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1 Introduction

The propagation of waves in inhomogeneous conservative media is, in some
circumstances, governed by a relatively simple equation describing the trans-
port in the position—wavevector phase space (x, k) of a scalar energy density
a(x, k,t). Transport equations of this type are obtained for waves in me-
dia whose deterministic properties vary slowly compared to the typical wave-
lengths, and they can include the scattering effect of random perturbations of
the medium. If € < 1 characterises the scale separation between the medium
and the waves, and if the random perturbations have an O(e'/?) amplitude
and spatial scales comparable to the wavelengths, then transport equations of

the form

owa(x, k,t) + Viw(x, k) - Vga(x, k,t) — Vew(x, k) - Via(zx, k, )
- /U(w, k, K )a(z, K, t) dk' — S(z, k)a(z, k, 1) (1.1)

are obtained at leading-order in €. Here, w is the frequency, o is the differential
scattering cross-section, i.e, the rate at which wave energy with wavevector k’

is converted to wavevector k, and

S(a, k) = / o(x, k', k) dk’

is the total scattering cross-section. Equation (1.1) is valid when the disper-
sion relation relating frequency w to k is single valued. When it has several
branches, i.e. when several wave modes coexist, their propagation is governed
by a set of transport equations similar to (1.1) coupled by the scattering terms
on the right-hand side. The degeneracies in the dispersion relation that are
associated with polarised waves lead to a further complication, with addi-
tional transport equations describing the evolution of the polarisation state.

The validity of (1.1) also requires that the random perturbations be not too



strongly anisotropic: for highly anisotropic perturbations, and in particular for
one-dimensional perturbations, localization effects prevent wave propagation

le.g. 1, 6].

Transport equations of the form (1.1) or its generalisations have been derived
for many different types of waves using a variety of (essentially equivalent)
techniques. In view of the common features of these derivations, it is of in-
terest to consider more general theories which provide transport equations for
large classes of systems. Ryzhik, Papanicolaou & Keller [10] developed such
a general theory for a class of symmetric hyperbolic systems, and they pre-
sented applications to several systems. We refer the reader to that paper for
further background on transport equations, for details of applications, and for

references.

Ryzhik et al. [10] used a powerful formalism, based on the Wigner func-
tion, which lends itself naturally to further generalisations. Guo & Wang
[3] extended their results by considering vector Schrodinger equations of the
form i10,u = H(x, 0z)u, where H(x,0,) is a pseudodifferential operator. The
present paper continues this generalisation effort and derives transport equa-
tions for waves in systems governed by pseudodifferential equations of the

form

Ou = J(x,0,)H(x, O )u, (1.2)

where J and H are, respectively, skew-adjoint and self-adjoint pseudodiffer-
ential (matrix) operators. This is the most general form for linear systems

conserving an energy-like quadratic quantity, here

1 *
H = i/u H(x,0p)udex, (1.3)



with a non-degenerate H (x, 0, ). Written as

OH

Su*’

Ou = J(x,0y) (1.4)

(1.2) is recognised as a general linear non-canonical Hamiltonian (or Poisson)
system. In particular, for canonical Hamiltonian systems, u is real and J is

given by the canonical 2n x 2n symplectic matrix

where I is the n-dimensional identity matrix, while for (conservative) Schrédinger

equations J = —il.

We emphasise that linear Poisson systems of the form (1.2) emerge naturally

from nonlinear Poisson systems given by

o0&
3,517 = j(’l), aw)%, (15)

where J is a skew-adjoint operator which may depend on (pseudodifferentials
of) v and satisfies a Jacobi identity, and € a functional of v [e.g. 8, Chapter
6]. This is obvious when the linearisation is about v = 0, but perhaps less so
when it is about a nontrivial equilibrium v = V' (x). In the latter case, the

equilibrium condition is crucial in ensuring that

o0&

v=V(x)

In turn, this ensures that 0€/dv = 0 for v = V() or, if J is degenerate,

that a (Casimir) functional C(v) satisfying J (v, 0,)0C/dv = 0 for all v can



be found such that

5(€+C)

S = 0. (1.6)

v=V(xz)

Introducing the expansion v = V' + w into (1.5), linearising for w and taking
(1.6) into account leads to a system of the form (1.2), with

2(E+C)

dv?

J(@,05) =T (V(x),0,) and H(x,0z) = (1.7)

v=V(x)

see, e.g., 7, for details]. The conserved quadratic invariant H in (1.3) associ-
ated with the operator H (x, J;) constructed in this way is sometimes referred
to as pseudoenergy; here we follow another standard usage and term it wave

energy.

We emphasise the construction (1.5)—(1.7) because it provides a important
route leading to conservative linear systems of the form (1.2) with spatially
dependent coefficients. In particular, since the equations governing the dy-
namics of inviscid fluids are naturally cast in the Poisson form (1.5) [7], the
propagation of waves in shear flows can be conveniently studied within the

formalism of the present paper.

The plan of this paper is as follows. The detailed structure of the Hamiltonian
linear systems considered is described in section 2: the scaling assumptions are
specified, and the relevant expansion of (1.2) in powers of the small parameter
€ is given. Particular attention is paid to the manner in which the Hamiltonian
structure of (1.2) is reflected in the terms of this expansion. The correlation
tensors which define the random perturbation are also defined in section 2.
Section 3 provides the definition of the Wigner matrix, and the derivation
of an evolution equation for this matrix. A multiple-scale expansion of this

equation leads to the desired transport equations; this is described in section



4. The reader not interested in derivation details can skip most of section 4:
subsection 4.1 provides all the definitions needed to use the complete form
of the transport equations and scattering cross-sections which are given by
(4.25)—(4.27). The application to Rossby waves is treated in section 5. The
paper concludes with a Discussion in section 6. Details of the (sometimes

lengthy) derivations are given in an Appendix.

