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Abstract

The robustness of steady solutions of the Euler equations for two-dimensional,
incompressible and inviscid fluids is examined by studying their persistence for
small deformations of the fluid-domain boundary. Starting with a given steady
flow in a domain Dy, we consider the class of flows in a deformed domain D
that can be obtained by rearrangement of the vorticity by an area-preserving
diffeomorphism.

We provide conditions for the existence and (local) uniqueness of a steady
flow in this class when D is sufficiently close to Dy in C ke k> 3 and
0 < o < 1. We consider first the case where Dy is a periodic channel and the
flow in Dy is parallel and show that the existence and uniqueness are ensured
for flows with non-vanishing velocity. We then consider the case of smooth
steady flows in a more general domain Dy. The persistence of the stability of
steady flows established using the energy—Casimir or, in the parallel case, the
energy—Casimir-momentum method, is also examined. A numerical example
of a steady flow obtained by deforming a parallel flow is presented.

Mathematics Subject Classification: 76B03, 76E09

1. Introduction

The dynamics of an incompressible inviscid fluid is governed by the Euler equation, which
takes a particularly simple form in two dimensions. In terms of the streamfunction v, related
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to the velocity field Uby U = V44 := (=9, v, 3,Y), and the vorticity @ = Ay, this equation
reads

dw+Viy Vo =0. (1.1)

It immediately shows that (for smooth U), the vorticity is obtained from the initial vorticity
ws—o by a smooth rearrangement, i.e.

w=w=0g (1.2)

where g, is an area-preserving diffeomorphism. Considering (1.1) as a dynamical system, its
fixed points are steady flows; they are characterized by the existence of a scalar function F,
possibly multivalued, which relates the vorticity and streamfunction,

v =Foo. (1.3)

There are several known ways of obtaining such steady flows. First, any parallel or
axisymmetric flow, with its vorticity and streamfunction depending on a single (cross-stream)
variable y or r, is evidently steady. These symmetric cases are very special, however, and
they do not admit generalizations to more complicated domain shapes. Steady flows can also
be found using their characterization as energy extrema under rearrangements of the vorticity:
starting with a given vorticity distribution, a relaxation process leads to a configuration that
extremizes the energy and is therefore a steady flow (see Shepherd (1990), Moffatt (1992) and
references therein). Compared to the method described in this paper, this relaxation process
has the advantage that it works for very general domains, but it has the disadvantage that it
produces only a small subset of all steady flows, namely (stable) steady flows that are also
global extrema for a given vorticity distribution. Alternatively, for a fixed energy, steady flows
can be characterized as minima with respect to a partial ordering defined using the notion of
polymorphism (Shnirelman 1993).

Finally, one may attempt to solve the equation v = F(Av) or, equivalently, Ay =
F~'(y), directly for a fixed F in a given domain. Interesting solutions are known for certain
F~! (Stuart 1967, Mallier and Maslowe 1993, Crowdy 1997). More generally, conditions for
the existence of solutions to the semilinear elliptic equation Ay = F~'(3) can be established
(Pokhozhaev 1965, Taylor 1996 (chapter 14), Kuzin and Pokhozhaev 1997); again, these
conditions are generally quite restrictive. It is worth noting that the situation is much simpler
for potential flows: the unique steady flow in any given domain (given the boundary conditions)
is obtained by solving Laplace’s equation there.

When a steady flow is found, an important question concerns its persistence when small
perturbations of the parameters on which it depends are introduced. This paper addresses this
question by considering what might be regarded as the most natural form of perturbations,
namely changes in the shape of the fluid domain. Thus, given a steady flow 1 in a domain
Dy, we look for a steady flow W in a (given) domain D which is obtained from Dy by a small
area-preserving deformation.

Without further constraints, this problem does not have a unique solution: even in a fixed
domain, steady flows are not locally unique since the equation ¥ = F(w) admits continuous
families of solutions as F' is varied. We therefore impose an additional constraint by requiring
the steady flow W to be isovortical to v, that is we require its vorticity AW to be a smooth
area-preserving rearrangement of Avyry. With this restriction, the problem can be rephrased in
terms of the area-preserving diffeomorphism g that effects the rearrangement from Dy to D.
The steadiness condition (1.3) translates into a partial differential equation for g, and the
existence and uniqueness (in a certain sense) of solutions to this equation ensure the existence
and uniquess of an isovortical steady flow in D.
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This constraint is not the only possibility: for example, one may choose to rearrange the
streamfunction instead of the vorticity (e.g. Arnold and Khesin (1998), sections I1.2. A—C). Our
choice is motivated by the fact that the isovortical steady flow in D can in principle be obtained
dynamically with arbitrary accuracy by a slow deformation of the fluid domain starting with D
and ending with D. Indeed, formal perturbation theory indicates that, starting with an initially
steady flow, an adiabatically slow deformation of a fluid domain D(¢) leads to a flow that, to
leading order, satisfies the steadiness condition (1.3) and is isovortical to the initial flow at each
time ¢. In other words, the leading-order formal approximation to the exact time-dependent
flow in a deforming domain D(t) is given by a steady isovortical flow of the type considered
in this paper. To see this, write D = D(et) for some € < 1, and expand the streamfunction
and vorticity accordingto ¥y = ¢ @ +ey D +...and w = 0@ + eV +- - -, where @, D,
etc, depend on time through e¢. At leading order, the steadiness condition @ = F o0 »® for
some F is found, while the next-order equation, written as

3“@(0) + VL(w(l) _ F’(a)(o))lﬁ(l)) . Va)(o) =0,

indicates that the leading-order vorticity, ®, is rearranged. = The area-preserving
diffeomorphism g which, in this setting, depends on time only through its dependence on
D(t), can therefore be viewed as an asymptotic approximation to the exact, time-dependent
area-preserving diffeomorphism g; in (1.2).

We start the paper in section 2 by deriving a nonlinear partial differential equation for g.
This equation also involves the function F, relating the streamfunction and vorticity in D,
which is determined by a solvability condition. The persistence of a given steady flow under
domain deformations is then considered in the next two sections. Itis established by proving the
existence of a solution g, unique up to diffeomorphisms along lines of constant vorticity, when
the small boundary deformation is sufficiently small and certain hypotheses hold. Section 3 is
devoted to a particular case of practical importance, the persistence of parallel channel flows,
with vorticity w(y), while section 4 is devoted to a general class of flows with no particular
symmetries. In each case, our main result states the following. Consider a steady flow defined
by a C** streamfunction in a smooth bounded domain Dy (see (3.14) for the definition of
Cke). Provided that some hypotheses (HO-H3 below) hold, for any domain D sufficiently
close to Dy in C** there is a diffeomorphism g that maps the vorticity of the flow in Dy to the
vorticity of a steady flow in D. We note that the persistence results provide a novel approach
for the derivation of steady flows: starting with a known steady flow, one can derive a sequence
of steady flows by successive deformations of the domain boundary. Provided that none of the
hypotheses for persistence are violated in the process, large deformations of the boundary can
be achieved in principle.

The stability of a wide class of two-dimensional steady flows can be established using
the energy—Casimir approach (cf Holm et al (1985), section I1.4 in Arnold and Khesin
(1998)). When such flows persist, their stability also persists for sufficiently small boundary
deformation; this is because the stability condition depends only on the streamfunction—
vorticity relation F which is continuous in the boundary deformation. The persistence of the
stability of certain parallel (or axisymmetric) flows is more subtle, however, when their stability
is established using the energy—Casimir—-momentum method which relies crucially on the
translational (or rotational) invariance of the flow and the associated momentum conservation.
In section 5 we discuss how the energy—Casimir—-momentum method can be adapted to bound
the growth rate of the perturbation by a norm of the boundary deformation.

