemma 3.10, it is adapted to
ON. O

Using a metric adapted to the boundary, we could go on to find analogues
of all the results in Chapter 1 except Theorem 1.10. We are more interested in
generalising the results of Chapter 2. First note that a submanifold M of N
meets ON orthogonally if the normal vectors to M and N at each point of M
are perpendicular.

Lemma 3.12. Let N be a manifold with boundary, M a submanifold. Then N
has a Riemannian metric in which M meets ON orthogonally.

Proof. We construct a metric just as in Part 0, Theorem 3.8; the only point to
watch is that M meets N orthogonally in each of the partial metrics to be fitted
together. But since M is a submanifold, at a point of 9M, there is a coordinate
map of an open set of (N, M) to (R%,R7), end the Euclidean metric will do.
Now when we fit these together, M continues to meet /N orthogonally. O

Corollary 3.13. N has a metric adapted to the boundary in which M meets
ON orthogonally.

Proof. We take the metric of Lemma 3.12, and construct a corresponding tubu-
lar neighbourhood of ON in N. Since for P € M, a vector at P normal to
ON is tangent to M, it is a ‘generator’ of such a tube. Hence using this tubular
neighbourhood in Proposition 3.11, M continues orthogonal to N in the metric
there constructed. O

Theorem 3.14. If N is a manifold with boundary, M a submanifold, then there
ezists a tubular neighbourhood of M in N.

Proof. The argument of Proposition 2.11 and Theorems 2.14 and 2.16 can now
be carried through in this case: to avoid overloading this chapter, we shall leave
the details to the reader. O

We shall need one further theorem involving tubular neighbourhoods and
boundaries. We retain the hypothesis of Theorem 3.14.

Theorem 3.15. There is a tubular neighbourhood v: ON x I — N of ON in
N such that ¥|0OM x I is a tubular neighbourhood of OM in M.
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Proof. Let ¢: B — N be a tubular neighbourhood of M in N (with notations
as above). Give M a Riemannian structure, and B the product structure. As
B is locally a product, we can do this locally, and as the group of the bundle B
is the orthogonal group, which preserves the standard Riemannian structure in
the fibre, these local structures agree on their intersections, and define a global
structure.

Now as in Proposition 3.11, we modify the Riemannian structure on N so
as to agree with the above structure on B in a neighbourhood of M (using the
bump function to smooth off). Then construct a tubular neighbourhood + for
ON as in Proposition 3.8. We assert 1) has the required property; indeed, since
in a neighbourhood of M the metric is the product constructed above, geodesics
tangent to M are contained in M, as in Lemma 3.10. O

Our tubular neighbourhoods give a global form to one’s vague idea that a
submanifold is imbedded nicely in a manifold, in that they describe the topology
of a whole neighbourhood of the submanifold. We wish to obtain also uniqueness
theorems for tubular neighbourhoods; for this we need some rather different
methods.
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Chapter 4

Diffeotopy Extension
Theorems

Let M™, N™ be smooth manifolds, possibly with boundary.

Definition 4.1. A weak diffeotopy of M in N is an imbedding (possibly as
submanifold with boundary)

h: M xR — N xR
which is level-reserving, i.e., we can write
h(m,t) = (hi(m), 1)) m € M,t e R.

It follows that each h; is also an imbedding. h is called normalised if hy = hg
when ¢t £ 0, and h; = h; when ¢ 2 1, and is then also called a weak diffeotopy
between hg and h;.

A diffeotopy of N is a diffeomorphism k£ of N x R which is level-preserving,
thus in particular it is a weak diffeotopy of N in N. It is called normalised if
k; =1 when t £0, and k; = k1 when t = 1.

The diffeotopy k of N covers the weak diffeotopy h of M in N if

ke(hom) = (he(m) forme M,t e R.
A weak diffeotopy covered by a diffeotopy of N is called a strong diffeotopy.

It is desirable to prove that weak diffeotopies are strong, for the following
reason. It frequently happens that we are able to construct a weak diffeotopy -
for example, if m is small compared to n (see next part), between imbeddings.
If the diffeotopy is strong, there is a diffeomorphism (k1) of N carrying one
imbedding to another, so that up to diffeomorphism the imbeddings are the
same. The diffeotopy extension theorem asserts that under certain conditions,
this is possible; it may thus be looked on as a uniqueness theorem. As to these
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conditions, we refer the reader to Milnor’s notes on Differentiable Structures for
spectacular counterexamples which occur when they are removed.

A weak diffeotopy often occurs in the following form: we are given a level
preserving imbedding h: M x I — N x I. We cannot immediately extend this
to a normalised weak diffeotopy in the above sense, but we define H: M xR —
N x R by

H(m,t) = (Hy(m),T) where H; = hp, ).

H is clearly level-preserving, normalised, and an imbedding.
Proposition 4.2. Weak diffeotopy is an equivalence relation.

Proof. The definition h(m,t) = (ho(t),t) gives a weak diffeotopy between hg and
itself. If b’ gives one between hy and hq, then h”, where h”(m,t) = h'(m,1 —1t)
gives a weak diffeotopy between hy and hg. Finally, let h', h” be normalised
weak diffeotopies between hg and hy and h; and hy. Then set

o Y Ta(m) it S 172
! vy ift>1/2;

this is a smooth imbedding, since h’ and h” are so, and we have h}” = h; for
1/3 £ ¢ £ 2/3, so that the two parts of the definition fit smoothly. O

One of our main objectives will be to determine the set of equivalence classes;
in some simple cases this is accomplished in Part III.

Definition 4.3. The supportof a diffeomorphism A of a smooth manifold N is
the closure of the set of points P with h(P) # P.

The support of a weak diffeotopy h of M in N is the closure of the set of
points P € M such that h;(P) is not independent of t.

Theorem 4.4. Let M, N be smooth manifolds, perhaps with boundary, and let
h: M xR — N xR be a weak diffeotopy of M in N, Suppose that the support
K of h is compact, and contained in N. Then there is a diffeotopy k of N,
whose support is compact and contained in N, which covers h; in particular , h
18 strong.

We shall refer to this as the Diffeotopy Extension Theorem.

Proof. Since K is contained in N , we can ignore the boundary of NV, and suppose
simply that IV is a smooth manifold, for if the result is proved in this case, the
diffeotopy k of N which we obtain, having compact support, equals the identity
on a neighbourhood of ON x R, and can therefore be extended to the boundary
as the identity.

We shall prove the result by applying Part 0, Theorem 4.7 on 1-parameter
groups of diffeomorphisms. In fact, let k be a diffeotopy of N xR, with compact
support. Then k defines a vector field on IV x R, for if X is the vector field
which projects to O on N and to 9/9t on R, we define an associated vector field



45

Xk to k as dk(Xy); since k is a diffeomorphism, this a one-valued vector field
on N x R. Since k is level-preserving, its projection on the second factor is still
0/0t. Also, as k has compact support, X = X, except at some points of a
compact set.

Conversely, suppose given a vector field X (= X} ) with these properties, that
its projection on R is 9/0¢t, and that it agrees with X, outside a compact set;
we assert that k& can be recovered. In fact, referring to Part 0, Theorem 4.7,
note that X, is complete (as remarked after that theorem), hence also X, by
Corollary Part 0. 4.9. Thus there is a 1-parameter group () of diffeomorphisms
of N x R. We set ¢t(n,0) = (kj(n),t) = k'(n,t); that the second components
is t follows from our assumption on X. We now say that k& = k’; this in fact
follows from the local uniqueness in Part 0, Theorem 4.5, for k, k' each satisfy

éxi(k(m,t)) = X;(k(m,t))

ot

where the z; are local coordinates in N, and the X; the components of X in
these coordinates.

We conclude that to construct the diffeotopy, it is sufficient to construct the
vector field X. By the proof that k = k', we see that the necessary and sufficient
condition that & covers h is that on h(M xR), X = dh(9/0t). Thus the problem
is reduced to the construction of a vector field X on N x R satisfying

i) X = X, outside a compact set.
ii) The projection of X on R is everywhere 9/0t.
iii) On A(M x R), X = dh(9/0t).

It is possible to carry out this construction more or less exactly, using tubu-
lar neighbourhoods, but to include the case of boundaries, we use rather more
general method, already used above in proving existence of Riemannian struc-
ture. First, for convenience, let us give N a Riemannian metric and N x R the
product metric. Now condition ii) determines the component of X in the direc-
tion of R (in a fashion compatible with i), iii)); we must find the component in
the direction of N. We assert that if we can do this in a neighbourhood of each
point of h(M x R), X can be constructed. For such neighbourhoods, together
with the complement of h(M x R), form an open covering of N x R. By Part 0,
Theorem 2.1, we can find C.N.s ¢,: Uy, — U(O, 3) refining this covering, and
by the proof of its Corollary 2.2, a corresponding partition of unity {¥,}. If,
then, a function X, can be constructed in each set U, to satisfy conditions i) -
ili); we can define simply X =" X,V,, which will satisfy all the conditions.

Now h(M x R) is a submanifold of N x R, hence in a neighbourhood of any
point of it we can find a C.N. ¢: U — R"™! with UNImh = o1 (R™*1); say for
simplicity that the image of U is U(0,1). Then de(dh(0/0t)) = Y a;0/0z; in
U(0,1) in R™*!; we define X by taking the same formula in R**! (i.e., by taking
the a; independent of the last n—m coordinates). In the case of boundaries, the
a; are only defined on the set in RT+1. But by Whitney’s Extension Theorem,
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Part 0.4.4, they can be extended to smooth functions on U(0,1) in R™*1, and
then extended to R™t! as above. This completes the proof of the result. O

Corollary 4.5. If N is a smooth manifold, M a compact submanifold (perhaps
with boundary), then any weak diffeotopy of the inclusion i: M C N is strong.

Corollary 4.6. If N is a smooth manifold with boundary, any weak diffeotopy of
a compact submanifold (perhaps with boundary) of N is covered by a diffeotopy
of N.

Proof. By the theorem, it is covered by a diffeotopy of N with compact support.
Thus ON has a neighbourhood in N let fixed by the diffeotopy, which can thus
be extended to N, defining it to be fixed on ON. O

Proposition 4.7. Any diffeotopy of ON is covered by a diffeotopy of N.

Proof. We shall suppose the diffeotopy h; of N normalised so that h, = 1
for t < 1/3 and hy = hy for t = 2/3. Let ¢: ON x I — N be a tubular

neighbourhood of N in N (such exist by Proposition 3.8). Then we define a
covering diffeotopy k; of N by

k: = 1 outside Imv; kp(P,s) = (ks (P), s)

where

P fors >t
kis(P) = =7
ts(P) {ht_s(P) for t 2 s.

Thus for s = 0, k;s agrees with h;, and for s = 2/3, k;s(P) = P, so that k is
everywhere smooth, and does cover h. O

Theorem 4.8. Let N be a manifold with boundary, M s submanifold (perhaps
with boundary). Any weak diffeotopy of M in N with compact support is covered
by a diffeotopy of N with compact support.

Proof. First suppose M a submanifold. Let h: M x R — N x R be the weak
diffeotopy. By Theorem 3.15, let ¢v: ON x R x I — N x R be a tubular neigh-
bourhood of the boundary of N x R whose restriction to Imh gives a tubular
neighbourhood of the boundary of that. Now by Theorem 4.4, the weak dif-
feotopy of OM can be covered by one of ON. By Proposition 4.7, this is covered
by a diffeotopy of N; moreover, by the construction of this diffeotopy, it covers
the diffeotopy of M not only at M, but in a neighbourhood, and has compact
support.

This still fails to cover the diffeotopy of M, but only on a set of compact
support, contained in N , and the methods of Theorem 4.4 now apply to complete
the proof.

If M is a submanifold with boundary, there is a similar proof, using instead
Corollary 6.3. O
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We shall need one or two further kinds of diffeotopy extension, when we
come to consider corners, but feel that by now proofs may be left to the reader.
We mention one immediate application of our results.

Proposition 4.9. Let N" be a manifold (perhaps with boundary), M™ a com-
pact submanifold with boundary. Then there is a submanifold U™ of N™ con-
taining M™.

Proof. First suppose that N has no boundary. Let ¢: OM xI — M be a tubular
neighbourhood of OM in M. We define a weak diffeotopy of M by

{ht(P)P P ¢ Imyp
ht@(Pa u) = @(Pvf(tvu))

where f is chosen with f(t,u) = u for u > 1 — ¢, f(0,u) = u, f(¢,0) > 0, for
0 < e and 0f/Ju > 0 everywhere; so that the diffeotopy ‘pushes’ the boundary
a little way into M. E.g., we can take

flt,u) =u+ Bp(t — u)

provided t £ k, where in this range Bp(t) < 1. Now h; is weak, so strong
(M being compact), and covered by Hy, say, hi(M) C M, so we can take
U= H, ' (M).

If N is bounded, we argue similarly, using that part of the boundary of M
not contained in OM. O

This result has the effect that to describe a neighbourhood of M in N, we can
use tubular neighbourhoods of U; tubes round M do not give neighbourhoods.
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Chapter 5

Tubular Neighbourhood
Theorem

We shall now use our results on diffeotopy extension to complete the discussion
in Chapters 2 and 3 of tubular neighbourhoods by showing that these are,
essentially, unique. This enables us to pass form knowledge of the structure of a
compact submanifold M™ of a manifold N™ to knowledge of a neighbourhood of
M™: the only extra piece of information needed is the structure of the normal
bundle N(N/M). Thus our considerations help with the general problem of
building up global results from merely local ones.

We recall the definition. If B is an (n — m)-disc bundle over M, with group
O(n —m), and central cross-section By, then a tubular neighbourhood of M in
N is an imbedding ¢: B — N, as submanifold with boundary, extending the
projection of By on M.

Definition 5.1. Two tubular neighbourhoods ¢p: B — N and ¢': B’ — N are
equivalent if there is a bundle map x: B — B’ over the identity map of M, and
a strong diffeotopy of ¢ on ¢} x which is fixed on By.

Our object is to show that any two tubular neighbourhoods are equivalent.
Since we shall use the result of Chapter 4 we shall have to assume that M is
compact. One would expect that this assumption was unnecessary; however, it
cannot be simply omitted. A tubular neighbourhood of R! in Ri, not equivalent
to standard ones:

Example 5.2. T is the set |y| < 3 and 22 + (y — 2)? = 1 and the projection of T
on R! is defined by straight lines through (0,3). (See Figure 5.1).

Clearly this gives a tubular neighbourhood, equally clearly non-standard.

For applications in later parts, we shall usually assume all manifolds compact
anyway.

Let ¢: B — N be a tubular neighbourhood for M in N. We consider the
bundle F associated to B but with fibre R™"~"™, and correspondingly extend the
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AN

Figure 5.1: Non-standard tubular neighbourhood

group to GL(n —m). B is a submanifold with boundary of E. For the tubular
neighbourhoods of Chapter 2 F is simply the normal bundle N(N/M).

Definition 5.3. An imbedding ¢: ' — N as open submanifold, extending the
projection of Ey on M, is a weak tubular neighbourhood of M in N.

Lemma 5.4. Any tubular neighbourhood p: B — N can be extended to a weak
tubular neighbourhood ¢: E — N.

Remember that we are assuming that M is compact.

Proof. We can define a weak diffeotopy of ¢ as follows. Recall that over each
neighbourhood in M, B is a product of M with a vector space; in the sequel, we
permit ourselves to form sums and products by scalars in these vector spaces,
using the standard notation. Then our weak diffeotopy is ¢:(m,v) = p(m,tv)
for 1/2 < ¢t <1 (where m € M, v € D™ ™, the fibre). Since M, and so also B,
is compact, ‘the weak dn‘feotopy is strong: say it is covered by the diffeotopy kt
of N. But ¢'/2 can be extended to a weak tubular neighbourhood, e.g., by &:

p(m, v) = ¢(m,

where 7 is smooth, y(t) = 3t for 0 < ¢t < 1,4’ > 0, and (t) < 1. Such a v may
easily be constructed by using bump functions, e.g.,

~(t) = %/0 {14+ (e7® = 1)Bp(z — 1)}dux.

We can now define ¢ = k;/12 o p. O

Lemma 5.5. Let ¢: E — N, @': B/ — N be weak tubular neighbourhoods of
M in N such that Imp C Im@’. Then for some bundle map x: E — E’, there
is a weak diffeotopy of @ on @'\ which is fized on By.

Proof. Let j = ¢ 'o@: E — E’, then j is an imbedding. Consider the map-
pings j;: ji(e) = t;l(te) for 0 <t £ 1, e € E; where the multiplications by ¢!,
t are again scalar multiplications in the fibre. Clearly j; = j; we shall show that
the definition of j; can be extended to ¢ = 0, and that jo can be taken as ¥:
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@'j; will then give the required weak diffeotopy of @ = @'j on @'y; it is clearly
fixed on By.

Take local coordinates © = (x1,...,2,,) in M, and let y, z be Euclidean
coordinates in the fibres of E, E’. Then setting j(z,y) = (a(z,y), B(z,y)) we
have

ge(z,y) = (afz, ty), t7' Bz, ty)).

But j carries the zero cross-section of E onto that of E’, so
a(z,0) =z, B(x,0) = 0.

Now by Part 0, Lemma 3.3, applied to 8 (regarded as a function of y with = as
a parameter), there are smooth functions 3; with

B(l‘, y) = Z yiﬁi(‘ra y)

Then t~!8(z,ty) = Y. v:Bi(z,ty), so we can write j; in the form

jt(xay) = (a(x,ty), Zylﬁl(xaty))

where the left hand side is a smooth function also at t = 0. This shows that
we have a smooth map J: F x I — E’ x I defined by the j;; to have a weak
diffeotopy, we must check that the Jacobian is everywhere nonzero. This is clear
for t # 0, since j is a diffeomorphic imbedding, and multiplication by t or ¢!
gives a diffeomorphism. Now

jo(x,y) = (x,Zylﬁl(at,O)) = (-’LZ:%%M:O)

induces a linear map of each fibre, with matrix (03;/0y;) = (0z;/0y;) which
is also the matrix of partial derivatives of j on By. Since jy is an imbedding,
this is nonzero. So jo is a fibre map, with each fibre mapped isomorphically,
so is a homeomorphism; since the Jacobians are nonzero, it is a diffeomorphism
(Lemma 2.5), and we can take Y = jo. We have also verified by the same token
that J is a weak diffeotopy. O

Corollary 5.6. The result holds also without th assumption Imp C Im¢g'.

Proof. For Im@ N Img’ is a neighbourhood of M, which thus has a tubular
neighbourhood, hence also a weak one @”, with Im@” C Im@ N Im¢@’. Then
there are bundle maps modulo which ¢" is weakly diffeotopic both to ¢ and @',
whence the result follows. O

Lemma 5.7. Let ¢: E — N, @': B/ — N be weak tubular neighbourhoods of
M in N where the bundles E, E' have group O(n — m). Then the conclusion
of Lemma 5.5 holds, with x an O(n — m)-bundle map.
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Proof. It suffice to show that any v¢: F — E’ which is a bundle map when the
group is extended to GL,,_,,(R) is weakly diffeotopic to an O(n — m)-bundle
map. As above, in coordinates, 1 is given by

Y(x,y) = (x,2) where z; = Zaij(x)yj.

Now since the group is the orthogonal group, we can speak of the length of a vec-
tor in the fibre (cf Part 0, Chapter 3). By the Gram-Schmidt orthogonalisation
process, take the vectors b; with components a;;, and write b; = Z}Zl Aij€j,
where the e; are orthonormal, and each A;; > 0. If e; has components e;;,
consider now the weak diffeotopy

ki(z,y) = (z,2), where (2); = Z(t)\ij + (1 —1)0i;)Cikyr)
Jik
That this is a weak diffeotopy follows as no matrix (tA;; + (1 —t)d;;) is singular
(for the matrix is triangular, with nonzero diagonal terms); k1 is the given map

¥, end ko takes one orthonormal base to another, so is an O(n — m)-bundle
map. O

Corollary 5.8. Let o: B — N, ¢': B — N be tubular neighbourhoods of M
in N. Then there is a bundle map x: B — B’, with ¢’ o x weakly diffeomorphic

to .
Proof. By Lemma 5.4, ¢, ¢ extend to weak tubular neighbourhoods @, ¢’; by

Lemma 5.4, there is a bundle map ¥: F — E’ with corresponding property.
Then Yy maps B into B’, and so we can take y as its restriction. O

Corollary 5.9. Under these conditions, B and B’ are equivalent bundles.
Proof. x is a bundle isomorphism. O

Theorem 5.10. (Tubular Neighbourhood Theorem) Let N™ be a smooth man-
ifold and M™ a compact submanifold. Then any two tubular neighbourhoods of
Min N are equivalent.

Proof. This follows from Corollary 5.8 since, by Theorem 4.4, the weak dif-
feotopy we have constructed is in fact strong. O

As a first corollary, we obtain a useful little result.

Theorem 5.11. (Disc Theorem) Let N be a connected manifold (perhaps with
boundary), f1, fo: D™ — N™ imbeddings as submanifold with boundary. Then fy
and fo are strongly diffeomorphic unless N is oriented and f1, fo have opposite
orientations.

Proof. Let P, = f;(0) (i = 1,2). Since N is connected, by Definition 2.10
there is a smooth path connecting P, and P, in N, i.e., a weak diffeotopy of
P, and P», considered as submanifolds of zero dimension. By the diffeotopy
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extension theorem, there is a strong diffeotopy. Hence we may suppose P =
P, = P. Now f1, f2 are tubular neighbourhoods of P, so by theorem 5.10, there
is an orthogonal transformation x of D", such that f; and fs o x are strongly
diffeotopic.

Now if x € SO(n), then clearly f> is weakly, so also strongly diffeotopic
to fo o x, so the result follows. If not, and N is orientable, we have the case
excluded by the theorem. If N is non-orientable, there is an orientation reversing
smooth path (of the discussion after Definition 3.9), and if we take P on a strong
diffeotopy round such a path, the sign of the determinant of y will change. [

We shall use numerous extension of Theorem 5.10 in the sequel; let us indi-
cate one or two briefly here. The definition of equivalence remains the same.

Proposition 5.12. Any two tubular neighbourhoods of ON in N are equivalent,
if ON is compact.

Proof. Follow the above closely. The analogues of Lemma 5.4 and Lemma 5.5
follow as before. In Lemma 5.7, note only that our group is not GL;(R) or
O(1), but simply GL] (R) or SO(1) - the trivial group. This makes for a slight
simplification in the argument. O

Proposition 5.13. The result of Theorem 5.10 holds also if N has a boundary.

We note that in proving uniqueness of tubular neighbourhoods, in contrast
to the case where we had to prove existence in Chapter 3, no extra difficulties
arise in the case where we have boundaries.
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Chapter 6

Corners and Straightening

In this chapter we shall pay a little attention to manifolds with a corner, and give
a process of straightening this, so as to have simply a manifold with boundary.
This will be very useful later on, where any corners which occur may be ignored
by the results of this chapter.

We first need existence and uniqueness theorems for a lot of new kinds of
tubular neighbourhood. Let M be a manifold with corner /M. A Riemannian
structure on M is defined as before, with the extra condition that the two parts
of OM at a point of ZM meet orthogonally (i.e., the vectors normal to them are
perpendicular). A tubular neighbourhood of OM is defined as before. However,
OM x I does not have the structure of a smooth manifold (of any kind) on
/M x I, so we must interpret “imbedding” to mean a homeomorphism into,
which is a diffeomorphism except on /M x I, and with all partial derivatives
continuous at ZM x I from each side.

Lemma 6.1. There exist s a tubular neighbourhood of OM in M, if OM is
compact.

Proof. First define inward-pointing vectors on 0M; except on ZM these are, as
usual, vectors Y A\;0/0x; with Ay > 0, in terns of a C.N. On ZM, we require
A1 > 0, Ao > 0. We observe that at each point, the space of inward-pointing
vectors is convex. Now construct on M a smooth field of inward-pointing
vectors: we first do this everywhere locally, and piece together with a partition
of unity (cf Part 0, proof of Theorem 3.8). The exponential map applied to
this field now gives a local diffeomorphism, and from this we deduce a tubular
neighbourhood as usual, using Part 0, Corollary 2.18 and Lemma 2.13. O

(We could do without compactness, but the result is not of sufficient im-
portance to make it worth the trouble). Our next object is to obtain a tubular
neighbourhood of ZM in M; this is of no little difficulty, and our first suggested
proofs were fallacious. We hope the following is not. The tubular neighbour-
hood is as usual an imbedding of a fibre bundle. The choice of the fibre is of no
importance, provided we do get a neighbourhood; we obtain a set of the form
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|z| £y <1 in R?, with group Z, operating by reflection in the y-axis. This is
somewhat more convenient than coordinates xg, x1.

Theorem 6.2. If /M is compact, there exists a tubular neighbourhood of £ M
wn M.

Proof. We first suppose a Riemannian structure given on M, and take the vector
field on ZM consisting of that normal vectors inclined at w/4 to each part of
OM. As in Lemma 6.1, we can apply the exponential map to such vectors
(provided they are inward-pointing), and for sufficiently small ones obtain a
diffeomorphic imbedding of /M x I.

Next we construct geodesics normal to this subset, until they meet the
boundary OM. Observe that by the usual arguments, every point of a suffi-
ciently small neighbourhood of ZM lies on just one geodesic. We use this to
define a map of such a neighbourhood into R2. A point P in the image of
LM x I, at distance Ae from ZM (where ¢ is the “sufficiently small” distance,)
is mapped to (O, A). A point in a normal geodesic of P, at distance pe from
ZM (where ¢ is the “sufficiently small” distance) is mapped to (O, ). A point
in a normal geodesic of P, at distance pe from it, is mapped to (+u, A). Here,
the choice of sign is indeterminate, but can be made coherently locally.

By the usual arguments, our mappings are smooth (they come from the
exponential map.) The product to /M x R? is thus also smooth, and has
Jacobian 1 on ZM, so is a local homeomorphism, and if € is small enough, a
diffeomorphism. Here I have been imprecise: as the map to R? was only defined
up to a reflection, my map really goes to an R2-bundle over /M, in general
non-trivial.

The image in R? is defined by equations of the type

—h(y)y <z < g(y)y, 0<y=1

where h(0) = ¢g(0) = 1 (since the angle is right) and h, g are positive in the
range under consideration, and depend also on the point of Z. To simplify this,
we define a new coordinate w by

2z = {g(y) + h(y)}w + i{g(y) — h(y)}w?;

provided ¢ is small enough (for the last time!) this defines w as an increasing
function of z, restricted only by —y < w < y.

Reflection in the y-axis interchanges g and h and changes the sign of . Thus
it also change the sign of w, and our bundle has a well-defined fibre and group.
Finally, the new coordinate is also smooth; indeed this is quite clear from the
definition above. O

We have left out most of the details in this proof to make the ideas clearer.
The only other proof to my knowledge is in Cerf’s thesis.

In the corollaries we shall suppose, for simplicity, that we can write oM =
OHMUBM, LM =01 M N M = 001 M = 00,M; so that LM separates OM
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into parts with closures 01 M, 9, M. This is the case for all the corners that we
actually need. A tubular neighbourhood of 9; M is defined in the usual way;
the image contains a neighbourhood of ZM.

Corollary 6.3. There exists a tubular neighbourhood of O; M in M.

Proof. As in the proof of Proposition 3.11, we can use the tubular neighbour-
hood of ZM in M to construct a metric adapted to each of 91 M,dM in a
neighbourhood of ZM. The construction of the tubular neighbourhood now
proceeds as usual. O

Corollary 6.4. There exists a metric adapted to OM.

Proof. We use the tubular neighbourhoods of the above Corollary and the
method of Proposition 3.11. Note that the product metrics given by these
tubular neighbourhoods near the corner agree with the metric we have already
(which was constructed using a tubular neighbourhood of ZM); thus near /M
the metric is unaltered by this process. O

We observe that tubular neighbourhood theorems for the tubular neighbour-
hoods constructed in Theorem 6.2 and Corollary 6.3 follow without difficulty by
the methods of Chapter 5; in contrast to the existence problem, we need no new
idea here. We now turn to the main topic of the chapter. Let M be a manifold
with compact corner.

Theorem 6.5. There exists a manifold with boundary N such that there is a
homeomorphism h: M — N which is a diffeomorphism except on £M. More-
over, there is a construction of such an N which gives a result unique up to
diffeomorphism.

Proof. Our construction is as follows. N will be M itself, with a different
differential structure, defined by a new set of C.N.s. At points of M \ ZM, the
differential structure and C.N.s are unchanged. Let p: B — M be a tubular
neighbourhood for /M, where B is a bundle whose fibre is the set |z| <y < 1.
Then a C.N. for /M, with coordinates x3,...,x,, determines one for B, and
so M, with additional coordinates x, y. We define N by the same mapping,
followed by taking the new coordinate instead of 3, z = 2 —22. The C.N. is then
defined locally by z 2 0, which is the right form for a manifold with boundary.
y = Vx? + zis a smooth function of z except on ZM, so the differential structure
is unchanged elsewhere. Finally, as these C.N.s all come from a single tubular
neighbourhood of Z M, the differential structure so defined is clearly consistent.

The uniqueness up to diffeomorphism of such N follows at once from the
tubular neighbourhood theorem for /M in M. O

Definition 6.6. N is said to be derived from M by straightening the corner.

We reserve this term for this constructed N, not for any N which has an
h: M — N, a homeomorphism, diffeomorphic except on /M. Such N are
in fact unique, but a proof of this would lie much deeper, since this allows
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arbitrary singularities of h on ZM. We mention that the popular definition of
straightening uses the same process, but replaces (z,y) by (2xy, y*> —x?) instead
of (z,y? — 2?). The reason for our choice will soon be apparent.