2 Formulation

We consider evolution equations of the form (1.2) for a n-dimensional com-
plex variable u(z,t), with € R% In this expression, the operators J(x, d;)
and H(x,0,) are the pseudodifferential operators associated with the corre-
sponding n x n matrices J(x,ik) and H(x,ik). We use the standard (Kohn—
Nirenberg) correspondence in which the differentiations are on the right of the

x-dependence. Thus, for instance,

H(z, dp)u(z, t) = / H(z, ik)a(k, t)e*® dk,

where u(k,t) denotes the Fourier transform of u(x,t), with

u(x,t) = /ﬁ,(k,t)eik'w dk and wu(k,t) = #/u(axt}e_ik'w de.
We have chosen this interpretation of pseudodifferential operators rather than
the Weyl correspondence chosen by Guo & Wang [3] for its simplicity, even
though it makes our derivation of the transport equation somewhat less el-
egant; it is straightforward, if sometimes cumbersome, to translate between
the two interpretations [see, e.g., 2]. With the assumption that J(x,d,) and
H(x,0;) are, respectively, skew-adjoint and self-adjoint, the conservation of

the wave energy (1.3) is readily established.



Our interest is in wave-like solutions to (1.2) with wavelengths much shorter
than the typical scale of deterministic variations of J and H. To make this
explicit, we introduce the scale-separation parameter ¢ < 1 and, redefining
time and space variables according ¢t — t/e and @ — x /¢, we rewrite (1.2) in

terms of slow variables as

cOyu = J(x, €0g) H(x, €0y )u. (2.1)

In addition to the O(1) slowly-varying contribution to J and H indicated in
(2.1), we consider a second contribution that is random with zero average
and varies over the spatial scale of the waves x/e. The distinguished limit in
which this random contribution has an effect comparable to that of the slow
variations of J and H is achieved when the amplitude of the random pertur-
bation scales like €'/2 [cf. 10]. We adopt this scaling here and, correspondingly,

expand J and H according to

J(z,ik) = Jo(z,ik) + /2T, p(x /e, ik) + ey (z, ik) + - - (2.2)
and H(x,ik)= Ho(z,ik) + ¢"/*H, jo(z/¢,ik) + eHy(z,ik) +---,  (2.3)

where .J; o and H, o are zero-average random matrices. For simplicity we have
assumed here that J,/, and H;/, depend on space only through x/e; an ad-
ditional, slow dependence on x could in fact be included without significant
changes. We note that the (deterministic) O(e) terms J; and H; appear auto-
matically when J and H are expanded; these terms are crucial, in particular to
ensure wave-energy conservation, and they are related to Jy and Hj. Indeed,

the self-adjointess of H and skew-adjointness of J imply at leading order that

Ho(x,ik) = Hj(x,ik) and Jo(x,ik) = —J;(x,ik),

where * denotes the Hermitian adjoint, and at O(e) that



Hy(xz,ik) — H(x,ik)
and Jy(x,ik) + Ji(x,ik)

—iVg - Vi Ho(, ik) (2.4)

The last two equalities determine the skew-adjoint and self-adjoint parts of

H, and Ji, respectively [cf. 15].

The transport equations to be derived turn out to depend on the random
operators Ji /2 and Hj/, only through their correlation tensors, which we now

define. Denoting by

Jija(l k) = (2—71r)d / Jija(€,ik)e V€ dg

the Fourier transform of Jy/o(x /€, k) with respect to its first argument, and

similarly for Hj /s, we define the correlation 4-tensors J, H and K by

(Jen Lk +m)J]0,(m,n)) == (1 k,n)s(l + m) (2.6)
<ﬁ1f/g(z, k+ m)ﬁg;;(m, n)) =H*°(1 k,n)5(l +m) (2.7)
(Jen(l k +m)H], (m,n)) =KD (1 ke, n)d(L+ m), (2.8)

where (-) denotes ensemble average and «,3,7,0 = 1,2,---,n denote the

components. We have here assumed that J;/, and H, /5 are statistically homo-
geneous, hence the presence of the Dirac distributions on the right-hand sides.
For future reference, we note that the skew-adjointness and self-adjointness of

Ji/2 and Hyjp imply that

Jipl k) =—Jip(~Lk+1) and Hi,(l, k) = Hip(—Lk+1). (29

Simple manipulations then show that

12 (1, k) = 177 (1,m, k), H (1 k,n) = HYP (1 n, k),
and K*(1 k,n) = —K* (-1 k —1,n—1). (2.10)



3 Wigner matrix

Following Ryzhik et al. [10], we define the n x n (Hermitian) Wigner matrix

associated with u(a,t) by

Wi(x, k, 1) = / w(x — ey /2, )u (x + ey /2, 1)e®Y dy, (3.1)

1
(2m)

and we note the dual expression

1
=3

Wi(x, k, 1) /a(k/e 12,0 (ke —1)/2,1) o= dl (3.2)

in terms of the Fourier transform @ of w. It is useful to relate the conserved
wave energy H given by (1.3) to the Wigner matrix; a short calculation detailed

in Appendix A.1 gives

M= %Tr //H(a:, ik + edy /2)W,(, k, t) dzdk, (3.3)

where Tr denotes the trace.

Let us now derive an evolution equation for the Wigner matrix. From (2.1)

and (3.1), we have

EatVVE = S() + 61/251/2 + 651 + - y (34)

where the terms on the right-hand side can be written as

S, = x—ey/2,t) (Lyu) (z +ey/2,1) (3.5)

1
(27)¢ / [ul
+ (Lyu) (x — ey /2, t)u(x + ey/2,t)] FY dy, (3.6)

for p=0,1/2, 1. Here, the pseudodifferential operators L, = L,(x+ey/2, €0,)

are defined by the corresponding matrices



LO(mv lk) = JO(J;7 lk)HO(wu lk)a L1/2($7 lk) = JO(wv ik)Hl/2(m/€7 lk) + ‘]1/2(w/€7 1k>H0(Q'}, 1k>7
and Ly(x,ik) = Jo(x,ik)H(x,ik) + Ji(x, ik)Ho(x, ik) + Jio(x/€,ik) H (T /€, k).