To illustrate the theoretical results, we present in section 6 the numerical computation of
a steady flow obtained from a parallel channel flow by a small sinusoidal deformation of the
boundary. Interestingly, the iterative algorithm used for this computation is very similar to
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the iteration used to establish the persistence results. A discussion in section 7 concludes the
paper.

2. Formulation of the problem

We start with a steady incompressible flow in a bounded domain Dy C R?, with streamfunction
Yo and vorticity wg = Avy. Steadiness implies that the streamfunction and vorticity are
functionally related, that is

Yo = Fp o wy, 2.1

for some function Fy. In general, Fj is multivalued. However, we will assume that Vi # 0
in Dy, except at a single (elliptic) point; this ensures that ™! is single valued.
Taking the Laplacian of (2.1) then gives

woy = A(FO o a)()). (22)

Let the boundary 3Dy = |, dDi, where each 8D6 denotes a connected component of 9 Dy.
The boundary condition that V-1 has no normal component is equivalent to ¥y = const = ;.
on dDf; (2.1) then implies that also wy = const =: ] on 3 D}).

Now consider a domain D, close (in a sense to be made precise) to Dy, with the same
area and topology as Dy. We examine the existence of steady flows in D. As discussed in
the introduction, we focus on flows whose vorticity is obtained from wy by an area-preserving
rearrangement; thus, we consider steady flows in D with vorticity 2 given by

Q=wyog !, (2.3)
where the diffeomorphism

g:Dy—>D:(x,y)~ (X,Y)
satisfies the following conditions:

(i) g maps 3Dy to dD; and
(ii) g is area-preserving,i.e. det Vg = 1 (we assume that g also preserves orientation, which
is automatic for g near identity).

The steadiness of the new flow implies a relation similar to (2.2),
Q=A(FoQ)=:AVY, 2.4

for some function F. Since Q = F~!(¥) with ¥ constant on d D',  is also constant on 3 D' .
Because g maps 9 Dy to 9 D, this constant is simply wy, so that the boundary condition reads
Q = w, on dD'. Together (2.2)—(2.4) give

woog ' =A(Fowyog™). (2.5)
To solve (2.5), we pull it back to the original domain Dy, and find

Cz)():woog_l og=[A(Fowyog Hlog. (2.6)
Defining a g-dependent operator A, by

Agf =[A(fog H]og
for any function f on Dy, we rewrite (2.6) in the compact form

wy = Ay (F o wyp). 2.7

This equation is central to this paper. It is a partial differential equation for both the
diffeomorphism g and the function F, whose solution depends on the domain D through
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the boundary conditions for g. Clearly, when D = Dy, a solution is g = id and F = Fy. In
the next sections we show that a unique solution continues to exist for D close enough to Dy
under some additional hypotheses.

A, can be expressed explicitly in terms of g. We use Cartesian coordinates (x, y) in Dy
and (X, Y) in D, and functions (u, v) on Dy such that

(X, Y) =g, y) = (x+ulx,y), y+v(x, y)). 2.8)

We empbhasize that (u, v) is a finite displacement field, not a velocity field. By definition A,
is just the Laplacian in D, dxx + dyy, pulled back to Dy (i.e. expressed in terms of (x, y)).
Now, using det Vg = 1, g is seen to satisfy
oyy = 0, X = 1+u,, Oxy = —0,Y = —v,,
vy Xy * 2.9)
oxx =09,Y =1+v,, Oyx = —0,X = —u,.
With a slight abuse of notation, we then have
Ag = dxx + dyy = [Axxdy + dxydy 1> + [Byxd, + dyyd,]*
= [(1+vy)dy — v dy]* + [—1, 3, + (1 +1,)d,]%. (2.10)

With this result, (2.7) takes a completely explicit form as an equation for (u, v) (in place of g)
and F. It must be supplemented by the area-preservation condition det Vg = 1, or, for (u, v),

Uy +Vy + U, Uy — Uy = 0. (2.11)
We now turn to the boundary conditions. First, we must have
g:9Dy — 3D, (2.12)

which will be made explicit in sections 3 and 4. Next, F' must be fixed for boundary values
of Q. In place of F, it is convenient to work with the function x defined by

X =¥ — Yo, (2.13)
where

Yo i=Wog=Fouw (2.14)
is the pull-back of the streamfunction ¥ = F o 2 from D to Dy; cf (2.7), which now reads

wo = Ao = Ay (Yo + ). (2.15)

We note that this definition implies that x is a function of iy only, in the sense that their
gradients are parallel. The constancy of ¥ on d D, required for the velocity to be tangent to
d D, implies that

X = const’ on BDé. (2.16)

For a simply-connected domain, the constant is arbitrary and will be taken to be zero. When the
domain is multiply connected, extra constraints are needed in addition to the conservation of
vorticity to determine the deformed flow uniquely. We impose the conservation of circulation:
the circulation along each connected piece of the boundary d Dy is unchanged under the domain
deformation. Therefore the constants must be chosen such that

% 8N\I/dL=% 0o dl, (2.17)
aDi aDj

where d/ denotes the (differential) arclength along Z)Df, and 0,, denotes the derivative normal
to 0 Dg; similarly for dL and oy with respect to d D'. When the left-hand side integral is pulled
back to 8D}, this provides constraints on x on the boundary that are sufficient to fix all but
one of the constants in (2.16). The last constant can be set to zero.
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Clearly, the diffeomorphism g cannot be uniquely determined by (2.7). This is because
diplacements along lines of constant vorticity wg or, equivalently, along streamlines 1y = const
have no effect on the rearranged flow and so can be arbitrary. To remove this arbitrariness,
we shall impose the additional constraints (3.3) or (4.17), which are chosen to simplify the
computation.

This completes the specification of our problem: a steady flow in D isovortical to the
original flow is found if the unknowns (u, v, x) satisfy the nonlinear equations (2.7) and
(2.11), with A, given in (2.10), the boundary conditions (2.12), (2.16) and (2.17) and the
constraint (3.3) or (4.17).

Before addressing this nonlinear problem, it is instructive to consider its linearized version,
that is, we assume that the displacements (u, v) are infinitesimal. Neglecting nonlinear terms,
(2.11) is automatically satisfied by taking

(u,v) = V',

for some ¢. Up to quadratic and higher-order terms, the vorticity and streamfunction in D
(which we identify with Dy in the present case of infinitesimal displacements) are given by

Q=wy— V¢ Vay,
W =1p— V¥ Vi +x.
Introducing this into (2.7) gives
(A — @)V - Vo + Ay =0, (2.18)

where wj, := Vo /Vipy = (Fo_l)’ o . With V+¢ specified on the boundary, this equation
can be solved for ¢ and x using a solvability condition described in section 4.

Returning to the nonlinear problem, we employ an iterative procedure both to compute the
numerical solution in section 6 and, augmented with a contraction mapping argument (cf, e.g.
section 8.1 in Kolmogorov and Fomin (1970)), to prove the existence and uniqueness of the
solution in sections 3 and 4. Denoting the unknowns by w and the nonlinear problem by
N(w) = 0, let w® = 0 and the successive iterations w" satisfy

wn+1 = Tw" = w" — (DN)ilN(wn), (219)

where (DN) is the linearization of N at w = 0. The iteration (2.19) converges if the mapping
T is contracting, i.e. if there exists 0 < 8 < 1 such that

ITw — Th| <0l — b (2.20)

for any w, w in some norm | - |.

In the next two sections we establish this contraction property when dD and 9D, are
sufficiently close in C*%, with k > 2 and 0 < a < 1. We first consider the particular case of
parallel flows when Dy is a channel and then the case of flows in more general simply-connected
domains.