Theorem 6.7. Let ¢: OM x I — M be a nice tubular neighbourhood for OM
in M. Let a: OM — (0,1) be a map, smooth except on LM, and suppose
j: OM — M defined by J(P) = ¢(P,a(P)) such that the image of j is a smooth
submanifold ON. Such « exist, and if N is the interior of ON, i.e., the closure
of that residual component of ON in M which does not contain OM , N is derived
from M by straightening the corner.

Remark 6.8. We need ¢ to be well-behaved near ZM. It will suffice if ¢ is
derived from a metric defined using a tubular neighbourhood of ZM.

Proof. We shall first construct a homeomorphism h of N onto M, and then
prove that it carries C.N.s for N onto those for M with the corner straightened.

I

Let us refer to the paths (P x I) as orbits. h will keep points outside Imey
fixed; those inside are moved along the orbits in such a way that a neighbourhood
of p(P x 1) is fixed, while (P x «(P)) is mapped to ¢(P x 0). This may be
effected as usual, using bump functions; the map can be made smooth away
from /M.

Near /M we take coordinates (z,y, 3, ..., 2Zy) as for a tubular neighbour-
hood. By assumption on ¢, the orbits are obtained by letting y vary. Let
X = (z,0,z3,...,2,,) be the corresponding point on the boundary. Then for
X close to ZM and z small, we write

he(X, a(z) + 2)) = (X, Va2 + 2)

and use the bump function to pass smoothly from this to the other values of
h. Observe that the coordinate z is well-determined up to sign referring to the
tubular neighbourhood of ZM. Finally, if y = V22 + z, z = y? — 22 is indeed
the coordinate introduced to straighten the corner. O

This theorem is very useful in reconciling the definition of straightening with
the applications. For example, we have now

Corollary 6.9. D" is derived from D" x D* by straightening the corner.

Proof. We can take the tubular neighbourhood of 9(D" x D?®), where D" x D?*
is imbedded in the standard way in R""%, to be defined by orbits which are
straight lines through O. Then the image of j can be taken as a sphere with
centre at the origin. O
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So far we have discussed straightening corners. We may also consider the
converse process, the introduction of corners. For given a manifold with bound-
ary N, and a submanifold L of ON of codimension 1, we can construct a tubular
neighbourhood of L in N, and redefine the differentiable structure to introduce
a corner along L. The resulting M is unique up to diffeomorphism, and if we
straighten the corner, we return to N. The proof of these results are parallel to
those above, but are much easier.

Proposition 6.10. If L is a submanifold of ON of co-dimension 1, we can
introduce a corner on L in an essentially unique way. If we straighten it, we
recover L.
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Chapter 7

Cutting and Glueing

Cutting and glueing are simple geometrical constructions which, given some
smooth manifolds (probably with boundaries and corners) and additional data
where necessary, give rise to new manifolds. On account of their perspicuity,
these methods were much used in the days of topology of surfaces, and they
remain a very powerful tool.

We first discuss the simplest case of glueing. Let M;(i = 1,2) be manifolds
with boundary, O0M; = @;, and suppose given a diffeomorphism h: Q1 — Q-
(the necessary additional data). We now form a smooth manifold. Take M;UM>
(disjoint), and identify points corresponding under h. This gives a topological
space N, and the identification map 7: M7 U My — N. Now take tubular
neighbourhoods ¢;: Q; x I — M;. These define a map ;: Q; x D' — N by

’ mpa(h(g),t) it =0;

these agree on t = 0 since ()7 and Q)2 were identified using h. It is clear that
@ is 1 - 1; in fact, a homeomorphism into. Now define a function f on N to be
smooth provided f o7 is a smooth function on M; U My and f o ¢ a smooth
function on @ x D'. The axioms defining a smooth manifold are now clearly
satisfied: C.N.s in M;, Q; x D', and in M, give rise to C.N.s in N, and where
these overlap, they agree.

We have really not made full use of the assumption 0M; = @;, and none of
the above argument is affected if 9M; is the disjoint union of a certain set of
components, and @; the union of a subset of these components. In this case,
the remaining boundary components form the boundary of V.

Definition 7.1. N is obtained by glueing M; to My by h (or, along Q).

Proposition 7.2. The manifold defined by glueing My to My by h is determined
up to diffeomorphism, provided Q1 is compact.

Proof. The only arbitrary element in the definition was the choice of the tubular
neighbourhoods @;. By the tubular neighbourhood theorem, these are unique
up to diffeomorphism of M;, so the result follows. O
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It is unclear whether compactness of @)1 is essential here. Certainly, glue-
ing by inequivalent tubular neighbourhoods can give the same manifold as for
example glueing two copies of R%r, we always obtain a contractible 2-manifold,
and any such is known to be diffeomorphic to R? itself.

Definition 7.3. If N is obtained by glueing M to itself, via 1: 0M — OM, we
say it is defined by doubling M.

This particular case is useful in some contexts.

The inverse operation to glueing is cutting. Again, we discuss the simplest
case first. Let N™ have Q! as submanifold, and suppose that N \ Q has
just two components, with closures M; and Ms so that OM; = @Q = OMs. Tt
is immediate that each M; is a submanifold with boundary of N, and has the
induced structure of a smooth manifold. The M; are uniquely determined by
(N, Q) and N may have a boundary. No compactness is needed.

Proposition 7.4. If N is defined by glueing My to Ms along Q1, and we cut
N along 7(Q1), we recover My and My. Conversely, if N™ and its submanifold
Q"' are connected, QQ separates N with parts M, and My and we glue M; to
Ms along Q, then if Q is compact, we recover N.

Proof. The first part is immediate from the definition of glueing. For the con-
verse, if the above conditions are satisfied, we obtain M; and M,. Now if
¢: Q x D' = N is a tubular neighbourhood of Q in N, ¢ defines by restric-
tion tubular neighbourhoods of @) in M;, M. If these are used in the glueing
process, we clearly recover N. The second part of the result now follows from
Proposition 7.2. O

Thus cutting and glueing are inverse operations. We now discuss cutting in
a more general context. We continue to suppose that N™ is a smooth manifold
(without boundary), @ a submanifold of unit codimension. However, we no
longer suppose that @ separates IV, or even that it separates a neighbourhood
of @; thus in general, when we cut N along @, it will not fall into two pieces.

There are two quick ways of defining cutting. One is to let ¢ be a complete
metric on N, and define M as the metric completion of N \ . A somewhat
preferable procedure is to define M by deleting from N the interior of a tubular
neighbourhood of @; this has the advantage that M has a natural induced
structure as submanifold with boundary. However it, like the firs proposal,
makes use of additional structure - the tubular neighbourhood - which is not
essential, and obscures the problem of uniqueness of the result; so we shall
proceed differently.

Observe that, if i: @ — N is the inclusion, and P € @, then di(Qp) is a
subspace of Np of unit codimension, and so separates this real vector space
into two components. We define a manifold M as follows. Its points are those
of N\ @, together with two for each point P of @, one associated with each
complementary component of di(Qp) in Np or, as we shall say, side of @ in N.
There is thus a natural projection 7: M — N. We take for C.N.s in M those
induced by 7 from C.N.s in N \ @; in addition, for each C.N. f: U — R™ with
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YR Y =UNQ two C.N.s in M; induced by 7 from the restriction of f to
the inverse images of R’} and R” (in the latter case, we must change the sign
of the first coordinate to obtain a C.N. of standard type). Here, of course, the
points of IV corresponding to a certain side of () in N are mapped by the C.N.
for the corresponding side of R”~! in R"™; since df is nonsingular, it preserves
the distinction between sides.

Definition 7.5. M is obtained by cutting N along Q.

We note that OM is a double covering of ). In fact, it is easy to determine
which covering.

Proposition 7.6. Let Q"' be a submanifold of N*, ¢: B — N a tubular
neighbourhood which extends to a weak tubular neighbourhood, M’ the closure
of N\ Imep, and M obtained by cutting N along Q. Then M is diffeomorphic
to M', and hence OM to OB, the normal covering of Q in N.

Proof. Cut B along @ (the zero cross-section). Then we obtain simply 0B x I:
this is clear, since the whole is a bundle over @) with group Zs. Hence ¢ induces
a tubular neighbourhood of the boundary of M, the complement of which is M’.
It is now clear that M’ is diffeomorphic to M; indeed, using the weak extension
of o, we can define a diffeotopy of the identity map of M’ to a diffeomorphism
onto M (cf proof of Lemma 5.4). The result follows. O

The corresponding extension of Proposition 7.4 for the present definition of
cutting now follows. However, cutting is more general than simply the inverse
of glueing as is clear, for example, when the normal covering of @ in N is
non-trivial.

We shall need further generalisations of cutting and glueing which involve
corners. If N is a manifold with boundary, @ a submanifold, we may define
the manifold M obtained by cutting along @ precisely as above: the only new
feature is that M has a corner at points corresponding 0Q); this divides 9M into
two parts, corresponding respectively to dN and to Q.

Likewise, let M;(i = 1,2) be manifolds with corners and let @); be part of the
boundary of M; with 0Q; = ZM;. Let h: Q1 — @2 be a diffeomorphism. Since
the @; have tubular neighbourhoods by Lemma 2.3, we can define a manifold N
by glueing M; to My by h precisely as before; again the tubular neighbourhood
theorem shows that if @) is compact, the result is unique. The generalisation
of propositions 7.4 and 7.6 to the present case now present no difficulty.

Finally we remark that it is sometimes desirable to glue together two parts
of the boundary of the same manifold. If the parts are disjoint, we can use
disjoint tubular neighbourhoods to effect this. If not, since it is usually the case
that we are interested only in obtaining a result up to diffeomorphism, we can
usually imitate the following trick. Let m: OM — @ be a double covering and
suppose we wish to glue together points of M lying above the same point of
. Now the mapping cylinder B of 7 is a disc-bundle over @), and so a smooth
manifold with boundary, and the same result can be effected by glueing M to B
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by the identity map of the boundary; that it is the same follows by Proposition
7.6.
As an important application of cutting, we mention the following.

Definition 7.7. Let M{", MJ* be connected smooth manifolds, f;: D™ — M™
imbeddings. Delete the interior of the image of the f;, and glue the result
along the boundary f;(S™!) by faf; *. The result is called the connected sum,
written Mi;#Ms. (It is obvious that it is connected).

Theorem 7.8. Mi#M> is determined up to diffeomorphism by summands,
unless these are both orientable, when there are two determinations.

Proof. By the Disc Theorem 5.11, the imbeddings f; are unique up to strong
diffeotopy, and a possible change of orientation. By Proposition 7.2 the result
of glueing, given f; and fo, is unique up to diffeomorphism. Hence the result
follows, except for considerations of orientation. Note that if fi,fs are replaced
by fi1 or,fs or, where r is a reflection, the connected sum is unaltered. Now if
neither M; is orientable, the result is trivial: if only M5 is orientable, using the
above possibility of simultaneous reversal, uniqueness again follows. If both are
orientable, the result now has two possible cases. O

To make the result precise in the orientable case, we suppose the M; both
oriented, and that one of the f; preserves, the other reverses orientation. The
result is then again unique, and has a canonical orientation inducing the given
ones of the M;.

The connected sum is also defined for manifolds with boundaries and corners;
we simply suppose that the f; map into the interior. However, in this case we
also have a different sum operation. Let us suppose that M{™, M3" are connected
manifolds with connected boundaries. Let f;: D™~! — dM™ be an imbedding.
Introduce a corner along f;(S™2). We may now glue the f;(D™™!) together

by fofi
Definition 7.9. The result is called the sum M; + Ms of M; and M.

Proposition 7.10. M; + M, is determined up to diffeomorphism by My, and
Moy unless OM7 and OMs are both orientable, when there are two sums.

Proof. This follows by the Disc Theorem exactly as for Theorem 7.7. O
We conclude by summing up the simple properties of those operations.
Proposition 7.11. M™#S™ = M™ M™+D™ = M™ (M1+Ms) = OM#0Ms,.

Proof. To form M™#S™ we simply delete one disc from M™, and replace it by
another, equally good one.

The second result may be seen as follows. D™ is obtained from D™ ! x I
by straightening the corner. Derive N from M by introducing a corner along
f(S™=2) as above; then glueing on D™~1 x I does not affect N other than by a
diffeomorphism (as f(D™~ 1) has a tubular neighbourhood by Corollary 6.3 and
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we have the usual deformation argument). The result follows by straightening
the corners.

The last part is merely an observation of what happens to the boundary, for
the sum operation; the proof is immediate. O
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Part 11

Theorems of Transversality
and General Position
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Chapter 0

Nul Sets

We now need a few standard facts about nul sets (i.e., sets of Lebesgue measure
zero) which will be very useful in the sequel.

Definition 0.1. A subset A of R™ is nul if for each € > 0, it can be enclosed
in a countable union of balls of total volume < e.

It is trivial that a countable union of nul sets is nul. Also that a nul set has
no interior: its complement is everywhere dense.

Lemma 0.2. Suppose U open in R", f: U — R"™ smooth, and A C U nul.
Then f(A) is nul.

Proof. Let K be a compact subset of U. Then in K the partial derivatives of f
of first order are bounded, so infinitesimal lengths are multiplied by a bounded
factor: let N be a bound. Then the image of a ball of radius r is contained in
a ball of radius Nr; thus if B is contained in a number of balls in K of total
volume less than ¢, f(B) is contained in a union of balls of total volume less
than N"e.

Now as in Part 0, 2.1, we may find a countable set of discs U(x;,2d;) con-
tained in U, with the U(x;,d;) covering U. Then if A, = ANU(x;,0;), we can
cover A; by balls contained in U (z;,2d;) of total volume less than ;; hence by
the above, f(A;) by balls of total volume less than N['e;. Thus f(A;) is nul,
and so is the countable union f(A). O

Corollary 0.3. Suppose U open in R™, m < n, f: U — R™ smooth. Then
f(U) is nul.

Proof. Define F: U x R"™™ — R™ by F(x,y) = f(z). Then f(U) = F(U x O),
but clearly U x O is nul in R". O

Definition 0.4. Let N™ be a smooth manifold. A C U is nul if for each C.N.
p: U—=R" oUnNA)is nul.

Since by the lemma, nul sets are preserved by smooth maps, it is sufficient
to verify the condition for a set (Uy, pq) of C.N.s with the U, covering N.
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Proposition 0.5. Suppose A C N{* be nul, and f: N]* — NI be smooth. Then
f(A) is nul.

Proof. The result follows at once from Lemma 0.2 and the definition. O
Corollary 0.6. Suppose m <n, f: MM — N™ be smooth. Then f(M) is nul.
Proof. As for Corollary 0.3. O

These give the basic properties of nul sets: we now go on to the deeper result
which we shall need.

Definition 0.7. Let f: N™ — V" be smooth. A point P € M is a regular
point of f if df: Mp — V;(p) has rank v. Otherwise P is a critical point, and
f(P) a critical value of f.

Theorem 0.8 (Sard’s theorem). Let f: M™ — V¥ be a smooth map. Then the
set of critical values of f is nul.

Proof. We observe that it is sufficient to consider values in a C.N. of V| and
further that, since M is a countable union of C.N.s, we may also restrict atten-
tion to a C.N. of M. This reduces the proof to the case V.= RY, M an open
subset of R™. Now for m < v, the result follows by Corollary 0.3.

We give the proof here only for m = v. For m > v, we refer the reader to
the paper by A. Sard, Bulletin of the American Mathematical Society 48 (1942)
pp. 883-890.

Let P be a critical point. Since m = v, the Jacobian determinant of f
vanishes at P, so given ¢, we can find a ball containing P with J(f) < ¢ in the
ball. Hence the volume of the image is £ §x volume of original ball: it can be
contained in balls of at most twice this total volume.

If K is a compact submanifold of R™, A the set of critical points in K, we
enclose these in small balls of total volume less than 2u(K), say. Then f(A)
can be enclosed in balls of total volume less than 45u(K). But § is arbitrarily
small, so f(A) is nul. The set of critical values is a countable union of sets f(A),
hence also nul. O



Chapter 1

Whitney’s Imbedding
Theorem

We open our discussion of the deeper properties of smooth manifolds with Whit-
ney’s imbedding theorem for two reasons. The first is historical: smooth man-
ifolds were originally considered as submanifolds of Euclidean spaces, and this
theorem reconciled this approach with the abstract form of definition which
we prefer. Secondly, the proof is quite simple, and opens the way to our later
discussion of the general transversality theorem.

Theorem 1.1. Any compact manifold M™ (perhaps with boundary) can be
imbedded in a Euclidean space.

Proof. If the manifold is bounded, double up: any imbedding of the double
restricts to give an imbedding of the original manifold. Now let ¢;: U; —
U(0,3) be the C.N.s constructed in 2.1, Part 0: since they are locally finite,
and M compact, there are only a finite number. Also as in 2.2, Part 0, let
®,(P) = Bp(2 — |p;(P)]) for P in the range of ¢;, 0 otherwise. Now define
functions f;; by

fio(P) = ®;(P)
fij(P) = ®;(P)zj(pi(P)) P inrangeof ¢;
=0 otherwise.

Clearly, the f;; are all smooth functions of P; if the range of 1is 1 £ i < N,
there are (m + 1) N of them, so they define a smooth map

F: M™ — RN

We assert that F' is an imbedding: by 2.6, Part I, it is sufficient to prove that
Fis 1 —1 and an immersion (M being compact).
First, since the o; ' (U(O,1)) cover M, each P € M belongs to at least one

such. But in this set, ®; = 1, f;;(P) = z;(¢:(P)), and so these df;; form a basis

for Mp. Thus df: Mp — ]R;T}j)lw is 1 — 1, and so F' is an immersion.
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Now if F(P) = F(Q), and P € ¢; *(U(O, 1)), then 1 = ®;(P) = f;o(P), and
so 1= fin(Q) = ®(Q), and Q € ;' (U(O,1)) also. But in this set, we can
take the f;;(= z;) as coordinates - since these have the same values for P and
@, then P =Q. Thus Fisalso 1 —1. ]

This is the first of Whitney’s theorems: the proof is very simple, but the
result is rather weak. We shall now obtain a stronger version, with a bound on
the dimension of the Euclidean space, and an approximation clause. It is also
possible by similar methods to give a proof for non-compact manifolds; for us,
it will be more convenient to defer this extension till we have the transversality
theorem.

Each vector in R™ determines the parallel unit vector from the origin, and
hence its end-point, which lies on S™1.

Lemma 1.2. Let f: M™ — R" be an imbedding. Then the set of points of
S™=1 whose vectors are parallel to a tangent of M™ is nul, if n > 2m + 1, and
the set whose vectors are parallel to a chord is nul, if n = 2m + 2.

Proof. Any tangent of M™ is parallel to a unit tangent. Let B be the sub-
bundle of II(M) consisting of unit vectors. Then df: II(M) — II(R™) defines
df : B — II(R™), and since all tangent spaces to R™ have been identified with
R™, there is a smooth map IT: TI(R™) — R™. Moreover, since B consists of unit
vectors, IT o df maps B in S”~!. Hence the set of points in S~ whose vectors
are parallel to a tangent of M is the image of B under a smooth map. Since B
has dimension 2m — 1, the first result follows from Corollary 0.6.

For chords we proceed similarly. Let M x M be the product manifold, A(M)
the diagonal, and consider C' = M x M\ A(M): this is a smooth manifold. Since
f is an imbedding, any two distinct points have distinct images, so if we define
fi: C = R" by f1(P,Q) = f(P) — f(Q) (vector subtraction), the image does
not contain O. Thus we can normalise the image and define fo: C — S"71.
Again we see that the set of points of S"~! whose vectors parallel to a chord
of M is the image under a smooth map; this time of C. Since C has dimension
2m, the result follows as before. O

Theorem 1.3 (Whitney’s Imbedding Theorem). Let M™ be a smooth compact
manifold. Any map of M™ to R>™*t1 may be approzimated arbitrarily by an
imbedding.

Since we have not yet discussed topologies for mapping spaces (see Chap-
ter 8 below), approximation is here to be understood in the sense of point-wise
convergence.

Proof. Let fi: M™ — R?™*1 be the given map, fo: M™ — R™ some imbedding
(which exists by Theorem 1.1). Consider the product map f3: M™ — R2m+1+n;
this is an imbedding. For since f; is an immersion and 1 — 1, so is f3. Now by
Lemma 1.2, the set & of points of 2™+ whose vector is parallel to a tangent
or chord is nul, thus its complement is everywhere dense. We choose a point z,
close to the unit point on the last axis, and not in €. Now project f3(M) in the
direction = to R?™*". Clearly the firs 2m + 1 coordinates of the projected map
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f4 differ from those of f3, and hence of f;, by an amount which can be made
arbitrarily small by choice of x.

We say that f, is an imbedding. For since z is parallel to no chord of
f3(M™), no two distinct points of M have the same image under f4; and since
x is parallel to no tangent vector, there is no tangent vector which is mapped
to zero by dfy. Thus f4 is an immersion and 1 — 1, hence an imbedding.

We may now repeat the projection process a further (n— 1) times, obtaining
ultimately an imbedding in R?™*! with coordinates differing by arbitrarily little
from those of f;. O

Theorem 1.4. Any map of a compact M™ to R>™ may be approzimated by an
mmersion.

Proof. As for Theorem 1.3, we obtain an imbedding in R?™*+!, and then choose
x € S?", arbitrarily close to the unit point on the last axis, and parallel to
no tangent vector (which is possible, as before, using Lemma 1.2) Projecting
parallel to z, we obtain the desired immersion. O
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Chapter 2

Existence of Non-degenerate
Functions

At alater stage in these seminars we shall give a method for describing compact
manifolds up to diffeomorphism. The method consists in defining a smooth
function f: M™ — R; and then we can regard M as “filtered” by the subset
f~Y(—o00,a] as a increases. In order to carry out this process in detail, it is
necessary to suppose f is non-degenerate.

Let f be a smooth function on M, and P a critical point of f, so that
df (Mp) = 0. If we take local coordinates with P as origin, we have f(O) =0
and Of/0x; vanishes at O for 1 £ ¢ £ m. It is now natural to consider the
Hessian matrix 9% f/0x;0z; of second derivatives of f at O. We regard the
Hessian as a symmetric bilinear form H(f): Mp x Mp — R, where

P ) D% f
H()(Q aige 3 big ) = D abig

in local coordinates. Abstractly, if u,v € Mp, we extend v to a local vector field
v defined (at least) in a neighbourhood of P; then

H(f)(u,v) = u(u(f))-

(Recall that a tangent vector is a mapping of functions on M to the reals, and
hence a vector field maps functions to functions). This is independent of the
extension v of v (since P is a critical point), and is clearly the same as the
definition by coordinates.

Definition 2.1. P is a degenerate (resp. mon-degenerate) critical point of f if
H(f) is a singular (resp. non-singular) bilinear form, f is-non-degenerate if it
has no degenerate critical point.

Now suppose given an imbedding i: N — R™. then since we identify II(R")
with R” x R", we may identify N(R" /M) with the submanifold of R” x R™ given
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by pairs {(P,v): P € M, v orthogonal to d;(Mp)}. Recall that the exponential
map is given by exp(P,v) = P + v (vector addition).

Definition 2.2. Let M be a submanifold of the complete Riemannian mani-
fold N. Then a critical value of exp: N(N/M) is called a focus of M; if the
corresponding critical point is a vector at P, it is a focus of M at P.

We observe that by Sard’s theorem, the set of foci of M in N (or in R™) is nul.
It is then clear that the existence of non-degenerate functions will follow from
the theorem below. For P € R™\ M, define Lp: M — R! by Lp(Q) = |P—Q)|.

Theorem 2.3. Lp has a critical point at Q € M if and only sz@ is normal
to M at Q. Q is a degenerate critical point if and only if P is a focus of M at

Q.

Proof. The first statement is clear. For the second, first suppose M is a curve
in R2. Then a focus must be a point of intersection of consecutive normals, i.e.,
a centre of curvature. But Lp has a degenerate critical point at @ if and only
if |P — X is constant to the second order at X = @, i.e., again if and only if P
is the centre of curvature of M at Q.

For general M, the argument is a little more complicated. Suppose that
P = Q+visafocus, i.e., a singular point of exp at (Q, v). Then for a consecutive
point (Q 4 0Q, v+ dv) in some direction, the difference 6@ + dv is of the second
order of small quantities. Now since P is on a normal at ), Lp has a critical
point at @, so dLp: Mg — R is zero. But at Q+dQ, to the first order P again
lies on the normal, and dLp: Mg 5o — R! is zero. Thus if u is the tangent
vector at @ corresponding to 6Q, u(v(Lp)) = 0 at Q for any v € My ie.,
H(Lp)(u,v) =0 for all v, and H(Lp) is singular on Mg, so Q is a degenerate
critical point of Lp.

If we suppose conversely that @ is degenerate, we can reverse the argument.
Since H(Lp) is singular, there exists v with H(Lp)(u,v) = 0 for all v € Mg,
so dLp: Mgisq — R! vanishes to the first order if we move in the direction w,
so to that order, P also lies on a normal at @ + 6@, and hence P is a focus of
M at Q. O

Corollary 2.4. Any compact manifold M admits non-degenerate functions.

Proof. By Theorem 1.1, M can be imbedded in Euclidean space, by Sard’s
theorem, the set of foci (critical values of a smooth map) is nul, so we can
choose P ¢ M not a focus, and then by the Theorem, Lp is a non-degenerate
function. O

We remark that compactness is inessential, and also that using the approx-
imation clause in Theorem 1.3, we could obtain one here. Also the condition
P ¢ M is irrelevant; however, we should replace Lp = |P — Q| by |P — Q|? in
this case; P itself will then be a non-degenerate critical point. We shall obtain
very precise forms of this corollary later, even specifying the needed number of
critical points.



Chapter 3

Jet Spaces and Function
Spaces

We now approach th general transversality theorem; for this we need a number
of preliminary notions. We first discuss jets.

Lemma 3.1. Let f: R — R™ be a smooth map such that f and all its partial
derivatives of orders < r vanish at O. Let p, ¢ be diffeomorphisms of RV, R™
keeping O fized. Then 1 fo has all partial derivatives of orders < r zero at O.

Proof. The result is an immediate consequence of the chain rules for differenti-
ating “a function of function”. O

Clearly, also, the result holds if the maps are only locally defined, and writing
f = g— h, holds also if we speak of g, h having equal derivatives rather than of
f having zero ones.

Definition 3.2. Let g,h: V¥ — M™ be smooth maps, and let P € V. Define
g ~, h at P if, with respect to some local coordinate at P and g(P), we have
g(P) = h(P), and all partial derivatives of order < r of g and h at P agree.

By the lemma, this is independent of the chosen coordinate system. Clearly,
~, is an equivalence relation for maps defined on a neighbourhood of P. An
equivalence class is called an r-jet of maps from V to M at P. The set of all
jets of maps of V to M is the jet space J"(V, M).

Each jet is a jet of a map at some P € V, so there is a natural projection
m: J'(V,M) — V. Similarly (since » = 0), since two functions g, h with the
same r-jet at P, have g(P) = h(P), there is another projection my: J"(V, M) —
M. In fact it is clear that for » = 0 (when derivatives do not come in to it) we
have JO(V, M) =2V x M; here we may define a topology and the structure of a
smooth manifold on the jet space using that on the product.

More generally, consider r-jets of functions f on a neighbourhood of P with
f(P) = Q. With respect to local coordinates at P, @, since two functions

7
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with the same partial derivatives define the same jet, we may take such partial
derivatives as coordinates in J"(V, M). We need a streamlined notation. Let
(z1, - ,2,) be a set of local coordinates at P, (y1, - ,ym) be a set of local
coordinates at Q. We write w = (w1, -+ ,w,) for an arbitrary set of non-negative
integers; z* for (z* - - x%v), 0, = (0/0x1)** -+ - (0/0xy)*, |w| = w1+ -+ +wa,
and w! = wq!- - w,!. Thenif fis a function on a neighbourhood of P, f(P) = Q,
its partial derivatives of order < r are simply the numbers u, ; = d,y; (0 =
|w] £ 7,1 < j < m), thus these values determine the r-jet of f at P.
Conversely, given a set of numbers a,, ; (where the point (ag ;) must lie in
the prescribed neighbourhood of @), there exists a corresponding function - in

fact, the polynomial
Y = Zaw’jx‘“/w!

Hence the set of r-jets J with m1(J) = P, m2(d) = @ is isomorphic to a Euclidean
space.

If we now take (x;, Uy, ;) as local coordinate system in J"(V, M) - which we
have seen o be possible - it is easy to convince oneself that coordinate changes
are smooth (they exhibit, again, the chain rule for partial differentials): we shall
spare the reader a detailed exhibition of them. We conclude that J"(V, M) is a
smooth manifold.

We now observe that the projections 71 and o, are smooth maps. Also,
let f: V — M be a smooth map. Then at each P € V the equivalence class
of fis our r-jet at P, so f defines a cross-section f: V' — J7(V, M), which is
smooth since f (and hence all its partial derivatives) is. Here it is useful to
really restrict ourselves to infinitely differentiable maps - the condition was not
essential in the preceding chapters. In the case r = 0, of course, f is just the
graph of f; we may consider our case as generalised from this.

We now use the jet space terminology to discuss spaces of maps. Write MY
for the set of smooth maps of V in M: we wish to give this set a topology.
First suppose V compact. Now each jet space J"(V, M) is a smooth manifold,
so admits a complete Riemannian metric ¢'": we shall replace by the non-
Riemannian metric ¢" = inf(¢'", 1), which gives the same topology. Then if
f,9: V. — M are smooth maps, we define

©"(f,g) = sup ¢"(f(P),g(P)) (this is finite since V is compact)
Pev

If we used ¢" to define a topology, we should obtain the topology of uni-
form convergence of f (with its first r derivatives). Instead we take ¢(f,g) =
> 2770 (f, 9) to define a topology - here, convergence is equivalent to simul-
taneous convergence of f with all derivatives. Hence we may reasonably call it
the smooth topology.