Note that although the matrix Ly is independent of €, the term Sy is not, as a
result of the ¢ dependence of the arguments x & ey /2. Furthermore, L;/, and

Ly depend on € through the argument x /¢ of Ji2 and Hyjs.

To reduce (3.4) to a closed equation for the Wigner matrix, we use the Fourier

transforms of the matrices L,,, defined by

T 1 : —il-e
L,(l, k)= W/Lp(w,lk)e M g,

Introducing this transform into (3.6) along with the Fourier transforms of

u(x £ ey/2,t) leads, on using (3.2), to

1
(27)4

S, = /// Wiy k —el/2,0) L0k — cl/2 — em/2) (3.7)

+ Ly~ k+el)2 + em/2)W,.(y, k + el /2, t)] ol @=y)=tz] 4y didm.

It is now straightforward, if tedious, to expand S, in powers of €. Expanding

Sp yields

SO = Qoom(w,k,t> +EQ01M/;($,k,t) —I—O(€2), (38)

where

QoW = WLE + LW,
QoW = % VoW - ViLi — VeW - VL — WV - Vi L]

- % (VLo - VoW — VgLo - VW — Vi - VaLo W],
for any W = W (x, k,t). In the expansion

Sl/2 = Ql/2,0m<kavt) _I_O(E)a (39)

10



of Si/2, Q1/2,0 is given by

Quj20W = 2d/ (W(x, k+ 1)V (x,—20k+1)+V(x 2l k—)W(x, k—1,t)] 2=/ dl,

where we have introduced the matrix

V(z, L k) = Jy (L, k)Ho(x, k) + Jo(x, ik + i) Hy j5(1, k). (3.10)

To obtain this result, the scaling relating the Fourier transform with respect
to  (involved in the definition of L,) to the Fourier transform with respect to

x /e (involved in the definition of Ji /2 and H, /2) must be taken into account.

Finally, we have

Sl = Qlom(w, kﬂf) + O(E), (311)

where

QoW =W [Ji(z, ik) Ho(zx, k) + Jo(z, ik) H, (x, ik)]"
+ [i(z,ik)Hy(x, k) + Jo(x,ik)Hy(x,ik)| W

+4d// (. k+ 1+ m,t) [Jip(—2m k — L+ m)Hyp(—20 k +1+m)|
+ [hp@m k+1—m)Hyp(2l k — 1L —m)| W(z, k—1—m,t)} ™=/ dldm.

Together with (3.8)—(3.11), (3.4) provides a closed evolution equation for the
Wigner matrix W.(z, k,t), accurate to O(e), which can be solved perturba-
tively. Because the random terms in Sy, and S; depend on x/e, this requires
to use a multiple-scale method. We describe the multiple-scale calculations,

which lead to transport equations, in the next section.

11



4 Derivation of the transport equations

We expand the Wigner matrix according to

V[/;(w> kv t) = WO(wv k7 t) + E1/2VV1/2($> 57 kv t) + EWl(a:v £7 k? t) + O<63/2)(41)

Here, we have introduced the fast spatial variable € = x/¢, and we have an-
ticipated the fact that the (deterministic) leading-order approximation Wy to
W, is independent of £&. When applied to differential operators, the multiple-
scale method is efficiently implemented using the substitution 0, +— Oy +€ ¢
which follows from the chain rule [e.g. 4]. The analogous substitution for pseu-
dodifferential operators is conveniently carried out in the Fourier representa-

tion. If an operator Q(0;) is given by

(2;)51 //Q(im)u(y)eim'(m_y) dydm

Q(Oz)u(x) =

when acting on u(x), its multiple-scale version, which we will denote by a

tilde for clarity, acts on u(x, &) and is given by

Q(0p + ¢ 10¢)u(x, €) = @Tl)w ////Q(lm +in/e)u(y, n)e™ @ VEl qydmdndn.

This provides a simple rule to compute the multiple-scale versions of S, in

(3.7) and, by expansion in powers of €, of the operators qu.

Introducing (4.1) into (3.4) leads to a sequence of equations for the Wigner
matrices W, p = 0,1/2,1,---. We now detail each of these equations, up to

that for W) whose solvability conditions yield transport equations of the form

(1.1).

12



4.1 O(1) equation

At leading order, we find that

QooWo(zx, k,t) = 0. (4.2)

To solve this equation, we consider the eigenvalues —iw(,)(, k) and (right)

eigenvectors e (x, k) of Lo(x, k). These satisfy

Lo(x, ke (x, k) = —iw (x, ke (x, k), s=1,2,---,n (4.3)

and respectively define the dispersion relation and polarisation relations for
waves propagating in the system (2.1). The sign convention for the frequencies
is the usual one: seeking approximate solutions to the leading-order approxi-

mation

eOyu = Jo(x, Op) Ho(, O )u

of (2.1) in the WKB form

i(a,t) /e

u(x,t) xe e

leads to the eigenvalue problem (4.3), with the usual relations

k=V,9 and w=—01.

We assume (i) that the frequencies w,(x, k) are all real, and (ii) that they
all have multiplicity one. The first assumption, which amounts to the linear
stability of the system, is satisfied in particular if Hy(x, k) is sign definite; the

second assumption excludes polarised waves. We now review some properties

13



of the eigenvalue problem (4.3) which will be needed in what follows. The left

eigenvectors é)(x, k) of Lo(x, k), which satisfy

Lg(w, k)é(s) (w, ki) = iw(s) (w, k)é(s) (w, ki), (44)

can be related to the right eigenvectors according to

é(S)(m> k) = Ho(z, ik)e(é‘)(wv k). (4.5)

The relationship
(s (@, k) Jo(x,ik) = —iw) (z, k)ef, (z, k) (4.6)

follows readily. We choose to normalise the eigenvectors so that the orthogo-

nality between left and right eigenvectors read

s (@, k)ew (x, k) = o (4.7)