3. Steady flows in a deformed channel

In this section, we take the domain Dy = [0, £) x [0, 1], with periodicity in x assumed,
and consider a parallel shear flow given by the streamfunction ¥y(y) and vorticity wo(y) =
dyyYo(y). Obviously such a flow is steady. Because we consider vy and wy as functions
of y, we do not make direct use of their functional relationship Fy which can therefore be
multivalued.
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Let us put the nonlinear problem for (u, v, x) in a form that is suitable for an iteration
procedure. Evaluating (2.15) explicitly in the case of a parallel flow gives
0 = Xyy — Vxx Oy Yo + Uy 0y Yo + 21 0yy Yo — Uy Oy X + Uxy Oy X + 21y Dyy X
— V)V By W+ Vi Vyy By W+ V2 Dy Y o+ iy Dy Y + U3 Dy Ve — Uyl Dy Yo 3.1
Note that both the linear and nonlinear parts of this expression are anisotropic, in the sense that
they contain 9, and 9, ,u terms but not d,,u and similarly for v. Note also that, by definition,
X is a function of y only.

The problem is most easily formulated by introducing the (non-unique) decomposition of
the displacement (i, v) into two functions 1 and ¢, with

uznx_d’y’
V=1, +@,.

To remove the arbitrariness of g up to displacements along streamlines, i.e. in the x-direction,
we impose the constraint

(3.2)

¢
/ ¢(x,y)dx = 0. (3.3)
0
After some computation, we can write (3.1) as
Xyy — 3y1/f0A¢x - zayywofbxy = _28}'y1//077xx + @u(n, ¢, x), 34

where @ (- - -) contains only terms nonlinear in (1, ¢, x),
Qui(n, By X) = Vex Xy — Uy Xy — 2Ux Xyy + VyUsx Oy Y — V3 Uxy Dy Y — 020y, Y

— Uy Uy Dy W — U Dy Vs + Uy U Dy W (3.5)
In terms of  and ¢, the area-preservation condition (2.11) becomes

AN = Uyv, — Uy, 3.6)

For the channel domain, it is convenient to let the boundaries of the deformed domain D
be defined by the graphs

Y =b°(X) for y = 0,

3.7
Y =1+b1(X) for y = 1. (3.7)
Area preservation dictates that
¢
/ (b'(x) = b°(x))dx = 0. (3.8)
0

Without loss of generality, we can take foe bO(x)dx = 0. The boundary conditions (2.12) then
take the form

v(x,i) = b (x +u(x,i)) (3.9)
fori =0, 1. In terms of 1 and ¢, this reads
br(x, i) + 1y (x, i) = b (x +u(x, ). (3.10)

Integrating this along the boundary, y = i, we find

l
0= / [—n, +b' (x +u(x, )] dx.
0

Therefore, using the arbitrariness in the decomposition (3.2), we can take, , = const’,

L
ny(x,i) = %/ b(x +u(x,i))dx, (3.11)
0
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as a boundary condition for (3.6). With this choice, the value of ¢, on the boundary is
determined from (3.10) which becomes

4
by (x, 1) :bi(x+u(x,i))—%/0 bl (x +u(x,i))dx. (3.12)

The boundary conditions for y are obtained by pulling the left-hand side of (2.17)
back into Dy; using the fact that [0y V| = |VxW| and following a computation similar to
(2.7)—(2.10), we find

4 14
eayw():/ aywodx=/ [(1+uy)? + 0219, ¥, dx. (3.13)
0 0

We have two differential equations (3.4) and (3.6) for the three unknowns (1, ¢, x), with
the boundary conditions (3.11), (3.12) and (3.13). The solution is determined uniquely using
the conditions that x is a function of y only and that ¢ has zero x-average (3.3). Using the
usual norm in C*¢, namely, for f sufficiently smooth in Dy,

IVEf) = VEFI

lx —x'|*

k
| Fliw 5= | flcraipy = Y sup [V" f(x)| + sup
x#x'

m=0 xeDy

, (3.14)

we now state the main result of this section.

Theorem 1. Let k > 2 and 0 < a < 1 be fixed, and let vy € C**(Dy) define a steady flow
independent of x with |d,%o| > ¢y, > 0. Let b' € C*%(dDy) define the boundary of the
deformed domain D. Then there exists an e9(Yy) > O such that for

[Dlcreapy) < €0,

there is a g : Dy — D, unique up to displacements along streamlines, and a unique
function x (y) that give a steady flow in D, with vorticity @ = wy o g~' and streamfunction
U = (Yo+x)og L. Moreover, x € C**(Dy) andu,, vy € Ck’l’“(Do)forg = (x+u, y+v).

We first fix some notations. Let | - [x q;0p, := |  |cte@apy) and [|D]| := [blk,a;0py5 BY | f k1
we mean the usual Lipschitz norm in an appropriate space, and | f |, denotes the usual C* norm.
We will often regard x (y) as a function in Dy which does not depend on x. It is understood
that all constants denoted by ¢, ¢’ and ¢; may depend on the initial domain Dy and & (and «) in
addition to the parameters explicitly shown; with an abuse of notation, ¢ will be used to denote
various constants which may not be the same each time the letter is used.

In the proof of this theorem and in section 4 we will need to use two basic results on the
solution of elliptic partial differential equations which we cite here.

Lemma 1 (cf e.g. prob. 6.2 in Gilbarg and Trudinger (1977)). Suppose that in a bounded C**
domain Dy the homogeneous equation

Lu=Au+p-Vu+qu=20, u =0on dDy,

where p and q are in C*=22%(Dy) with k > 2, has only the trivial solution u = 0 (this holds in
particular if ¢ < 0). Then the solution u of the inhomogeneous equation

Lu=Au+p-Vu+qu=f, u = ¢ on 9Dy, (3.15)
with ¢ € CF*(dDg) and f € CK=>%(Dy), is unique and satisfies

ltlew < (Do, q) (In_aX |l +|@lka + |f|k2.a>

Dy

< (Do, )@l + 1 fli—2.0)- (3.16)
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We note that ‘domain’ in Gilbarg and Trudinger (1977) is an open connected subset of R?,
but the result is readily applicable to the channel in this section: the problem (and solution) in
an annulus in R? can be smoothly deformed into that in a channel by modifying the coefficients
pand q.

Lemma 2. In a bounded C*% domain Do, k > 2, the solution u of the Neumann problem
Au=f (3.17)
in Dy and du/on = ¢ on d Dy, with f € Ck=22(Dy) and ¢ € C*"1%(3Dy), and

fdxdy = / o dl
D() 3D0

satisfies

e < €' (I@lk—1.0 + [ flr-2.0) (3.18)

when one requires that its integral over Dy vanish. Moreover, u is unique.

The bound (3.18) follows from the estimate (cf theorem 3.3.1 in Ladyzhenskaya and
Ural’tseva (1968)),

lulpo < ¢ (n}iax |l + @lk—1.0 + |f|k2,u¢) , (3.19)
0

and the fact that in a bounded domain max 5, |u| < ¢”(|¢|o + | f]o) when the integral of u over
Dy is required to vanish (this follows from the existence of Green’s function for the Neumann
problem). Uniqueness follows from the fact that the only solutions to the problem Au = 0 in
Dy with du/dn = 0 on d Dy are constants.