If V is not compact, (in fact in general), we define

Definition 3.3. The smooth topology on MV is the topology of uniform con-
vergence of all derivatives on compact subsets.

Lemma 3.4. The smooth topology is metric.
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Proof. We know this is so if V is compact. If not, write V = U2, V; as a
countable union of compact submanifolds (with boundary, but that is irrelevant)
- say discs. Then the topology for MV is defined by a metric ¢;, bounded by
1. Hence the metric ¢ = Y 2, 27%p; defines the product topology on II;M",
and hence the required topology on the subset MY . O

Theorem 3.5. With the smooth topology, MV is a complete metric space.

Proof. We have established that this topology is metrisable. Now again first
suppose V compact. A Cauchy sequence in M"Y must a fortiori be Cauchy with
the metric ". Since J"(V, M) is complete, the maps f; converges to a limit f",
which is continuous, since the convergence was uniform.

Now for the f;, the coordinates U, ; are the partial derivatives of the Uy ;.
Let w’ be derived from w by increasing w; by unity, and |w'| < r: then Uy ; =
O0U.,,;/0x; and so U, ; is the indefinite integral with respect to z; of U, ;. Inte-
gration commutes with uniform limits, so the same holds for f". We deduce that
for 7, U, j = 0U,, ;/Ox; again, so that the Uy ; = y; are r-times continuously
differentiable. But this shows that f” is the graph of an r-times differentiable
function f, clearly independent of r, so f is smooth, and is the limit of the
sequence.

If V is not compact, we write V = UV;, and then MV as a closed subset of
the complete II; MY which is also complete. O

It follows that Baire’s theorem applies to the space MV (2.21 , Part 0).

Corollary 3.6. The intersection of a countable family of dense open subsets of
MYV is still dense.

This is an exceedingly useful result.
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Chapter 4

The Transversality Theorem

Let V¥, M™ be smooth manifolds, and let N™ be a submanifold of M™. Let
f:V — M be a smooth map.

Definition 4.1. The map f is transverse to N if for every P € V with f(P) =
Q€ N, df(Vp) + No = M.

This may also be interpreted as stating that df induces an epimorphism of Vp
on Mg /Ngq, or equivalently, if Né‘ is the normal space to N at @) (the annihilator
of Ng in M, - see Definition Part I, 2.9), that df induces a monomorphism of
Néj into V5.

If dimV < codimN, the above condition cannot be satisfied: in that case
transversality requires f(V') to be disjoint from N.

The following result gives some indication of the geometrical meaning of the
condition.

Lemma 4.2. Let f: V — M be transverse to a submanifold N of M. then
f~YNN) = W is a submanifold of V, whose codimension equals that of N in M.

Proof. Let P € V, f(P) = @Q € N, and let N be locally defined at @ by
r1 = --- = x, = 0, where the z; have linearly independent differentials at @,
and ¢ = codimN. Then by transversality, the functions z; o f,--- ,x. o f have
linearly independent differentials at P, and clearly their vanishing defines W
near P. The result follows by the proof of 2.5, Part I (using 4.2, Part 0). O

We extend the concept as follows. Let N be a submanifold of J"(V, M).
Then we say that f is transverse to N if f is so. Then roughly speaking, the
transversality theorem states that almost any map is transverse to N. This is
very general, so we need a lot of apparatus: we develop all the local results in
a lemma.

Lemma 4.3. Let f: V¥ — M™ be a smooth map with graph f: VY — J"(V, M),
and let N be a submanifold of J"(V, M) of codimension p. Let f(P) =Q € N.
Then we can find
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i) a CN. Uy of Pin'V,
ii) a C.N. Us of Q in J"(V,M) and
i) an open neighbourhood W of f in MV
such that
a) For ge W, g(U,) C Us.

b) For every g € W, there are maps h arbitrarily close to g in MV such that
h|U; is transverse to N.

Proof. We first choose a C.N. in J"(V, M) at @, within which N is given by
equations Hy = 0(1 £ A < p), where the H) are smooth functions with linearly
independent differentials. Hence we can find a subset {z,: 1 < pu < p} of the
coordinates x;, f1,, ; at @ such that [0H,/0z,| # 0 at Qo, say without loss of
generality it is positive.

Now, having fixed in advance the local coordinate at P and @, we may
take for Us any neighbourhood of @) within which NNV is defined by the equation
Hy =0 and |0H,/0z,| > D > 0. We choose U] such that f(U]) C Us): these
will nearly be the neighbourhoods i), ii) of the lemma. It will be convenient to
write (without loss of generality)

m=zy (1=A=q) ax=Us,,  (@<A=p).

In order to obtain the result, we must now take a map g, with g(U{) C Us,
and attempt to deform g to be transverse to V. We shall define the deformation
locally; it may be extended to the rest of the manifold by using bump functions.
We define G: V — M by

Gj($17 sy Tyy €150 7517) = gj(x1+€17 e 7xq+5qaxq+17 U axp)+ Z Ckekxuu
g<ASp
Jx=J

where the ¢, are constants to be defined. We shall calculate the partial deriva-

tives of the Hy(G) with respect to the ) at e = 0. Now

8H}\(G) _ aH}\(G) an,j (4 4)
de,, £~ O0Uu; Oy '
But by definition, U, ;(G) = 0,G; so
Uo.nj(éz ang(wl +E1,- - y Lq +€q7xq+17"' axp) + Z c)\gx\awxw>\
q<ASp
Jr=J
and
— O lf > b ] .L7
OU.,(C) } > 0,573,
2l T — e, Dt if 0> q,5 = Jju,
Oey,

%Uw’j{é(xl t e, gt Egy Tgt1, 7‘7"10)} if u=gq.
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Now set = € = 0. Then J,2** = 0 unless w = w,,, in which case d,2“* = w,!.
We set ¢, = (w,!)~'. Hence at z = ¢ =0,

U, ;(G) U, ;(G)
oe, Oz,

if u =g,

if,u>q’ W:{O lf (wﬂi)f(wuvj#)

Ot

and so substituting in (4.4),

= OH,(G) dU..; _ 9HA(G
OHA(G) _ {Zw,janf,) et = UG (4 <),

Tp
e, 9H,(G)

ouU,,

wodp
thus in any case,

OHA(G) _ 9HA(G)

atz=¢e=0.
0z, 0z, v

We are now ready to complete the proof of the lemma. For any g defined
(at least ) on a neighbourhood of U], with g(Uj) C Us, we define

OH\(G) .
K(g7 5) - ‘ 85# ‘a
this is a function on U], and we have checked that at P we have K (f,0) > D > 0.
Now choose §, and then U, such that on U;, we have K(f,e) > %D, provided
le| £ 6. Then W is the set of maps g with §(U1) C Uz and K(g,e) > 1D on
Uy, provided |e| < §: this clearly defines an open set in M.

In particular, for ¢ € W, K(g) is nonzero on U;. By the Implicit Function
Theorem (4.3, Part 0), the equations

HA(G(JH, crr Ty, €1, 7611)) =0

define e1,--- ,¢, as smooth functions of z1,---,x,, with |¢] < §, in an open
subset of Uy (points whose image under g are close to N). By Sard’s theorem,
we can find arbitrarily small regular values ° of this map. But at a regular
value, de1, - - -, dep are linearly independent functions of dz, - - - , dz,; and since
K(g,€°) is nonzero, dHy,--- ,dH), are linearly independent functions of these.
Hence the induced map from N+ C J* (which admits the dH) as basis) to V*
is monomorphic on U; for G(z,¢°), i.e., G(z,&°)|U; is transverse to N. Taking
€° small, it also approximates g(x). O

It is now easy to prove the general theorem:

Theorem 4.5. Let N be a submanifold of J"(V,M). The set of maps f: V —
M transverse to N is dense in MV .
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Proof. First let K be a compact subset of V. Then K can be covered by a
finite number of the neighbourhoods U{* of the lemma. The intersection of the
corresponding sets W is an open neighbourhood of f, and the subset of W of
functions g with g|U® transverse to N is dense, by the lemma. By the Corollary
3.6 (to Baire’s theorem), the subset of g with g|K transverse to N is also dense
(Baire’s theorem applies to an open subset of a complete metric space - see 2.22,
Part 0), and is open, being defined by mapping a compact subset of V' to an
open subset of a jet space.

Since f was arbitrary, we now see that the set of g with g|K transverse to N
is a dense open set. The result follows by a second application of the Corollary
to Baire’s theorem 3.6. O

Complement 4.6. If V is compact, the set of f: V — M transverse to N is
also open in MV .

Proof. This was established in the proof of the above theorem. O

In general, the set of f is a dense Gy set; by further applications of Baire’s
theorem, we see that he set of f satisfying a finite, or even countable, number
of conditions of the above type is still dense.

We now derive a number of extensions of the above theorem: these are rather
more useful than the result in its original form.

Proposition 4.7. If F is closed in V and f|F is transverse to N, then f can
be approzimated by g, transverse to N, and with g|F = f|F.

Proof. Consider the subspace of MV of functions agreeing with f on V. Since,
if h is such a function, A is transverse to N above an open neighbourhood of
V', we can apply Baire’s theorem as in the proof of 4.5 (the space is clearly still
complete). O

Proposition 4.8. Let N be a cell-complex contained in J"(V, M), with codim N>
dim N. Then the set of f with f(V) disjoint form N is dense in MV .

Proof. We proceed by induction on dim N. Suppose the proposition has been
proved for dimension ¢ — 1. Then any f can be approximated by g with g(V)
disjoint from the skeleton N*~!'. But now any h sufficiently close to g also
avoids N~ and we can apply the theorem to the manifold N*\ N*~! to make
h transverse to (and so avoiding) that. O

Corollary 4.9. Let N C J"(V, M) have a subcomplex K whose codimension
(in J) is > dim V', and with N \ K a manifold. The set of f with f(V) disjoint
from K and transverse to N \ K is dense.

Proof. As for 4.8, any f may be approximated by ¢ avoiding K, and then apply
the theorem (taking an approximation close enough still to avoid K). We obtain
h, as desired. O
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Proposition 4.10. Let N be a submanifold of J"(Vy, My) x J"(Va, Ma). Then
the set of (f1, f2) € Mlv1 X sz2 such that f1 X fo is transverse to N is dense in
M x My2.

Proof. Follow the proof of Lemma 4.3: we there found variations ; say of fi,
and e of fy. Taking these as a simultaneous variation, the remainder of the
proof can be completed without essential change. O

Proposition 4.11. Let N be a submanifold of J"(V,M)x J"(V, M), D an open
neighbourhood of the diagonal A(V) in V xV, C =V xV \ D. Then the set of

f €MV such that (f x f)|C is transverse to Nis dense in MV .

Proof. By 2.3, Part 0, we may cover C' by a countable union of products of
discs U* x Us* where Uy, Us* are disjoint. By Proposition 4.10, the set of pairs
fi: U = M, fo: US — M with f; x fy transverse to N is a dense subset. It
follows (from a definition of topology on M) that the set of f: V — M with
f1|Uf‘ X fg\UQO‘ transverse to N is a dense open set. The required set is the
intersection of all these, so by Baire’s theorem (2.21, Part 0) is still dense. O

Corollary 4.12. Let N be a submanifold of J"(V,M) x J"(V,M), f: V — M
such that (f x f)(A) does not meet N. Then we can approzimate [ by a map
g, transverse to N, and with (g x §)(A) disjoint from N.

Proof. Since N is closed , some neighbourhood of (f x f)(A) also avoids N: we
may take the inverse image of a smaller neighbourhood ad D in the above. But
for any sufficiently close approximation g to f, (g x g)(D) is still disjoint from
N. O

There are of course numerous results which can be obtained by a judicious
combination of these extensions, but it does not seem worth attempting to
formulate a common generalisation of them all.
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Chapter 5

Applications

Theorem 5.1. Let M™ be a smooth manifold, N a submanifold, V' a man-
ifold with boundary. Then any f: V — M can be approzximated by maps g
transverse to N, and if f|OV is transverse to N, we may suppose g|loV = f|OV.

Proof. Apply Proposition 4.8 with r = 0, and considering the submanifold V¥ x
N™ of V¥ x M™ = J°(V, M). The last clause follows from Proposition 4.7. O

This was an early form of the transversality theorem, and is useful for ap-
plications to cobordism theory.

Theorem 5.2. Suppose m = 2r. Then immersions of V in M are dense in
MV.

Proof. Consider the subset N of J'(V, M) consisting of singular jets, i.e., of
jest where the matrix (U;;) has rank < v. This is defined by the vanishing of
(m — v + 1) determinants in general, so is a simplicial complex of codimension
at least m —v+1 2 v+ 1. By Proposition 4.8, the set of maps f: V — M with

f(V) disjoint from N is dense. But these are just immersions. O

Theorem 5.3. Suppose m = 2r + 1. Then imbeddings of V in M are dense
in MV, provided V is compact. If not, imbeddings as closed submanifolds are
dense in the set of proper maps.

Proof. First suppose V compact: then any 1—1 immersion is an imbedding. Now
any f: V — M can be approximated by an immersion g, by Theorem 5.2. Since
¢ is an immersion, for some neighbourhood D; of A(V) in V x V', no distinct pair
of points in D; have a common image under g. We shall now apply Corollary
4.12, taking D C D; and N as the set of pairs of jets in JO(V, M) x JO(V, M)
with the same image (i.e., V x V' x A(M)). This has codimension m , so since
m > 2v, h x h is transverse to N on C = V x V x \D only if (h x h)(C) is
disjoint from N. But if h approximates closely enough to g, by 4.6, h is still
an immersion, and h will not identify pairs of points which lie in D. Then h is
1—1, and so an imbedding.
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For V' non-compact, we express it as a countable increasing union of compact
subsets V;. By the above, the st of f with f|V; an imbedding is a dense open
set, hence the intersection of all these is still dense. Since the modification on f
to be an imbedding n each V; can be made smaller as we move further out, we
may find such an approximation to any proper map which is another one. The
result then follows by 2.8, Part 1. O

Even this is not the final form of Whitney’s theorem - a further argument
along the same lines proves

Complement 5.4. If m 2 2v+ 1, and f: V — M is proper onto f(V), then
f can be approzimated by an imbedding.

We will not go into the details, since the argument really uses a different
topology on MV from that considered above. Now we can similarly improve the
results of Chapter 2.

Theorem 5.5. Non-degenerate functions are dense in R".

Proof. (Cf. 5.2 above). Let N be the subset of singular jets in J!(V,R): this
is given in local coordinates by the equations uw; = 0, so is a submanifold. By
Theorem 4.5, the set of functions f which are transverse to NV is dense.

We now say that f is transverse to N if and only if f is non-degenerate. P
is a critical point of f when f(P) = Q € N. Taking local coordinates as usual
at P, Q we must calculate

af( 0 - 8f 3 0% f i
ox; 8901 31'1 8y O0z;0z; Ou;
0%f 0

- 85(17; + 5 8.’1?ia$j 8uj

since at @, df/0xz; = 0. But the tangent space to N is spanned by 9/dy and
the 0/0x; (since N is defined by the equation u; = 0), and these with the
above span Jg if and only if the matrix 9% f/0z;0z; is non-singular, i.e., Q is a
non-degenerate critical point of f. O

In fact one can make this a little more precise yet. If {P,} are the critical
points of f, recall that {f(P,)} are the critical values.

Proposition 5.6. Non-degenerate functions with all critical values distinct are
dense.

Proof. Let N be the submanifold of J*(V,R) x J!(V, R) given by pairs of singular
jets with the same image (i.e., value). This has codimension 2v + 1 (as N in
Theorem 5.5 has codimension v). By that theorem, any f can be approximated
by g with only non-degenerate critical points. Since these are all isolated, there
is a neighbourhood D of A(V) in V x V containing no pair of critical (for g)
points; a fortiori, g(D) avoids N. By Corollary 4.12, we can approximate g by
a map h transverse to (and so avoiding) N everywhere - of course, h can still
be taken non-degenerate. O
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Such functions are called generic. in general, given v, m, a generic map of V'
to M™ is to be thought of as one which satisfies all the transversality conditions
which can be stated in terms of v, m alone (using no special facts about V', M).
To find a satisfactory general definition of the word “generic” in this context is
still an unsolved problem. The above is the case m = 1, and Theorem 5.3 is the
case m = 2v + 1. We now discuss a very general case, namely when 2m > 3v;
we shall use the results in later, for Haefliger’s imbedding theorem.

We need make, in all, six applications of the transversality theorem. First,
let N7 be the subvariety of J!(V, M) consisting of jets with rank < v — 2 (here,
we use “variety” to denote a submanifold with singularities - for our purpose this
may be defined as a countable, finite-dimensional CW-complex). For a v X m
matrix to have rank v — 2, imposes some conditions: now in an open subset of
the space of such matrices, the first v — 2 columns are linearly independent, and
the condition is then that the remaining m — v + 2 lie in a subspace of RV of
codimension 2. Hence the codimension of this set of matrices, hence of Ny, is
2(m — v + 2), which is grater than v if 2m = 3v — 3, so by Proposition 4.8, the
set of f with f(V) disjoint from N; is a dense Gs-set.

Next, let No be the subvariety of J!(V, M) consisting of singular jets (i.e.,
of tank < v — 1). Then by Corollary 4.9, we may suppose f transverse to Na
(since the singularities of Ny all lie on N;. Hence, by Lemma 4.2, f~*(Ny) is a
submanifold of V', whose codimension is that of N3, namely (m — v+ 1). We
call this the singular manifold ¥ of f: at each point of 3, df has rank (v — 1).
The dimension of ¥ is (2v —m — 1).

Now let N3 be the subvariety of J?(V, M) consisting of singular jets of rank
v—1 of a function at P such that ker(df)p C X p, and jest of rank < v—2. Since
Y has codimension m — v + 1, the condition ker(df)p C X p imposes m —v + 1
further conditions, and N3 has codimension 2(m — v + 1). By Proposition 4.8,
provides this exceeds v i.e., 2m > 3v — 1, we may suppose that f(V) avoids Ns.
Observe that this means that at each point of 3, df(kerdf) is not tangent to
N;y. We now phrase these three normalisations in terms of analysis. Firs take
coordinates in V and M, and the usual coordinates in the jet space J*(V, M).
Then we have

7 0 0y,
df((“)gcZ 81‘1 Zu &rlaxk [“)uk

where, we recall u;; = dy;/0z;. Now by the firs normalisation, at each critical
point P, df has rank v — 1. We suppose coordinates chosen so that at P, 9/0x;
spans ker(9f), thus at P

A
A

O—df Zu”a e, 0=u; (1<j<m).
J

Then at Q = f(P), No may be locally described as the set of jets such that
the first row of (uw;;) is a linear combination of the rest, i.e., for suitable &;,
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Ujj = Z;’ e;ug; for all j. Hence the tangent space to Ny at () has as basis the

0 0 0 ‘ 0 0 0
(i#1) and 92 where (%iiz

63%- ’ 8yj ’ 8uij " a’U/ij

Now the condition that f is transverse to Na, i.e., df(Vp) + (N2)g = Jg states
that the space spanned by the 9?/du;; is also spanned by the Zj u;;0/0uq
(from (N2)q), and the >, 0%y, /0x10x50/0uq; (from df(Vp)). Also, the condi-
tion that f is transverse to N3 i.e., df(0/0z1) is not tangent to No, now states
that the first of the last set of vectors is linearly independent of the first set
(they are linearly independent of each other since df has rank v — 1).

To simplify this, first choose the coordinates in V' so that the 9/9x; where
(m—v+2=<i=<v)span Yp: then the df(9/0z;) corresponding lie in (Na)q.
The matrix whose rows are

0%y, y; 0%y
Yi Yi 9<i<v and Yi

—2 2<i<m-— 1
8:6% ’ afz 8x18m1 St=mov

is now non-singular: we make a linear transformation of the y; to reduce it to
the unit matrix. Then by Taylor’s theorem,
L o
Y1 = §$1+Q1(.’E2,"’ 71.71)—""'
for2< 5 <,
yj =+ Q1,0 ,xy) + 0

and for2<i<m—wv+1,

Yito—1 = 1T + Qi+v71(x2; s ,%) + -

where the @Q; are quadratic, and dots represent terms of higher order. Finally,
put

',I:; = ‘TJ +Qj(x1> ,l’v),
/

y1:y1*Q1(y2,"' 7yv)7 and
y;‘+v_1 =Yitv—1 — Qi+v—1(y27 e 7?»/1))

- clearly all allowable changes - and the quadratic terms drop out too, so that
modulus terms of the third and higher orders, f is described in a neighbourhood

of P by
1 )
= 535?’ Yj = Tj,  Yito—1 = T120. (5.7)

We shall see later that by further coordinate transformations, f may be seen to
take exactly this form.

Our further normalisations are concerned with double points, rather than
singular points, of f. Next let Ny be the subvariety of J'(V, M) x J*(V, M)
consisting of pairs if jets with the same image, one of which (say the first) is
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singular. We wish to apply Corollary 4.12. now certainly in a neighbourhood of
(P,P) € V x V, the image of f avoids N, if P is not a singular point. Suppose
then P € 3. Then in a neighbourhood of P, the function f is described by th
equations above. If f(0,0,---,0) = f(z1,22, - ,%,) for small z;, then to the
second order in them, z; = 0 2 £ j < v), equating the corresponding y;, and
%x% = 0, equating the corresponding y;. Hence all the z; vanish. So in some
neighbourhood of (P, P), f x f does avoid Ny (except on A(X)). Since Ny has
codimension m + (m — v + 1), greater than 2v if 2m 2 3v, by Corollary 4.12,
we can approximate f by a map (let us again call it f) such that f avoids Nj.
Now let N5 be the subvariety of J% x J° consisting of pairs of jets with
the same image. Again, before we apply the theorem, we must investigate the
neighbourhood of a critical point P. We shall use equations (5.7) as exact - the
error will always be small; and we suppose x1 not of a smaller order of magnitude
than the other x; (otherwise, refer coordinates to a different point P’ on X).
Then clearly two points (21, -+ ,2,) (¢, , ) have the same image only if

wy =day, wj=1x; (25j=m), ai(=2iz) =nzi2SiSm—v+1)

so for distinct points,
vy =—-z1, and wz;=x;=0 (2=i<m-v+l); =z =x; (m—v+2ZiZw).

Now we have

m—uv—+1
P S

Orq Loy 5 itv—1
for2<i<m-v+1,
0 _0, 0
0r, Oy OYitv—1
and form—v+2=<¢ v, 5 5
Von " ow

and for the other point, change the sign of x;. Then since x; # 0, it is clear
that these vectors span the tangent space to M at the common image of the
two points.

Now to say that f x f is transverse to N5 is the same as to say that when
f(P) = f(P') = Q, then df(Vp) + df(Vp/) = Mg. We check this near the
diagonal: if two adjacent points have a common image, they are adjacent to a
critical point, and we have just checked the condition in the neighbourhood of a
critical point. Hence we can apply Corollary 4.12, and suppose f x f transverse
to N5 (except on AV, where the condition does not make sense). Thus the
inverse image of N5 in V' x V' is a submanifold: this is not tangent to (say) the
first vector V' (except at a critical point), so its projection in the second factor
V' is an immersion. The image is the set of double points A of f.

Finally let Ng be the subvariety of J%x.J%x J" consisting of triples of jets with
the same image. We can apply Corollary 4.12 strengthened for triples (instead
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of pairs). Firs check that three points of V', of which two are neighbouring,
cannot have the same image under f; now the neighbouring ones must be near
a critical point P, and a point distant from P has a distant image (by the fourth
step), and from the details above, we see that three points close to P cannot
have a common image. Hence we can make f transverse to Ng; since this has
codimension 2m, we can avoid triple points if 2m > 3v.

Theorem 5.8. Let M™, V' be smooth manifolds, 2m > 3v. then any g: V —
M may be approzimated by an f, which is an imbedding except as follows. There
are double points, forming a submanifold A of dimension 2v —m, and singular

points, forming a submanifold ¥ of codimension 1 in A. Near X, f is given
locally by (5.7). Hence D = f(A) is a submanifold of M with boundary S =

f(%)

Proof. We have seen that A is an immersed submanifold; when there are no
triple points it is imbedded. That A remains a manifold near ¥, with X as
submanifold, follows from the equations above: A is simply given by x; = 0
(2 <9< m—wv+1) (modulo higher terms). Moreover f(A) is also clearly a
submanifold, except perhaps near f(X); but there it is locally given by y; = 0,
yy=02=j<m—-v+1and v+ 1< j < m) which makes the matter quite
clear. O
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Immersions and Imbeddings
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Theory of Handle
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These notes are a continuation of

e Part 0 Analytical Foundations

e Part I Geometrical Foundations

e Part II Theorems of Transversality and General Position

issued in Cambridge in 1962 (copies available on request from the Department
of Pure Mathematics). They are based on:

e lectures given in

— Oxford (October - December, 1962) and
— Cambridge (January - March, 1964),

e and various seminars held in Cambridge.
Thanks are due to:

e large numbers of research students for attending lectures and giving sem-
inars,

e Charles Thomas for lending me his notes on my lectures,

e and particularly Denis Barden, whose research on the s-cobordism the-
orem enabled me to understand the non-simply-connected case, and the
theorems stated by Barry Mazur in his blue book (Publ. Math. L.H.E.S.
No. 15).

It is intended that further pasts shall be as follows:

e Part III Immersions and Imbeddings - a few enigmatic references to III
are needed in IV -

e Part V Cobordism, and
e Part VI Surgery;

these will probably appear at about yearly intervals (though I hope sooner).
Suggestions for improvements in presentation will be welcome, in anticipation
of attempts to rewrite the notes more comprehensibly.
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Chapter 1

Existence

Definition 1.1. Let W be a manifold, and suppose W and 0, W disjoint
manifolds with union OW. Then the pair (W,0_-W) is a cobordism. We call
the pair (W, 0, W) the dual cobordism. We also call W a cobordism of 0_W to
0. W, and say that _W, 0, W are cobordant. If W is a manifold with corner,
and 0_W, 0.W, 0, W are parts of the boundary such that 0_W are 0, W
disjoint, 90.W = LW = 9(0-W U 9L W), we call W a cobordism with corner.
We shall usually denote a cobordism by a single letter and often just call it a
manifold. For example, we usually regard a product M x I as a cobordism,
with 0_(M x I) = M x 0, 0(M x I) = M x 1; if M has boundary, write
O0c(M x I) = OM x I. Our manifolds will be compact unless otherwise stated.

Suppose M™ a cobordism, f: S"~! x D™~ — §, M an imbedding. Intro-
duce a corner (I, 6.10) along f(S"™~! x S™="=1). Now glue D" x D™~ " to M
by f (I, 7). We know this gives a result unique up to diffeomorphism. This is
described as M with an r-handle attached by f, or as M Uy h”, and f as the
attaching map of the handle. We call r the dimension of the handle. We define
Oy (M UR"™) = (M \Imf)U (D" x S™~"=1). If we have a sequence of attached
handles:

N =M Uy, h"™ U---Uyg, ',

we describe this as a handle presentation of N on M; if the maps f; are not
specified, as a handle decomposition. In particular, if M = @ x I, we speak of a
handle decomposition of N with base @ (here, ) may be empty). Observe the
similarity of this definition to that of a CW complex: one of our main objects
will be to show how the theory parallels that of finite CW complexes. The
purpose of this chapter is to prove the existence of handle decompositions for
compact manifolds: in the next few chapters we will show how to reduce such
a decomposition (under some hypotheses) to its simplest form.

To prove existence, we shall use non-degenerate functions.

Lemma 1.2. Any cobordism W admits a non-degenerate function f, with all
critical values distinct, attaining an absolute minimum on O_W only, and an
absolute mazimum on 0+ W only.
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Proof. Let 0_W x I, 0;W x I be tubular neighbourhoods of 0_W, 9, W which
are disjoint (Lemma I, 3.8). Define g: W — [—1, 2] by:

t—1 forxzed_W,
glx,t) = (1.3)
2—t forxed,W.

and some extension to be a continuous function taking only values between 0
and 1 elsewhere: this is possible since W' is normal. Approximate g by a smooth
function h, agreeing with g near W (use a partition of unity, as in 0, 2.2). Now
approximate h by a non-degenerate function f with distinct critical values (II,
4.10) agreeing with h, and so g, near OW - which is possible (II, 4.7) since g
and h have no critical points in a neighbourhood of OW. 0

Complement 1.4. We may suppose that for x close to OW, f is defined by the
formula (1.3).

Now we give W a Riemannian structure (0, 3.8) adapted to the boundary
(Definition I, 3.9); for convenience we suppose it as in (I, 3.11) - that is, a
product metric in some neighbourhood of OW. Then the differential 1-form df
induces at each P € W an element dfp of Wp; using the Riemannian structure,
this is identified with an element of Wp - i.e., a tangent vector. Thus df gives
a vector field, which we call Vf.

In W, we can use (0, 4.7) to integrate f and obtain o, (P), each defined for
a certain range of values of P. Near a point of 0_W, we can take coordinates
T1,..., I, such that W is defined by x1 2 0, z; is the t-coordinate in the tubular
neighbourhood, so that f(xz) = x; — 1 and the Riemannian structure is of the
form ds* = daf + 32, gijdvidz;. Hence Vf agrees with 0/0z; in such a
neighbourhood, and orbits are of the form

@t(xla"'ﬂxn):(xl—’_tvqf.?a"'axn) xlzovxl—i_tzo

Each of them meets 0_W in just one point, and together they fill out a neigh-
bourhood of _W in a 1-1 manner. Similarly for 0, W.

If we regard ¢;(P) as a function of ¢, it is smooth, and we have a metric, so
can speak of speed.

Lemma 1.5. () £ f(44(P))leco = |dfp|?
(b) The speed of ¢;(P) at t =0 is |dfp|.
Proof.