With this normalisation, the n-dimensional identity matrix has the expansion

I=Y ew(m ke, (k). (4.8)

Returning to (4.2), we note that the null space of Qg is spanned by the
matrices e (z, k)ef, (x, k). Thus, the solution of (4.2) takes the general form

Woy(z, k,t) Za(s z, k,t)es)(z, k)ej,(x, k). (4.9)
for some amplitudes as)(x, k, t). These amplitudes, whose transport equations

we seek to derive, can be interpreted as the wave-energy density of mode s in

the (x, k) phase space. Indeed, introducing (4.1) into (3.3) and taking (4.7)

14



and (4.9) into account gives the approximation for the wave energy

_ 1 1/2
M= 2// ags) (. k., t) dadk + O(€2), (4.10)
4.2 O(e'?) equation

At O(e/?), the evolution equation (3.4) for the Wigner matrix gives
QuoWija(x, & k. t) + Qo oWo(z, k, ) = 0, (4.11)
where
Quala. €.k 0)= s [ Wil k)L k= /2
+ Lo(x, k +n/2)Wy5(x,m, K, t)} ™€ dndn.

To solve this equation, we define the n x n matrix F'(x, m,k,t) by

Wip(, &, k, 1) = /F(a:,m/zk,t)eimf dm,

and introduce this expression into (4.11) to find that

F(z, Lk, t)Lj(x,k —1)+ Lo(x,k + 1) F(x,l, k, 1)
=—[Wolz,k+1,t)V*(x, 2L,k + 1)+ V(x,2l, k — )Wy(x, k — 1, {)].12)

We then expand F' according to

F(z, Lk, t) =) Pyl k,t)ew(x k+1)efy(x, k- 1), (4.13)

s,t
where the scalar coefficients P, ;) remain to be determined. This is achieved by
introducing the expansion (4.13) into (4.12), left-multiplying by e (x, k +1)
and right-multiplying by éy)(a, k —I). Calculations detailed in Appendix A.2

yield the result

15



i [wio (@, k + 1) = wy (T, k — 1) Plagy(x, 1, K, )
= —[ag) (@, k +1,t) — ag (@, k — L t)]e), (@, k + 1) Jys (2l k — Ve (z,k — 1)
+ilwe (x, k — Da (x, k+1,1) — w (a: kE+Dag(x, k—1,1)]

xe (S)(a:,kJrl)H 22Uk — Ve (z, k — 1) (4.14)

which completes the determination of W ,.

4.8 O(e€) equation

The O(e) equation for the Wigner matrix reads

OWy(x, k,t) = Q00W1(93>€7 k,t)+ (Qo + Quo)Wo(z, k, t) + @1/2,0W1/2(w>€7 k,t),(4.15)
where

OrjpoWiya(@, €, K, 1) :( ) ][ Wt n ke + L0V (2. =20k +1—m)
+ V(2 k — 1+ m)Wyj(z,m, k — 1, t)} il &+l qpdidm
zzd// [F(z,m, b+ 1,0V (z, 20,k +1—m)
+V(x, 2l k — L+ m)F(z,m, k —1,t)] H™€ dldm.

The transport equations are deduced as solvability conditions for (4.15). We

first average this equation and note that

<©OOWI($7£7k7t)> - QOO<WI($7£7k7t)> - QOO<WI($>£7k7t)>7

since Quo is deterministic. The solvability conditions follow by left- and right-
multiplying by €, (z, k) and & (x, k), respectively, for s = 1,2, .-, n. This
cancels the first term on the right-hand side of (4.15), leading to

ata(s) (w7 k? t) = é?s) (wv k) [(QOI + <Q10>)W0(w7 kv t) + <©1/2,0W1/2(w> €7 ka t>>} é(s)(mv k)(416)

16



after using (4.7) and (4.9). Because W, can be expressed in terms of W, and
hence of a(s)(x, k, ), these n equations are closed and, when simplified, provide
the sought transport equations. The simplification starts by considering the
deterministic terms, which are obtained by setting Jy/2 = H;/, = 0; in this
case, (Q1/2, vanishes and Q1o simplifies. We show in Appendix A.3 that (4.16)

then reduces to transport equations of the Liouville form

ata(s) (w, k7 t) + ka(w7 k) ’ vwa(s)(aj? ka t) - vww(w7 k) ’ vk:a(s) (w7 k7 t)

We now turn to the random contributions to (4.16). We write the last term as

ey (x, k) (Q1y20W12(z, & k. 1)) e (x, k)

— 207 (a, k) //v 20,k — L+ m)F(z, m, k — 1, 1)eX™ € dldm) e (,

:]J+IH+IK+C.C..,

where c.c. denotes the complex conjugate of the previous terms. In the last
line of (4.18), we have separated three contributions involving, respectively,
products of the form jl/g ® jl/g, ﬁl/g ® ]:11/2, and jl/g ® 1':]1/2; thus, in terms
of the correlation tensors defined in (2.6)-(2.8), I; involves J, Iy involves H,
and Ik involves K. We detail in Appendix A.4 the derivation of each of these

terms. The first is found to be

Li=2m > [ = (@088 [ @,k 1) - e, B)]
t
x [a(t) (w7 k — l> t) — Q(s) (wu k> t)} dl, (419)

where

= 0.(4.17)

k) +c.c.
(4.18)

Sl (@, 1 k) = 1P (1 k, k)els (m, k)ég, (x, k — 1)el) (x, k — 1)) (z, k)(4.20)

and a summation over the repeated superscripts is understood. The second

term is given by

17



In=2mu? (k) Z/_(st (@1, k)5 [wiy (@, k — 1) —wi (@, k)

X {%)(w’k —1,t) - a(s)(w,k:,t)} dr, (4.21)
where

H(St y(z, k) = HoA (1 ke, kel (z, k:)eg (x,k — l)e(t (x,k — l)e?s)(w,k).(4.22)

Finally, the third term is given by

Ix =27ws (. k) Z/ w,l,k(S[ (a:,k:—l)—w(s)(a:,k:)}
x lag (@, k = 1,t) — (@, k,1)] dl
_ [a(s)(w,k,t)e(s (1, k)el (. k) [ KPR k) dl+c.c.], (4.23)

where

u(st (1 k) =i [K“ﬁw(l k,k)ers (z, k:) y(@, k= ey (x, b — l)e(s (x, k) (4.24)
+ K~k — 1k — el (a0, kel (w, k — Dl (. k — Ded (@, k)|

is real.