We shall also need Holder estimates for compositions of functions. Assuming that the
domains of definition of the functions are sufficiently regular, we obtain by elementary means

|f o hlea < Col flialhlee(X+ 101D+ flo, (3.20)

where the norms are taken in the relevant domains. When f(wy) = O for some wy in the range
of h, in place of the last term we can write 2[ f]o,1|h|o, where [ f]o, is the Lipschitz constant
of f, in which case (3.20) becomes

|f o hlea < Cel flialhlea(l+ AN (3.21)
For k > 1, de la Llave and Obaya (1999, case ii.3 of theorem 4.3) give the estimate
|f 0 hlie < Cil flea (X + R, (3.22)

provided that the domain of definition Dy is ‘compensated’, meaning that there exists a constant
ko such that forany x, y € Dy, their arclength distance dp, (x, y) < kol|x —y|/gz2. Thisis a mild
restriction (non-compensated domains such as {(x, y) : a < x2+y? < b,y #0whenx > 0}
are non-generic) and is assumed in all cases where this result is used below. In what follows,
we shall need both (3.21), which tends to 0 as |#|] — 0, and (3.22), which assumes less
regularity of f.

Proof of theorem 1. We take ||b|| < 1 and use the iterations (2.19). In the first part of the proof,
we set up the iteration and show that w" = (x", n", ¢") is bounded by ||b|| throughout; this
result is then used in the second part to show that the contraction condition (2.20) is satisfied,
thus proving convergence.

Suppose that at the beginning of iteration n we have

X" ke <1, 7" lke < 1, IMlke <1 and |9 lke < 1. (3.23)
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With w® = (x%, 1° ¢°) = 0, this is trivially satisfied for n = 0. It then follows that #” and v"
are in C*~1%(Dy). The extra x-derivatives in (3.23) have been introduced to account for the
anisotropy of (3.1). We note that (3.3) implies that |¢" |x o < c|@] k.o

The iteration corresponding to (3.6) and (3.11) is

Ap™ = Uiy — Uiy in Dy, (3.24a)
1 l
N =y = Z/o P(x+u"(x,0)dx  aty=0, (3.24b)
1
n;” =y + Z/D [uyvy —urvyldxdy aty = 1. (3.24¢)
0

For the iteration, the boundary conditions on y = 1 have been chosen to ensure the solvability
of the interior equation (3.24a). Upon convergence, the equivalence of (3.11) and (3.24¢) on
y = 1 follows from area-preservation. We first note that the right-hand side of the interior
equation (3.24a) is bounded as

vl — w2 < ("o + 10" [2.)- (3.25)

Turning to the boundary conditions (3.24b), we compute at y = 0

? L
/ bO(x +u"(x,0))dx = / [B°(x) + (B°) (x")u" (x, 0)] dx
0 0

¢
=/ (%) (x)u" (x, 0) dx (3.26)
0

for some x(x) € [0, £). By Cauchy—Schwarz, the last expression is bounded in absolute value
by £(|7" 1.5, + 10" 1.9p, + 10I})- Note that (3.25) has also provided a bound for the boundary
conditions (3.24c), which is just a constant so that only the | - | norm is needed. Lemma 2
then gives

"™ o < 1" [zo + 19" 2.0 + 1217 (3.27)
Now we take 0, (3.24a),
A =0, (v — ulvl), (3.28)

whose right-hand side is bounded as
2 2 2
|0 (ux vy — u V) k2.0 < cUnili o + 10" i o + 1041 o)-

Using lemma 2 on (3.28) with d,n% = 0 as boundary conditions, and adding the resulting
inequality to (3.27), we arrive at

" w100 ko <tz + 11" 7o + 182100 + 1B17). (3.29)

This is the first important estimate needed to establish the boundedness of |w"|.
From (3.4) we obtain the iteration

Xt = 0o AG — 20, Yol = =20, Yomir! + ", V", ™). (3.30)

Integrating this in x gives

I B
Xy = Z/ P, 0", x") dx =: S (u”, V", x"), (3.3
: 0

which can now be solved for x"*! subject to the boundary conditions x"*'(y = 0) = 0 and
Ay x"(y = 1) = €™ where the constant §"*! is given by (cf (3.13))

n+l

1 ¢
gl = —Zay(% + X”)f (™) + (v™)*] dx. (3.32)
0
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Using (3.23a), this implies
E < CUel T+ D). (3.33)

We note that @, (- - -) in (3.30) contains only quadratic and cubic terms in (1", v", x™), with
the cubic terms boundable by the quadratic ones thanks to hypothesis (3.23). A straightforward
computation then shows that

[Pt (", V", XD k-2.a < W)X fo + 11" 7o+ 1M l7 o +100F0). (334
This, combined with (3.31), (3.33) and lemma 1 with g = 0 gives
X"k < W)X ha + 10 e + 10" 2o + 181 15.0)- (3.35)

This is the second important estimate.
The iteration for ¢"*! follows from the zero-mean part of (3.30) and from (3.12),

Yo AP +20,,Y0dy @I = 20, Yont — (P — Pu) @, V", ") in Dy
(3.36)

" (x, i) = b (x +u"(x, i) — %foe bi(x +u"(x,i))dx fori =0, 1,
which is to be regarded as an equation for ¢"*!. We first estimate the nonlinear boundary term,
[u" [k.a:0D0 < Cltlk—1.0:0D0 <l k1,0 < (N lka + 1P} Ika)-

Using (3.22) and (3.27), the boundary conditions (3.36b) are bounded as
107 ko, < I+ 10" (5 p,)
< cllbll+ (g + 1Mo + 1677 o) (3.37)

where we have used (3.23) to arrive at the second inequality. Another application of lemma 1
to (3.36) combined with (3.34) and (3.37) leads to the third important estimate,

17 ke < W) UBI+ X" 1o + 101 + 10" o + 10717 - (3.38)
We remark that the hypothesis 0,¥(y) # 0 is essential here to ensure ellipticity (i.e. that c3
is finite).
Now let
T | =[x 5o+ 10" ke + MR + 1B 7 o
adding the squares of the three estimates (3.29), (3.35) and (3.38), we find
w1 < ea(lBl” + w" 1), (339)

where we take ¢4 > 1. Remembering that | w®|| = 0, the hypothesis (3.23) is satisfied for all
n if we take

161l < 1/(2c4),
which also implies the bound
lw"|| < 2cq|blI* (3.40)

for all n.

To prove contraction, we turn to (2.20) with w = (x, ¢, 1) and consider two realizations
w and w, which satisfy the boundedness conditions above. The computation proceeds much
in the same fashion as the boundedness estimates above, with the bound (3.40) playing an
important role.

In analogy with (3.27), we compute
n ,,’:)}’l

~n+1 An+l ~n N ~n~n AnAn A
AM™ = ") = uivy — WUy — UV + ULy,

y Y
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which together with lemma 2 gives
Snal _ antl ~n A = 3
17" = 7" k10 < (7" = 0" k-10 + 18" — " |k-1,0)
X (7" ket + 10" k-1 + 10" k1.0 + 9" [k-1.0)
< cllBIlAR" = 7" lk-1,0 + 1" — " lk-1,0)-

The boundedness results (3.29), (3.35) and (3.38) have been used to arrive at the second
inequality. Adding an analogous estimate for |7"*! — 7;*! ;1. We have

|ﬁn+l - ﬁnH |k71,a + Iﬁﬁﬂ - ﬁ;ﬂ |k71,0¢
S slIBIAT" = 7" _ro + 175 = Aeleor 0+ 1) — Bl 1.0)- (3.41)
Similarly, from
Tt = 2t = S (") — P (")
we obtain

12 = 2" ke <eolbI X" = R ieta + 108 = ket o + 172 — 02—t + 17" — 7" k=1,0)-
(3.42)

On the boundary 9 Dy, we have
¢ (x, i) — @M (x, i) = B (x + 0" (x, 1)) — b (x + 0" (x, i)

4
- f [b'(x + 3" (x, 1)) — b (x + 2" (x, i))] dx,
0

which, following the computation leading to (3.37), gives

82" = 0 i, < IBI1" = kot + 17" = 1) (343)
on the boundary d Dy and

17— e eslBIUX" = X" le—t0 + 107 — P2 lict0 + [7E — T lkmta + 17" — 7" k1,0
(3.44)

in the interior Dy.
Adding (3.41), (3.42) and (3.44), we find, with |wlio = |X |k.a + [Mlk.o + Mx ke + | Dxlkas

~ n+l A+l ~ ~
0™ — 0" iZ1a < eo||BID" — W k-1

whence contraction follows, provided we take ||b|| sufficiently small. This proves the
convergence of the iteration (2.19) to the unique solution of the nonlinear equations for
w = (x, n, ¢) and with it, the theorem. 0

Remarks.