(a)%f(@t(P))h:O = Vf(f)lp by definition of ¢

=df(Vf)lp
=<dfp,dfp >= |dfp|?

in the Riemannian inner product on Wp, since this defined V f.
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(b) Take coordinates (1, ..., Zm) at P (so that P has coordinates (0, ...,0))
such that at P the Riemannian metric agrees with the standard metric in R™.
Let df =" a;dxz;: then

Vf=> a;d/0x; (at P)

Thus, at P.
O (P) _
81‘1' Y
so the speed of ¢, (P) is just (3 a?)'/? = |dfp]|. O

Now suppose P € W, and that the maximum range of ¢ in which ¢;(P) is
defined is (a, b).

Lemma 1.6. Suppose W is compact. Then either a is finite and ast — a, ¢(P)
tends to a point on O_W, or a = —oo, and the closure of each {(p:: t < —K)}
contains a critical point of f. (Similarly for b).

Proof. 1f a is finite, by Lemma 1.5 (b), the points ¢;(P) form a Cauchy sequence
as t — a (since W is compact, |dfp| is bounded); since W is complete, they tend
to a limit point Q. If @ was interior to W, it would follow that () was on the
orbit, which could then be extended: thus @ is on OW. Since by Lemma 1.5
(a), f increases along each orbit, f(Q) < f(P), so Q is on O_W.

Now let a = —oo. Then by Lemma 1.5 (a),

0
/ |df 5, p) |2 dt

converges. So |df,,(p)| has infimum zero as t — —oo. Outside any open neigh-
bourhood of the set of critical points, |df]| is nonzero, and attains its lower
bound (by compactness), so ¢:(P) meets any such neighbourhood. But the set
of critical points is compact, and so meets the closure of the orbit. O

We are now ready to analyse the function f. For a € R, we write

We={PeW: f(P)<a}
M®={PeW: f(P)=a}

thus for
a<—1 we = M®* =
a=—1 We=0_W M*=0_W
a=¢ec—1 W*=90_-W x [0,¢] M*=0_-W x e
a=2—¢ W*=W\ ;W x [0,¢] M*=0,W x e
a=2 We =W M® =0, W

a>2 wWe=w M*=g
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provided that ¢ is so small that 9,W x [0,¢] (n = 4, —) are contained in the
neighbourhoods described earlier. Clearly, for a < b, W C W?; we want to
describe how W? is formed from W¢.

Theorem 1.7. Suppose that for a < ¢ < b, ¢ is not a critical value of f. Then
(a) f~1la,b] is diffeomorphic to M* x [a,b],
(b) WP is diffeomorphic to W®.

Remark 1.8. Since a, b are not critical values , M, M? and f~![a,b] are sub-
manifolds by (II, 4.2).

Proof. (a) Let a < f(P) < b. The orbit through P must terminate (at the
lower end) at a critical point or at 9_W, by Lemma 1.6. In either case it meets
M?, for we have assumed the absence of critical points in between. Similarly it
meets M?. Since f increases along orbits, the orbit meets M® and M? in just
one point each.

Define a map h: f~[a,b] — M* x [a,b] as follows. If a < f(P) < b, the first
component of h(P) is the unique point where the orbit through P meets M®.
The second component is f(P). his 1- 1, for if h(P) = h(Q), then P and Q lie
on the same orbit, and have the same value of f; since f increases strictly along
orbits, P = Q. Also h is onto, for if R € M“, we know that the orbit through R
meets M?, so if a < ¢ < b there is one (and only one) point P on the orbit with
f(P) =t, and so h(P) = (R,t). Further, h is smooth, for if h(P) = (p+(P)),
f(P), f is smooth, and ¢_;(P) a smooth function of ¢t and P (0, 4.7) and since
W is nonzero on the orbit, ¢ is a smooth function of P, f(p¢(P)), and
f = 0 defines t as a smooth function of P. Finally h~! is smooth by a similar
argument.

(b) It follows from (a) that W? is obtained from W by glueing on M® x I along
M®. The result now follows easily: using a tubular neighbourhood of M*® in
W% and the bump function, we could produce an explicit diffeomorphism, and
even a weak diffeotopy of it with the identity map of M?. O

Complement 1.9. If V is a compact submanifold of W, containing no critical
point, and with V f nowhere tangent to OV, and 0_V is the set of points of OV
at which V f points into V, then V2 9_V x I.

The proof needs only inessential changes.

The above shows that “as long as a does not pass through a critical value,
the diffeomorphism type of W remains constant”. We now have to investigate
the critical value.

Lemma 1.10 (Morse Lemma). Let f be a smooth function on a neighbourhood
of 0 in R™ with Taylor expansion

A n
fla)==> a7+ > a2 +0(xl).

A+1
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Then there is a smooth coordinate change y = y(z) such that y(0) = 0,

dy SR
8TU|0:ITL, and near 0 f(x):_zl:yi+zyj'

A+1

Proof. We have f(0) = 0, so by (0, 3.3) there exist near 0 smooth functions f;
with f(z) = >z fi(x). Also, f;(0) = 3—1{2\0, so we can apply the result again
to obtain hij with fl(l‘) = nyh”(x) Write gi]‘(l‘) = %(h”(l‘) + h]z(x)) We
think of f(z) = 3_,; gij(¥)z;x; as a quadratic form, and diagonalise. Note that

0 . .
(0)_1827f| — 1 Z'f]‘<>\

9i - 28:@5)% o= B Zij:
1 1=7> A

Set y1 = (+g11(2))"/2(32]_, g125), where the sign is that of g11(0). Then

oy Oy
= =41
8.%‘1 ’ 6.’1%

=0 ifi>1, and f(z)=+y?+ Z g (x)ziz;.

i,j=2

We now repeat the reduction, observing only that although ¢! j (z) depends on x4
we can express x1 by y1, and the dependence is smooth. Eventually we obtain
the required result. O

Theorem 1.11. Suppose that for a £ f(P) £ b there is just one critical point
0, which is non-degenerate and with f(0) = c. Then W is diffeomorphic to W@
with a handle attached.

Proof. Our discussion of orbits in Theorem 1.7 remains valid except for those
orbits with 0 as a limit point. We must therefore investigate a neighbourhood
of 0. Take coordinates y1, ..., y,, with O as origin: then in a neighbourhood of
0 we can expand

f@)=c+ agyiy; +O(l*) (4 = az).

Here (a;;) is the matrix of the Hessian of f at 0; by assumption, this is non-
singular. Making an appropriate change of coordinates, we can diagonalise this
quadratic form, and write

fl@)y=c—ai——al+al+ - +ax,+0(z).

The integer A is called the index of the Hessian, of f of the critical point 0. By
the Morse lemma, we may suppose that the term O(|z|?) is absent. It will be
convenient to suppose that the Riemannian structure agrees with the Euclidean
structure in this coordinate system: it is certainly possible to find such a metric.

We draw figures for f(z) = ¢ — 2% + 23, showing W~ and W'. In this case
the curves M¢ are hyperbolae with asymptotes y?> = 22, except for N° which
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N/

W Introduce a corner Add a handle

is this line-pair, and as a increases up to zero, W increases without essential
change, but it engulfs the origin when a = 0.

Choose ¢ small so that |z| 4+ |y| £ 5e, the above formulae are valid. Now
consider the following modifications: This show how to imitate W¢. Formally,
write © = (fﬂ?): where 'g = (1'1,' . .,CC)\), n= (:L')\Jrl,' c 75571)7 f(l') =Cc—- |£|2 +
In|?, and consider the tube |n| < e, |¢| < e: this is the handle. Let V be a
smooth manifold with corner which

(i) Coincides with || < ¢, |n| = € near |£| = e. This includes the corner
&l = Inl =e.

(ii) Coincides with W~¢ when |z| + |y| 2 5e, and contains W ¢,
(iii) Has OV everywhere transverse to the orbits.

This may be found using a bump function. Then by (I, 6.7) M ¢ is obtained
from V by straightening the corner - or equivalently, (I, 6.10), V from M ¢ by
introducing one. Now [¢] < ¢, |n| £ &, defines a product D x D"~*, which
meets V in the set |¢| = ¢, || < €, an S*~1 x D"~ on their common boundary.
Since the union U is evidently smooth, and V and D* x D"~ * are defined by
cutting it along S*~' x D"~ by (I, 7.4) (in the extended form), U is obtained
by glueing these. Now we observe that U is a smooth manifold, transverse
to the orbits, with no critical points between it and M?; thus by complement
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1.9, we find W? diffeomorphic to U. But U consists of W¢ with a A-handle
attached. O

Complement 1.12. If the Hessian of f at ¢ has index A\, we attach a A-handle.

Complement 1.13. If there are several non-degenerate critical points at level
c, we attach several handles. Indeed, we can apply the above argument in a
neighbourhood of each.

Corollary 1.14. W has a handle decomposition on 0_W
It is also possible to proceed the opposite direction.

Theorem 1.15. Given a handle decomposition of W on 0_W, there is a non-
degenerate function f on W (as in Lemmal.2) with just one critical point of
index \ for each \-handle.

Proof. The result is proved by induction on the number of handles: if there are
none, W = 9_W x I, and we take f as the projection on I. Now let V be
defined by attaching all but the last handle: by the induction hypothesis, f can
be defined on V, constant on 9, V. So if we can define f on (0,V x I) U h?
we can glue back (using collar neighbourhoods of 9.V on which f reduces to
a projection) to make f smooth. Hence we may suppose that W has only one
handle.

Now let g: S~ x D" * — 9_W be the attaching map of a A-handle. Let R
be the closure of the complement of the image. Consider the set H € R* x R*~*
defined by

1S [z + |y? £ 1, [2Ply* £ 2

define 0_H, 8. H by —|z|*+|y|? = —1, —|z|*+|y|> = 1, and J.H by |z|?|y|*> = 2.
Define Go: S* x D" — 9_H by G(u,v) = ((1 + |v|>)*/?u,v): this is easily

oH

4

OH OH

OH

seen to be a diffeomorphism. Define F': H — [~1,1] by F(z,y) = —|z|®> + |y|?.
Now attach H to R x [~1,1] to form W' by G: 9.H — S*~! x S~ x [-1,1],
where G(z,y) = (‘i—l,%,F(x,y)). Define f: W' — [-1,1] by f|H = F, fIR =
projection. This is clearly a smooth function, whose only critical point is the
non-degenerate one in H. 9_W' is diffeomorphic to d_W: take the identity
on R x —1, and extend by g o Gal on O0_H. Finally, this process gives a
manifold diffeomorphic to that obtained by attaching a handle by g; if we use
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R | H | R | H | R

the construction of Theorem 1.11, it suffices (by a remark in the next chapter)
to observe that we have the same attaching sphere and normal framing. O



Chapter 2

Normalisation

We could now proceed immediately to make various deductions about smooth
manifolds from the existence of a handle decomposition. First, however, it
is convenient to normalise a presentation. Recall that M Uy h" is defined by
attaching D" x D™ to M using an imbedding

f: 8t x D™ = 9, M.

It follows at once from the diffeotopy extension theorem that this is determined
up to diffeomorphism by the diffeotopy class of f, for if g is a diffeomorphism
of M, g induces a diffecomorphism of M Uy A" with M Uy h". By the tubular
neighbourhood theorem, it is even determined by the diffeotopy class of f =
f1S7~1 x 0 together with a homotopy class of normal framing of f(S"~! x 0) in
0+ M.

Definition 2.1. Let M Uy A" be a manifold with handle. The attaching sphere
(or a-sphere) of h" is the sphere f(S™™! x 0) in 9, M. The belt sphere (or
b-sphere) is the sphere 0 x S™~"~1 in 94 (M Uy h™). The core is the disc D" x 0.

Lemma 2.2. Let r < s. Then (M Uy h*) Uy h™ may be obtained from M by
attaching the handles simultaneously, or in the reverse order.

Proof. Let m = dim M, Q = 04+(M Uy h®). Then we have in @ the a-sphere
S™=1 of h" and the b-sphere S™ 57! of h*. Since (r—1)+(m—s—1)=m—1—
(s+1—7) <m—1=dim@, by (IL, 5.1), S"~! may be approximated by a sphere
not meeting S™~*~1: if the approximation is C* close enough, we still have an
imbedded sphere, diffeomorphic to the old one. By further diffeotopies, we may
make S”~! avoid the tubular neighbourhood D* x §™~*~1 (using the diffeotopy
extension theorem, and the obvious fact that the tubular neighbourhood may be
‘shrunk’ to avoid S"~!) and shrink the tubular neighbourhood S™~1 x D™~" so
that, this, too, avoids D* x S™~*~1, But now the attaching map of the r-handle
is disjoint form the s-handle: its image lies in M, and the handles may clearly
be added in either order. O

109
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Corollary 2.3. Any W has a handle decomposition on O_W with the handles
arranged in increasing order of dimension.

Proof. Follows at once by induction. O

From now on we shall generally assume that handles have been arranged
in order of increasing dimension. Next, we consider handles of consecutive
dimensions. To clarify the exposition we describe only the case W1 Uy h™ U,
R+ write M™ for 0. (W Uys k™). In M™ we have the a-sphere S” of h"*! and
the b-sphere of A”. These have complementary dimensions.

By (II, 5.1) the imbedding of S™ may be approximated by a map transverse
to S™~7; if the approximation is close enough, we have merely altered the
imbedding by a diffeotopy. Now since the dimensions are complementary, and
the map transverse, intersections are isolated points; since S” is compact, there
are only finitely many.

We now take an intersection P of S™ with S™~" and normalise S™ x D™~"
in the neighbourhood D" x S™~" of P in M. Regard P asin S™~", so the point
is 0 x P. First we will deform part of S near P to lie along D" x P; indeed, by
the Implicit Function Theorem (0,4.3), the projection of f(S") in D" x S™~" to
D" x P is locally a diffeomorphism at 0 x P, and there is an obvious diffeotopy
along great circle in S™~". It is easy to extend this diffeotopy to S”, without
introducing any new intersections with S™~". Next we observe that the tubular
neighbourhood D" x S™~" of 0 x S™~" can be shrunk, by a diffeotopy, to a
smaller concentric tube D" x S™~" intersecting S” in a subset of the D" x P
above. We can extend this diffeotopy (by the Diffeotopy Extension Theorem)
to one of M, and, if we prefer, apply the inverse diffeotopy of f(S"); this has
the effect of stretching out the part where S” lies along D" x P to the whole
D". Finally, choose a tubular neighbourhood T of P in S™~"; then D" x T and
D" x D™" are two tubular neighbourhoods of D" in M, and so diffeotopic (by
the Tubular Neighbourhood Theorem); use a diffeotopy to move the imbedding
of S” x D™~" so that they coincide.

The same process can be done for any intersection other than P.

Definition 2.4. In W™+ Uy h” U, h"1, the handles are in normal position
if all intersections of D™ x S™~" and S” x D™~" are of the form D] x D"™",
where D] x D"™" — D" x S™~" is given by the identity on the first factor and
an imbedding (those for separate values of 7 disjoint) on the second factor, and
taking the product; and similarly for D] x D*™" — S™ x D™ 7.,

Then the argument above proves

Theorem 2.5. Any handle presentation of (W,0_W) may be modified by dif-
feotopies so that

(i) The handles are arranged in increasing order of dimension,

(i) Any tow handles of consecutive dimensions are in normal position.



Chapter 3

The homology and homotopy
of bundles

It follows from the definition that there is a deformation retraction of M Uh" =
MUy (D" x D™ ") on MUy (D" x0), so that up to homotopy, attaching a handle
is the same as attaching a cell (its core). In fact, it is clear that, D" x D"~"
deformation retracts on S”~ x D"~"UD" x 0. This gives a very close connection
between handle decompositions and cell complexes. In particular, we deduce the
following from Corollary 2.3.

Proposition 3.1. If W is closed, it has the homotopy type of a finite CW
complez. In general, (W,0_W) has the homotopy type of a finite CW pair.

Proof. The first statement follows by taking a normalised handle decomposition
of W and replacing each handle by an equivalent cell. In fact it would not be
difficult to show (using the methods of Chapter 1) that in this case W is even
homeomorphic to an appropriate finite CW complex.

For the second statement, note that by the first, we can regard 0_W as a
finite cell complex, and again apply Corollary 2.3. O

We now discuss duality. Observe that with f, —f is also non-degenerate. Its
critical points coincide with those of f, but if f has index A at 0, it has locally
the form

F@) =i = bt

and —f has index n — A. Using the correspondence (Theorems 1.11 and 1.15)
between non-degenerate functions and handle decompositions, we find the fol-
lowing.

Proposition 3.2. Suppose W has a handle decomposition on O_W with o,
r-handles for 0 < r < n. Then it also has one on O+ W, with o, (n—r)-handles

If we ignore corners, we may identify the handles in the two cases, and
observe that in the reversal. a- and b-spheres are interchanged. Now up to

111
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homotopy we may replace handles by cells. For homology, we have chain groups
Cr(W,0_W) =&Z (o, times);
we must, calculate the boundary homomorphism
0: Crpa(W,0_-W) — C.(W,0_W).
This is determined by incidence numbers, one for each r- and (r 4 1)-handle.

Lemma 3.3. The incidence number of handles h™™1 and h" equals the inter-
section number of the a-sphere S” of h"t1 and the b-sphere S* "1 of h".

Proof. Here we shall write W,/ = (0_W x I)U all s-handles for s < r, and
M = 0, W, 11,2 the intersection number is taken in M, where we use Lemma
2.2 and add all r-handles simultaneously. A word about signs: the cells in the
cell complex (D" x 0) are arbitrarily oriented; this induces orientations of their
bounding a-spheres S"~! and of the normal bundles of their b -spheres. If an
a-sphere S” and a b-sphere S™~"~! meet transversely at a point, we take the
sign + or — according as the orientation of S” does or does not agree with
that in the normal bundle of S®"~"~!: thus orientability of W is irrelevant. If,
though, W (and hence M) is oriented, orienting the normal bundle of a belt
sphere is equivalent to orienting the sphere, and we can count multiplicities in
the usual way.

Now we may suppose that S” meets S"~"~! transversely: then the intersec-
tion number agrees with the (local) degree of the projection of S” on the normal
disc D"; but this degree is the required incidence number. O

Theorem 3.4. (Duality Theorem)
If W is orientable, H,.(W,0_W) = H*"(W, 0, W).

Proof. By Proposition 3.2 we can identify the chain groups of (W,d_W) with
the chain or cochain groups of (W, 04 W). By Lemma 3.3 the incidence numbers
are the same up to sign (only a-spheres and b-spheres are interchanged) and the
isomorphism identifies the one boundary with the other coboundary. O

Corollary 3.5 (Poincaré Duality). If OW = @, H.(W) = H" "(W)
Corollary 3.6. (Lefschetz Duality)

H, (W)= H"""(W,0W)
H™(W) 2 Hy_, (W, 0W).

1%

The proof above is surprisingly reminiscent of the earliest proofs of the result,
but of course is only valid for compact smooth manifolds.

As a special case of homology groups, we mention connectivity. We retain
the notation of Lemma 3.3. Observe that the a-sphere S~! of a 0-handle is
the empty set; in fact a 0-handle consists precisely of an n-disc, disjoint from
O_W x I. Now the a-sphere S° of a 1-handle is a pair of points: these may
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or may not be in the same component of W'/2. If not, the 1-handle connects
the two components; but if they are, the corresponding handle does not affect
connectivity.

If O_W is non-orientable then so, of course, is W. If, however, 0_W is
orientable, so is W'/2, since adding a disjoint set of discs has no effect. Nor
does adding a set of 1-handles which connect different components of W1/2 (we
are thinking of 1-handles as being added in turn, not simultaneously). However,
the attaching map for a 1-handle is a map of S®x D"~! - i.e., of a pair of discs. If
these are mapped into the same component of W1/2 with opposite orientations,
then the orientation of W'/2 can be extended over the handle; but if with the
same orientation, W12 is non-orientable. Thus if, say, W1'/2 is connected and
orientable, we may speak of orientable and of non-orientable 1-handles. It is now
easy to see that r-handles for  # 1 do not affect orientability; for they introduce
no new (potentially orientation-reversing) elements of the fundamental group.

This illustrates how the addition of handles affects W; we next discuss what
happens to the boundary on addition of a handle.

Definition 3.7. Let M"~! be a manifold, f: S"~! x D"~" — M an imbedding.
The operation of removing the interior of the image of f, and attaching D" x
S7=7=1 to the result by f|S™"! x S"7"~! is called a spherical modification of
M, of type (r,n — 7).

We observe the following;

(S1) The effect of a spherical modification is determined by f - even by the
diffeotopy class of f (by Theorem I, 4.4).

(S2) The modification gives a manifold M’ with the same boundary as M: in
particular, if M is closed so is M’.

(S3) Set W = (M x I Uy h"). The manifold W (with corner, if M has a
boundary) thus has M, M’ as _W, 0, W; we may call it the supporting
manifold of the modification. Also, 9. W = OM x I.

(S4) If M’ is obtained from M by a spherical modification of type (r,n — r),
we can obtain M from M’ by one of type (n — r,r). This is essentially
the remark that we made above in discussing duality. We have the same
supporting manifold for both modifications.

We recall that if a cobordism W has M = 0_-W, N = 0,W, M and N are
called cobordant.

If M™~1, N"~! are oriented, they are cobordant in the oriented sense if W™
is oriented, and W induces the given orientation of M, and the negative of the
given one on N - this is usually written as OW = M U (—N).

Proposition 3.8. M"~', N*~! are cobordant if and only if one may be ob-
tained form the other by a series of spherical modifications; if oriented, they are
cobordant in the oriented sense if and only if, in addition, the modifications of
types (1,n—1) and (n—1,1) all correspond to 1-handles of the orientable type.
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Proof. The first statement is an immediate consequence of (S3) and Complement
1.13; the second follows from that and the discussion of orientability above. [

Finally let M’ be obtained from M by an (r,n — r)-modification: we wish
to discuss homology and homotopy. There are two approaches: to use the
supporting manifold W = (M x I) Uy h" or the intersection X = M N M’.
For, up to homotopy, W is obtained from M by attaching an r-cell, and form
M’ by attaching an (n — r)-cell. On the other and, M is obtained from X by
attaching an (n —r)- and an (n — 1)-cell, and M’ from X by attaching an r-and
an (n — 1)-cell.

Proposition 3.9. Let r < n—r. Then M and M’ have the same (r — 2)-type
(in particular, if v = 3, the same fundamental group). If r < n —r, and x, &
are the homology and homotopy classes of the a-sphere f(S™~! x 0) in M, then

(i) H._1(M') is the quotient of H,._1(M) by the subgroup generated by x.

(i1) Ifr = 2, m (M) is the quotient of w1 (M) by the normal subgroup generated
by €.

(iii) If r 2 3, m.(M') is the quotient of m.(M) by the w1 (M)-submodule gener-
ated by &.

These all follow from standard properties of cell complexes. We can ex-
press the homology relations by a single diagram, as follows. Observe that the
inclusions (M’, X) ¢ (W, M x I) D (W, M) induce isomorphisms of relative
homology groups in dimensions # n — 1. Indeed, excising most of X, they be-
come (D" x §n=r=l gr=l x §n=r=1) c (D" x D"~ ", 8"~ x D"~") and both
relative groups vanish except in dimensions 7, n — 1; in dimension r we have an
isomorphism.

Proposition 3.10. (Wall’s “braid”)
We have the following exact sequences for i <n — 2.

T~ TN T Ty

Hiy1(M) Hip (W, M) Hi(M') Hi(W, M)

AN

AN, N N

Hiy1(X) Hip1 (W) H;(X) Hy(W)

NN,

Hip (M) H; (W, M)

"

N

(M) H;

N\

(

W,

M)
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Proof. Identify H;(M',X) = H;(W,M) (j £n—2)and H;(M,X)=H;(W,M’),
dually. Then write out the exact homology sequences of the four pairs (M, X),
(M', X)), (W, M), and (W, M"). O
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Chapter 4
Modifying decompositions

In this chapter we discuss several modifications that can be made to handle de-
compositions: introduction or cancellation of a complementary pair of handles;
addition of handles; replacement of a handle by one in a different dimension.
These will be used below to obtain a minimal form of handle decomposition.

As the simplest case, we first discuss 0-handles. We may suppose that W
is connected. Now if W has a; i-handles, we know that W1/2 = 9_W x I U,,
D™. To this we add 1-handles, which must make it connected; moreover, a 1-
handle affects connectivity only if its a-sphere S° has the two points in different
components of W'/2, Rearrange the 1-handles (Lemma 2.2) such that the first
few each connect different components of W1/2  till it is connected. Observe that
for one of these, we have two manifolds with boundary, and a disc imbedded in
the boundary of each. Attaching D"~! x I is the same (I, 7) as glueing along the
(n — 1)-discs, i.e., forming the sum (Definition I, 7.9). Moreover, by (I, 7.11),
for any manifold N™, N™ + D™ = N™. So the 0-handles are just cancelled out,
and the various components of 0_W x I added together.

Proposition 4.1. W'/2 admits a handle presentation of the following kind.
1. If 0_W = @, there is one 0-handle D", and a number of 1-handles.
2. If 0_W is connected, there are no 0-handles, but a number of 1-handles.

8. If 0_W has components My, 1 < i < k, there are no 0-handles, then
(k—1) 1-handles connecting the components to give M1y x I+ - -+My <1,
then a further number of 1-handles.

Corollary 4.2. The new presentation has,
1. if O_-W = @, one 0-handle and (o; — g + 1) 1-handles;
2. if O_W # &, no 0-handle and (o; — «g) I-handles.

Proof. Each use of N 4+ D™ =2 N™ to simplify the decomposition removes just
one 0-handle and one 1-handle. O
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We next wish to discuss cancellation of handles. We first prove the simplest
case.

Lemma 4.3. Let o: D" "' — D"~" be the imbedding, by stereographic pro-
jection from (0,...,0,—1) on the boundary of the upper hemisphere. Then
ST x D" Uy, AT 2 D

Proof. We first give the proof for r = 0, n = 2. Let E be the ellipse %1:2+y2 =1
and H the confocal hyperbola 222 —2y? = 1. Write Int and Ext for the (closed)
interior and exterior. We shall show that Int £ NExtH is obtained from S° x D?
by introducing a corner along S° x D*'; that IntE N ExtH is diffeomorphic to
D' x D', and that the attaching map 1 x ¢ becomes the identity. It follows that
the required manifold is diffeomorphic to Int E, which is evidently diffeomorphic
to D? (e.g., use the function x2? 4 y? and apply Complement 1.9).

FE meets H at (+1,41/1/2). Consider the component of Int ENExtH in x >
0; it has the focus (1, 0) as interior point. Rays through the focus define a vector
field everywhere transverse to the boundary, which may therefore be used for
straightening the corner. A smooth cross-section is given by (x —1)2+%? = 1/4,
which meets the rays through the corner in (1, £1/2). Thus the disc component
is obtained from a disc by introducing corners at opposite ends of a diameter,
as stated.

In IntE N ExtH we use confocal coordinates. Each point (z,y) of the plane
with zy # 0 lies on just two of

/AN + 1)+ %A =1,

one hyperbola, given by —1 < A\; < 0, and one ellipse, given by 0 < Ay. However,
these meet in 4 points. So we write u2 = a 4+ A1, v2 = Ag, and obtain

z=p\V1+0v2
y=vy1—p?

where the positive square roots are to be taken, and —1 < p < 1. It is easy
to verify that this transformation is smooth, with nonzero Jacobian, 1 - 1 onto
the whole plane except for y = 0, 2 > 1. Hence, in particular, it induces
a diffeomorphism of the rectangle |u| < 1/v/2, [v| £ 1 onto IntE N ExtH, as
required.
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Now return to the case of general r and n, which is obtained by rotating the
figures about z- and y-axes. Write

= (L1, ., Tri1) y= W1, -y Yn—r—1)
H:(ulv"'7ur+1) V:(V17"'7VTL—T'—1)

and |z[> = 3277 22, etc. Then the transformation given by

i =pivV1+ P g =1 = |pf?

induces a diffeomorphism of the D"+ x D"~ given by |u[?> £ 1/2, [v[? £ 1
onto the intersection 3|z|? + [y[* < 1, 2|z> — 2Jy|* < 1.

Likewise in the intersection 3|z|2 + |y|> < 1, 2|z|? — 2|y|? < 1, consider the
field formed by rays through the r-sphere y = 0, |z| = 1 and perpendicular to
it (and not produced beyond their intersection with = 0). This certainly is
a vector field (except on the sphere and on x = 0), and we easily see hat it is
transverse to the boundary, so can be used for rounding the corner. Rounding
it, we obtain the manifold (|z| — 1)? + |y|* < 1/4, where the corner is to be
introduced along |z| =1, |y| = 1/2 (in fact S” x S"~"2).

Consider S” x D"~ C R™! x R*~"~! x R! with coordinates (u,w,t), so
lu| = 1, |w|? + [t|* £ 1. We define inverse diffeomorphism between this and the
manifold above by

ol w=2y  t=2( )
x=u(l+1/2) y=w/2.

Note that |z| is nowhere zero, so it and its inverse are smooth. We also note
that the corner |z| = 1, |y| = 1/2 becomes the locus |w| =1, t = 0.

Finally we must identify the attaching map. The sphere S™ x 0 given by
|u> = 1/2, v = 0 maps (via z; = p;) to |z|?> = 1/2, y = 0, then rounding the
corner multiplies 2; by 271/2 and leaves y at 0. Finally we obtain u = z/|z| =
w/|p| and v = (w,t) = (0, —1); modulo the obvious identifications, in fact, we
have the identity map. The attaching map is a tubular neighbourhood of this,
and we note that a normal direction 0/0v; maps to some positive multiple of
0/0v;; using the tubular neighbourhood theorem, it follows that the attaching
map is, up to a diffeotopy, as stated. O

Note that if diffeomorphism is replaced by homeomorphism, this (and the
next lemma) become much easier to prove; it was the necessity of rounding the
corner systematically which led us to the formulae above.