There is a further random contribution in (4.15), namely that stemming from

the random term in ()19Wy. This contribution is given by

1 ey (@, k) [[ {Wolw. b+ 1+ m, )y a(=2m, k = L m) Hyjo(=20 K+ 1+ m))°
+ (J1j2(2m, b+ 1= m)Hy (2, k — L= m))Wo(a, k — L —m,t) | 2™ e dldm e (x, k).

Taking (2.8) into account, this term can be shown to be identical, up to the
sign, to the second line in the expression (4.23) of IX. Therefore, combining
(4.19)-(4.24) and letting k' = k — [ leads to the transport equations of the

form
Oracs)(x, k,t) + View(x, k) - Vaai (, k,t) — Vew(x, k) - Vias (z, k, t)

18



= / 0o (0, K, K gy (m, K )dK' — Sgag (@, k1), (4.25)
t

The differential scattering cross-section is found to be given by

0@, K, K) =270 [wip (. K) — wioy (2, )|

x [wly (@, K)H* (k — K, k, k)els) (m, k)epy (2, K )el)) (., K )el, (x, k)

FJ79 (e — K e, k) (0, k)el, (=, k/)ég; (2, K)él,) (k)

(4.26)

Fiws) (z, R)K (B — K K, k)els (x, k:)e(t (, K ey (, K')ely(x, k)
How (@, KK (K — kb, K K el (x, k)el (@, K el (. K)él, (z, k)|

and is real and non-negative. The total scattering cross section is

= / O (. ke, k) AR (4.27)
t

From the definitions (2.6)—(2.8) particularized to the case n = k, it can be

shown that

HY (k — K k, k) = H**P (K — k, k' k'),

with similar properties for the tensors J and H. This implies the symmetry

property

U(s7t) (w, ki, k?/) = U(t,s) (w, ki/, k)

which ensures energy conservation.

The transport equations (4.25), together with the explicit expressions (4.26)
and (4.27) for the differential and total scattering cross-sections, are the main
results of this paper. They generalise the results of Ryzhik et al. [10] and
of Guo & Wang [3] (in the conservative case) to the large class of randomly
perturbed linear Hamiltonian systems of the form (1.2). With these results,

the derivation of transport equations for particular systems is reduced to the
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straightforward, algorithmic computation of the left and right eigenvectors
éi)(x,t) and eg)(x,t) and of their products with the correlation 4-tensors
defined in (2.6)—(2.8). This is illustrated in the next section where we obtain
transport equations for a type of waves of importance in geophysical fluid

dynamics, namely Rossby waves.

5 Application to Rossby waves

Rossby waves are planetary-scale waves which propagate in the atmosphere
and oceans as a result of the earth’s rotation and curvature. In the last ten
years or so, the satellite observation of oceanic Rossby waves has stimulated
numerous works, several of which consider the interaction between Rossby
waves and the bottom topography, sometimes modelled as a random function
see, e.g., 9, 5, 14, and references therein]. Scaling hypotheses of various kinds
have been used to examine this interaction asymptotically, but not, as far
as we are aware, the scattering scaling considered in the present paper. Here
we apply the results of section 4 to obtain a transport equation for Rossby
waves over a random two-dimensional topography. Since one of the aspects of
physical interest is the way in which topography affects the vertical structure
of the waves, we consider the simplest model in which the vertical structure
is represented, namely the two-layer quasi-geostrophic model [e.g. 11, section

12].

5.1 FEquations of motion

With € R?, the natural dynamical variables for the two-layer quasi-geostrophic

model are ¢;(x,t) and ¢o(x, t), the potential-vorticity perturbations in the top
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and bottom layers, respectively. These are related to the streamfunctions of

each layer according to

Q1:V2¢1 —Fl(@bl —¢2)> (5-1)
Go = Vs — Fy(1hy — 1).

In these expressions,

f? f?
F| = d F,=——
' 9'Dq o ? Q’Dz’

where f is the mean Coriolis parameter, D, and Dy are the layer depths, and
g = g(pa—p1)/p2 is the so-called reduced gravity (with g the gravity constant
and pq, po the density of each layer). The linear evolution equations for ¢; and

@2 are

ath + ﬁasnwl = 07 (53)
02 + 00uytis — - Th X Vi =0, (5.4
2

where 3 is the North—South gradient of the Coriolis parameter, h(x) is the
topography height, and x denotes the cross product in two dimensions (i.e.,

axb= a1b2 — CLle).

The Hamiltonian form of (5.3)—(5.4) is found by linearising the Poisson struc-

ture (1.5) of the corresponding nonlinear equation. This structure is given

by
1
&= 3 /(D1¢1CI1 + Dothago) dz, (5.5)
and
_Dl_la(ch + B, -) 0
J = : (5.6)
0 —D5'0(q2 + Bx2 + fh/ Dy, )
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where we have introduced the Jacobian operator d(a,b) = Va x Vb [cf. 12].
Since the Hamiltonian is quadratic, the linearisation is immediate, and the

operators H and J follow. The form of H is derived from (5.5) by noting that

G 0E/oq D1y
Hi(x,d,) _ _ | (5.7)

2 0E /0 Dy,
Using (5.1)—(5.2), the corresponding matrix is written as
| | DA+ D,D,L DyDy(K2 - 172

B )
D1Dy(K=2 — L72) DK%+ D\ D,L~?

H(z,ik) = (5.8)

where we have defined

D =D, +Dy, k= (k,k), K=k +k and L*=K*+F +F.