1. The solution of the linearized problem (2.18) is simply the first iterate (x !, ', ¢'); it can
be verified from the foregoing that n' = 0 and x! = 0, with the latter resulting from the
symmetry of the initial domain Dy (i.e. x' # O for a general domain D). The equation
for ¢! is then

9 Yo Ady + 23y, Y0¢, =0, (3.45)
with inhomogeneous boundary conditions qS; (x,i) = b'(x),i = 0, 1. Rewritten as
9, W0 A @By Yody) — dyyy Yo (3 Yody) = O, (3.46)

this can be recognized as Rayleigh’s equation (Drazin and Reid 1981) for zero phase speed
perturbations to the shear flow 9, .
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2. It is also interesting to obtain bounds on the individual components of w. This can be
done as follows. Referring back to (3.38), (3.40) gives

17 1.0 < cllD]l. (3.47)
Using this bound in (3.29), we find
1" ea + 107 ew < cUn"fg + 11217 + 11517, (3.48)

which with 7° = 0 implies that
1"k o + Il < cllbl?, (3.49)

valid for all n, provided that ||| is sufficiently small. Finally, a similar application of
(3.47) and (3.49) in (3.35) gives

X" ko < cllbl? (3.50)

for all n, again for ||| sufficiently small. Thus, we observe that, in the decomposition of
the diffeomorphism g = id + V+¢ + V1, the divergence-free component ¢ dominates the
curl-free component 1, with the former scaling as ||b|| and the latter as ||b||>. The change
in the vorticity—streamfunction relationship F—Fy, which is proportional to y, is also of
second order in ||b||. This, however, arises from the translational symmetry of the initial
domain Dy: as will be apparent in the next section (cf (4.29)), for a generic domain | |
scales as ||b]|.

4. More general unperturbed domain

The general case where the domain D is curved proceeds in essentially the same way as the
channel case of the previous section, with a few extra complications which we treat in this
section. We limit ourselves to domains which are topologically equivalent to a disc and to
flows whose streamlines have the simplest topology in these domains; that is, the streamlines
consist of nested simple loops, with a single stagnation point at the centre. With this topology,
and with the hypothesis Vi # 0 (or, more precisely, H2 below) which we will make, each
value of v identifies a single streamline so that F(;1 is single valued.

To establish the existence and uniqueness of a solution to equation (2.7) for the
diffeomorphism g such that wyo g ~! is a steady flow in D, we shall need additional assumptions
on the flow in Dy, given by HI-H3 below. As in the channel case, the solution is anisotropic
in the sense that g admits one more derivative in the direction of the basic velocity Uy. This
requires an extra differentiability of the unperturbed streamfunction vy, which is why theorem 2
of this section requires one more derivative than theorem 1 in the channel case.

In analogy with (3.2), we write

g=1id+Vn+Vte 4.1)
for two scalar functions n and ¢ (as before, this decomposition is not unique). Let ¢, := Fo wy
and x := ¥, — ¥y as in the previous section. We introduce the notation

3 = Vi -V,

ds = [Vl " dl,
where [ is the arclength along 1/ = const.

We first consider the boundary conditions (2.12). Let d Dy be defined by By (x, y) = 0 and

dDby B(x, y) = Byo(x, ¥y)+b(x, y) = 0, whereboth By and B are defined in a sufficiently large
neighbourhood of dDy U 9D, denoted by ND, in which they have non-vanishing gradients.

“4.2)
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We shall choose b to be small and smooth, and such that the area-preservation condition is
satisfied. With this, (2.12) can be written in the form

O0=BMx+u,y+v)=(Bo+b)(x+u,y+v) (x,y) € dDy. “4.3)
Noting that By(x, y) = 0 for (x, y) € d Dy, we rewrite (4.3) as
udy By +v0,By = B(u, v; x,y), “4.4)

where (x, y) € 3Dy and (u, v) are evaluated on d Dy and where
Bu,v;x,y) == —Bo(x+u,y+v)+ud, By +vd,By —b(x +u,y+v) 4.5)
groups all the terms in By(x +u, y+v) that are nonlinear in (#, v) and b(x +u, y+v). Choosing
By such that |VBy| = 1 on d Dy (and such that VB, - Vi > 0), (4.4) is equivalent to

d¢  an

W+£ = Bu, v; x,y), 4.6)

where [ and n are orthonormal coordinates, respectively, tangent and normal to the boundary.
In (4.6), which is the analogue of (3.9), all quantities are evaluated on the (unperturbed)
boundary, (x, y) € 9 Dy.

Separating the average-along-streamlines part of B(u, v; x, y), we take dn/dn constant
on the boundary and write the boundary conditions for n and ¢ in the form

o _ fﬂ(u, v; x, y)ds/fds = B, v)
on on 0 Dg. “.7

3¢ = Vol (B — B)(u, v3 x, y) = Blu, v; x, y)
For x, we take x = 0 on d Dy, thus choosing the (arbitrary) constant value of ¥ on 9D to be
the constant value of vy on d Dy.
The interior equation for 7 is, as before,

AN = uyv, — Uyvy. (4.8)
Moving on to (2.7), after some manipulation it can be expressed in the form

Ax +[A — w)]ds¢p = DF. (4.9)
Here ), := Vao/Virg = (Fy ') o o and

DF = =212 By, Yo + Myy D Yo — 202y By Yol + Pt (1, 14, V),

where
D), u,v) = — (zn)’y - 2¢xy)Xxx — 2N + 2¢xy)ny - (2¢yy + 20 + 4nxy)Xxy
— (0 +03)0cx Y — (U + V) Dy W + (Ully + V3 0y) Oy Yo
— [ty dsuy — Uy sty — U O5vy + vy sV YL + X O A (4.10)

only contains terms quadratic or higher in (u, v, x). We have denoted v, := V./ Vi and
x' := Vx/Vib, both of which are well defined since the gradients are collinear.

Note the appearance in (4.9) of the linear term Ay + [A — w;]ds¢ which we have
encountered in (2.18) when considering the linearization of the equation for g in section 2.
We have written the linear terms involving 7 on the right-hand side of (4.9) since, as in the
channel case, 1 is quadratic in |b| while ¢ is linear.

The fundamental problem here is to derive both x and ¢ from (4.9), given right-hand side
and boundary conditions. When the initial flow, 1y, is a parallel channel flow, as in the previous
section, this is straightforward: averaging over x eliminates the terms containing ¢ from the
left-hand side and so provides an equation for x (y) alone; ¢ (x, y) can then be determined
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by considering the zero-average part of (4.9). An analogous procedure also obtains when the
initial flow is an axisymmetric flow in a disc, as interested readers can verify. In the general
non-symmetric case here, the solvability of (4.9) dictates that d;¢ have zero average along
each streamline and the definition of y demands that it be a function of 1y only. These two
conditions allow the determination of x and ¢ from (4.9), but this requires three additional
hypotheses which we now detail.