Lemma 4.4. Suppose that for D" Uy h" U, h"™T1, the a-sphere of h™™! meets
the b-sphere of h™ transversely in one point. Then

i) DUy A" =2 8" x D"
f

(ii) The diffeomorphism [ can be so chosen that g becomes the map 1 X ¢ of
Lemma 4.3, and so D™ Uy h" U, h™ 1 = D",
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Proof. We first normalise (Theorem 2.5) so that we can write g_ (D" x D"~"~1) C
dD™. Now g4 : D x D"~ "1 — D" x §"~"=1 is of the form ;! x ¢,,_,_1 (in
normal position, g is a product map; it is isotopic to the particular form shown,
by the Disc Theorem). Also by the disc theorem, g_ (D" x D"~"1) is isotopic

g

to any other imbedding with the same orientation (for this manifold with corner
is contained in a slightly larger disc, which can be constructed using a tubu-
lar neighbourhood of the corner and we use the uniqueness of that disc). This
determines g, (S"~! x D"~"71), hence also f(OD" X ¢, _,_1(D"~"~1)), which
may thus be put in a standard position. Applying the tubular neighbourhood
theorem to this, we see that f, too, is essentially unique. Thus to prove (i), the
existence of an f with the required property will suffice: we introduce a corner
on D" to make it D" x D™~ ", and take for f the inclusion of 9D" x D™~ ". The
result is S” x D™™", and ¢ can be taken as 1 x ¢. Now (ii) follows, also since
the pair (f, g) was essentially unique. O

Theorem 4.5. (The Cancellation Theorem) Suppose that for M™Ugh™ Ugh™+1,
the a-sphere of h™t' meets the b-sphere of h" transversely in one point. Then
we can suppose Oy M contains a disc D"~! to which both handles are added.
Thus we can write M™ = N™ + D™, with the handles added to D™, and so
M"™UR" UR™t 2 N* + (D" UR" UR™Y) 2 N + D™ = M.

Proof. First normalise as for Lemma 4.4. Then the image of g_ is contained
in a disc (as before); and similarly the image of f is contained in a tubular
neighbourhood of the boundary of this disc, which merely extends it to a larger
disc. The rest follows from the lemma. O

Definition 4.6. A pair of handle of consecutive dimensions, with the a-sphere
of the second meeting the b-sphere of the first transversely in one point, is called
a complementary pair.

We can thus paraphrase Theorem 4.5 briefly by saying that a complementary
pair of handles may always be cancelled. The converse result is now trivial.

Theorem 4.7. At any point of a handle decomposition of a manifold, a com-
plementary pair of handles can be introduced.
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Proof. “At any point” means when we have constructed some manifold M, say.
Now M = M + D by Proposition I, 7.10 and by Lemma 4.3, we can add a
complementary pair of handles to D, hence also to M.

We observe that adding two complementary handles in succession to M has
the effect on V' = 04 M of performing consecutively spherical modifications of
types (r,n — r) - leading to W, say -and (r + 1,n — r — 1) - returning to V.
‘Reversing’ the second of these shows that we can also go from V to W by a
modification of type (n —r — 1,7 4+ 1). The condition on the first modification
necessary for this replacement to be possible was the existence of a complemen-
tary handle; arguing as in Lemma, 4.4, we see that this is equivalent to requiring
the a-sphere to span an r-disc in V, such that the inward normal vector to the
sphere in the disc agrees with the first vector of the chosen normal framing of
the a-sphere. O

We now discuss “addition” of handles - this is to be understood in a homotopy
sense. Since d; M need not be simply-connected, an (r —1)-sphere in it does not
necessarily have a well-defined homotopy class. This ambiguity may be resolved
by introducing as further structure a base-point * in 9, M, and for each handle
with attaching map f: D" x D™~" — 04 M a path in 4 M from * to f(1x0):
the homotopy class of f may be defined in an obvious way. Of course we shall
look for results which do not depend much on the choice of path.

Theorem 4.8. (Handle Addition Theorem) Suppose O+W = M connected,
2<r<m-—2. Let f,g: 0D" x D™™" — M be disjoint imbeddings, determining
homotopy classes o, 8 € m,._1(M); let v € m1(M). Then there are imbeddings
hy,h_:0D" x D™ " — M, disjoint from f, and determining f+a",5 —a" €
Tr—1(M), such that W Uy h" Ug h" = W Uy h" Up,_ h" (for e = £).

Proof. We observe that o injects to zero in W Uy h"; the idea of the proof is
to deform the second handle ‘across’ the first, by a diffeotopy of the attaching
map in 04 (M Uy h"); we know that this will not affect the diffeomorphism of
the result.

We have supposed M connected, so there is a path A joining f(1 x 1) and
g(1 x 1). Notice that this path may be taken in any homotopy class. By
the general position arguments (Part II Chapter 4), we can make the path an
imbedding, disjoint form the images of f and g; we can choose it to start along
the outward normals to Imf and Img, and finally we can deform it off tubular
neighbourhoods of Imf and Img, so that it meets Imf and Img only at its ends.
Choose two normal framings eq,...,e,_o for A so that e;,...,e._1 give the
standard orientation of g(S"~! x 1) at g(1 x 1) and both possible orientations of
F(ST™1x1)at f(1x1): thisis possible since r < m—2: and choose a Riemannian
metric in which f(S™"! x 1) and g(S™~! x 1) are totally geodesic (see I, 3.15).
Then exponentiating normal vectors to A gives an imbedding ¢': I x D"~' — M
with /(0 x D™71) C g(S™" ! x 1), ¢'(1 x D™™1) C f(S"~! x 1). Extend \ by a
diameter of D™~! x 1 in 04 (M Uy h"), and ¢’ correspondingly to an imbedding



122 CHAPTER 4. MODIFYING DECOMPOSITIONS

©:[0,2] x D! — 9, (M Uy h™). We now define an isotopy of § by

Gi(x) =z if ¢ @0x D
g10(0,y) = o(2tBp(1 = |y[),y)

the properties of the bump function ensures that these fit to give a smooth
diffeotopy. This ‘pulls’ the cell p(0 x D) C g(S"~! x 1) across part of the
disc D" x 1, covering the central point. Since g(S"~! x 0) is diffeotopic to
g(S"~1 x 1), we also obtain a diffeotopy of g, which we can extend to one of g
such that the final imbedding A is disjoint from 0 x S”~"~!. But we can think of
the (f-) handle as shrunk to a small neighbourhood of this b-sphere (c.f. proof
of 2.5), so h(S"~! x D"~") lies inM again.

Since our diffeotopy has (clearly) degree 1 on the attached cell, the homology
class of h is that of g plus or minus that of f, the sign depending on an orientation
chosen earlier. The same applies to homotopy, except for consideration of base
points. But freedom of choice of homotopy class of A is equivalent to the freedom
of choice of v in the Theorem. O

Remark 4.9. We could also discuss the homotopy classes in m.(WUsh"Ugh", W)
represented by handles; these also are added, in the same way.



Chapter 5
Simplifying decompositions

In the last chapter we gave a method of simplifying handle decompositions under
geometric assumptions. We shall now obtain some corresponding results under
algebraic hypothesis: this will enable us to operate with handles using only
homotopy data. There are several ways of applying the Cancellation Theorem
4.5: we start with the most direct. It is interesting to note that this closely
resembles a technique of Whitehead, with CW complexes.

Theorem 5.1. Supposen = 2r+3, W" = M x IUh"UIh"™ L, and . (W, M) = 0.
Then W = M x T UIh™tt U A2,

Proof. The case r = 0 follows from Proposition 4.1; otherwise we may suppose
M connected.

We identify A" with D" x D™~". Since n 2 2r + 2, we can perform a
diffeotopy to ensure that the attaching maps of the h"*! avoid D™ x 1. The disc
D" x 1 determines an element of m,.(W, M), which is zero by the hypothesis.
Hence this disc is homotopic in W (relative to its boundary) to one in M;
i.e., there is a map F: D"t! — W, which takes the upper hemisphere of S”
onto D" x 1 and the lower into M. Since n = 2r + 3, we may suppose that
ImF is disjoint from the cores of the handles (of dimensions r and (r + 1)).
We can therefore also deform it off tubular neighbourhoods of the cores, so
that eventually ImF C 04W. We may suppose F|S” an imbedding of S in
0+ W: this imbedding is homotopic to zero, hence also diffeotopic (we again use
n 2 2r +2). So by Theorem 4.7, we can use it for the a-sphere of the first of
a complementary pair of handles h';™!, h;F?, where h',"! is disjoint from the
other A™T1. But h;ﬁl is also complementary to A", so

W= MxITUL UL U (b unG?) (Theorem 4.7)
>~ M x TU(h" UL Ul U b
~ M x TUIR™ U b7 (Theorem 4.5).

123
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Corollary 5.2. We can replace M x I in the theorem by V, provided 0.V C V
induces m1(04V) 2 wl(V).

Proof. Set My = 04+V; we may suppose W =V U (M x I)U handles; write Wy
for the closure of W\ V. Then it is enough to show that 7.(Wy, M) = 0. Now
if r =1, by van Kampen’s theorem,

(W) = w1 (V) s, (uay) m(Wh) = i (Wh),
and if r 2 2, by the Hurewicz theorem,
m (Wi, My) 2 H,. (W1, M), (W, V) = H, (W, V),

(the universal covers of Wy, V, M; are induced from that of W, since under our
assumption, the fundamental groups map isomorphically), and we can now use
excision. O

Corollary 5.3. If W = VUEkh" UIh™H, 7. (W, V) = 0, 7,.(0,V) = 71(V),
n=>2r+3, then W=V UIR™TL UEh™ 2.

Proof. Write V; = VU(k—1)h". Since m.(W, V) and m,_1(V3, V') vanish, so does
7 (W, V). Also, if V.= M x I, My = 0. V4, then Vi = My x T U (k — 1)hn~,
so m(My) = m(Vh) it n 2 r+ 3. For a general V, we use van Kampen’s
theorem, as above, to deduce 71(9+V1) = w1 (V7). Now by Corollary 5.2, we
have W 2 V; UIh™ U h™+2 so the result follows by induction on k. O

Corollary 5.4. Suppose (W, V) r-connected, m (0:V1) = m(V4), n = 2r + 3.
Then W has a handle decomposition on V with no i-handles for i < r.

Proof. Use Corollary 5.3 repeatedly to replace i-handles by (i + 2)-handles for
1=0,...,7. O

Remark 5.5. We can tighten up the proof of Theorem 5.1 to cover also the case
n=2r+2,r # 1. (In fact the only point to be watched is the deformation of
F off the cores of the h"*1.) But we obtain a more general result below, by
a different method, for r =2 2. To introduce this method, we first consider a
simple special case (the first, historically, too - due to S. Smale): we observe
that we succeed in cancelling handles, not merely replacing some by others.

Theorem 5.6. Suppose 0. V"™ simply connected, r = 3, (n —r) = 4. Let
W =V U™ Ukh™Y and H,(W,V) =0. Then W =V U (k — 1)h" 1.

Proof. Let nq,...,n, be the intersection numbers of the a-spheres of the (r+1)-
handles with the b-sphere of h". By Theorem 4.8, we can ‘add’ and ‘subtract’
the handles; hence if n;, n; are nonzero, say n; > n; > 0, we can replace n;
by n; — n;. Hence by induction on Zlf|nz| - we may suppose all the n; zero
except one - say n;. By Lemma 3.3, the assumption H,(W, V) = 0 now implies
ny = +1.

Now use Theorem 2.5 to normalise the handle decomposition. Then the
a-spheres of h{“ and the b-spheres of A", both of dimension at least 3, meet
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transversely and have intersection number +1 in 94 (V Uh"), which by Proposi-
tion 3.9 is simply connected since 0,V is. Hence by Part III we can perform a
diffeotopy to reduce the number of intersections to one. But then A" and A™+!
are complementary, so can be cancelled by Theorem 4.5. O

We now consider the general case and, in particular, abandon simple-connectivity.
This is more technical, and we shall eventually refer to the notion of simple ho-
motopy theory. We first state the general conditions which we need to assume.

Hypothesis 5.7. W = V" Ukh" UIR™ 7. (W, V) =0, m (0.V) = m (V). We
have r 2 2, n—r 2 4;0orr 23, n—r =3, and m (0 W) = 7 (W). Set
M=0,(VUER"), m =7 (M) and A = Z[x].

The ring A consists of finite (formal) linear combinations, with integer co-
efficients, of elements of 7, with the obvious multiplication. Using Proposition
3.9, m (V) 2 m (M) 2 m(0+W) 2 m(VUER") 2w (W), (note if » = 2 that
our hypothesis implies 71 (V) 2 71 (W)) and the isomorphisms are induced by
inclusion maps. We use tilde for all universal covering spaces. By the Hurewicz
theorem, m, (W, V) 2 H,(W, V), so our hypothesis gives some information about
the chain map in the universal covering space. To use this, we need the lemma
below; first, however, we need some notation.

Let * be a base point in V N9 W (hence in M): join by paths in M to the
a-spheres of the h"t! and the b-spheres of the h™: all these lie in M. Now to
each intersection P of the b-sphere of an r-handle h} with the a-sphere of h;*l
we assign the element gp € 7 represented by the path from * to the a-sphere,
round this to P, along the b-sphere, and back by the chosen path of the b-sphere.
We also set ep = £1 according as the orientations agree or differ (c.f. Lemma
3.3).

Label the handles h; (1 < j < k), h{™" (1 £ < 1); let b5, hj™" be the
handles above them in W, determined by some lifting of *, and lifting the

chosen paths, and let €7, &' be the corresponding chains of (W, V). We note

that all the handles of (W, V) are of the form gﬁ;, gﬁf“ for various g € m;

these are all distinct, since we took the universal cover; so that CT(W, \7) and
Cr+1(W, V) are the free A-modules with bases the {€}}, {ertiy.

Lemma 5.8. (i) We have 9¢; "' = >_p,Epgpe;, where the sum is over in-
tersections P of the a-sphere of hZH with the b-sphere of h7.

(ii) If the coefficient of €’ in éf“ is =1, we can perform a diffeotopy to make
hf“ complementary to hj.

Proof. (i) If P is the point of iLZH lying over P, it represents the intersection of
the a-sphere of B;H with the b-sphere of some g’ﬁg. If we lift he defining path
of gp, we see that ¢’ = gp. The result now follows from Lemma 3.3 (which did
not use compactness).

(ii) It follows from the assumption that, with one exception, we can collect
intersections of the two spheres into pairs (P, Q) with gp = gg, ep = —e¢g. The
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result will follow if we show how to remove the intersections P and ). Observe
that the spheres - say S} and S;“Tfl - have complementary dimension in M,
and each has dimension = 2. If we join P to Q by an arc in S, and one in
Sy we obtain a circle; moreover since gp = gg, this circle is null-homotopic in
M (which is of dimension 2 5) and so it bounds a disc. If we can make this
disc disjoint from S, and Sy, the usual method of removing intersections (due
to Whitney; see III) applies, and we can remove P and @); this can certainly be
achieved if the codimensions r and n —r — 1 are > 3.

Now consider the case » = 2, n — r > 3. Here the disc may be supposed
disjoint from S,; also we note that the process of constructing the disc gives
first (when ep = —eg) an annulus which pushes the circle off S, U S;. So the
result will follow if we show 7 (M \ Sy) = 71 (M). The proof of this is sufficiently
illustrated by the case k = 1; here we may identify M \ S with 9, V' \ S*, where
S1 is the a-sphere of h2. So 71 (M \Sp) = 71 (0, V\S?) =2 71 (0,.V) = 71 (M) (for
the codimension of St is > 4). If r = n — 3, r > 2, there is a similar argument
using the hypothesis 71 (04 W) = w1 (W). The proof breaks down completely if
r=2,n=>5. O

Remark 5.9. The same argument enables us to extend Theorem 5.6 to the case
r=2,r=n-—3.

Theorem 5.10. Theorem 5.1 (and its corollaries) hold whenever n = r + 4;
also if n =r+ 3 provided r # 1,2 and 1, (0 W) = mq (W).

Proof. Since H,(W,V) = 0, 8: Coii(W,V) — C.(W,V) is onto, so we can
solve 9(3° \;é/ 1) = é". By Theorem 4.7 we can introduce a complementary
pair of handles hfl, h%ﬁ; by applying Theorem 4.8 repeatedly, we can ‘add’ to
the a-sphere of hfjl any A-linear combination of the a-sphere of the other h™+1!.
So we may suppose 8(62“) = ¢". Now by Lemma 5.8 (ii), we can perform a
diffeotopy to make h’;‘“ complementary to h”, and by Theorem 4.5 we can then
cancel these two handles. O

Theorem 5.11. Assume Hypothesis 5.7, and that the inclusion of V in W is
a simple homotopy equivalence (so k =1). Then W =V,

Proof. We shall not discuss here the definition of simple homotopy type, not
the equivalence of definitions via triangulations and handle decompositions, but
instead assume that our hypothesis is equivalent to assuming 9: Cyy1 (W, V) —
C,(W,V) a simple isomorphism (that it is an isomorphism follows if the inclu-
sion is any homotopy equivalence). Hence the matrix of 9 can be reduced to a
unit matrix by a sequence of moves of the following kinds:

(i) Add some multiple of a row to another row.
(ii) Multiply some row by an element of 7, or by -1.

(iii) Take the direct sum of the matrix with (1).
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But each of these can be induced by a change of the handle decomposition: (i)
by handle addition (Theorem 4.8), (ii) by changing the path from * to an a-
sphere, or the orientation of a cell, and (iii) by inserting a complementary pair of
handles (Theorem 4.7). Thus we may assume that the matrix of 9 is the identity,
and 8&;’“ = ¢&;. Now by Lemma 5.8 (ii), we can perform a diffeotopy on the
a-sphere of hf“ (leaving other handles fixed) to make h;’“ complementary to
h;. But then the handles are complementary in pairs, and can all be cancelled,
by Theorem 4.5.

We observe that the proof of Theorem 5.6 shows that, in the simply-connected
case, any matrix of determinant +1 can be reduced to the identity by moves
(i) and (ii), so that if # = {1}, a homotopy equivalence is a simple homotopy
equivalence. The same is also known to hold if ©m = Zs,Z3, Z4, or if 7 is free or
free abelian, or an elementary 2-group. O
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Chapter 6

The h-cobordism theorem

Definition 6.1. Let W be a cobordism. If the inclusions of 0_W, 0. W in
W are homotopy equivalences, W is called an h-cobordism; if they are simple
homotopy equivalences, W is called an s-cobordism

Theorem 6.2. Assume that the inclusions of O_W in W is a homotopy equiv-
alence and that the inclusion of LW induces an isomorphism of fundamental
groups. Then

(i) The inclusion of 0. W is a homotopy equivalence.

(ii) If either inclusion is a simple homotopy equivalence, so is the other, and
if n 26, W is diffeomorphic to O_W x I.

Proof. By Corollary 5.3, W has a handle decomposition on d+W with no 0-
or 1-handles (n = 5). Take the dual decomposition and apply Lemma 5.8:
this says we may cancel the r-handles for n < n — 4, and leaves only those
with r = n — 3, n — 2. Also, by elementary homology theory, there must be
the same number k& of handles of these two dimensions, and the chain complex
of the universal cover consists of a single isomorphism 9: C,,_s — C,_3. So
W has a handle decomposition on 9. W with only 2- and 3-handles (the 2-
handles attached trivially), and for this the matrix of d,: C5 — C5 is transpose
conjugate (via g — ¢g~1,g € ) of that of 9, so 0, is also an isomorphism.
Thus all Hi(VT/ﬁ:\V/V) =0, all m;(W,0;W) = 0 by the Hurewicz theorem and
(i) follows by the Whitehead theorem. [For n < 4 we can use a more direct
statement which is always valid.]

Now let the inclusion of 9_W be a simple equivalence. Then 0 is a simple
isomorphism. If n = 6, by Theorem 5.11, all handles may be cancelled, so
W 2= 0_W x I, and the result is proved. O

Corollary 6.3. Suppose W™(n 2 6) a simply connected h-cobordism. Then
W=2o_W xI.

129
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The same argument will give us somewhat more general results if we relax
the compactness condition. For example, let V' be a submanifold of W such that
there is a diffeomorphism ¢: V=2 0_V x I. Then as in Lemma 1.2, we can find
a non-degenerate function on W whose restriction to V' has no critical points;
the proof of Lemma 1.2 is only changed by using the given product structure
to define g near V. We can now carry out all the handle decomposition and
cancellation arguments in W\ V. Write N for a tubular neighbourhood of V' in
W, N for its interior, X = W\ N and Y = NN X = d.N = 0.X.

Theorem 6.4. With the above notations, suppose X an s-cobordism. Then ¢
can be extended to a diffeomorphism of W on O_W x I.

Proof. As in Theorem 6.2, we can cancel all the handles in X. O

Lemma 6.5. With the above notations, suppose W™ V"=¢ h-cobordisms, and
c 2= 3. Then X is an h-cobordism.

Proof. Since ¢ 2 3 is the codimension of V in W (and of 0_V in _W, 0,V
in 9, W), removing V does not alter the fundamental group. So it is enough
to check that X C X induces isomorphisms of homology in the universal
cover, by Whitehead’s theorem. This reduces the problem to the case when W
is simply connected.

Now since 0_V is a deformation retract of V, and N is a disc bundle, 9_N
is a deformation retract of N, also of 9N UY. Hence 0 = H,(N,0_NUY)
H,.(W, X U9d_W) by excision.

But 0 = H,.(W,0_-W), so using the homology exact sequence of the triple
O_W C XUO_W C W, we deduce 0 = H, (X UI_W,0_W) = H.(X,0_X) by
excision. The result follows. O

Corollary 6.6. Suppose W™ a simply-connected h-cobordism, n = 6, V"¢ q
submanifold, ¢ 2 3, such that V"¢ = 9_V xI. Then (W,V) = (0_W,0_V)x1I.

Proof. Since W\ V is simply-connected, the lemma shows that 6.4 applies. 0O

Corollary 6.7. Two h-cobordant pairs of homotopy spheres (T;*7¢,T)(i =
0,1) with n 25, ¢ 2 3 are diffeomorphic.

Proof. By Corollary 6.3, the h-cobordism of the T* is a product, so the result
follows from Corollary 6.6. O

We also have a slight generalisation of 6.2.

Theorem 6.8. Suppose V" C W™ a simple homotopy equivalence, that n =
6, 0_V = 0_W, and that 0,V C V, 04W C W induce isomorphisms of
fundamental groups. Then W =V U0,V x I.

Proof. Let M = 04V, X be the closure of W\ V. Then

T (W) Z711(X)sm, anym1 (V) = 11 (X).
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By Corollary 5.3, X has a handle decomposition on 94 W with no 0- or 1-
handles. So W has one on V with no (n — 1)- or n-handles. Applying Theorem
5.11 repeatedly, we can get rid of i-handles for ¢ < n—3. The result now follows
from Theorem 5.11. O

Corollary 6.9 (Disc Bundle Theorem). Suppose M™ ¢ a submanifold of W™,
OM=0,c23,n26, M CW asimple homotopy equivalence, and w1 (0L W) =
w1 (W). Then W has the structure of a disc bundle with M as zero cross-section.

Proof. Let V be a tubular neighbourhood of M, then 6.8 applies. m(0,V) &
7m1(V') since ¢ 2 3 (it can also happen for ¢ = 1, 2). O

Corollary 6.10. If W™ is contractible, n = 6, w1(OW) = 0, then W™ = D".
Proof. Take M a point in 6.9. O

Corollary 6.11 (Poincaré Conjecture). If T" is a homotopy sphere, n = 6, then
T™ may be obtained by glueing two discs together along the boundary. Thus T™
is homeomorphic to S™.

Proof. Let W™ be the closure of the complement of a disc D™ in T™. Then W
is homotopic to T™ \ {point}, so is simply-connected, and its reduced homology
groups vanish, so W is contractible. By 6.10, W™ = D". The last remark
follows since any homeomorphism of S"~! can be extended (taking the cone)
to D"™. O

Remark 6.12. The result follows from 4.1 if n < 2, and holds if n = 5, when we
shall show later that any 7° bounds a contractible W°. The cases n = 3, n = 4
are unsolved.!

Corollary 6.13. Suppose M[™ compact, OM™" = @(i = 1,2), f: M1 — M a
simple homotopy equivalence and 2c = m. Then My X D€ is a disc bundle over
M.

Proof. If ¢ < 3, m < 1, My = My = S (or {point}) and the result is trivial.
Now let ¢ 2 3. Then by Haefliger’s theorem (IIT), we can approximate f by an
imbedding of M; in My x D¢. The result now follows from the Theorem. O]

Corollary 6.14. Suppose in addition that ¢ 2 m+1 and f*(Tp,+1) = Tay, +1.
Then My x D¢ = M, x D°.

Proof. Under these conditions the normal bundle of g(M;) in Ms x D€ is stably
trivial and stable, hence trivial. O

Theorem 6.15. Let T" ¢ be a homotopy sphere in S™(n 2 6,¢ 2 3), N a tubu-
lar neighbourhood, V the closure of its complement. Then V is diffeomorphic to
Scfl X anchl'

IThe topological case for n = 4 was proved by Michael Freedman in 1982. The case for
n = 3 was proved by Grigori Perelman in 2003.
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Proof. Let N’ be a larger concentric tube, D¢ a fibre, S~ its boundary. Since
5¢~1 bounds the contractible D¢, its normal bundle is trivial. We assert that
the inclusion of S~! in V is a homotopy equivalence; indeed, both are simply-
connected (V since S™ is and ¢ = 3, so T\ S is also) and the complement of
V' U D¢ is the interior of N\ D¢, a cell bundle over a cell and so contractible. By
duality, V' U D¢ is contractible, and 0 = H,.(V U D¢, D¢) = H,.(V,V N D¢). But
V N D¢ is an annulus with S¢~1 as deformation retract, hence H,.(V,S°"1) = 0.

If c2n—1, 9V = ON is simply-connected, and n — ¢+ 1 = 3, so the result
follows from Theorem 6.8. If ¢ = n — 1, T is a circle, and unknots, so the result
is trivial. O

Theorem 6.16. Suppose W™ (n = 6) such that 0_-W, 0. W and W are simply-
connected. Let H;(W,0_W) = F + T, where F is a free abelian group of rank
Bi and T is a finite group with 7,12 generators. Then W has a handle decom-
position on O_-W with 7;_1 /5 + i + Ti11/2 i-handles for each i.

Proof. By Corollary 5.3, there is a handle decomposition with no 0- or 1-handles.
Similarly, we can dispense with (n — 1)- and n-handles. This gives a chain-
complex of free abelian groups whose homology is that of H.(W,0_W). We
put this chain-complex into normal form; then it is a direct sum of elementary
subcomplexes, each with rankl or 2, and differential either

0>7Z—0 or 02570

Now the change of base needed to put the chain complex in normal form can
be induced by a sequence of elementary automorphisms of the chain groups, and
by Theorem 4.8, each of these can be induced by a change in handle decomposi-
tion. It remains only to remove the elementary subcomplexes with ¢ = 1. But
Theorem 5.6 (extended by Remark 5.9) assures us that such pairs of handles
may be cancelled. O

It does not seem to be easy to obtain a reasonable theorem of this kind
without assuming simple-connectivity. The best known are Theorems 7.7 and
7.8 below .



Chapter 7

Simple Neighbourhoods

We shall now give a very brief discussion of Mazur’s concept of simple neigh-
bourhoods; however, we make no attempt to give complete proofs. The details
would be comparatively trivial to supply if we were discussing combinatorial
manifolds, so the reader may refer to think of these (nearly all the proofs in
Part IV remain valid, only the details are much easier, on account of corners).

Let M™ be a compact manifold, K* a finite complex. We call an imbed-
ding f of K in M tame if M is covered by coordinate neighbourhood (U, C
M™, p4: Uy, — R™) such that each oo|f 1 (U)y: f~1 (U)o — R™ is linear on
each simplex.

Definition 7.1. A submanifold U™ of M™is a simple neighbourhood of f(K
if K C U, the inclusion K C U is a simple homotopy equivalence, and 71 (U )
771(U \ K)

For example, if K is a submanifold, a tubular neighbourhood is a simple
neighbourhood.

Proposition 7.2. A smooth regular neighbourhood is a simple neighbourhood.

Proof. This follows almost at once from the definitions; as to the last clause,
we observe that if U is a regular neighbourhood, there is a map 0U — K such
that U is the mapping cylinder. So U \ K = 90U x [0,1). O

Proposition 7.3. A smooth regular neighbourhood has a finite handle decom-
position with one h* corresponding to each simplex o* of K.

Proof. By induction over simplexes of K; in fact, the handle is simply obtained
by thickening the simplex. O

Remark 7.4. Conversely, any handle decomposition may be ‘unthickened’ to the
cores of the handles to give a corresponding CW complex K.

Theorem 7.5. (Simple Neighbourhood Theorem) Let m = 6, codim K = 3.
Then if Uy, Uy are simple neighbourhoods of K, there is a diffeotopy of M,
constant near K and away from Uy U Us, which moves Uy to Us.
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Proof. Let Uy e a smooth regular neighbourhood of K in 6'1 N [j’g. Fori=1,2,
we shall show that U; = Uy U (OUy x I): the result then follows at once. Since
for j =1,2,0,0U; C U; C U; \ K induces isomorphisms of fundamental groups,
we can apply Theorem 6.8, and the result follows. O

Remark 7.6. Suppose the condition 71(0U) = m(U \ K) in the definition
strengthened to state that U C U \ K is a homotopy equivalence. Then in
the above, we could prove the closure of U; \ U. an h-cobordism, but it would
still not in general follow that it was an s-cobordism, if the codimension of K
was 1 or 2. This does work, though, if 71 (0U) = 0, Zs or Z.