The matrix form of J is directly derived from (5.6) as

i3/ D 0
J(z,ik) = . (5.9)

0 ikiB/Ds—ifVh(z) x k/D?

Taking (5.7)—(5.9) into account, it is clear that the linear equations of motion

(5.3)—(5.4) have the Hamiltonian form (1.2).

5.2 Scattering by topography

We consider a small-amplitude random topography h(x). Rescaling h(x) by

1/2

€'/#, we find that the only non-zero matrices in the expansions (2.2)—(2.3) of
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J and H to O(e) are

iki3/D; 0 0 0
Jo(lk) — y Jl/g(é,lk) -

0  iki8/Dy 0ifVh(€) x k/D3
and Hy = H given in (5.8). Taking the Fourier transform of J;» with respect
to &, and denoting the power spectrum of h(§) by R(I), with

(h(Dh(m)) = RS+ m),

we compute the only non-zero entry of the correlation 4-tensor (2.6) as

1221 k,n) = (I x k)1 xn)f?R(1)/D;.

We now have all the elements needed to derive transport equations for Rossby
waves. Solving the eigenvalue problem (4.3) with (5.8)—(5.9) gives the two

frequencies

way = =0k /K? and  wp) = =Bk /L7, (5.10)

which can be recognised as the frequencies of barotropic and baroclinic Rossby
waves, respectively [e.g. 11]. The corresponding right and left eigenvectors,

suitably normalised, are

'l R 1| D
€n) = Di2 y  €n) = KD2 )
1 Dy
L D; (Dy Do) | 1
€= ——— €y = — -~/
) = (DD, Dy)'2 LY LD
—Dy -1
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With these results, a straightforward computation provides the scattering sec-

tions defined in (4.26) in the form

ok, k) — Qg—j:(k: < K2Rk — K)

(5.11)

(KK")720(way (k) —way(K))  (D1/Da)(KL)"?0(wq) (k) — we(K))

(D1/D2)(LK")726(wz) (k) — wy(K')) (D1/D2)*(LL) 726 (wz) (k) — wiz)(K))

Here, we have written the four elements oy, s,t = 1,2 in matrix form;
the (1,1) entry controls the energy transfer between barotropic waves, the
(1,2) entry the transfer from baroclinic waves to barotropic waves, the (2,1)
entry the transfer from barotropic to baroclinic waves, and the (2,2) entry the
transfer between baroclinic waves. Note that o 1y also gives the scattering

cross-section for Rossby waves in a single-layer quasi-geostrophic model.

5.8  Physical implications

Qualitative conclusions about the influence of topography on oceanic Rossby
waves can be drawn from the form of o(s ;). We first note from (5.10) that the

frequency of the barotropic and baroclinic modes have different ranges:

ax g

—oo <wa <00 and —wR) <we) <WE) = g

As a result, the barotropic modes with |w(1)| > w{™ do not interact with the
baroclinic modes.

Next, we estimate typical orders of magnitudes for the total cross sections

S (k) :/a(s7t)(k,k') ak', for s.t—=1,2. (5.12)
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These provide (inverse) time scales for the energy transfer induced by to-
pography from barotropic/baroclinic modes to barotropic/baroclinic modes.

Changing the integration variable in (5.12), we estimate the cross section

¥(1,1)(k) as follows:

S (k)= 22 / k) b )6y (k) — iy (e + ) R

D2K? ) |k+ k:’|2
2m f 2
where c \c | denotes the magnitude of the group velocity of the barotropic

mode, and k£, denotes the component of k' perpendicular to c(l)(k:) (i.e. along
the dispersion curve). For a topography characterised by its correlation length

v~! and variance (h?), this leads to the estimate

2m f2(h?)y

oot~ DagrE ey

(5.13)

This is a crude estimate, which neglects the strong anisotropy of Rossby waves;
it nonetheless provides a first measure of effect of topographic scattering.

Reasoning similarly, we estimate the other total cross sections as

S (k) 21Dy f2(h?)y S (k) 21Dy f*(h?)y
W DDA (F + F)y (k) TPV DaDA(F + Bk ()
2w D? K2 f2(h?
and Y gq) (k) ~ D)y (5.14)

D%D2(F1 + F2)2C%2)(k3)’

where we have approximated L ~ F; + F, as is relevant except for very short
waves. When the interface between the two fluids models the thermocline, as
is usual, D; < D,. Thus, most of the scattering occurs between barotropic
modes, and the baroclinic modes are affected by topography mainly through
their interactions with barotropic modes. This is of course consistent with the

fact that the baroclinic modes have a weak signature in the lower layer.
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We now compute the order of magnitude of the cross sections estimated in
(5.13)-(5.14). We choose typical North-Atlantic values for the parameters

which define the two-layer quasi-geostrophic model:

Dy =500m, Dy =3000m, f=10"%s"!,
f=2x10""m s and ¢ =0.02m s>

This choice yields F} = 107°m™2, F5, ~ 2 x 107 m~2, and hence an internal
radius of deformation (F} + Fy)~"/2 ~ 30 km [cf. 11, section 13]. Because it as-
sumes that the topography correlation length has the same order of magnitude
as the wavelength, the transport theory of this paper best applies to moder-
ately long Rossby waves. To fix ideas, we consider waves with K = 107m™!,
i.e. wavelength of 600 km or so; this is consistent with the reasonable estimate
for the topography correlation length given by v~! = 100 km [13]. The scaling
adopted is relevant only to regions where the topography is shallow enough to
affect the waves less than the (-effect. Specifically, the condition

FUR2))2y

b <0 (5.15)

needs to be satisfied (cf. (5.4)). This is realistic only in regions with rather

low topographic features, for which we take ((h?))"/?