The first hypothesis is

H1. The problem (A — wy)u = 0 in Dy with u = 0 on 9Dy only admits the trivial solution.
A sufficient condition for this is that wy > —A;, where A; > 0 is the smallest eigenvalue of
—A in Dy with homogeneous boundary conditions. This latter condition is in turn implied by
Arnold stability (cf section 5), which we however do not assume here. Why this hypothesis is
redundant in the parallel case is discussed in section 7.

We denote Green’s function of A — wj by G(x, y; x*, y*), viz

0G
u(x,y) = /G(x, Vi x5 yO[A — oplu(x®, y*)dx* dy* +% —(x, y; X", yOu(x*, yHdl*,
Do ap,0n*
for any sufficiently smooth u(x, y) and let

[A - wz)]l:blc(p(x’ y) = / G(x,y; x*, yHox*, y )dx*dy*.

Dy
Writing (4.9) as
[A — wyl(0s¢ + x) + Wy = F 4.11)
and applying [A — wj]., we find

959 + x +/ G(x,y; x*, y)oy(x*, y*) x (x*, y*)dx* dy*
Dy

G * %\ R k% * r1—1 mf
= —— o,y xT yH)Bu, v x”, yH)A + [A — wply, P
9Dy on

= [A — gl D (x, u, v), (4.12)
where we have used (4.7b) and the fact that x = 0 on dD,. We stress that the nonlinear
dependence on (u, v) on the last line enters through the boundary conditions of [A — w{)]_l
as well as through ®*,

Now divide (4.12) by |V| and integrate along contours of constant vy to eliminate the
first term on the left-hand side,

d/
g —_ =7§ 3,6 ds = 0.
f//o Vol Yo

Assuming that the right-hand side is given, as is the case in the linearized problem or in the
iterative procedure, this turns (4.12) into a one-dimensional Fredholm integral equation of the
second kind for xy (19) (by which we mean x considered as a function of V), viz

Lo xy (Vo) + fD f G o, 5 Yo', 57 ds ds™ (WD) 1y (W)Y

=t (u+ K)xy (o) = ?g [A — w)] ™' @ (x, u, v)ds, (4.13)
Yo

where with an abuse of notation we have written G as a function of (¥, s) and where

d/
= d = .
w(o) 55 s 7§ Vol
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We note for future reference that when ¥y € C**1%(Dy), (u + K) : CF*(Iy) — CH¥(1y)
where Iy C R is the image of Dy under 1. Equation (4.13) is the analogue of (3.31) obtained
in the parallel case. For its solvability, we need two further hypotheses:

H2. There exists a cy > 0 such that, for all yr,
1
n(o) < —. (4.14)
Cy

This holds if the vorticity does not vanish at the fixed point of the flow (note that such a fixed
point is necessarily elliptic).

H3. The initial flow, ¥, is such that v = 1 is notin the spectrumin cke(1y) of the homogeneous
problem

(w+vK)u =0. 4.15)

This guarantees the existence of a unique solution to (4.13).
Once the Fredholm equation (4.13) has been solved for x,, (and thus yx ), a separate equation
for ¢ is obtained by subtracting (4.13)/u from (4.12),

35 + [A — e (@hx) — L [A — o)l (@) x) ds
K Jy,
=[A —wp] ' ®F — ! [A — wp] ' ®* ds. (4.16)
A
This determines ¢ up to the addition of an arbitrary function of ¥ (corresponding to arbitrary
displacements along streamlines); as in the channel case, to fix it we impose the constraint

¢ds =0. (4.17)
Yo
This completes the formulation of the problem of finding steady flows in general deformed
domains. The existence, uniqueness and smoothness of solutions to this problem are given by
the following theorem.

Theorem 2. Let Dy and D be C*V* domains, with the boundary deformation specified
by (4.3), where By and b belong to C**V*(ND). Let k > 2, ¥y € C**1%(Dy) define a
steady flow, and suppose that HI-H3 are satisfied. Then there exists an ey > 0 such that for

|blcrrevp)y < €0,
there is a g : Dy — D, unique up to displacements along streamlines, and a unique
x € C**(Dy) that give a steady flow in D with vorticity Q@ = wyo g~' € ckLe (D)
and streamfunction W = (Yo + x) o g~ € C**L(D).

We note that since the new flow W is (qualitatively) as smooth as the initial flow vy, we
can repeat the process as long as H1-H3 continue to hold to obtain larger deformations.

Proof. The proof of this theorem is similar to that of theorem 1, whose notation we keep (here
constants may depend on By and v as well as on k). Therefore, here we will only treat the
extra complications posed by the non-symmetric boundary.

As in the channel case, suppose that at the beginning of iteration n we have

7" lk« < Chp, 10s7" k.« < Crp and 058" ke < Cip, (4.18)

where Cyp < 1 is chosen such that (x + u(x, y), y + v(x,y)) € ND for (x,y) € dDy; since
Yo € CH19(Dy), the last two inequalities imply that d,u”, d,v" € C*~1%(Dy). For x", we
suppose that

Xy ko < Chp (4.19)
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and note that |x ko < ¢lXylka:1,; We choose C), such that |[x" ;o < Cyp. With a slight
abuse of notation we will henceforth write | xy k.o for | )Xy ka1,
To estimate the boundary terms, we note using (3.21) that, since By|yp, = O,

| By o (id + 1) |x.a;00, < €1 Bolk,1;8D|1lk,a;9D, -

Using this to bound the first term in (4.5), bounding the second term in the obvious fashion
and using (3.22) to bound the last term, we arrive at

c|Bu, v; ka9, < |Bolk, 1,801, V) |k,a:0Dy + | Bolk+1,0:000 | (U5 V) k,a:0 D,
k
+[bla:vp (1 + [, V)75 p,)- (4.20)
We estimate (i, v)|3p, by ‘projection’ as in the channel case,
||k .a:ap, < ClOsulk—1,0:0D < ClOsttlk—1,0 < (105N, + [05P k)

and a similar estimate for |v|i q:ap,. Introducing this into (4.20) and absorbing | By |k+1.a:nD
into the constant, we arrive at

1Bt V5 iasan, < DI+ 10501 g9, + 13517 asap,)s 21
where [|b|| := [blk,a;nD-
As before, we compute 1"*! by solving
An™t! = uyvy — uiy in Dy,
8nn+1 (422)
= [uvy — uf’cvz]dx dy/% dl on 0 Dy.
on Do aDy

As in the channel case, here the boundary conditions are different from (4.7); however, upon
convergence these two boundary conditions are equivalent because both consist of a constant
which expresses the fact that g is area preserving. Lemma 2 then implies that

" Mka < (8" 1Rg + 10" 170)-
To bound 9,1™*!, we take 9,(4.22a) and use the identity
(A — @p)dsp = dsA@ + 2V, - Vi, + 2V, - Ve

with ¢ = »"*!. Noting that the entire right-hand side is bounded in C*~>%(Dy) by
[n" |,%’a + |0yn" |§’a + 050" |,§’a, and using the argument leading to (3.29), lemma 2 again gives

107" ko < 11050 o + 100" 7 o + 1015 ) (4.23)
Now, the iteration corresponding to (4.9) is
Ax"™ A = wgld g™ = =200 By Yo + 11y Do — 20 ey ol + (X" u", v")
=: O (x", u", v"; n"h. (4.24)

Thanks to the anisotropy of the nonlinear terms, &, in (4.10), we have

[Pai(@", 0" X k=20 < (105" [7 o + 100" (20 + 10" o0 + 1 1)
Combined with (4.23), the last line of (4.24) is bounded as
|DF ", " 0" "™ D k2 < 201069 2o + 101" 70 + 10" e + X0 i 0)- (4.25)