Theorem 7.7. (Non-stable Neighbourhood Theorem) Let K, K; be finite CW
complezes and 0: K — Ky a simple homotopy equivalence. Suppose U" — K
by unthickening, and K, Ky have dimension < n —3, n = 6. Then U™ has a
handle decomposition which mimics the cell decomposition of K.

Proof. By a theorem of Whitehead, (improved), we can go from K to K; by a
sequence of “formal moves” of dimension < (n—2). (Note n = 6). We can imitate
each of these by a change in handle decomposition: an elementary expansion by
introducing a complementary pair of handles (Theorem 4.7), and an elementary
collapse by a handle cancellation (Theorem 4.5). For this last, we must check
the necessary conditions. If the collapsed cells have dimensions 0, 1, we can use
Proposition 4.1; if their dimensions are 7, r +1 where 2 < r < n — 3, we observe
that 5.7 is satisfied and that 0&, ™' = ¢’ and apply Lemma 5.8 (ii). If the
dimensions are 1, 2, check that the attaching S* of the 2-handle is homotopic,
hence isotopic, to a circle which meets the b-sphere of the 1-handle only once.
In principle, this completes the proof. O

The same arguments lead also to

Theorem 7.8. (Relative Non-stable Neighbourhood Theorem) Suppose W™ has
a handle decomposition on V with no i-handles fori > n—2. Assume w1 (0LV) &
m (V) 2 m (W) 2 m((0:W), n 2 6. Let (X,V) be a CW pair with no i-cells
outside V' for i > n—2 and f: X — W a simple homotopy equivalence rel
V. Then W has a handle decomposition based on V' with cells corresponding to
those of X mod V.

This is stated in a very sharp form (I hope not too sharp to be true), and
we shall not give the proof.



Part V

Cobordism: Geometric
Theory
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Chapter 1

Types of cobordism

We have already said that when W is a compact manifold with OW a disjoint
union of closed sets O_W U 0. W, W is called a cobordism of O_W and 0, W,
and 0_W, 0. W are called cobordant. This concept is of great generality, and
there is a wide variety of possible generalisations and restrictions. Qur policy
here will be to indicate the different kinds of alteration that may be made to
the definition, each in the simplest possible case: these may then afterwards
be combined ad lib. We establish a convention that each type of cobordism
relation is specified by a description of d_W which are relevant, and there is
then a corresponding set of properties of the W which are permitted for the
cobordism: these will be made precise in this chapter for each new idea, but the
convention will be in force subsequently. Note that it is always essential that
the manifolds be compact; otherwise the trivial relation V' = 9(V x [0,1)) shows
that everything is a boundary.

Oriented cobordism

We consider only oriented manifolds M. Then the cobordisms W must also
be oriented. We call the oriented manifold W an oriented cobordism between
the oriented manifolds O_W and 0, W if at each x € O_W (resp. 0;W), the
orientation of 9_W (resp. 0. W) followed by the inward (esp. outward) normal
at x induces the orientation of W. In terms of homology classes, this becomes

0. [W] = [0, W] — [0_W].

Cobordism with a given structure group

In the first instance, the tangent bundle 7,,, of M has structure group GL,,(R):
an orientation is a reduction of this group to SL,,(R). We generalise this now
by letting G be any topological group (usually, but not always compact) and
¢: G = GL,,(R) a homomorphism. Then a G-structure on M is a reduction of
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the group of 7,,, to G. If ¢ is the inclusion of a closed subgroup, we can define
this as a cross-section of the bundle associated to 7, with fibre GL,,(R)/G. In
general, we form the classifying space B(G), so ¢ induces a vector bundle £ over
B(G): then a reduction of the group of 7, is a pair (e, f), where f: M — B(G)
isamap and e: 7,,, — f*¢¢ a bundle isomorphism: two reductions are equivalent
if there is a reduction of the induced bundle over M x I which induces them at
the two ends.

The natural definition of a cobordism W now demands a reduction of the
structure group 7. However, Ty |0W =2 751 @et (we shall use €” to denote the
trivial vector bundle of dimension r), so the induced structure of the boundary
is a reduction of the group of 75y @ €', rather than of 7oy itself. We can base
an adequate definition on this, noting only that a convention about the choice of
isomorphisms of 7oy on Taw @ €' is necessary: viz. that the positive vector ¢!
is to be identified with the inward normal to O_W in W, but with the outward
normal on 9, W (this is necessary to obtain an equivalence relation: see below).

However, the most satisfactory general theory uses a further weakening of
the concept, and some preliminary notation is necessary. Suppose given a com-
mutative diagram of groups and homomorphisms

In—1 in

anl Gn Gn+1

l@n 1 l%n J‘PHJA

oo — GLp—1(R) — GL,(R) —— GL, 11 (R) —— - -

(in the lower row we have the natural inclusions); then we say we have a stable
group G. A weak G-structure on M is prescribed by choosing an integer r and
reduction (e, f) of the group of 7, ® " to Gyr; (1€, f) and (1, €, f') are
equivalent if the reductions (e, f) and (€’, f') of 7,,, @ e*® are so for some s = r, .
Then if a cobordism W has a weak G-structure, it induces weak G-structures
on O_W, &, W (using the above convention to identify 75y with 7o @ el): we
call it a cobordism between these manifolds with the induced structures.

Cobordism of Pairs

Let M be a submanifold of N; then we call (N, M) a pair. If (W,V) is a pair
of manifolds with boundary, and W is a cobordism of 0_W to . W, we set
0_V=VnNo_W, o0,V =V W. Our definition of submanifold then implies
that V' is a cobordism of 0_V to 94V, and we shall call the pair (V,W) a
cobordisms of the pair (0_-W,9_V) to the pair (04 W, 0. V).

We can also restrict the structure groups of the tangent bundles of W and
V' separately; more important, however, is to consider the normal bundle of
V in W, which has group GL4(R) if ¢ is the codimension of V' in W. Given
vq: Gg = GLy(R), a reduction to G, of the group of the normal bundle of
V in W can be called a normal G,-structure of V in W: it induces normal
Gg-structures of O_V in 0_W and 04V in 0;W. Note that here there is no
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need to speak of weak structures and of identifications: the definition is more
natural than the one above, and we have the notion of cobordism of pairs with
normal G ,-structure.

Cobordism of Maps.

A map means a continuous (or, if preferred, smooth) map f: M™ — N" of
compact smooth manifolds. If V and W are cobordisms, and F: V — W
defines by restriction maps F_: 0_V — 0_W and Fy: 0,V — 0, W, we call F
a cobordism of F_ to Fy. In particular, a homotopy of f is a cobordism. Since
(c.f. proof of 0, 2.2) every map is homotopic to a smooth map, and homotopic
smooth maps are smoothly homotopic, the restriction to smooth maps f makes
no difference. The special case when f is an imbedding gives cobordism of
pairs above: we could also restrict f to be an immersion. Also since (II, 5.3) if
n > 2m, any map is homotopic to an imbedding, and if n > 2m + 1, homotopic
imbeddings are isotopic, all these theories agree in such a stable range. It is
also possible to replace f by an imbedding in N x R?™, and restrict the group
of the normal bundle.

Cobordism of Bounded Manifolds.

Let W be a manifold with corner; suppose the closed parts into which ZW
divides OW are separated into three, with disjoint interiors: 0_W, d.W and
0+ W, where 0_W and 04 W are disjoint, and the manifolds 0_-W U 90+ W and
0.W have common boundary ZW. Then we call W a cobordism of 0_W to
0+W. We also write Z_W = ZWNO_W =090_-W and LW =ZWNOLW =
00, W, so 0.W is a cobordism of Z/_W to £, W.

By itself, this definition gives nothing: any manifold M with boundary is
cobordant to the empty set by the manifold W obtained from M x I by rounding
corners at M x I. So the interesting cases are those in which an extra condition
is imposed on the cobordism 0.W.

Cobordism with a cohomology class; bordism

First consider pairs (M, «) with o € H"(M;G). Then (W,a) is a cobordism
of (0_W, ) to (0+W,v) if « restricts to S on O_W and to v on 9. W. Now
the functor H"(—; G) is representable by the Eilenberg-MacLane complex K =
K(G,r), so we can equally regard « as a homotopy class of maps M — K.

More generally, let K be any space and consider pairs (M, «) where « is a
map M — K. The definition of cobordism is the same as above. Note that
if 5: M x I — K is a homotopy of a to o/, (M x I,§) can be regarded as
a cobordism of (M,«) to (M,a’). We shall later consider the dependence of
the notion on K (rather than M), and will then say that (M, «) determines a
bordism class of K.
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If L is a subcomplex L, we shall also consider the cobordism relation for
manifolds with boundary, where (M, «) is a pair consisting of a manifold M with
boundary and a map of pairs a: (M,«) — (K, L): a cobordism will be a pair
(W, 8) where 8: (W,0.W) — (K, L) restricts to the given map of (0_W, Z_W)
and of (0L W, Z,W).

Equivariant cobordism

Let G be a Lie group, which it is convenient to assume compact. We consider
pairs (M, @) where M is a manifold and ¢: M x G — M defines a smooth action
of G on M. This induces a G-action on M. then if W is a cobordism, with
G-action ¢, (W, ) is an equivariant cobordism of (0_W,p_) to (W, p4) if
¢_, w4y are G-actions induced by ¢. A variant is obtained if we restrict the
isotropy groups of ¢ to lie in an assigned class of subgroups of G - for example,
if we have fixed-point-free actions.

The remaining examples involve connectivity, and we will see in Chapter 2
that they are of a slightly different nature: we shall call them all ‘of type (C)’.

Connected cobordism

Here we consider only connected (hence, in particular, non-empty) manifolds
M. The cobordisms are restricted by the requirement that 0_W, 9, W and W
all be connected. A natural extension of this is

k-connected cobordism

We now require M to be k-connected, for some integer & > 1. In this case, of
course, M is orientable: we make the further convention that M is oriented, The
corresponding kind of cobordism is an oriented cobordism W, will later play a
special role. Also if dim M < 2k, then M must be a homotopy sphere.

h-cobordism

The natural way to fit this into our present context seems to be to fix a space
X, and insist that each manifold M under consideration to be provided with
a homotopy equivalence hy;: M — X. A cobordism W must then satisfy the
condition that hy  extends the maps hs_w and hp, w: this implies that the
inclusion maps of 0_W, 0. W into W are homotopy equivalences. It is usually
more convenient in this case also to restrict to oriented cobordism. The only
case to be singled out later is when X is a sphere.
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I-cobordism

Here, X is a fixed closed manifold, and we consider only pairs (M, hjs), where
has is a diffeomorphism of M on X. A cobordism is a pair (W, hy,) where
hw is a diffeomorphism of W on X x [ inducing the diffeomorphisms hg_w xo,
ha, w1 on the boundary. Naturally, this again is a trivial theory which we will
only use in conjunction with others: we usually indicate its application when X
is a sphere S™ (the commonest case) by referring simply to ‘cobordism of S™’.

Concordance

X is a fixed simplicial complex, and we consider pairs (M, hys) where hps: X —
M is a smooth triangulation of M by a (linear) subdivision of X. Cobordisms
must be triangulated by X x I. We shall not give the theory, nor full definitions
for these notions, but mention them for completeness. The word ‘concordance’
is sometimes also used for I-cobordism.

Cobordism with a homotopy class

Consider pairs (M, «), where M™ is simply-connected (so that the base points
are irrelevant) and a € m.(M). We call (W, a) a cobordism of (0_-W, ) to
(0L W,~) if the inclusion maps send § and v to «. We can also replace homotopy
by homology, or the sphere S” by another space K (and in some cases weaken the
requirement of simple-connectivity). We will later need the restriction n—2 = r
(or dim K).

Theorem 1.1. In all cases, the relation “M is cobordant to M'” is an equiva-
lence relation.

Definition 1.2. The equivalence classes are called cobordism classes.

Proof. Reflexivity We use M x I to provide a cobordism of M to itself. In
each case, any additional structure on M automatically defines one on M x I
which extends it: for the natural projection 7 on M is homotopy equivalence,
so the homotopy conditions extend, 7*7y; @ €' = Tarxr, and a G-action on M
defines one on M x I by the formula (m,t).g = (m.g,t). That M x I provides
a cobordism of M to itself is now trivial except in the case of cobordism with a
structure group, there we must use our convention about orientation.
Symmetry Let W™ be a cobordism of 0_W to 4 W: we wish to interchange
their roles to call it a cobordism of 0. W to O_W. This again is trivial in
every case except that of cobordism with a structure group, where we must
change the (weak) G-structure of W to ‘interchange the ends’. We change it by
observing that one weak structure induces another, using the identification of
Tw @ e" with itself by reflection in one of the line bundles constituting €”. The
induced structure on Ty @ "' differs from the desired one by reflections in
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two line bundles: the product of two reflections is homotopic to the identity, so
the induced structure is equivalent to the one required.

Transitivity Let W71, Wy be cobordisms with Ny = 9_Wy, Ny = 0, W7 =
0_Wsy, No = 9, W5. To obtain a cobordism of Ny to No, we will glue W to
Wy along Ny (cf. I, 7). This works without difficulty for cobordism with a
structure group (our convention is natural here) and for most of the others. In
fact, we need only take care with the glueing for cobordism of pairs and for
equivariant cobordism.

In the case of pairs, let (N1, M) = 04 (W1,V1) = 0_(Ws, V). We choose
collar neighbourhoods of N; in W; and in W5 which respect the submanifolds
V1 and Va: this is possible by I, Theorem 3.15. If we now glue, V3 U V5 becomes
a smooth submanifold.

For G-cobordism, we first observe that every G-manifold has an equivariant
Riemannian structure, obtained by taking any such structure, looking at its
transforms by element of G, and integrating with respect to Haar measure on
G, (which is legitimate since the Riemannian structures form a convex subset of
a Banach space). The construction of I, Proposition 3.8 now gives equivariant
collar neighbourhoods of the boundary; glueing as in I, 7.2 we see that the action
of GG remains differentiable. The proof of the theorem is now complete. O



Chapter 2

Cobordism groups and rings

We next investigate the various possible structures that can be put on the sets
of cobordism classes: here the two key remarks are that disjoint union will (in
most cases) define a sum operation making the set of classes an additive abelian
group, and that Cartesian product induces various multiplicative structures. A
few more delicate operations will be defined later on.

Lemma 2.1. Disjoint union defines an addition which turns the set of cobor-
dism classes (of a given dimension) into an abelian group, except for cobordism

of type (C).

Proof. The other kinds of structure pass at once to the disjoint union. Union is
compatible with cobordism: if V', W are cobordisms of 0_V to 0.V, 0_W to
04+ W, then the disjoint union V', W is a cobordism of 0_VUO_W to 9, VU W.
Thus we have a binary operation on the set of cobordism classes, which is
commutative and associative since disjoint unions are. The empty manifold
acts as zero.

We obtain an inverse to W whenever M x I may be regarded as a cobordism
of the disjoint union M x 0U M x 1 to the empty set (the induced structure on
M x 0 must coincide with that on M: on M x 1 it can be different). This is
immediate in each case except cobordism with a given structure group, where we
have an orientation-reversal on M x 1 (as in the proof of symmetry in Theorem
1.1).

In the case where connectivity is important, we will use connected sum
instead of disjoint union. For h-cobordism and I-cobordism we need to take
X as a sphere for this to give a group structure: in other cases it gives a map
relating three different cobordism sets (of X7, X2 and X14X5) - as indeed did
disjoint union. O

Lemma 2.2. In all cases except cobordism of maps and equivariant cobordism,
connected sum of connected manifolds of dimension > 0 is a commutative as-

sociative operation with unit, compatible with cobordism. The set of equivalence
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classes thus acquires an abelian group structure, provided for h- and I- cobor-
disms we take X as a sphere. In cases where disjoint union and connected sum
both define a group structure on cobordism classes, the two structures are the
same.

Proof. We first check that connected sum can be made compatible with all the
extra structures except a G-action. If My and M, are k-connected, so is M7 M,
- except in the trivial case when dim M; < k (so the M; are contractible, and
have boundaries). For h-cobordism, we have maps h;: M; — X;, where the X;
can be taken as manifolds. It is then simple to adjust the h; by homotopies
to respect the discs used to define ff, and thus obtain a homotopy equivalence
MitMs; — X138X5. The corresponding assertion for 7-cobordism is trivial. Weak
G-structures can be defined near the discs f;(D™) C M; by framings, induced
by the f; from the standard framing ey, - - , e,, of R™. If €, is the extra basis
element when we add a trivial line bundle to 7,,, we change the framing on D™
as follows: at v € D™, reflect in the hyperplane perpendicular to e,,+; —v, then
in the one perpendicular to e,,11. This can be achieved by a homotopy (D™
is contractible). If the new framing is e}, -- ey, , then e, ,; is the inward
normal vector to S™~! in D™. Thus the weak G-structures on M; \ fi(D™)
and My \ fo(D™) fit together along S™~! after changing the sign of e, ;. For
cobordism of connected pairs, we glue both manifolds simultaneously, using
imbeddings f;: (D™, D™) — (N, M) - the theory of this operation is essentially
the same as for ordinary connected sum. With homotopy classes, we consider
pairs (M, «;),a; € 7.(M;). Here we need r £ m — 2. Then «; determines a
homotopy class in M \ Int f;(D™), and hence in M;§Ms: we add the resulting
classes. With cohomology classes, we first adjust the maps «;: M; — K by
homotopies so that «;f; has image the base point: we then have a natural
induced map of MifMs.

In each of these cases, the operation is clearly commutative and associative,
and the sphere S™ (associated to the weak framing induced by that of R™*+1,
and zero homotopy and cohomology classes) acts as unit - this needs a moment’s
thought in the case of a structural group.

We must next check that the operation is compatible with cobordism. First,
there is a question of orientation: but if any condition on structural groups
provides an orientation of the manifold, the connected sum is unique: if not (but
the manifolds are still orientable) we can take a further connected sum with a
non-orientable manifold, and orientation becomes irrelevant, and we then add
the inverse of the manifold (see below).

[Note here the use of an earlier convention that if other conditions on a
manifold require orientability, we add an orientation to the specifications]. Next,
let V and W be connected cobordisms, of dimension n+1, and f_: D™ — d_V,
fr: D" - 0.V, g_: D™ — 0_V, and gy: D™ — 0,V be used to define the
connected sums 0_VH#9_W and 0, V0, W. As above, we suppose either that all
manifolds are oriented or that V', W are non-orientable. Then we can join f_(0)
to f+(0) by an arc « in V, and thicken to obtain an imbedding F': D" x I — V
with f_ = F|D"™ x 0 and f; = F|D™ x 1 (if orientations do note fit at the first
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attempt, V is by hypothesis non-orientable, and we compose the homotopy class
of o with and orientation-reversing loop). The hypothesis n = 2 is needed to use
general position to get the arc imbedded, but if n = 1, a more direct construction
suffices. Similarly define G: D™ xI — W. Now delete the interiors of the images
of F and G and glue the boundaries, and we have a cobordism of 0_V{0_W
to 0. VH0,LW. the verification that this construction is compatible with extra
structure is the same as for f itself, except in the case of simple-connectivity.
Here, if n > 2, general position shows that the complement of an arc in V is
simply-connected if V' is, so we consider only the case n = 2. The only simply-
connected closed 2-manifold is S?, and if S? = 9_V, observe that 71 (V \ ) is
generated by conjugates of a loop encircling «, which can be taken in S2, but
is then already null-homotopic in S?\ f_(D?) (a contractible set). So V \ « is
simply-connected in this case also.

It remains to obtain inverses. Note that S bounds D"*!, and the zero
structures on S™ all extend to D™+!. Conversely, let W be a connected cobor-
dism with 04 W = &. Then we assert that 0_W is cobordant to the zero class.
For deleting the interior of an imbedded disc from W, we obtain a W’ with
O_W = 9_W', 0,W' = S™. The verification that a structure on W induces
one on W' is again the same as for #, and the induced structure on S™ extends
to D™T1, hence is the zero structure.

The inverse is now obtained by change of orientation, as usual: say M gives
rise to M’; together they bound M x I. Now take an imbedding f: D™ — M:
this extends to f x 1: D™ x I — M x I. Delete the interior of the image and
round the corners: this gives W with OW = M#M’. But now any structure on
M induces one on M x I and (again by the same argument as for f) on W. Thus
M’ is indeed inverse to M. Note that in the cases of I- and h- cobordism with
X = 5™, this construction gives W diffeomorphic (resp. homotopy equivalent)
to D" then deleting an imbedded disc gives W’ diffeomorphic (or homotopy
equivalent) to S™ x I.

The last assertion of the lemma is checked by constructing a cobordism of
MUM' to MgM': for this we take M x IUM’ x I and attach a 1-handle to join
M x 1 and M’ x 1. Then for a structure group, a pair, or a cohomology class
(the three remaining cases), we note that we can use a framing over the added
handle, add a handle-pair (with trivial normal bundle), or map the handle to
the base point.

This concludes our discussion of additive structure. There is less to say about
multiplicative structure in general which is not obvious: the general rule is that
the natural (‘external’) product is a little too precise, and we must weaken its
induced structure to obtain a more useful multiplication.

First, products are compatible with cobordism: if W is a cobordism from
O_W to 04 W, then W x M is a cobordism from 0_W x M to 04+ W x M. Also,
products are associative, and distributive over disjoint union (though not over
connected sum), and there is a natural diffeomorphism of M’ x M on M x M’,
which gives rise in most cases to some sort of commutativity of multiplication.

Next, let us examine cases in a little more detail. If My, M5 have weak G
resp. G5 structures, then M7 x M has a natural induced weak GG1 x Ga-structure,



148 CHAPTER 2. COBORDISM GROUPS AND RINGS

and hence also Gs-structure if we have a morphism ¢: G1 X G3 — G5 (see next
chapter for definitions). This includes oriented cobordism, for example.

If (M7, V1) and (Ma, V3) are pairs, the natural product is a set of 4 manifolds.
Here, the most useful notion is to multiply a pair (M, V') by a manifold M’. Note
that the group of the normal bundle is unaltered.

Again, it is unwise to multiply two manifolds with boundary - the resulting
structure is so complicated - and it is more likely to be profitable to multiply
manifolds with boundary by closed manifolds.

Equivariant cobordism has a natural external product: actions of G on M
and of H on N induce an action of G x H on M x N hence of any subgroup.
If, in particular, G = H, we have a diagonal action of G.

The one remaining case (since we exclude connected cobordism, after our
failure to obtain distributivity) is cobordism with a cohomology class. Given
two pairs (M7, aq) and (Ma, ), where «;: M; — X;, the exterior product is
the pair (M; X Ms, a1 X ap). We will usually have a map f: X1 x Xo — X3,
and replace a1 X ag by f o (a3 X ag), to obtain a bordism class of X3. O

This seems the most appropriate place to mention a general method of con-
structing exact sequences, several illustrations of which will appear later. Here
we will not be too precise.

Suppose two kinds of structure specified, called an a-structure and a (-
structure, with the latter stronger than the former. For example, we may con-
sider structure groups G; and Gy C (G, or maps to spaces X; and Xo C
X1, or actions of groups Hy and Hy D Hi, or ki-connectivity and ko(> kq)-
connectivity.

By Q2 and Q2 we denote the cobordism groups of manifolds with a- (resp.
8-) structure; and by Q28 the cobordism group of bounded manifolds with a-
structure, whose boundaries have a g-structure including the given a-structure.

Lemma 2.3. There is an exact sequence

0f o QP Qb Qo

n— n

Proof. (sketch) The first two maps are the obvious ones; the third is induced
by taking the boundary. Exactness at 9571 is immediate. It is clear that the
composite of two maps in the sequence is zero. If M is bounded, and OM (as a -
manifold) bounds V', we can glue M to V along M to obtain a closed manifold
M’ with a-structure. A cobordism W of M’ to M is obtained from M’ x I
by introducing a corner at M x 0, and setting 0_W = M x 0, O.W =V x 0
and O_W = M’ x 1. Finally, if the closed a-manifold M is trivial as bounded
(a, B)-manifold, the corresponding cobordism W has 0_-W = M, 0, W = &,
and so 0.W a closed S-manifold, a-cobordant to M.

In some cases, any manifold with a-structure then has a [-structure except
on a closed subcomplex or submanifold. Then Q%# can be calculated differently,
for if M is a bounded («, 8)-manifold, K C IntM the exceptional subcomplex
and L a ‘smooth regular neighbourhood’ or tubular neighbourhood of K, then
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M is (a, B)-cobordant to L by W, obtained from M x I by rounding the corner
at OM x 1 and introducing one at OL x 1. An analogous remark applies to
cobordisms. O
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Chapter 3

Examples

Before we proceed with the theory, we give here a number of examples which
show how the different variants on the simple cobordism relations, as listed in
Chapter 1, may be combined in useful ways. We also take the opportunity of
introducing the notation for those groups to which we will refer later, and of
making clear the application of the results of Chapter 2 to the cases which arise
(though we shall not repeat the proofs).

The simplest case of all is unrestricted cobordism of closed n-manifolds, We
obtain a group, classically denoted by M,,: but which (to fit into a systematic
notation) we shall write as Q9. Multiplication gives a commutative and asso-
ciative product Q9 x Q9 — Q9 . and a point acts as unit. We thus have a
commutative graded ring Q€. Each element is its own additive inverse, so we

can consider Q9 as an algebra over Zs.

Next we have oriented cobordism, giving a group Q5© (formerly written
Q). Multiplication gives a graded ring, as before, which is commutative in the
graded sense, and has a unit: we write Q5©.

More generally, let G' be any stable group. We consider the cobordism groups
of manifolds with weak G-structure on the stable tangent bundle - say provi-
sionally €/¢. Then we can obtain a bilinear product Q.5 x Q¢ — /¢ by
imposing on G the axiom.

(M) We have a family of maps ¢, n: G X Gy, — Gpy41 such that following
diagrams commute up to conjugating by an element in the component of
the identity:

wm,n
G X Gy ——" 3 Gron

lim X1 Jim+n

Gm+1 XGp— Gm+n+1

Ym+1,n
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Vm,n
Gm X Gn —_— > Gm+n

J{l X’in J{i'mﬁ»n

Gm X Gn+l T Gm+n+1
Vm,n+1

VYm,n
G X Gy ——" s Gl

J{Wm X@n \L‘Pmr+n

GL,,(R) x GL,(R) —— GL,,4»(R)
The product becomes associative if we impose also the axiom
(A) The following diagram also commutes (in the same sense)

Yr,m X1
Gy X Gy X Gy 2 G X G

Jlxwm,n J/wl-}—m,n

¢l,771+n
Gl X Gm+n E—— Gl+m+n-

The product gives a commutative graded ring if we insist also the com-
mutativity on the diagram

(C)
Pm+n wm,n

G X Gy — " QL0 (R)

JT J/Tl
Pm+n wm,n

G X Gy — """ QL (R)

where T is the natural interchange of factors, and 7' means conjugation
by an element whose determinant has sign (—1)™".
We shall also need a stability axiom

(S) There is a function ¢, of n, increasing (in the weak sense) and tending to
infinity, such that i, is g,-connected.

We now show that if (S) holds, we can replace the structure group on the stable
tangent bundle (which has been a constant source of difficulty up to this point)
by a structure group on a normal bundle.

Lemma 3.1. Suppose given a commutative diagram

Gr X Gs 4¢ >(;’r+s

Jf#’rxéas \L‘PH—S

GL, X GL,(R) — GL,,(R)
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such that the map 1, : G, — G5 induced by 1 is c-connected. Let K be a CW
complex of dimension < min(c,r —2), and £, n® vector bundles over K, with a
Gs-structure on n°. Then the function f induce by ¥ from G,.-structures on "
to Gy4s-structures on £ & n° is bijective.

Proof. Let X; be the classifying space for G;(i = r, s,r + s); E; the total space
of the principal bundle with fibre GL;(R) induced over X; by ;. Write E¢,
E,, E¢gy for the spaces of the corresponding principal bundles over K. Then
G-structures of £ correspond to sections of the bundle over K with total space
E¢ XL, (r) Er; similarly for £&n. But the Gg-structures of 7 induces a fibrewise
map

E§ XGL,(R) E, — Eg@n XGL,4+(R) Er+s (32)

and the induced map of fibres is E, — E, s, which is at least min(c+ 1,7 — 1)-
connected since X, — X, is (¢ + 1)-connected and GL,.(R) — GL,s(R) is
(r — 1)-connected. Thus (3.2) is at least (1 4 dim K)- connected, so any map of
K to the second term can be factorised (up to homotopy) through the first, and
f is surjective; moreover, the result is unique up to homotopy, so f is bijective.
(We use the well-known result - a corollary of the homotopy lifting theorem
- that sections of a bundle are homotopic only if they are homotopic through
sections). O

Corollary 3.3. Let M™ C R™N have a weak G-structure, where the stable
group G satisfies (M), (A) and (S), and gy = m. Then the normal bundle has
a G -structure; conversely, this implies a weak G-structure on M.

Proof. In this case, £ & n has a standard framing, and hence G-structure. We
use (A) only to identify the ¢y of the lemma with a composite of maps i,,. O

Corollary 3.4. If G satisfies (M), (A) and (S), and N 2 m+2, gy =2 m+1,
then QU is isomorphic to the cobordism group of pairs (S™TN, N™), with Gy
as group of the normal bundle.

Strictly speaking, this uses the extension of the lemma where we fix a G-
structure of the restriction of £ to a subcomplex of K: the proof is the same.
It is more convenient to use normal than tangent bundles; accordingly, by Q,Gn
we will denote the cobordism group of m-manifolds with a G-structure on the
stable normal bundle. By (3.4), under (M), (A) and (S) we have (/¢ = Q.