= 20m, thus satisfying
(5.15) only marginally. The group velocity of Rossby waves depends strongly
on the angle between their wavevector k and the North—South direction. Here,

since we limit our discussion to order-of-magnitude considerations, we take the

crude approximation

0%1) ~B/K?~02ms™' and 0%2) ~ B/(Fy+ Fy) ~0.02m s,

for the barotropic and baroclinic mode, respectively.
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With all these numerical values, we obtain

2(1,1) ~ 10_6 S_l, 2(172) ~ 2 X 10_7 S_l, 2(2,1) ~ 2 X 10_8 S_l, 2(272) ~ 3 X 10_9 S_l.

This indicates a large difference in the scattering time scales between the
barotropic and baroclinic modes, with the former expected to relax much more
rapidly toward than the latter to an equilibrium distribution (see below). Also,
the scattering between baroclinic modes is essentially negligible. This is due
to two factors: the small depth ratio D;/Ds < 1, and the large group velocity

ratio cfy) /cfy > 1.

The corresponding mean free path ¥/¢, which gives the typical propagation
distance over which the effect of scattering is relevant, follows: it is of the order
of 200 km for the barotropic mode, and 1000 km for the baroclinic mode. The
fact that the mean free path for the barotropic mode is only marginally larger
than the wavelength suggests that the transport theory has only a limited
applicability for the barotropic mode, even for the small topographic height
assumed here. In contrast, there is a clear separation between wavelength and

mean free path for the baroclinic mode.

It is interesting to examine the energy densities a(y)(x, k,t) and ap)(x, k, 1)
that can be expected at equilibrium. Assuming space independence, it is easily

seen from (4.25)—(4.27) that a time-dependent solution is obtained for

aay(k) = ¢(way(k)) and ap) (k) = d(we)(k)) (5.16)

for some function of a single variable ¢(-). Thus, viewed in the k-plane, the
energy densities for both the barotropic and baroclinic modes are constant
(and equal) along constant-frequency curves. In an initial-value situation, this

equilibrium distribution is attained after a transient adjustment stage on a
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time scale fixed by the total cross sections estimated above. The ratio of
baroclinic to barotropic energy at equilibrium is given by

dl
/W@ - /¢(Q)d9/ o

UJ(Q) =0

/¢w(1 ) dk /¢ dQ/ dr

g
C
way=2 M

where [ denotes the arclength along constant frequency curve. Remarkably, in
spite of the dispersive and anisotropic nature of the Rossby waves, this ratio
is simply unity in the baroclinic frequency range. This is because

/ Lo L <_ ﬂ)

/oy by \ )

Q 0.)(2) =0

as a simple computation shows. Thus, according to transport theory, the scat-
tering by topography leads to energy equipartition between barotropic and

baroclinic modes.

To conclude this discussion of Rossby-wave scattering, we note that the equi-
librium distribution (5.16) obtained here under the assumption of space inde-
pendence remains relevant when there are spatial variations over a scale much
larger than the mean free path. In this case, the function ¢ depends (slowly)
on x and t in addition to the frequency, and it obeys a diffusion equation [cf.
10]. The derivation of the corresponding anisotropic, k-dependent diffusion

tensor would be of interest.

6 Discussion

In this paper, we have extended the derivation of transport equations for

waves in randomly perturbed conservative media due to Ryzhik et al. [10] to
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the general class of linear Hamiltonian systems (1.2). The Hamiltonian nature
of the systems considered results in scattering terms that are clearly conser-
vative, unlike those of Guo & Wang [3] who treated general, non-Hamiltonian

Schrodinger equations.

Our results are limited to systems with non-degenerate dispersion relations.
In the presence of degeneracies, that is, in the presence of polarised waves,
the expansion (4.9) of the Wigner function is not complete, and additional
amplitudes capturing cross-polarisation effects must be introduced [see 10].
There should be no difficulty in extending our results in this manner to derive

transport equations for polarised waves.

We conclude by noting that, to date, the transport equations derived in gen-
eral contexts are valid for time-independent media. It would be of interest to
consider time-dependent media, with a deterministic dependence that is slow
compared to the wave periods, and (possibly) a random time dependence with
a time scale that is comparable to the wave periods. In the absence of random-
ness, transport equations of the Liouville form (4.17) can be expected but for
the density of wave action rather than wave energy. It is worth pointing out
that the transport equations will not be exact conservations as in the time-
independent case, but rather approximate conservations, expressing the adia-
batic invariance of the wave-action density. This adiabatic invariance cannot
be expected to hold for arbitrary time dependence of the operator J, however:
as work about the spatial density of wave action (as opposed to the phase-
space density considered here) indicates [15] the adiabatic invariance of wave
action is valid only for special time dependences of J such as arise when lin-
earising Hamiltonian systems near exact time-dependent solutions. Including
time-dependent random inhomogeneities will lead to scattering; unlike that

examined here, this scattering will involve waves with different frequencies,
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with scattering cross-sections that are controlled by the frequency spectrum

of the inhomogeneities.
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A Derivation details
A. 1 Wave energy and Wigner matrix

Introducing the Fourier expansion of u(a,t) into (1.3) leads to

1 |
H=> / / / a* (1, 1) H (z, ick)a(k, t)e®De dzdkdl

1 |
—5 T / / / H(z,ick)a(k, O)a* (1, 1) *D dzdkdl.

Changing the variables of integration and using (3.2) then gives

1 |
H=— Tt //// H(z, ik + il /2)W,(y, k. )et @) dzdydkdl
2(2m)d

1
—5 T // H(z, ik + €Dy /2)W.(x, K, t) dzdk,
A.2  Calculation of Py

We introduce (4.13) into (4.12), and left- and right-multiply by e (z, k +1)
and e (x, k — 1), respectively. Using (4.3), (4.7) and (4.9), we obtain

i [W(s)(w, k + l) — w(t)(w, k— l)} P(s,t)(w, Lk, t)
=z k+1t)el, (o, k+ )V (2, 2L k+ ey (z. k—1)
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+ag (@ ke — Lt)es, (@ k+ 1)V (2,20 k — e (@, k —1).