Unlike in the proof of theorem 1, at this point we need to estimate the boundary

contribution, which is the solution, 85¢>’g“, of the problem

[A — wfloi =0,
At (x,y) = B, "5 x, y) (x,y) € 3Dy.
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Using (4.21),

10500 [k.azopy < (o) I1BII(L+ 1951”7 o + 1050”0 (4.26)
Lemma 1 and (4.25) then give
A — g, D% lia < 31060 [to + 100" 170 + 10" e + 1X) 7.0 + 151D, 4.27)

where the subscriptn on[A — a){)]" definedin (4.12), is areminder that its boundary conditions
depend on (u", v").
We turn to x, obtained from (4.13),

(+K)xp' o) = @ [A —wpl, O ", v", x™ ™ ds =: E(Wo).
Yo
Using H2 and (4.27),
|Bleteqry < cW0)(0:9" 2o + 100" 7y + 10" ew + 1X) o +I1DID. (4.28)

Since by H3 the operator (i + K) : C*%(Iy) — C*%(I,) has a bounded inverse, we have
X5 ke < call0s@" g + 100" (7o + 10" 7 + X5 2o + 151D (4.29)

In the process we have bounded all the operators and the right-hand side in the iteration
corresponding to (4.16). Solving for ¢+, we find

100" ko < 61059 .o + 1057 [z + 10" e + 15 L. + 151D (4.30)

As in the channel case, boundedness of the iteration follows from (4.23), (4.29) and (4.30),
provided we take ||| sufficiently small. The convergence is very similar and we shall not do
it explicitly here.

Upon convergence, we have u, v € Cc12(Dy) and so g~' € CK1(D, Dy). Since
wy € CK=19(Dy), this and (3.22) imply that Q@ = wyog~' € C*~1*(D), which in turn implies
that W = A~1Q e C** (D). O

Remarks. It is clear from (4.29) that x is of the order of ||b||, as is the linear solution x '; this
is to be contrasted with the channel case, where x is quadratic in ||| (and where x' = 0). As
in the channel case, ¢ ~ O(||b|)) (cf (4.30)) and n ~ O(||b||?) (cf (4.23)).

5. Persistence of stability

If a steady flow persists when its domain boundary is deformed as established in the previous
sections, it is natural to ask whether its stability properties also persist. Of interest here is
the nonlinear stability of steady flows; it holds for a flow with vorticity 2 and streamfunction
U = F(Q)if, inthe evolution of the perturbed flow W +0 (1), asuitable norm of the perturbation
streamfunction |li1(t)| is bounded by |liJ(O)| for all 7.

For two-dimensional incompressible and inviscid flows in general domains, useful stability
results of this type have been derived using the Arnold’s energy—Casimir method (Arnold
(1965, 1966); see also Holm et al (1985), Arnold and Khesin (1998)). The application of
this method provides two sufficient conditions for stability: the steady flow W = F(Q) is
nonlinearly stable if there are two constants ¢ and ¢; such that either

i) 0<c < F < <o0,0r
() 0 <A <c1 < —F' < <00,
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where A; > 0is the smallest eigenvalue of —A in D. Recalling hypothesis H1 for the existence
of a deformed flow, we note that this condition is implied by Arnold stability of the initial flow
(assuming sufficient smoothness, etc). The proof of nonlinear stability relies on the invariance
of the energy—Casimir functional

A:/ B|V(®+¢)|2+G(fz+9)]dxu—/ [%wm%mm]axay, (5.1
D D

where G’ = F and on the choice of a norm of ¥ which bounds .4 above and below (cf, e.g.,
Holm et al (1985)). We note that since hypothesis H1 is weaker than the stability conditions (i)
and (ii) (HI only rules out a countable set of functions), our method works in many cases
where the steady flow is not energy—Casimir stable, in contrast with the energy-minimization
argument which can only yield steady flows which are also stable.

Now suppose that the flow Yy = Fy(wp) in Dy is stable by either condition (i) or (ii)
applied to Fy. Then it is clear that for a sufficiently small boundary deformation |b|cxap,)
the deformed flow W = F(S2) is also stable by (i) or (ii). This follows from the estimates on x
((3.50) for parallel flow and its analogue in the more general case; note that (4.29) implies that
the latter is of order ||b||) and from the relation

v
F’:F6~<l+#>,
0

which is easily deduced from F o wy = ¥ + x.-

In symmetric domains (channels or discs), the stability of some symmetric flows which do
not satisfy (i) or (ii) may be established using the energy—Casimir—momentum method (Holm
et al 1985). This method takes advantage of the (translational or rotational) invariance of the
system by adding to the energy—Casimir functional (5.1) the conserved quantity associated
with the invariance, a multiple of the momentum

M= yaodx dy
Dy
in the case of a parallel flow in a channel. The stability conditions (i) and (ii) are then extended
to give nonlinear extensions of the celebrated Rayleigh—Fjgrtoft conditions: the stability of
a parallel flow with streamfunction ¥(y) and vorticity wy(y) is guaranteed if there exist
constants cj, ¢, and w such that either

(i) 0 < 1 < (dyo/dy — w)/(dwy/dy) < ¢2 < 00, or
(i) 0 < A1 <1 < —(d¥o/dy — w)/(dwy/dy) < 2 < 00.

Since it relies on the symmetry of the domain, the energy—Casimir—-momentum stability
of a parallel flow (y) in a channel cannot be expected to persist in the deformed domain.
However, one can consider the momentum-like quantity

M, = Y@, dx dy, (5.2)
Dy
where &, = Qo g is the pull-back of the perturbation vorticity €2 from D to Dy, and show
that its time derivative satisfies
dM, 1

= — | V(A — 8, AV, dxdy, (5.3)
dr 2 Jp,

where I/Af* =¥o g. Since the operator A,0, — 9, A, may be bounded by a norm of the boundary
deformation |b|ck«(3p,), @ construction similar to that of the energy—Casimir-momentum
invariant for parallel flows can be used to show that a norm of the disturbance streamfunction
v grows at most exponentially, with a growth rate bounded by |b|cte(spy)-
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6. A numerical example

As mentioned in the introduction, the results of sections 3 and 4 provide an approach for
the calculation of new steady flows. To illustrate this, we now present an explicit numerical
example of one such flow, obtained by deforming a simple parallel flow in a channel.

We take the initial domain Dy to be the channel (x,y) € [0,27] x [0, 1] with
periodicity in x assumed. For our illustration, the initial parallel flow is chosen to be
Up(y) = (v — %)3 + i. This flow is stable according to Fjgrtoft’s theorem (e.g. Drazin
and Reid (1981)), however, numerical experiments not shown here with the possibly unstable
flow Uy(y) = (y — %)3 —(y - %) /2 + % produce essentially similar results. The walls of
the channel are then deformed by sinusoidal deformations: »°(x) = ecos2x on y = 0 and
b'(x) =esin3xony =1 Thus D = {(X,Y) : b°(X) < Y < 1 +b'(X) for X € [0, 27]}.
We use the iterative procedure described in section 3 to compute ¢, n and x in the original
domain Dy which, being a channel, allows for a simple discretization.

Expanding the unknowns in Fourier modes in x, n(x,y) = >, e* (y), etc (3.24)
becomes a family of decoupled one-dimensional two-point boundary-value problems for
n,’j”(y); these are then discretized using finite differences and solved using a relaxation
algorithm (solvde() in Press er al (1992)). The nonlinear term ujjvy — wuyvy, which is
known from the previous iteration, is computed using a pseudospectral method (e.g. Canuto
et al (1988)). The treatment for (3.31) and (3.36) is completely analogous, with the nonlinear
term @, (1", v", x™) also computed pseudospectrally.