Let us observe, before leaving our general discussion of cobordism with a
structure groups, that if the ¢,.(G,) are not all contained in the identity compo-
nents of the groups GL,.(R), then the ‘orientation reversal’ used in Lemma 2.1
to define inverses does not in fact change the G-structure: up to homotopy, we
can realise it by conjugating by an element of G. In this case, we call G non-
orientable, and observe that Q¢ can be considered as a Zs-module. Otherwise,
we call G orientable; then the class of a point in QF clearly has infinite order.

The important examples of stable groups G are the classical groups O, SO,
Spin, U, SU and Sp, and the trivial group {1}. Of interest also are the groups
Spin‘, Pin, and Pin® of Atiyah, Bott and Shapiro (Topology 3 supp. 1; see
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esp. pp 7-10). Clearly, there are many ways of inventing more: for example,
we can take products of the above with each other or with any group of linear
operators on a finite dimensional vector space.

We next consider pairs (V™4 M™), where V has a weak G-structure and
the normal bundle an H,-structure. We introduce no notation for this, since the
cobordism problem here can be reduced to the previous case. More generally,
consider the situation M™ C V™4 C S™T4T" where the structure groups of
the normal bundles are H, and G,. Then the normal bundle M™ C S™+a+r
has an H,; x G,-structure.

We shall only consider the stable case » > m + ¢ + 1 where the imbedding
of V in S is irrelevant (we can always find one, and any two such are isotopic,
by (II, 5.3)), though this restriction could be somewhat weakened.

Lemma 3.5. Suppose H, compact. Then the pair (V™9 M™) is (G,, Hy)-
cobordant to the empty pair if and only if V™4 is G,.-cobordant to zero and
M™) is Gy x Hgy-cobordant to zero.

Proof. The necessity of the condition is evident. We shall prove sufficiency by
establishing a principle of ‘extension of cobordism’ (c.f. homotopy extension)
which will frequently be of use when considering cobordism of pairs with various
restrictions. In this case, we need a construction to extend a G, x Hg-cobordism
of M™ to the empty set to a (G, x Hgy)-cobordism of (V, M) to a pair (V’, ).
Since cobordism is an equivalence relation, it follows that V' is G-cobordant
to ¢, say by W’; then (W', ) is the required (G,, H,)-cobordism of (V’, ) to
(W, ).

Now since H, is compact, we can suppose that it acts orthogonally on RY.
Let N™*! be the given G, x H,-cobordism of M to ¢: then there is an induced
bundle over N with fibre D9, whose total space we denote by L™+l Note
that the restriction to M of this bundle is the normal bundle of M in V; hence
we can identify a tubular neighbourhood of M in V with part of the boundary of
L. We form V x I, and attach L to V' x 1 by this identification, giving W. Since
L and V x I have G,-structures, which agree (by hypothesis, NV is a cobordism of
M with the G, x H, structure induced from V') on the par identified, Wm+et1
has a G,-structure. Also, M x I UN = N’ is a submanifold whose normal
bundle has group H,.

Set Vx0 = 9_W. Then (W, N')isa (G,, H,) cobordism, and N'N9LW = .
This completes the proof of the lemma. O

Corollary 3.6. The cobordism group of pairs (V™4 M™), where V has a weak
G-structure and the normal bundle an H,-structure (H, compact) is isomorphic
to QG @ Q.

Proof. We have defined a map to the direct sum, and proved it a monomorphism;
it clearly respects additive structure. Them map to QgXH" is onto, for given
a (G x Hg)-manifold M™, we construct as above a bundle over M with fibre
D4, and can take V as the double of this manifold. Finally, the image contains

QS ., ®0: we need only consider pairs with M empty.
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We observed in Chapter 2 that the collection of the above cobordism groups
(with m varying) was an Q¢ module if G satisfied all the axioms. The module

structure clearly respects the direct sum splitting: thus QSXH‘? is an Q¢ module
- as is indeed clear directly. Note that if G is a stable group [satisfying (S)],
then so is G x H,,. O

Next, consider bordism: we denote the cobordism groups of manifolds M™
with weak G-structure and a map M — X by Q%(X): thus QF = Q% (point).
If M has a boundary, (X,Y) is a pair, and we have a map (M,0M) — (X,Y),
we obtain a group Q¢(X,Y). It is also possible to use a group other than G
(but mapping into G) for structure group of 7oas: this extension appears less
interesting. If X has a base point #, the natural maps * — X — x induce
Q% = Q%(X) — QF which split QF(X) as a direct sum QF @ QF (X). We will
consider bordism in more detail in Chapter 5.

For equivariant bordism, we let H be a compact group of operators, and A
a family of subgroups of H; G will continue to denote a stable group. Then
the cobordism group of manifolds with G-structure and an action of H such
that each isotropy group belongs to A will be denoted by I¢(H; A). Note here
that H must act on the G-structure. Since every isotropy group is necessarily
closed, and since if a given subgroup of H occurs as isotropy group, then so do
all its conjugates, we may always suppose the A is a union of conjugacy classes
of closed subgroups. Equivariant cobordism will be studied in Chapter 7.

As to connected cobordism, we observe that already in Lemma 2.2. We
proved that disjoint union was cobordant to connected sum, so that in dimen-
sions 2 1, the connected cobordism group maps onto the usual one. The map is
in fact bijective, since if W is a cobordism to @ of a connected manifold 0_W,
then so is the component W’ of W which contains d_W. There are analogous
results for k-connected cobordism, but we postpone these until the section on
surgery (Part VI).!

By Lemma 2.2, H-cobordism class of homotopy n-spheres form a group: we
denote it by ©,,. Consider pairs (17719, T™), with a diffeomorphism 779 —
S™"T4 and a homotopy equivalence T™ — S™: we obtain another group ©4%.
If we frame the normal bundle also, we have a group F'©%. If we replace the
homotopy equivalence T™ — S™ by a diffeomorphism (I-cobordism of pairs),
we get a group CZ: if we also have a framing, we obtain FC{. If it is replaced
by a smooth triangulation by a (linearly subdivided) simplex boundary, we get
groups I'y,, I'?, FT',, and FT'3.

Further groups are obtained by making strong restrictions on the bound-
ary. For example, call a manifold M™ almost-closed if a homotopy equivalence
hore: OM — S™~! is given. The corresponding kind of cobordism is that
in which 0.W is an h-cobordism. We write P,, for the cobordism groups of
framed, almost-closed m-manifolds; P% for the group of pairs (S™*4~1 M™),
with framed normal bundle and OM almost-closed, and DPZ for the group of
pairs (D™t M™) with the same restrictions (here, M™ is a submanifold of

1Part VI has not been written.
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D™+4 but for P4, M™ was a submanifold with boundary of S™*9-1). Chapter
8 was to have given exact sequences which relate these groups of structures on
spheres, but again we postpone fuller discussion until Part V1.2

To illustrate the generality of the definition in Chapter 1 we point out that
the ordinary homotopy groups appear as a special case of cobordism groups:
more precisely, 7, (X) is the group of I-bordism classes of maps S™ — X: our
definition of the equivalence relation, and of addition, coincides with one of the
traditional definitions.

We give no examples of cobordism with a homotopy class: no research seems
to have been done in this direction.

2Part VI has not been written.



Chapter 4

Thom theory

Let & be a vector bundle with total space E¢ and base B¢. If we assume at
least that £ is numerable (i.e., that there is a partition of unity subordinate to
an open covering over each set of which £ is trivial), then the structure group
of £ can be reduced, essentially uniquely, to the orthogonal group. We then
define the Thom space of &, denoted by T¢, by taking the subspace A¢ of E¢
of all vectors of length < 1, and identifying to a point (denoted oo) the set Ag
of vectors of length 1. We note that if B¢ is a finite CW complex, so is T¢; if
B¢ is a smooth manifold, we can give { the structure of smooth vector bundle,
and E¢ and T¢ \ {oo} then also acquire the structure of smooth manifolds. If
B is compact, we can give an alternative description of T¢ as the one-point
compactification of E¢: the equivalence of this with the above follows from the
observation that E¢ is homeomorphic to the subbundle of vectors of length < 1.

Now let M,,, be a submanifold of the compact manifold (perhaps with bound-
ary) V™14, ¢ the normal bundle. Then we can find an imbedding h: A — V
defining a tubular neighbourhood of M in V' (I, Theorem 3.14). If we now take
V, and shrink to a point the complement of Inth(A¢), we obtain a space, and h
defines a homeomorphism of T¢ onto that space: thus we have an induced map
V' — T¢. This is a preliminary version of the Thom construction.

Next, let B(G) be a classifying space for G, where G is a topological group
of orthogonal operators on RY, let w(G): E(G) — B(G) be the universal bundle
with fibre RY, having subbundles A(G) with fibre D? and A(G) with fibre S9—1.
We denote the Thom space by T(G). In the sequel, we wish to be able to
consider B(G) as a smooth manifold, hence must weaken the requirement to
being N-classifying, for some large enough integer N. Thus we can first replace
the original B(G) (given - say - by Milnor’s construction) by the (N + 1)-
skeleton of its singular complex; next provided the homotopy groups of B(G)
(or equivalently of G) are countable, by a countable (N + 1)-simplicial complex;
then by a locally finite one, and finally imbed this last properly in Euclidean
(2N + 3)-space and take an open neighbourhood of which it is a deformation
retract. More simply, if G is a compact Lie group (the only case of importance
in the sequel), we use the orbit space under the diagonal action of G on the join
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of (n + 1) copies of itself.

Finally, given a pair (V™74 M™) of compact manifolds, and a reduction to
G of the group of the normal bundle &, we can find a bundle map £ — w(G),
which induces a map (A¢, A¢) — (A(G), A(G)) and hence Tz — T(G). We
say that the composite map V™% — Ty — T(G) is obtained by the Thom
construction.

The first significant result in cobordism theory is that the construction can,
in a sense, be reversed.

Theorem 4.1. Let G have countable homotopy groups. Then the Thom con-
struction induces a bijective map of the set of cobordism classes of pairs (V™4 M™),
with V' fized and G as structure group of the normal bundle, onto the set of ho-
motopy classes [V : T(G)]. If V is a sphere, the map is a group isomorphism.

Proof. We must first show that the map is well-defined. Let (V x I, N™*1)
be a cobordism of the appropriated kind, and suppose the construction already
performed on the pairs (V x 0,0_N) and (V x 1,04+ N). It follows easily form
the tubular neighbourhood theorem (I, 5.10) that the chosen tubular neighbour-
hoods of O_N and 04N can be extended to one of N in V x I, from which we
can construct a map V x I — T, (v the normal bundle of N in V x I), extending
the given maps on V x 0 and V x 1. Again, by the homotopy extension theorem,
we can find a bundle map v — w(G) extending the chosen maps over ON. The
composite V x I — T,, — T(G) is now a homotopy between the given maps
V — T(G). Hence we have a well-defined mapping of the cobordism set into
the homotopy set.

We next prove the map is onto. Since G has countable homotopy groups, we
can suppose B(G) a smooth manifold, and hence also T'(G) \ {oco}. We identify
B(G) with the zero cross-section in E(G), and hence with a smooth submanifold,
closed in T(G). Observe that when we perform the Thom construction on
(Vm+a M™) to obtain a map f: V — T(G), we have f~1(B(G)) = M™, since
the construction is induced from a bundle map A, — A(G). Now, conversely,
suppose given a map f: V — T(G). By (I, 4.6), we can approximate f by
g: V — T(G), transverse to the submanifold B(G): the fact that oo is a singular
point of T(G) is irrelevant, since we can take g = f in a neighbourhood of
f~1(00), by (II, 4.7). If the approximation is close enough, g ~ f. Since g is
transverse, by (II, 4.2), M™ = ¢g~1(B(G)) is a submanifold of V™4, Also, by
the definition of transversality, g induces a bundle map of the normal bundle &
to M in V to the normal bundle of B(G) in T(G) which, by definition, is none
other than w(G). Thus the pair (V™14 M™) defines a cobordism class of the
right kind. Finally, we show that this cobordism class maps to the homotopy
class of g. We have already said that g induces a bundle map £ — w(G): if we
use this map in the Thom construction, then the resulting h: V"4 — T(G)
agrees with g, together with its derivatives, on M™. After a small homotopy,
then, we can suppose g = h on a neighbourhood of M. But the complement of
such a neighbourhood is mapped, both by g and by h, to T(G) \ B(G), which
is contractible. It follows that h ~ g, as desired.
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We must now prove that the map is injective. But this follows by almost
exactly the same arguments. Suppose given My C V x 0, My C V x 1 giving
rise by the Thom construction to maps fo, fi: V — T(G), and a homotopy
F:V xI — T(G) between fy and fi. By (I, 5.1), we can replace F' by a
homotopy F’ of fy to fi, which is transverse to B(G). Let N = F'~}(B(Q)).
Then N is a submanifold of V' x I, and provides a cobordism of M, to M;. Also,
the normal bundle of N is induced from wG, and so admits structure group G.
Finally, this reduction to G induces the given reductions of the normal bundles
of My, M, (since F’ extends fo and fi).

If V is a sphere S™14, (2.2) shows that we can use connected sum to define
addition: we need not connect the submanifolds M as well, since we have not
supposed them connected. Thus we use discs disjoint from the neighbourhood of
M to define addition: these discs are mapped to co by the Thom construction.
If we then remove discs, and glue two spheres together, we obtain the usual sum
of homotopy classes. O

This completes the proof of the theorem. Although the result is already
extremely useful, we will go on to some important generalisations. However,
these contain little extra in concept beyond the original result. The concept may
perhaps bets be stated in terms of cobordism itself (we have already observed
that homotopy is a special case of cobordism): it is that the extra structure
defined by a submanifold whose normal bundle has group G is equivalent to the
extra structure counsisting of a map to T(G) (at least, for cobordism theory).

Corollary 4.2. Let G be a stable group. Then we have an isomorphism

Q% = lim 7, n(T(Gy)).
N—oc0

Proof. By definition, possession of a G-structure is equivalent to having a normal

G n-structure in SV for some N. If we fix N, then (by the theorem) we

obtain the group m,+n(T(Gx)). We claim that the desired group is the direct

limit of these under the obvious injection maps: this again is essentially by

definition. O

If G satisfies (S), then it is easily seen that 7,4+ n(T(Gx)) is independent
of N for N large enough (we leave to the reader as an exercise to ascertain the
precise value), so no limiting process is necessary.

A case if particular simplicity is G = {1}: each G consists only of the unit
element. For each bundle occurring, then, an isomorphism with a trivial bundle
is specified. Such an isomorphism we call a framing (it amounts to specifying a
basis for each fibre RY), and we call the bundle framed. In this case, we take a
point from B(Gy); then T(Gy) = SV, and

Corollary 4.3. We have

QY = lim 7, N(T(GN));
N—o0

i.e., framed cobordism groups are isomorphic to stable homotopy groups of spheres.
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This (due to Pontrjagin) was the first theorem in the subject.

We next discuss multiplicative structure. Let G, H be groups of orthogonal
operators on R?, R". Then B(G) x B(H) is a classifying space for G x H, and
w(G) X w(H) is a universal bundle. As to the Thom space (and this is a general
remark for product bundles), the identifications to be made to A(G x H), which
is homeomorphic to A(G) x A(H), to obtain T'(G x H), include strictly these
necessary to form T'(G) x T'(H): in fact, in this further space, we must identify
T(G) x coUoo x T'(H) to a point. If we use co as base point in T'(G), this gives
the “smash product”, so we have

T(G x H) = T(G) AT(H).

However, we only need the existence of a map T(G) x T(H) — T(G x H) in
order to define an external product

[V:T(G)] x [W: T(H)] — [V x W: T(G) x T(H)];

the induced map to [V AW: T(G) A T(H)] is useful only in the case when V
and W are spheres. This case provides

Corollary 4.4. Suppose that G satisfies (M), then products in QS correspond
to the pairing in homotopy groups induced by the maps

T(GM) A T(GN) — T(GM+N).
We now observe that these results can all be generalised to bordism groups.

Theorem 4.5. If G is a stable group with countable homotopy groups, then
Thom construction induces isomorphisms

QF (X) = Jim 5 (T(Gx)) x X/ (00 x X))
Proof. Let M™ be a submanifold of S™*¥ whose normal bundle, £, has group
Gy. Now we had a map A¢ — A(Gy): we also have a projection A — M.
If we have a map M — X, so that M defines a bordism class of X, we have a

composite map A¢ — M — X and so, taking products, amap A — A(Gn)*x X.
This induces A¢ — A(Gy) x X. Now shrink A¢ to a point. We obtain maps

SN s Te = Ag/Ae — (A(Gn) x X)/(A(GN)x X) = (T(Gn) x X) /(00 x X).
Precisely as in Theorem 4.1, we see that this construction define a map

Q5 = Tmin (TG x X))/ (00 x X)),
To check that the map is surjective, we start with

fi 8™ S (TG x X)) /(o0 x X),

and let K be the inverse image of co x X. Then f defines a map of S™+V \ K
to (T(Gn) \ {oc}) x X. We alter the first component on a compact subset of
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Sm+N\ K by a small homotopy, to make it transverse to B(Gy). This defines
also a homotopy of f, say to f'. Now set M™ = f'~1(B(Gy) x X); then f’
induces a map M™ — X, and as before the normal bundle of M has group
reduced to G . It follows, as before, that the bordism class defined by M maps
to the homotopy class of f. Again, injectivity follows by a similar but simpler
argument, and the proof that the bijection preserves group structures is the
same as before. The passage to the limit works as before. O

Let us write X© for the disjoint union of X and a point *, which we take as
base point. Then

T(GN)AXC = (T(Gn) x X UT(Gy) x %) /(T(Gn) x *Uoo x X)
= (T(Gn) x X) /(00 x X).

Thus the above result can be written more compactly as an isomorphism
QG (X) = s (T(G) A XO).

Note that X AY? = (X x Y)?. You see, as in 4.3, that

Corollary 4.6. Under the above isomorphism, external products

Q%(X) x Q%(Y) - Q&

m—+n

(X xY)
correspond to the homotopy pairings induced by
T(Gu)ANXOANT(GN)AYC = T(Grryn) A (X x Y)O.

A similar argument to that of Theorem 4.5, but replacing S™+V by a disc
D™tV shows

Lemma 4.7. With the assumption of (4.5), we have isomorphisms
O (X,Y) = m v (T(Gr) A X, T(Gh) AY)

for N large.
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Chapter 5

Bordism as a homology
theory.

We shall suppose throughout this chapter that G is a stable group. Then the
inclusions i,: G, — Gp41 induces bundle maps w(G,) ® 1 = w(Gp+1), and
hence maps of Thom spaces. Recalling that the Thom space of a Cartesian
product is the smash product of the Thom spaces, we have

Tocner = Tuc,) AN ST = ST(Gy),

the suspension of T'(Gy). Thus we have maps

-/
K2

ST(Gp) "5 T(Gryr)

The sequence {T(G,),i,} is a spectrum: we will denote it by T(G). If G
satisfies (M) and (A), the products ¥, n: Gm X Gy, — Gy, similarly induce
maps ¥, ,,: T(Gm) NT(Gr) = T(Gmin), and these associate up to homotopy.
This provides T(G) with the structure of a ring spectrum.

Now any spectrum A = {A4,,,4,} gives rise to a homology theory on defining

Ho(X;A) = lim mupn (A, A XO)
N—o0
Hp (X, Y3 8) = T g8 (An A X% A, AYO)
—00

= lim 7 N(An A X, A ANY)
N—o0

and clearly if A is a ring spectrum we obtain associative external products.
Hence the results of Chapter 4 can be summarised by

Theorem 5.1. The Thom construction induces a natural equivalence between
the functor Q¢ and homology theory with coefficients in the spectrum T(G); this
respects products in the multiplicative case.
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It follows from this that QF defines a homology theory; however, we prefer
to present also a direct proof of this fact.

Theorem 5.2. The groups QS (X), Q¢ (X,Y) satisfy the axioms for a homology
theory.

Proof. We must first define the boundary homomorphism. If f: (N,0M) —
(X,Y) gives a bordism class of (X,Y), then f|OM gives a bordism class of Y.
If F: (W,0.W) — (X,Y) is a cobordism, then F|0.W is a cobordism between
the boundary maps of F|0_-W and F|0;W: thus restriction induces a map
Om: QC(X,Y) — Q¢ (V) which is compatible with disjoint union and hence
a homomorphism.

Also, we have not yet made explicit the functorial dependence of QS (X) on
X. If f: M — X represents a class, and ¢: X — Y isamap, then pof: M — Y
determines a bordism class of Y. Again, it is clear that this construction defines
a homomorphism ¢, : Q% (X) — Q% (Y). We can proceed similarly for pairs.
The first two axioms (that Q¢ is a functor), and the third (that 3, is a natural
transformation) are trivial. The fifth axiom states that ¢ ~ ¢1: X — Y
implies ¢o. = 1. Indeed if f: M — X represents an element of QG (X), and
®: X x I — Y is the given homotopy, then ®o(F x 1;) provides the required
cobordism.

The fourth axiom states that if i: Y — X and j: (X,9) — (X,Y) are
inclusions, the sequence

QS (Y) 08 (X)L 8 (X, Y) —2 5 08

m1(Y) —— -
is exact: we next verify this. It is our first illustration of (2.3). Exactness at
QG (Y) is formal: a cobordism to the zero class in X can be identified with a
representative of a class in QG (X,Y), and vice-versa. Since 97, takes a rep-
resentative g: M — Y to the empty class, it is zero; conversely, if the class of
f: (N, OM) — (X,Y) is annihilated by 0, there is a G-manifold N with bound-
ary OM such that f|OM extends to a map e: N — Y. Form M’ by glueing
N to M along OM; then e and f define f': M — X, representing a class in
Q% (X). We say that the image of this under j, is the class of (M, f). Indeed,
f'x1;: M’ x I — X provides the required cobordism, if we introduce a corner
along OM x 0, and agree that 0_(M' x I) = M x 0, 0.(N x I) = N x 0 and
Oy (M’ x I) = M’ x 1. Similarly, if g: M — Y determines a class in Q¢ (Y),
we can regard g x 17 as a cobordism of jig to zero in Q% (X,Y). Finally, given
an element of ker j, and a cobordism W of the j,-image of a representative to
zero, we have O, W = @, /. W = @, and f: (W,0.W) — (X,Y). But we
now reinterpret W’ = W but with 0_W’' = o_W, 0. W' = 9.W: then W' is
a cobordism of the given representative of ker j, to f: W' — Y, which is
clearly in the image of i,.

We must now check the excision axiom: that if U C S has its closure in the
interior of Y, then inclusion induces an isomorphism

QX \UY\U)=Q%X,Y).
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To prove surjectivity, we let f: (M,0M) — (X,Y) represent an element of
Q% (X,Y). Tt is convenient first to alter f (if necessary) by a homotopy on a
collar neighbourhood of M so that some smaller neighbourhood is mapped
into Y. Then A = f~1(X \Y) and B = OM U f~1(U) have disjoint closures,
so we can find s: M — I with s(4) = 0 and s(B) = 1: in fact, since M is a
compact metric space by (I, 1.2), we can set

s(P) = p(P, A)/(p(P, A) + p(P, B)).

We approximate s by a smooth map (as in 0, 2.2) and make it to 1/2 by (11,
5.1). Let N = s7%[0,1/2]: then N is a smooth submanifold of M, and f|N
determines an element of Q¢ (X \ U, Y \ U). But N and M determine the same
class in QG (X,Y): for a cobordism W, we use f x 17: M x I — X with a corner
introduces at N x 0 and the corner at OM x 0 rounded (I, 6.10 and I, 6.5) -
since (M \ N) C s~%[1/2,1], it is disjoint from A, and f(M \ N) C Y, so we
can safely adjoin (M \ N) x 0 to d.W. The proof of injectivity is similar. If

Mx1

oM x 1

N x0 (M \N)x0

f: (W, 0.W) — (X,Y)is acobordism of f|O_W: (0_W,Z_W) — (X\U,Y\U)
to 0. W = @, we first adjust f so that A= f~1(X\Y) and B =9.W U f~}(U)
have disjoint closures. Next choose a smooth s: (W, A, B) — (I,0, 1), transverse
to 1/2, and set V = s71[0,1/2]. Then V is a cobordism of _V to zero in
QG (X \ U, Y \U): a cobordism of d_V to 0_W is obtained exactly as above.
This completes the proof of the theorem. O

Various standard properties of homology now follows.

Corollary 5.3. If (X,Y) is a CW pair, or more generally if it has the homotopy
extension property, Q¢ (X,Y) = Q¢ (X/Y,pt) = QF(X/Y).

Proof. Under the assumption, X/Y has the homotopy type of X with a cone
on Y attached; by excision, this modulo the cone has the same groups as X

modulo Y. O
Corollary 5.4. If X is the cone on Y, QF(X) = 0, and 9: QG(X,Y) =
Q1 ().

Proof. The first assertion follows from the homotopy axiom, the second from
the exact sequence. O
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Corollary 5.5. If X DY D Z is a triple, we have an exact sequence

(X,2) — QS (X,)Y) —— QS (V,Z) — - -

m—1

Q8 (Y, Z2) —— QF

m

Proof. This is a standard exercise in diagram chasing. O
Corollary 5.6. QG (SP) = Qﬁ_p.

Proof. Follows by induction from the preceding two Corollaries. O

Definition 5.7. Let X =Y, UYs, Z =Y NYs. We call (X;Y7,Y2) a proper
triad if inclusion induces isomorphisms

Q*G(Ylv Z) = Q*G(X’ Yl*i)

(By Corollary 5.3, this holds if all pairs (X,Y;) and (Y;, Z) have the homo-
topy extension property.)

Corollary 5.8. If (X;Y1,Ys) is a proper triad, we have the exact sequences

Q8 2) —— (M) @ QY (V) —— QY (X)) —— Q8 (Z) —— -

m—1

= Q0 (Z) —— QLX) —— QL(X Y1) ® Q5(X, Ye) —— QD4 (Z) —— -

m—1
Proof. These follow by another standard argument (the same for both). O
Corollary 5.9.
QX UY)=QYX)®QC(Y) for disjoint union.
QX VvY)=Q9X)a QYY) if (XVY;X,Y) is proper.

Proof. Apply the previous corollary. If Z = @&, we certainly have a proper
triad. 0

Corollary 5.10. If (X,Y) is a CW pair,
QU(XPUY, XPIUY) 2 Cp(X, Y305 ).
Proof. By (5.3),
Q¢ (XPUY, XPLUY) = Q% (XP/(XPLU(XPNY))).
But X?/(XP~1U(XPNY)) is a wedge of p-spheres; now apply (5.6) and (5.9). O

These corollaries all illustrate how we can begin to calculate the groups
Q¢ (X,Y) in terms of the QF (the calculation of these is postponed to Part
VB!). After (5.10), we can formalise this process as a spectral sequence.

1Part VB has not been written.
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Theorem 5.11. Let (X,Y) be a CW pair. Then there is a first quadrant Q-
module spectral sequence, converging strongly to Q¢ (X,Y), which starts with
qu =H,(X,Y; QqG)

Proof. If r < ¢ < p we have, by (5.5), the exact bordism sequence of the triple
(XPUY, X7UY, X" UY): all the maps are induced by inclusions and boundary
homomorphisms, so all expected diagrams commute. But such a collection
of exact sequences always defines a spectral sequence. We write X = X
X~ = & then the end term is certainly Q¢ (X,Y). The module structure is
induced by natural products QS x Q§ (XPUY, X7UY) — QS (XPUY, X1UY):
if M™ is a closed manifold, and f: (N,0N) — (XPUY,X9UY), then we use
the manifold M x N (with induced G-structure) and the map induced by first
projecting on N.

The E! term is imply

Ey, =00 (XPUY,XPTIUY) = Cp(X,Y; Q)
by (5.10). The boundary d! is induced by taking the boundary of a manifold:
we should next verify that this coincides with the usual boundary in the chain
complex of (X,Y), as it then follows that Ef)q = H,(X,Y; QqG) and hence that
we have a first quadrant spectral sequence (evidently QqG =0 for ¢ < 0). We
omit the verification, which is a standard argument in homotopy theory.

As to convergence, we note that

QG(X~>°UuY)=Q%XPUY) forall p<0
Q¢(XPUY)=Q%(X>®UY) forall p>n,

the first since X! = @ = X and the second since (by the cellular approxi-
mation theorem) any map of an n-manifold into X is homotopic to a map into
X™. These two isomorphisms imply strong convergence of the sequence. O

We shall defer explicit calculation till Part VB.2 However, one useful reinter-
pretation may be noted here, which reduces yet further the problem of comput-
ing cobordism groups of pairs. Let G be as above, and H, a topological group of
orthogonal operators on R?. Then Lemma 3.5 produces the remark that setting
(G x Hy)p, = Gp—q x H, defines a stable group G x H,, which satisfies (S) if G
does.

Lemma 5.12. We have Q5 1 ~ %, (T'(Hy)), and more generally

QSXH‘I (X) ~ QG

wiq(T(Hg) N XO).

2Part VB has not been written.
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Proof. By Theorem 4.5, we have
Q& Ha(X) = Jim v (T(G X Hy)n A X0
= lim moyn(T(Gnog x Hy) A XY)
—00

= Jim 7y (T(Gy—g) AT(H,) A X0)

=05 (T(Hy) A X°).
O

Remark 5.13. Under favourable conditions, we also have a ‘Thom isomorphism’
of the last-mentioned group with Q%(B(H,) x X).

We have developed so far only homology theory associated with the spectrum
T(G) and so with the stable group G. There is also an associated cohomology
theory, defined by

LX) = H'(X;T(G)) = Jim [SVX: TG
Since we are not particularly concerned with general theory here, we only men-
tion the geometric content of the above definition. This arises again by Theorem
4.5; this time we note that SY X is not a manifold, even if X is, but (if we take
the reduced suspension) has only one ‘bad point’, whose complement is RY x X
As we will always map the bad point to oo, this does not matter. Then by (4.5),
[SNX: T(Gn4n)] corresponds bijectively to cobordism classes of submanifolds
of RY x X whose normal bundles have group reduced to G nyn.-

Theorem 5.14. Let G satisfy (M), (A) and (S). Let M™ have a weak G-
structure. Then Q% (M) = QS _ (M,0M).