Using the definition (3.10) of V, (4.5) and (4.6), this can be rewritten as

[w(s (. k +1) —wi (@, k = 1) Poy(@, 1, K, 1)
(x, k+1) 1/2( 2L,k +1)ey(x, k —1)
(0, k — D)l (x, k + D H p (=21, k + Ve (@, k — 1)]
+ag [( (@, k+1)J1 2 (20, k — D)eyy(x, k — 1)
—iw (@, k + Vel (@, k + 1) Hi (2 k — Deg (x, k — 1)) .

a;k:+lt[

S

+1(,(}(t

This expression reduces to (4.14) on using (2.9).

A.3  Deterministic contributions to the transport equations

The deterministic terms in (4.16), namely e, (z, k)(Qo1+Q10)Wo(z, k, t)es)(z, k),
can in principle be simplified by introducing the form of ()19 and Q)g1, and the
expansion (4.9) of Wy, and by making extensive use of the eigenvalue problem
(4.3) and of its consequences. The relationships (2.4)—(2.5) between J;, H; and
Jo, Hy are also crucial. Here, we circumvent most of the tedious computations

that this entails by exploiting the conservation of energy.

We first note that, in the absence of random terms, (4.16) takes the form

Oras)(x, k. t) + fo)(x, k) - Vga (x, k, t) — gs)(x, k) - Vias (z, k, t)
- Zh(s7t) (w7 k>a’(t) (337 k7 t)? (A].)
t

when (4.7) is used. Here, we have defined

L et (@, k) ViLo(@, K)e (. k) — e, (@, k) ViLi(, k) (@, k)|

l\DI»—'-l\DI

== [e{y(@. k) VaLo(x, k)ew) (@, k) — e, (2, k)VaLi(x, k)ew) (@, k)| |
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and we have grouped all the terms involving undifferentiated amplitudes aq)(x, k, t)
on the right-hand side. The scalars h(; can be written in terms of Lo, e,
€(s), €(1), @) and their derivatives with respect to x and k (as well as H; and

J1). Now, differentiating (4.3) with respect to k and x, respectively, leads,

after left-multiplying by e, (z, k) and using (4.7), to

e(s) (T, k) ViLo(z, k)ew)(x, k) = —iViw (z, k)
and e, (x, k)VeLo(x, k)e (x, k) = —iVaw)(z, k).

Therefore,

f(s) (ﬂ?, k) = ka(s) (a:> k) and g(s)(wv k) = Va:w(s)(w> k)

We now argue that the scalars h, ) (x, k) = 0 for all s and ¢. For s # t, we
have

i

2

*

L., * A A% ~
h(s,t) = —§e(s)vkL0 € - Vze(t) €(s) T+ e(s)meo € Vke(t) €(s) T c.c.,

where we have omitted the dependence on (, k) for simplicity. Differentiating
(4.3) with respect to k or x yields
é’(“s)VkLoe(t) = i(w(s) — w(t))é’("s)vke(t) and éz(s)vaOE(t) = i(w(s) — u)(t))éa)vwe“)

for s # t. Taking this into account, we find that h(4 = 0 for s # ¢ and thus

that (A.1) reduces to

Oras)(x, k. t) + Viws (T, k) - Vaas)(x, k,t) — Vaw(s) - Vias (x, k, t)
= h(s,s) (33, k:)a(s) (33, k. t).

It is now easy to show that h s (x, k) = 0: in view of (4.10), the conservation

of the energy H implies at leading order in € that

%Z// ag (k. 1) dadk = Z// o) (2, K)ags (2, K, t) dazdk = 0
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Since this holds for arbitrary ac)(x,k,t), hss (2, k) = 0 and the Liouville

form (4.17) of the transport equations follows.

A.4  Derivation of 1, Iy and I

In this Appendix, we omit the dependence of the various objects on @ and ¢.
We introduce (4.13)—(4.14) into (4.18) and use (2.6)—(2.8) to obtain explicit
expressions for the three terms [, Iy and Ix. A simple computation using

(4.5) and (4.7) gives

0 — Q(s) (k)

I = —24 / ® = @ k)dl+cc.,
Z W(t —w(s)(k:) ( t) ( )

with Efs’t) defined in (4.20). It is necessary to regularise the denominator

appearing in this expression [cf. 10]. Causality indicates that this is achieved

by adding —if to the denominator and taking the limit 8 | 0 or, in other

words, by making the substitution

1 1 .
wiry(k — 21) — ws) (k) - va( (k —21) — w)(k) +imdlw (k = 2) — wi (k)] (A-2)

where PV denotes the Cauchy principal value. Using the property (2.10) of J,
it is easy to show that ZJ (21, k) is real. Since the energy density and frequency
are also real, the only contribution to I; comes from the regularisation of the

denominator, leading to

L =27y / = (20, K)S L (K — 20) — wo (k)][ag (k — 20) — agy (k)] L + c.c.,
t

Changing the integration variable yields (4.19). The treatment of Iy is similar:

using (4.6) and (4.7), it can be written in the form

a(t — 2l) wey(k — 2l)a(s)(k):H
Z/ - 2l> — W(s) (k;) —(s,t) (2l7 k) dl + c.c.,

Iy = 1w(s

33



with E(Hs’t) defined in (4.22). Using (2.10) shows that E'("&t) is real, so that
only the regularisation of the denominator contributes to I". Using (A.2) and

changing the variable of integration leads to (4.21).

The third term, I¥ is computed in a similar, though lengthier, manner. Using

(4.5), (4.6) and (4.7), it can be written as

_ —2l —ags)(k) _y
Ik [M(S Z/ = —w(s)(k)““t (21, k)

+ag (k) zt; / K°‘575(2l, k, k) (k)el (k — 20)efs (k — 2D)el, (k) di| + c.c.,

5)

where = H( ) defined in (4.24). Taking (4.8) into account, the term on the second

line can be simplified into

_9dg / K99 (20, k, ko)e () el (k) dl + c.c..

Using (2.10), it can be shown that = H( » is real. Thus, when substituting (A.2)
into the first line of I, only the regularisation remains, leading to (4.23) after

changing the variable of integration.
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