We used 64 Fourier modes in x and 65 grid points in y for the computation presented here;
the use of higher resolutions does not alter the result perceptibly. As may be expected, we
found that the iterations converge for sufficiently small boundary deformations. The numerical
iterations cease to converge for ¢ rather small—about ¢ = 0.007 or so.

Figure 1(a) shows the displacement ‘streamfunction’, ¢, for ¢ = 0.0025. Its scale for ¢
can be appreciated by noting that, on the boundary, d,¢ =~ b(x). It can be seen that ¢ possesses
several fixed points, most of them near the y = % line. The ‘divergent’ component, 7, is about
a factor of ¢ smaller than ¢, and so we do not plot it here; related to this fact, we note that
¢ of the linearized problem is visually indistinguishable from that plotted in figure 1(a) since
the nonlinear correction is O(¢) times smaller. In figure 1(b), the streamfunction v (y) and
velocity Uy(y) are shown, along with the change in streamfunction x (y).

The numerical scheme described above is relatively simple since the symmetric initial
(i.e. computational) domain allows for a separation of variables for the linear problem. This is
not possible in the more general case of non-symmetric initial domains Dy, for which a more
sophisticated discretization such as the use of finite-element methods is necessary. Other issues
here would include the numerical equivalent of the C*% boundary as required by theorem 2,
and the need for a high-order accuracy (we found that the numerical iteration is very sensitive
to the smoothness of the solution). Since each of these poses a significant numerical problem
in itself, we defer this to a future work, likely in the context of a specific application.

Another simplifying factor is the fact that the linear operator DN in the iteration (2.19)
is evaluated at w®, which does not depend on x. A Newton—Raphson iteration, where DN is
taken at w”, would converge faster (when it does) but would be more difficult to implement
since w" depends on both x and y.

The convergence of the numerical scheme appears limited to very small values of . We
emphasize that this does not imply that any of H1-H3 is violated and that no isovortical steady
flows exist for larger values. Rather, it shows the limited usefulness of the iteration with a
symmetric initial domain as a means of finding new steady flows. To compute steady flows
for larger domain deformations, one would need to proceed incrementally, increasing & by
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Figure 1. Deformation of a parallel flow. The basic flow has Up(y) = (y — %)3 + %, and the
boundary deformation is defined by bO(x) = ecos2x and b'(x) = esin3x with ¢ = 0.0025.
(a) Top panel: contour plot of the displacement streamfunction ¢ (x, y) in the channel. Contour
level is 2 x 10~ (b) Bottom panel: change in the streamfunction y (y), magnified by 10%, initial
streamfunction ¥ (y) and velocity Up(y).

small steps and using the flow computed at each step as the intial flow for the next step.
This, of course, is numerically much more involved since it requires an implementation for
non-symmetric initial domains.

A possible explanation for the smallness of ¢ required for the convergence of our iteration
(analytical and numerical) is the following: suppose that a steady flow wgy in domain Dy is
continuously deformable to €2 in D without violating HI-H3. A given path y connecting D
and D in the space of domains then defines a path I' of steady flows connecting @ and €2 in the
space of isovortical flows (equivalently, one may take I" to live in the space of area-preserving
diffeomorphisms with go : Dy — Dy and g : Dy — D). Now there is a neighbourhood of I"
outside which our iteration fails to converge, and so if I" is significantly ‘curved’, small steps
(i.e. repeated applications of theorem 2) are needed in order to remain in this neighbourhood.

7. Discussion and future work

In section 3 we have shown that a parallel flow persists as a steady flow under finite deformations
of its channel domain. Apart from sufficient smoothness, the only hypothesis required is that
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the velocity does not vanish anywhere. A similar computation shows that this result also holds
for an axisymmetric flow, provided that the velocity vanishes only at the centre of the disc,
where the vorticity cannot be zero (cf the comment following H2). For the more general case
of a non-symmetric flow discussed in section 4, hypothesis H2 can be viewed as the natural
extension of this constraint on the non-vanishing of the velocity; but two additional hypotheses,
H1 and H3, are necessary for our proof of the existence and uniqueness of a steady deformed
flow. There appears, therefore, to be a significant difference between the symmetric (parallel
or axisymmetric) and non-symmetric cases.

It is easy to understand why H1, i.e. the invertibility of A — wy, is not needed explicitly
in the symmetric cases: it is a direct consequence of the non-vanishing of the velocity. As
the following calculation shows for the parallel case, if A — wy, has a nontrivial homogeneous
solution, Uy must vanish somewhere,

(A — ) = [A — By, Us/Up)lp =0 & V - [UV(¢/Up)] =0
= / UZIV(¢/Up)>dy =0 (7.1)

(cf Howard (1961)). In view of this, it is natural to ask whether an analogous result holds in
the general, non-symmetric case, that is, whether H2 generally implies H1. We have not been
able to establish this. The precise role and physical significance of H3 still elude us at the
moment.

Note that there is an important difference between the symmetric and non-symmetric flows:
the change in the streamfunction x is quadratic in ||| in the symmetric case but is linear in
|Ib]| in general. This shows that a symmetric flow is a critical point of the w— relationship in
the sense that, using € as a parameter for a domain deformation ‘path’, dF/de = 0 as the path
passes through a symmetric domain.

As mentioned in the introduction, one of the interests of the isovortical steady flows
considered in this paper is that they can be achieved at least approximately by an adiabatically
slow deformation of the fluid domain. In this context, an intriguing question concerns the nature
of the flow evolution when an isovortical steady flow does not exist. We might speculate that
in such a case the adiabatic deformation of the domain leads to a complex transient flow,
even at leading order. This is suggested by the behaviour of parallel flows whose velocity
vanishes somewhere so that theorem 1 does not apply. When disturbed, these flows, even
when Arnold stable, exhibit complicated transient dynamics associated with the formation
of a critical layer (Stewartson 1978, Warn and Warn 1978). This phenomenon confirms the
importance of assuming a non-vanishing velocity to ensure the persistence of steady parallel
flows. Viewing H2 as the natural extension to non-parallel flows of this assumption, one might
conjecture that a physical phenomenon similar to a critical layer occurs in flows for which H2
is violated, i.e. in flows for which

dl

=00
[Vl
for some streamline. The dynamics in such non-parallel flows is certainly worth investigating.
It should be noted, moreover, that the presence of a stagnation point, where Vi/y = 0 and H2
is violated, is known to lead to some form of instability (Friedlander and Vishik 1992, Vishik
1996).

(7.2)

Acknowledgments

This work was funded by an EPSRC research grant, and by a William Gordon Seggie Brown
Fellowship held by DW at the University of Edinburgh. Additional support was provided by



Persistence of steady flows 2679

the EPSRC Network ‘Geometric methods in geophysical fluid dynamics’. JV is supported by
a NERC Advanced Fellowship. We thank C Foias, J-M Rakotoson and R Temam for helpful
comments and discussions, and thank the anonymous referees for constructive comments and
suggestions.

Appendix. Summary of notation

Letg : Dy — D : (x,y) = (X,Y) = (x +ulx,y),y+vx,y) = (x,y) + Vn(x, y) +
V+¢(x, y). Then we have:

Object Original domain Dy Deformed domain D
Coordinates (x,y) X,Y)
Vorticity wo Q:=wyog™!
Streamfunction Yo = Fy o wy U =FoQ
Pulled-back streamfunction Ye:=Wog Y

= Yo+ x

Pulled-back A (for f : Dy > R) A.f :==[A(fog Dlog A(fog™

Primes denote derivative with respect to :
wy = Vo /Vio = (Fy ) 0w, v, = V. / Vi and X' =Vx/V/.
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