Proof. In this case, RY x M™ also has a weak G-structure. By Lemma 3.1,
a G nyp-structure on the normal bundle of V™™™ in RN x M™ then induces
a weak G-structure on the tangent bundle of V', and conversely if G is large
enough. Combining this with the remark preceding the lemma, we have a bijec-
tive correspondence between Q% (M) and cobordism classes of manifolds V™~ "
with weak G-structure and an imbedding in RY x M™, for large enough N.
But if N is large, any map to RY x M™ is homotopic to an imbedding, and
homotopic imbeddings are cobordant, by (II, 5.3). Hence specifying an imbed-
ding in RN x M™ is equivalent to specifying a map to RY x M™ - or again, a
map to M™: it remains only to note that if M has boundary, 9V is imbedded
in RNV x M, so we must insist that it be mapped to OM. O



Chapter 6

The classical exact sequences.

The sequences to which the title of this chapter refers were originally devised
to relate Q0 and Q5©, as a means of calculating the latter. A more abstract
proof was found by Atiyah (who invented bordism theory for the purpose), and
we present a generalisation of an improvement due to Conner and Floyd, who
considered the case of QY and QSY. We will then give the geometrical proofs
too.

Let G be a stable group, defined by a sequence

fn—1 in
"'4)Gn,1HGn4)Gn+14>"~

where G,, operates on R"™. Let SG,, C G,, be a sequence of normal subgroups,
with i, (SG,) C Gn41, and that i,, induces isomorphisms of G,,/SG,,. This last
condition could perhaps be weakened to requiring that each homotopy group
7 (Gpn/SG,) becomes independent of n, for large n. We will denote by Z the
quotient group lim,, o, G,,/SG, = G/SG, say.

We will also suppose that G satisfies (M), and that the subgroups SG,, are
stable under the product maps .

The examples w have particularly in mind are when Z = O;(2 Z5) and
G = O or Pin, SG = SO resp. Spin or when Z = U;(2 S!) and G = U
or Spin®, SG = SU resp. Spin. The following is also a useful construction.
Let H be any topological group. Then we can replace G by G x H and SG by
SG x H, where G,, x H operates on R" via its projection on G,. Note that
B(G, x H) = B(G,,) x B(H), T(G,, x H) = T(G,) A B(H). In particular, if
X is any CW complex, the loop space 2X is equivalent to a topological group,
and we have

Q7 = J\;E)noo TnaN (T(Gryn x QX))

= lim TN (T(Gpin A X)) = Q% (X).
N—o00

This allows us to consider only coefficient groups of homology theories, and later
to deduce their general values.
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Theorem 6.1. Let G, SG and Z be as above. Let o be a Gy-bundle over BZ
whose classifying map induces, via BZ — BGy — BG — B(G/SG) — BZ, a
homotopy equivalence. Then QS = Q5G, (T(a)).

Proof. Let x be the classifying map of . Denote by fy the composite of

i By
B(SGy) x BZ 2% B(Gy) % B(Gy) —2% B(Gy+s)

These maps are compatible with 7y, hence there is a limit map f: B(SG) x
BZ — BG). We claim that f induces isomorphism of homotopy groups, this is
clear from the definition of f, the exact sequence

= 1 (SG) = 1 (G) = T Z = w1 (SG) = -

and the fact that (up to automorphism) x. splits the projection 7,.(G) — 7. Z.

Now by definition, fy is covered by a bundle map of the direct sum of the
universal bundle over B(SGy) and « to the universal bundle over B(Gn4k).
Thus we also have a map

gnN: T(SGN) A\ T(a) — T(GNJrk).

Since fy induces homotopy isomorphisms in the limit, so does gy .
We now have

O = lim 7y k(T(Grr)
N—o00
N—00

Gk (T ().

O

The next result is a companion to (6.1), but needs less hypotheses. It is
related to the Thom isomorphism theorem.

Theorem 6.2. Let G be a stable group satisfying (M), P a topological space,
o a Gy-bundle over P. Then QS (P) = QS , (T ().

Proof. Let x classify a, fy denote the composite

1xx B#’N,k
B(GN) X P‘)B(GN) X B(Gk) E— B(GN+k),

and Fy the map B(Gy) X P — B(Gn4r) X P whose components are fy and
projection on the second factor. Fj is covered by a bundle map of the direct
sum of wy and « to wyyi. Also, B(Gy) is mapped by the natural injection i
to B(GN+k), and we have a commutative exact diagram

0 4>7T7"(B(GN)) —>7T7'(B(GN) X P) TFT‘(P) 0

S

04>7T7-(B(GN+]C))4)7r7-(B(GN+k) XP) TI'T(P) 0.
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Thus Fiy, is an isomorphism in the limit as N — oo. We have an induced map
of Thom spaces
T(GN) AT(e) = T(Gnyx) A PO,

which then also in the limit gives homotopy isomorphisms. The conclusion of
the proof is now as before. O

Corollary 6.3. With the hypotheses of 6.1, if B is an SGy-bundle over BZ,
we have an isomorphism

29(BZ) = QR¢(T(8)).

To obtain exact sequences from these results we need some restriction on
BZ - or rather, on Z. We will now assume that either Z7 = Oy = Zsy or
Z = U; = St Correspondingly, BZ = P (say) is infinite real, resp. complex,
projective space. Let us write d = 1 in the first case and d = 2 in the second.

The following will be useful for checking the hypothesis of (6.1). Since BZ
is an Eilenberg-MacLane space, a map BZ — BZ is a homotopy equivalence if
and only if it induces an automorphism of the homotopy group - or equivalently,
of the lowest homology group.

We will make the further assumption that the standard real of complex line
bundle 5 over P is a G4-bundle, inducing a homotopy equivalence (which must
be, up to sign, the identity) P — P. This is easily verified in each of the cases
mentioned earlier. In the complex case, the conjugate 7 is then also a Go-bundle.
We now take o = (m + 1)n + mi. Since the first Stiefel-Whitney (resp. Chern)
class of this is a generator, we can apply Theorem 6.1. To compute P%, we
note that if the structure group is extended to Oz, 41, o becomes equivalent
to (2m + 1)n, and so P® is homeomorphic to P/Ps,,, where Ps,, is the sub-
projective space of dimension 2m. This proves

Corollary 6.4. With the above assumptions,
O 2 Q55 0,0 1190(P/ Pam).-
We also apply 6.3 with 3 = 2mn, so P? = P/Ps,,_1, to obtain
Corollary 6.5. Q¢ = Q§f2md(P/P2m_1).

Also note that Q3¢ (P) = Q5%(P) @ Q5¢, and that taking m = 0 in 6.4,

n

Q% (P) = Q54 (P). Putting these together, we have

Corollary 6.6. Q¢ , @ Q5¢ =~ ngzmd(P/Pgm,l).

We now obtain the exact sequences.

Theorem 6.7. Let G be a stable group satisfying (M), SG a subgroup with
G/SG, = 071 or Uy forn =2 d (d =1 for Oy, 2 for Uy), and stable for 1,
P = P (R) or P (C). Suppose the standard line bundle n over P is a Gg4-
bundle, inducing a map P — P homotopic to the identity. Then there are exact
sequences (where Py = Py(R) or Py(C)).
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(i)
0S¢ ¢ 5% 6059, 059
(ii)
e ngd(PQ) QS Qgggd std—1(P2) —
(iii)
Q56 Q59 (Py) —— Q359, 0%

Proof. (i) P, C P is a sphere S¢. The sequence of spaces
St~ P P/P

has an exact homology sequence for Q5¢. Also, we have Q5,(S9) = Q3¢ by
(5.6), Q3%,(S) = QF by (6.4) with m = 0, and Q3 (P/Py) = Q5C,, & Q7¢,
by (6.6) with m = 1. This gives (i).

(ii) Replace P; by P in the above, and use the fact ((6.4) with m = 1) that
036, (P/Py) = 06, ~

(iii) Here we note that P,/P; is a sphere S??, and use the exact QF%-sequence
of ¢ — Py — S%, O

We now turn to the geometrical approach, and will give a second complete
proof, at the same time giving a more precise description of the maps in the
sequences. Our second proof will illustrate sequence (i) as of the type described
in (2.3); we will give a full discussion of this, and the rest will then follow. We
will also improve several details of the theorem.

Now (2.3) gives us an exact sequence in which the third term is the cobordism
group Q%°¢ of bounded G-manifolds with an SG-structure on the boundary.
We will evaluate this using the idea introduced after (2.3).

Let us agree, in order to avoid unnecessarily complicated notation below,
that the G-structure of a manifold M is specified by the classifying map of its
stable normal bundle, v,,,: M — BG: that we have a fibration

BSG —— BG —~— P;

and that an SG-structure of M is determined by a null-homotopy of 7 o v,
which is thus covered by a homotopy of v, to a map into BSG. We shall also
need the G-structure on the standard line bundle over P, classified by

n

P BGd - BG;

here we may assume that 7 oo is the identity map of P, 1p. We write (—1)p
for the negative of the identity; in the real case, we can take (—1)p = 1p, and in
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the complex case, define (—1)p by complex conjugation. Now P is an H-space,
and the diagram

By
BG x BG —— BG

JTI’XW er
PxP———P

is homotopy commutative; we shall alter (if necessary) out model of BG to make
it commutative.

Now if M™ is a G-manifold, we consider the map wov,,: M — P. Altering
by a homotopy, if necessary, we may suppose that this maps M to a finite di-
mensional projective subspace Py. By (II, 4.6), we can make this map transverse
to the submanifold Pj_1, whose preimage will then be a smooth submanifold
Vm=d of M™, with normal bundle induced from 7. Moreover, if OM has an
SG-structure, 7 o v, is trivial on M (which has trivial normal bundle in M),
so may be assumed to avoid Px_i. Thus V lies in the interior of M, and is
closed.

We now give V™% an SG-structure. Indeed, the stable normal bundle of V/
is the sum of the bundles induced from v,, and from #; i.e., is induced by

Um

VM- BG -2 BG x P.

We shall give the second summand minus the obvious structure. So the normal
bundle vy is now induced by

v |V 1xm 1x—1 1xn By
V — BG—— BG x P—— BG x P—— BG x BG—— BG.
The composite 7 o vy is thus induced by

veVipe s pxprS U pyp_p

and if we fix (once for all) a null-homotopy of the composite map P — P, we
define one for 7 o vy, and hence an SG-structure for V.

Now we showed in Chapter 2 that M was (G, SG)-cobordant to a tubular
neighbourhood of V. This is a bundle over V, with fibre D¢ associated to
(m o v|V)*n; hence its (G, SG)-cobordism class is determined by the class of
(V,mov|V) in Q3C ,(P). The formula which determines it is as follows. Let 7’
be the bundle induced from 7. Then vy = v, +7, where the bar recalls the sign
change above. Thus vy + 7' = v, + 7 + 7' = vy, + 2¢ (€ a trivial Gg4-bundle).
It is clear from this that given any element of Q3¢ (P), represented say by
(V, f), we can take the bundle E with fibre D? associated to f*n and give it a
G-structure.

Moreover, the stable normal bundle vOF of the boundary OF is the restric-
tion of vg. But wovg is essentially f, by definition, and is covered by a bundle
map over V of E to the disc bundle associated to 7, and hence of OF to the
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corresponding sphere bundle ¥. But X is contractible, so we have a well defined
null-homotopy of 0F — ¥ — P, and so an SG-structure on 0F. Since all our
constructions can - as in chapter 4 - be carried over for cobordism, we have an
isomorphism QG°5¢ = Q5¢ (P).

We now wish to use the remark immediately preceding (4.2) that the extra
structure provided by a submanifold gives the same cobordism group as the
extra structure provided by a map to its Thom space; and combine this with the
remark that P is homeomorphic to the Thom space of . The details resemble
those above: we have a map (xv say), of V to P, or more precisely to Py_1.
We make this transverse to Pj_o, and write B = xy,' (P;—2). Then

vp =vy|B+ (xv|B)™n,

and we use this formula to give B a G-structure. Our construction again works
for cobordisms; since the class of (V, f) determines the cobordism classes of V
and B, we have a homomorphism

Q3¢ (0) = ¢, e 08 ,,.

In fact this is an isomorphism, for the class of (V, f) is determined by that of (V/,
B, and the map B — P inducing the normal bundle of B in V'); by Corollary
(3.6) we can separate the two elements of the pair, provided the stable normal
bundle of B is induced by B — B(SG) x P and finally, by the proof of (6.1),
this latter is homotopy equivalent to B(G).

We have thus obtained sequence (3.2); to complete the discussion, we must
determine the boundary map

O Lt

As to the first component, we can suppose B empty and xy trivial. Then the
disc bundle is trivial, and has boundary V x S¢~!. This describes it as a G-
manifold; for the SG-structure we must be more careful. All the construction
is that of a product, hence we obtain multiplication by the class, « say, of
S9=1 with appropriate SG-structure. To determine this, we can take V to be
a point and M a disc D?. Recall that V was constructed from M by making
Tovm: M — P, transverse to Py_1. Now OM = S¢~! was mapped to a point
by this, so S = M/OM is mapped to meet Pj_; transversely in just one point.
This coincides (up to homotopy) with the inclusion of a projective line P;. So
a is the class of S9!, with SG-structure defined by a framing of the normal
bundle, twisted in this way. One can analyse the twisting more in general, but
it is by now easier to remark that when d = 1 we have S°, and each point has
the positive orientation (this twists the standard framing of D! by changing a
sign). Thus in this case the map Qgﬁl — Qfﬁl is just multiplication by 2. In
the case d = 2 we have S', and the twisted framing differs from the standard
one. Here elementary homotopy theory tells us that 2a = 0.

Write (dy, dz) for the components of the map Q5 — Q5¢ & QF . so that
the image of the class of M by d; (resp. ds) is determined by V (resp. B). We
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now construct a map ¢: Q¢ _,, — QF and show that d; o = 0 and dy o = id.
From this, and the exactness of the sequence

(")

¢ [Wd2) HsG G sG
Qm Q'm—d D Qm—2d Q

m—1

now follows the second component (¢) of the boundary map vanishes.

Suppose then that B™~2? is a G-manifold, form (7 o vg), which we may
take as a map B — P, for appropriate k. Then 1 + €?? can be regarded
as a real (esp. complex if d = 2) bundle over Py; we form the associated
projective bundle Qy2, and let M™ be the induced bundle over B, V™~ the
subbundle corresponding to n+¢%, and identify B itself with the subbundle of V
corresponding to 7. It is well known that if to 75, we add the bundle induced by
M — B — Py from n, the result is the sum of a bundle induced by 75 and three
(real or complex) line bundles, corresponding to 7, €, and £%; and all induced
from 7, say by maps fi, fo and fo. We give these the F-structures induced by
f1, fo and —1 o fy: this defines a G-structure on M, and as the construction
applies to cobordisms and to disjoint unions, we have defined the desired map
®.

Although the G-structure itself is somewhat complicated, it is easy to see
that m o vp; is induced via the bundle map 5: M — Q2 covering the original
map B — P,. We will now write down a map (: Qxi+2 — Piyo which is
transverse to P11 and Py, which have preimages the sub-bundles associated
to n + e and 7. Since @ is explicit, it is easy to see that ( o f ~ 7 o v;:
thus M gives rise to V' and B in the usual way. Hence we have ds o ¢ = id.
To see dy o ¢ = 0, we must find an SG-manifold with boundary V: in fact,
as V is a Pi(= S%)-bundle over B, we take the associated disc bundle: such
exists since the group of the bundle is not the full projective group but only
Z(= S%71), and is topologically the product by I of the mapping cylinder of
the principal bundle. Since the principal bundle was obtained from 7 o v, this
has an SG-structure.

It remains to construct (: for this we follow Atiyah. Let £k =R or C in the
cases Z = SO or S1, and consider decomposition kX3 = K+ @ k2. Then Px
is the projective space of k5*! and we can identify the fibre of n + £2¢ over
the line [ C Py with [ @ k2, and so Qg 2 with the subspace of Py x P o of
pairs (I,m) of lines with m C [ @ k?. We take ¢ as projection on Py 1o; so for
(Y (Pg41) weneed m C 1@k @0 and for (~'Pg, m = [. Both transversalities
are clear. We have established

Theorem 6.8. There is an exact sequence

(")

sG v g (did2) s €] sa
Qn Qn and S2) Qn72d anl

where a is the class of SY=1 with a twisted framing. Also, there exists p: QS_Qd —
O with (dy,ds) o o = (0,1).
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Corollary 6.9. Write Q¢ = kerd,. Then there is a split ezact sequence

d2

0 QRG 1 0f

n

G
Q¢ ,, ——0.
7]

Moreover, the following sequence is exact:

d1

QSG s QRG QSGd Xo QSGl
n n n— n—
Here, r is the forgetful map and i the inclusion; the first sequence shows that
r factorises as = is, and the corollary is immediate. Moreover, on comparing
the above with Theorem 6.7, we are led to the identification

QR = Q557 ,(Py).

In fact yet another definition is sometimes more convenient: Q£ is the cobor-
dism group of G-manifolds M™ provided with a homotopy of wo vy : M — P
to a map into P;(= S?). For the corresponding V is then mapped to Py and
B to P_1, so B is empty, so such manifolds lie in kerds. Conversely, if M is
in ker ds, an extension of cobordisms argument shows that B may be supposed
empty. But then the image of movy: M — Py avoids Py_o, so is homotopic
(by an obvious projection) to a map to the complementary P;.



Chapter 7

Equivariant Cobordism

The object of this chapter is to give a programme for reducing the calculation of
equivariant cobordism groups to that of the bordism groups of certain classifying
spaces. It will first be necessary to develop thoroughly the foundations of the
theory of smooth group actions.
Let H be a compact Lie group, M a smooth manifold (perhaps with bound-
ary, or corner) and let
p: M xH—M

define a smooth action of H on M. For each P € M, write
Hp={h€ H: o(P,h) = P}.
Then Hp is a closed subgroup, called the isotropy group of P. We have
©(P,h1) = (P, hy) < @(P,hihy ') = P < hihy* € Hp <> Hphy = Hphs.

It follows that ¢ induces a bijection ¢ of the space of right cosets H/Hp onto
the set of points ¢(P, h)(h € H) - which is called the orbit of P. It also follows
that H,pp) = h~Y'Hph. Thus the isotropy groups at the point of an orbit form
a complete conjugate set of closed subgroups of H. Such sets are called orbit
types, and the set containing Hp is the type of the orbit of P.

Lemma 7.1. The orbit of P is a smooth submanifold of M, and ¥ is a diffeo-
morphism.

Proof. (1) Since H/Hp is compact and v injective, we know that ¢ is a topo-
logical imbedding in M.

(2) Since ¢ is a smooth map, so is ¥
(3) It is now sufficient to show that di is everywhere injective.

(4) Now % is an equivariant map for smooth H-actions: translating by ele-
ments of H, we see that if di is injective at the unit element, it is injective
everywhere, and conversely.

177
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Suppose then diy not injective anywhere. By a result of A. Sard ‘Image of
critical sets’ Ann. of Math. 68 (1958) 247-259, if r is the topological dimension
of H/Hp, the Hausdorff r-dimensional measure of /(H/Hp), the orbit of P, is
zero. By Theorem VII. 3 of W. Hurewicz and A. Wallman, ‘Dimension theory’,
the dimension of ¥(H/Hp) is £ r — 1. This contradicts the fact that ¢ is an
imbedding, and proves the lemma. O

Now let V be the set of points of M with isotropy group Hp, a the set of
conjugates of Hp, and W, the union of the orbits with type a, so that we have
W, = ¢(V x H). Let Np be the normaliser of Hp in H: then V is invariant
under the induced action of Np.

Theorem 7.2. V and W, are smooth submanifolds of M and ¢ induces a
diffeomorphism of V- x N, H onto W,.

We do not assert that all components of V' (or of W,) have the same dimen-
sion.

Proof. We first assert that M admits a Riemannian metric which is invariant
under the action of H. Indeed, by we have a metric y; now the action of H on M
induces an action on the Riemann bundle, and we will use v = [ " uldh, where
integration is with respect to Haar measure on the compact group H. Since
positive definite symmetric matrices form a convex set, we obtain a positive
definite scalar product on each tangent space, and the cross-section v is clearly
smooth.

Now consider the exponential map exp: Mp — M. Since we have an H-
invariant metric, and Hp C H operates in an induced way on Mp, exp is
equivariant for the actions for Hp. In particular, the action of h € Hp on M
is determined locally at P by the action on Mp which is linear - and, indeed,
orthogonal. So the action of Hp on M near P is locally isomorphic to the
action on Euclidean space given by an orthogonal representation ¢ of Hp. In
particular, the set V7 of fixed points of any subgroup H; of Hp corresponds to
a linear subspace of Mp, and hence is a smooth submanifold.

Write Op for the tangent space at P to the orbit of P; let Sp be its orthogonal
complement, S% a small enough e-neighbourhood of 0 in Sp, and S = exp Sp.
Any element of Hp leaves Op invariant (it is invariantly defined), hence also
Sp, Sp, and S. Now since by (7.1) di is onto Qp, it follows that orbits of S fill
up a neighbourhood of P. Also ¢ induces a map

X: S Xg, H— M

which, by the above, is a smooth immersion. Since the orbit of P is imbedded,
so (by 0, 2.18) is some neighbourhood of it. Thus if ¢ is small enough, x is an
imbedding.

We deduce first that the orbit types of all points near P - which are the
types of orbits of points () of S - have Hy C Hp: they are the isotropy groups
of the action of Hp on S. Since dim S < dim M we deduce by induction on
dim M that there are only a finite number of orbit types near P, and hence that
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the set of points with isotropy group H; is an open subset of the set fixed by
H;. So V is smooth. It is immediate that ¢ induces a bijection of V xn, H
onto W it follows from Lemma 7.1 that we have a diffeomorphism. O

Now we have laid the foundations of the theory of smooth actions of compact
groups, we can return to our cobordism problem. Observe that any point of the
closure of V is fixed under Hp. Thus to ensure that V is a closed submanifold
(or equivalently, that W is), it is sufficient to require that a is maximal in the
orbit types of the given action.

The following special case is easily solved, and will be a pattern for the
general result 7.5. Let A = {1} contain the unit subgroup only. Then the action
of H* on M™ must be free. Thus M has the structure of a principal bundle
with group and fibre H, and base X™~" say (the orbit space of the action):
by the results of 7.1 and 7.2, X is also a smooth manifold. Let x: X — BH
classify the bundle. Then the bordism class of x belongs to Q°_, (BH).

Lemma 7.3.
IQ(H; {1}) = 09, (BH).

Proof. If W is a cobordism on which H acts freely, the orbit space W/H is a
cobordism, mapping into BH: thus the two ends of W determine the same bor-
dism class in BH, and we have a well-defined map IQ (H;{1}) — Q2 _, (BH).

To see that the map is surjective, note that BH can be replaced by a smooth
manifold (see Chapter 4 above) and f by a smooth map, so we need only consider
smooth bundles. Now given f: X — BH, we consider the induced principal
bundle over X with group H: this is a smooth m-manifold on which H operates
freely, so defines an element of IQ (H; {1}) which maps to the bordism class of f.
Note that BH can be replaced by a smooth manifold (see Chapter 4) and f by
a smooth map, we need only consider smooth bundles. Similarly it is injective,
for if M and M’ are such that M/H, M'/H define the same bordism class,
we let g: W — BH denote a cobordism, and note that the induced principal
H-bundle over W gives the required cobordism of M to M’. O

We continue our investigation of W,: our main aim is the exact sequence
of (7.4). We will suppose that the orbit type a is maximal for the given action
(i.e., that if Hp € a, Hp is not strictly contained in any Hg). Let N, be an
e-neighbourhood of W, in the invariant metric. Then the usual projection (I,
2.14) which gives N the structure of disc bundle over W, is an equivariant map.
We are thus let to consider the following objects:

m: N — W, is the projection of a smooth disc bundle; we identify W, with
the zero cross-section. The group H acts on N, and W,; 7 is equivariant, and
the orbit type of a point of W, is a; at other points of N,, the orbit type is
different (hence is less than a). We have dim N, = m; the components of W,
may have different dimensions.

For our exact sequence we incorporate one further element of structure. Let
G be a stable group satisfying (M), (A) and (S), and M have a G-structure
(on its stable tangent bundle). Suppose the compact Lie group H operates
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smoothly on M. We will say that H respects the G-structure if the following
condition is satisfied. For some n, we are given an action of H on the principal
Gp-bundle P which defines the G-structure, lifting the given action of H on
M. This defines actions of H on the associated bundles; in particular, on the
principal G, 4+1-bundle, so the condition is independent of n.

Write IG(H; A) for the group of cobordism classes of manifolds M™ with
G-structure and an H-action which respects it, and such that each orbit type
belongs to the set A. We choose a maximal element a of A, and write A’ =
A\ {a}.

Write AG (H; A, a) for the group of cobordism classes of manifolds W with
a smooth disc bundle 7: N™ — W such that N™ is as above, 7 is equivariant
(where W is identified with the zero cross-section), and the orbit type at a point
of W is a; at other points of N belongs to A’.

The following illustrates (2.3) and the remark following it.

Theorem 7.4. There is an exact sequence
IS(H; A') =2 IS (H; A) — 5 AG(H; A a) — IS (H: A') — IS _, (H; A).

Proof. First we define the maps. Set « the natural map induced by taking the
same representative. Next, if M admits an action with orbit types € A, form
W, and N, as above to define 8. As to +, take the class of the boundary OM.
(a, B) is exact Ba = 0, for if the orbit types of M belongs to A’, we have
W, = @. Conversely, let W, bound X and L be the corresponding disc bundle
over X, so that d.L = N, and 04 L is the sphere bundle over X. Attach L
to M x I by glueing 9.L to N, x I. The resulting cobordism L’ (with corner
rounded) clearly admits the desired structures, and a no longer occurs as orbit
typein (M\N,)x1orin 04 L. Thus L' is a cobordism of M to 04 L representing
a class in IS (H; A).

(8,7) is exact Starting with M as above we form N,, then ON,. But this
bounds the complement of N, in M, so represents zero in IS _,(H; A’). Con-
versely, given N with ON bounding C, we attach N to C along the boundary
to obtain a closed manifold M, and the orbit type a occurs in M only at the
centre of N.

(v, @) is exact Starting with 7: N — W, we need only observe that 9N bounds
N to check that oy = 0. The converse is perhaps the most interesting part of ex-
actness. If V represents an element of the kernel of IG | (H; A') — IS _|(H; A),
it bounds a manifold M, say. Since a is not an orbit type of V = dM, we can
perform our construction in the usual way to obtain W, and N, in M. The
complement of N now gives a cobordism of V' to ON,, as required. The exact
sequence is thus established. O

To complete our programme, we must give some means of calculation of the
group AG(H; A’,a). We first observe that given a representative 7: N™ — W,
we have for each P € W an induced orthogonal representation p of Hp on
the fibre. As all isotropy groups are conjugate, we have an orthogonal rep-
resentation of Hp defined for each P € W. Clearly, these vary continuously



181

with P. But since Hp is compact, neighbouring representations are conjugate.
Thus each connected component of W corresponds to a single conjugacy class
of representations p of Hp.

Now it is clear that p can occur if and only if each isotropy group of p(C
Hp C H) has class belonging to A’, except for the isotropy group of the origin.
We call such p (A’, a)-allowable.

Since the same decomposition applies to cobordism, we find that AS (H; A’, a)
is expressed as a direct sum over allowable representations p of Hp (of rank
< m): say

AS(H; A a) = ®,AS (H; A a, p).

Thus we are reduced to calculating the A-group for a fixed allowable represen-
tation p. Here, we follow the method of 7.3.

Let ¢ be the rank of p. Let P be the principal O4,-bundle associated to 7.
On P we have the natural action of O,, also an induced action of H which
commutes with it, hence an action of H x O4. This action (as is easily seen)
has only a single orbit type, with M (say) as an isotropy group. We now use a
standard method for reducing this action to a free one, to which we can apply the
bundle classification theorem. In fact, let @ be the submanifold of P consisting
of points with isotropy group equal (not merely conjugate) to M. Then the
normaliser N (M) of M in H x O, acts on @, via a free action of L = N(M)/M.

In the present case, we can be even more explicit. Since P is the set of
isometries of R? on fibres of 7, each element of P determines an explicit orthog-
onal representation of the stabiliser of the corresponding fibre. Fix a particular
Hp € a and representation p of Hp in the desired equivalence class, and let @
be the subset of P inducing the representation p (not merely some conjugate)
of the subgroup Hp. Then M is the set of elements {(h™%, p(h)): h € Hp} in
H x Oy, and

N(M) = {(n,r): p(n " hn) = r~'p(h)r forall he Hp}

is an extension of the centraliser C, of p(Hp) in O, by the subgroup of Np
which takes the representation p of Hp into some conjugate (this will in any
case contain the component of the identity in Np). We write L, for N(M)/M,
and X for Q/L,. the dimension of L, will depend on properties of p; however,
we see at once that

r=dimX =dimW — dim H + dim Hp.

Also, W is determined by the closed manifold X, and the principal L,-bundle
over it, which in turn is determined by the classifying map X — BL,.

Theorem 7.5. Let ¢ be an (A’, a)-allowable representation. Write ¢ = dim H —
dima. Then
AC(H; A a,p) =~ Q°

m7C(

BL,)

Proof. For, as was just pointed out, if the G-structure is ignored, the homotopy
class of X — BL, determines the isomorphism class of W with all its structure.
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Since the identical argument applies to bounded manifolds, we can pass to

cobordism classes. O

It is not at present clear how to modify the above to take account of G-

structure.



